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Abstract

In recent years, a fully covariant framework was developed by Fewster and Verch to
describe measurement processes in quantum field theory (QFT), resolving long-standing
causality issues arising from trying to adapt standard non-relativistic rules to QFT. This
framework is described in terms of the algebraic formulation of QFT (AQFT), which is
a naturally well-suited approach for theories on curved spacetimes. While it is known
that, in certain models, the class of non-selective measurements preserves the singularity
structure associated with so-called Hadamard quantum states, the effect of selective
measurements on these states is not yet fully established. This thesis presents a first
approach to complete the picture. Techniques from microlocal analysis, distribution
theory, and operator algebras are employed to study how the act of performing a selective
measurement on a quantum field alters the singularity structure of its Hadamard states.
It is shown that there are multiple ways to set up selective measurements, conditioned
on local effects of the quantum Weyl algebra, that preserve the Hadamard condition of
the preparation state. Conversely, analytical limits where the Hadamard condition is
lost are also identified. Examples carrying relevant physical interpretations are presented
alongside the development of these general results. Finally, an explicit model is chosen
to carry out perturbative computations to analyze the extent to which a measurement
process induces variations in the energy density of a specific QFT.
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Introduction

A foundational aspect of quantum mechanics is its reformulation of the concepts of
observables and states in a probabilistic framework, in contrast to the deterministic
notions of classical mechanics. This feature of quantum theories led to a totally new
understanding of the idea of physical measurement, culminating in a fully coherent
mathematical formulation which provided practical rules to compute expectation values
of quantum observables and, as a pure quantum novelty, the concept of post-measurement
state [Neu32]. In the modern language, a quantum mechanical measurement is described
in terms of effect operators modeling success/fail type of probabilistic tests [NC10].
In particular, this modeling is based on a system and probe paradigm, introducing
the notions of state updates and quantum instruments [Bus+16]. This is actually an
extremely natural way of modeling a physical experiment: a system, of which one wants to
measure a physical property, interacts with a measuring apparatus (the probe) providing
the actual experimental outcome that can be registered. The quantum measurement
framework then describes procedures that infer information about the system for a given
outcome of the probe, in terms of so-called induced system observables. This kind of
mathematical modeling of quantum measurements serves as a rigorous and complete
way of understanding physical experiments on quantum systems. The validity of the
original version of this formulation, however, is limited to experimental regimes in which
relativistic effects are irrelevant.

Quantum field theory (QFT) is the correct framework that allows one to incorporate
the principles of special relativity into quantum mechanical systems. In this setting, it
would be desirable to have an analogous theory of quantum measurements in order to
rigorously describe physical experiments in QFT. The first natural guess would be to
extend the rules of quantum measurements of non-relativistic quantum mechanics. This
attempt, however, immediately generates inconsistencies with the causal structure of
relativity, for if one tries to apply the standard rules to compute expectation values and
state updates, even the most basic experiments would result in superluminal transfer
of information [Sor93]. In recent developments [FV20], a QFT generalization of the
quantum measurement framework was presented, which was shown to be free of such
causal inconsistencies.

This new framework was set up in the algebraic formulation of QFT (AQFT). AQFT has
been developed as an alternative, mathematically rigorous and axiomatic formulation for
QFTs. Its key advantage resides in the fact that it ditches the need for an explicit Hilbert
space on which the states and the observables of the QFT are represented. An immediate
consequence is the absence of a preferred quantum state like the Minkowski vacuum. For
this reason, this formulation is generally seen as the natural one for the study of QFTs
on curved spacetimes, where the notion of vacuum is ill-defined. On curved spacetimes,
the lack of such a state corresponds to the loss of a natural normal ordering procedure
and, with it, a standard renormalization scheme for the expectation values of observables.
Historically, this suggested the introduction of a class of states for which a generalization
of such a procedure can be defined in a systematic and state-independent way also for
curved spacetimes. This class of states is characterized by what is today known as the
Hadamard condition [DB60; Chr78; KW91].

The aim of this thesis is to analyze the interplay between the quantum measurement
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framework of QFT and Hadamard states. This is a physical problem of great relevance
due to the fact that one would ideally want to prepare a system in a physical (Hadamard)
state and obtain an updated post-measurement state that is also physical after performing
a measurement. This would provide a robust way to rigorously describe measurement
schemes for physical phenomena on curved spacetimes of a genuine quantum field the-
oretical nature, such as the Unruh and Hawking effects [Unr76; Haw75]. In this thesis
it is shown that there exist measurement schemes, in the sense of [FV20], that preserve
the Hadamard condition of the initial quantum states in which the quantum fields are
prepared for the experiment. This extends the case study of [Few25] from the class of
purely non-selective measurements to more general selective ones. In addition to being
a natural extension of the previous result, this also allows one to construct quantum
measurements with physically meaningful descriptions and interpretations.

This thesis is organized as follows:

• Chapter 1: Algebraic Quantum Field Theory
A review of the modern formulation of AQFT is given, starting from the physical
observation that motivates the advantages of an algebraic description of physical
systems. The causal structure of the general relativistic spacetime on which the
quantum field lives is highlighted to show how it can be encoded in the algebras of
quantum observables. The type of classical field theories considered in this work is
then introduced. These theories are chosen for their broad physical relevance and
for some properties that are extremely useful to define a systematic quantization
procedure.

• Chapter 2: Hadamard states and their Hilbert space representation
This chapter introduces the concept of Hadamard states. The original physical
motivations for their definition are presented, together with the main applications
in QFT. The singularity structure of Hadamard states is described both from a
geometric and a microlocal perspective, highlighting the fundamental link between
the two viewpoints, first established in [Rad96]. The Hadamard condition is finally
translated into a more concrete Hilbert space language, which will turn out to be
extremely useful for the study of quantum measurements.

• Chapter 3: The AQFT measurement framework
The AQFT measurement framework is presented, together with the notion of state
update in its selective and non-selective versions. An explicit example where the
standard rules of quantum measurement fail is provided. Finally, a recent result from
[Few25] is presented, showing how post-measurement states preserve the Hadamard
condition of the original pre-measurement ones for non-selective measurements.

• Chapter 4: Selective Hadamard state updates
This chapter contains the original results of this thesis. First, the groundwork
for the study of selective measurements is set up. The main result of Chapter 3
is then extended to the significantly broader class of selective measurements and
explicit constructions and examples are given. Finally, these results are employed
in an explicit perturbative computation of the energy variation of a system that is
undergoing a quantum measurement.
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1 Algebraic Quantum Field Theory

1.1 Physical systems and their mathematical modeling

The modern approach to the subject of quantum mechanics is usually presented in terms of
the first rigorous mathematical formulation of quantum theories, due to J. von Neumann
[Neu32]. His work made extensive use of tools from functional analysis and operator
theory establishing a solid ground on which the notions of quantum states, quantum
observables and experimental measurement of a quantum system could be described
in mathematical terms. In this framework the primary objects that are assigned to a
quantum system are a Hilbert space and operators acting on it. In some sense, this
introduces an explicit representation of states and observables, for example in terms of
vectors and matrices in particularly simple cases. Subsequent works by I. Gel’fand, M.
Naimark [GN43] and I.E. Segal [Seg47] showed that the introduction of such explicit
objects was actually superfluous. The entire description of a quantum system can indeed
be encoded in the algebra of its observables, without necessarily specifying how they act
on some space. This point of view took its final form thanks to the work of R. Haag
and D. Kastler [HK64] when it was applied to reformulate quantum field theory in terms
of nets of observable algebras. This formulation of quantum field theory is known as
algebraic quantum field theory (AQFT). Before reviewing the construction of a quantum
field theory in this algebraic way, it is instructive trying to make sense of why physical
systems are so well suited to such a description.

Any physical system is fully characterized by the set of experiments that can be performed
on it. The notion of physical experiment is extremely primitive, but it can be appropriately
stated as follows:

Definition 1.1.1 (Experiment). An experiment on a physical system consists of the
following subprocesses:

(i) Preparation of the system in a well defined condition which is called physical state.

(ii) Measurement of some quantity associated with the system which is called observable.

Denoting the set of all possible physical states S and all possible observables O associated
with some physical system, it is natural to identify the set of all possible experiments on
that system with S ×O.

The first logical step in the study of a physical system is to construct an appropriate math-
ematical model for it. Here appropriate means that it is expected that this mathematical
model is able to replicate and predict experimental results. According to Definition 1.1.1
then, it is crucial that any one of these models is able to assign a mathematical object to
the notion of physical state and observable. It is surprising that very few assumptions on
the properties of experiments lead to a common structure underlying the mathematical de-
scription of physical systems. To better understand this, recall the standard mathematical
description of classical and quantum systems.

Definition 1.1.2 (Classical system). In the Hamiltonian formulation of classical mechan-
ics, a classical system is associated with a symplectic manifold (M, σ) such that:
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(i) Pure physical states of the system are described by points s ∈ M.

(ii) Measurable quantities of the physical system are described by real phase functions,
i.e. smooth real functions on the symplectic manifold f ∈ C∞(M;R).

Definition 1.1.3 (Quantum system). A quantum system is associated with a Hilbert
space H such that:

(i) Pure physical states of the system are described by rays in H, i.e. equivalence classes
of normalized vectors ψ ∈ H that differ by a phase.

(ii) Measurable quantities of the physical system are described by bounded selfadjoint
operators A∗ = A : H → H.

