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Introduction

The classification of proper algebraic curves is a problem rooted in the works of

Riemann in the nineteenth century, who was the first to understand that complex
algebraic curves of a given topological genus g are not all equivalent to each other,
but depend on a certain number of continuous parameters, which he himself called
moduli. In particular, for curves of genus g > 2, he computed that the number of
these parameters, namely the degrees of freedom required to uniquely determine
the isomorphism class of such a curve, is exactly 3g — 3.
From this intuition, algebraic geometers have tried for decades to formalise the idea
of a moduli space in which every single point corresponds to a specific isomorphism
class of a smooth curve of genus ¢g. If we manage to endow the set of all curves
with the structure of an algebraic variety, we can use the geometric tools to study
the universe of curves as a whole. However, formalising this concept hides pro-
found obstacles, particularly related to the existence of curves with a non-trivial
automorphism group, which prevent the existence of a fine moduli space in the
classical sense of scheme theory, i.e., a scheme encoding all the information on this
classification problem.

The Deligne-Mumford compactification

Even assuming the construction of the space M, parametrising smooth curves
of genus g, a second fundamental problem quickly emerges: this space is not proper
(the algebro-geometric equivalent to being compact and separated). Geometrically,
this means that a family of smooth curves can degenerate, in the limit, to a
singular curve. Since M, parametrises only smooth curves, the limit point does
not belong to the space. In order to study the global properties of M,, and
in particular to apply the tools of birational geometry, we need to work with a
proper space. However, including arbitrary singular curves would result in losing
the separatedness property.

The first solution to this problem was introduced in 1969 by Deligne and Mumford
in their famous article [DM69]. The key idea was to include only a very special class
of degenerations: stable curves. A proper curve is stable if its only singularities
are nodes, i.e., étale locally we see xy = 0, and if it has a finite automorphism
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group. By adding these “limit” curves to the original space, we obtain the moduli
space ﬂg. The strength of this construction lies in the Stable Reduction Theorem,
which guarantees that every family of smooth curves admits a unique degeneration
to a stable curve, making Hg a proper space.

Enlarging the algebraic category

As previously mentioned, the existence of automorphisms makes it impossible

to treat M, and Hg as schemes. For this reason, the modern language used to
approach the problem is that of stacks, introduced by Grothendieck in his seminal
works, FGAs and SGAs. Stacks allow us to keep track of the automorphism
information at every point, resolving the formal pathologies and enabling us to do
geometry in a rigorous way.
To study the local properties of a stack coming from moduli problems, e.g., to
study its smoothness and compute the dimension of its tangent space at a point,
we rely on Deformation Theory. In our case, this machinery explains what happens
when we infinitesimally “perturb” a stable curve. Thanks to this theory, we can
confirm Riemann’s intuition and formally prove that the dimension of the space
Mg is exactly 3g — 3.

Algebraic spaces form the simplest class of stacks. They are a slight general-
isation of schemes, being in fact schemes over a dense subset. When discussing
stable curves in [DM69], Deligne and Mumford also introduced a suitable class of
stacks, nowadays called Deligne-Mumford stacks, having in particular finite auto-
morphism group at every point. It turns out that a DM stack has a very handy
structure. More precisely, even if it is not a scheme, under suitable assumptions,
the Keel-Mori Theorem implies the existence of the coarse moduli space, i.e., an
algebraic space that in some sense best approximates this stack, thereby allowing
us to deduce some properties of the stack by studying its coarse moduli space.
Furthermore, the coarse moduli space of a smooth DM stack has finite quotient
singularities, i.e., locally they are quotients of an affine space by a finite group.

Birational classification

Once the compactified stack M, has been constructed, one shows that its coarse
moduli space Mg is even projective, implying that it is not only an algebraic space
but a scheme. The ultimate goal of the thesis is to explore the global nature of
the moduli space of stable curves Mg over C from the perspective of birational
geometry. In algebraic geometry, two varieties are birationally equivalent if they
contain isomorphic dense open subsets. It is a less rigid form of classification
compared to strict isomorphism, but extremely powerful. The most important
invariant used in birational geometry is the Kodaira dimension. Intuitively, the
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Kodaira dimension measures how “curved” a variety is. A Kodaira dimension
of —oo indicates spaces that resemble, in a sense, projective space, being then
positively curved. Conversely, if the Kodaira dimension reaches its maximum
possible value, i.e., the dimension of the variety itself, the variety is said to be of
general type, which implies that the geometry of the space is extremely rigid and
constrained, and in this case the curvature is negative.

Historically, Severi thought that M, had always Kodaira dimension —oo for every
g. It was a groundbreaking result by Harris, Mumford, and later Eisenbud to
show that, actually, for a sufficiently large g, M, is a variety of general type
[HM82; [EH87|. This drastic change in behaviour was proved by studying the
intersection ring of the moduli space above, finding in particular the relations
between natural classes, such as the Hodge bundle and the boundary divisors,
being the loci parametrising singular stable curves, and the canonical class.

Structure of the thesis

The work is structured to gradually provide the reader with all the technical
and conceptual tools necessary to tackle the problem. More specifically, the thesis
is structured as follows.

Firstly, Chapter |l|serves as a technical introduction, recalling the notion of a mod-
uli problem and the fundamental concepts of birational geometry, with a particular
focus on the Kodaira dimension.

Chapter [2| is dedicated to the objects we aim to parametrise: algebraic curves.
Starting from the basic properties of smooth curves, we introduce nodal singular-
ities and formally define the stability condition.

In Chapter [3| we discuss deformation theory, which is the essential tool for the
local study of moduli spaces. In particular, we discuss infinitesimal deformations,
and the construction of the miniversal family.

Chapter [4] contains all the necessary notions of the language of stack theory. Start-
ing from the concept of a Grothendieck topology, we define stacks, and discuss the
algebraicity condition, ultimately focusing on Deligne-Mumford stacks.

Finally, in Chapter 5] all elements above merge in the study of the moduli space of
stable curves. We discuss its global properties such as properness and projectivity,
and we compute its Picard group by describing the classes of the boundary divisors
and the Hodge bundle. This ultimately leads to the technical core of this thesis,
the computation of its Kodaira dimension carried out by Harris and Mumford in
their article [HM82].






Chapter 1

Preliminaries

This thesis focuses on the birational study of the moduli space of stable curves
of given genus. We begin by discussing what a moduli problem is and how we
formalise it, and then we briefly talk about birational geometry.

1.1 Moduli problems

A moduli problem essentially is a classification problem, i.e., we want to classify
the isomorphism classes of mathematical objects of a given type. The objects we
want to study are smooth projective curves of genus ¢, and in order to do this
we will generalise our study to stable curves, which we will introduce in the next
chapter.

The aim of moduli theory is to find a suitable moduli space, namely an object
in the category in which we are working whose points are in natural bijection with
isomorphisms classes of objects we are considering. One of the main challenges is
formalising precisely what this means. The usual approach is to define the notion
of family of objects over an arbitrary scheme S and require that every family over
S corresponds uniquely to a map from S to the moduli space.

We are focused on working with algebraic structures, hence we look for a moduli
space with the structure of an algebraic variety, and ideally a projective one.

The functorial approach

The first attempt to formalise a moduli problem in the algebro-geometric con-
text is to define a moduli functor, namely a functor

F: Sch®® — Sets
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sending a scheme S to the set of isomorphism classes of families of objects over
S, and for a map f: S — T, its image F(f): F(T) — F(S) is often called the
pullback map and simply denoted f*.

This approach allows us to provide a more precise formulation of a moduli space
M as a scheme representing the functor F', i.e., there is a natural isomorphism
between F' and hy; := Morge,(—, M). If this happens, we call M a fine moduli
space. Note that if such a space exists, a family of objects C over a scheme S
defines a set-theoretic map S — M such that s — [Cs], where C; is the pullback
of C under the inclusion {s} < S. We desire that the map S — M is algebraic.

We will study objects by studying maps to it. This is essentially a corollary to
the following simple but crucial result.

Lemma 1.1.1 (Yoneda Lemma). Let C be a category and X be an object. For
every functor F': C°? — Sets, the function

Mor(hx, F) — F(X) defined by o — ax(idy)

is bijective and functorial with respect to both X and F', where the left hand side
denotes the set of natural transformations hx — F and ax denotes the induced
function hx(X) = More(X, X) — F(X).

Proof. Define the map F(X) — Mor(hy, F') given by

eyl hX(Y) — F(Y)

FX) 20 { f - FUP))

} € Mor(hy, F).
YeobC

It is easy to check that this defines an inverse for the map in the statement, and
functoriality is easily verified as well. O]

Definition 1.1.2. We say that a functor F': C°? — Sets is representable if there
exists an object X in C and an isomorphism of functors F = hy. If this is the
case, we say that F'is represented by X.

Remark. 1f the functor F' is represented by an object X, then by the Yoneda
Lemma X is unique up to unique isomorphism.

Ezample. By [Har77, Thm I1.7.1], we can see the projective space P as the scheme
representing the functor Sch®® — Sets defined by

S {(L,so,...7sn)

L line bundle on S globally /
generated by sq,...,s, € ['(S, L) ’

where (L,s;) ~ (L',s}) if there exists an isomorphism «: L — L' such that
s; = s for all 7.



1.1. MODULI PROBLEMS 7

Definition 1.1.3. If F': C°? — Sets is a functor represented by an object X in C
via an isomorphism a: F' = hy, then the object u € F(X) corresponding under
a to the identity idx € hx(X) is called the universal element of F.

If u is the universal element of a functor F' represented by X, and a € F(T)
is an object over a scheme T corresponding to a map f,: 7' — X, then a is the
pullback of w under f,, namely a = F(f,)(u) = fi(u).

Obstacles to representability

There may be different things interfering with the representability of a moduli
functor, and consequently with the existence of a fine moduli space. Our main
problem will be dealing with curves with non-trivial automorphism group, and we
will see that in the next chapter.

The following result gives us a necessary condition for a moduli functor of schemes
over C to be representable.

Proposition 1.1.4. Let F': Schi’ — Sets be a moduli functor. Suppose that there
1s a family of objects € over a variety S such that

(1) the fibres E; are isomorphic for s € S(C), and

(i1) the family € is non-trivial, i.e., is not equal to the pullback of an object
E € F(C) along the structure map S — Spec C,

then I is not representable.

Proof. Suppose for a contradiction that F' is represented by a C-scheme X, hence
the family &£ corresponds to a unique morphism f: S — X.

The first condition implies that the fibre E = &, is independent of the point
s € S(C) and thus the compositions

Spec C = Speck(s) — S 5 x
define a unique point z € X (C). We claim that the induced homomorphism
ff: OX,;E - (f*OS)x = F(S7 OS)

factors through Ox,/m, ~ C. Indeed, the image of a section in m, is a global
section t € T'(S,Og) such that t; € m, for every s € S(C). On an affine open
U C S where U = Spec A, this means that

t|U€ﬂmS§A,

seU
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and since S is a variety, we get

() m, = Jac(A) = Nil(4) = 0,

seU

hence that t|; = 0 for every affine open, implying that ¢t = 0.

Therefore, f factors as S — Spec C = X, and this implies that the family & is the
pullback under the constant map S — Spec C = X, namely it is a trivial family,
which contradicts the second condition. O]

1.2 Birational geometry

Rational maps are an important tool for the classification of varieties. The
idea of birational geometry is to classify varieties with respect to an equivalence
relation weaker than being isomorphic. Essentially, two varieties are birational if
there is an isomorphism between two open Zariski subsets of theirs.

More precisely, recall that a rational map f: X --+ Y between two varieties

is an equivalence class of pairs (U, fy) where U C X is a nonempty open and
fv: U — Y is a morphism. Two pairs (U, fyy) and (V, fy/) are equivalent if there
exists a nonempty open W C U NV such that fy|w = fv|w. The rational map f
is said to be dominant if for some (or equivalently every) pair (U, fy), the image
of fy is dense in Y.
A birational map is a rational map f: X --» Y which admits an inverse, i.e., a
rational map ¢g: Y --» X such that go f =idx and f o g = idy as rational maps.
In this case, we say that X and Y are birational.

In particular, when X is birational to P" for some n, we say that X is rational.

Kodaira dimension

When studying the birational geometry of a projective variety, a useful tool is
the Kodaira dimension. Here we briefly discuss the nature and properties of this
important birational invariant.

In the following, X will denote unless otherwise stated an irreducible projective
variety.

Let L be a line bundle on X. The semigroup of L is

N(L) = {m > 0| H°(X, L®™) # 0}.
Given m € N(L), we have a rational mapping

bt X ——» P(LE™)
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associated to the complete linear series |L®™|; see [Laz04, §1.1.B]. We denote by
Y, the closure of ¢, (X).

Clearly, these definitions and further ones can be generalised for a Cartier
divisor on X by considering Ox (D).

Definition 1.2.1. Assume X to be normal. The litaka dimension of a line bundle
L on X is defined as

L) = dimY,,
k(L) mrglgg;){ im Y, }

if N(L) # {0}. Otherwise, we set k(L) := —o0.
If X is not normal, we pass to its normalisation v: X’ — X and define

k(L) = k(v*L).

As the following result states, litaka dimension can be also viewed as the order
of growth of sections.

Proposition 1.2.2. Let X be an irreducible normal projective variety, and let L
be a line bundle on X. Then there are constants a, A > 0 such that

am® < hO(X, L®™) < Am"
where k = k(L), for all sufficiently large m € N(L).

Proof. See [Laz04} Cor. 2.1.37]. O

For a smooth projective variety X, we define its Kodaira dimension as the
[itaka dimension of its canonical bundle

K(X) = k(wy)

where wy = det 2x. Recall that wx is also the dualizing sheaf [Har77, Cor. 7.12].
The Kodaira dimension of a singular projective variety X is defined to be the Ko-
daira dimension of any smooth model, i.e., a smooth projective variety X’ birational
to X.

Recall that, by Proposition [I.2.2] we can view the Kodaira dimension as the
order of growth of h%(X,wx).

Proposition 1.2.3. The Kodaira dimension is a birational invariant.

Proof. If X and Y are two birational smooth projective varieties, then a classical
result states that h%(X,wy) = h%(Y,wy); see [Har77, Thm I1.8.19]. The propo-
sition then follows immediately. If X and Y are not smooth, then their smooth
models are birational as well, hence we conclude the proof. O
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Note that the result above also shows that the Kodaira dimension of singular
projective variety is well-defined.
Note that by definition,

k(L) € {—00,0,...,dim X}.

A line bundle L is said to be big if k(L) = dim X. A smooth projective variety X
is called of general type if wy is big.

Ezxample (Kodaira dimension of smooth curves). Let C' be a smooth connected
projective curve over a field k, i.e., a smooth connected projective variety of
pure dimension 1. By Riemann-Roch and Serre Duality ([Har77, Thm IV.1.3
and Cor. II1.7.12])

hO(Cwe™) = hO(C, (wg™)Y) =m(2g = 2) +1—g = (2m —1)(g — 1)
where g = h°(C, w¢) is the arithmetic genus of C. We now distinguish three cases:

e if g =0, then deg(wg&™) < 0 for all m > 0, and this implies h°(C,wE&™) =0
(see |Har77, Lemma IV.1.2]);

e if g =1, then we = O¢, hence h°(C,wE™) =1 for all m > 0; and

e if g > 2, then deg((w&™ ")) < 0 for all m > 0, and together with the
formula above, this implies h°(C,wg™) = (2m — 1)(g — 1).

This shows that the Kodaira dimension of a smooth connected projective curve C'
depends only on its genus ¢ as follows.

In particular, smooth curves of genus g > 2 are of general type.

Characterisation of bigness

Lemma 1.2.4. Let X be an irreducible projective variety. A Cartier divisor D on
X is big if and only if there is a constant C' > 0 such that

R(X, Ox(mD)) > Cm¥m™X

for all sufficiently large m € N(D).
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Proof. See [Laz04, Lemma 2.2.3]. O

Proposition 1.2.5 (Kodaira’s Lemma). Let D be a big Cartier divisor and F an
effective Cartier divisor on X. Then

H(X,0x(mD — F))#0
for all sufficiently large m € N(D). In particular, for those m the divisor mD — F
15 effective.
Proof. Let dim X = n, and consider the exact sequence
0— Ox(mD — F) — Ox(mD) = Op(mD) — 0.

Since D is big, there is C' > 0 such that h°(X, Ox(mD)) > Cm" for all sufficiently
large m € N(D). On the other hand, since F' is a closed subscheme of codimension
1, the growth of h°(F, Or(mD)) is at most like m"~!. Hence, for large m € N(D)

WX, Ox(mD)) > h(F. Op(mD)).
and we conclude the proof by exploiting the sequence above. O

Kodaira’s Lemma leads us to an important characterisation of big divisors.

Corollary 1.2.6 (Big = Ample + Effective). Let D be a divisor an an irreducible
projective variety X. Then the following are equivalent:

(1) D is big.

(2) For any ample divisor H on X, there exist a positive integer m > 0 and an
effective diwvisor E on X such that mD =y, H + E.

(3) There exist a positive integer m > 0, an ample divisor H, and an effective
divisor E such that mD =y, H + E.

Proof. For simplicity, we simply denote linear equivalence as an equality. Assum-
ing (1), since H is ample, there exists an r > 0 such that rH and (r + 1)H are
effective. Apply Kodaira’s Lemma (Proposition with F' = (r + 1)H to find
a positive integer m and an effective divisor N such that

mD = (r+1)H+N=H+ (rH+ N).

Calling F = rH + N proves (2). The implication (2) = (3) is obvious. Finally,
assuming (3), we get mD — E ample. After possibly pass to a larger multiple of
D, we can then assume that mD = H’' + E’, where H’ is very ample and E’ is
effective. By effectiveness and ampleness, we get x(D) > k(H) = dim X, hence D
is big. O






Chapter 2

Curves

In this chapter, we do a quick review of smooth curves, discuss the theory of
nodal curves, and finally characterise the stability condition. Although smooth
curves are the objects we aim to parametrise, studying this problem effectively
requires us to consider stable curves. Their properties ensure that we work with a
parameter space that possesses much better geometric characteristics.

Let k be a field. A curve over k is a pure one dimensional scheme C' of finite
type over k. Recall that if X is a proper scheme over k with dim(X) < 1, then X
is projective [SPL Tag 0A26]; in particular, proper curves over k are projective.
For a projective curve C', define the arithmetic genus (or simply the genus) as

Pa(C) =1 = x(Oc),

which is equal to h'(C, O¢) if C' is geometrically connected and reduced.

Recall that for any integral curve, the normalization process yields a smooth curve
C', which is birational to C'; see [Liu02, Prop. 4.1.22]. For a reduced curve, we define
its normalization to be the disjoint union of the normalizations of its irreducible
components. We define the geometric genus of a reduced curve C' as the arithmetic
genus of its normalization C.

Theorem 2.0.1 (Riemann-Roch). Let C' be a connected, smooth, and projective
curve of genus g over an algebraically closed field k. If L is a line bundle on C,
then

X(C,L)=deg L+ 1—g.

Proof. See [Har77, Thm IV.1.3]. O

2.1 Smooth curves

If C'is a smooth curve over k, then the sheaf of Kahler differentials Q¢ is a
line bundle, and it plays a fundamental role in studying C'.

13
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Theorem 2.1.1 (Serre Duality). If C' is a geometrically connected smooth projec-
tive curve over a field k, then Q¢ is the dualizing sheaf, i.e., there is a linear map
tr: HY(C, Qcy,) — k such that for every coherent sheaf F on C, we have a natural
perfect pairing

Homo,. (F, Qo) x HY(C, F) — HY(C, Qo) > k.
In particular, if F is locally free, then H'(C, F)" ~ H°(C, F¥ ® Qc/x,).

Proof. See [Har77, Cor. I11.7.12] and [SP, Tag OFVV]. O

We denote Q¢ simply by Q¢. Actually, by the theorem above, on a smooth
curve this line bundle is also the dualizing sheaf, hence it is often denoted by w¢.
However, in the next section we will see that for singular curves )¢ is not the
dualizing sheaf.

Remark. By using Serre Duality, the Riemann-Roch formula becomes
R(C,L) — h°(C, LY @ Q¢) =deg L+ 1 — g.

In particular, it follows that deg Q¢ = 29 — 2.

Positivity of line bundles

The following is a classical criterion to determine whether a line bundle is base
point free, ample, or very ample.

Proposition 2.1.2. Let C be a smooth, connected, projective curve over an alge-
braically closed field k, and let L be a line bundle on C'. Then

(1) if deg L < 0, then h°(C,L) = 0;

(2) if deg L > 0, then L is ample;

(8) if deg L > 2g, then L is base point free;
(4) if deg L > 2g, then L is very ample.

Proof. See [Har77, Cor. IV.3.2]. O
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Families

Definition 2.1.3. A family of smooth curves (of genus g) over a scheme S is a
flat, proper, and finitely presented morphism C — S of schemes such that for every

point s € S, the geometric fibre Cs := C X g Spec £(s) is a connected smooth curve
(of genus g) over k(s).

Recall that requiring the geometric fibre over s € S to be connected is equiva-
lent to requiring that the fibre C; = C x g Spec k(s) is geometrically connected over

K(s).

Remark. Since every fibre is smooth, we get that C — S is actually smooth.
Moreover, if the base scheme S is connected and noetherian, we do not need to
require that the genus is constant along fibres, since flatness and projectivity of
curves already imply it; see [Har77, Cor. I11.9.10].

As for any morphism, we can consider the relative sheaf of differentials Q¢/s.
In our setting, this is a line bundle on C such that for s € .S, its restriction to C;
is exactly €¢,. We also have the following important properties.
Proposition 2.1.4. Let 7: C — S be a family of smooth curves of genus g > 2.
(]) 71'*0@ = OS,'

(2) The pushforward W*(Q?/ks) is a vector bundle of rank

g if k=1
r(k) = ‘
2k—1)(g—1) if k>1
whose construction commutes with base change, i.e., for a morphism of
schemes f: T — S, it holds f*w*(Q?fS) ~ (WT)*(Q?Tk/T) where mp: Cp — T
is the base change morphism;

(3) R W*Q?/ks 15 isomorphic to Og if k =1 and zero if k > 1; and

(4) For k > 3, Q?fs 15 relatively very ample with respect to w. In particular,
C — S is projective.

Proof. See [Alp27, Prop. 6.1.16]. O

The sheaf (¢ is also a relative dualizing sheaf; see [Liu02, §6.4].
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Automorphisms

If C'is a smooth curve over a field k, and py,...,p, € C(k), we let Aut(C, p;)
denote the abstract group of automorphisms of (C,py,...,p,) over k, namely au-
tomorphisms a: C' = C over k such that a(p;) = p; forall i = 1,...,n.

Ezample. The projective line C' = P} is a smooth curve of genus 0 and we know
that Aut(P}) ~ PGL(2,k). Moreover, it acts transitively on triples of points,
hence if p; and p, are distinct points, up to automorphisms we may suppose that
p1 =[0:1] and py = [1: 0]. One can easily see that Aut(P!,[0: 1]) ~ k x k* and
Aut(P1,[0: 1],[1: 0]) =~ k*. Thus, if k is infinite, these groups are clearly infinite.

The following is a classical result of Hurwitz.

Proposition 2.1.5. Let C' be a smooth, connected, and projective curve of genus
g over an algebraically closed field k, and let py,...,p, € C(k) be distinct points.
The group Aut(C,p;) is finite if 29 — 2+ n > 0, i.e., either g > 2, or g = 1
andn > 1, or g = 0 and n > 3. Moreover, if g > 2 and char(k) = 0, then
|[Aut(C)| < 84(g — 1).

Proof. See [Mir95, Thm III.3.9]. O

Branched coverings

Let f: C'" — D be a finite morphism of smooth, connected, and projective
curves over an algebraically closed field k. Assume that f is separable, i.e., the
induced map K (D) — K(C) on function fields is a separable extension. For a
point p € C(k) with image ¢ € D(k), the ramification index at p is the integer
ep such that the induced map f¥#: Opg = Oc, is t — us®, where s and ¢ are
uniformizers and w is a unit. We say that f is

o ramified at p if e, > 1;
e tamely ramified at p if e, > 1 and either char(k) = 0 or char(k) f ep;
o unramified at p if e, = 1.

Note that if f is unramified at p, then the fibre over ¢ at p is isomorphic to
Spec k(p), hence this definition agrees with the usual one of unramified ([Liu02,
Def. 4.3.17]). Furthermore, since f is flat, unramifiedness at p is equivalent to
étaleness at p.

In general, there is a short exact sequence

0—>f*QD %Qc%ﬂc/p — 0. (21)
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Indeed, the right-exactness is always true. Moreover, since f*Q2p and (¢ are line
bundles, the left map is injective if and only if it is nonzero. As K (D) — K(C) is
separable, we get Qc/p ® K(C) = Qg(py/k(c) = 0, thus f*Qp — Q¢ is nonzero at
the generic point.

Using the same notation, if we look at the sequence above at the stalks over
p € C(k), the differential dt maps to d(us®) = e us» 'ds + s®du. If f is tamely
ramified at p, then (Qc/p), =~ Ocyp(ds)/ (s 'ds) and its length is exactly e, — 1.

Definition 2.1.6. Let k£ be an algebraically closed field. A branched covering is
a finite and separable morphism f: C'— D of smooth, connected, and projective
curves over k. Such a covering is said to be simple if there is at most one ramifica-
tion point in every fibre and every ramification point p € C'(k) is tamely ramified
with ramification index e, = 2.

For a branched covering f: C' — D we define the ramification divisor to be

R = Z length(Qe/p)p - p-
peC (k)

Note that if f is at worst tamely ramified at every point, the formula become
R=2 com(ep—1) - p.

Theorem 2.1.7 (Riemann-Hurwitz). If f: C' — D is a branched covering with
ramification divisor R, then Q¢ ~ f*Qp @ Oc(R) and

29(C) — 2 =deg(f)(29(D) — 2) + deg R.

Proof. The statement follows directly from the sequence ({2.1)) observing that Q¢/p
is exactly the coherent sheaf Oy supported on the ramification divisor R. In fact,
tensoring the sequence (2.1) with QY yields

0— f*Op QL — Oc — Or — 0,

then f*Qp ® QY is the ideal sheaf Oc(—R) of R. Finally, computing degrees
concludes the proof. O

There is a notion of holomorphic (resp., topological) branched covering be-
tween connected and compact Riemann surfaces (resp., connected, Hausdorff, and
compact topological spaces), but if the base space is D = P! this is equivalent to
consider algebraic branched coverings defined above; see |[Alp27, Prop. 6.7.7].

Example. A smooth curve of genus g is called hyperelliptic if it is a simple branched
double covering of P!, thus by Riemann-Hurwitz the number of ramification points
will be

r =29+ 2.
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If char k # 2, locally on a chart of P!, such a curve is the zero locus of

y? — f(x)

where f has degree 2¢g + 2, and the double covering map to P! is defined lo-
cally as (z,y) — x. We then may consider the hyperelliptic involution sending
(x,y) — (x,—y), hence we can see that hyperelliptic curves always have non-
trivial automorphism group.

Therefore, for any genera we can find curves with non-trivial automorphism group.

Moduli functor of smooth curves

As a first attempt to parametrise smooth projective curves, we define the moduli
functor of smooth curves of genus g

Fyr,: Sch /C — Sets
S — {families of smooth curves C — S of genus g}/ ~

where two families C — S and C' — S are isomorphic if there is an isomorphism
C — C’ over S. Moreover, the pullback of a family C — S via a morphism 7" — S
is defined as the family C xgT — T

However, Proposition tells us that we have no hope for this functor to be
representable by a scheme over C. Indeed, let C' be a curve with a non-trivial auto-
morphism a € Aut(C'), and let N be the nodal cubic curve V (y?*z —a® —x22) C P2
We can think of N as P! with the points 0 and oo glued together, and we can then
construct a non-trivial family C — N by taking C' x P! — P! and gluing the fibre
7= 1(0) with 771(00) via a.

2.2 Nodal curves

If we want to parametrize smooth curves, in order to obtain a proper space, we
also need to study singular curves. Later will be clear that it suffices to consider
curves with the simplest kind of singularities, namely nodal curves. While we
introduce the notion of nodal curve over an arbitrary field, when talking about
stable curves we will always work over an algebraically closed field, unless otherwise
specified.

Definition 2.2.1 (Nodal point). Let C' be a curve over a field k.

e We say that p € C(k) is a split node if there is an isomorphism

Ocp = klz. y]/(zy).
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e We say that a closed point p € C'is a node if there exists a split node p € C,
over p.
We say that a curve C' is nodal if every closed point is either smooth or nodal.
Ezample. e Clearly, C' = Speck[z,y]/(xy) has a split node at 0.
e If chark # 2, the nodal cubic C' = Spec k[z,y]/(y* — z*(x + 1)) has a split

node at p = 0. Indeed, in k[, y] we can write y* —z?(z+1) = (y—=t)(y+xt),
where t =1+ 2 =1+ 32 — $2? 4+ --- € k[z,y] is an invertible element.

e The curve C = Spec Rz, y|/(z* + y?) has a node in 0, which is not split, as
the quadratic form 22 + 32 does not split into linear factors.

Remark. Recall that if C' is a curve over a field k, the singular locus Sing(C') is
usually endowed with the schematic structure provided by the first fitting ideal of
Qc; see |Alp27, §A.3.4].

Proposition 2.2.2 (Characterisation of Nodes). Let C' be a curve over k, and let
p € C be a closed point. The following are equivalent:

(1) p is a node;

(2) C is a local complete intersection at p, and Sing(C') is unramified over k at
b;

(3) k — k(p) is separable, Oc,, is reduced, dim,y m/m? = 2, and there is a
nondegenerate quadratic form q € Sym2 m/m2 mapping to 0 in mz/m?’;

(4) k — k(p) is separable and @C’p ~ k(p)[z,y]/(q) where q is a nondegenerate
quadratic form; and

(5) there exists a finite separable extension k — k' and a point p’ € Cy such that
Oc,,p = K'[z,y]/(zy).

Proof. See [Alp27, Prop. 6.2.4]. ]

Proposition 2.2.3 (Local Structure). Let C' be a curve over a field k. Ifp € C'is a
node, then there exists a finite separable extension k — k' and étale neighborhoods

(U, u)

(C,p) (Spec k', y]/(zy),0).
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Proof. Using the above characterisation of nodes, there is a finite separable ex-
tension £ — k' such that O¢, @ k' ~ k'[x,y]/(xy). Now the result follows from
Artin Approximation; see [Alp27, Cor. B.5.21]. ]

Ezample. If we consider the nodal cubic C' = SpecClz,y|/(y* — 2*(z + 1)), the
operations we performed in the last example showed how to find such a com-
mon étale neighborhood. Essentially, we add a square root ¢ = +/x + 1, then
y? —2® — 2 = (y — at)(y + xt). Therefore, we can take the neighborhood
U = SpecClz, y,t];/(y* — 2*(x + 1),t* —x — 1) — C given by (z,y,t) — (z,y),
and U — Spec C[z, y]/(zy) given by (z,y,t) — (y — xt,y + xt).

Genus and dualizing sheaf
The genus of a nodal curve is strictly related to the genus of its normalization.

Proposition 2.2.4 (Genus Formula). Let C' be a connected, nodal, and projective
curve over an algebraically closed field k with 6 nodes and v irreducible components.
Let C = U;’Zl C; be the irreducible decomposition and let C; be the normalization

of C; with genus g; = pa(@) = py(C;). The genus g of C satisfies

9= gi+6—v+1 (2.2)

=1

Proof. Observe first that if C' is a proper curve and C' = |J;_, C; is its decompo-
sition in connected components, then Oc = @,(J;)+O¢, where j;: C; — C'is the
inclusion, and thus we get

pu(C) =1=x(0c) =1 = Y X(Oc) =1=v+ 3" plCy).

Using the notation in the statement, if we let C be the disjoint union of the @,
then the genus formula ([2.2) becomes

Pa(C) = pa(C) + 6.

To prove this, let py,...,ps € C be the nodes of C'. We claim that the normaliza-
tion 7: C' — C induces a short exact sequence

5
0— Oc¢ — m0F — @/ﬁ(pi) — 0.
=1

Since k(p;) is a skyscraper sheaf over the point p;, it suffices to verify this sequence
étale-locally around the nodes, and by the local structure of nodes (Theorem [2.2.3]),
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we can assume that C' = Speck[z,y]/(zy). Thus C' = Spec(k[z] x k[y]) and the
sequence above corresponds to

0 — klz,y]/(zy) — k[x] x k[y] — k — 0,
which is exact. This sequence induces a long exact sequence in cohomology

0— H°(C,0c) = H(C,05) = @ s(p:) = H'(C,0c) = HY(C,0g) = 0

where HI(C,m,.0g) = Hi(C,0p &) because 7 is finite, hence affine ([SP, Tag 0BXR]
and [Har77, Exercise II1.8.2]). Flnally, by taking the alternate sum of the dimen-
sions, the statement follows. O

Furthermore, since a nodal curve C' over k is locally a complete intersection
(L.c.i.), it admits a dualizing line bundle we with a trace map tro: H'(C,we) — k;
see [ACG11|, Lemma X.2.4] and |[Har77, Thm II1.7.11].