It is clear that classical and quantum systems are generally described by different mathe-
matical objects, however it is reasonable to expect that observables should obey some set of
common rules as they describe physical quantities regardless of the context. Such rules are
needed to define algebraic-like operations that are desirable in an experimental setting, like
the composition of observables modeling a subsequent measurement of different physical
quantities. These constraints give rise to a minimal structure of specific types of algebras.

Definition 1.1.4 (C∗-algebra). An associative algebra is a vector space A with a product
· : A×A → A such that ∀A,B,C ∈ A, λ ∈ C:

(i) (A ·B) · C = A · (B · C)

(ii) λ(A ·B) = (λA) ·B = A · (λB)

(iii) (A+B) · C = A · C +B · C, A · (B + C) = A ·B + A · C

An associative algebra can be further characterized by the following properties:

• A is unital if ∃1A ∈ A such that 1AA = A1A = A.

• A is normed if there is a norm function ∥ · ∥ : A → R such that ∥AB∥ ≤ ∥A∥∥B∥.
If A is unital, the unit is required to satisfy ∥1A∥ = 1.

• A is Banach if it is complete with respect to its norm.

• A is a ∗-algebra if there is an involution ∗ : A → A such that:

(i) (A+B)∗ = A∗ +B∗, (λA)∗ = λ̄A∗

(ii) (AB)∗ = B∗A∗

(iii) (A∗)∗ = A

• A is a C∗-algebra if it is a Banach ∗-algebra such that ∥A∗A∥ = ∥A∥2.
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It is very easy to check that the space of smooth real functions on a symplectic manifold
C∞(M;R) and the space of bounded operators on a Hilbert space B(H) satisfy all
the properties of a ∗-algebra (a C∗ one in particular). This suggests that, in general,
observables of a physical system can be mathematically modeled by a ∗-algebra. Additional
structures on it will then result in different kinds of observables, but this description is
completely general and independent even of the classical or quantum framework.

Remark. Notice that nothing has been said about whether or not a ∗-algebra is commu-
tative. Clearly one core difference between a classical and a quantum system lies in the
commutativity of the associated ∗-algebra.

This very brief review is meant to serve as a motivation for the introduction of the
algebraic formulation of quantum mechanics and, in particular, of quantum field theory. A
complete and detailed presentation of the standard mathematical formulation of quantum
mechanics can be found for example in [Mor17].

1.2 Algebraic formulation and Locally Covariant Quantum Field
Theories

The algebraic formulation of a quantum theory [FR19; Mor17] formalizes the ideas of
Section 1.1. Its goal is to mathematically model a quantum system in terms of a unital
∗-algebra whose selfadjoint elements are to be interpreted as the system observables. As
highlighted by Definition 1.1.1, these objects constitute only half of the full picture of a
physical system. The physical states of the quantum system are mathematically modeled
by linear functionals on the algebra associated to the system. The algebra, together with
the set of physical states, fully reproduces the standard Hilbert space formulation, in
the sense that it implements a way to compute expectation values of observables when
the system is in a given physical state. Before diving into the algebraic formulation of
quantum field theories, it is useful to review the main features of the algebraic formulation
of quantum theories in general, including the non relativistic ones.

Definition 1.2.1 (Algebraic quantum system). A quantum system is associated to a
unital ∗-algebra A called algebra of observables. The system is characterized by:

(i) Selfadjoint elements of A, i.e. A = A∗ ∈ A called observables.

(ii) Normalized positive linear functionals on its algebra of observables, i.e. ω : A → C
such that ω(A∗A) ≥ 0 ∀A ∈ A and ω(1A) = 1, called states.

The quantity ω(A) is interpreted as the expectation value of the observable A in the
system state ω.

The relation between the two formulations can be appropriately formalized, it turns out
that every physical state in the algebraic formulation gives rise to a full Hilbert space on
which the expectation values of observables can be computed in the standard way. The
link between abstract algebraic formulation and the concrete Hilbert space one is given
by the following theorem due to Gel’fand-Naimark-Segal (GNS theorem).
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Theorem 1.2.1. Let A be a unital ∗-algebra and ω a state on it, then there exists a
quadruple (Hω, Dω, πω,Ωω) consisting of a Hilbert space Hω, a subspace Dω ⊂ Hω a linear
map πω : A → L(Dω,Hω) from the algebra to the space of linear operators acting on Hω

with domain Dω and Ωω ∈ Dω, ∥Ωω∥Hω = 1 such that:

(i) πω(A)Ωω = Dω and Dω is dense in Hω, making Ωω a cyclic vector.

(ii) πω is a ∗-algebra homomorphism, i.e. πω(AB) = πω(A)πω(B), πω(1A) = 1L(Dω ,Hω)

and πω(A
∗) = πω(A)

∗ on Dω for any A,B ∈ A.

(iii) ω(A) = ⟨Ωω, πω(A)Ωω⟩ for any A ∈ A.

If A is in particular a C∗-algebra, then Ran(πω) ⊂ B(Hω) and Dω = Hω.

Proof. See e.g. [Mor17, Th. 14.20].

What the GNS theorem is saying is that any algebraic state on a unital ∗-algebra gives rise
to a representation of the algebra of observables on some Hilbert space. Most importantly,
there is a unit vector in the Hilbert space that can be used to compute expectation
values of observables in the original algebraic state. In more explicit terms, this means
that observables are in general described by unbounded operators defined on a dense
subspace of the Hilbert space. This is expected as most selfadjoint operators representing
physical observables are necessarily unbounded in quantum mechanics. The GNS theorem
gives additional constraints when A is a C∗-algebra. The main result of having a unit
vector to compute expectation values and a representation of the algebra of observables
are obviously still there, as a C∗-algebra is a particular case of a ∗-algebra, however
the representation πω takes now values in the bounded operators on Hω. This is the
main difference between choosing to work with a quantum algebra having a C∗ structure.
Bounded operators have more controlled behavior with respect to unbounded ones, so that
they are easier to work with and can be employed in explicit calculations, on the other
hand many physical observables are by nature represented by unbounded operators. This
is reflected by the fact that it is possible to implement two main quantization procedures
in the algebraic sense. Given a classical system it is possible to assign either a ∗-algebra
or a C∗-algebra to it.

Definition 1.2.2 (Folium of ω). Let ω be an algebraic state of a unital ∗-algebra A and
(Hω, Dω, πω,Ωω) be its GNS representation. Let also ρ be a positive trace-class operator
on Hω with unit trace (a density matrix), then the folium of the GNS representation is
the set of states ω′ on A such that:

ω′(A) = Tr(ρπω(A)) ∀A ∈ A (1.2.1)

The folium of a GNS representation is essentially the set of states that can be reached by
applying operators on the vector Ωω. One of the most commonly used representation in
physics is the vacuum one associated to an appropriately defined vacuum state.

Turning now the attention to relativistic theories, the algebraic formulation of quantum
field theory has the great advantage of being naturally suited to describe quantum
fields on curved spacetimes. The following definitions recap the main features of the



ALGEBRAIC QUANTUM FIELD THEORY 7

general relativistic description of spacetime [BGP08; Wal84]. A review of basic tools from
differential geometry can be found in Appendix A.

Definition 1.2.3 (Spacetime). A spacetime (M, g, t, o), usually denoted just by M, is a
triple consisting of:

(i) A 4-dimensional smooth paracompact Lorentzian metric manifold (M, g) with
finitely many components.

(ii) A time orientation t, i.e. a nowhere vanishing timelike 1-form on M.

(iii) An orientation o, i.e. a nowhere vanishing 4-form on M.

The metric and the time orientation endow M with a causal structure, given a subset
S ⊂ M it is possible to define:

J±(S) := {x ∈ M |∃γ : [a, b] → M future(+)/past(−) directed causal curve

such that γ(a) ∈ S, γ(b) = x}
(1.2.2)

The sets J±(S) are called causal future(+)/past(−) of S.

Definition 1.2.4 (Global hyperbolicity). A spacetime M is said to be globally hyperbolic
if there are no closed causal curves in M and for any compact subset K ⊂ M the
intersection J+(K) ∩ J−(K) is compact.

Definition 1.2.5 (Causal sets). A subset S ⊂ M of a globally hyperbolic spacetime is
said to be:

(i) Causally convex if it is equal to its causal hull ch(S) := J+(S) ∩ J−(S) = S.

(ii) Future(+)/past(−) compact if it is closed and S ∩ J±(x) is compact ∀x ∈ M.

(iii) Spatially compact if it is closed and S ⊂ J+(K)∪ J−(K) := J(K) for some compact
K ⊂ M.

(iv) A region if it is open, causally convex and has finitely many components. A region
is by itself a globally hyperbolic spacetime.

A compact set K ⊂ M is always past/future/spatially compact but not vice versa.
Fig. 1.2.1 qualitatively represents the causal future and past of a causally convex subset
of Minkowski spacetime.

Definition 1.2.6 (Cauchy surface). A smooth curve parametrized on an open interval
γ : (a, b) → M is said to be inextendible if there are no p, q ∈ M such that limt→a+ γ(t) = p
and limt→b− γ(t) = q. A subset S ⊂ M is said to be a Cauchy surface if every inextendible
timelike curve in M meets S in exactly one point.
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J+(S)

J−(S)

S

t

x

Figure 1.2.1: Causal future and causal past of a causally convex set S in Minkowski
spacetime.