This sheaf will be very important in the study of stable curves. We provide an
explicit description of it for a curve defined over an algebraically closed field k.
Let ¥ := Sing(C) be the singular locus and U := C'\ . Let 7: C' — C be the
normalization of C'; and let 3> and U be the preimages of ¥ and U, fitting in the
diagram

U C+— %
ool
U - » C < > 3
in particular, note that 3 is a reduced effective Cartier divisor on C. Let ¥ = {z1,.. ., 20}

be an ordering of the nodes and denote 77 1(z;) = {p;, ¢;}. The curve C is smooth,
hence Qg is the dualizing bundle. If we tensor with Qz(X) the exact sequence

0— Os(— )—>(9 — 05 =0

we get N
0—= Q5 = Q5(2) = O5 — 0.

We interpret sections of {1z (E) as rational sections of {1z with at worst simple
poles along 3. Evaluating the sequence above on an open V cC yields

O—>P(1~/,Q)—>F(VQ —> @

yGVﬂE


https://stacks.math.columbia.edu/tag/0BXR
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where the last map h can be 1nterpreted as taking a rational section of Q5 to the
tuple whose coordinate at y € V NY is defined as the residue res,(s) ofs at y.
We define the subsheaf we C 7,05 (E), whose sections over an open V' C (' are

sections of Qg(i) over 7~ 1(V) such that for every node z; € XNV with preimages
pi, @i € m V), res,,(s) + res,, (s) = 0. In other words, the sheaf we sits in the
following exact sequences:

O—>wc—>7r* —>€B k(%)
2, €N

s — (resp,(s) + resy, (s))

0 — m Qs — we —> @/{(z,) —0
A
s — (resy,(s)).

Proposition 2.2.5. (Dualizing sheaf) Let C' be a connected, nodal, and projective
curve over an algebraically closed field k, and let m: C' — C' be the normalization.
Let we be the dualizing sheaf defined above.

(1) If f: C" — C 1is étale, then f*we ~ wer;
(2) we is a line bundle;
(3) we is a dualizing sheaf; and

(4) If T C C is a subcurve, i.e., a closed subscheme which is itself a curve, we
define its complement as T = C'\ T, then

wc\T = wT(T N TC).

Proof. See [Ols16, Prop. 13.2.9]. O

Again, we obtain a duality pairing like in the smooth case, thus for any locally
free sheaf F on C . .
H'(C,F) ~ H 7 (C,F¥ @ wc).

Positivity of line bundles

Let C be a nodal, and projective curve, and let 7: C — C be its normalization.
Let also C; denote the normalization of each irreducible component C; of C.
If L is a line bundle on C, the multidegree of L is the tuple deg(L) = (d;), where
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d; = degc, (L) == degg (m*L) is the degree of the pullback of L to C;; the total
degree of L is deg(L) =), d;. If d = (d;) and e = (e;) are multidegrees, we write
d > e to mean that d; > ¢; for every 7, and d > e to mean that d > e and d; > ¢;
for at least one i.

As in the case of smooth curves, the existence of a dualizing sheaf has useful
consequences.

Proposition 2.2.6. Let C' be a connected projective nodal curve, and let L be a
line bundle on C.

(1) If deg(L) > deg(w¢), then HY(C, L) = 0;

(2) L is ample if and only if degc. (L) > 0 for every irreducible component Cj.

Proof. For (1), Serre duality says that H'(C, L) vanishes if and only if H°(C, LY ®w¢)
does. On the other hand, the degrees of LY ® we on the irreducible components of
C' are all nonpositive, and at least one of them is negative. Thus, any section of
LY ® we vanishes identically on one component and is constant on the remaining
ones. Since C' is connected, it must vanish identically. For (2), observe that L
is ample if and only if the line bundle L|s, on C; is ample for every irreducible
component C;. Indeed, for a finite surjective morphism f: Y — X of projective
schemes, a line bundle M on X is ample if and only if f*M is a ample on Y |Laz04,
Prop. 1.2.13 and Cor. 1.2.28]. If we let C be the disjoint union of the normaliza-
tions of the C;’s, then the natural map v: C = Cis surjective and finite, hence
L is ample if and only if v*L is. Clearly, v*L is ample if and only if this holds on
every connected component of C'. Since these are smooth curves, ampleness on
them is equivalent to having positive degree. Therefore, the statement follows. []

Families

Similarly to the smooth case, we define a family of nodal curves over a scheme
S as a flat, proper, and finitely presented morphism C — S of schemes such that
every geometric fibre Cs is a connected nodal curve over k(s).

Theorem 2.2.7. (Local structure of families) Let m: C — S be a family of nodal
curves. Let p € C be a node in the fibre Cs over a point s € S. There is a
commutative diagram

ét

(C7p> — (C/7p,) # (SpeCA[xa y]/(xy - f)7 (Sla O))
(S,s) «<— (Spec 4, s),
where [ € A is a function vanishing at s'.
Proof. See [SP| Tag 0CBY]. O


https://stacks.math.columbia.edu/tag/0CBY
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2.3 Stable curves

In this section we introduce the notion of stability for a curve. Later in Chap-
ter I we will see that stable curves allow us to work with a moduli space M 9
having nice properties such as properness.

If n is a natural number, we define an n-pointed nodal curve to be the datum
of a nodal curve C over an algebraically closed field k together with an ordered
collection of distinct smooth points py, ..., p, € C(k), called marked points. More
generally, if P is a finite set, a P-pointed nodal curve is the datum of a nodal curve
C' as above together with an injective map from P to the smooth locus of C'. A
point g € C' is called special if it is either marked or a node. We often view the
set of marked points {z,},ep as a divisor D =} x, on C, and the line bundle
we(D) will be referred to as the log-canonical sheaf on (C, D).

Dual graph

To any projective P-pointed nodal curve we can associate a graph representing
its structure, which is a useful tool to study these objects from a more combina-
torial viewpoint.

Definition 2.3.1. A dual graph (or simply graph) I' is the datum of:

e a finite nonempty set V = V(I'), whose elements are called the vertices, with
an assignment of a nonnegative integer weight g, to each v € V;

e a finite set L = L(I"), whose elements are called the half-edges;
e an involution ¢ of L;

e a partition of L indexed by V/, i.e., the assignment to each v € V of a subset
L, of L such that L = J,.\, L, and L, N L, = 0 if v # w.

A pair of distinct elements of L interchanged by ¢ is called an edge of the graph,
while a fixed point of ¢ is called a leg. The set of edges of I" is denoted £ = E(T").

The genus of T" is
= ng +1—x(I)

veV

where x(I') = |V| — |E|. A dual graph endowed with a one-to-one correspondence
between a finite set P and the set of its legs is said to be P-marked.

The notion of isomorphism between dual graphs is the obvious one: a bijec-
tion between vertices and a bijection between half-edges respecting the structure
defined above.
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o &b o=

Figure 2.1: Examples of {p}-marked dual graphs of genus 2. We represent vertices
as circles with the associated weight.

The geometric realization |I'| of a graph I' is the one-dimensional CW-complex
obtained by realizing each half-edge ¢ € L, as a segment |¢|, having a point |v]
as one of its endpoints, and then identifying the free endpoint of |¢| with the free
endpoint of |¢'| if and only if ¢(¢) = ¢/, namely if ¢ and ¢ form an edge. A graph
is said to be connected if its realization is; moreover, note that x(|T'|) = x(I').
Let now (C,{z,},ep) be a P-pointed nodal curve. We can associate a dual
graph Graph®(C, {z,}pep) to the datum of C' together with a set of nodes S C X
of C. The vertices correspond to the connected components of the partial nor-
malization C” of C' at S, the weight of a vertex is the genus of the corresponding
component of C’, the half-edges issuing from a vertex correspond to the intersec-
tion of the corresponding component of C” with the preimage in C’ of {z,},epUS.
Clearly, the edges are pairs of half-edges mapping to the same node in C', and
the legs are half-edges coming from marked points. This graph is naturally P-
marked in the obvious way. When S = ¥ is the set of all nodes, we simply write
Graph(C {xp}p€P>
Note that the genus of Graph®(C, {z,}pep) is equal to the genus of C.

DO S D & %

Figure 2.2: Examples of genus 2 {p}-pointed nodal curves. The numbers stands
for the geometric genus of each irreducible component. Their dual graphs clearly
are those in Figure 2.1}

Types of nodes

We can classify the nodes of a connected P-pointed nodal curve (C,{z,},ep)
of genus g according to the combinatorics of its partial normalization at the node.
Let z be a singular point of C', and let e be the corresponding edge of the dual
graph I' = Graph(C, {z,}pep).

We say that z is a nonseparating node or that e is a nondisconnecting edge if the
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partial normalization of C' at z is connected, or equivalently if the graph obtained
from I" by removing e is connected. In this case, the partial normalization at z
will be a connected nodal curve of genus g — 1 with |P| 4+ 2 marked points, where
the exceeding two points are the preimages of z.
The other possibility is that the normalization of C' at ¢ has two connected com-
ponents C; and Cy of genera a and b adding to ¢g. In this case P is partitioned
in two subsets A and B indexing, respectively, marked points on C; and marked
points on Cy. We then say that z is a separating node (or that e is a disconnecting
edge) of type P, where P = {(a, A), (b, B)} is called a bipartition of (g, P). For
simplicity, we usually say that z is a separating node of type (a, A), or equivalently
of type (b, B) = (g — a, P\ A).

For simplicity, often we will only talk about n-pointed nodal curves, but ev-
erything can be easily generalized to P-pointed ones.

Stability

If we hope to obtain a separated moduli space, we need to restrict to a subclass
of nodal curves by imposing some conditions. Deligne and Mumford in [DM69|
introduced the stability condition, which turned out to be a correct one to impose
in order to obtain a suitable compactification of the moduli space of smooth curves.

Definition 2.3.2. An n-pointed connected, nodal, and projective curve (C, x;) of
genus g over an algebraically closed field k is stable (resp., semistable) if

(1) C is not of genus 1 without marked points, i.e., (g,n) # (1,0), and
(2) every smooth irreducible rational subcurve P! C C contains at least 3 (resp.,
2) special points.
If only (1) holds, we say that (C,x;) is prestable.

Remark. Since we are working over an algebraically closed field k, every smooth
irreducible rational curve is isomorphic to P! [SP, Tag 0C6U]. On the other hand,
condition (1) makes sense also over a not algebraically closed field k.

Note also that there are no n-pointed stable curves of genus g if

(g,n) €{(0,0),(0,1),(0,2),(1,0)},
or equivalently if 2g — 2 4+ n < 0. Therefore, we often impose that 2g —2+n > 0.

We may define a connected dual graph to be stable (resp., semistable) if for
every vertex v,

2g, —2+10,>0 (resp.,, 2g,—2+1,>0)

where g, is the weight associated to v and [, = |L,| is its valence, i.e., the number
of half-legs issuing from wv.


https://stacks.math.columbia.edu/tag/0C6U
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Proposition 2.3.3 (Characterisation of stability). Let (C,x;) be a projective n-
pointed nodal curve, and let D = """ x; be the divisor associate to the marked
points. The following are equivalent:

(1) (C,x;) is stable;

(2) the log-canonical sheaf we(D) is ample;
(3) Aut(C,x;) is finite; and

(4) Graph(C,x;) is stable.

Proof. Denote I' = Graph(C, x;) for simplicity. Observe that there is a natural
group homomorphism from Aut(C, z;) to Aut(I'), whose kernel K is given by au-
tomorphisms of (C,z;) that do not interchange irreducible components and fix
nodes (apart from fixing marked points). Since Aut(I') is finite, the finiteness
of Aut(C,z;) is equivalent to that of K. On the other hand, K is the product
of the groups K,, as v varies in V(I'), and K, is the automorphism group of
the corresponding irreducible component (C,, L,), where L, denotes the nodes
and marked points in C, corresponding to the set of half-edges issuing from wv.
Hence, the finiteness of K is equivalent to that of all K,. Moreover, by the uni-
versal property of normalization, any automorphism of an irreducible nodal curve
lifts to an automorphism of its normalization; more precisely, an automorphism
of (X,x1,...,x,) that fixes the nodes z1,..., 2z will lift to an automorphism of
(557{%1‘}1‘:1,...,71 U {p;,q;}ij=1.. k), where {p;,q;} is the preimage of z;. The last
curve is called the pointed normalization and it is easy to show that properties
(1)—(3) hold if and only if they hold the pointed normalization of every irreducible
component of C'. By definition, also (4) can be checked on vertices.

Thus it suffices to prove these equivalences for a smooth, irreducible n-pointed
curve (C,x;). The statement then follows using classic results for smooth curves
and Proposition [2.1.5 O

Ezample. The curves depicted in Figure are all stable except for the first one.
As Proposition states, we can also tell this by looking at their dual graphs
in Figure [2.1]

We may also characterise stability through rational tails and bridges.
Definition 2.3.4. Let (C,p;) be an n-pointed prestable curve over (possibly not

algebraically closed) field k. We say that an irreducible smooth subcurve £ C C
of genus 0 with nonempty complement £¢ = C'\ FE is

e a rational tail if the scheme-theoretic intersection £ N E€ is a single reduced
point x, H*(E, Og) ~ k(x), and E contains no marked points;
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e a rational bridge if the scheme-theoretic intersection £ N E° has degree 2
over H'(E,Og) and E contains no marked points, or if £ contains a single
marked point p; and E' is a rational tail of (C,p1,....0j,...,pn)-

Note that if k is algebraically closed, such a subcurve E is isomorphic to P*;
moreover, F is

e a rational tail if &£+ £ =1 and F has no marked points;

e a rational bridge if either £ - F¢ = 2 and E has no marked points or if
E - E°=1 and F has precisely one marked point.

IP‘I

P’ P’
Figure 2.3: Rational tail (on the left) and rational bridges.

Over an arbitrary field k, the classification above becomes more subtle, but if
K/k is an extension, then (C,p;) has a rational tail (resp., bridge) if and only if
(C x K,p; X K) has a rational tail (resp., bridge) [Alp27, Exc. 6.3.14].

It is clear from the definition that, over an algebraically closed field, stability
(resp., semistability) is equivalent to not containing a rational tails or bridges
(resp., rational tails). Therefore, the following statement follows directly from the
observation above.

Proposition 2.3.5. Let (C,p;) be a prestable curve of genus g over an arbitrary
field k. If K is n algebraically closed field containing k, then (C' Xy K,p; X K) is
stable (resp., semistable) if and only if (C,p;) contains no rational tails or rational
bridges (resp., rational tails).

Families

Definition 2.3.6. A family of n-pointed nodal curves is the datum of a family
f:C — S of nodal curves, plus disjoint sections ¢;: S — C, ¢ = 1,...,n, which do
not meet the singular locus of any one of the fibres Cs of f. If (f': C' — 5',0}) is
another family of n-pointed nodal curves, a morphism from the first family to the
second is a cartesian square
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c .

o]

S T> S’
compatible with sections, i.e., such that H o0, = g} o h for every i = 1,...,n.

Note that if (C — S, 0;) is a family of n-pointed nodal curves, then each fibre
(Cs,0:(s)) is naturally n-pointed.
A family of stable (resp., semistable, prestable) n-pointed curves is a family of
P-pointed nodal curves as above, plus the requirement that each geometric fibre
(Cs,{0,(s) | p € P}) is a stable (resp., semistable, prestable) curve.
We will often use the symbol O(3_ ;) to mean the divisor O(3_ 0,(5)) in C.

Remark. 1f (C — S, 0;) is a family of pointed prestable curves, then C — S is
a local complete intersection morphism [ACG11, Lemma X.2.4]. Thus there is
a relative dualizing sheaf we/s compatible with base change, and in particular it
restricts to the dualizing line bundle we, on every fibre Cy; see |[Liu02, §6.4]. The
image of each section o; is a divisor contained in the smooth locus, hence we can
consider the line bundle we,s(3 " 0;) on C.

Proposition 2.3.7. Let (C — S, 0;) be a family of n-pointed prestable curves of
genus g over a scheme S. The following are equivalent:

(1) (C — S,0;) is a family of stable curves;
(2) weys(>- 03) is relatively ample over S.
In particular, a family of n-pointed stable curves is a projective morphism.

Proof. Both conditions can be checked on geometric fibres so the statement follows
from Proposition [2.3.3| ]

The following generalization of Proposition [2.1.4] is proven in the same way
using the very ampleness of we (> p;)®? for a stable n-pointed curve.

Proposition 2.3.8. Let (C = S, ;) be a family of n-pointed stable curves of genus
g, and set L .= weys(>_ 03). If k > 3, then L®* s relatively very ample with respect
to 7 and 7,(L®) is a vector bundle of rank (2k —1)(g — 1) + kn.

Lemma 2.3.9 (Openness of stability). Let (C = S,0;) be a family of n-pointed
curves. The locus of points s € S such that (Cs,0;(s)) is stable (resp., semistable,
prestable, nodal) is open in S.
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Proof. First, we prove that the nodal locus is open. This follows from the local
structure of nodes (Theorem , since the locus C="¢ C C of points which
are smooth or nodal in their fibre is open, and thus the locus of points s € S
such that C, has worse than nodal singularities is identified with the closed subset
7(C\ C=ed).

Since the locus in S where {o;(s)} are distinct and smooth points in C; is open,
the condition that C, is prestable is open. Moreover, assuming prestability, the
locus of points s € S where C; is semistable is identified with the open locus over
which 7*m.we/s — weys is surjective; see [SP, Tag OEGY].

Finally, assuming again prestability, since ampleness is an open condition (|Laz04,
Thm 1.2.17, Thm 1.7.8]), the locus of points s in S such that the line bundle
weys(Do0i)|e, = we, (> 0i(s)) is ample is open, and this condition characterises
stability by Proposition [2.3.3] O

Stable model

Let g and n be such that stable n-pointed genus g curves exist, that is, such
that 29 —2+n > 0. Then there is a canonical way of attaching a stable n-pointed
genus g curve to a prestable one (C, x;). Indeed, recall that irreducible components
which prevent (C, z;) from being stable are exactly rational tails and bridges. The
connected components of their union are chains of smooth rational curves, and we
refer to them as exceptional chains. By collapsing to a point each of these chains,
we obtain an n pointed nodal curve (C', z}) which is clearly stable, and it is called

the stable model of (C,z;).
Figure 2.4: Contracting exceptional chains.

Proposition 2.3.10. Let (C,p;) be an n-pointed prestable curve of genus g over
k such that 29 — 2 +n > 0. Then there is a canonical morphism

c: C— '

contracting all exceptional chains to points, such that (C',c(p;)) is an n-pointed
stable curve of genus g, c¢.(O¢) = Ocr and R'c,Oc = 0.
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Proof. See |[Alp27, Cor. 6.6.3]. O
The following is a generalization of Proposition [2.2.6|

Proposition 2.3.11. Let (C, ;) be an n-pointed semistable curve of genus g, and
let V' be the set of vertices of its graph. Suppose that 29 — 2 + n > 0. For each
v eV, denote by C, the corresponding component of C, by g, the geometric genus
of Cy, and by l, the number of half-edges issuing from v. Let L be a line bundle
on C. Then

(1) H'(C,L) =0 if dege, L > 2(29, — 2+ 1,) for all v;
(2) L is base point free if degg L > 2(2g, — 2+ 1,,) for all v;
(3) L is very ample if C is stable and dege, L > 3(2g, — 2 +1,) for all v.

Proof. Denote d, = deg., L. By assumptions, d, > 0 for all v, and in fact d, > 0
unless C,, is a smooth rational curve and [, = 2, which can happen only if C' is
not stable. In this case, if d, = 0, then L is trivial on C,. Now, denoting by
(C', x}) the curve obtained by contracting C,, to a point and by ¢: C' — C”’ the
contraction map, L = ¢*L’ for some line bundle L’ on C’. The curve (C’,z}) and

the line bundle L’ still satisfy the assumptions of the proposition; moreover,
H'(C,L)=H'(C', L)

since by Proposition the higher direct image R'¢,O¢ is zero. Hence, iter-
ating the contraction procedure, we are reduced to proving the statement under
the assumption that d, > 0 for all v. Item (1) then follows from Proposition [2.2.6]
since d, > deg, wc for every vertex v. Indeed, when 2g, — 2+ 1, > 0 we have
dy > 2(2g, — 2 +1,) > degg, we, while d, > 0 = degy we when 2g, — 2 + 1, = 0.
For (2), we must show that H'(C, I, ® L) vanishes for every z € C, where I, is the
ideal sheaf of {z}; see [Har77, Prop. IV.3.1]. We distinguish two cases. Suppose
that x is a smooth point of (', thus I, ® L is a line bundle. If C, does not contain
x, then degy, (I, ® L) = d, > degg, we. If € O, then

dego, (I, ® L) = d, — 1 > degg, we.

If equality holds, we are in one of the following cases. Either 2¢g, — 2 + [, = 0,
and hence g, = 0,1, = 2 or else 2g, — 2+ [, = 1, and C,, does not contain marked
points. The latter can happen only for g, = 0,l, = 3 and for g, = 1,1, = 1. In all
cases, C,, cannot be the only component of C'. Thus Proposition [2.2.6] applies to
I, ®L.

If instead x is a singular point of C'. We let a: C" — C be the partial normalization
at x. If C, is a component of C'; we denote by C! the corresponding component
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of C'. The sheaf I, ® L is of the form o, L', where L’ is a line bundle on C”, hence
HYC, I, ® L) = H'(C', L'). We also recall that a,wer = I, ® we. Note also that

degC{) L, — degov L= degc{} Wor — degov we, (23)
thus

dege, L' > degey weor — dege, we + 2(2g, — 2+ 1,)
Z degC{] Wer + 291; — 2 + ZU

which is strictly greater than degq, wer when 2g, — 2 +1, > 0, while
degC{) L, 2 d’u —1>-1= degci/) Wwer

when 2¢g, — 2 4+ [, = 0; again Proposition m proves the vanishing of H'(C", L),
and thus that of H'(C, I, ® L).

For (3), we must show, for any choice of points z,y € C, the vanishing of
HYC,I, ® I, ® L). We again distinguish cases. First, if both = and y are
smooth points, then I, ® I, ® L is a line bundle, and its degree on C, is at least
3(2gy — 2+ 1) — 2 > 29, — 2+ 1, > deg, we, since C is stable. Equality occurs
only when both x and y belong to C,, 29, — 2+ 1, = 1, and C,, does not contain
marked points. This can happen only for g, = 0,1, = 3 and for ¢, = 1,1, = 1.
In both cases, C, cannot be the only component of C' and, if C,, is any other
component, the degree of I, ® I, ® L on it is strictly greater than deg, wc, so
that Proposition applies.

In the remaining cases, at least one among x,y is singular. Let a: C' — C be
the partial normalization at those points of {z,y} that are nodes. Using the same
notation as above, we have I, ® I, ® L = «,L’, where L’ is a line bundle on (”,
and hence H'(C,I, ® [, ® L) = H'(C',L'). If x # y and they are both singular,
one proceeds as in the second part of (2). We get

degC{} L, Z degc{} wer + 2(291} -2+ lv) > degc{) Vel

and we conclude again applying Proposition [2.2.6
A similar argument covers the case where x is singular and y is not. The last case
to be considered is the one where x = y is singular. Instead of (2.3)), we get

dege, L' — dege, L = 2degq, wer — 2dege, wo,
which gives

dege, L' > 2degq, wer — 2dege, wo + 3(29, — 2 + 1)
> 2degey wer + 29y — 2+ .
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Moreover, if we get equalities, then degy we = 2g, — 2 + [, i.e., C, does not
contain marked points. Observe that degCT,J wer = degg, we — hy, where h, is 2
if C, is the only component containing x, 1 is x belongs to C, and to another
component, and 0 if x € C,; however, h, < [,. Hence, degey wer + 29, — 2 +1,
is nonnegative, and vanishes if and only if g, = 0, [, = 3, and h, = 2. Thus
degey L > dege, wer, and if we have an equality, then C), contains no marked
points, g, = 0, [, = 3, and h, = 2. If this happens, C’ is connected and has
components other C! as [, — h, = 1 and C, contains no marked points. Since the
degree of L' on any component of C” different from C! is strictly greater than the
one of wer, Proposition shows that H'(C", ') = H(C, [, ® I, ® L) = 0, and
this concludes the proof. O

Corollary 2.3.12. Let (C,x;) be as in Proposition|2.5.11. Let L = wc () x;) be

the log-canonical sheaf. Then
H°(C,L*) ® H°(C, L*) — H°(C, LF*?)
15 surjective for every k > 4.

Proof. The proof is a standard argument. Note that L" satisfies the assumptions
of parts (1) and (2) of Proposition[2.3.11|for h > 2, and those of part (3) for h > 3.
In particular, we can choose sections s and t of L? which do not have common
zeros. Let E be the divisor of s. By (1) of Proposition[2.3.11] from the short exact

sequence
X s

0= L2225 L = Lg—0
for i = k + 2, k we deduce the exact sequence
H°(C, LF) =5 HO(C, LF?) — HY(E, LF*?|p) — 0

and the surjectivity of H(C, L*) — H°(E, L*|g). Thus the composite map

H(C, LF) — H(E, L*|p) =% HY(E, L*?|g)
is surjective, since s and ¢ have no common zeros. But then we see that

s® HY(C,LF) +t® HY(C,LF) = H(C, L*).

O

The collapsing operation described above can actually be performed simulta-
neously for all fibres of any family of prestable curves.
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Theorem 2.3.13. Consider a family F' of prestable, n-pointed, genus g curves
f:C—=S o0:5—=C i=1...,n

such that 29 — 2 +n > 0. Then there exists a family F' of stable n-pointed genus
g curves

¢ =S o:8—=C i=1,...,n,
and a morphism c¢: C — C' over S such that:
(1) ol =coo; foreveryi=1,... n;
(2) Ocr = c,O¢ and R'c,Oc = 0;
(8) the construction of ¢ is compatible with base change; and

(4) for each closed point s € S, the induced morphism cs: (Cs, 04(s)) — (CL, oi(s))
is the contraction of exceptional chains as in Proposition |2.5.10.

The pair (F',7) in unique up to a unique isomorphism. Moreover, if F is a
/

semistable family, then we/s(>; 0:) = c*werys(> -, 07).

Proof. See [Alp27, Thm 6.6.6]. O
Using the proposition above, we have associated to the family F' a new family
c
StMd(F) == F' = f’l}ag 1=1,...,n
S

plus the collapsing map cg : C — C’. The family StMd(F) is called the stable
model of F'.

Remark. From the functoriality of the log-canonical sheaf under morphisms of
families of n-pointed nodal curves, we deduce that StMd(F') and ¢y are functorial
in F'. More precisely, if we are given two families F} and F; of prestable P-pointed
genus ¢ curves and a morphism

C1L>C2

TN

SlT>SQ
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between them. Then there is a natural morphism from StMd(F}) to StMd(Fz)

C; —= G
StMd(H) = l l

SlT>SQ

such that H'ocp, = cp,0H. Moreover, StMd(HK) = StMd(H) StMd(K) whenever
HK is defined.

Clutching

We introduce an important construction used later in Chapter [5] to study the

structure of the moduli space of stable curves. First, we describe it for a single
curve, and then explain how it can be generalised to families.
Let P be a finite set, and let I' be a P-marked dual graph; for each p € P, denote
¢, the corresponding leg in I'. For each v € V = V(I'), recall that L, is the set of
half-edges issuing from v. Suppose that we are given an L,-pointed genus g, nodal
curve (), for each vertex v. We may then construct a new P-pointed curve C' by
identifying two points of the disjoint union [[, C, if and only if they are marked
points labelled by the two halves of an edge of I', and by labelling with p € P the
point originally labelled by ¢,,.

Clearly, the curve [[ C, is the partial normalisation of C' at the nodes intro-
duced by the identifications. Hence, the process we have just described is a sort
of inverse to partial normalisation. Note also that if I" is connected and all the C,
are connected, then C' is connected as well. Conversely, the connectedness of C'
implies that of I'. If not further specified, we will assume that I' and all C, are
connected.

The genus of C'is given by

g(C)=> g+ 1—xT)=> go+h(I).

veV veV

Since we pass from C' to [[ C, by a partial normalisation, C' is stable if and only
if all the C, are, as observed in the proof of Proposition [2.3.3] Stability is then
equivalent to

29, —2+1, >0,

where [, = |L,|.

The curve C' we have constructed is said to be obtained from the C,, by clutching
along I'.
Let us see how this procedure generalizes to families. Let I' be as above. Suppose
that for each v € V| we are given a family
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of stable L,-pointed genus g, curves, all over the same base scheme S. Let C be
the disjoint union of the C,, and f: C — S the morphism whose restriction to C,
is f,. This gives an L-pointed family of nodal curves over S, which we denote by
F. If m € L, taking residuesﬂ along o, yields a surjective homomorphism

Wy (Z O'g) — Oom(g),

hence surjective homomorphisms

wlj (lﬂZU@) — Ogm(g)

for all £ > 0. These give homomorphisms

REk): I« (w’; (k20g>> — Og,

which are surjective for £ > 2, by Corollary [2.3.12. We can then construct homo-

morphisms
R®). fe <w’; (kZJg)) — O?E

by defining its component indexed by the edge {¢,¢'} to be Rék) + (—1)’“‘1]"1’;5C ),
This homomorphism has constant rank, indeed the kernel of its fibre at s € S can

be identified with H° <C;, wg, (k: > ng(S)) ), where C! is the curve obtained from

Cs by clutching along I', and hence its dimension is independent of s. It follows
that the kernel S, of R® is locally free. It also follows from Corollary [2.3.12] that
the graded Og-algebra Gakzo Sy is locally finitely generated. We set

C' = Proj (@ sk) .

k>0

As a consequence of Proposition [2.3.11], the fibre of C’ — S at s is precisely the
curve obtained from C; by clutching along I'. For each p € P, we define o, : S — ('
to be the composition of oy, with the natural map C — C’. The family

'Defined in to describe the dualizing sheaf of a nodal curve.



2.3. STABLE CURVES 37

is said to be obtained from F' = (F,),ey by clutching along I'. As the stable model,
the clutching is functorial.






Chapter 3

Deformation Theory

Deformation theory is essentially the study of the local geometry of a moduli
space, and this will be later clear. We are interested in two classical deformation
problems:

e Deformations of a scheme X, over k.

o Embedded deformations of a closed subscheme 7 in a fixed projective scheme
X over k.

Here, we focus mainly on the first problem, since studying it in the context
of curves provides local information on the moduli space Mg,n. In particular,
after discussing infinitesimal deformations, we will briefly talk about general ones
and the concept of a Kuranishi family. Finally, we discuss the second problem,
which leads to the construction of the Hilbert scheme parametrising these type of
deformations. Throughout this thesis, we will exploit the Hilbert scheme in several
proofs.

3.1 Infinitesimal deformations

First-order deformations

For a field k, denote the dual numbers by kle] = k[e]/(?).

Definition 3.1.1. Let X be a scheme over a field k. A first-order deformation of
Xy is a scheme X flat over k[e] together with an isomorphism a: Xo — X Xy k,
or in other words a cartesian diagram

Speck < Spec kle].

39
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A morphism of first-order deformations (X, o) — (X', /) is a morphism of schemes
f: X — X' over k[e] such that (f X k) o = o; in other words, considering
X and X’ in cartesian diagrams as above, we require the restriction of f to the
central fibre X to be the identity.

Note that there always exists a first-order deformation X, xj k[e] of Xy. We
say that a first-order deformation X of X is trivial if it is isomorphic (as first-
order deformations) to X Xy kle], and locally trivial if there exists a Zariski cover
X = U, U; such that U; is a trivial first-order deformation of U; x ke b € Xo. If
every first-order deformation of X is trivial, we say that X, is rigid.

As a consequence of the following algebraic fact, every morphism of first-order
deformations is actually an isomorphism.

Lemma 3.1.2. Let A be a ring, n C A be a nilpotent ideal, and M — N be a
homomorphism of A-modules. Assume that N is flat over A. If the induced map
M/aM — N/aN is an isomorphism, so is M — N.

Proof. 1f C := coker(M — N), then C'/nC = coker(M/nM — N/nN) = 0. Since

n is nilpotent, n* = 0 for some k, thus C = nC = --- = n*C' = 0. Similarly,
if K = ker(M — N), then K/nK = ker(M/nM — N/nN) = 0 thanks to the
flatness hypothesis, hence this again implies that K = 0. O

Proposition 3.1.3. Every first-order deformation of a smooth affine scheme X
over k is trivial.

Proof. Let X be a first-order deformation of X,. We thus have a commutative
diagram
X() l—d> X(]

/\1
7z
\[ /// l ’

X Speck

and since Xy — Spec k is smooth, we can construct a lift X — Xg. If we do the
base change to kle], then we obtain a morphism X — X Xy, k[e] which restricts to
the identity on the central fibre X, and thus it is an isomorphism by Lemma|3.1.2]

O

Remark. The hypotheses on X cannot be removed. Indeed

e if Xy = Speck|z,y]/(zy), then Spec k[x,y, te]/(xy —e) — Spec k[e] such that
is a non-trivial first-order deformation; and

o If Xg = V(y?z2 — z(x — 2)(x — A2)) C P? for A # 0,1, then the closed
subscheme V(y*z — z(z — z)(z — (A + €)z)) C P} defines a non-trivial
first-order deformation.
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For a locally trivial deformation X, there exists a Zariski open cover for which
X locally trivializes. Therefore, to give a locally trivial deformation it suffices to
specify how to glue trivial deformations of an affine open cover. This motivates us
to understand automorphisms of the trivial deformation.