A quantum field is a particular type of quantum system, as such it can be associated to an
algebra of observables. A proper assignment must evidently take into account the causal
structure of the underlying spacetime in order for the quantum theory to be relativistically
invariant. In these terms, one can intuitively think of a quantum field theory as some
sort of rule that assigns an algebra of observables to a given spacetime. To formulate this
idea in a clear and rigorous way it is possible to organize spacetimes and algebras into
categories, the notion of assignment is then understood as a functor between categories.
A collection of the main definitions from category theory can be found in Appendix B.

Definition 1.2.7 (Loc category). The Loc category has globally hyperbolic spacetimes
(M, g, t, o) as objects and smooth isometric embeddings ψ : (M, g, t, o) → (M′, g′, t′, o′)
such that ψ(M) ⊂ M′ is causally convex and the pullbacks of the orientations satisfy
ψ∗t′ = t, ψ∗o′ = o as morphisms. A Loc morphism ψ : M → M′ is said to be Cauchy if
ψ(M) contains a Cauchy surface of M′.

Definition 1.2.8 (Alg category). The Alg category has unital ∗-algebras A as objects
and injective, unit preserving ∗-algebra homomorphisms as morphisms i.e. maps α : A → A′

such that α(AB) = α(A)α(B), α(1A) = 1A′ and α(A∗) = α(A)∗ for all A,B ∈ A. Each
Alg morphism defines a pullback on states as (α∗ω)(A) := ω(α(A)) for any A ∈ A and ω
state on A′.

Definition 1.2.9 (C∗-Alg category). The C∗-Alg category is the subcategory of Alg
whose objects are unital C∗-algebras and morphisms are Alg morphisms between C∗-
algebras.

Definition 1.2.10 (Locally covariant QFT ). A locally covariant quantum field theory
(LCQFT) is a functor L : Loc → Alg.

(i) A LCQFT is said to be causal or to satisfy Einstein causality if for every pair of
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Loc morphisms ψi : Mi → M for i = 1, 2 such that ψ1(M1) ∩ J(ψ2(M2)) = ∅ one
has:

[L (ψ1)(A1),L (ψ2)(A2)] = 0 ∀A1,2 ∈ L (M1,2) (1.2.3)

(ii) A LCQFT satisfies the time-slice axiom if L (ψ) is a Alg isomorphism for all Cauchy
Loc morphisms ψ : M → M′.

The definition of locally covariant quantum field theory perfectly incorporates the main
features of relativity into the algebra of observables. The causality condition states that
whenever two observables A1, A2 on spacetimes M1,M2 are interpreted as observables
on a background spacetime M in which the embeddings of M1 and M2 are causally
disconnected, then those two observables must commute, i.e. no information can travel
faster than light. In particular, by Definition 1.2.5, a region is by itself a spacetime so
that the causality condition of Definition 1.2.10 is interpreted as the non interference
of measurements in causally disconnected regions of spacetime. On the other hand, the
time-slice axiom states that the algebra of observables that is assigned on a Cauchy surface
is the same as the one assigned to the whole spacetime. This is interpreted as the fact
that assigning data on a Cauchy surface determines the evolution of that data on the
entire spacetime.

Remark. The way that C∗-Alg category has been defined makes sure that Definition 1.2.10
implements both a ∗-algebra and a C∗-algebra type of observables as discussed previously.

This formalization of quantum field theories automatically implements the concept of
inequivalent theories.

Definition 1.2.11 (Equivalent LCQFTs). Let L ,L ′ : Loc → Alg be two locally co-
variant quantum field theories. L and L ′ are said to be equivalent theories if there
exists a natural transformation between them such that its component are isomorphisms.
Equivalent theories are physically indistinguishable.

A practical example of inequivalent theories is given by two Klein-Gordon theories with
different mass terms [BFV03].

In this work, locally covariant quantum field theories will be constructed in two main
steps. The first one is to define a functor that assigns a certain class of classical field
theories to a spacetime. The second one is to apply standard quantization functors that
assign an algebra of observables to a classical field theory. Since the composition of
two functors is again a functor, composing these two steps is enough to build a locally
covariant quantum field theory. Appropriately defining such functors automatically results
in a locally covariant quantum field theory that is both causal and satisfies the time-slice
axiom. Further details about locally covariant quantum field theories can be found in the
original paper [BFV03] and [FR16; FV15].

1.3 RFHGHO classical field theories

To introduce concrete models of quantum field theories, it is natural to start from an
in-depth analysis of their classical counterpart. A classical field theory on a spacetime M
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is completely determined by a Lagrangian density L(ϕ,∇µϕ), which is a function of the
field and its derivatives, specified in more details below. Euler-Lagrange equations can
be employed to derive the equations of motion of the field, these are in general partial
differential equations of the form Pϕ = 0 where P is some linear partial differential
operator. It is customary to identify a classical field theory with the partial differential
operator appearing in its equations of motion.

Example 1.3.1. Some notable examples of classical field theories include:

(i) Free complex Klein-Gordon field: its equations of motion are (□+m2)ϕ = 0
where □ is the covariant wave operator on M.

(ii) Free Dirac field: its equations of motion are (γµ∇µ +m)ψ = 0 where γµ are the
4-dimensional gamma matrices.

(iii) Complex Klein-Gordon field with pointlike source: its equations of motion
are (□+m2)ϕ = δ4(x).

From these extremely basic and standard examples one can draw the following conclusions:

(i) Fields can take values in different vector spaces: the complex Klein-Gordon field is
C-valued, the Dirac field is spinor-valued.

(ii) In general, fields are not necessarily smooth functions on the spacetime manifold
M: the Klein-Gordon field with pointlike source is evidently a distribution.

It becomes clear how the natural mathematical setting to study the behavior of classical
field theories is that of distributions on vector bundles. A direct consequence is that the
study of the linear partial differential operator P will involve the theory of linear operators
on the space of distributions on vector bundles, which is the topic of this section [Hör90;
SV01; BGP08]. A brief review of the main facts about distributions on vector bundles
can be found in Appendix A.

Definition 1.3.1 (Hermitian vector bundle). Let M be a globally hyperbolic spacetime,
a Hermitian vector bundle (B, ⟨·, ·⟩x, C), usually denoted just by B, is a triple consisting
of:

(i) A smooth finite rank complex vector bundle π : B → M.

(ii) A Hermitian bundle metric ⟨·, ·⟩x.

(iii) A fiberwise antilinear involution C such that ⟨Cu, Cv⟩x = ⟨u, v⟩x ∀u, v ∈ π−1(x) for
any x ∈ M.

The Hermitian bundle metric defines a sesquilinear pairing on the space of smooth sections
of B:

⟨·, ·⟩ : Γ∞(B)× Γ∞(B) → C

(f, g) ↦→ ⟨f, g⟩ :=
∫︂
M
⟨f(x), g(x)⟩x dV

(1.3.1)

for f, g with compactly intersecting supports, where dV is the metric induced volume
form on M. C naturally extends to an antilinear involution on Γ∞(B).
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Remark. From now on Γ∞
0/fc/pc/sc(B) will denote space of smooth sections of a Hermitian

vector bundle B with compact/future compact/past compact/spatially compact support
respectively. The absence of subscripts will correspond to a generic support type.

Definition 1.3.2 (Adjoint, transpose and dual). Let B1, B2 be Hermitian vector bun-
dles, with ⟨·, ·⟩1,2 being their respective sesquilinear pairings as in Definition 1.3.1, and
P : Γ∞(B1) → Γ∞(B2) be a linear partial differential operator, the following operators
can be defined:

(i) The formal Hermitian adjoint †P : Γ∞(B2) → Γ∞(B1) is the unique linear map such
that ⟨f1, †Pf2⟩1 = ⟨Pf1, f2⟩2 ∀fi ∈ Γ∞(Bi).

(ii) The formal transpose tP : Γ∞(B2) → Γ∞(B1), defined as tP := C1 †PC2. It is also
possible to define the formal conjugate as P := C2PC1. The property ⟨f1, tPf2⟩1 =
⟨Pf1, f2⟩2 ∀fi ∈ Γ∞(Bi) is easily verified.

(iii) The formal dual ⋆P : Γ∞(B∗
2) → Γ∞(B∗

1) is the unique linear map such that
[⋆P (F )](f1) = F (Pf1) ∀F ∈ Γ∞(B∗

2), f1 ∈ Γ∞(B1).

In the case where B1 = B2, the linear map P is said to be formally Hermitian if †P = P ,
formally symmetric if tP = P and real if P = P . If P is real tP = †P .

There is a particular class of classical field theories whose partial differential operator has
certain useful properties related to the causal structure of the spacetime. These are called
Green-hyperbolic operators [BGP08; Bär15], and the associated classical field theories
turn out to be particularly well-suited to undergo a general quantization procedure. They
will be the object of study in this work. The cases in Example 1.3.1 are, among others,
all instances of Green-hyperbolic operators.

Definition 1.3.3 (Green-hyperbolic operator). Let B be a Hermitian vector bundle
over M and P : Γ∞(B) → Γ∞(B) be a linear partial differential operator. P is said
to be semi-Green-hyperbolic if there are linear maps E±

P : Γ∞
0 (B) → Γ∞

sc (B) such that
∀f ∈ Γ∞

0 (B):

(i) PE±
P f = f

(ii) E±
P Pf = f

(iii) supp(E±
P f) ⊂ J±(supp(f))

The linear maps E±
P are called advanced(−)/retarded(+) Green operators for P . If

P, tP, †P, ⋆P are all semi-Green-hyperbolic, then P is said to be Green-hyperbolic. The
operator EP := E−

P − E+
P is called causal propagator.

What follows is a list of useful properties of Green operators and their associated causal
propagator [Bär15].

Theorem 1.3.1. Let B be a Hermitian vector bundle over M and P : Γ∞
0 (B) → Γ∞

0 (B)
be a Green-hyperbolic operator, then:
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(i) The Green operators E±
P are unique and continuous.

(ii) E±
P = E±

P
and tE±

P = E∓
tP
.

(iii) If M is globally hyperbolic the following complex is exact:

Γ∞
0 (B)

P−→ Γ∞
0 (B)

EP−−→ Γ∞
sc (B)

P−→ Γ∞
sc (B) (1.3.2)

i.e. any composition of two maps gives 0 and the range of each map is exactly the
kernel of the one that follows.

(iv) If N ⊂ M is a causally convex open set containing a Cauchy surface of M, then
any f ∈ Γ∞

0 (B) can be written as f = h+ Pg where h ∈ Γ∞
0 (B|N), g ∈ Γ∞

0 (B).

Proof. (i) Consider the advanced Green operator E−
P , let f ∈ Γ∞

fc (B), x ∈ M and
χ ∈ C∞

0 (M) with χ = 1 in a neighborhood of J+(x) ∩ supp(f). Define the linear
extension of E−

P to Γ∞
fc (B) as:

˜︂E−
P : Γ∞

fc (B) → Γ∞
fc (B)

f(x) ↦→ ˜︂E−
P (f) := [E−

P (χf)](x)
(1.3.3)

Since J+(y) ⊂ J+(x) ∀y ∈ J+(x) the same cutoff function χ works both for x and y

thus ˜︂E−
P (f) = [E−

P (χf)](x) is a smooth section, because any point in M is contained in
J+(x) for some x ∈ M. Moreover:

supp(˜︂E−
P (f)) ⊂

⋃︂
χ

supp(E−
P (χf)) ⊂

⋃︂
χ

J−(supp(χf)) ⊂ J−(supp(f)) (1.3.4)

showing that ˜︂E−
P (f) has indeed range in Γ∞

fc (B). The linear extension also satisfies the
relations in Definition 1.3.3:

[P ˜︂E−
P (f)](x) = [χf ](x) = f(x) (1.3.5)

is immediate, however

[˜︂E−
P P (f)](x) = [E−

P (χPf)](x)

= f(x) + [E−
P ([χ, P ]f)](x)

(1.3.6)

The second term vanishes because it is not supported on x, this can be seen as follows:

supp(E−
P ([χ, P ]f)) ⊂ J−(supp([χ, P ]f))

⊂ J−(supp(f) \ J+(x))

⊂ J−(supp(f)) \ {x}
(1.3.7)

so that [˜︂E−
P P (f)](x) = f(x). This shows that ˜︂E−

P is the inverse of the linear operator P

on Γ∞
fc (B), thus it is unique. E−

P , being a restriction of ˜︂E−
P , is also unique. An analogous

argument proves the uniqueness of E+
P . Continuity follows from the fact that for any

K ⊂ M future compact J−(J−(K)) = J−(K) so that P |Γ∞
J−(K)

(B) is a bijection with
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inverse ˜︂E−
P

⃓⃓⃓
Γ∞
J−(K)

(B)
on a complete space with respect to the Ck norm (see Definition A.13)

making them continuous. The continuous embedding of Γ∞
0 (B) into Γ∞

J−(K)(B) makes˜︂E−
P

⃓⃓⃓
Γ∞
0 (B)

= E−
P continuous, an analogous argument holds for E+

P .

(ii) By definition:

PE±
P f = CPCCE±

P Cf
= CCf = f

(1.3.8)

Similarly E±
P Pf = f , moreover since supp(Ch) = supp(h) ∀h ∈ Γ∞

0 (B):

supp(CE±
P Cf) = supp(E±

P Cf)
⊂ J±(supp(Cf))
= J±(supp(f))

(1.3.9)

so that E±
P = E±

P
. Consider then:

⟨tP tE±
Pf, g⟩ = ⟨C †P †E±

PCf, g⟩

= ⟨†P †E±
PCf, Cg⟩

= ⟨Cf, Cg⟩ = ⟨f, g⟩

(1.3.10)

Similarly tE±
P
tPf = f , moreover consider g ∈ Γ∞

0 (B) such that supp(g)∩ J∓(supp(f)) =
∅:

⟨tE±
Pf, g⟩ = ⟨E±

P (Cg), Cf⟩

=

∫︂
M
⟨E±

P (Cg)(x), Cf(x)⟩x dV
(1.3.11)

however, supp(Cf) ∩ supp(E±
P Cg) = supp(f) ∩ J±(supp(g)) = ∅ because by hypothesis

supp(g) ∩ J∓(supp(f)) = ∅. This means that:

⟨tE±
Pf, g⟩ =

∫︂
M
⟨tE±

Pf(x), g(x)⟩x dV = 0 (1.3.12)

Since g is arbitrary supp(tE±
Pf) ⊂ J∓(supp(f)) so that tE±

P = E∓
tP
.

(iii) Let f ∈ Γ∞
0 (B) such that EPf = 0, i.e. f ∈ ker(EP ), the goal is to show that

f is of the form Pg for some g ∈ Γ∞
0 (B). Consider g = E+

P f = E−
P f ∈ Γ∞

sc (B) and
supp(g) = supp(E−

P f) ∩ supp(E+
P f) ⊂ J−(supp(f)) ∩ J+(supp(f)). Since M is globally

hyperbolic supp(g) is compact meaning that g ∈ Γ∞
0 (B). Since Pg = PE+

P f = f one
has f ∈ PΓ∞

0 (B) showing the exactness at Γ∞
0 (B). To show the exactness at Γ∞

sc (B) let
g ∈ Γ∞

sc (B) such that Pg = 0, i.e. g ∈ ker(P ), the goal is to show that g is of the form
EPf for some f ∈ Γ∞

0 (B). Let g := g− − g+ where supp(g±) ⊂ J±(K) for some compact
subset K ⊂ M. Then define f := Pg− = Pg+ with supp(f) ⊂ J+(K) ∩ J−(K) which is
compact due to M being globally hyperbolic. Consider now an auxiliary h ∈ Γ∞

0 (B):

⟨h,E−
P Pg−⟩ = ⟨†P †E−

Ph, g−⟩

= ⟨C †PCC †E−
PCCh, Cg−⟩

= ⟨tPE+
tP
Ch, Cg−⟩

= ⟨h, g−⟩

(1.3.13)
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This shows that E−
P f = g−, similarly it can be shown E+

P f = g+ thus EPf = E−
P f−E

+
P f =

g− − g+ = g for f ∈ Γ∞
0 (B).

(iv) Consider an open set U ⊂ N still containing the Cauchy surface and a real valued
cutoff function χ ∈ C∞(M) such that χ = 0 on a neighborhood of M\ J−(U) and χ = 1
on a neighborhood of M\ J+(U). Notice that such a cutoff function can exist because U
contains a Cauchy surface. Since χ is constant outside U and P is a partial differential
operator one has [P, χ]EP : Γ

∞
0 (B) → Γ∞

0 (B|N) and PEP = 0 on Γ∞
0 (B) due to (iii).

Considering that f is compactly supported one can rewrite f = χP (E+
P f)+(1−χ)P (E−

P f),
then rearranging:

f − [P, χ]EPf = P (χE+
P f + (1− χ)E−

P f) ∈ PΓ∞
0 (B) (1.3.14)

This means that f = [P, χ]EPf + P (χE+
P f + (1 − χ)E−

P f) is decomposed in a section
supported in N and a section which is in PΓ∞

0 (B).

Definition 1.3.4 (RFHGO). Let B be a Hermitian vector bundle over M and consider
a Green-hyperbolic operator P : Γ∞(B) → Γ∞(B). If P is real and formally Hermitian,

by Theorem 1.3.1 E±
P = E±

P = tE∓
P and P is said to be a real, formally Hermitian,

Green-hyperbolic operator (RFHGHO). For any RFHGHO P it is possible to define an
antisymmetric bilinear form on the space EPΓ

∞
0 (B):

σP (EPf, EPg) := ⟨Cf, EPg⟩ ∀f, g ∈ Γ∞
0 (B) (1.3.15)

satisfying σP (CEPf, CEPg) = σP (EPf, EPg).

The antisymmetric bilinear form of Definition 1.3.4 strongly suggests the possibility of
associating some kind of symplectic space to any RFHGHO. This is a key property of these
theories as symplectic spaces can be rigorously quantized following a standard procedure
described in the next section [FV12]. In view of the formulation discussed in Section 1.2
and Definition 1.2.10, it is useful to organize the objects analyzed in this section into
categories.

Definition 1.3.5 (HVB category). The HVB category has Hermitian vector bundles
(B, ⟨·, ·⟩x, C) as objects and smooth vector bundle maps β : (B, ⟨·, ·⟩x, C) → (B′, ⟨·, ·⟩′x, C ′)
such that they cover a Loc morphism ψ : M → M′ between the base manifolds, are
fiberwise isometries and β ◦ C = C ′ ◦ β as morphisms. A HVB morphism induces a
pushforward map β∗ : Γ

∞
0 (B) → Γ∞

0 (B′) acting as β∗f = β ◦ f ◦ ψ−1 extended by zero.