Lemma 3.1.4. Let Xy = Spec A be an affine scheme over k, and X = Spec Ale]
be the trivial first-order deformation. There are identifications

{automorphisms X — X of first-order def.} ~ Dery(A, A) ~ Homa(Qa/x, A).

Proof. The second equivalence follows from the universal property of the module
of differentials. Regarding the first one, such an automorphism of X corresponds
to a k[e]-algebra isomorphisms ¢: Ale] — Ale] that is the identity modulo e.
Therefore, ¢ is determined by the images ¢(a) = a + d(a)e of elements a € A,
where d: A — A is a k-linear map. Now the map ¢ is a ring homomorphism if
and only if ¢(ab) = ¢(a)p(b), namely

ab+ d(ab)e = (a+ d(a)e)(b+ d(b)e) = ab+ (ad(b) + d(a)b)e
for elements a,b € A, which is the condition that d: A — A is a k-derivation. [

If X is a scheme over k, denote with Def(X,) and Def"(X,) respectively the
sets of isomorphism classes of first-order and locally trivial first-order deformations.

Proposition 3.1.5. Let Xy be a scheme of finite type over k with affine diagonal.
There is a bijection
Def'(Xy) ~ H' (X, Tx,)

under which the trivial deformation corresponds to 0 € H'(Xy, Tx,). If in addition
Xy is smooth over k, there is a bijection

Def(X() ~ H'(X,, T, ).

Proof. Let X — Spec k[e] be a locally trivial first-order deformation of Xj. Choose
an affine cover {U;} of X such that U; is a trivial deformation of V; := U; xyq k,
i.e., we have isomorphisms ¢;: V; xj k[e] = U;. Denoting V;; = V; N'V;, we have
automorphisms qﬁ;l |V, x k(€] 0Ds ! v, x k(] Of the trivial deformation Vj;x ke, which
corresponds by Lemma to elements ¢;; € Tx,(Vi;). Since ¢;; o ¢ = dix on
Vijek = Vi N V; NV, we have that ¢;; + ¢jx = ¢ix € Tx,(Vijr). On the other hand,
we can compute H'(Xy, T,) using the Cech complex

0= P T, (Vi) & P T, (Vi) = P T, (Vi)
7 9,7 0,9,k

(si5) = (84

Uik = Sik|Uye + Sik Uijk)ijk
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and {¢;;} is in the kernel of dy, thus it defines am element of H'(X,,T,). Con-
versely, given a representative {¢;;} € kerd; of an element of H'(Xy, T,), we can
view each 1);; as an automorphism of the trivial deformation of V;;, and we may
glue together these trivial deformations via 1;; to construct a global deformation
X of Xj. Finally, in the smooth case any first-order deformation is locally trivial
by Proposition [3.1.3] [

Ezample. Using the Euler sequence, one can easily show that H!(P", Tpn) = 0. By
the proposition above, we get that P" is rigid.

Higher-order deformations

If our scheme X is defined over a ring A, and A" — A is a surjection of rings,
we can define a deformation of X, over A’ as for first-order deformations. However,
it is not even clear in this situation if such a deformation exists, since in general
we do not have a map from A to A’

Definition 3.1.6. Let A’ — A be a surjection of rings with nilpotent kernel and
X be a flat scheme over A. An (infinitesimal) deformation of X — Spec A over A’
is a flat morphism X’ — Spec A’ together with an isomorphism a: X = X' x4 A
over A, or in other words a cartesian diagram

X -2 > X!
lﬁat ] | flat

N2

Spec A < Spec A’

A morphism of deformations over A’ is a morphism over A’ restricting to the
identity on X.

Remark. Again by Lemma [3.1.2] every morphism of deformations is actually an
isomorphism.

Proposition 3.1.7. Let Xy be a scheme of finite type over a field k such that
Xo s generically smooth and a local complete intersection. Let A" — A be a

surjection of artinian local rings with residue field k such that myJ = 0 where
J =ker(A" — A). If X — Spec A is a deformation of Xy, then:

(1) The group of automorphisms of a deformation of X — Spec A over A’ is
bijective to EXt%XO (Qx,, J);

(2) If there exists a deformation of X — Spec A over A’, then the set of isomor-
phisms classes of all such deformations is a torsor under Ext}QXO(QXO, J);
and



3.1. INFINITESIMAL DEFORMATIONS 43

(3) There exists an element obx € Extéxo (Qx,,J), called the obstruction, with
the property that there exists a deformation of X — Spec A over A" if and
only if obx = 0.

In particular, if Xo is smooth, then the informations above are encoded in the
cohomology groups H'(Xy, Tx,) @ J fori=10,1,2.

Proof. See [Vis99, Thm. 4.4]. O

Formal deformations

Let X be a scheme over a field k. As for the infinitesimal case, a deformation
of X over a scheme T of finite type over k is a cartesian diagram

X — X

| o

Speck — T

over k where the morphism X — 7' is flat. Clearly, this means that if Speck — T
represents a point ty € T'(k), then the fibre of X — T over t; is isomorphic to X.
The notion of isomorphism of deformations is the obvious one as for the infinites-
imal case.

Let Arty be the category of artinian local k-algebras with residue field k. For
a scheme X over k we define its deformation functor as

Defx: Art;, — Sets
A — {isomorphism classes of deformations of X over Spec A}.

Clearly, Defx (k) is a singleton. Note that we may view Art; as a subcategory
of Sch°® under the correspondence A + Spec A, hence via Yoneda’s Lemma
an infinitesimal deformation of X over A € Art, corresponds to a morphism
Spec A — Def x, where we are denoting by Spec A the functor Morga,, (—, Spec A)
represented by it.

A natural question one may ask himself is whether for a scheme X there exists
a “universal” deformation. More precisely, we search for a complete noetherian
local k-algebra R with residue field k that prorepresents the deformation functor
Defy, i.e., there is an isomorphism Defy ~ hp of functors Art, — Sets, where
hr = Spf R = Homy,_,;(R, —) is often called the formal spectrum of R.
Observe that we use the term prorepresentable since R is not an object of Arty,
hence it does not represent the deformation functor in the usual way.
Prorepresentability is a strong property, thus as one may expect, many functors
satisfy only weaker properties.
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Denote by Comp,, the category of complete noetherian local k-algebras with
residue field k. Recall that the spectrum of such an algebra over C should be
thought of as an algebraic version of a complex analytic germ.

Definition 3.1.8. Let X be a scheme over a field k. A formal deformation of X
over R € Comp,, is a commutative diagram

X < > X < > Xy <

l | | (3.1)

Speck — Spec R/m? — Spec R/m? «—— ...

where m is the maximal ideal of R and every square is an infinitesimal deformation.
We denote such a diagram by X, — Spf R, where the target is called the formal
spectrum of R.

As an infinitesimal deformation of X over R/m™ can be viewed as a morphism
Spec R/m™ — Defy, a formal deformation over R corresponds to a morphism
Xo: Spf R — Defx. Recalling the Grothendieck’s functorial characterisation of
smoothness [SP|, Tag 02H6], we may extend this definition to functors Arty — Sets.
In particular, the morphism Spf R — Def x induced by a formal deformation of X
over R is smooth if for every surjection A — A in Arty, and for every commutative
diagram

Spec A — Spf R

1
| ]

Spec A” —— Defx

of solid arrows, where the left vertical arrow is the closed embedding induced by the
surjection A" — A, there exists a morphism Spec A" — Spf R filling the diagram,
often called a lifting.

Moreover, we define the tangent space to a functor F': Art, — Sets as

TF = F(k[g]).

Schlessinger in [Sch68] studied these functors and introduced four conditions re-
garding the properties of the natural map

F(A' x4 A") = F(A") xpa F(A")

as A - A and A” — A in Arty vary; see [TV13] for a modern treatment. In
particular, it is not difficult to see that a deformation functor Def x of a k-scheme
X satisfies the so called condition (H2), implying that its tangent space has a
natural structure of k-vector space [Sch68, Rmk 2.13].


https://stacks.math.columbia.edu/tag/02H6
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Definition 3.1.9. Let X be a scheme over a feld & and let R € Comp,. A
formal deformation X, — Spf R is said to be wersal if the induced morphism
Spf R — Defx is smooth.

Note that if a versal deformation X, — Spf R of X/k exists, then it induces
every infinitesimal deformation. Indeed, if X4 € Defx(A) is an infinitesimal de-
formation of X over A, then the versality property applied to the surjection A — k
implies that there exists a k-algebra homomorphism ¢: R — A such that X4 is
isomorphic to the pullback of X, via ¢.

Definition 3.1.10. A versal deformation X, — Spf R is called miniversal if
dim; m/m? = dimy, T Def x
where m is the maximal ideal of R.

Remark. Note that also T'Spf R has a structure of k-vector space as it is canoni-
cally isomorphic (as a k-algebra) to Homy,_. (R, k[e]). Smoothness of a morphism
Spf R — Defx implies the surjectivity of the Kodaira-Spencer morphism, i.e., the
induced map

T Spt R — T Def x

between tangent spaces, since any tangent vector Spec k[e] — Defy can be lifted
to Spec k[e] — Spf R. Tt follows that

dimy, T Defx < dimy, T'Spf R = dim;, m/m?.
Therefore, miniversality means that the tangent spaces are isomorphic.

Theorem 3.1.11. Let X be a scheme over a field k. If T Defyx is a finite-
dimensional k-vector space, then a miniversal deformation of X exists and is
unique up to isomorphism.

Proof. See [TV13| Prop. 6.30 and 6.33]. O

The base Spf R of the miniversal deformation of X is sometimes called the
Kuranishi space of X. However, this object can be arbitrarily bad [Vak06].

Effectiveness

Note that for an algebra R € Comp,, it holds R = @R/m”. However, it is not
clear whether a formal deformation X, — Spf R of a k-scheme X is induced by a
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deformation of X over R. In other words, are we able to complete the diagram

(3.1)) as below?

X « > X < > Ay < y oL e-———> X
I
|
I
3

| ! !

Speck — Spec R/m? «— Spec R/m? «—— ... —— SpecR

If this is the case, we say that the formal deformation X, — Spf R is effective.
The Grothendieck’s existence theorem [Alp27, Thm C.5.3] implies the following
general result.

Proposition 3.1.12. Let X be a scheme proper over k. Suppose that we are given
a formal deformation X, — Spf R together with compatible line bundles L; on X;
(where Xy = X ) such that Lo is ample. Then there exists a projective morphism
X — Spec R, together with a compatible ample line bundle L on X, fitting in the
diagram

X « > A« > Xy < > X

| ! ! |

Speck — Spec R/m? — Spec R/m?> —— ... — Spec R.

Proof. See [Alp27, Cor. C.5.8]. O

In the situation above, we can take as Kuranishi space the scheme Spec R,
while in general this is only the formal scheme Spf R.

3.2 About stable curves

In this section we apply the deformation theory developed so far to the case of
stable curves. First, we look at the smooth case.

Corollary 3.2.1. If C' is a connected smooth projective curve of genus g > 2 over
the field k, then

Def(C) ~ H'(C, Te) = HO(C,0%2),
which is a k-vector space of dimension 3g — 3.
Proof. Isomorphisms follow from Proposition |3.1.5/and Serre Duality. Finally, the

tangent sheaf is a line bundle of degree deg(T¢) = 2 — 2g < 0, thus h°(C,T) =0
and by Riemann-Roch we compute h'(C,T¢) = —deg(Tp) +9g—1=3g—3. O
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Remark. For a curve C' as above over an algebraically closed field k, we can compute
the dimension of Def(C') also for genus ¢ = 0,1. For g = 0, we get C' ~ P!, then
Te ~ Opi(2) and consequently h'(Tg) = 0. While for g = 1, we get T ~ O,
hence h'(C,T¢) = 1.

Since nodal curves are locally complete intersections [ACG11, Lemma X.2.4],
by Propositiontheir deformations are classified by Ext!, - (Q¢, O¢). These re-
sults can be extended to the case of pointed nodal curves; see [Alp27, Prop. C.2.8].

Proposition 3.2.2. Let A" — A be a surjection of artinian local rings with residue
field k such that J = ker(A" — A) satisfies myJ = 0. Let (C — Spec A, 0;) be
a family of n-pointed prestable curves over A, and let (C,p;) be its central fibre,
namely its base change to k. Then:

(1) The group of automorphisms of a deformation of (C — Spec A, 0;) over A’
18 EXt?Dc<QC<Zi pi), Oc Ry J),

(2) The set of isomorphism classes of deformations of (C — Spec A, g;) over A’
is a torsor under Exty,, (Qc (X, pi), Oc @y J) and

dimy, Ext}% (QC (Z pi) ,(’)C) —dimy, Extooc (QC (Z pi) ,(’)C) = 3g—3+n;

(3) There is no obstruction to deforming (C — Spec A, g;) over A’.

Moreover, if (C,p;) is stable, then ExtOOC(QC(Zipi),OC) =0, i.e., there are no
non-trivial automorphisms of a deformation, thus

dimy, Ext(lgc (QC <Z pi> ,(’)C) =39 —3+n.

Proof. See [Alp27, Prop. 6.3.26]. ]

Miniversal family

By Theorem we know that for a stable curve C over a field & the miniver-
sal deformation exists. Moreover, if C' is proper, Proposition implies that
such a deformation is effective, i.e., its Kuranishi space is a usual spectrum Spec R,
for some R € Comp,,.

Proposition 3.2.3. Let X be a variety over a field k of characteristic zero such
that either X is normal or X is reduced and lci. If r := dim; T Defx < 400, then
the Kuranishi space of the miniversal deformation of X is Spf k[ty,...,t.]/I for
some ideal I contained in (ty,...,t,)>.
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Proof. The Kuranishi space of X is Spf R for some R € Comp,, and it follows
r = embdim R. By Cohen structure theorem [SP| Tag 032A] we get that R is a
quotient of k[ty,...,t,] for some n, and clearly n > r. But if n > r, since r is
the embedding dimension of R, then there would be an isomorphism between R
and a quotient of k[tq,...,t,_1], hence we may assume that R is k[tq,...,t,]/1.
Finally, if I were not contained in (¢i,...,t,)%, we would have a contradiction as
the embedding dimension of R is exactly r. O]

Corollary 3.2.4. Let C' be an n-pointed stable curve of genus g over a field k.
The miniversal deformation of C is given by a projective morphism

C— Spec k?[[th . ,t39_3+n]].

Proof. First of all, C is projective, and given an ample line bundle on it, we may
deform it in order to get the sequence in the assumptions of Proposition |3.1.12}
see [Alp27, Rmk C.5.9]. Now since C' is reduced and lci, and by Proposition m

dim;, T Def x = dimy;, Ext}% (QC (Z pi) ,(’)C> =39 —3+n,
it follows from the proposition above that its Kuranishi space is

Spec k[[tl, ceey t3g_3+n]]/l

for some ideal I. Finally, by [TV13, Prop. 6.38] the minimal number of generators
of I is at most the dimension of the obstruction space of C, but in Proposition [3.2.2]
we have seen that there is no obstruction to deforming a nodal curve, hence I = 0.

O

If U = SpecC[ty, ..., t35-34+,] is the miniversal deformation of an n-pointed
stable curve C, and we denote by ug the unique closed point of U, then the
Kodaira-Spencer map provides an identification

Tua = Exth,, (2 (Yopi) . 0c).

3.3 Embedded deformations

A classical problem in algebraic geometry is to parametrise closed subschemes
of the projective space P} over a field & with a fixed Hilbert polynomial P € Q[z].
This led to the definition of the Hilbert functor

Hilb” (P%/S): (Sch /S)°P — Sets
closed subschemes Z C P/ flat and finitely
(' — S) — ¢ presented over T" such that Z; C P,y has
Hilbert polynomial P for all t € T


https://stacks.math.columbia.edu/tag/032A
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It is a classical result that this functor is represented by a projective scheme over
S, denoted by Hilb” (P%/S); see |Alp27, §2] for a comprehensive discussion. Note
that, as schemes, Hilb” (P%/S) = Hilb" (P3/Z) x7 S.

We may also generalise the functor above by considering closed subschemes of
a fixed scheme X over a noetherian scheme S. However, if X is projective over S,
then there is still a projective scheme Hilb” (X/S) representing this functor.

The local study of the Hilbert scheme is provided by the theory of embedded
deformations.

Definition 3.3.1. Let X be a scheme over a field k¥ and Z; € X be a closed
subscheme. A first-order embedded deformation of Zy C X is a closed subscheme
Z C X. = X xy, kle] flat over k[e] such that Zy = Z Xy k. In other words, a
first-order embedded deformation is a filling of the diagram

X > X,

> >
\ l \\\\ N
et

Spec k ——  Spec kle]

with a scheme Z flat over k[¢] and dotted arrows making the lower parallelogram
carteslian.

Note that both Zy and Z Xy k are embedded in X, hence it makes sense to
require them to be equal. Such an embedded deformation Z C X, is said to be
trivial if Z = Z xy, kle].

Remark. Rephrasing the definition above for a projective scheme X, the closed
subscheme Z; is a k-point [Zg] of the Hilbert scheme Hilb" (X/k), where P is the
Hilbert polynomial of Z, with respect to a fixed embedding in a projective space.
A first-order embedded deformation then corresponds to a morphism

Spec k[e] — Hilb" (X /k)

with image [Z,], namely a tangent vector in Tr (x/k),(z-

Geometric intuition suggests us that a first order embedded deformation is
given by a suitable choice of a “thickening direction” for each point of Z. The
following classical result formalises this idea.

Proposition 3.3.2. Let X be a scheme over a field k and Zy C X be a closed
subscheme. There is a bijection

{first order embedded deformations of Zy in X} ~ H° (Zy,Nz,/x)
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where Nz, x is the normal sheaf of Zy in X. Moreover, under this bijection, the
trivial deformation corresponds to the zero section.

Proof. See [Alp27, Prop. C.1.3]. O

As for deformations studied in the previous sections, often called abstract de-
formations to better distinguish them from embedded ones, we may consider high-
order version of the latter.

Definition 3.3.3. Let A’ — A be a surjection of rings with nilpotent kernel. Let
X’ be a scheme over A" and set X = X' x4 A. If Z C X be a closed subscheme
flat over A, an infinitesimal embedded deformation of Z C X over A’ is a closed
subscheme Z' C X' flat over A’ such that Z’ x4 A = Z. In other words, such a
deformation is a filling of the diagram

X « s X/

Pt
(///

Spec A ——— Spec A'.

Similarly to abstract deformations, higher-order embedded ones are encoded
in the Ext groups of a suitable sheaf.

Proposition 3.3.4. Let X be a scheme over k with affine diagonal. Let A" — A
be a surjection of artinian k-algebras with residue field k such that maJ = 0 where
J =ker(A" - A). Let Z C X4 = XX — A be a closed subscheme flat over A
and let Zy = Z x4 k C X with ideal sheaf Iz, C Ox. Then:

(1) If there exists an embedded deformation Z' C X 4 of Z over A’, then the set
of such deformations is a torsor under EXt%X<IZO, Oz, @k J); and

(2) There exists an element oby € Exty (17, Oz, @k J), called the obstruction,
with the property that there exists an embedded deformation of Z C X over
A" if and only if oby = 0.

Proof. See [Alp27, Prop. C.2.2]. ]

Observe that if Zy C Z is a local complete intersection, i.e., the corresponding
closed embedding is a lci morphism, then I, /17 is locally free [Liu02, Cor. 6.3.8]

and
EXtEQX ([ZO’ OZO ®k’ J) = Hi(ZO7NZO/X) ®k’ J
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Stack Theory

Grothendieck introduced stacks in [FGA] and |[SGA1| as a way to package
objects satisfying descent, e.g., quasi-coherent sheaves; see [Alp27, §3.1].

4.1 Grothendieck topologies
Firs of all, we need to extend the concept of a topology to categories.

Definition 4.1.1 (Sites). A Grothendieck topology on a category S consists of
the following data: for each object X € S, there is a set Cov(X) consisting of
coverings of X i.e., collections of morphisms {X; — X},c; in S. We require that:

(i) if X’ — X is an isomorphism, then (X’ — X) € Cov(X);

(ii) if {X; - X}ier € Cov(X) and Y — X is a morphism, then the fibred
products X; X x Y exist in S for all i € I, and {X; xx Y — Y }ie; € Cov(Y);
and

(iii) if {X; = X}ier € Cov(X) and {X;; — Xi}jes, € Cov(X;) for each i € I,
then {XZJ - X; = X}iEI,jEJi S COV(X)

A site is a category together with a Grothendieck topology.

Example. This definition in fact extends the notion of topological space. Indeed,
if X is a topological space, we let Op(X') denote the category of open sets U C X,
where there is a unique morphism U — V' if and only if U C V. We say that an
element of Cov(U) is a collection of open subsets {U;}icr such that U = (J,.; Us.
This defines a Grothendieck topology on Op(X). In particular, if X is a scheme,
the Zariski topology on X defines a site Xy,., called the small Zariski site on X.

o1
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Ezxample. By replacing Zariski open immersions with étale morphisms, we obtain
the small étale site on X. More precisely, it is the category Xy of étale morphisms
U — X, where a morphism (U — X) — (V — X) is simply an X-morphism
U — V (which is necessarily étale). A covering of an object (U — X) € X4 is a
colleciton of étale morphisms {U; — U} such that [[, U; — U is surjective.

Example. The most important site in this thesis is the big étale site Sche, that is
the category Sch of schemes where a covering of a scheme U is a collection of étale
morphisms {U; — U} in Sch such that [[, U; — U is surjective.

Replacing in the definition above étale morphisms with open immersions defines
the big Zariski site Schy,,.

Ezxample (fppf, fpqc). A morphism of schemes is fppf if it is surjective, flat, and
locally of finite presentation. The big fppf site Schy,py is the category Sch of schemes
where a covering {U; — U} is a collection of morphisms such that [[,U; — U is
fppf.

A morphism of schemes is fpgc if it is surjective, flat, and every quasi-compact
subset of the target is the image of a quasi-compact subset. The big fpqc site
Schyyqc is the category Sch of schemes where a covering {U; — U} is a collection
of morphisms such that [[, U; — U is fpqc.

Observe that

étale = fppf = fpqc.

Given a scheme S, by applying the constructions described above to the cate-
gory Sch /S, we can define the relative versions (Sch /) zar, (Sch /S)at, (Sch /.S)gppt,
and (Sch /.S)gpqc-

Sheaves

If X is a topological space, a presheaf of sets on X is simply a functor
F: Op(X)°® — Sets

and the sheaf axioms can be summarized in the condition that for each covering
U = U, Ui, the sequence

FU) = [[FW) =[] FUy)

is an equalizer diagram, where U;; = U; N U;, and the two maps are induced by
restricting along the two inclusions.
These definitions can be generalized to sites.
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Definition 4.1.2. A presheaf on a category § is a functor S — Sets.
A sheaf of asite S is a presheaf F': S — Sets such that for every object X in &
and covering {X; — X }; € Cov(X), the sequence

F(X) = [[Fea) = [ F(xy)

is an equalizer diagram, where X;; = X; X x X, and the two maps are induced by
the two maps S;; — S5; and S;; — S;.
A morphism of presheaves or sheaves is a natural transformation.

If F'is a presheaf on § and f: X — Y is a morphism in S, then the pullback
F(f)(a) of an element a € F(T') is often denoted by f*a or a|s.
We denote the categories of presheaves and sheaves respectively Pre(S) and Sh(S).

Ezample. If S is a category and X is an object of S, then hy = Morg(—, X)
defines a presheaf.

Lemma 4.1.3. Let F' be a presheaf on Sch. The following are equivalent:
(1) F is a sheaf on Sche (resp., Schyppe, Schepqe) ;

(2) F sends coproducts to products and for every surjective étale (resp., fppf,
faithfully flat) morphism S" — S of schemes, the sequence

F(S) = F(S") = F(S" x5 5
1S5 an equalizer diagram;

(3) F is a sheaf on the big Zariski site Schy,, and for every surjective étale
(resp., fppf, faithfully flat) morphism S" — S of affine schemes, the sequence
F(S) = F(5'") = F(S' xg S5') is an equalizer diagram.

Proof. See [Alp27, Exc. 3.3.7]. O
Proposition 4.1.4. If (X — S) is an object of Sch /S, then

Morg(—, X): (Sch /S)°? — Sets
is a sheaf on (Sch /S)gpqe and therefore also a sheaf on (Sch /.S)gppe and (Sch /S)et.

Proof. As Morg(—, X) is a sheaf in the big Zariski topology, by Lemma it
suffices to show that if 7" — T is a faithfully flat morphism of affine schemes over
S, then the sequence

Morg(T, X) — Morg(T", X) = Morg(T" x7 1", X)

is an equalizer diagram, which is precisely Fpqc Descent for Morphisms; see [Alp27,
Prop. 3.1.7]. O
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Sheaves as defined above satisfy properties like in the classical case of (pre)sheaves
defined on a topological space. First of all, we can glue them under the usual hy-
pothesis [Alp27, Exc. 3.3.10]. There are also fibred products, and a sheafification
functor [Alp27, Def. 3.3.12, Thm 3.3.15].

Finally, in Proposition we have seen that a scheme is a sheaf on the site
Schg,. The following proposition gives us a criterion for a sheaf to be a scheme.

Proposition 4.1.5 (Descent Criterion for an Fppf Sheaf to be a Scheme). Let
P be one of the following properties of morphisms of schemes: open immersion,
closed immersion, affine, quasi-affine, or locally quasi-finite and separated. Let
X — Y be a surjective smooth (resp., fppf) morphism of schemes. Let F' be a
sheaf on (Sch /Y )& (resp., (Sch /Y )gpt). Consider the fibred product

Fx—>X

| o |

F—Y

of sheaves. If Fx is a scheme and F'x — X has P, then F' is a scheme and FF —'Y
has P.

Proof. See [Alp27, Prop. 3.3.17]. O

4.2 Prestacks and stacks

When looking at a moduli problem, in order to keep track of automorphisms
of objects, one is led to consider “functors”

F: S — Groupoids,

where a groupoid is a category where all morphisms are invertible. This is how
one can think about a prestack.

However, it is more convenient to define a prestack by packing all the groupoids
F(S) into one category X parametrizing them.
Let S be a category and p: X — S be a functor. A common and simple way to
visualize this data is the diagram

X a —2—
Pl
S

S
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where the lowercase letters a, b are objects of X and the uppercase letter S, 7T are
objects of S such that p(a) = S, p(b) =T, and p(«) = f. We say that a is over S
and that « is over f.

Definition 4.2.1. A functor p: X — S is a prestack over S if

(i) (pullbacks exist) for every diagram

of solid arrows, there exists a morphism a — b over S — T,

(i) (universal property) for every diagram

of solid arrows, there exists a unique arrow ¢ — a over U — S filling in the
diagram.

Remark. Axiom (2) implies that the pullback in Axiom (1) is unique up to unique
isomorphism. We often write f*b or b|s to indicate a choice of a pullback.
A morphism a — b in X satisfying Axiom (2) is called cartesian.

Given a prestack X over S, the fibre category X (S) over S € § is the category
of objects in X over S with morphisms over idg. It is not difficult to show that
the fibre category is a groupoid.

Example. If F: §°° — Sets is a presheaf, we can associate to it a prestack X as the
category of pairs (a,S), where S € § and a € F(S). A morphism (a,S) — (b,T)
is a map f: S — T such that b = f*a, where f* is shorthand for F(f). The
projection Xr — S is clearly defined by (a,S) — S. Observe that in this case the
fibre category Xr(S) is equivalent to the set F'(S). We will often abuse notation
by denoting Xp simply with F'.
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Ezample. If S is an object of a category S, the restricted category S/S defines
a prestack over &, where the projection is given by (" — S) — T. This is
the same prestack obtained by applying the previous construction to the presheaf
Mors(—, 5).

A scheme X then defines the prestack Sch /X. Again, we will often abuse notation
by denoting this prestack simply X.

Definition 4.2.2 (Prestack of smooth curves). We define the prestack M over
Sch as the category of families of smooth curves C — S, i.e., smooth and proper
morphisms such that every geometric fibre is a connected curve. A map

(C—8)—= ([ — 5
is the data of maps a: C — C’ and f: S — S’ such that
C —==7
| ol
S—— S

is cartesian. The projection M — Sch is given by (C — S) +— S. The prestack
M, is defined as the full subcategory of M consisting of families of smooth curves
where every geometric fibre has genus g.

Morphisms of prestacks
Definition 4.2.3. Let X and ) be prestacks over S.

(1) A morphism of prestacks is a functor f: X — ) such that the diagram
f
X ——)
P& %y
S
strictly commutes, i.e., for every object a in X', there is an equality
pa(a) = py(f(a))

of objects in §, and the same for every morphism a — b.

(2) If f,g: X — Y are morphisms of prestacks, a 2-isomorphism «: f — ¢ is
a natural transformation such that for every object a in X', the morphism
ag: f(a) = g(a) in Y is over the identity in S. We describe this situation
visually as
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/f\/l
X e
\Eﬂ

(3) We define the category Mor(X', )) whose objects are morphisms of prestacks
and whose morphisms are 2-isomorphisms.

(4) A 2-commutative diagram is a diagram

~
<

— &
— <

I
g’l/a g
I

<
<

together with a 2-isomorphism a: go f/ = fog'.

(5) A morphism f: X — ) of prestacks is a monomorphism (resp., epimor-
phism) if f is fully faithful (resp., essentially surjective), and f is an isomor-
phism if there exists a morphism g: ) — & of prestacks and 2-isomorphisms
go f=idy and fog = idy.

Remark. If f: X — ) is a morphism of prestacks, one can easily show that:

e every 2-isomorphism is in fact an isomorphism of functors, hence Mor(X, ))
is a groupoid;

e f is a monomorphism if and only if fg: X(S) — Y(5) is fully faithful for
every S € §; and

e f is an isomorphism if and only if f is fully faithful and essentially surjective.

A prestack X on S is equivalent to a presheaf if there exists a presheaf F' on
S and an isomorphism between X and Xp.

The 2-Yoneda Lemma

The Yoneda Lemma [SP, Tag 001P] states that for a presheaf F': S — Sets
and an object S € S, there is a bijection Mor(hg, F') = F(S). In particular, there
is a fully faithful embedding & — Pre(S) in the category of presheaves on S, given
by S+ hg.

Recall that an object S in S can be viewed as a prestack over S, which we also
denote by S.


https://stacks.math.columbia.edu/tag/001P
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Lemma 4.2.4 (2-Yoneda). Let X be a prestack over S and S € S. The functor
Mor(S,X) — X(S), f > fs(ids)

18 an equivalence of categories.

Proof. See [Alp27, Lemma 3.4.21]. ]

We will often use the 2-Yoneda Lemma in passing between morphisms S — X
and objects of X(S). Furthermore, if f,g: S — X are morphisms, correspond-
ing to objects a,b € X(9), then a 2-isomorphism «: f = g corresponds to an
isomorphism a = b in X(9).

Remark. If F': Sch®® — Sets is the functor hy; = Mor(—, M) representable by a
scheme M, the classical Yoneda Lemma (Lemma|l.1.1)) gives a bijection

Mor(hys, F') ~ F(M)

and the object u € F(M) corresponding to the identity map is the universal family.
The 2-Yoneda Lemma does not immediately apply to give a universal family as the
category X' (X) needs to be defined. Later, we will prove a Generalized 2-Yoneda
Lemma and use it to define universal families.

Fibred products

Let f: X — Z and ¢: )’ — Z be morphisms of prestacks over a category
S. Define the prestack X xy ) over S as the category of triples (z,y,7) where
x € X and y € ) are objects over the same object px(z) = py(y) € S, and
v: f(z) = g(y) is an isomorphism in Z(S). A morphism (z1,y1,71) — (T2, Y2, 72)
consists of a triple (h, A, ) where h: px(z1) = py(y1) — py(y2) = pa(z2) is a
morphism in S, and \: x; — x5 and p: y; — yo are morphisms in A and Y over
h such that

Fla1) 225 f(a)

| |

a() —25 ()

commutes. Let also p1: X xz )Y — X and py: X Xz Y — Y denote the natural
projections (z,y,7) = y, and define the 2-isomorphism «: f o p; = g o py, which
is defined on (z,y,7) € X xz Y by setting oy~ = 7. This clearly yields a
2-commutative diagram
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Xxz) 25y

ml a lg
x —1 5z

Theorem 4.2.5. The prestack X X z) together with the projections py and ps and
the 2-isomorphism a as above satisfy the following universal property: for every
2-commutative diagram

q2 y

@ X

with 2-isomorphisms T: f o g1 — g o qa, there exists a morphism h: T — X xz Y
and 2-isomorphisms p: qu — p1 o h and o: g2 — ps o h yielding a 2-commutative
diagram

q2 Yy
V2N
T—" 5 XxzY o z
U N
a X
such that the diagram
f(p

)
Joqp —— fopioh
lr lozoh
(o)
gog —— fopoh
commutes. Moreover, the data (h, p, o) is unique up to unique isomorphism.