Definition 1.3.6 (GreenHyp category). Let P be a RFHGHO on a vector bundle B.
The GreenHyp category has pairs (B,P ) as objects and maps S : (B,P ) → (B′, P ′)
such that there is an induced map on sections S : Γ∞

0 (B) → Γ∞
0 (B′) satisfying C ′S =

SC, SPΓ∞
0 (B) ⊂ P ′Γ∞

0 (B′) and σP ′(EP ′Sf,EP ′Sg) = σP (EPf, EPg) ∀f, g ∈ Γ∞
0 (B) as

morphisms.

Definition 1.3.7 (SymplK category). Let K = C or R. A complex symplectic vector space
is a triple (V, σ, C) where V is a vector space over C, σ : V ×V → C is a symplectic form, i.e.
a weakly non degenerate antisymmetric bilinear form on V and C is an antilinear involution
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on V such that σ(Cv, Cu) = σ(u, v). If V is a vector space over R and σ is R-valued,
the pair (V, σ) is a real symplectic vector space. The SymplK category has K symplectic
vector spaces as objects and linear maps T : V → V ′ such that σ(u, v) = σ′(Tu, Tv) as
morphisms. If K = C it is also required that C ′T = TC.

The properties required in the definition of the GreenHyp category were set up in such
a way that it is now possible to systematically assign a symplectic vector space to a
RFHGHO in a functorial way.

Theorem 1.3.2. There is a well defined functor from GreenHyp to SymplC. It is
defined on objects as:

S : ob(GreenHyp) → ob(SymplC)

(B,P ) ↦→ S (B,P ) := (EPΓ
∞
0 (B), σP , C)

(1.3.16)

It is defined on morphisms as:

S : Hom(GreenHyp) → Hom(SymplC)

S ↦→ S (S)EPf := EP ′Sf
(1.3.17)

S ∈ Hom(GreenHyp) is said to be Cauchy if S (S) ∈ Hom(SymplC) is an isomorphism.
A pair of GreenHyp morphisms S, T : (B,P ) → (B′, P ′) are said to be equivalent if
S (S) = S (T ) and they are denoted by S ∼ T .

Proof. By Definition 1.3.4 σP is a symplectic form on EPΓ
∞
0 (B), together with the

antilinear involution C of B it makes (EPΓ
∞
0 (B), σP , C) ∈ ob(SymplC). The linear map

S (S) : EPΓ
∞
0 (B) → EP ′Γ∞

0 (B′) is such that:

σP ′(S (S)EPf,S (S)EPg) = σP ′(EP ′Sf,EP ′Sg) = σP (EPf, EPg) (1.3.18)

Since P is real it also holds that C ′S (S)EPf = C ′EP ′Sf = EP ′C ′Sf = EP ′SC ′f =
S (S)C ′f so that S (S) ∈ Hom(SymplC).

Let S, S ′ be two GreenHyp morphisms, then:

S (S ′ ◦ S)EPf = EP ′′S ′(Sf) = S (S ′)EP ′Sf = S (S ′) ◦ S (S)EPf (1.3.19)

Moreover, S (1(B,P ))EPf = EPf = 1EPΓ∞
0 (B)EPf so that S is indeed a functor.

The following theorem states a useful criterion to identify when a GreenHyp morphism
is Cauchy.

Theorem 1.3.3. Let S : (B,P ) → (B′, P ′) be a GreenHyp morphism and define the
following maps:

ÊP : Γ
∞
0 (B)/PΓ∞

0 (B) → EPΓ
∞
0 (B) s.t. ÊP [f ]P = EPf

Ŝ : Γ∞
0 (B)/PΓ∞

0 (B) → Γ∞
0 (B′)/P ′Γ∞

0 (B′) s.t. Ŝ[f ]P = [Sf ]P ′
(1.3.20)

then ÊP is an isomorphism, moreover S is Cauchy if and only if Ŝ is an isomorphism.
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Proof. The fact that ÊP is an isomorphism directly follows from Theorem 1.3.1(iii).
Consider now the following equivalence:

ÊP ′Ŝ[f ]P = ÊP ′ [Sf ]P ′ = E ′
PSf = S (S)EPf = S (S)ÊP [f ]P (1.3.21)

Since ÊP ′ and ÊP are isomorphisms, Ŝ is an isomorphism if and only if S (S) is an
isomorphism i.e. S is Cauchy.

In many cases it is useful to study GreenHyp morphisms between RFHGHOs acting on
the same vector bundle. In particular, the existence of well behaved morphisms between
RFHGHOs that agree on a portion of spacetime containing a Cauchy surface is guaranteed.
This fact, stated in the next theorem, is a core result in the development of a measurement
framework for quantum field theories.

Theorem 1.3.4. Let (B,P ), (B,P ′) ∈ ob(GreenHyp) be RFHGHOs on the same vector
bundle such that there is a causally convex open subset N ⊂ M containing a Cauchy surface
of M and P ′|N = P |N . Then there is a Cauchy GreenHyp morphism S : (B,P ) →
(B,P ′) such that Ŝ[f ]P = [f ]P ′ ∀f ∈ Γ∞

0 (B|N).

Proof. Let iN : B|N → B be the inclusion bundle map and iN∗ : Γ
∞
0 (B|N) → Γ∞

0 (B)
its pushforward on smooth sections of B acting as the extension by zero of iN∗f =
iN ◦ f ◦ ιN ∀f ∈ Γ∞

0 (B|N), where ιN is the natural inclusion map of N into M. Notice
that iN∗ P |N Γ∞

0 (B|N) = P iN∗Γ
∞
0 (B) ⊂ PΓ∞

0 (B). Moreover P iN∗ = iN∗ P |N and, since
iN∗ is clearly real, one has P |N

tiN∗ =
tiN∗P so that:

P |N
tiN∗E

±
P iN∗ =

tiN∗PE
±
P iN∗ =

tiN∗iN∗ = 1Γ∞
0 (B|N )

tiN∗E
±
P iN∗ P |N = tiN∗E

±
P P |N iN∗ =

tiN∗iN∗ = 1Γ∞
0 (B|N )

(1.3.22)

Moreover for any f ∈ Γ∞
0 (B|N) one clearly has supp(iN∗f) ⊂ supp(f) so that:

supp(tiN∗E
±
P iN∗f) ⊂ supp(tiN∗E

±
P f) ⊂ J±(supp(f)) (1.3.23)

This shows that tiN∗E
±
P iN∗ are Green operators for P |N , however by Theorem 1.3.1(i)

they are unique so that tiN∗E
±
P iN∗ = E±

P |N
. With this property it is possible to verify:

σP (EP iN∗f, EP iN∗g) = ⟨CiN∗f, EP iN∗g⟩
= ⟨Cf, tiN∗E

±
P iN∗g⟩

= σP |N (EP |Nf, EP |Ng)

(1.3.24)

showing that iN∗ : (B|N , P |N) → (B,P ) is a GreenHyp morphism. The map îN∗ as
defined in Theorem 1.3.3 is surjective, indeed by Theorem 1.3.1(iv):

∃h ∈ Γ∞
0 (B|N) | [f ]P = [iN∗h+ Pg]P = [iN∗h]P = îN∗[h]P |N ∀f ∈ Γ∞

0 (B) (1.3.25)

It is also injective as a consequence of Theorem 1.3.1(iii) so that îN∗ is an isomorphism,
thus by Theorem 1.3.3 iN∗ is Cauchy. Clearly i′N∗ : (B|N , P |N) → (B,P ′) is another
Cauchy GreenHyp morphism. Consider now a function χ ∈ C∞(M) as in the proof of
Theorem 1.3.1(iv), then the map:

LN : Γ∞
0 (B) → Γ∞

0 (B|N)
f ↦→ L|N f := [P |N , χ]ÊP |N î

−1
N∗[f ]P

(1.3.26)
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is a Cauchy GreenHyp morphism from (B,P ) to (B|N , P |N), this is checked in an
analogous way to iN∗. The desired morphism is then S := i′N∗ ◦ LN : Γ∞

0 (B) → Γ∞
0 (B),

indeed as a composition of Cauchy GreenHyp morphism it is a Cauchy GreenHyp
morphism. Since îN∗ is an isomorphism, let [h]P = îN∗[f ]P |N = [iN∗f ]P , notice that:

⟨g, tiN∗EPh⟩ = ⟨g, tiN∗EP iN∗f⟩
= ⟨C(Cg), tiN∗EP iN∗f⟩
= σP (EP iN∗Cg, EP iN∗f)

= σP |N (EP |NCg, EP |Nf)

= ⟨C(Cg), EP |Nf⟩
= ⟨g, ÊP |N [f ]P |N ⟩
= ⟨g, ÊP |N î

−1
N∗[h]P ⟩

(1.3.27)

Then S = i′N∗[P |N , χ]
tiN∗EP but [P |N , χ] vanishes outside N in any case so that one

can rewrite S = [P, χ]EP . Finally, P = P ′ in N and, following Theorem 1.3.1(iv) together
with the support properties of the cutoff function χ, for any f ∈ Γ∞

0 (B|N) it holds that:

Ŝ[f ]P = [[P, χ]EPf ]P ′ = [f + Pg]P = [f ]P = [f ]P ′ (1.3.28)

In the beginning of this section it was mentioned how a classical field theory is identified
with the partial differential operator appearing in its equations of motion. This statement
can be made more precise in terms of a functor that assigns a RFHGHO to a spacetime.