Proof. We define h on objects by T > t — (q1(t), g2(t), 7:) and on morphisms as
(p:t = ') = (p1(0),q1(¢),q2(¢)). In this way, there are equalities of functors
g1 = p1oh and g2 = ps o h so we can define 0 and p as the identity natural
transformations. We omit the remaining tedious details. O

We say that a 2-commutative diagram
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X — )
|~ |
X — )

is cartesian if it satisfies the universal property of Theorem [£.2.5 and we often
write such a diagram simply as

X — )
| o |
X — ).

Remark. Let X be a prestack over a category S, and let S, T be two objects in S
which can view as prestacks over S. For all morphisms a: S — X and b: T" — X,
there is a cartesian diagram

SxyT — SxT
l ] laxb
X —5 5 X xA;

see [Alp27, Exc. 3.4.38].

The following is an important example of presheaf, and we will use it later to
better describe the structure of a (pre)stack.

Ezample (Isomorphism presheaf). Let X be a prestack over S, and fix T € S.
Then it is not hard to show that:

(1) for objects a and b of X(T'), the functor
Isomy(r(a,b): S/T — Sets
(T’ ER T) — Morxr)(f*a, f*b)
defines a presheaf on §/T;
(2) there is a cartesian diagram
Isomy p(a,0) —— T

o e

X —2 S XxX;
(3) the presheaf Autyr)(a) == Isomyr(a, a) is actually a presheaf in groups;
and

(4) the prestack X is equivalent to a presheaf if and only if the diagonal X 2 XXX
is fully faithful.
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Stacks

In a few words, a stack over a site S is a prestack X — S where the objects
and morphisms glue uniquely according to the Grothendieck topology.
Given a covering {S; — S} in a site, we will denote by S;; the product S; xg S;
and by S;;; the product S; xgS; xg Sk.

Definition 4.2.6. A prestack X over a site S is a stack if the following conditions
hold for all coverings {S; — S} of any object S € S:

(i) (morphisms glue) For objects a and b over S and morphisms ¢;: a|s, — b
such that ¢;ls,; jls,; as displayed in the diagram

N
TN

there is a unique morphism ¢: a — b over idg such that ¢|s, = ¢;.

(ii) (objects glue) For objects a; over S; and isomorphisms «;;: a;
as displayed in the diagram

»,',j_>ajS

ij 7

/ \\
\\
\
X
laij a over
A
/
. //
aj(s;; Y \ /
\ //
a;

satisfying the cocycle condition ajils,,, © aujls,,, = irls,, on Sij, there
exists an object a over S and isomorphisms ¢;: a|s, — a; over idg, such that
Gjls,; = auj o dils,; on Sy

A morphism of stacks is a morphism of prestacks.
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Remark. Axiom (i) is equivalent to requiring that for all objects a and b in X(5),
the presheaf Isomy g)(a,b) is a sheaf on S/S.

Remark. Using definitions, one can check that the fibred product of two stacks over
a site S is also a stack over §. Moreover, given a prestack X, there is a procedure
yielding a stack X®' called the stackification of X, and having properties analogous
to the sheafification; see |[Alp27, Thm 3.5.18].

Ezxample. Recall that a presheaf F' on a site S defines a prestack Xr over S. This
prestack is a stack if and only if F' is a sheaf. In particular, since a scheme X is
a sheaf on Schg; by Proposition the prestack Sch /X is a stack over Schg,
often denoted simply as X.

Remark. One can generalize Lemma from sheaves to stacks, showing that a
prestack X over Sch is a stack over Schg; (resp., Schgpps, Schepqe) if and only if & is
a stack over Schy,, and stack axioms hold for a surjective étale (resp., fppf, fpqc)
morphism Spec A" — Spec A of affine schemes.

Recall the prestack M, of smooth curves of genus ¢ introduced in Defini-
tion 4.2.2]

Theorem 4.2.7 (Moduli stack of smooth curves). If g > 2, then M, is a stack
over Schy.

Proof. It suffices to check that M, is a stack over Schg,q.. Moreover, since smooth
curves and their morphisms glue in the Zariski topology, it suffices by the remark
above to verify stack axioms with respect to an fpqc map S — S.

Axiom (1): for families of smooth curves C — S and D — S of genus g, every
commutative diagram

f/
/\

CS/XSS/ $ CS/ —C ——+ D

| 0\ /

S xg S —? S’—>S

of solid arrows can uniquely filled in. The existence and uniqueness of f follow from
Fpqc Descent for Morphisms [Alp27, Prop. 3.1.7]. Since the base change Css — Dy
is an isomorphism, then again by descent properties (see [Alp27, Prop. 3.1.26])
f:C — D is also an isomorphism.
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Axiom (2): we must show that given a diagram

piC' S psl —— C' - C
|

\ /B o

/ /I — D1 = Qr
S xgS TS — S,

where C" — S’ is a family of smooth curves and «: piC’ — piC’ is an isomorphism
satisfying the cocycle condition pi;a o pioar = piza on S" xg S xg S’ there is
a family of smooth curves C — S and an isomorphism ¢: C|ss — C’ such that
pi¢ = ps¢ o a. By Proposition [2.1.4] Q?ﬁ?s, is relatively very ample on S and

E = W*(Q?BS,) is a vector bundle on S’ of rank 5g — 5 whose construction com-
mutes with base change. Thus Q?,?} & defines a closed immersion C" < P(£') over
S’. The isomorphism « induces an isomorphism (: pjE’ — piE’ satisfying the
cocycle condition pisf o piy8 = piyf on S’ xg 5" x5S’ Fpqc Descent for Quasi-
coherent Sheaves (see [Alp27, Prop. 3.1.4]) yields a quasi-coherent sheaf E on S
and isomorphisms ¢: E' — E|g such that pji = piy o 5, and again by descent
properties |Alp27, Prop. 3.1.18], it follows that E is a vector bundle as well.

P(E') — P(E)

\/ l

S xgS —p XS ——

Under the identifications of P(piE’) and P(p5E’) with P(E) xg (S’ xg 5’), the
preimages piC’ and p5C’ are equal. Applying Fpqc Descent for Closed Subschemes
[Alp27, Prop. 3.1.11], we find a closed subscheme C € P(F) pulling back to C'.
Finally, smoothness and properness are fpqc local on the target (see |Alp27,
Prop. 3.1.26]), and thus C — S is smooth and proper, and every geometric fi-
bre of C — S is identified with a geometric fibre of C’ — S, thus it is a connected
genus g curve. 0

Quotient stacks

If X is a scheme and G is a group acting on it, we can always consider the
topological quotient X/G, but only in some particular cases we can provide a
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natural scheme structure for X/G. However, we can always define the quotient
stack.

First, for a smooth affine group schemeﬂ G — S, a principal G-bundle over
an S-scheme T is a morphism P — T of schemes with an action of G on P via
0: G xg P — P such that P — T is a G-invariant smooth morphism and

(0,p2): Gxs P — Pxr P, (g,p)  (g9p,D)

is an isomorphism; in other words, G acts freely and transitively on P with quotient

T.

Definition 4.2.8. Let G — S be a smooth affine group scheme acting on a scheme
U over S. The quotient prestack [U/G]P* is the category over Sch /S consisting of
pairs (7, u) where T' is an S-scheme and v € U(T'). A morphism (T,u) — (T",u)
is the data of a map f: T'— T" of S-schemes and an element g € G(7") such that
ffu' =g-u.

The quotient stack [U/G] is the category over Sch /S consisting of diagrams

P——U

|

T

where P — T is a principal G-bundle and P — U is a G-equivariant morphism of
S-schemes. A morphism (T <+ P — U) — (T" - P’ — U) consists of a morphism
T — T" and a G-equivariant morphism P — P’ of schemes such that the diagram

TN
P > P’ > U
| o]

T ——1T

is commutative and the left square is cartesian.
The classifying stack BG is the quotient stack [S/G].

The quotient stack [U/G] is in fact a stack over the big étale site Sche;, and
it is the stackification of the quotient prestack [U/G|P™; see |Alp27, Prop. 3.5.13,
Exc. 3.5.21].
Remark. Given an action of a group G on a set X, we define the quotient groupoid
[X/G] to be the category with objects all elements z € X and by declaring
Mor(z,y) ={9 € G | g -z =y}.
Note that in the previous example the fibre category [U/G|P*(T) is identified with
the quotient groupoid [U(T")/G(T)].

1See [SP, Tag 022R].
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The following will be used in the next section to prove the algebraicity of the
quotient stack.

Proposition 4.2.9. Let G — S be a smooth affine group scheme acting on an
S-scheme U via 0: G xgU — U. Let T — [U/G] be a morphism corresponding
via the 2-Yoneda Lemma to a principal G-bundle P — T" and a G-equivariant map
f: P —U. There is a cartesian diagram

L}U

N——'

0 .
— [U/G]

Moreover, there are cartesian diagrams

GxslU —2 5 U GxsU —T" s U xoU
lpg O lp and l O] lpxp
U —L— [U/G] U/G] —2 [U/G] x5 [U/G]
Proof. See [Alp27, Exc. 3.4.37]. O

4.3 Algebraicity

Stacks Theory is very important to formalize in an abstract setting the concept
of a moduli space. However, if we hope to do some geometry with these objects,
we need to impose further conditions.

In this section we define three important classes of stacks over Sch, and we look
at some of their properties. In order to do this, we first need to talk about the
notion of representability of a morphism of prestacks.

A morphism X — ) of prestacks over Sch is said to be representable by schemes
if for every morphism 7" — ) from a scheme, the fibred product X x T is a scheme.
Moreover, if P is a property of morphisms of schemes stable under base change, we
say that a morphism & — ) representable by schemes has P if for every morphism
T — Y from a scheme, the morphism X xy T — T of schemes has P.

The following is the simplest generalisation of a scheme.

Definition 4.3.1. An algebraic space is a sheaf X on Schg such that there exists
a scheme U and a surjective étale morphism U — X representable by schemes.

Such a map is called an étale presentation. Every scheme is clearly an algebraic
space. Using algebraic spaces, we can now further generalise the definitions above.
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A morphism X — ) of prestacks over Sch is said to be representable if for
every morphism 7" — )Y from a scheme, the fibred product & xy 7" is an algebraic
space. Moreover, if P is a property of morphisms of schemes stable under base
change and étale local on the source (e.g. surjective, étale, or smooth), we say
that a representable morphism X — ) has P if for every morphism 7" — ) from
a scheme and étale presentation U — X xy T, the composition U — X xy T — T
has P.

Definition 4.3.2. A Deligne-Mumford stack is a stack X over Schg; such that there
exists a scheme U and a surjective, étale, and representable morphism U — X.

Such a map is again called an étale presentation. Since a sheaf is a stack,
every algebraic space is a Deligne-Mumford stack. Actually, it is also true that a
Deligne-Mumford stack that is a sheaf is an algebraic space; see [Alp27, Thms 4.6.6
and 5.5.10]. We will often use DM as short for Deligne-Mumford.

Definition 4.3.3. An algebraic stack is a stack X over Schg; such that there exists
a scheme U and a surjective, smooth, and representable morphism U — X.

Such a map is called a smooth presentation. Clearly, every DM stack is an
algebraic stack.

Remark. Fibred products exist for algebraic spaces, DM stacks, and algebraic
stacks (JAlp27, Exc. 4.1.9]).

Definition 4.3.4. A substack 7 C X of a stack over Schg is called an open (resp.,
closed) substack if the inclusion morphism is representable by schemes and an open
(resp., closed) immersion.

Algebraicity of M,

In order to show that the moduli stack of smooth curves M, is algebraic, we
first need to show that quotient stacks are algebraic.

Note that we have defined [U/G] only for a scheme U, but the definition can
be easily extended to algebraic spaces. An action of a smooth affine group scheme
G — S on an algebraic space U — S is a morphism o: G xgU — U satisfying the
same axioms as in the case of schemes (see |Alp27, Def. B.1.10]), and we define
the quotient stack [U/G| as the stackification of the prestack [U/G]P*, whose
fibre category over an S-scheme T is the quotient groupoid [U(T)/G(T)], as in
Definition [4.2.8 In other words, objects of [U/G] over an S-scheme T are principal
G-bundles P — T together with a G-equivariant morphism P — U. The argument
to show that this a stack extends from the case of schemes.
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Theorem 4.3.5 (Algebraicity of Quotient Stacks). If G — S is a smooth affine
group scheme acting on an algebraic space U — S, then the quotient stack [U/G]|
is an algebraic stack over (Sch /S)e such that U — [U/G] is a principal G-bundle
and in particular surjective, smooth, and affine.

Proof. We use the natural projection U — [U/G| corresponding via the 2-Yoneda
Lemma to the trivial principal G-bundle py: G x U — U and the G-equivariant
map o: G x U — U given by the action. Let 7' — [U/G] be a morphism from an
S-scheme corresponding to a principal G-bundle P — T" and a G-equivariant map
P — U. By Proposition there is a cartesian diagram

|

O :
— [U/C]

.

N—

and since every base change is a principal G-bundle, so is U — [U/G]. More-
over, the map U — [U/G] is a smooth presentation if U is a scheme. In gen-
eral, if U’ — U is an étale presentation with U’ a scheme, the composition
U — U — [U/G] provides a smooth presentation O

Recall that every smooth, connected, projective curve C' is tricanonically em-
bedded in P%9~% by the every ample line bundle Q%g. This is basically the reason
why the moduli stack M, is algebraic. Indeed, we can consider the subscheme H’
of the Hilbert scheme Hilb” (P%~6/Z) parametrising smooth families of tricanoni-
cally embedded curves, and this provides a smooth presentation.

Theorem 4.3.6 (Algebraicity of M,). If g > 2, then M, ~ [H'/ PGLs,_5|, where
H' is a locally closed subscheme of a projective Hilbert scheme. In particular, the
stack M over SpecZ is algebraic.

Proof. By Proposition , for a family of smooth curves m: C — 5, QE@/?’S is
relatively very ample on S and m(Q?f’S) is locally free of rank 59 — 5. Then
OF)s defines a closed immersion C — P(m,(Qg))) over S. By Riemann-Roch
(Theorem [2.0.1)), the Hilbert polynomial of a fibre C; — Pi?;f is

P(n) = x(Oc,(n)) = deg(QF™") +1 — g = (6n —1)(g — 1),

and we define
H = Hilb” (P ~°/2)

as the Hilbert scheme parametrising closed subschemes of P59~6 with Hilbert poly-
nomial P; see Section [3.3] Let U < P%~% x H be the universal closed subscheme
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and let ¢: Y — H be the projection.
See |Alp27, Thm 4.1.17] for the proof of the following statement. We can find a
locally closed subscheme H' C H such that the family Uy — H' satisfies

(a) for every h € H', U, — Spec k(h) is smooth and geometrically connected,

(b) the natural map (p2)«Opss-sxp(1) — (p2)«Ou,, (1) induced by the closed
immersion Uy — P96 x H’ is an isomorphism, and

(c) the line bundles Qg:’ﬂ s and Oy, (1) differ by a pullback of a line bundle
from H'.

Moreover, if T'— H is a morphism of schemes such that (a)—(c) hold for Uy — T,
then T" — H factors through H’; in particular, such an H’ is unique.

Note that (a)—(c) imply that U, — Pi“égf is embedded via ng/n(h) for all
h e H.
Now the group scheme ﬂ(]?%gfﬁ) ~ PGL;,_5 over Z acts naturally on H via

g-[DCPBY"=[g(D) CPY,

where ¢ € PGLs, 5 and [D C PY % € H(S), and the closed subscheme H’
is PGL5,_s-invariant. Actually, by using properties (a)—(c), we can prove that
M, ~ [H'/ PGL5,4_5]; see [Alp27, Thm 4.1.17].

By applying Algebraicity of Quotient Stacks (Theorem , we conclude the
proof. O

Universal families

For an algebraic stack X over Schg, in order to define a universal family as in

Definition [1.1.3] we would like to define X'(X).

Lemma 4.3.7 (Generalized 2-Yoneda Lemma). Let X' be a stack over Schey. If
T is an algebraic stack and U — T is a smooth presentation, we denote by p; the
projections U x7 U — U, and by p;; the projections U x7+ U x7 U — U x5 U.
We define the category X (T) whose objects are pairs (x,«) where x € X(U) and
a: pix = phx is an isomorphism satisfying the cocycle condition phzaopi,a = plaa,
while a morphism (x,a) — (y, ) is the datum of a morphism h: x — y satisfying
pshoa = Bopih. In other words, we have an equalizer diagram

X(T) — X(U) = X(U x5 U) == X(U x7U x7 U).

There is a natural equivalence of categories
Mor(T,X) — X(T);

in particular, X(T) is independent of the presentation.
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Proof. Let q: U — T denote the smooth presentation, then we have

UxrU 25U

[z |

u—* T

Given a morphism f: T — X, we let x € X(U) be the object corresponding via
the 2-Yoneda Lemma (Lemma to the composition foq: U — T — X.
Composing v: g o py — g o p; with f induces a 2-isomorphism a: pix = piz. We
now define the map ®: Mor(7,X) — X(7) by sending f to (z,a) € X(T).

To show that ® is an equivalence, we first assume that it holds for algebraic spaces;
in particular, it holds for U, U x+ U, and U x7 U7U. Let (z,a) € X(T), thus
x € X(U) and by the 2-Yoneda Lemma there is a corresponding map f,: U — X.
We construct an inverse W to ® as follows. Let y € T be an object over a scheme
S corresponding to a map f,: S — T, and consider the commutative diagram

Sg‘ >S1 >Sg > U fz)X

where Sy = S ®7 U is an algebraic space, S; — Sy is an étale presentation,
and Sy — S is an étale surjection of schemes factoring through S;, which exists
because smooth morphisms have sections étale locally (see |Alp27, Cor. A.3.5]).
The composition in the first row defines an object 2z’ of X(S3). The isomorphism
a: piw = pix over U x+ U induces an isomorphism £: piz’ = p32’ over Sy Xg Ss.
Moreover, since « satisfies the cocycle condition and the equivalence in the state-
ments holds for U x+ U x+ U, the map [ also satisfies the cocycle condition, thus
there is an object z € X(.S) pulling back to z’. We set ¥(z,a) = z and it is a sim-
ple exercise to verify that this is in fact an inverse. Finally, when 7T is an algebraic
space, we can apply the same argument as above to an étale presentation. O

Definition 4.3.8. For an algebraic stack X, we define the universal family over
X to be the object u € X(X) (unique up to unique isomorphism) corresponding
to idy € Mor(X, X') under the equivalence above.

We are now ready to describe the universal family of the moduli stack of smooth
curves M. Define a family of smooth curves C — 7T over an algebraic stack
T as a morphism of algebraic stacks which is representable by schemes, proper,
flat, and finitely presented such that for every geometric point Speck = T, the
fibre Cs = C X7 k is a smooth, connected, and projective curve of genus g. By
Descent Theory (see [Alp27, §3.1]) the category of families of smooth curves over
T is identified with M,(7). We denote with U, — M, the family of curves
corresponding to the universal family.
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Representability and stabilisers

In Section 4.2, we have observed that a prestack X is equivalent to a presheaf if
and only if the diagonal X — X x X is fully faithful, suggesting that the diagonal
of a stack encodes some important properties.

In fact, the following theorem shows how algebraicity reflects on the diagonal.

Theorem 4.3.9 (Representability of the Diagonal).

(1) The diagonal of an algebraic space is representable by schemes.

(2) The diagonal of an algebraic stack is representable.
Proof. See [Alp27, Thm 4.2.1]. O

Corollary 4.3.10. If the diagonal of a stack X is representable (resp., repre-
sentable by a scheme), then every morphism U — X from a scheme is repre-
sentable (resp., representable by a scheme).

In particular, every morphism from a scheme to an algebraic stack (resp., algebraic
space) is representable (resp., representable by a scheme).

Proof. For the first part, recall that for any two morphisms S; — X and Sy = X
from schemes we have a cartesian diagram

Sl XXs2—>51XSQ

| o |

X —2 s x¥xXx.

Given a morphism V' — X from a scheme, we want to show that U xy V is an
algebraic space (resp., a scheme). The diagram above tells us that U xx V' is iso-
morphic to (U X V') X yxx X, which is an algebraic space (resp., a scheme) because
the diagonal is representable (resp., representable by a scheme).

The second part follows directly fro the first one and Representability of the Di-
agonal (Theorem [4.3.9)). O

Recall that the first axiom of stack is equivalent to the isomorphism presheaves
Isom y (g (a, b) being all sheaves. Recall also that there is a cartesian diagram

o e

X —2 s xXxAX,

thus for an algebraic stack X over Schg the isomorphism sheaf is actually an
algebraic space by Theorem |4.3.9|
The diagonal indeed encodes the stabilisers group in the following sense.
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Definition 4.3.11. Let X be an algebraic stack and x: Speck — X be a field-
valued point. We define the stabiliser of = as the group algebraic spacd?

Gy = Autby (7).
The stabilisers naturally form a family as x € X (k) varies.

Definition 4.3.12. The inertia stack of an algebraic stack X" is the fibred product

Iy — X

| B s

X 2,5 ¥ xAX.

In the relative setting, for a morphism X — )Y of algebraic stacks, the relative
inertia stack is ITy;y = X Xxx,x X.

Clearly, the fibre of Iy — X over a field-valued point x € X (k) is precisely G,.

4.4 Properties, dimension and tangent space

In this section we briefly talk about properties of algebraic stacks and mor-
phisms between them, then we extend to algebraic stacks the concepts of dimension
and tangent space.

The notion of representability (by schemes) of a morphism is clearly stable
under base change. Furthermore, representability (by schemes) is also stable under
composition; see |Alp27, Lemma 4.3.1].

The following properties of morphisms of algebraic stacks are smooth local on

the target: representable, isomorphism, open/closed immersion, affine, or quasi-
affine. See |Alp27, Prop. 4.3.6].

Definition 4.4.1. Let P be a property of schemes étale (resp., smooth) local. We
say that a DM stack X’ has P if for an étale (resp., smooth) presentation U — X
(equiv. for all presentations), the scheme U has P.

As for schemes, separation properties for algebraic stacks are defined in terms
of the diagonal.

Definition 4.4.2.

e A morphism of algebraic stacks X — ) has affine diagonal (resp., quasi-
affine diagonal, separated diagonal) if the diagonal X — X xy X is affine
(resp., quasi-affine, separated).

2A group object in the category of algebraic spaces.
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e A morphism of algebraic stacks X — ) is quasi-separated if the diagonal
X — X Xy X and second diagonal X — X X yx,x X are quasi-compact.

e A morphism of algebraic stacks X — Y is of finite presentation if it is locally
of finite presentation, quasi-compact, and quasi-separated.

e A representable morphism X — )Y of algebraic stacks is separated if the
diagonal, which is representable by schemes, is proper.

Conditions on the diagonal translates to conditions on the isomorphism sheaves.
In particular, X has affine diagonal if and only if Isomyg)(a, ) is affine for every
scheme S and objects a,b € X(95).

Lemma 4.4.3. Let S be an affine scheme and G — S be a smooth affine group
scheme acting on an algebraic space U over S. If U has (quasi-)affine diagonal,
then so does [U/G].

Proof. In Theorem we proved that [U/G] is an algebraic stack, thus Repre-
sentability of the Diagonal (Theorem implies that [U/G| — [U/G] x5 [U/G]
is a representable morphism. Since being (quasi-)affine is smooth local on the
target, thanks to the diagram

GXSU—>UXSU

Lo

U/G] — [U/G] x5 [U/G]

of Proposition it suffices to show that G xg U — U xg U is (quasi-)affine.
Since G is affine, so is the composition GxgU — UxsU 22 U. On the other hand,
since U has (quasi-)affine diagonal, so does py. This implies that GxgU — U xgU
is (quasi-)affine. O

For g > 2, from Algebraicity of M, (Theorem |4.3.6)) and the lemma above, it
follows that M, has affine diagonal.

Underlying topological space
We can associate a topological space |X| to every algebraic stack X.

Definition 4.4.4. For an algebraic stack X, we define the topological space of
X as the set |X| := {x: Speck — X | k field}/. where two field-valued point
x: Speck — X and 2’: Speck’ — X are identified if there exist field extensions
k — K and k' — K such that z|specx = @|specx in X(K). We define a subset
U C |X| to be open if there exists an open substack & C X such that U = |U|.
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Clearly, a morphism of algebraic stacks X — ) induces a continuous map
X V).

Given x € |X|, the stabiliser group depends on the choice of representative
x1: Speck — X of x but its dimension is independent of this choice. Similarly,
other properties (e.g. being smooth) are independent of this choice. See |Alp27,
Exc. 4.3.20]. Therefore, it makes sense to define dim G,.

For a DM stack X, we define the geometric stabiliser of x as the discrete group
Gz(k) where T: Speck — X is a geometric point representing x, namely k is
algebraically closed.

Definition 4.4.5. An algebraic stack X is said to be quasi-compact, connected,
or irreducible if |X| is, and we say that X' is noetherian if it is locally noetherian,
quasi-separated, and quasi-compact.

Definition 4.4.6. A morphism of algebraic stacks X — Y is quasi-compact if for
every morphism Spec R — Y, the fibred product X Xy Spec R is quasi-compact.
We say that X — ) is of finite type if it is locally of finite type and quasi-compact.

Ezample. The moduli stack M, has affine diagonal and is thus quasi-separated
[Alp27, Ex. 4.3.15]. Moreover, it is also noetherian and of finite type over Z [Alp27,
Ex. 4.3.23].

Other properties

A morphism of schemes is locally quasi-finite if it is locally of finite type and
every fibre is discrete. Since this property is étale local on source and target, we
can extend it to morphisms of algebraic spaces.

Definition 4.4.7.

e A representable morphism X' — ) of algebraic stacks is locally quasi-finite if
for every morphism 7" — Y from a scheme, the morphism of algebraic spaces
X xy T — T is locally quasi-finite.

e A morphism X — ) of algebraic stacks is locally quasi-finite if it is locally
of finite type, the diagonal X — X xy X is locally quasi-finite, and for every
morphism Spec k — ), the topological space |X Xy Spec k| is discrete.

e A morphism X — )Y of algebraic stacks is quasi-finite if it is locally quasi-
finite and quasi-compact.

Finally, to define étale and unramified properties for a morphism X — ) of
algebraic stacks, we require that it is relatively Deligne-Mumford, i.e., for every
morphism 7" — Y from a scheme, the fibred product X xy T"is a DM stack.
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Definition 4.4.8. A morphism X — ) of algebraic stacks is étale (resp., unram-
ified) if it is relatively DM and for every smooth presentation V' — ) and étale
presentation U — X Xy V', the induced morphism U — V of schemes is étale
(resp., unramified).

It follows from facts on schemes that a morphism is étale if and only if it is
smooth and unramified, and it is unramified if and onlt if the diagonal is étale; see

[Alp27, Thms A.3.2, A.3.3].

Dimension

Recall that for a scheme X, the dimension dim X is the dimension of its un-
derlying topological space while the local dimension dim, X at a point x € X is
the minimum dimension of open subsets containing x, which is equal to dim Ox ,
when X is of finite type over a field and x € X is a closed point.

Definition 4.4.9.

e Let X be a noetherian algebraic space and = € | X|. We define the dimension
of X at x to be
dlmm X = leLu U e Zzo U {OO}

where U — X is an étale presentation and u € |U| is a preimage of z.
e Let X be a noetherian algebraic stack and x € |X|. If U — X is a smooth
presentation, and u € |U| is a preimage of x, we define the dimension of X

at x to be
dim, X = dim, U — dimA(u) R,eZU {OO}

where R = U xx U, the algebraic space R, is the fibre of the projection
R — U at u, and A: U — R is the diagonal.

e If X is a noetherian algebraic stack, we define the dimension of X to be

dim X = sup dim, X € ZU {o0}.
z€|X|

The definition above is independent of the choices of a presentation and a
preimage |Alp27, Prop. 4.5.2]. Note that the dimension of an algebraic stack can
be negative.

Example. If G is a smooth affine algebraic group over a field k£ acting on a pure
dimensional scheme U of finite type over k, then

dim[U/G] = dimU — dim G.
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Tangent space

Recall that for a scheme X, the tangent space at a point x € X is identified
with the set of morphisms Speck(z)[e] — X having image x, which we view
geometrically as tangent vectors.

Definition 4.4.10. Let X be an algebraic stack and x: Speck — X be a point.
We define the tangent space of X at x as

Speck
Ty ;= { 2-commutative diagrams j N x / ~,
)24

Speckle] —— X

i.e., the set of pairs (7,a) with 7: Speck[e] — X and a: x = T|;, where we
identify two pairs (7, ) ~ (7/,a/) if there is an isomorphism v: 7 = 7/ in X (kle])
such that o/ = By o a.

Ezample. If [C] € M,(k) is a smooth, connected, projective curve over k of genus
g > 2, by Deformation Theory (Corollary(3.2.1]) we get T, ;] ~ H'(C, T¢), which
has dimension 3¢g — 3.

Under suitable hypothesis, we can endow the tangent space with a structure
of vector space.

Proposition 4.4.11. If X is an algebraic space with affine diagonal and x € X (k)
where k is a field, then Tx , is naturally a k-vector space.

Proof. Given ¢ € k and (7, ) € T, we define the scalar multiplication ¢ - (7, )
as the composition Spec k[e] — Spec k[e] =+ X', where the first map is induced by
€ — ce, with the same 2-isomorphism «. To define the sum, we will use the fact
that there is an equivalence of categories

X (kle1] ¥ klea]) = X (Kle1]) X xry X (Klea)),

which is proved in [Alp27, Prop. 4.5.10]. We define then the sum of (7,«) and
(7',a’) as the composition Spec k[e] — Spec(kle1] X klea]) — X, where the first
map is induced by (£1,0),(0,e2) +— . It remains to verify that the operations
defined above endow the tangent space with a structure of k-vector space. O

Remark. For a scheme X, every point x has a corresponding residue field x(x)
with a monomorphism Spec x(x) — X having image x. This is not true in general
for an algebraic stack, but there is the notion of residual gerbe which generalises
that of residue field; see [Alp27, §4.5.3].
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4.5 Criteria for smoothness and properness

In this section we extend to algebraic stacks two important results of Scheme
Theory known as the Infinitesimal Lifting Criterion and the Valuative Criterion.

Infinitesimal Lifting Criterion

For schemes we have functorial characterisations of smooth/étale/unramified
morphisms provided by the Infinitesimal Lifting Criteria |[SP|, Tag 02H6, Tag 02HM,
and Tag 02HE].

Theorem 4.5.1. Let f: X — Y be a locally of finite type morphism of locally
noetherian algebraic stacks with quasi-compact and separated diagonals. Consider
a 2-commutative diagram

Spec Ay — X

j " lf (4.1)

SpecA —— Y

of solid arrows where A — Ag is a surjection of artinian local rings with residue
field k such that ker(A — Ay) ~ k. Then

(1) f is smooth if and only if there exists a lifting of every diagram (4.1));

(2) [ is étale if and only if there exists a lifting, which is unique up to unique
isomorphism, of every diagram (4.1);

(3) f is unramified if and only if every two liftings of a diagram (4.1)) are uniquely
1somorphic; and

(4) [ has unramified diagonal if and only if every automorphism of a lifting of
a diagram (4.1) is trivial.

We can also interpret liftings of a diagram (4.1]) using the map of groupoids
D: X(A) = X (Ag) Xya,) V(A);

more precisely, such a diagram defines an element (x,y, ) of X'(Ag) Xy(a5) V(A)
and a lifting of it corresponds to an element z € X' (A) such that ®(z) = (z,y, a).
Therefore, the criterion in Theorem states that f is smooth (resp., is étale,
is unramified, has unramified diagonal) if and only if ® is essentially surjective
(resp., an equivalence, fully faithful, faithful).

Proof. See [Alp27, Thm 4.7.1]. O


https://stacks.math.columbia.edu/tag/02H6
https://stacks.math.columbia.edu/tag/02HM
https://stacks.math.columbia.edu/tag/02HE
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Furthermore, under suitable assumptions, we have the following intuitive rela-
tion between dimensions.

Proposition 4.5.2. Let X be a smooth noetherian algebraic stack over the field
k, and x € |X| be a finite type point, i.e., x € X(L) for a finite field extension
L/k. If x has smooth stabiliser G, then

dim, X = dim Ty, — dim G,.
Proof. See [Alp27, Prop. 4.7.6]. O
We are now able to prove the smoothness of M, for g > 2.
Proposition 4.5.3. For genus g > 2, the moduli stack M, is smooth over Z.

Proof. Let Speck — M, the morphism corresponding to a smooth, connected,
and projective curve C' over k. Consider a diagram

[C]

Speck — Spec Ay —— M,

\[ //\r l

Spec A —— SpecZ

as in (4.1). The map Spec Ay — M, clearly corresponds to a family of curves
Co — Spec Ay, and a lifting in this diagram is the same as an extension of

Speck —— Spec Ay —— Spec A.