Definition 1.3.8 (Functorial equation of motion). A functor B : Loc → HVB is called
functorial bundle. A family of linear partial differential operators {PM},M ∈ Loc is
said to be a natural differential operator on a functorial bundle B if PM : Γ∞(B(M)) →
Γ∞(B(M)) satisfies PM′ ◦B(ψ)∗ = B(ψ)∗ ◦ PM for all Loc morphisms ψ : M → M′. A
functor E : Loc → GreenHyp is said to be a functorial equation of motion if E (M) =
(B(M), PM) for some natural differential operator {PM} on a functorial bundle B
satisfying E (ψ) = B(ψ)∗ for any Loc morphism ψ.

This definition is essentially saying that it is possible to make an assignment:

Spacetime M → Classical field theory Pϕ = 0, ϕ ∈ Γ∞(B)

Once a functorial bundle and a natural differential operator have been specified, a functorial
equation of motion takes a spacetime M and outputs a pair (B,P ) of a vector bundle B
and a linear partial differential operator P acting on its smooth sections ϕ ∈ Γ∞(B). The
dynamics of the theory is described by the partial differential equation Pϕ = 0. This is
exactly the first step towards the construction of a locally covariant quantum field theory
described at the end of Section 1.2.

Finally, as suggested by Example 1.3.1, it is useful to extend linear maps to act on
distributions. It is also possible to define distributions from linear maps between smooth
sections, this will come particularly handy in the study of the quantized theory.
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Definition 1.3.9 (2-point distribution of a linear operator). Any continuous linear map
T : Γ∞

0 (B) → Γ∞(B), where B is a vector bundle with K = R or C fibers and bundle
metric ⟨·, ·⟩x on its fibers, uniquely defines a distributional section of the vector bundle
B ⊠B as:

D′(B ⊠B) ∋ T 2pt : Γ∞
0 (B∗ ⊠B∗) → K

(f ♯ ⊗ g♯) ↦→ T 2pt(f ♯ ⊗ g♯) :=

∫︂
M
⟨Cf(x), T g(x)⟩x dV

(1.3.29)

where ♯ : B → B∗ is the canonical isomorphism induced by the bundle metric [f ♯(g)](x) =
⟨f, g⟩x ∀x ∈ M.

Definition 1.3.10 (Distributional kernel of a linear operator). Any continuous linear
map T : Γ∞

0 (B) → Γ∞(B), where B is a vector bundle with K = R or C fibers, uniquely
defines a distributional section of the vector bundle B ⊠B∗ as:

D′(B ⊠B∗) ∋ T knl : Γ∞
0 (B∗ ⊠B) → K

(f ⊗ g) ↦→ T knl(f ⊗ g) :=

∫︂
M
f(Tg) dV

(1.3.30)

where f ∈ Γ∞
0 (B∗), g ∈ Γ∞

0 (B) and the integral is well defined due to f, g being compactly
supported. One formally writes:

T knl(f ⊗ g) =

∫︂
M×M

f(x)T (x, y)g(y) dVx dVy (1.3.31)

for a so-called Schwartz kernel T (x, y) associated to the linear map T [Hör90, Sec. 5.2].

Definition 1.3.11 (Operator extension to distributions). Let P : Γ∞(B) → Γ∞(B) be a
linear operator. Define its extension to distributional sections of B as:

PD′(B) : D′(B) → D′(B)

u(f) ↦→ [PD′(B)u](f) := u(⋆Pf) ∀f ∈ Γ∞
0 (B∗)

(1.3.32)

Remark. All the fundamental properties relevant for this work are shared between T knl and
T 2pt. This is due to the metric induced canonical isomorphisms for which T knl(f ⊗ g♯) =
T 2pt(f ♯ ⊗ g♯) ∀f ∈ Γ∞

0 (B1), g ∈ Γ∞
0 (B∗

2). The only main formal difference is that
Definition 1.3.10 doesn’t strictly require the metric induced isomorphism. When no
confusion can arise the notation will be T = T knl = T 2pt and P = PD′(B).

A comprehensive treatment of Green operators and their properties on globally hyperbolic
spacetimes can be found in [Bär15; BGP08; Few25].

1.4 Quantization algebras

One of the main results of Section 1.3 was establishing a connection between RFHGHOs
and symplectic vector space. This has been described via a functorial assignment in
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Theorem 1.3.2. Symplectic vector spaces are particularly useful in the algebraic formulation
of quantum theories. There are indeed a number of ways to assign a ∗-algebra to a
symplectic vector space, again via functors. These are usually called quantization functors
and the two quantization functors used in this work are described in Appendix B. In
Section 1.2 it was discussed how in the algebraic formulation of quantum field theory it
is desirable to work with ∗-algebras in certain situations and with C∗-algebras in some
others, both construction will be presented in this section.

Theorem 1.4.1. There is a well defined functor from GreenHyp to Alg. It is defined
on objects as:

A : ob(GreenHyp) → ob(Alg)

(B,P ) ↦→ A (P )
(1.4.1)

where A (P ) is the unital ∗-algebra generated by finite products and linear combinations
of symbols ΦP (f), such that for any f, g ∈ Γ∞

0 (B) they satisfy:

(i) ΦP (αf + βg) = αΦP (f) + βΦP (g) ∀α, β ∈ C.

(ii) ΦP (f)
∗ = ΦP (Cf).

(iii) ΦP (Pf) = 0.

(iv) [ΦP (f),ΦP (g)] = iσP (EPf, EPg)1A (P ).

It is defined on morphisms as:

A : Hom(GreenHyp) → Hom(Alg)

S ↦→ A (S)
(1.4.2)

where for any S : (B,P ) → (B′, P ′) the Alg morphism A (S) : A (P ) → A (P ′) acts as
A (S)ΦP (f) = ΦP ′(Sf) ∀f ∈ Γ∞

0 (B).

Proof. The functor A is none other than the composition Q◦S of the quantization functor
Q defined in Definition B.6 and the functor S defined in Theorem 1.3.2. In particular for
each f ∈ Γ∞

0 (B) one can set ΦP (f) := (0, EPf, 0, . . . ) ∈
⨁︁

n∈N0
(EPΓ

∞
0 (B))⊙n from which

all the properties of the symbols ΦP (f) follow.

To get a sense of what the algebra elements ΦP (f) are representing, it is worth taking a step
back to the standard canonical quantization of a classical field theory. Given a classical
field theory on Minkowski spacetime with field content ϕ(t, x⃗), canonical quantization
promotes the field to an operator ϕ̂(t, x⃗) acting on the Hilbert space of the quantum theory
and imposes canonical commutation relations with the conjugate momentum π̂(t, y⃗) as:

[ϕ̂(t, x⃗), π̂(t, y⃗)] = iδ3(x⃗− y⃗) (1.4.3)

This relation shows that ϕ(t, x⃗) and π̂(t, y⃗) cannot be understood as operator-valued fields,
but rather as operator-valued distributions, thus generally ill-defined at specific points.
This apparent technical problem just reflects the physically well understood fact that
measurements at a pointlike scale would require infinite energy. What this means is
that, for fixed x ∈ M, the expression ϕ̂(x) cannot represent an operator, i.e. a physical
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observable, which, a posteriori, was actually to be expected. The algebra elements ΦP (f)
can be understood as the smearing of the operator-valued distribution ϕ̂(x) against a test
section f ∈ Γ∞

0 (B) supported in the spacetime region where the measurement is taking
place, in other words:

ΦP (f) =

∫︂
M
ϕ̂(x)f(x) dV (1.4.4)

The above expression has to be understood in some representation of the algebra A (P )
acting on the Hilbert space of the theory. A popular instance of this fact is given by
Minkowski spacetime where one takes the GNS representation induced by an appropriately
defined Minkowski vacuum state, this fully recovers the usual construction of the Hilbert
space of the canonical quantization scheme. In this sense the abstract algebra elements
ΦP (f) are said to be the field operators of the quantum theory and are regarded as the
true observables of it [Haa96].

As previously mentioned, it is sometimes useful to have a full C∗ structure on the algebra
of observables. This can be achieved employing a different quantization functor.

Theorem 1.4.2. There is a well defined functor from GreenHyp to C∗-Alg. It is
defined on objects as:

AW : ob(GreenHyp) → ob(C∗-Alg)

(B,P ) ↦→ AW (P )
(1.4.5)

where AW (P ) is the unital C∗-algebra given by the unique C∗ completion of the algebra
generated by finite products and linear combinations of symbols WP (f), such that for any
real f, g ∈ Γ∞

0 (B) they satisfy:

(i) WP (f)
∗ = WP (−f).

(ii) WP (0) = 1AW (P ).

(iii) WP (f)WP (g) = e−
i
2
σP (EP f,EP g)WP (f + g).

It is defined on morphisms as:

AW : Hom(GreenHyp) → Hom(C∗-Alg)

S ↦→ AW (S)
(1.4.6)

where for any S : (B,P ) → (B′, P ′) the C∗-Alg morphism AW (S) : AW (P ) → AW (P ′)
acts as AW (S)WP (f) =WP ′(Sf). AW (P ) is called Weyl C∗-algebra.

Proof. In a totally analogous way to Theorem 1.4.1, the functor AW is again the compo-
sition W ◦ S where W is the Weyl quantization functor described in Definition B.8. All
of the WP (f) properties are immediate.
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Remark. From now on the antisymmetric bilinear form σP (EPf, EPg) of Definition 1.3.4
will be denoted as EP (f, g) ∀f, g ∈ Γ∞

0 (B). This notation, though a bit redundant with
the one of causal propagator, will be particularly useful as:

EP (f, g) = ⟨Cf, EPg⟩ =
∫︂
M
⟨Cf(x), EPg(x)⟩x dV ∀f, g ∈ Γ∞

0 (B) (1.4.7)

In this way EP (f, g) can be understood as a distribution in the sense of Definition 1.3.9
as E2pt(f ♯ ⊗ g♯).

Theorem 1.4.3. Consider the functor A in Theorem 1.4.1, then:

(i) If S : (B,P ) → (B′, P ′) is a Cauchy GreenHyp morphism, then A (S) : A (P ) →
A (P ′) and AW (S) : AW (P ) → AW (P ′) are an Alg and C∗-Alg isomorphism
respectively.

(ii) For any pair P, P ′ of RFHGHOs on Hermitian vector bundles B,B′ over the same
base manifold, define the RFHGHO P ⊕ P ′ acting on B ⊕B′ acting as:

(P ⊕ P ′)(f ⊕ f ′) :=

(︃
P 0
0 P ′

)︃(︃
f
f ′

)︃
= (Pf ⊕ P ′f ′) (1.4.8)

Then A (P ⊕ P ′) ∼= A (P )⊗ A (P ′) under the correspondence:

ΦP⊕P ′(f ⊕ f ′) = ΦP (f)⊗ 1A (P ′) + 1A (P ) ⊗ ΦP ′(f ′) (1.4.9)

for any f ∈ Γ∞
0 (B), f ′ ∈ Γ∞

0 (B′).

Proof. (i) By Theorem 1.3.3, if S is Cauchy then Ŝ is an isomorphism. This means that
A (P )ΦP (f) = Φ′

P (Sf) = 0 =⇒ Sf = 0 =⇒ [f ]P = [0]P =⇒ f = Pg so that
ΦP (f) = 0. Similarly, consider any ΦP ′(g), since Ŝ is an isomorphism it is possible to find
f such that Sf = g+P ′h, then A (P )ΦP (f) = ΦP ′(Sf) = ΦP ′(g+P ′h) = ΦP ′(g). AW (S)
is proved analogously. These relations on the generators extend to the whole algebras by
linearity.

(ii) By definition of the quantization functor and of the operator P ⊕ P ′ one has A (P ⊕
P ′) =

⨁︁
n∈N0

(EPΓ
∞
0 (B)⊕EP ′(B′))⊙n. This is a symmetric tensor algebra of a direct sum.

The isomorphism with the tensor product of the individual graded algebras is proved in
e.g. [Bou98, Ch. 3, Sec. 6].

All the functors defined can be now combined in the way proposed by Definition 1.2.10 to
properly set up a locally covariant quantum field theory.

Theorem 1.4.4. Let E : Loc → GreenHyp be a functorial equation of motion. Then
the functors L := A ◦ E and LW := AW ◦ E are locally covariant quantum field theories
that satisfy both Einstein causality and the time-slice axiom.

Proof. Clearly L : Loc → Alg so it is by definition a locally covariant quantum field
theory. An algebra L (M) is generated by ΦPM(fM) fM ∈ Γ∞

0 (B(M)) where B(M) is
the Hermitian vector bundle over M assigned by E and PM acts on its sections. Then
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consider a pair of Loc morphisms ψi : Mi → M for i = 1, 2 with causally disjoint image,
Einstein causality is satisfied when:

0 = [L (ψ1)(ΦPM1
(fM1)),L (ψ2)(ΦPM2

(fM2))]

= [A (E (ψ1))(ΦPM1
(fM1)),A (E (ψ2))(ΦPM2

(fM2))]

= [A (B(ψ1)∗fM1),A (B(ψ2)∗fM2)]

= [ΦPM(B(ψ1)∗fM1),ΦPM(B(ψ2)∗fM2)]

= iEPM(B(ψ1)∗fM1 ,B(ψ2)∗fM2)1A (P )

(1.4.10)

The last line indeed vanishes due to the fact that B(ψ1)∗fM1 and B(ψ2)∗fM2 have
disjoint support. In the proof of Theorem 1.3.4 it was shown that the immersion bundle
map for an immersion containing a Cauchy surface gave rise to a Cauchy GreenHyp
morphism. This means that E (ψ) is a Cauchy GreenHyp morphism whenever ψ is a
Cauchy Loc morphism. By Theorem 1.4.3 it follows that L (ψ) is an Alg isomorphism
so that A (ψ)A (M) = A (M′) for any Cauchy Loc morphism ψ : M → M′, showing
that the time-slice axiom is satisfied.

The LW case is proved in the exact same way using the Weyl relation Theorem 1.4.2(iii).

Remark. Theorem 1.4.1 and Theorem 1.4.2 can be used to construct the local algebras of
a certain region O ⊂ M by taking the generators ΦP (f) and WP (f) respectively with
sections f supported in that region only, i.e. supp(f) ⊂ O. Theorem 1.4.4 formalizes this
construction, which corresponds to the local algebras L (O) and LW (O).

Now that a rigorous way of defining an algebra of observables of a quantum field theory
has been established, the next step is to study its states and, consequently, the expectation
values of the observables themselves. Recall from Definition 1.2.1 that a state on an
algebra of observables is a normalized positive linear functional. In these terms the set
of states on an algebra is a subset of its algebraic dual space. For this reason, given
a (B,P ) ∈ GreenHyp, the set of states on A (P ) is denoted as A (P )∗+,1, where the
subscripts indicate positivity and normalization. The most important quantities of any
quantum field theory are its correlation functions. Physically, these are expectation values
of products of observables which, in the algebraic language, are computed by acting on the
observables with a state functional. It has been argued previously that the field operators
are regarded as the true observables of the quantum theory, thus the following definition
is natural.

Definition 1.4.1 (n-point function). Let ω ∈ A (P )∗+,1 be a state on the algebra of
observables A (P ). Assuming that ω is regular enough that its action on the generators of
the algebra is a distribution, the distributional n-point function of ω is defined as follows:

D′(B⊠n) ∋ W(n) : Γ∞
0 ((B∗)⊗n) → C

(f ♯1 ⊗ · · · ⊗ f ♯n) ↦→ W(n)(f ♯1 ⊗ · · · ⊗ f ♯n) := ω(ΦP (f1) · · ·ΦP (fn))
(1.4.11)

The 2-point function is denoted just as W(f ♯ ⊗ g♯) due to its particular relevance.
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The defining properties of the quantization algebras in Theorem 1.4.1, are basically
encoding the canonical commutation relations (CCR) and the equations of motion of the
quantum system into the algebra of observables. This is reflected by key properties of the
2-point function.

Proposition 1.4.5. Let E2pt
P be the 2-point distribution defined by the causal propagator

EP : Γ
∞
0 (B) → Γ∞

sc (B) as in Definition 1.3.9 and tW(f ♯ ⊗ g♯) = W(g♯ ⊗ f ♯), then:

W− tW = iE2pt
P (1.4.12)

The 2-point function can then be split into the sum of a symmetric and an antisymmetric
part:

W(f ♯ ⊗ g♯) := µω(f ♯ ⊗ g♯) +
i

2
E2pt
P (f ♯ ⊗ g♯) (1.4.13)

Moreover, both W and E2pt
P are P -bisolutions when the action of P is extended to distri-

butions as described by Definition 1.3.11. This means that:

(P ⊗ 1)W = (1⊗ P )W = 0 (P ⊗ 1)E2pt
P = (1⊗ P )E2pt

P = 0 (1.4.14)

Proof. For any f, g ∈ Γ∞
0 (B), due to linearity one has:

W(f ♯ ⊗ g♯)− tW(f ♯ ⊗ g♯) = W(f ♯ ⊗ g♯ − g♯ ⊗ f ♯)

= ω([ΦP (f),ΦP (g)])

= iEP (f, g)ω(1A (P ))

= iE2pt
P (f ♯ ⊗ g♯)

(1.4.15)

The decomposition is now automatic if one defines:

µω(f ♯ ⊗ g♯) :=
1

2
(W(f ♯ ⊗ g♯) +W(g♯ ⊗ f ♯)) (1.4.16)

Since P is formally Hermitian one can use the definition of the canonical isomorphism ♯
to derive that ⋆Pf ♯(h) = f ♯(Ph) = ⟨f, Ph⟩ = ⟨Pf, h⟩ = (Pf)♯h. This means that:

(P ⊗ 1D′(B))W(f ♯ ⊗ g♯) = W(⋆Pf ♯ ⊗ g♯)

= ω(ΦP (Pf)ΦP (g)) = 0
(1.4.17)

The other equalities are derived in a similar way.

Remark. For a lighter notation the arguments of distributions on B⊠n will be denoted
without the canonical isomorphism ♯ from now on, for example the 2-point function W
acting on f ♯ ⊗ g♯ becomes W(f ⊗ g).

Among the many different states on the algebra of observables, there is a class of so-called
quasifree states that are in some sense completely determined by their 2-point function.
This class of states have particularly good properties both in their algebraic form and in
their Hilbert space representation through the GNS construction.

Definition 1.4.2 (Quasifree state). An algebraic state ω ∈ A (P )∗+,1 is said to be quasifree
if its n-point function satisfies the following properties for any fi ∈ Γ∞

0 (B), n ∈ N0:
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(i) ω(ΦP (f1) · · ·ΦP (f2n+1)) = 0.

(ii) ω(ΦP (f1) · · ·ΦP (f2n)) =
∑︁

Partitions ω(ΦP (fi1)ΦP (fi2)) · · ·ω(ΦP (fi2n−1)ΦP (fi2n)).

where the partitions of 2n elements are the possible subdivisions of the set {1, . . . , 2n}
into n disjoint pairs {i1, i2}, . . . , {i2n−1, i2n} with i2k−1 < i2k, k = 1, . . . n.