By Proposition [3.1.7] there is a cohomology class obg € H?(C,T¢) such that the
diagram above has an extension if and only if obe = 0, but H?(C, Ty) = 0 because
C'is a curve, hence such a lifting exists. O

Valuative Criterion

Recall that in Definition [4.4.2| we have defined separatedness for a representable
morphism of algebraic stacks.

Definition 4.5.4. Let X and Y be algebraic stacks.
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(1) A morphism X — Y is universally closed if for every morphism )’ — Y
of algebraic stacks, the morphism X xy )’ — )’ induces a closed map

X 3y V=]

(2) A representable morphism X — ) is proper if it is universally closed, sepa-
rated, and of finite type.

(3) A morphism X — Y is separated if X — X xy X is proper.

(4) A morphism X' — ) is proper if it is universally closed, separated and of
finite type.

For schemes we have a functorial characterisation of properness provided by
the Valuative Criterion [SP| Tag 0BX5].

Theorem 4.5.5. Let f: X — Y be a quasi-compact and quasi-separated morphism
of locally noetherian algebraic stacks. Consider a 2-commutative diagram

Spec K — X
| v | (4.2)

SpecR — Y

where R is a DVR with fraction field K. Then

(1) f is universally closed if and only if for every diagram (4.2)), there exists an
extension R — R’ of DVRs with K — K’ = Frac(R) of finite transcendence
degree and a lifting

Spec K’ — Spec K ——= &
LT 4.3
| o lf (4.3)

Spec R —— Spec R —— Y;

(2) f is proper of and only if is of finite type and for every diagram , there
exists an extension R — R’ of DVRs with the map K — K' between fraction
fields having finite transcendence degree and a lifting as in , which is
unique up to unique isomorphism;

(3) f is separated if and only if every two liftings of a diagram (4.2)) are uniquely
1somorphic; and

(4) f has separated diagonal if and only if every automorphism of a lifting of a
diagram ({4.2)) is trivial.


https://stacks.math.columbia.edu/tag/0BX5
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Proof. See [Alp27, §4.8.3]. O

For moduli problems, this criterion has an important geometric meaning. We
think of the DVR R as a curve and of its fraction field K as the punctured curve,
hence we are asking ourselves whether an object over the latter extends uniquely
to a family over the entire curve R.

Remark. While the Infinitesimal Criterion for stacks is essentially the same as that
for schemes, in the Valuative Criterion for stacks we need to allow extensions of
the DVR, which are not necessary for schemes. In fact, there are examples showing
that for stacks this is necessary |Alp27, Ex. 4.8.17].

Remark. The separatedness of M, is equivalent to showing that given two fam-
ilies of smooth curves over a DVR such that their pullbacks to the fraction field
are isomorphic, then the whole families are isomorphic. This is true even when
considering families of stable curves [Alp27, Prop. 6.5.20], hence the smooth case
for g > 2 is an immediate corollary.

However, we can see that M, is not proper over Spec Z. Indeed, there is plenty of
examples of families of smooth curves that fail the Valuative Criterion for proper-
ness, e.g. if R = C[t], then K = C((¢)) and we have the family of hyperelliptic
curves over Spec K defined locally as

V(y? —o(z —t) [, (x — \i)) € A? x Spec K

|

Spec K

where the \;’s are fixed distinct complex numbers vertical map is the projection.
We claim that the family of smooth curves above cannot be extended to a family
of smooth curves over Spec R. In fact, such an extension must have necessarily
an hyperelliptic central fibre [Lon76, Lemma 4.2]. Now the cross-ratio of the first
four points is
ity = 222D
(A — 1) A2

thus for ¢ = 0 we get r(0) = 1, implying that two of those points in the central
fibre collides, contradicting its smoothness.

4.6 Deligne-Mumford stacks

This section focuses on Deligne-Mumford stacks. We begin with a character-
isation of this property which is useful to see that M, is indeed DM. Then we
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will explore the geometry of these spaces, defining classical notions such as quasi-
coherent sheaves and cohomology. In particular, we will see that DM stacks are
étale locally quotients of an affine scheme by the stabiliser group.

We will also introduce the notion of a coarse moduli space, and discuss its existence
and properties.

Theorem 4.6.1 (Characterisation of Deligne-Mumford Stacks). Let X' be an al-
gebraic stack. The following are equivalent:

(1) the stack X is Deligne-Mumford;
(2) the diagonal X — X x X is unramified; and
(8) every point of X has a discrete and reduced stabiliser group.

In particular, a morphism X — Y of algebraic stacks is relatively Deligne-Mumford
iof and only if its diagonal X — X Xy X s unramified.

Proof. See [Alp27, Thm 4.6.4]. O

Remark. Note that if X has quasi-compact diagonal, then item (3) is equivalent
to requiring that every stabiliser is finite and reduced.

The following result directly follows from the characterisation above.

Corollary 4.6.2. Let G — S be a smooth affine group scheme acting on an
algebraic space U over S wvia 0: G xg U — U. Then [U/G] is Deligne-Mumford
if and only if every point of U has a discrete and reduced stabiliser group, or
equivalently if the map (o,p2): G x U — U x U is unramified.

Corollary 4.6.3. For g > 2, the stack M, is a Deligne-Mumford stack of finite
type over SpecZ with affine diagonal. Moreover, My xz k has pure dimension
3g — 3 for every field k.

Proof. We have already seen that M, has affine diagonal and is of finite type. By
the Characterisation of DM Stacks (Theorem , it suffices to show that every
smooth, connected, projective curve C over a field k has a discrete and reduced
automorphism group scheme Aut(C). We show that the dimension of Thuc),idc
is zero. By looking at

Spjck ; Autl — /\I speck7 l

Spec k[e] — Speck —— CH )/\/lng\/lg Spec kle] —>/\/l X M,
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we can see that a tangent vector 7 € Ty (0),id. Of the left diagram translates on the
right diagram to an automorphism 7 of the trivial first-order deformation of C'. By
Proposition , the group of such automorphisms is identified with H°(C, T¢),
and this vector space is zero since degTy = 2 —2g < 0 for ¢ > 2 (see Propo-
sition . Finally, we compute the dimension by applying Proposition m,
since dim Aut(C) = 0. O

Similarly, we have the following characterisation of algebraic spaces, which is
the class of stacks that more resembles to schemes. In fact, one may show that

quasi-separated algebraic spaces have a dense open subspace which is a scheme
[Alp27, Thm 5.5.1].

Theorem 4.6.4. Let X be an algebraic stack. The following are equivalent:
(1) the stack X is an algebraic space;

(2) the diagonal X — X x X is a monomorphism; and

(3) every point of X has a trivial stabiliser.

In particular, if G — S is a smooth affine group scheme acting on an algebraic
space U over S, then [U/G] is an algebraic space if and only if every point of U
has a trivial stabiliser group, or equivalently if the map (o,ps): G x U — U x U
is a monomorphism.

Proof. See [Alp27, Thm 5.5.10 and Cor. 4.6.8]. O

Quasi-coherent sheaves

As for schemes, we define the small étale site of a DM stack X as the category
X of schemes étale over X'. A covering of an X'-scheme U is a collection of étale
morphisms {U; — U} over X' such that [[, U; — U is surjective.

We denote by Ab(X;) the category of abelian sheaves on Xy. For an abelian
sheaf I’ € Ab(Xy), the sections over an étale X'-scheme are denoted by F(U — X).
We can extend this definition to a DM stack U étale over X" as follows. Let U — U
and R — U xy U be étale presentations and define F'(U — X) as the equaliser of

F(U = X)= F(R— X).

It is not difficult to check that this definition is independent of the choice of
presentations. In particular, we can discuss

T(X,F):=FX3% x).

We can generalise as well the classical constructions, e.g. pushforward, inverse
image, and the stalk; see [Alp27, Excs. 5.1.6 and 5.1.10].
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Example. We may generalise two classical sheaves.

o If X is a DM stack, its structure sheaf Oy is defined on an étale X'-scheme
Uby Ox(U — X)=T(U,Op).

o If X is a DM stack over a scheme S, the relative sheaf of differentials x/s
is defined by Qx,s(U = &) = T'(U, Quys).

Since the structure sheaf is a ring object in Ab( Xy ), we may define Ox-modules
as module objects over Xg. We denote Mod(Oy) the category formed by them.
We extend in the obvious way the definitions of tensor product and Hom sheaf.
Finally, there is a pullback functor, and it is the left adjoint to the pushforward
one; see [Alp27, Excs. 5.1.14 and 5.1.15].

Given an Oy-module F' on a DM stack X, for an étale X'-scheme U we may
consider the restriction Fy,, to the small Zariski site of U, which is a usual
Op-module.

Definition 4.6.5. Let X be a Deligne-Mumford stack. An Oy-module F is quasi-
coherent if

(i) for every étale X-scheme U, the restriction F|y,, is a quasi-coherent Op-
module, and

(ii) for every étale morphism f: U — V of étale X-schemes, the natural mor-
phism f*(F|v,..) = F|u,,, is an isomorphism.

If in addition X is locally noetherian, we say F'is coherent (resp., a vector bundle
of rank r, a line bundle) if F|y,, is coherent (resp., a vector bundle of rank r, a
line bundle) for every étale morphism U — X.

We denote by QCoh(X) and Coh(X) the categories of quasi-coherent and co-
herent sheaves.
As one might expect, for a scheme X this agrees with the usual definition |Alp27,
Exc. 5.1.22].

We also define the Picard group Pic(X) as the set of isomorphism classes of
line bundles. It is an abelian group under tensor product.

Remark. We can also see that a quasi-coherent sheaf on a DM stack X is equivalent
to the data of a quasi-coherent sheaf Fy; for every X-scheme U and compatible
isomorphisms f*Fy — Fy for every map f: U — V over X [Alp27, Exc. 5.1.24].
This provides a useful functorial way to think about quasi-coherent sheaves on a
moduli stack.

Clearly, the structure sheaf Oy is a line bundle, and the relative sheaf of
differentials {2y /g is quasi-coherent; actually, {1y /s is a vector bundle when X — S
is smooth.
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Ezample. The Hodge bundle E on M, for g > 2 is defined by
E(U — Mg) = F(C, QC/U)

for an étale morphism U — M, corresponding to a family C — U of smooth
curves. By Proposition this is a vector bundle of rank g.

Following the remark above, the Hodge bundle can be viewed as the data of m,{¢ /s
for every family of smooth curves 7: C — S.

We may also extend the cohomology theory on Deligne-Mumford stacks. As
for schemes, one shows that the abelian categories Ab(Xy) and Mod(Ox) have
enough injectives, and if X’ is quasi-separated, then it holds for QCoh(Oy) as well
[Alp27, Lemma 5.1.34].

For F' € Ab(X,) we can then define the pth cohomology group HP(X, F') as the
pth derived functor of the global sections functor I'.

An important tool to compute usual cohomology groups is Cech cohomology.
This can be generalised in the DM context and allows us to extend several results
already known for schemes; see |Alp27, §5.1.6].

Coarse moduli

Given an affine scheme Spec A and a finite abstract group G acting on it,
we may define a quotient scheme Spec A, where A% is the invariant ring; see
[Mum?70,, §II.7]. On the other hand, we have seen the construction of the quotient
stack [Spec A/G], and one may ask himself how these two objects are related.

Definition 4.6.6. A morphism 7: X — X from an algebraic stack to an algebraic
space is called a coarse moduli space if

(i) for every algebraically closed field k, the induced map X (k)/~ — X (k) is
bijective, and

(ii) the morphism 7 is universal for maps to algebraic spaces, i.e., every map
X — Y to an algebraic space factors uniquely as

N

If G is an fppf group schemeﬂ over a scheme S acting on an algebraic space
U over S, a G-invariant morphism U — X is called a geometric quotient if the

3For instance, this happens if G is associated to a finite abstract group.
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induced map [U/G] — X is a coarse moduli space. In this case, we write X = U/G
and we have the commutative diagram

U— [U/G]

coarse
geometric moduli

quotient U/G

As these objects are defined properly, for a finite abstract group G acting on Spec A
we get that Spec A — Spec A is a geometric quotient |Alp27, Thm 5.2.11]. In
particular, the scheme Spec AY ia coarse moduli space for [Spec A/G].

What we have seen above is a first instance of how coarse moduli spaces are
useful in the study of an algebraic stack. For many moduli problems we are unable
to find a fine moduli space, i.e., the moduli stack X is not a scheme, but if we
manage to find a suitable coarse moduli space X, then this will be the “best
approximation” of X by algebraic spaces.

We will formalise these ideas above.

Lemma 4.6.7. Let m: X — X be a coarse moduli space such that for every étale
morphism U — X from an affine scheme, the base change X xx U — U is a
coarse moduli space. Then the natural map Ox — 7Oy is an isomorphism.

Proof. Since 7 is universal for maps to algebraic spaces, the natural map
Mor(X, A') — Mor(X, A')

is bijective, and one can check that this means exactly that I'(X, Ox) ~ I'(X, Ox).
Since for every étale morphism U — X from an affine scheme, the base change
U =X xx U — U is a coarse moduli space as well, the we can repeat what we

have just done and get T'(U, Oy) ~ T'(U, Oy). This concludes the proof. O

Local structure and Keel-Mori

We will see that a Deligne-Mumford stack is étale locally a quotient of affine
schemes by a finite group.

While schemes are obtained by gluing affine schemes in the Zariski topology,
the result above tells us that DM stacks are obtained by gluing quotient stacks in
the étale topology.

This structure will then allow us to construct a coarse moduli space, provided by
the Keel-Mori Theorem.

We define the geometric stabiliser of a point x € |X| of a DM stack X as the
abstract group given by the stabiliser of any geometric point with image x.

A point z € |X| is of finite type if there exists a representative Speck — X of x
that is locally of finite type.
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Theorem 4.6.8 (Local Structure of Deligne-Mumford Stacks). Let X' be a quasi-
separated Deligne-Mumford stack and x € |X| be a finite type point with geometric
stabiliser G,. There exists an étale morphism

fi ([Spec A/Ga], w) = (X, x)

where w is a point of [Spec A/G| such that f induces an isomorphism of geometric
stabiliser groups at w. Moreover, if X has separated (resp., affine) diagonal, then
it can be arranged that f is representable and separated (resp., affine).

Proof. see |Alp27, Thm 5.3.1]. O
We now see how the result above implies the existence of a coarse moduli space.

Theorem 4.6.9 (Keel-Mori). Let X be a Deligne-Mumford stack separated and of
finite type over a noetherian algebraic space S. Then there exists a coarse moduli
space m: X — X with 1,0y = Ox such that

(1) the space X is separated and of finite type over S,

(2) the map 7 is a proper universal homeomorphism, and

(3) for every flat morphism'Y — X of algebraic spaces, the base change
XxxY =Y

1S a coarse moduli space.
Moreover, X s proper over S if and only if X 1is.

Proof. We provide a partial proof, dealing first with the case when S = Spec R
is affine. Note that if {X;} is a Zariski open covering of X with coarse moduli
spaces X; — X;, then since coarse moduli spaces are unique by definition, every
intersection X; N X; admits a coarse moduli space U;; which is identified with an
open subspace of both X; and X, and gluing them yields an algebraic space X
and a map X — X. Since being a coarse moduli space is an étale local property
(this follows directly from definition), we constructed a coarse moduli space for X
This shows that the problem is Zariski local on X, hence it suffices to show that
every closed point has an open neighbourhood that admits a coarse moduli space.

Let x € |X| be a closed point. By the Local Structure of DM Stacks (Theo-
rem , there exists an affine étale morphism

f: W =[Spec A/G,],w) — (X, x)

that induces an isomorphism of geometric stabilisers at w. We want to prove that
the locus U of z € |W)| such that f induces such an isomorphism at z is open.
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Since X is separated, the morphism [y — X from the inertia stack is finite. The
fibre over z € W(k) of the natural morphism

qf:[w—)[xx/yw

of group schemes over W is exactly the morphism G, — G(z) we want to study.
We have a cartesian diagram

[XwL[X XXw

| o |

W—)WXXW;

see [Alp27, Exc. 4.2.15]. Assumptions on f imply that its diagonal W — W x» W
is both an open and closed immersion, hence so is V. Finiteness of inertia Iy — X
implies that po: Iy Xy W — W is finite as well. Therefore

pa(llx xx WIN [Iw]) € W]

is closed, and its complement is 4, which is then open.

Let now mpy: W — W = Spec A% be the coarse moduli space. Choose an
affine open subscheme X; C m(U) containing my(w). Then Xy = m,}(X;) is
isomorphic to [Spec A, /G,] for some ring A; such that X; = Spec AY". We then
get an affine étale morphism

g: Xy — X

inducing a bijection on all geometric stabilisers.

It remains to prove that the open substack Xy = im(g) admits a coarse moduli
space Xy and it satisfies the three listed properties; see [Alp27, Thm 5.4.6].

The general case when S is a noetherian algebraic space reduces to the affine
case essentially imitating the argument to étale locally construct the coarse moduli
space. Finally, X — X is proper by (2), hence the properness of X’ is equivalent
to that of X. m

Remark. Note that the theorem above not only states the existence of a coarse
moduli space, but it also satisfies those three non-trivial properties. In general, it
can be difficult to work with a coarse moduli space that only satisfies the defining
properties, and it is not clear whether coarse moduli spaces satisfy 7,0y = Ox or
are stable under étale base change.

Corollary 4.6.10. If G is an affine fppf group scheme over a noetherian scheme
S acting properly on a separated algebraic space U, i.e., the map G xgU — U xgU
1s proper, such that all stabiliser groups are reduced, then there exists a geometric
quotient m: U — X = U/G to an algebraic space X separated and of finite type
over S such that Ox = (m,Oy)°.
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Proof. Since G is affine over S, the map G xg U — U xg U is affine, thus its
properness is equivalent to the finiteness of U, and it implies that [U/G] has finite
diagonal. Also, the stabiliser groups are reduced, then [U/G] is a separated DM
stack, and we may apply Keel-Mori (Theorem [4.6.9)). O

Furthermore, coarse moduli spaces constructed from the Keel-Mori Theorem
have an induced local structure coming from the DM stacks above them.

Corollary 4.6.11 (Local Structure of Coarse Moduli Spaces). Let X' be a Deligne-
Mumford stack of finite type and separated over a moetherian algebraic space S,
and let m: X — X be its coarse moduli space. For every closed point x € |X| with
geometric stabiliser group G, there exists a cartesian diagram

[Spec A/G,| — X

| o |

Spec A% —— X

such that Spec A% — X is an étale neighbourhood of w(x) € | X]|.

Proof. The statement follows directly from Theorem and the following fact.
If f: X - Y is a morphism of DM stacks separated and of finite type over a
noetherian algebraic space S fitting in a commutative diagram

x 1,y

ﬂ'xl URY

X —Y

where my and 7y are coarse moduli spaces and x € |X] is a closed point such that
f is étale at x and the induced map on geometric stabiliser groups is bijective,
then there exists an open neighbourhood U C X of 7wy (z) such that U - X — Y
is étale and 71 (U) ~ U xy Y; see [Alp27, Exc. 5.4.14]. O

Rephrasing the result above, we proved that the coarse moduli space of a
smooth DM stack has finite quotient singularities, i.e., singularities that étale
locally are described as quotients of smooth affine schemes by finite groups.

Tameness

When in presence of suitable conditions, the coarse moduli space is a useful
tool for computing sheaf cohomology on a DM stack.
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Definition 4.6.12. A Deligne-Mumford stack X is said to be tame if for every
geometric point x € X' (k), the order of Auty () is invertible in I'(X', Oy). If in
addition X admits a coarse moduli space, we say that it is a tame coarse moduli
space.

Note that if X is defined over a field k, the hypothesis above means that the
order of every geometric stabiliser group is prime to the characteristic of k. In
particular, if char k = 0, every DM stack is tame.

Having a tame coarse moduli space 7: X — X implies that the pushforward
functor 7, is exact |Alp27, Lemma 5.4.22].

Corollary 4.6.13. Let X be a Deligne-Mumford stack of finite type and separated
over a noetherian algebraic space S. If m: X — X is a tame coarse moduli space,
then for every quasi-coherent sheaf F' on X,

HY(X,F)=H(X,n.F)
and is 0 if i > dim X.

Proof. The first statement follows from the fact that m, is exact. The second one
is also immediate by applying a generalised Grothendieck’s Vanishing Theorem for
algebraic spaces [Alp27, Exc. 5.1.48]. O



Chapter 5

The Moduli Space of Stable
Curves

In order to study further properties of the moduli stack M, of smooth curves,
Deligne and Mumford introduced in [DM69] a suitable compactification by con-
sidering stable curves. In this last chapter we discuss the properties of the moduli
stack ﬂgm of stable n-pointed curves of genus g, particularly focusing in the last
section on the foundational work of Harris and Mumford [HMS82| regarding its
birational geometry.

We will always assume 2g — 2 +n > 0 to avoid trivialities.

We define the prestack M, of stable n-pointed curves of genus g over Sch as the
category of families of stable n-pointed curves of genus g and morphisms between
them as in Definition 2.3.0

As for M,, it is known that M, is an algebraic stack locally of finite type
over SpecZ [Alp27, Cor. 6.4.15]. One way to do this is to define the prestack of all
curves M 3” parametrising families of proper, one dimensional n-pointed schemes of
finite type of genus g, and show that Mg“ is an algebraic stack locally of finite type
over Spec Z; see [Alp27, §6.4]. Finally, Lemma @I ensures us that M, ,, C MZH
is an open substack, and we can then deduce the properties above.

Alternatively, one can adapt the proof of Theorem to show directly the
algebraicity of M, ,, by explicitly presenting it as a quotient of a suitable subscheme
of a Hilbert scheme.

Furthermore, recall that if (C,p;) is an n-pointed stable curve over a field k, then
L = (wey)®® is very ample (Proposition , and the Hilbert polynomial P of
the embedding C' — P¥ via L is independent of [(C, p;)] € M,..(k). We may then
consider the closed subscheme

H C Hilb" (PY /Z) X specz (PY)"

parametrising pairs (C' < P¥ p;,...,p,) such that p; € C. Since the Hilbert

89
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scheme is projective and in particular quasi-compact, so is H, and the image of
the forgetful morphism H — ./\/lf;l; contains M, ,,, hence we conclude that M, ,
is quasi-compact.

We are now able to deduce further properties of M, , thanks to the results
discussed in the previous chapters.

Theorem 5.0.1. For 2g — 2 +n > 0, the stack Mg,n is a non-emply, quasi-
compact, Deligne-Mumford stack smooth over SpecZ. Moreover, My, Xz k has
pure dimension 3g — 3 + n for every field k.

Proof. We have seen that M, ,, is a quasi-compact algebraic stack, and clearly the
hypotheses ensure that it is non-empty. By using Deformation Theory, we prove
the remaining properties. More specifically, by Proposition for a n-pointed
stable curve (C,p;) over k

Ext(y, (R0 () pi), Oc) =0,

dimy, Extéc(Qc(Zpi), Oc¢) =39 —3+n, and

Exto, (2 pi), Oc) =0.

We already know by Proposition that a stable curve has finitely many au-
tomorphism, and the first row implies that the group scheme Aut(C, p;) is finite,
reduced, and étale over k, hence by Theorem we conclude that ﬂgm is a DM
stack.

The last row implies that there are no obstructions to deforming (C, p;), therefore
as in Proposition the Infinitesimal Lifting Criterion (Theorem proves
that M, ,, is smooth over Spec Z.

Moreover, since the set of isomorphism classes of first-order deformations of (C, p;)
is identified with the tangent space of M,, Xz k at the k-point correspond-
ing to (C,p;), the middle row implies that dim T, jcpy) = 39 — 3 +n. Fi-
nally, by Proposition [4.5.2] and finiteness of the stabiliser group we conclude that
dimcp,) Mg = 39 — 3+ n. O

5.1 Stable reduction

The moduli stack of stable curves was introduced to find a compactification
of My. We discuss here the Deligne and Mumford’s fundamental result regarding
the properness of M, ,,.



5.1. STABLE REDUCTION 91

Theorem 5.1.1 (Stable Reduction). Let R be a DVR and K its fraction field.
Set A = Spec R and A* = Spec K. If (C* — A*,0}) is a family of n-pointed stable
curves, then there exists an extension of DVRs R — R’ and an n-pointed family
(C - A’ = Spec R, 0;) of stable curves extending the base change of (C* — A*, o7)

to K' = Frac R'.

Although this theorem holds for any DVR, we restrict our proof to the char-
acteristic 0 case, following [Alp27, §6.5].
The general version was discussed first in [DM69], where the proof relies on the
embedding of the generic fibre C* into its Jacobian.
Later, in [AWT71]employed a strategy similar to the one presented here, but with
additional techniques required to handle positive characteristic.

In the following, denote by ¢ the uniformiser of R, and by 0 = (t) € A the
unique closed point. The strategy of the proof is summarised as follows.

(1) Reduce to the case where C* — A* is smooth.
(2) Find a flat extension C — A.

(3) Replace C with a resolution of singularities such that the reduced central
fibre (Co)rea is nodal.

(4) Take a ramified extension A" — A such that the central fibre of the normal-
isation of C x A A’ is reduced and nodal.

(5) Arrange that the marked points of the central fibre are smooth and distinct.
(6) Contract rational tails and bridges in the central fibre.

Throughout the following proof, in the figures we carry out examples to clarify
these steps.

Proof in characteristic 0.

Step 1: Reduce to the case where C* — A* is smooth. If C* has § nodes, then
after replacing K and R with extensions, we may assume that the jth node is given
by a K-point nj € C* whose preimage under the normalisation C* — C* consists of

two K-points ¢; and r;. Recall that (5* — A% 07, q;, r;‘) is the so called pointed

normalisation, and let (C; — A*,g;;) be its pointed connected components, where
{aay = {of g5, 5} N 5,’5 As already observed in Section , since C* is stable,
cach (C; — A*,q},) is stable as well.

Assuming that Stable Reduction holds when the generic fibre C* is smooth, we can

construct stable families (C, — A, qx) extending (C; — A*, q;,;) after replacing R
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with an extension. For each 7 = 1,...,9, we now glueﬂ the sections ¢; and g
corresponding to gj and r}. These sections are glued to a node, and this produces
an n-pointed family (C — A, 0;) of nodal curves with ¢ additional sections given
by the nodes. The pointed normalisation of the central fibre Cy is the disjoint
union of the central fibres (Cy)o, which are stable, then it follows that (Cy, 0;(0))

is stable.
e
norwalize
ut‘f.»d v Hovw fue 3,7
— D — —_—
° E
N _— A

Figure 5.1: Here we perform Step 1 and stable reduction on the nodal family
degenerating to a cuspidal curve, locally defined by y? = 2% + tz2. More precisely,
we normalize along the nodes, extend the family so obtained, and blow-up where
the two sections s and r intersect. Finally, we glue their proper transforms.

ol St

Step 2: Find a flat extension C — A. By Step 1, we may assume that C* — A*
is smooth. Using that (Qc+/a+(3°, 07))®* is very ample (P1r0p081t101r17 we may
embed C* as a closed subscheme of PV x A*. By the Flatness Criterion for Smooth
Curves [Alp27, Prop. A.2.2], the closure C of C* C PY x A is flat over A. Hence
we get a family C — A extending C* — A*. The sections o] extend to sections
o;: A — C by the usual Valuative Criterion for Properness.

However, after this procedure, the central fibre Cy may have worse-than-nodal
singularities. Even the marked points 0;(0) may be singular and non-distinct.

Step 3: Replace C with a resolution of singularities such that the reduced
central fibre (Cp),eq is nodal. By classical results of birational geometry of surfaces
[Alp27, §B.2.1], there is a projective birational morphism C — C from a regular
scheme which is an isomorphism over A* and such that the reduced central fibre
(Cg)red is nodal. Again by the Flatness Criterion for Smooth Curves, the morphism
C — A is flat. Replacing C with C and the sections o; with their strict transform,
we conclude this step.

Step 4: Take a ramified extension A’ — A such that the central fibre of
the normalisation of C xa A’ is reduced and nodal. This is the step where the
characteristic 0 assumption is used. Since C is regular (hence Cohen-Macauley)
and t € R is not a zero divisor, the central fibre is Cohen-Macauley, and thus
has no embedded points; see [SP|, Tag 02JN| and Tag 0BXG|. On the other hand,
(Co)rea s an effective Cartier divisor and thus is locally cut out by a single equation.

IThis is formally described with a Ferrand Pushout; see [Alp27, §B.4.1].


https://stacks.math.columbia.edu/tag/02JN
https://stacks.math.columbia.edu/tag/0BXG
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] of a,
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Figure 5.2: When proceeding with Step 2, the central fibre of the closure of the
embedding of the family may be highly singular. Here the numbers represent
the multiplicity of each component, and the thick dot stands for an embedded
point. Moreover, in the central fibre the extended sections may overlap or meet
the singular locus.

c €

4

o
blow.-up ¢

™

2

Figure 5.3: Here we perform as in Figure the stable reduction on a family
degenerating to the cuspidal cubic, only this time we consider the family over
A = Spec k[[t] locally given by y? = x®+t. In this case the generic fibre is smooth,
thus applying Step 3 we may replace the central fibre with a curve whose reduced
version is nodal.

For every p € Cy, there exists an étale neighbourhood and local coordinates such
that the map C — A is given by:

e if p € (Co)req is smooth, then (x,y) — z° ie., the multiplicity of the irre-
ducible component of Cy containing p is a, and

e if p € (Cy)rea is a node, then (z,y) — 2%, i.e., the two components contain-
ing p have multiplicities @ and b. Moreover, if p € (Cp),eq i @ nonseparating
node, then a = b.

Let N be the least common multiple of the multiplicities of the irreducible compo-
nents of Cy. After replacing R with an extension, we can assume that R contains
a primitive Nth root of unity ¢. Let now A’ = Spec R’ — Spec R = A be a map
induced by a totally ramified extension of DVRs of degree N, i.e., the uniformiser
t is mapped to 'V € R, where t' is the uniformiser of R'. Let C" :=C xa A" with
p’ € C' being the unique preimage of p, and let C’ be the normalisation of C’.
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If p € (Cy)rea is smooth, then C’ is defined étale locally by x® = ¢V near p’. Since
we work in characteristic 0, we can factorise

a—1

2% — NV — H (I _ (Czt)N/a)

1=0

into distinct factors. In C' , the point p has a preimages, each étale locally given
by z = ('tV/*. Hence, each preimage is a smooth point in both the total family
and the central fibre.

If instead p € (Cy)rea is a node, then C’ is defined étale locally at p’ by z%® = tV.
If d = ged(a, b) > 1, we can factorise

d—1

pyb — 1N = H ( a/d b/d (¢ t)N/d)

1=0

thus étale locally at p, the normalisation factors as C' — C” — C' with p having
d preimages in C”, each described by (z%dyt/4 — (¢?t)N/?). Unless d = a = b, the
central fibre of C’ is still nonreduced, and 1ts reduction is nodal at each preimage p
but now the multiplicities of the two branches are relatively prime. We may then
assume that d = 1. After possibly exchanging = and y, we may write 1 = aa — 5b
for positive integers o and 3. The normalisation of R[z,y]/(z%® — tV) is thus
given by

Rlz,y)/(z%" — t) = R[u, v)/(uv — tV/®)
= u’
Yy — vt

where u = t*N/® /28y* and u = xPy* /t*N/*. The central fibre 5{) is reduced with a
node at the unique preimage of p. In N = ab, the total family C’ is smooth at this
preimage; otherwise, it has an A,,_;-singularity where n = N/ab.

The central fibre is now reduced and nodal, but we have potentially introduced
A, _i-singularities into the total families. To fix this, we may repeatedly blow up
each of these singularities, replacing them with a nodal union of |[n/2]| smooth
rational curves [Alp27, Thm B.2.2]. We then get a new family C which is regular
and whose central fibre is reduced and nodal.

Step 5: Arrange that the marked points of the central fibre are smooth and
distinct. After again repeatedly blowing up closed points in the central fibre C,
where the marked points are singular or overlap, the strict transform of the sections
become distinct and smooth points. This new family (C — A, 0;) is prestable with
regular total family.
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base drange
&
normalisation
2 &——
3

6

Figure 5.4: Resuming from Figure we may apply Step 4. We thus perform the
base change of the last family to A’ = Spec k[t] induced by t > t5. Normalising
then yields a family with a nodal central fibre; see [Alp27, Ex. 6.5.13] for the
explicit description of the computations carried out in this example, which result
in some rational components (in red) and one of genus 1 (in blue).

Cc o (o Cc
o, &
* blow-up blow-up
— &
LrY
& €,

Figure 5.5: To better see what Step 5 is about, consider a constant family
C x A — A with three sections locally given by o, = —0y = t? and o3 = t.
Blowing-up twice at their intersection, these sections become disjoint. However,
since the exceptional component E; is rational with only two special points, the
central fibre is not yet stable.

Figure 5.6: Resuming from Flgure 5.5, if we contract the rational bridge F; yields a
family of stable curves. Similarly, applylng Step 6 to Figure [5.3] means to contract
all the five rational tails, and then the central fibre becomes stable.

Step 6: Contract rational tails and bridges in the central fibre. After the
previous steps, the central fibre of (C — A, 0;) will be stable, unless there are
rational tails and bridges. By Theorem [2.3.13] passing to the stable model yields
a family (C', o}) of stable curves. O

Observe that proceeding with the first five steps above and then contracting
only rational tails yields a family of semistable curves. Furthermore, the total
space will still be regular thanks to Castelnuovo’s Contraction Theorem |Alp27,
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Thm B.2.6]. This proves the following variant.

Theorem 5.1.2 (Semistable reduction). Let R be a DVR with fraction field K,
and set A = Spec R and A* = Spec K. If (C* — A*,0}) is a family of n-pointed
smooth curves, then there exists an extension of DVRs R — R’ and an n-pointed
family (C — A, 0;) of semistable curves with regular total family C extending the
base change of (C* — A* o) to K' = Frac R’.

2

Remark. When pursuing explicitly the stable reduction, the main challenge is
determining the normalisation C’ is Step 4. A simpler way to perform this com-
putation can be found in |Alp27, §6.5.2].

Stable Reduction (Theorem [5.1.1)) clearly implies ‘the existence part of the Val-
uative Criterion for Properness (Theorem [4.5.5)) for M, ,,, and uniqueness follows
from [Alp27, Prop. 6.5.20] as for M,.

Theorem 5.1.3. If 29 — 2+ n > 0, the Deligne-Mumford stack M%n 1S proper
over SpecZ. Moreover, there is a coarse moduli space Mgy, — M., where Mg,
s a proper algebraic space over Spec Z.

Proof. Since M, is quasi-separated [Alp27, Exc. 6.4.18], we may apply the Val-
uative Criterion for Properness. Now the Keel-Mori Theorem (Theorem [4.6.9)
provides a coarse moduli space, which is proper as My, is. O

5.2 Universal family

In this section we see how the stable model procedure described in Section
induces a morphism M, 1 — M, that is identified with the universal family.

Proposition 5.2.1 (Forgetful Morphism). There is a morphism of algebraic stacks
mgmﬂ — ﬂg,n such that (C,p1,...,pas1) = (C'ye(pr), ..., c(pn)),
where ¢: C — C" is the contraction morphism as in Proposition |2.3.10.

Proof. The desired map is constructed taking an (n + 1)-pointed family of stable
curves (C — S,01,...,0,41) to the n-pointed family (C — S,04,...,0,) = F of
prestable curves, and then StMd(F) € M, . O

By following the Generalised 2-Yoneda Lemma (Lemma [4.3.7)), the identity
morphism M, — My, corresponds to an n-pointed family

(Ugn = Mg, 5"
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of stable curves, called the universal family. More precisely, an object of U, ,
over a scheme S is an n-pointed family of stable curves (C — S,0;) with an
additional section 7: S — C that may land in the nodal locus or intersect with
the ;. Moreover, an n-pointed family of stable curves (C — S, ;) corresponds to
a morphism S — M, ,, fitting in a cartesian diagram

C—— Uy,

[ B

S —— My

On the other hand, we may define a morphism Mg,n_i'_l — U, taking an (n+1)-
pointed stable family (C — S,0;) to the n-pointed family (C" — S,o},...,0))
arising from the Forgetful Morphism (Proposition plus the section co 0,1,
where ¢: C — C' is the contraction of the prestable family (C — S, 01,...,0,).
This, together with the forgetful morphism mgmﬂ — ﬂg,n, yields a commutative

diagram

Mynis ———— Uy,

N

Proposition 5.2.2. The morphism MMH — Uy s an isomorphism over ﬂgyn,
i.e., the forgetful morphism Mg 11 — Mg, is the universal family.

Proof. See [Alp27, Prop. 6.6.12]. O

5.3 Boundary

The clutching operation defined in Section induces the morphism of stacks
described below.

Fix a stable n-marked, genus ¢ dual graph I', and let g, and L, be respectively
the genus associated to a vertex v € V = V(I') and the set of half-edges issuing
from v. Set

Mp = H Mgv,Lva

veV

and define the clutching morphism

51"2 mr — ﬂgm
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as follows. An object F' of My over a scheme S is the datum of a family
F,=(m:C, = 95)

of stable L,-pointed genus g, curves, and the clutching procedure yields a family
G(F)=f:C =5

of stable n-pointed genus ¢ curves. Since this construction is functorial, we obtain
a morphism of DM stacks, which is also representable [ACG11, Prop. XII.10.25].
Moreover, it is not difficult to check that these morphisms are also finite.

We then define the closed substack Dr C Mg,n as the image of the clutching
morphism &r. Note that

dimDr =Y (3, —3+1,) =39 — 3+ n—|E(I)]

veV

where [, = |L,| and E(T) is the set of edges. In other words, its codimension is
exactly |E(T)].

We denote with & the clutching morphism along the graph with one vertex and
one edge as in Figure on the left.

While for 1 < i <nand I C {1,...,n} = [n], we denote with ¢ ; the clutching
morphism along the graph with two vertices, one I-pointed of genus ¢ and the
other ([n] \ I)-pointed of genus g — i, and one edge between them as in Figure
on the right. The geometric meaning behind this is to consider the loci of curves

with a single node.

Figure 5.7: The two types of stable graphs with one edge.

Definition 5.3.1. Let 2g — 2 +n > 0. The boundary divisors of M, are

do = 1m(&o),
(51'7] = im(gu), and
(5 - (50 U U (51"[.
i1

with the convention that dy is empty if g = 0.
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Note that 6; ; = d4—; rc. In particular, if n = 0, we simply denote ;¢ by ¢;, and
we get
Lg/2]

§ = U 5.
=0

We will see that for any field &, the total boundary divisor ¢ is a normal crossings
divisor over M, ,, ®gpecz Spec k. Recall that an effective Cartier divisor Z C X of
a regular scheme has normal crossings if for every z € Z,

6272 ~ 6X,z/(f1 ’ fk)

where f1,..., fr extend to a regular system fi,..., f,.

We say that a closed substack Z2 C X of a DM stack is an effective Cartier
divisor (resp., a normal crossings divisor) if there is an étale presentation U — X
such that Z xy U C U is an effective Cartier divisor (resp., a normal crossings
divisor).

When it does not cause confusion, we will often denote Mgm ®specz Speck
simply by M, ..

Proposition 5.3.2. Qver a field k, the boundary 6 C Mg,n 15 a normal crossings
divisor.

Proof. Clearly, the codimension of § is 1. We omit the normal crossings part; see
[Alp27, Prop. 6.6.19]. ]

5.4 Irreducibility and projectivity

In this section, we introduce the Hurwitz scheme and use it to prove that ngn
is irreducible, then we briefly discuss the projectivity of the moduli space Mgm.
Later in Section we will see how Harris and Mumford in [HM82] exploited the
Hurwitz scheme to compute the Kodaira dimension of Mg.

Hurwitz scheme

Note that since ﬂg,n is smooth over a field k, its irreducibility is equivalent to
its connectedness. Moreover, recall that the universal family mgmﬂ — Mg,n has
connected fibres, hence it suffices to prove the connectedness of Mg.

We wish to parametrise simply branched coverings C — P! of genus g and
degree d defined in Section 2.1} Recall that by Riemann-Hurwitz (Theorem [2.1.7),
if C' — P! has b ramification points, then b = 2g + 2d — 2.
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Definition 5.4.1. A family (C — D — S, 0;) of coverings of P! of genus g simply
branched over b ordered points over a scheme S is the datum of a family C — S
of smooth genus g curves and a b-pointed family (D — S, 0;) of smooth genus
0 curves together with a finite, flat morphism C — D over S of degree d such
that for every geometric point s of S, C; — D, ~ P! is simply branched over
01(8), ..., 0p(8).

We define the Hurwitz functor as Hur,,: Sch®® — Sets sending

of genus ¢ simply branched over b points

{families (C - D — S, 0;) of coverings of Pl}
S — / ~

where two families (C — D — S, 0;) and (C' — D' — S, ;) over S are equivalent
if there are isomorphisms C = C’ and D = D’ compatible with the sections and
the structure morphisms to S.

One may check that Hur,; is a sheaf over Sche;, hence a stack. Clearly, there
are morphisms
Hurg

7N
M, Moy

defined by sending a family (C — D — S, 0;) € Hury,(S) to (C — S) € My(S5)
and (D — S, 0;) € Myu(5).

Abusing of notation, when we are working over a field k, we simply write Hur,
meaning its base change to k. Also, we will interchange Hur,; and Hur, 4, keeping
in mind the relation b = 2g + 2d — 2.

Remark. If b > 3, then My, = My, over a field k is actually a scheme. In fact,
over an algebraically closed field k, a smooth genus 0 curve is isomorphic to P!,
thus a point of X = Mg, X k is given by a configuration of b distinct points on
P!, up to automorphisms. By acting with the automorphism group PGL,, we can
fix the first three points to be 0, 1, and oo, then we get

X ~ (P'\ {0,1,00})"7%\ A,

where A is the union of the pairwise diagonals. Therefore, X is even quasi-
projective, and this implies that My is a scheme |Alp27, Prop. 5.5.27].

For d > 2, Hurg, is an algebraic space, and the map Hurg, — My, is an
algebraic covering space, i.e., it is a finite, étale, and surjective morphism [Alp27,
Exc. 6.7.13].

Over an algebraically closed field of characteristic 0, the other map Hur, 4 — M,
is surjective for sufficiently large d. This is an immediate corollary of the following.
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Proposition 5.4.2. Let C' be a smooth, connected, and projective curve of genus g
over an algebraically closed field k of characteristic 0, and let L be a line bundle on
C of degree d > 2g+ 3. Then a general linear system V C H°(C, L) of dimension
2 induces a simply branched covering C — P*.

Proof. Since deg(we ® LY) < 0, we get h'(C,L) = h°(C,we ® L) = 0, thus
by Riemann-Roch h°(C,L) = d + 1 — g. By characteristic reasons, every finite
morphism C' — P! is automatically separable. If V does not induce a simply
branched covering C' — P!, then it must happen one of the following:

(a) V has a base point,
(b) there is a ramification point with index greater than 2, or
(c) there exists two ramification points in the same fibre.

The Grassmannian Gr(2, H°(C, L)) of 2-dimensional subspaces of H°(C, L) has
dimension 2(d — 1 — g). Let us prove that each of the conditions above is closed
of codimension at least one.
For condition (a), if p € C(k) is a base point, then V' C H°(C, L(—p)), but d > 2g,
thus deg(we @ (L(—p))Y) < 0, implying as above that h°(C, L(—p)) = d — g. We
then get

dim Gr(2, H*(C, L(—p))) = 2(d — g — 2),

and varying p in C', we see that the locus defining (a) has dimension 2(d—g—2)+1,
which is exactly dim Gr(2, H°(C, L)) — 1.

For condition (b), if p is a point with ramification index greater than 2, then
VN HC,L(—3p)) # 0. Since deg(we @ (L(—3p))Y) < 0, we get

dim H°(C, L(-3p)) = d — g — 2,

and the locus of 2-dimensional subspaces V' C H°(C, L) which have nontrivial
intersection with H°(C, L(—3p)) has dimension

(dim H°(C, L(—3p)) — 1) + (dim H°(C,L) —2) =2(d —g — 1) — 2.

Again varying p, we see that the locus of linear systems V' having a point with
ramification greater than two has codimension 1.

For condition (c), if p and ¢ in C' are ramification points in the same fibre, then
VN H(—2p —2q) # 0. Arguing as above, we find that the dimension of the locus
of 2-dimensional subspaces V intersecting properly H°(—2p—2q) is 2(d—g—1)—3.
Varying the two points p and ¢, we obtain again a codimension 1 locus. O

We may now deduce the irreducibility of M, from the following classical result.
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Theorem 5.4.3 (Clebsch-Hurwitz-Liiroth). For g > 2 and d > 2, the Hurwitz
moduli space Hur, 4 over C is connected.

Proof. See |[Alp27, Thm 6.7.19]. O
Corollary 5.4.4. For any field of characteristic 0, M 1is irreducible.

Proof. Since Hur, 4 — M, is surjective for d > 2¢g+ 3, it follows immediately from
the theorem above that over C the moduli stack M, is connected. This implies
that it is geometrically connected over QQ, hence over every characteristic 0 field k.
Since M, is smooth by Proposition {£.5.3] this implies its irreducibility. ]

To prove that M,,, is irreducible, it suffices now to show that M, C M,,
is dense. This is true since every stable curve C' over an algebraically closed field
deforms to a smooth curve [Alp27, Exc. 6.7.25].

Actually, the converse is also true.

Proposition 5.4.5. Let C' be a smooth, connected, and projective curve of genus
g > 2 over an algebraically closed field k of characteristic 0. There exists a fam-
ily C — S of stable curves over a smooth connected curve S over k with points

s,t € S(k) such that Cs ~ C and C; is nodal.
Sketch of proof. The proof relies on the following strategy.

(1) For d > 0, choose a simply branched covering C' — P! of degree d branched
over distinct points ¢i, ..., q € P! where b = 2g + 2d — 2.

(2) Deform C' — P! to C" — P! branched over general points ¢/.

(3) Degenerate (P!, q!) to the stable curve (D, g;) as below.

% N
94 qb-«

(4) Degenerate C' — P! to C” — D branched over ¢; such that C” is singular
and stable.

See |Alp27, Prop. 6.7.26] for the complete proof. O

Note that the result above shows that every smooth curve has a nodal “limit”,
confirming that it suffices to include only nodal singularities.

In the last section, we will formalise the concept of degenerating a branched
covering with the notion of an admissible covering.
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Projectivity

Here we briefly discuss the approach introduced by Kollar in [Kol90]. Re-
call the universal family m: U, — M, over SpecZ and the Hodge line bundle
A= Wy, /7, - Generalising this, define the kth pluricanonical bundle on M, as

. Xk
A = (""%/M)

which by Proposition[2.3.8]is a vector bundle of rank g if k = 1, of rank (2k—1)(g—1)
if k£ > 1. Taking determinants, we obtain line bundles

A, o= det Ay

on M,.
The strategy is to show that for k> 0, a positive power of A\ descends to an
ample line bundle on M, implying its projectivity. We omit further details.

Theorem 5.4.6. For g > 2 and N sufficiently divisible, the line bundle Xi@sjg—w
on Mg descends to a line bundle on Mg relatively ample over SpecZ.

Proof. See [Alp27, Thm 6.9.3]. O

By using the fact that Mg,n_i'_l — Mg,n is the universal family, one can also
deduce the following general result.

Corollary 5.4.7. If 29 — 2 +n > 0, the moduli space Mgm 18 projective over
Spec Z.

Proof. Clearly, Mo’g = SpecZ, and it is not difficult to see that Mm ~ P! since
M;; ~ A! and the boundary of M is a single point [Alp27, Ex. 5.4.15]. By
the theorem above, M, is also projective for ¢ > 2. Now the universal family is
a family of stable curves, hence L = Wiy 1 /My is relatively ample over ./\__/lgm.
Moreover, some power of L descends to M, and it is relatively ample on M ;
see [Alp27, Exc. 5.4.29]. The morphism M,,1/M,, is then projective, and we
conclude the proof by induction. O]

5.5 Picard group

Here we discuss the structure of the Picard group of M, , and its coarse moduli
space M.

Recall from Section 4.6 that a quasi-coherent sheaf on a Deligne-Mumford stack
X is equivalent to the data of quasi-coherent sheaves over every X-scheme with
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compatible isomorphisms between them. In particular, this means that to give a

quasi-coherent sheaf F' on Mg,n is the same as giving, for every family of stable

n-pointed curves £ = (7: C — §), compatible quasi-coherent sheaves F¢ on S.
Recall also the example of the Hodge bundle E defined on M, for g > 2 as

E(T(: C—S) — W*(Ww)-

Generalising this, we define in the same way the Hodge bundle E on Mg,n, and
the Hodge line bundle
A i=detE = AIE.

We abuse notation denoting with the same symbol the line bundle and its class.
When n > 0, other classical examples of line bundles over M,,, are provided
by the cotangent line classes. Fixing ¢ € {1,...,n}, we define the ith cotangent
line class 1; € Pic(M,,,) as
(¥i)g = 07 Qeys

over a family £ = (C — S, 0;). We also set ¢ = > 9.

As for schemes, to a Cartier divisor D on a DM stack X one can attach a line
bundle Oy (D) by performing the usual construction on every X-scheme S.

In particular, we can associate to the boundary divisors 9; the corresponding line
bundles, which we also denote ¢;.

If we consider the coarse moduli space : Mg,n — Wg,n, we naturally get a

pullback functor 7*: QCoh(M,,) — QCoh(M,,). We now see that in many
cases this functor is not an equivalence, by showing that the Hodge bundle is not
the pullback of a quasi-coherent sheaf on Mg,n.
Clearly, it suffices to show this for the Hodge line bundle A. Over an n-pointed
stable curve £ = (C,p;) of genus g, the line bundle )¢ is simply det H(C, wc). If A
did come from M, ,,, any automorphism of C' would act trivially on det H°(C,w¢).
But we can always find a curve where this is not satisfied:

e for odd ¢, an hyperelliptic curve C' has its involution acting as —1 on
H°(C,we), and fixing 2g + 2 points;

e for even g, a ramified double covering C' of an elliptic curve has the corre-
sponding involution acting on H%(C,w¢) with eigenvalues 1 with multiplicity
1 and —1 with multiplicity ¢ — 1, and fixing 2¢g — 2 points.

Note that these examples work as soon as n is not greater than the number of
points fixed by the involution. To generalise them, we need only a slight change:
attach on such a fixed point a P! and consider the automorphism as the involution
on a component and the identity on the P!. Basically, we place the extra fixed
points on another component, where we act trivially.
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The discussion above implies that the pullback homomorphism

Pic(M,,) — Pic(M,,)

is not surjective. However, this map is injective with torsion cokernel [ACG11,
Lemma 6.6].
Furthermore, the following sharper result holds.

Proposition 5.5.1. The group Pic(M,,,) is free abelian of finite rank, and Pic(M,,)
is a subgroup of finite index.

Proof. See [ACG11, Prop. XIIL.6.7]. O

Mumford’s formula

In order to compute the Kodaira dimension of Wg over C, we will relate its
canonical bundle with that of Mg, defined in the following. From now on, we
simply denote by Mg’n the moduli stack Hgm x C of stable curves over C.
Recall that the sheaf of differentials ng,n = ngyn /C of Mg,n is defined as

(Qx7,,.)v = Qusc

for any scheme U étale over M,,,,. Miniversal families (see Corollary allow
us to provide a more explicit description.

Given a stable n-pointed curve (C, p;) of genus g, let C — (U, ug) be its miniver-
sal family. We know that the Kodaira-Spencer map provides an identification

TU7U0 ~ EXt}QC (Qlc, OC <— Zpl>> s

thus since U is smooth, by Serre duality we get

(Us) @011, K(10) = T = H (C. Q0 @ we (Y mi))
Therefore, for any family £ = (7: C — S, g;) of stable n-pointed genus g curves

(277, )e = m(Qr @ wr (D)),

where D = ). 0;(S5) is the divisor of sections. We recall that this is a vector
bundle of rank g.
The canonical bundle is Ky, , = det ng _as usual.

Other line bundles on M,,, can be defined using the machinery of the Deligne
pairing. However, we are not focusing on these details, and we refer to [ACG11}
§XIIL.5] for a comprehensive treatment.
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Soon we will see that the class of Ky, . can be written as an integral combina-
tion of the classes of A, § and . This is due to Mumford, who produced various
similar relations exploiting the Grothendieck’s Riemann-Roch (GRR) formula. In
order to avoid a lengthy exposition, we briefly explain the standard machinery of
Intersection Theory necessary to state the GRR formula, and we refer to |[Ful84]
for a comprehensive treatment.

Chow ring

In the following, schemes will always be separated and of finite type over a field
k. A variety is then an integral scheme, and it is complete if it is proper over k.

Recall that if X is a variety, and if Z C X is a subvariety, i.e., a subscheme that
is a variety itself, of codimension 1, then there is a well-defined homomorphism

ordz(—): k(X)" = Z

where k(X) is the fraction field of X. Writing f € k(X) as f = s/t with
s,t € Ozy, this map is defined by

ordz(f) = lengthoz‘y(OZy/(s)) — lengthozyy(ozy/(t)),

and it should be thought of as the order of vanishing of the function f along the
subvariety Z.

If X is a scheme, we define the group Z,.(X) of r-cycles as the free abelian group
generated by isomorphism classes of r-dimensional subvarieties of X. Moreover,
for any (r + 1)-dimensional subvariety W C X, and for any rational function
fe k(W) let

[div(f)] = Y ordy(f)[V]

Vew

where the sum is taken over all the codimension 1 subvarieties V' of W. This is a
finite sum, hence an element of Z,(X), and we denote by Rat,.(X) the subgroup
of Z,(X) generated by those elements as W C X and f € k(X)* vary. Finally, we
define

4,(X) 1= Z,(X)/ Rat, (X)

and the Chow group A.(X) = @imXA,(X). Note that if X is a variety, then
A,,—1(X) is the usual Weil divisor class group.

This construction satisfies the following functorial properties; see |Ful84, Thms 1.4
and 1.7][SP| Tag 02S0].

o If f: X — Y is a proper morphism, we define the proper pushforward
for Z(X) = Z(Y) by [([V]) = deg(V/f(V)[f(V)] for V' C X, where
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deg(V/f(V)) = [k(V) : k(f(V))] is the degree of the dominant morphism
V — f(V). This induces an homomorphism

for An(X) = AL(Y).

e Similarly, if f: X — Y is a flat morphism of relative dimension n, then
defining the flat pullback f*: Z,(Y) — Z,.,(X) by f*([V]) = [f~(V)] for
V' C Y, this map induces an homomorphism

£ A(Y) = Ay (X).

Remark. If X is a complete variety over a field k, then the graded group A.(Spec k)
is Z generated by the class of the unique point. The structure map f then induces
a proper pushforward

fe: Ae(X) — Z.

In particular, for v € A,(X), we denote the integer f.(a) by [, o or deg(c); note
that [, o = 0 if « is positive-dimensional.

Clearly, if X is a proper curve, and D a Weil divisor on X, then deg([D]) is the
usual degree.

The Chow group A.(X) plays the same role as the homology groups in algebraic
topology. Similarly, there is a Chow ring A®(X) playing the role of the cohomol-
ogy ring. However, if X is a smooth variety, there is a Poincaré duality theorem
[Ful84, Cor. 17.4] providing a canonical isomorphism A,(X) = A" P(X) for all
integers p, where n = dim X. Since this is the only case we are interested in, we
avoid technicalities defining AP(X) = A" ?(X). Soon we will define a product on
A*(X) = @)_yAP(X), endowing it with a structure of a graded associative com-
mutative ring. The idea is to define the product of two “transverse” subvarieties
as their intersection, considered as a subvariety.

Definition 5.5.2. Let X be a scheme, and let V., W C X be two subvarieties of
codimensions r an s respectively. By the Hauptidealsatz, the intersection V N W
has codimension at most r+s. We say that V and W are dimentionally transverse
if every irreducible component of V' N W has maximal codimension r + s. We say
that V and W are generically transverse if they satisfy the stronger condition that

codim(T,,V NT,W) =r+s

for every generic point 7 of each irreducible component of V"N W. Ultimately, we
say that two cycles >, Vi and >, W in A,(X) are dimensionally (resp., generi-
cally) transverse if the property holds pairwise for the V; and W;.
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Ezample. In A?, {y = 1} and {y = 2*} are generically transverse, while {y = 0}
and {y = 2} are only dimensionally transverse.

Let X be a smooth variety. There is a unique product structure on A*(X) such

that
VI-W]=[Vvnw]

whenever V and W are generically transverse; see [Ful84, §8]. Moreover, this prod-
uct is associative, commutative, and A®(X) is graded by codimension with unit
[X], called the fundamental class of X.
Although Fulton constructed directly the product, if in addition X is quasi-
projective, this result is historically a consequence of the moving lemma [Ful84,
§11.4], stating that given any two cycles a, 8 € A®*(X), we can find rationally
equivalent cycles o, ' which intersects generically transversally.

Remark. The intersection product makes the flat pullback a ring homomorphism
between Chow rings, and if f: X — Y is flat and proper between smooth varieties,
then we have the push-pull formula

(76 a) =8 fu (5.1)

for all classes o € A*(X) and § € A*(Y); see [Ful84] Prop. 8.3].

Chern classes

If X is a scheme, and E is a vector bundle on X, Chern classes of E are a
collection of classes ¢;(E) € AY(X) reflecting the geometry of E.

Theorem 5.5.3. Let X be a scheme. For any vector bundle E on X, there exist
Chern classes ¢;(E) € A*(X) which satisfy the following properties.

o (Vanishing) If i > rk E, then ¢;(E) = 0.
e (Commutativity) If F is a vector bundle on X and o € A*(X), then for all
07,
ci(E) - (¢(F) - ) = ¢;(F) - (a:(E) - a).

e (Projection formula) Let f:Y — X be a proper morphism. For all i and
acA(Y),
flei([E) - o) = ai(E) - fu(a).

e (Pull-back) Let f:Y — X be a flat morphism. For alli and o € A*(X),

G(f*E)- ffa= f*(c¢(E)- ).
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o (Whitney sum) For any short exact sequence
0—>F—>F—G—=0,

of vector bundles on X, we have

a(F)= ) a(BE)-¢(G).

i+j=Fk
o (Normalization) If D is a Weil divisor on X, then

¢1(Ox (D)) = [D].

Moreover, Chern classes are uniquely determined by the properties above.
Proof. See [Ful84, Thm 3.2]. O

We store all this information in the Chern polynomial ¢(E) =1+ ci(E)+ ...,
then the Whitney sum formula becomes ¢(F') = ¢(E) - ¢(G).
Observe that if a vector bundle E of rank r admits a complete filtration

O:EogElggEr:E,

then setting L; = E;/E;_; for 1 < i <r, Whitney sum implies that

T T

o(B) = [[e(Li) = ] + o),

i=1 i=1

where «; = ¢1(L;) are called the Chern roots of E. The following result allows
us to work with Chern roots even when a vector bundle does not admit such a
filtration.

Proposition 5.5.4 (Splitting principle). Given a finite collection & of vector bun-
dles on a scheme X, there is a flat morphism f: X' — X such that

o (f): A%(X) — A*(X') is injective, and
o forany E € &, f*E admits a filtration

0=E,CE C---CFE, =fFE.

Proof. See “Splitting construction” in [Ful84, Thm 3.2]. O
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Let X be a scheme E be a vector bundle of rank » with Chern roots aq, ..., ;.
Notice that ince ¢(E) = [[;_,(1 + a;), Chern classes are exactly elementary sym-
metric polynomials in the Chern roots.

We now introduce two polynomials in the Chern classes which are crucial for the
statement of the GRR formula. The Chern character is

ch(F) = Z exp(a;).

Since this expression is symmetric in the «;, for what observed above, this defines

a polynomial in the Chern classes.
The Todd class is

td(E) = H T(a;)

where
T

T(z) = .
(z) 1—e®

For the same reason, this is also a polynomial in the Chern classes. Moreover,
observe that if we let

tdY(E) = HT(—ai),

it follows that td"(E) = td(EY) since ¢;(EY) = (—1)i¢;(E).
Finally, if X is a smooth variety, we simply denote td(7x) by td(X).
The Chern classes have also the following geometric interpretation.

Proposition 5.5.5. Let 19, ...,7.—; be global sections of E, where r = tk(FE). If
the vanishing set D of the global section g A+ -+ ATr—; of A"""TLE has codimension
i, then ¢;(E) = [D] € AY(X).

Proof. See [EH16, Thm 5.3]. O

K-Theory

Let X be a scheme. Define the Grothendieck group of vector bundles K*(X)
over X as the free group on the isomorphism classes of vector bundles over X,
modulo the relation [F] = [E] + [G] for every short exact sequence

0O—-F—>F—->G—=0

of vector bundles. Define a product on K*(X) by [E] - [F] == [E ® F|. Note
that this is well-defined since tensoring by a vector bundle preserves exactness,
and this product endows K*(X) with the structure of an associative, commutative
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ring with unit Oy.
If X is connected, the rank map induces a ring homomorphism K*(X) — Z.
Moreover, any morphism of schemes f: X — Y induces a ring homomorphism

K (Y) = K(X).

Similarly, we define the Grothendieck group of coherent sheaves Ko(X) over X
as the free group on the isomorphism classes of coherent sheaves over X, modulo
the relation [F] = [£] + [G] for every short exact sequence

0=E=F—=G—=0

of coherent sheaves. Since tensoring with a coherent sheaf is not exact in general,
K.(X) has only a natural structure of K*(X)-module given by [E]-[F] = [E® F|
for a vector bundle £ and a coherent sheaf F on X.

Finally, adopting original Grothendieck’s notation, for any proper morphism of
schemes f: X — Y we define a homomorphism f;: K¢(X) — K.(Y) by

AF) =D (-1)'[R f.F).

>0

Here the properness assumption is necessary to ensure that R’ f,F is coherent [SP,
Tag 0205]. By the long exact sequence in cohomology [Har77, Thm III.1.1A], the
pushforward f is well-defined.
For any scheme, there is a natural forgetful homomorphism K*(X) — K,(X)
which takes a vector bundle to itself, and if X is smooth this is an isomorphism;
see [Ful84] §15.1].
Therefore, if X is a smooth scheme, we identify K*(X) and K.(X), simply
denoting it by K(X).
Note that, setting A(X)g = A*(X) ® Q, the Chern character defines a map
ch: K(X) — A(X)q.
[E] = [ch(E)]
This is well-defined since Chern character is additive on short exact sequences,
and it is a ring homomorphism since ch(F ® F') = ch(FE) - ch(F'). Both statements
are easily proven looking at the relations between Chern roots in a short exact
sequence and in a tensor product.

Moreover, by Theorem Chern classes commutes with flat pullback, so does
ch. However, it does not commute with proper pushforward.

Theorem 5.5.6 (Grothendieck’s Riemann-Roch). Let f: X — Y be a proper
morphism of smooth schemes over a field k. Then, for all « € K(X),

ch(fia) - td(Y) = fi(ch(o) - td(X)) (5.2)
in A(Y )q.
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Proof. See [Ful84, Thm 15.2]. O
The content of theorem above is the relation between the homomorphism ch
and the proper pushforward f.

Remark (HRR). If X is a smooth complete variety over a field k, then letting
f: X =Y = Speck be the structure morphism, for any vector bundle £ on X,

ch(fiE) = ch (Z(—l)iﬂi(x, E)) = (-1)'(X,E) = x(X, E).

% %

On the other hand,

£(ch(E) - td(X)) = /X h(E) - td(X),

hence by the GRR formula we obtain the Hirzebruch-Riemann-Roch theorem

(X, E) = /X ch(E) - td(X).

Furthermore, restricting to proper curves, one may retrieve the usual Riemann-
Roch theorem [Ful84, Ex. 15.2.1].

The following consequence of HRR will be useful in the computations at the

end of the next section.

Corollary 5.5.7 (Noether’s formula). Let X be a complete smooth surface, i.e.,
a variety of dimension 2. Then we get

12x(X, Ox) = deg(K%) + e(X)

where Ky = —c1(Tx) is the canonical divisor and e(X) is the topological Euler
characteristic in the analytic topologif]

Proof. By Hirzebruch-Riemann-Roch, we get

(X, 0x) :/ tdp(X) = %/X(CI(TXVHZ(TX)).

X

Recall now the Poincaré-Hopf theorem stating that the sum of the indices of any
vector field with isolated zeroes on a compact manifold M is equal to the topolog-
ical Euler characteristic of M. Therefore, by this and Proposition [5.5.5, we get
that

e(X) = /XCQ(TX).

This concludes the proof. O

2Since every complete smooth surface is projective (see [Har77, Rmk 11.4.10.2]), the GAGA
theorems of Serre allow us to pass from the algebraic category to the analytic one.
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We may apply the GRR formula to a family of stable curves (f: C — S, 7;),
where C and S are smooth schemes over a field k. Recall that there is a canonical
exact sequence

f*(QS) — Qc — Qf — 0,

and g and ()¢ are vector bundles, hence left map is injective if and only if it is
nonzero. Moreover, the locus where f is smooth is open, thus the left map above
is nonzero at the generic point, implying that we have a short exact sequence

0— f"(Qs) = Qe — Qp = 0.
Since the Todd class is multiplicative, we get
() = td* () = td*(2y) - F*(td’ ().
The push-pull formula then allows us to rewrite the GRR formula as
Ch(fiF) = £.(ch(F) - 1d*(2y) (5.3)
for any coherent sheaf F over C. Furthermore, by definition

h(F) = tk(F) + en(F) + 2L - 20F)

(F) | alF) +ealF)
T - o,

thus comparing the degree 1 terms in ([5.2)) yields

c1(F)? ci(F)-a(Q) ()% + Q)
S lF) - 5 L4 f12 f)- (5.4)

tdV(F) =1+ 2

a(fF) = [ (

To further refine the equation above, we need to compute ¢;(£2¢) and co(£2y).
Since C is smooth, we have a short exact sequence

O—>Qf%wf—>wf®(’)g—>0 (55)

where X is the nodal locus; see [ACG11], §X.2]. Soon we will compute the Chern
classes of wy ® Os, by applying the following particular case of GRR.

Corollary 5.5.8. Let j: Z — Y be a codimension r closed immersion of smooth
schemes, and let G be a coherent sheaf on Z. Then

¢i(4xG) =0 for i<,
cr(7:9) = (1) (r = DIrk(9)[Z],

where [Z] = j«(1z) denotes the fundamental class of Z in A*(Y).
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Proof. Since a closed immersion is proper, we may apply GRR (Theorem [5.5.6)
to j: Z — Y. Recall also that a closed immersion j is affine, hence R'j, = 0 for
i > 0 |SP|, Tag 01XC]|. This implies that

#G =) (1)'Rj.G = .G,
i>0
thus the GRR formula becomes
h(j.G) = j.(ch(G) - td(2)) - td(¥) "

Now for codimension reasons, the right-hand side does not have terms in degree
lower than r, and the degree r term is rk(G)[Z]. On the other hand, for any
coherent sheaf H, the degree ¢« component of the Chern character is

i1 ci(M)
(1 —1)!

hence we conclude the proof. O]

ch;(H) = (—1) + (homog. poly. in ¢q,...,¢ 1),

Applying the result above to j: ¥ — C and § = (w; ® Oy)|s, we get
c1(wf®Oyx) =0, and
c2(wr ® Oy) = —[3].
Therefore, from the sequence we compute
c1(Qf) =1 (wy), and
2(Qf) = calwy) + [X] = 3]

as wy is a line bundle. Using the same procedure, one can compute the first two
Chern classes of the sheaf Q; ® wy(D), where D = > D; is the divisor of sections
7;, finding

c1(Qf ® wy(D)) = c1(w}H(D)), and

2 ® wy(D))

Applying (5.4)) to F = wy then yields

a(fuwys) = fa (% . 61(Wf);1(wf) N Cl(LL)f)12+ [E]) |

I
&

Denote by & the family f: C — S. We will make use of the following fact, whose
proof is omitted; see [ACG11} §XIIL.5]. Defining the two classes in A(S)g

(k1)e = fuler(wp(D))?), and
(R1)e = fuler(wy)?),


https://stacks.math.columbia.edu/tag/01XC
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it follows that
(F1)e = (K1)e — (¥)e,

where ) is the line bundle on mg,n given by the sum of the cotangent line classes.

Recalling that (\); = f.wy and (d)¢ = fi[X], the formula above (omitting sub-
scripts) thus become

\ = K1 — w + 0

12 ’

or equivalently
K1 =12\ + ¢ — 0.

Actually, since these relations hold for any family over a scheme U étale over /ngn,
they hold Pic M, ,, as well, so writing them omitting subscripts is not an actual
abuse of notation.

Theorem 5.5.9 (Mumford’s formula). In Pic(M,,) we have
Ky, =13\ + ¢ — 26.

Proof. Let f: C — S be a family of stable n-pointed genus g curves over a smooth
scheme S. Applying (5.4) to F = Q; @ ws(D) and using relations found until now
yields

a(f.F) = 1. (M 13- Cl(“’f(D); ) ale) + [Z]) |
Note that
al(wf(D))? = er(wyp)? + 2c1(wp)er(wp (D)) + er(wy(D))* =
= 3c1(wy)? + 2c1(wp)er (O(D)) + er(wy(D))?,
thus

feler(wi(D))?) = 3Ry + 2fu(c1(wp)er(O(D))) + k.
Recall the ith cotangent line class 1; = 7;(¢1(€2¢)), and note also that

c(O(D)) = (1).(1s).

i

By applying the projection formula, we then get

c1(wy)el(O(D)) = ch(wf)(Ti)*(lS) = Z(Tz’)*(Tf(Cl(wf))ls) =
= Z(Tz)*¢za
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hence we conclude that

filer(wp)er(O(D))) = Z¢ =1

as f o1, =idg. We finally get

a(LF) = 1. (cl(wf)Q +cl(wf)c1((g(D))) +a(wr(D)? o cl(wf);; [z]) _
= 13\ + ¢ — 20.

5.6 Kodaira dimension

In this last section we will discuss the birational geometry of the moduli space
M, xz Spec C of stable curves of genus g over C, simply denoted M,.
We will focus especially on the proof of the foundational result of Harris and
Mumford [HMS82] in which they showed that the moduli space M, is of general
type if ¢ is odd and g > 25. Actually, a few years later Eisenbud and Harris proved
that this holds for all g > 24 [EH87].

Recall that an irreducible algebraic variety X is said to be unirational if there
exists a dominant rational map

f:PYN -5 X

for some N. Being unirational implies having negative Kodaira dimension, indeed
without loss of generality we may assume X to be smooth, hence such an f induces
an injective pullback map

[ HY(X,wi™) = HY(PY, O(=N — 1)) =0,

implying h°(X,w§™) = 0 for every positive integer k.

In 1915, Severi proved that Mg is unirational for all g < 10 and conjectured
that it could be true for all genera; see [ACG11, Thm 13.1]. In 1982, Harris and
Mumford proved that this conjecture was false, completely changing the perspec-
tive on the birational geometry of this moduli space.

At the time of writing this thesis, M, is known to be unirational for g < 15 and of
general type for ¢ > 22. In particular, the fact that My, and Mg are of general
type was enstablished in 2020 by Farkas-Jensen-Payne [FJP25|, and for genera
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between 16 and 21 the Kodaira dimension is still unknown.

The general situation is summarised https://mgnbar.info, where the present
state of the research on the Kodaira dimension of M, is displayed all at once in
a dynamic table.

Low genus

First, we briefly discuss the unirationality results for low genera.

Genus 0. Recall that for n < 3, My, is an algebraic stack not of Deligne-
Mumford. On the other hand, as already observed in Section for n > 3 the
moduli space My ,, of smooth n-pointed genus 0 curves is even an open subscheme
of a projective space, in fact

My, =~ (P*\ {0,1,00})" %\ A

where A is the union of all pairwise diagonals; thus, the moduli space My, is
rational.

Genus 1. In this case, the minimum number of marked points needed in order
to define a moduli space is n = 1. The DM stack M, ; of elliptic curves has a
coarse moduli space M ;. Recall that every elliptic curve (£, p) can be described
as a plane cubic
E\=V(y’z —z(x — 2)(z — \2)) CP?

for some A # 0,1, where p = [0 : 1:0] € E\. Moreover, this A is not unique and
determines a surjective map

Al \ {07 1} ﬂ) Ml,la
A= By

implying the unirationality of M; ;. Actually, the j-invariant

(A2 — A —1)°

.:28
J N\ — 1)

uniquely determines the elliptic curve, yielding a bijection M;; ~ A', hence im-
plying the rationality of M; ;. For a more detailed discussion on elliptic curves,
see |[Har77, §IV.4].

Genus 2. Smooth genus 2 curves are all hyperelliptic [Har77, Prop. 7.4.9],
i.e., we can write them as a branched double covering of P!. By Riemann-Hurwitz
(Theorem , these coverings are ramified over 6 points, hence we can write a
smooth genus 2 curve as

Z/QZ(l‘—al)“'(fc—%)


https://mgnbar.info
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for some distinct aq,...,as € P'. After a change of coordinates on P!, we may
assume that (ay,aq,a3) = (0,1, 00), thus we get a birational surjective map

(P'\ {0,1,00})> \ A — M,

where A is again the union of pairwise diagonals. Hence M5 is rational as well.

Genus 3. Given a non-hyperelliptic smooth curve C' of genus 3, its canonical
bundle provides an embedding in P? as a quartic. Abusing notation, we then get
a rational map

[(P?, O(4)) --» My

having as image the non-hyperelliptic locus. Since this is a dense in M3, we
conclude that it is unirational.

Genus 4. Similarly, a non-hyperelliptic curve of genus 4 can be embedded via
the canonical bundle into P3, only this time it can be realized as the intersection
C' = QNS of a quadric surface () and a cubic surface S; see [Har77, Ex. IV.5.2.2].
We then get a rational map

[(P?,0(2)) x [(P?,0(3)) --» M,

whose image is the locus of non-hyperelliptic curves. As above, we conclude that
M, is unirational.

A more general classical argument was used by Severi to prove the unirational-
ity of the moduli space M, for genera up to 10.

On the Kodaira dimension of the moduli space of curves

In the article [HM82] entitled as above, Harris and Mumford showed the fol-
lowing result.

Theorem 5.6.1. The moduli space Mg of stable curves of genus g over C 1is of
general type if g is odd and g > 25.

The strategy of the proof relies on the geometric idea to consider the divisor
given by the closure Dy C M, of the locus Dy of smooth curves which are k-fold
covers of P!, where k = (g + 1)/2, or equivalently the locus of smooth curves
admitting a g}, i.e., a complete linear system of degree k and projective dimension
1. In fact, the more general proof in Eisenbud-Harris [EH87| exploits the same
idea but considering the so called Brill-Noether divisors, namely the locus of curves
admitting a g}, for some suitable d, r.

The proof is broken down in six sections:

(1) Show that it is sufficient to study the canonical class of M in order to show
that it is of general type, even if it is a singular variety.
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(2) Compute the canonical class K3z, as a sum of the Hodge class A and the
boundary divisors A;.

3) Compute the class of Djy.

(3)

(4) Describe Dy, from a modular viewpoint.

(5) Determine the intersection of Dj, with the boundary divisors.
(6)

6) Compute the class of Dy,

First, let us show how the results of these steps in fact prove that Mg is of
general type for g odd and g > 25. Note that in order to define Dy, g must
necessarily be odd. Computations of the classes above shows that

Kﬂg =13\ — 20 — 51 and
k—1

Dy = % (G(k: A=k — 3 Bi(2k— 1 — z‘)(s,) .

=1

Let us quickly state a criterion to establish the ampleness of certain divisors
on M,. We will use this result in the next proposition.
See [Alp27, §6.10] for a more detailed discussion about the ample cone of M.

Theorem 5.6.2 (Cornalba-Harris). For any positive integers a and b, the divisor
class a\ — bé is ample on My if and only if a > 11b.

Proof. See [CH88, Thm 1.3]. O

Proposition 5.6.3. Let D C Wg be an effective divisor expressed in terms of the

standard classes as
Lo/2]

1=0

for some a > 0 and b; > 0 for all ©. Suppose that for all

13 13
and e <

(l<
b 2 b 3

then Hg s of general type.

Proof. We want to prove that K = Kz, 1s big, and this is equivalent by Corol-

lary to showing that mK = H + FE for some positive integer m, an ample

divisor H, and an effective one E. Given a divisor D = a\ — Zi:/OQJ b;0; satisfying

the assumptions above, we hope to find a positive t € Q such that K —tD = H'+FE’
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where H' = r\ — s6 is ample and a multiple of E' = ). ¢;0; is effective. Taking
a sufficiently large multiple of this identity will then imply that mK = H + F,
where H = mH' is ample and £ = mE’ + mtD is effective. Writing

K=tD+H +F
and looking at the coefficients, we get

13 =ta+r,
2=th;+s—c¢ for i#1, and
3:tb1+5—cl.

In order to get E’ effective we impose that all ¢; must be nonnegative. Moreover,
by Theorem to get H" ample we must impose r > 11s. Then we find

13 —ta > 11r < 13t
thy +r>2 (i#1) , thus r>2—th; (i#1)
thy +r >3 r>3—th

We search for a t > 0 such that the system above has a solution r» > 0. If such a ¢

exists, it must satisfy
13—ta
7 >0

2 —th < 13le (i £1)

13—ta
3 — thy < 13-

If a = 0, we have nothing to check because such a ¢ always exists. If instead a > 0,
then the system of inequalities above is equivalent to

13
t<1

t> —H;j_a (i #1)

20
t> 11b1—a

Note 11b; — a is positive by assumptions on D. This last system has a solution if
and only if

1113—a < % (i # 1) 2a <13b; (i #1)
20 13 = 3a < 13b
11b1—a a 1

Therefore, by using again assumptions on D, we conclude the proof. O

We may then prove the main result of the article.
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Proof of Theorem|5.6.1, We now want to apply Proposition to Dy. In order
to do this, we must check whether

6(k+1) _13
k 2’
6(k+1) 13 .
—— < —  f 1
3i(2k—1—i)< 5 for 1 # 0,1, and
6(k+1) _ 13
32k—2) 3"
Since for all ¢
6(k+1) < 6(k+1) _2(k+1)
3i(2k —1—14) — 32k—1—(k+1) Kk
it suffices to check
6k+1) 13
k 2’

which is equivalent to k£ > 12. We then conclude that for g = 2k —1 > 23 the
effective divisor Dy, satisfies the assumptions of Proposition and consequently
M, is of general type. O]

In this last part of the thesis, we go through the six sections of the original
paper, which are necessary to compute the classes used in the proof above, partic-

ularly Ky7, and [Dy].

Singularities

First of all, there is an important technical question that needs to be addressed.

When dealing with a singular projective variety X, it may happen that the du-
alizing sheaf wx exists as a line bundle, but k(wx) # k(X). More generally,
for a normal projective variety X, we may define the canonical sheaf wy as the
unique one extending the canonical sheaf of the regular locus; this is well-defined
by [Har94, Thm 1.12].
In order to study the Kodaira dimension, we wish for criteria to establish whether
the singularities allow us to work directly with this canonical sheaf, i.e., whether
K(wx) = k(X). Since this thesis does not focuses on these details, here we only
give a brief idea.

A resolution of a projective variety X is a proper birational morphism f: Y — X
such that Y is smooth. If we call E the set of points y € Y where f is not bireg-
ular, i.e., f~! is not a morphism at f(y), endowing F with the induced reduced
structure yields the exceptional divisor of f.

We say that a normal projective variety X has canonical singularities if:
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(i) the canonical divisor Kx is Q-Cartier, i.e., for some integer r > 1 the Weil
divisor r K x is Cartier, and

(i) if f: X — Y is aresolution of X and {E;} are the exceptional prime divisors
of f, then

rKy = f*(rEKx)+ Y _a;B; with a; > 0.

Remark. Recall that by definition X is of general type if a resolution Y is. If X
has canonical singularities and x(rKx) = dim X, then r Ky is big and this proves
that X is of general type. In other words, if we show that Hg has canonical
singularities, then showing that KMg is big implies that Mg is of general type.

Since Mg is a smooth Deligne-Mumford stack, then its coarse moduli space Mg
has finite quotient singularities (see Corollary [1.6.11)). The first section of [HMS82]
is devoted to showing that these singularities are canonical. The main tool used
in the proof is the Reid-Tai Criterion, which establish conditions on the action of
the finite cyclic group g, in order to get canonical quotient singularities A"/, ;
see [Rei87, §4.11].

The canonical class

The Mumford’s formula (Theorem [5.5.9) provides the relation
Ky, = 13\ +14 — 26.

Now we want to compute the canonical class of the coarse moduli space. Recall
that by Proposition m Pic(M,,,) is a finite index subgroup of Pic(M,,,).

Corollary 5.6.4. For g > 1 and g +n > 4, in Pic(M,,) we have
Ky, =13\ +4¢ — 25 — 4.
In particular, for g > 4 we get K37 = 13X — 20 — 05.

Proof. The discrepancy between the two formulas comes from the coarse moduli
map m: Mg,n — Mgm. This morphism is ramified precisely at those points corre-
sponding to stable curves with nontrivial automorphism group.

Letting ¥ denote the locus parametrising these curves, then the assumptions on
g and n ensure it is a proper closed subscheme and its only divisor component is
the boundary divisor A; = 7,.0; [ACG11, Prop. XII.2.5]. The morphism 7 is then
simply ramified along this divisor, implying that

7T*<A1) = 251
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Recall that a morphism f: X — Y of schemes over k induces an exact sequence
f*Qy/k — QX/k — Qf — O,

and this can be generalised to morphisms of DM stacks over k. In particular, we
get
0— Q= Qg = Q2 =0,

where the left exactness comes from the fact that 7 is generically étale (it is an
isomorphism on the locus of curves with trivial automorphism group). Moreover,
(). is a sheaf supported in the ramification locus R = ¢;. Actually, taking the de-
terminant of this sequence yields a generalisation of the Riemann-Hurwitz formula;
see [GHT78|. At the level of divisors, we get

KMQJL = W*Kﬂg,n + R,

hence
W*KMW =13\ + ¢ — 26 — 41,

concluding the proof. O

The Hurwitz divisor

From now on, assume that the genus g > 2 is odd, and let g = 2k — 1.
Recall the Hurwitz moduli space H, ;, = Hurg;, introduced in Definition [5.4.1], and
the maps

H, 1
/ \ (5.6)
M, My

where b = 2g + 2k — 2 = 39 — 1 is the number of ramification points. Moreover,
we have seen that the map on the right is an algebraic covering space, hence

dimH,; = dim My, =b—3 = 39 — 4.

Recall that for g > 2 the algebraic stack M, is Deligne-Mumford, hence it
admits a coarse moduli space M,. We then have an induced map

Hg,k — Mg

and we define the Hurwitz divisor Dy as the image of this map. This is actually
a divisor since Brill-Noether theory implies that D, is a closed subscheme of di-
mension at least 3¢ — 4 [ACG11, Thm XXI.3.21], but for a general curve C, the
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fibre of the morphism above is empty [Arb+85, Thm V.1.5], hence its dimension is
exactly 3g — 4; we refer to [ACG11], §XXI] for the Brill-Noether theory on families
of curves.

Moreover, the diagonal of M, is finite, implying that the map from its inertia
stack is finite as well. Removing now the component of the inertia stack corre-
sponding to the identity, we get a closed substack mapping in M, to the locus
of curves with nontrivial automorphisms. The locus /\/lg of curves with trivial
automorphism group is then an open substack, and it is nonempty as showed in
[Bai62].

The purpose of this section of the article is to show that the Hurwitz divisor Dy,
over /\/lg has class
Dy, =i aX

for some a € Q. We omit this computation by appealing to a later stronger result
due to Harer stating that Pic(M}) is infinite cyclic [Har8§].

Throughout, we will denote linear equivalence simply with an equality. Clearly,
this is an actual equality only in the Chow group.

Corollary 5.6.5. Denoting with Dy, the closure of D), C Mg, there are integers
bo, ..., bjg/2) such that on M,

B Lo/2]
Dy =aX+ ) b
1=0

Proof. For what we have just seen, D) — a) is an integral divisor on Mg, trivial
on the open set M, hence is a integral combination of boundary divisors. O]

Admissible covers

In order to compute the coefficients in Corollary [5.6.5, we need a clearer de-
scription of the closure of D. To find which stable curves lie in this closure, Harris
and Mumford introduced a moduli description for this divisor.

We want to compactify the Hurwitz space in a suitable way to extend the
diagram (/5.6 to

T,
VAR
M, 7,

The idea is to generalise the concept of simply branched coverings where both
source and target may be nodal curves. From now on, let b = 29 + 2d — 2.

7b‘
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An admissible covering of genus g and degree d points is a surjective finite mor-
phism f: C — P from a prestable genus g curve to a stable b-pointed genus 0
curve (P, p;) such that

(i) the preimage f~!(P*™) of the smooth locus is the smooth locus C*, and
the induced morphism between these loci is a simply branched covering of
degree d over the points p;; and

(ii) for every node z € P and every node g € C over z, the map f étale locally
at ¢ is of the form

k[u, v]/(uv) — K[z, y]/(zy)
u— ™
vy

for some integer m > 1, namely the two branches have equal ramification
indices at the node.

This definition extends to families as follows.

Definition 5.6.6 (Admissible covering). A family of admissible coverings of genus
g and degree d
(C 5D S, O'i)

over S is the datum of a family of prestable curves C — S and a family of b-pointed
stable curves (D — S, 0;) of genus 0, together with a morphism 7: C — D which
is étale except

e at smooth points over the sections o;, where it is a simply branched covering
of degree d, and

e over the nodal locus of D, where for each s € S and each point x € C, over
a node y € Dy, x is a node and étale locally C, D, and 7 are described by

C:2xzy=a, ac (5575, x,y generate m, C @C,m

D: uv=dP, u,v generate fﬁy C Op,, and

T u=2zF, v=9yP for some positive integer p.

We define the functor H, 4 which associates to a scheme S the set of isomorphism
classes of families of admissible coverings of genus g over b points (C — D — S, 0;)
over S.

Theorem 5.6.7. The fznctor ﬁg,d 1S a proper Delig&e—Mumford stack. Moreover,
its coarse moduli space Hy 4 is a scheme finite over M.
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Proof. We omit technicalities of the first part, only giving the main idea of the
original proof; see [ACG11} §XVI.5-6] for a modern treatment.

In the original construction of this coarse moduli space [HM82, Thm 4], the
authors exploited the rigidification technique described below. Firstly, observe
that the morphism associated to the coarse moduli space ﬂgvd — Hg,d is universal
for maps to algebraic spaces Definition , hence ﬁgyd also lies over Mo,b- The
problem is then local on My, so we may cover it by suitable open sets and
construct the coarse moduli separately over each of them.

Taking [Dg] € Mg ,(C), it may happen that every component of Dy has at least one
of the b marked points on it. If not, choose further smooth points py11,...,p. in Dy
to get one p; in each component. Furthermore, in some neighbourhood U C MOJ,
of [Dy], we can choose smooth disjoint sections o; of the universal curve U — M,
through these points. This is possible because U = Mo’bﬂ (Proposition and
there are birational morphisms & — P! x M, which over [Dy] take any one of the
components of Ujp,| isomorphically to P!, collapsing the remaining components to
points; now P! x My, has a section through any point of P! x [Dy].

Choose then U small enough so that for all [D] € U, the sections o1, ..., 0, meet
every component of D. Moreover, we may arrange U’s in such a way to have a
local coordinate t; on the fibres of U over U with ¢; = 0 on the section ¢;: U — U
to first order.

In this setting, for all [D] € U, if 7: C'— D is an admissible cover, Oc(> 5, 7 'p;)
is ample on C; in particular, for some n, Oc(n ;_, 7 'p;) is very ample for all
m: C' — D, since n only depends on the genus g of C'. Define now a “rigidified”
version of H, 4 over U. Let ﬂgd be the functor parametrising admissible coverings

(C' 5 D,p;), where [D] € U, plus orderings of points in 77 (p;):
Pits--->Pik—1 € C, over py € D, p;; ramified

Dby Poi—1 € C, over p, € D, pp; ramified
Por11y- -+ Pot+1,k € Ca OVer ppi1 € Dv

pc,la---apc,k EC, over pceDa

where k = (2 — 2g + b)/2 is the degree of the covering, plus a choice of a square
root

N @Cvpi,l for 1<3<b.

Note that, changing the choices above, the finite group

G = (/’LL2 X 6k72>b X 6271)
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U

acts on H, 4, and via this action

H, 4(C)/G C H,(C).

It remains to prove that the functor ﬂ;d is representable by a scheme; as usual,
in [HM82, Thm 4] this is done finding a suitable Hilbert scheme.

Observe that if a scheme H represents ﬁ;d,

the open substack of H, 4 parametrising admissible covers C' — D with [D] € U,
and moreover H itself represents the locus where the action of G is free. Precisely,
a fixed point of g € GG is a covering m: C' — D such that C' has an automorphism

a commuting with 7, i.e.
C ———C
D

commutes, which permutes the finite sets 7—!(p;) and/or acts by v/f; — —/;
at the ramified points p;;. Glueing then together the schemes H/G over the U’s
yields our coarse moduli space ﬁgyd.

Finally, the finiteness of ﬁgﬁd — My, is equivalent to being proper and with
finite fibres [SP}, Tag 020G]. This map has clearly finite fibres, hence by Keel-Mori
(Theorem it suffices to check that H, 4 satisfies the Valuative Criterion for
properness. In other words, given an admissible covering

then H/G is a coarse moduli space for

C5 DA

over the germ of the punctured disc A* = Spec C((t)), we want to prove that, pos-
sibly taking a suitable root t'/" of t, m extends to a family of admissible coverings

CSH DA

over the entire germ of the disc A’ = Spec C[[t*/"].

Since MOJ, is a proper scheme over C, D extends to a family D; of b-pointed stable
curves of genus 0 over A = Spec C[t]. Let C; be the partial normalisation of D;
in the fraction field of C' given by

Oc¢, = (functions integral over Op,, generically in O¢) .

The map C; — D; may be ramified over one of the components of the central
fibre (D;)o. However, by Abhyankar’s Lemma [SP, Tag 0BRM], replacing ¢ by ¢'/"
removes this issue. We get then a covering C — D ramified only over the sections
o;: Spec C[tY/"] — D.


https://stacks.math.columbia.edu/tag/02OG
https://stacks.math.columbia.edu/tag/0BRM
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It remains to check that C — D is a family of admissible coverings by looking at
what happens over the nodal locus of D. If a node of the central fibre Dy lifts to
the generic fibre D,, then étale locally D is given by

uv =0

and C is a covering of the smooth branch v = 0 plus one of the smooth branch
v = 0. Since the generic fibre D, has branching order r over the curve u = v =0
both on the surface u = 0 and on the surface v = 0, C must do the same. Otherwise,
if a node of Dy does not lift to the generic fibre, then D has local equation

uy = s™

where s = /7, namely it has an A,,_;-singularity. Then the universal cover of D,
ramified only at the origin, is given by

'y = s, z =™, y = ol/m
and thus C is necessarily given by
ry = ", 7t =, y' =,
for some hl = m. This concludes the proof. O

Remark (Automorphisms). The proof shows that the stabiliser group of a point
[m: C'— D] € H,4q is the subgroup

{a € Aut(C) | roa =7} < Aut(C).

As expected, we have morphisms

Hya (C—=D—S,0)
/ \ given by / \
M, Mo, StMd(C — 9) (D — S,0:),

where StMd(C — S) is the stable model, as in Theorem [2.3.13, Note that the
diagram above induces

H, .4
V2N
M Moy

between coarse moduli spaces. It is then clear that for g = 2k — 1 and d = k the
divisor D, is the image of the morphism on the left.
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Remark (Local description). Let 7: C' — D be a C-point of H, 4, and let {g;}i=1...m
be the nodes of D with 77*(¢;) = {¢;1,---,¢iru}- Say that the map 7 has rami-
fication order p; ; at ¢; ;. Let also

D—— Spec (C[[tl, - ,tb_3]]
~—

o4

be the universal family of D, as in Corollary [3.2.4] If D at ¢; is given by u;v; = 0,
then for suitable choices of ¢; (note that stability and genus 0 impose m < b — 3),
we may assume that D locally at ¢; is given by

U;V; = tz

Grothendieck’s theory on étale coverings |SP, Tag 0BQN] implies that in order to
lift the covering 7: C' — D to a covering m: C — D, it suffices to define C only
near non-étale points of m. These points exactly corresponds to the sections o,
and letting s; be a function on D vanishing to first order on the image of o;, we
get that near this image the covering 7 is given by choosing a root /s;. On the
other hand, near each ¢;; over a node, C must be given by

TijYij = tij

and 7 by
__Dij _Dij
Ui = Ty Vi =Yy

and this implies t; = tff . In other words, we are defining a covering C — D over

a base Spec O|c_, p}, where
Ocwp) = Clity, . to—g tra, - - i, - - >td,r(d)]]/(t€;j —t; |, 7).

In particular, the completion of the local ring of the scheme H,4 at [C' — D] is
the ring of invariants of Oc_, p) under the action of the stabiliser group. However,
the rings O|c_,p) might be messy, e.g. even not integrally closed.

In fact, this first approach to admissible coverings was later modernised, as in
[ACV03], where a more general viewpoint leads to the description of the normali-
sation of H 4.

We now want to provide a description of what stable curves lie in Dj.
Theorem 5.6.8. Let C' be a stable curve of genus g = 2k — 1. Then

(a) if C is irreducible, [C] € Dy, if and only if there exists a torsion-free rank 1
sheaf F on C' such that

RO(F)>2 and
X(F)=2—k.
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(b) if C = CyUCy is the irreducible decomposition, with C1 N Cy = {p}, then
[C] € Dy if and only if there exist torsion-free rank 1 sheaves Fi on Cy, Fo
on Cy, and an integer £ such that for i =1,2

h(F;) > 2,
ho(}"i(—ép)) >1, and
X(F1)+X(F2) :3—]{3+€.

Proof. For (a), we first observe that the theory of the compactification of Pic(C')
[AKS80] implies that there exists a space parametrising pairs (C,F), where C is
an irreducible genus g stable curve and F is a torsion-free rank 1 sheaf over C.
Moreover, it also implies that this space is proper over the moduli space Mg, and
the conditions in (a) define a closed subset of this space.

If now C is smooth and belongs to Dy, let m: C — P! be the corresponding
covering of degree k, and set F = 7*O(1). We then get

deg(F)=degn+1—g=k+1—-(2k—1)=2—k,

implying that C satisfies the conditions in (a). Therefore, the locus of curves
having such a bundle as in (a) contains the set of irreducible curves in Dy,.
Conversely, let C' satisfy the conditions in (a). We claim that C' lifts to a point of
H, , hence we get [C] € Dy. To prove the claim, letting ¢’ be the normalisation
of C', we will embed C’ in a nodal curve C” so that collapsing rational components
of C” gives back C', and we will construct at the same time an admissible covering
m: C" — P where P is a stable b-pointed curve of genus 0.

Choose global sections sp,s2 € T'(C,F), and let ' — F be the subsheaf
generated by them. Let Z be the set of nodes of C. At each z € Z, the stalk
F. is isomorphic either to O, ¢ or to m, C O, ¢; call these subsets Z;,Z; C Z
respectively. Denoting by Q the partial normalisation of C' at nodes in Z5, there
is an invertible sheaf F on C' such that if

cB oo

are the normalisation maps, we get F' = (v1).(F). The function s;/sy defines a
morphism

7O — P

thus
;o ~ / 1
m=mouvy: C' — P,
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and

#75 + deg(n') = # 75 + deg(T)
= #7s + deg(j':)
=HTy + X(j-:) +pa(5) -1

= X(F) +#Zy +p.(C) — 1
= X(F) +pa(C) — 1
<x(F)+2k -2

=k.

To construct the covering m: C” — P, we start from 7. Let S C P! the set of
e branch points of 7,
e images of the points z;1,2;2 € C’ over the nodes z; € Z, and
e images of k — #7Z, — deg(n’) further general points w; € C".

We define P as the original P!, now called (P')y, with a tail P* attached to each
point of S. We are now ready to construct C”.
Step 1. If x € (P')g is a branching point, scheme-theoretically we write

() @) = 3 iy

For each i, we glue to C” at y; a copy of P!, mapped to the tail at = by a covering
P! — P! of degree n; with ramification index n; at y;; see Figure [5.8| below.

Step 2. If x € (P)g is the image of zi1 and z; 2, then necessarily z; € Z;, and
we denote by (1, ¢, the ramification indexes of 7" at z;; and z; 5 respectively. At
other points in (7')~!(z), add further tails as in Step 1; see Figure [5.9]

Step 3. If z1, x5 € (P')y are the distinct images of z;; and z; o, then this time
2; € Zo, and we denote by /1, {5 the ramification indexes of 7’ again. In this case,
we add 3 copies of P! to C": copy A over the tail at 21, copy B over the tail at z,,
and copy C' over (P!)y. More precisely, copy C' is mapped isomorphically to (P!),,
copy B is mapped with degree ¢; 4+ 1 and a ramification index of ¢; at z;;, and
copy C' is mapped with degree 5 + 1 and a ramification index of ¢, at z; 5. Copy
A (resp., B) meets copy C at its remaining point over z; (resp., z3). Finally, to
cover all the other tails of (P')y, we attach to copy C' more P's; see Figure [5.10]

Step 4. To increase the degree of this new map 7 up to k, we exploit the last
k — #Z5 — deg(n’) points added to S. More precisely, for such a point = we add
deg(n’) copies A; of P! over the tail at z, all but one mapping isomorphically to it,
and one of degree 2 over it. This last copy introduces a new point over x, to which
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&
%&
/3\ c'
5&
Tl P (P,

7

Figure 5.8: Example of Step 1 with n; =2, no = 1, and n3 = 3.

Zie

- /\
/tal P (P*),

Figure 5.9: Example of Step 2 with ¢; = 2 and ¢, = 1.

we attach a copy B of P! mapping isomorphically to (P!)y. Finally, we attach to
copy B further P'’s over the other tails. See Figure below.

It is not difficult to see that the curve C” resulting from the steps above,
together with the map 7 to P defined starting from 7/, describe an admissible
covering of degree k and genus g = 2k — 1. Furthermore, contracting the extra
PY’s returns the original C, and this concludes the proof of part (a).
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copy A

other tails

/
Figure 5.10: Example of Step 3 with /; =1 and /5 = 2.

/// B
N

DS
A

other \
tuls A 4

/// \ (¢,
/2

Figure 5.11: Example of Step 4. Note that Az maps to (P')y with degree 2, and
B serves to cover the other tails.

\

To prove part (b), denoting by 52 C M, the locus of curves satisfying condi-
tions of parts (a) or (b), we show first that D), is closed in the open subset U C M,
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of curves with at most 2 irreducible components meeting at most once, i.e., having
at most one node, implying that D,NU C EZ. Secondly, we may show that points
of Dy, lift to Hy, hence D, C Dy. Since D, C U, we get D, = D, N U.

Clearly, the locus of curves satisfying (b) is closed in the locus of curves C; U Csy
with C; N Cy = {p}, thus EZ C M, is a constructible subset, i.e., a finite union
of locally closed subsets. Let now C — Spec R be a family of stable curves over
a DVR whose generic fibre C), is in Dy, (in particular, smooth) and whose central
fibre Cy is of the form Cp 1 U Cya, Co1 N Coo = {p} where the Cp; are irreducible.
Letting JF,, be the invertible sheaf on C), of degree k with h°(F,) > 2, note that
F, extends to a torsion-free, reflexive, rank 1 sheaf on C in an infinite number of
ways parametrised by an integer . More precisely, if F is one of these extensions,
then F(—rCy,) >~ F(rCp2) are the others.

The completion O, of the local ring at p is isomorphic to

(C[[l‘, Y, t]]/($y - tn)

for some n, where ¢ is the uniformizer of R and (z,t), (y,t) are the ideals corre-
sponding to Cp 1, Cp 2 respectively. The group Pic(Spec @C,p\{m}), where m = t@c,p,
is given by the restrictions to Spec @cjp \ {m} of the ideal sheaves (z,t") for
0 < r < n—1; in particular, it is cyclic of order n. If the restriction of F to
Spec O¢, \ {m} is isomorphic to (x,t"), then F(rCy 1) is invertible at p. Possibly
after replacing F by this, we may assume that F is itself invertible at p, hence all
the sheaves

...,./T‘.(—TLC()J), .F, .F(?’LCOJ), .F(QnOQ,l),...

are invertible at p as well.

Restricting F to Cp, we get a pair of torsion-free, rank 1 sheaves F; on Cp; and
F3 on Cp o, invertible at p, where they are isomorphic. Restricting the twists of F
above, we get pairs JF,(rp), Fo(—rp) which glue to a sheaf F() on Cy. Since h° is
upper-semicontinuous, we also get h°(F ) > 2.

Finally, fixing r; > ro such that

ho(]:l( P))

r 2 if r>r;, and
hO(Fi(rp)) > 1

vV 1V

if >y,
then

hO(]:(ﬁ)) > 92 = ho(.FQ(—Tlp))
hO(JT.'(Té)) > 2 = ho(fz(—TQP))

and

L
2.

(A\VARAVS

Therefore, if we let F| = Fi(rip), Fh = Fa(—rop), and { =1y — 71y, we find that
F!, F} and ¢ satisfy the conditions of (b), namely [Co] € D,..
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It remains to show that points of EZ lift to ﬁ%k. Start with C' = Cy; U Oy, Fi,
Fo, and ¢ satisfying (b); in particular Cy N Cy = {p}. Take 2 sections of F;, one of
them in F;(—¢p), spanning a subsheaf F], and take 2 sections of F,, one of them
in Fo(—¢p), spanning a subsheaf Fj,. Their ratios define morphisms

m: C) — P of degree ky, with ramification index ¢; at p,

Ty Oy — P! of degree ko, with ramification index ¢y at p,
where C! is the normalization of C;. To do this, we perform constructions similar
to those used before.

If ¢, = {5, we can simply join them into an admissible covering by identifying p
and possibly adding tail P!’s to make it admissible.

extrcx 'P !

Figure 5.12: Example with ¢; = f, = 2 where we add extra PY’s to make the
covering admissible.

Otherwise, we need other P'’s to join them. More specifically, we add to the base
genus 0 curve a link P!, and we add a link P! to the covering having degree ¢; over
the link P! at the base with ramification index ¢; (resp., {) at the point p € C]
(resp., p € C%). Now we need to fill the covering with further P!’s at multiple
branch points of m; and 7y, and with link P’s to join the two points of C/ (resp.,
(%) over nodes of C; (resp., Cs). Finally, we need to increase the degree of the
obtained covering up to k as in Step 4. In general, we also add k; — ¢; copies of P!
to O, and ke — 5 copies to C} to extend the other points over the nodes at the
base across the corresponding components.

The main question to be discussed is that £ is large enough to add all these
needed extra curves. In other words, if Z; denotes the set of nodes of C; where F]
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N

(.inL P1 \
Cl

link IP‘

(PY), (P*),

Figure 5.13: Example with ¢; = 3, {5 = 2. Here we must add a link P! (in blue)
and extra P's (in red) to make the covering admissible.

is not invertible, to perform the constructions above, we need
(k1 — 01) (ko — lo) + max(ly, lo) + # 71 + #2725 < k.
As computed in the beginning of the proof, we have
ki + 42 = X(F)) + pa(Ci) — 15

moreover, since one of the sections of F; defining 7; vanishes at p to order at least
¢, it follows that

¢ < 4; + length((F;)p/ (F;)p)
< li+ x(F;) = x(F).

If /1 > {5, then

(kv — 1) (kg — €o) + max(ly, b)) + #Z1 + #7Z5 = x(F1) + x(F3) — la + pa(C) — 2
Sx(f1)+x(f2)—£+2k—3
=B—k+0)—(+2k—-3
= k.

This concludes the proof. O
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Recall the boundary divisors dy, ..., |42/ defined in Definition and the
corresponding divisors A; = 7,6; on M ,, where m: My — M, is the coarse moduli
map. Further restricting to more specific classes of curves, we obtain the following
corollaries.

Corollary 5.6.9. Let Int Ay be the locus of irreducible curves with a single node
as in Figure and let Int Ao 1 be the locus of reducible curves with a single
node, whose irreducible components are a smooth curve Cy of genus g — 1 and P!
with 0, 00 identified, intersecting at a point p as in Figure|5.140,

C
r,
P
o r })\
C, c,
(b)
(a)

Figure 5.14

C

(1) Writing curves in Int Ay as the quotient of a smooth genus g — 1 curve C’
by identifying two distinct points p1 and p2, we have
3 a line bundle L on C" of degree k }

Int Ag) N Dy, = { (C'
(Int Ag) N Dy, {(C’pl’pz) s.t. BO(L) > 2, h°(L(—p1 — p2)) > 1

and the map (Int Ag) N Dy, > (C', p1,p2) = C' € M, is surjective.

(2) Describing curves in Int Ao by the pair (Cy,p), we have

(Int AOJ) ﬂEk - {(Clvp) st hO(L) > 2, hO(L(—Qp)) > 1

3 a line bundle L on Cy of degree kz}

Let Sypg € M, be the subset of pointed curves (C, p) possessing a line bundle L of
degree k with h°(L) > 2 and h°(L(—fp)) > 1. For 1 < g1 <k—1and go = g — g1,
let Int Ay, be the locus of curves C'= Cy U Cy where C; is smooth of genus g; and
Cl N CQ = {p}

(3) Observing that Int Ay, ~ My, 1 X My, 1, we have

(Int Agh) N Ek = U (Sk1,2k1—91791 X M9271)
912—+1§k1§min{k,g1}
U U (th,l x Sk2,2k2—92,92)'

% <kz<min{k,g2}
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Proof. Ttem (1) follows from part (a) of Theorem recalling that on smooth
curves being torsion-free is equivalent to being locally free [SP|, Tag 0CC4|. Indeed,
if F is a line bundle, we have nothing to prove. Otherwise, over the node p we get
F, >~ m,, and such a sheaf will be the image of a line bundle M on C’ of degree
k — 1 such that h°(M) > 2. Letting L = M(p;), we conclude the proof.

For item (2) we use part (b) of the theorem with Cy the other irreducible
component. Such an F, exists if and only if

(=1, x(F2) 22 or x(F)>(>2.
Therefore Fi is a line bundle on Cy with hY(F;) > 2 satisfying respectively either
deg Fi <k —1, h°(Fi(-p)>1

or
deg]:l = k?, ho(f1<—2p>> Z 1.

In any case, there will be a line bundle L such that
degL =4k, h°(L)>2, and RO°(L(—2p)) > 1.

Finally, applying again (b), we prove (3). Since the C; are smooth, the F; are
line bundles. Letting k; = deg F;, by Riemann-Roch we get

(ki1 +1—=g1) + (ke +1—=g2) = x(F1) +x(F2) =3 =k + ¢,

hence
k1+k2:1—k+€+g:k+€

Moreover, rephrasing part (b) of the theorem yields

(IIlt Agl) N Ek = U (Sklag»gl X Sk274792> : (*)

ki+ka=k+€
However, this can be simplified observing that
e 2k —(—1>g = Skey= M,y (see [GH80]), and
® Sivg S Skttt

since given L of degree k putting (C,p) in Sk 4, then L(p) puts (C,p) in Ski1.e41,4-
Now if k1 + ko =1 —k+{ + g = k + {, necessarily either 2k; — ¢ —1 > g or
2ky — ¢ — 1 > go, otherwise g; > 2k; — £ would yield

2k—1:g1+g222k1—|—2]{72—2€:2k,
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which is a contradiction.

As a consequence, in the union in (i), one of the 2 factors is always My, 1 or My, ;.
Furthermore, when 2k; — ¢ — 1 > ¢y, if we replace ky by ks + 1 and £ by £+ 1, we
get

Skhf,gl X Sk2,5,92 = Mg 1 X Skmf,gz
= Mg, 1 X Sky+1,6,go+1

= Sk t1,91 X Skat1,6g2+1-
Therefore, in (E[) it suffices to only consider terms with

2ky — 0 —1=g¢qy, 2ky—1{0=go, or with
2]@1—5:917 2]€2—£—1:gg

Note that for ¢g; = 1,2, item (3) of Corollary gives

(Int Al) N bk — Ml,l X Sk,Z,gfla
(Tnt Ay N Dy, = (Sgag-1 X My91) U (M1 X Szg-0) U (Mo X Sp-11,4-2)-

Combining this with item (2) proves the following.

Corollary 5.6.10. Letting A be the locus of curves C' = CyUCy with Cy smooth
of genus g — 1 and Cy smooth or nodal of genus 1 such that Cy N Cy = {p}, that
is Al =Int Ag; UInt Ay, we get

All ﬂﬁk = Ml,l X Sk:,Q,g—l'

Intersection multiplicities

In the previous section we have computed some set-theoretic intersections of
the divisor D, with the boundary of M,. Though in Section we have de-
fined the intersection product between classes only over smooth varieties, this can
be generalised over any scheme of finite type over a field k, compatibly with the
smooth case; see |[Ful84) §17]. Actually, intersection theory has been further gen-
eralised on DM stacks; see [Vis89]. However, we will always consider intersections
outside the singular locus of M.

In order to compute the class of Dy, we must refine the results above, describing
not only set-theoretical intersections, but also their “multiplicities”. This requires
the two following results, which are consequences of the discussion in [GH80].
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Theorem A. For all g > 1 and all d such that
g/24+1<d<g+1,

let
g!
d(g—d+ 1)
Then for almost all pairs (C,p), where C' is a curve of genus g and p € C, there
is a finite number a(d, g) of line bundles L on C of degree d such that

a(d,g) = (2d —g —1)

W(L) > 2, h(L(—=(2d — g —1)p)) > 1.

Moreover, each L with h°(L) = 2 is globally generated, and H°(L) defines a
branched covering w: C — P! of degree d which is simply branched except for
one branch point with ramification index (2d — g — 1) at p.

Theorem B. For all g > 1 and all d such that
9/2+1<d<y,

let
g!
dl(g—d)!

Then for almost all curves C of genus g, there is a finite number b(d, g) of pairs
(L,p), where L is a line bundle on C' of degree d and p € C, such that

b(d,g) = (2d —g —1)(2d — g)(2d — g + 1)

(L) >2. WO(L(~(2d - g)p)) > 1.

Moreover, each L with h°(L) = 2 is globally generated, and H°(L) defines a
branched covering w: C — P! of degree d which is simply branched except for
one branch point with ramification index (2d — g) at p, when 2d — g > 3.

Proof. See [HM82, Thms A, BJ. O

Using these theorems, we can now compute the multiplicities of the intersection
product Int(4;) - Dy.

Theorem 5.6.11. In the notation of Corollary[5.6.9,

(1) Ay and Dy, intersect generically transversely, more specifically

Int AO . ﬁ]f = {(Claplap2)

3 a line bundle L on C" of degree k
s.t. hP(L) > 2, hO(L(—p1 —p2)) > 1

with multiplicity one;
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(2) if g1 > 3, we have

(Int Agl) Ek - Z a(kl +92—k+1, 92) (Sk172k1_91791 X Mgml)
AL <ky <min{k,g1 }
+ Z alke + g1 —k+1,01) (Mgy1 X Sky 2k5-g2.95) -

921 <ky <min{k,go}

Proof. Let us first prove (1). We claim that in the set-theoretic intersection
(Int Ag) N Dy, there is an open dense consisting of curves C' = C"/(py ~ pa) for
which

e (' has no automorphisms;

there is a unique line bundle L on C’ of degree k such that h°(L) = 2 and
h(L(=p1 —pa)) > 1;

L is globally generated; and

o if m: C" — P! is the covering defined by HY(L), then 7 is simply branched.

Indeed, by Theorem [B] for almost all C" of genus g — 1 = 2k — 2, there are
b(k,2k — 2) pairs (L,q) such that deg L = k, h°(L) > 2, and h°(L(—2q)) > 1.
Each line bundle L; defines a covering m;: C' — P!, hence a curve

Fj—>C/

(o]

c' 2 pr

Note that I'; is a curve in C” x¢ €', and almost all (py,p2) € C' x¢ C” are on a
unique I'; if they are on any of them, hence the claim follows.

Furthermore, such a curve C' = C"/(p; ~ p2) has [C] in the image of a unique
point 7: C” — P of H,, depicted in Figure . More precisely, if b = 3g — 1
the symmetric group &, acts on Hg,k permuting the labelling of the b branching
points and the admissible covering is the unique point of H,;/&; over [C]. Note
that this covering has an automorphism ¢ of order 2 given by

oo = id,
¢|r = autom. fixing ¢ and interchanging z1, z,

¢|4 = autom. fixing p;, po and interchanging the two branching points.

However, C” has no automorphisms over P fixing all the branching points, thus
the point z € Hyy representing 7: C” — P is smooth. But z is fixed by the
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transposition o € &, interchanging x; and x,. More generally, o fixes the smooth
divisor Z C H,, of all admissible coverings like 7: C" — P but where 3, ...,z
are allowed to vary, and C’ varies accordingly.

Pa

copy A of P

2:4 overv T

/N

C k-4 copies

of #*
isom. Lo T

Figure 5.15

Consider now the universal family
c_v . p
H, .

Near z we have local coordinates t,...,%,_3 on ﬁg,k such that at all points of
771(q), the universal family is given by

ry = 11,

and t; = 0 is the local equation of Z. Moreover

)

*

—

~
S

N—
I

—t; and
o'(t;)) =t; for 2<i<b-—3,

hence t2,t,, ..., t,_3 are local coordinates on H, /(o) near the image of z.
Analytically, we can now consider the local curve v: A, — H,x/(0) given by
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t? =sand ty = --- = t;,_3 = 0. We thus have the diagram

H, /(o) =% D) — M,

g J

As Int Ao,

and we claim that the curve Ao~y: A, — M, is generically transverse to Int A at
[C]. This will imply that the divisor A*(Int Ag) on H, 1./ (0 is A, with multiplicity
one, hence Dj, and Int A intersect transversely.
To prove the claim, consider the restriction of C to tq,...,t,_3 = 0, This gives a
family of nodal curves

Cl — Atl

whose fibres at t; # 0 are smooth. Moreover, the central fibre at £; = 0 is

E, €,
Ek-z_ EA

and C; is a smooth surface as its local equation is xy = t; and A, is a smooth
curve. Since any smooth fibre Fy, = (Cy);, is a deformation of the central one
Fy = (Cy)o, for any component I" of Fy we get

F-T=F -T'=0,

hence for I # ',
0=F -I'=C"-T+T%

In particular,
(Bo)?=-2, and (E)*=-- = (E,_»)’=—1,

and contracting these curves as in the proof of Stable Reduction (Theorem [5.1.1)),
yields a family of stable curves
CQ — Atl-

This new family has the same fibres as the previous over t; # 0, and the cen-
tral fibre is now C. However, observe that contracting F4 produces an ordinary
surface double point, namely C, has local equation zy = t? at the image of Ej4.
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Since C — Ay, is the pullback to A, of the family over A; corresponding to
Aovy: Ay — Mg, it is induced by a family

C3 — AS,

where C3 has local equation zy = s at the image of Ey4, hence it is smooth. This
last family then gives a curve on M, transverse to the nodal locus A.

Let us focus now on the proof of (2). Since the discussion for the two sums
is similar, we will take a sufficiently general point [C] € Sk, 2ky—g1.1 X My,1 and
compute the intersection multiplicity at it. Consider C' = C U (5, where C] has
genus g; and Cy has genus go, with C; N Cy = {p}. By Theorem , for almost
all such C}, there are b(ky,g1) pairs (Ly,q) with deg Ly = ky, h°(Ly) > 2, and
RO(Li(—(2k1 — g1)q)) > 1. Since for almost all C; the points ¢ are distinct, for
almost all (C1,p) € Sk, 2k —g1.91, there is a unique Ly of degree ky with h®(Ly) > 2,
and h°(Ly(—(2k; — g1)p)) > 1. Actually, for this Ly, we have h%(L;) = 2, hence it
defines a covering

7T1101—>P1

which is simply branched except for one branch point with ramification index
(2k1 — g1) at p.

On the other hand, since (Cy,p) is a general point of My, 1, by Theorem [A] for
all ko it has exactly a(ks, g2) line bundles Ly with deg Ly = ks, h°(Ly) > 2, and
hO(Ly(—(2ky — g2 — 1)p)) > 1. Actually, for all of these, we have h°(Ls) = 2, hence
HO°(L) defines a covering

Ty Cg—)Pl

which is simply branched except for one branch point with ramification index
(2ky — g2) at p. In particular, there are no line bundles L, of degree ky with
hO(LQ) Z 2, and hO(LQ(—(Qk?Q — gg)p)) Z 1.

Letting P be the union of two copies of P! glued at a node, it follows that
the only ways to lift C' to a point of H, are to use those admissible coverings
m: C" — P as in Figure below defined by L; and L, where both have ram-
ification index ¢ = 2k; — g1 = 2ky — g2 — 1 at p. More precisely, the degree of
7 is k and over (P'); we have C) of degree k; and k — k; copies of P! mapping
isomorphically to (P!);; similarly, over (P!); we have Cy of degree ky and k — ks
copies of P! mapping isomorphically to (P!),.

We then necessarily choose ky such that

2ky — g1 = 2ky — g2 — 1,
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(P*), (P*),

Figure 5.16: Example of admissible covering with ¢ = 2, ky =4, ks = 3, and k = 5.

that is

g+1—qg
2
1—
=k1+gz+Tg
=k +g—k+1.

k2:k1+

While L, is unique, we have a(ks, g2) choices for Lo, hence there are a(ks, g2) points
of Hg /S over the admissible covering of C' just described. In other words, Dy
has a(ks, g2) branches at [C]. It remains to prove that Int A, meets each of these
branches transversely.

For g; > 3, we argue similarly to (1). In this case, the covering 7: C” — P has
no automorphisms, hence ﬁg,k is smooth at the point z representing 7, and also
there is no o € G, fixing z. If we embed this covering in a one-dimensional family
of admissible coverings as in (1), we get

¢ —L 7P

\/

which is described, locally near p, as
C: Ty =t,
P w =t ,

v u=azt v=1y"
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In particular, C; is a smooth surface, and all the extra rational tails in the central
fibre (Cy)g are curves E C C; with E? = —1. Contracting these, we get a family
of stable curves

CQ — At
with C still smooth, and the central fibre is now C'. This last family then gives a
curve on M, transverse to the nodal locus Ay, at [C]. O

Remark. Ttem (2) of the theorem above actually holds also for g = 1,2 if the
intersection is taken, not in Mg, but in the miniversal deformation space of a
curve in Int Ay, [HMS82, Thm 6]. This slight change is necessary since Int A,
and Int Ay meet the singular locus of Mg, hence we cannot work with the usual
intersection product.

Test curves

Recall that in Corollary we have proven the relation

In this last section, we finally compute these coefficients. We will determine them
by using the technique of restricting this relation to suitable families of stable
curves.

First, we describe the general method. Let D be a divisor on Mg, and assume

D =a\—bydy — -+ — bp_10k_1
in the Chow ring. For a smooth projective curve S, let
f:C—9
be a family of stable curves of genus ¢, and denote by
v: 8 — M,

the corresponding morphism. If v(S) € Supp(D), then we may define the divisor
~*D on S in a canonical way. In fact, for every s € 9, let

Tt Dy — A% 7% == Spec C[[ty, ..., tzy_3]

be the miniversal deformation of the fibre Cs of f over s. Then there exists a
neighbourhood U of s such that v factors as

U 5 A3 25 M,
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Furthermore, v;(D) is a divisor on A*~3 hence a Cartier one as A%~ is smooth,
and then we can take its pullback via ~;, defining

v (D) =1 (3D).

This is equivalent to considering the pullback 7*Oyz, (D) on M,, where m: M, — M,
is the coarse moduli map, and then we get a line bundle L = (7*Oy; (D))s on S.
Finally, since S is smooth, the map

Cl(S) — Pic(S)
[D] = O(D)
is an isomorphism, hence L = Og(D’) for some divisor D' on S, unique up to
linear equivalence; actually, the normalization axiom in Theorem [5.5.3| implies
that D’ = ¢;(L) in the Chow group, thus we get v*(D) = ¢;(L).
In particular,
YA = ci(det fuwess) = e fuweys),

and if v(S) € A;, we get

.5 YA i =1
7o VA, i i#£1]

otherwise v factors through the clutching morphism &; defined in Section 5.3 and
we get

7*0; = c1((Ne,)s)

where N, is the normal sheaf to the clutching morphism. More precisely, such a
family F' = (C — S) in A; comes from an object

e of Mg_LQ if 1 = 0, or
o of M,_;1 Xc M;, otherwise.

In the first case, F is obtained from a family (C' — S, 01, 09) € M, 12 by glueing
its two sections, and it holds

(MO)S = UIQ\C/’/S ® U;Q\C/’/S = fol ®NU27

where the last equality is due to [SP, Tag 0474]. o
In the second case, we obtain F' by glueing two families (C; — 5,01) € M, and
(Cy — S,09) € M,_; 1 along their sections, and it holds

('/V‘ﬁz)s = UIQE’/j/S ® O-;Q\C/é/s = NUl ®-A/'sz'


https://stacks.math.columbia.edu/tag/0474
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We refer to [ACG11], §XIII.3] for the proof of the statements above.

In the following, we will compute the degree degg D = deg~* D of the pullback
to S for three different families of curves and for the divisors A, d;, and Dy,.

First family. Choose smooth curves C; and C5 of genera o < k — 1 and
2k—1—a respectively. Choose then p € Cy a general point, and let S, = Cyx{p} C C1xCs.
Finally, denote by S; the diagonal of C; x C}, and let

m: T — C4

be the curve obtained by identifying S; and Sy in (C; x C7) U (Cy x Cy) over Ch.
In other words, T' — (' is the family whose fibre over ¢ € (' is the nodal curve
obtained by identifying ¢ € C with p € C5 as depicted below.

C4
B =P

% A FY s

Figure 5.17: First test family.

Now we may compute the degree of A and 9; over S. Recall that the stalk of 7w,
at a point ¢ € C} is simply given by the global sections of the sheaf wr, over the
fibre T,. The structure of the dualizing bundle of a nodal curve (see Section
and the Residue Theorem [GH78, §2.1] imply that these sections are exactly given
canonically by H(C},we,) ® H(Cy,we,). Since this is independent of the point
¢, mwy s the trivial bundle (H°(Ch,we, ) ® H°(Cy, we,)) ® O, hence degy, A = 0.
Clearly, dege, d; = 0 for i # o, and

degcl 50& = deg('/\/'ga>cl = deg(UrQE/CH ><Cl)/01 ® O-;QE/Cl XCQ)/Cl)
where 0;: C7 — C} x C; is the section defining S;. Recalling that for ¢ = 1,2
Qerxenyen = pafde;s

we get
UTQE/CHXCH)/CH ® O‘;QE/01XCQ)/01 = TCl ® Ocl = TCI
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since py 0 01 = idg, and ps o 0y is the constant morphism in p € Cs. Finally,

degcl 60& = deg('/\/'fa>cl
= deg T,
=2—2a.

Regarding Dy, by Theorem and Corollary set-theoretically

For some 0 <1i < (a —1)/2,
Supp(y*Dy) = { ¢ € C; | 3 a line bundle L on C} of degree o — i p ,
with h°(L) > 2, h°(L(—(a — 2i)q)) > 1

which by Theorem |B| consists in b(aw — i, &) points. Moreover, Theorem [A| implies
that the multiplicity of each of these intersection points is a(k — 7,2k — 1 — «).
Putting it all together, we obtain

(a—1)/2
degq, Dy, = Z alk —i,2k — 1 — a)bla — i, a)
ik . . _ al 2k —1—a)
:;@‘_2@_1)("‘_2@) (=2 ) T = (h—a £ 1)
IS . N2 . al 2k —1—a)!
=g 2 (a2 Dla= 2= 2+ ) e T e

where the last equality comes from the fact that the sum is unaffected by the
substitution ¢ — a — 7. Writing (o — 2i — 1)(a — 2i)*(a — 20 + 1) as

(k=) —(k—a+))] - [(a—i)la—i—1)(a—i—2) = 3(a—1i)(a—i—1)i
+3(a—0)i(i—1)—i(i —1)(i —2) + 3(a —i)(a — i — 1) — 3i(i — 1)],
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a(a—12)(a—2) Z" [(a 3><2k:21_—1a> (2_13)(21{:21_—104)
o(2) (o) - () (i)

( 3>(2k;1_a) (2_13)(%/;1—04)

S0 () - G )

L afa—1) a—l > K@—2> (2}];:3_—;1)_(0;_—22) (2::i1:1a)
D))

ez, T, 210 12)(a —9) [_ ; (2:_—24) Ly <2:_—34> o, (2:_—44)]

N 3a(a2— 1) [ (2:__23) - <2:__33ﬂ

+

(2k — 4)! (2k —3)!
= = 6a(a = (e = 2) gy + 6ala — Vgrp—oy;
=6a(a—1)(2k—1— a)%-

On the other hand,
degcl k= = <degcl (S ) ba(2 — 20[),
thus, for a > 2,
3a(2k — 1 — «) (2k — 4)!
k (k—D!'(k—2)!

Similarly, if we choose to vary the point p € Cy and fix ¢ € C}, we obtain a
family m: T — C5 with

bo =

(5.7)

dego, A =0
degq, 0; =0 for i# a,
dege, 0o = —2(2k — 2 — a).
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We may compute again

(at1)/2
dege, Dy = Z bk —i,2k—1—a)ala—i+1,a)
i=0

(a+1)/2

B al (2k—1—a)!
B Z (a—i+ Dl (k=i (k—a+i—1)!

o (= 2i)(a — 20 + 1)*(a — 20 + 2),

and setting 5 = a + 1, this becomes
B/2

(B —1)!(2k — B)! ‘ i |
Z(ﬁ—i)!i!(k—z')!(k;_aﬂ)!(ﬂ—?l—1)(5—2z) (8—2i+1)

i=

2%k f (2k — 4)
= =5 688~ D2k — 8- Dy
:6m%—a—n@k—a—”§%E%%

We then conclude that

dege, Dy 3a(2k—1-a)  (2k—4)!

ba:Q@k—Q—a)_ 2 (k— 1) (k—2)"

which holds, unlike (5.7)), also for a = 1, yielding

_ 6(k—1) (2k — 4)!
=" (k=) (k=2) (58)

Second family. We consider a family consisting of a fixed smooth curve C of
genus g — 1, plus a variable elliptic curve E attached to a fixed point of C5. More
precisely, let (m: X — B, o) be family of stable curves of genus 1, where B is a
proper curve and X a smooth surface, and let also S; := 01(B) C X be the image
of the section. If p € Cy is a general point, set So = B X {p} C B x Cy, and define

.U — B
as the curve over B obtained by identifying S; C X and Sy C B x (5 in the
disjoint union X U (B x Cs).

Let us compute the degrees on B. First of all, we get

deg d, = deg 07/
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where the computation is carried out like for the first family. Note that the image
of the induced morphism B — Mg intersects A exactly for points b € B such
that the fibre X, is nodal. The Noether’s formula (see Corollary provides
the relation

12x(X, Ox) = K% +e(X),

and from the theory of elliptic fibrations (see [Bar+04]) we know that the class
Kx is a multiple of the generic fibre, hence K% = 0. Note that e(X) is exactly
the number of nodal fibres of 71, since smooth ones have topological Euler char-

acteristic 0. On the other hand, the GRR formula (see Theorem [5.5.6)) yields

/B ch((m)O0x) - td(B) = /X ch(Ox) - td(X) = x (X, Ox),

where the last equality is the Noether’s formula. The term on the left is

/B ch((m ) Ox) - td(B) = / (ch(Op) — ch(R'(m).0x)) - td(B).

B

Moreover, by Grothendieck duality |Liu02, §6.4.3],
%moB (R1<7T1)*OX7 OB) = (WI)*WX/B7

and R*(7,),Ox is a vector bundle [Har77, Cor. I11.12.9], hence R*(m;),Ox =~ (m1)wWk/ 5
implying
ch(R'(m).0x) =1 -\

since the Hodge line bundle on B with respect to 7 is
det(m.wy/p) = det((m)wwx/B @ fiw(Bxcz)/B)

= det((m))wx/5) ® det(fo(Bxcn)/B)
= det((m)wwx/B),

where f: B x Uy — B is the trivial family. Therefore, we get

VX, 0x) = /B (ch(Op) — ch(R'(m).Ox)) - td(B)

:/BA(1+01(TB))
= deg A,

yielding
12deg A = e(X) = deg dp.
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Finally, observe that 07€2x,p = ojwx/p since o, does not meet the nodal locus of
fibres; moreover, we have the evaluation map

¢2 W*(W*WX/B) — Wx/B;

and restricting it on fibres we get an isomorphism, as they have trivial dualizing
bundle (genus 1), then ¢ itself is an isomorphism. This implies

O'ikQX/B = UTWX/B
= o} (7T )wx/B
= '/T*QX/B7
proving that deg A\ = — deg d;. Clearly, degd, = 0 for a > 2.
On the other hand, by Corollary it follows that the image of B in Mg
corresponding to 7 is disjoint from Dy, since a general Cs possesses no line bundles
L of degree k — 1 having h°(L) = 2, and there are only finitely many of degree

k; also p, being general, will not be a branch point of the associated coverings
C — P'. Therefore, we conclude that

a(deg ) — bo(deg dg) — by(degdy) = 0,
implying
a— 12by + by = 0. (5.9)

Third family. It follows the last construction. Let C' be a general curve of
genus g — 1 = 2k — 2, and set p € C' a general point. Let S; and S5 be the proper
transforms of respectively the diagonal A and the section C' x {p} in the blow-up

m of C'x C at (p,p). Since S; and Sy are disjoint, we may identify them in
C x C over C. This procedure yields a family

m W = C

of stable curves of genus g over C.
For this family, we clearly find

degd, =0 for a>1,
degd; =1, and
deg oy = deg(./\/sl/aya) + deg(Nslg/c%)

where
deg(Nsl/&E) = deg(NA/(cw)) —1, and
deg(NSz/c/‘;E) = deg(Mexph/exoy) — 1
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J 1T 1T

Figure 5.18: Surface C x C with the exceptional divisor (in blue). To construct
the third test family, we identify sections S; and Sj.

from [Ful84, Ex. 4.3.9]. We then find
degdp=(2—2(2k—-2)—1)—1=4—4k.
Moreover, we have the short exact sequence
0 — H(C,we) ® Oc = mauwwic — Oc — 0
where the last map takes the residues at S, implying
deg A = 0.

Note that since C and p € C are general, Theorem [A] states that C possesses

exactly ((k%l Q,L, line bundles L of degree k with h°(L) = 2, each of which having a

unique section zero at p, and none of these sections has a multiple zero. Therefore,
there are %(l{; — 1) points ¢ € C such that h°(L(—p —q)) = 1 for one of these
line bundles. Furthermore, Theorem [5.6.11|ensures us that these points occur with

multiplicity one in the divisor given by the pullback of Dj, on C, hence

— (2k — 2)!
Dy =———"—
deg D = =5y kr
and this gives us the last relation
2k —2)!

We can finally prove the last result needed to conclude the proof of Theorem [5.6.1]
Theorem 5.6.12. The divisor D, C Wg has class

[ﬁd:c<&k+DA—M%—§:&Qk—1—D@>

i=1

in A*(M,), where ¢ = %
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Proof. Combining the relations (5.8)) and ([5.10)), we deduce

1 (k=2 6(k—1)  (2k—4)!
%:4uf4)<M@—aﬂ+ k (k—muk—mJ
1 (2k—4)!
T4k (k—2)
(2k — 4)!
=1 (k—2)

(2(2k—3) +6)

and the relation ([5.9) gives us

a = 12[)0 - b1

B 6(k —1) (2k — 4)!

_(m_ k )(k—nuk—m!
2k — 4)!

=6(k + 1)—15! = 2))!.

Summing up, we conclude that

a=6(k+1)c,
by = ke, and
bo =3a(2k —a—1)c for o> 0.
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