An algebraic state ω ∈ AW (P )∗+,1 is said to be quasifree if there exists a symmetric bilinear
form µω on the symplectic space (EPΓ

∞
0 (B), σP , C) such that:

ω(WP (f)) = e−
1
2
µω(f,f), f ∈ Γ∞

0 (B) (1.4.18)

The definition of quasifree state shows that any n-point function of such a state is fully
determined by the value of the 2-point function via a procedure resembling the Wick
contractions in quantum field theory on flat spacetimes. Moreover, the notation for the
symmetric form in the Weyl algebra case suggests a relation with the 2-point function, i.e.
a relation between AW (P ) and A (P ). To better see this, notice the following equivalence
using the Baker-Campbell-Hausdorff formula:

eiΦP (f)eiΦP (g) = eiΦP (f)+iΦP (g)− i
2
EP (f,g)1A (P ) = e−

i
2
EP (f,g)eiΦP (f+g) (1.4.19)

The abstract algebra A (P ) has no topology on it, this means that the above expression has
to be understood only as an equivalence between formal power series in f, g ∈ Γ∞

0 (B). This
is due to the lack of a notion of convergence so that one cannot say that the power series
of eiΦP (f) converges to an element of AW (P ). It seems however that the formal operator
eiΦP (f) recreates all of the properties of the generators WP (f) of the Weyl C∗-algebra
AW (P ). This formal identification becomes exact when the operators are represented on
a GNS Hilbert space associated to a GNS representation induced by a quasifree state.

Theorem 1.4.6. Let ω ∈ AW (P )∗+,1 be a quasifree state and (Hω, πω,Ωω) its associated
GNS construction. Then there is an induced representation of the unital ∗-algebra A (P )
on Hω given by:

πω(ΦP (f)) = −i d
dt
πω(WP (tf))

⃓⃓⃓⃓
t=0

(1.4.20)

where πω(ΦP (f)) is defined on a dense domain Dω(πω(ΦP (f))) ⊂ Hω. This relation can
also be written in its exponential form:

πω(WP (f)) = eiπω(ΦP (f)) (1.4.21)

Proof. See e.g. [DG13, Sec. 8.1, 8.2, Prop. 17.3].

This result is based on the fact that quasifree states are, in some appropriate sense, well
behaved enough that the induced GNS representation of the Weyl generators WP (f)
creates strongly continuous 1-parameter groups of unitary operators. The rest of the
statement is then an application of Stone’s theorem, which also assures that the field
operators πω(ΦP (f)) are selfadjoint. The key takeaway is that the formal relation between
the Weyl generators and the exponential of the field generators, suggested by Eq. (1.4.19),
is exact in the Hilbert space formulation. This establishes a fundamental link between
the two quantization schemes so that one can switch between the two of them based on
the kind of computation that needs to be done.
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Example 1.4.1 (Quasifree states in Minkowski spacetime). Consider a real Klein-Gordon
theory of mass m on Minkowski spacetime. The Minkowski vacuum state ω0 is a quasifree
state with 2-point function given by:

W0(f ⊗ g) =

∫︂
d3k

(2π)3
f̂(−k)ĝ(k)

2Ek
Ek :=

√︁
|k|2 +m2 (1.4.22)

The thermal state of inverse temperature β = 1
kBT

is a quasifree state with 2-point function
given by:

Wβ(f ⊗ g) =

∫︂
d3k

(2π)3
1

2Ek

(︄
f̂(−k)ĝ(k)
1− e−βEk

+
f̂(k)ĝ(−k)
eβEk − 1

)︄
(1.4.23)

The examples above are discussed in detail in [FR19], an in-depth analysis of general
properties of quasifree states can be found in e.g. [Bru+15; DG13].
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2 Hadamard states and their Hilbert
space representation

2.1 Physical motivation and definition of Hadamard state

In classical field theories it is always possible to define a stress energy tensor for sufficiently
regular field configurations. This quantity describes the energy density and the flow of
momentum of the field across spacetime. For the prototypical Klein-Gordon classical field
theory of mass m it has the following expression in terms of the field ϕ(x):

Tµν(x) = ∇µϕ(x)∇νϕ(x)−
1

2
gµν(x)(∇ρϕ(x)∇ρϕ(x) +m2ϕ2(x)) (2.1.1)

The stress energy tensor plays a crucial role even beyond the mere characterization of the
field configuration, as it directly enters the Einstein field equations for general relativity:

Gµν(x) = κTµν(x) (2.1.2)

where Gµν is the Einstein tensor and κ is a proportionality constant. The importance of
the stress energy tensor at classical level makes it especially desirable to figure out its
quantum version. Upon canonical quantization the stress energy tensor gets promoted to
an operator in the usual fashion. Among other applications, the expectation value of the
stress energy tensor of a quantum field enters the semiclassical version of Eq. (2.1.2):

Gµν(x) = κ⟨T̂µν(x)⟩ω (2.1.3)

where ⟨T̂µν(x)⟩ω is the expectation value of the quantum version of the stress energy tensor
for a quantum field in the state ω. It is immediate to see that the distributional nature of
the quantum fields makes it so that the naive quantization of Eq. (2.1.1) is ill-defined:

T̂µν(x) = ∇µϕ̂(x)∇νϕ̂(x)−
1

2
gµν(x)(∇ρϕ̂(x)∇ρϕ̂(x) +m2ϕ̂2(x)) (2.1.4)

This prescription would indeed expect one to multiply distributions at the same spacetime
point, which is in general an undefined operation [Hör90]. To overcome this problem it
is possible to follow a procedure called point splitting regularization [Chr76]. The core
strategy is to redefine Tµν as a function of two separate spacetime points x, y ∈ M and
then take the limit as y → x. In the quantized version, this procedure would look like the
following expression:

T̂µν(x) = lim
y→x

g ν′

ν (x, y)

[︃
∇(x)
µ ϕ̂(x)∇(y)

ν′ ϕ̂(y)

− 1

2
gµν′(x, y)

(︂
gρσ

′
(x, y)∇(x)

ρ ϕ̂(x)∇(y)
σ′ ϕ̂(y) +m2ϕ̂(x)ϕ̂(y)

)︂]︃
:= lim

y→x
g ν′

ν (x, y)D(x,y)
µν′ ϕ̂(x)ϕ̂(y)

(2.1.5)
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Here gµν(x, y) is a smooth bi-covector field agreeing with the metric on the diagonal x = y
used to correctly parallel transport vectors at different points [Chr76]. The differential

operator D(x,y)
µν is defined as:

D(x,y)
µν := g ν′

ν (x, y)

[︃
∇(x)
µ ∇(y)

ν′ − 1

2
gµν′(x, y)

(︂
gρσ

′
(x, y)∇(x)

ρ ∇(y)
σ′ +m2

)︂]︃
(2.1.6)

Finally, taking the expectation value in the state ω of both side yields:

⟨T̂µν(x)⟩ω = lim
y→x

D(x,y)
µν ⟨ϕ̂(x)ϕ̂(y)⟩ω (2.1.7)

The expectation value in the state ω of this limit is divergent unless some subtraction
procedure is specified, as it will be explained shortly. In light of Eq. (1.4.4) and Defini-
tion 1.3.10, notice that the right hand side contains none other than the Schwartz kernel
of the 2-point function:

W(f ⊗ g) = ω(ΦP (f)ΦP (g)) =

∫︂
M×M

f(x)ω(ϕ̂(x)ϕ̂(y))g(y) dVx dVy (2.1.8)

Remark. The operator in Eq. (2.1.6) is specific to the model of field theory, however it
will always be a second order partial differential operator.

The kernel ω(ϕ̂(x)ϕ̂(y)) = ⟨ϕ̂(x)ϕ̂(y)⟩ω := W (x, y) contains information about the cor-
relation of the quantum field at different spacetime points x, y ∈ M. As y → x the
field becomes, in some appropriate sense, infinitely correlated with itself reflecting the
undefined distributional multiplication at the same point.

The problem of infinite expectation values of observables is easily solved in Minkowski
spacetime. Flat spacetime has a unique Poincaré invariant vacuum state ω0 and the
associated 2-point function W0(x, y) has a well known singularity structure as y → x.
To define finite physical quantities it is sufficient to subtract the vacuum contribution
from the 2-point function of the state ω0, this procedure is known as normal ordering.
In curved spacetime the notion of vacuum state is not present due to the lack of global
Poincaré symmetry, thus normal ordering is not a viable option to get finite results when
taking expectation values of observables without the choice of a reference state. The
flat spacetime case still suggests that one should look at the singularity structure of the
2-point function to define an appropriate renormalization scheme for observables such as
the stress energy tensor. As stated in Theorem 1.4.3, the 2-point function is a bisolution
of the differential equation determined by the operator P , the theory of this kind of
linear partial differential equations was developed by J. Hadamard in [Had23]. In his
work he introduced a prescription to find solutions to such differential equations based on
their singularity structure in the limit y → x, in terms of so-called Hadamard elementary
solutions. Hadamard states are particular quantum states whose 2-point function has a
specific type of singularity structure in the limit y → x.

Definition 2.1.1 (Hadamard state). A state ω ∈ A (P )∗+,1 is said to be Hadamard if the
kernel of its 2-point function has the following form:

W (x, y) =
1

4π2

(︃
u(x, y)

σ(x, y)
+ v(x, y) log

(︃
σ(x, y)

l2

)︃)︃
+ w(x, y) := H(x, y) + w(x, y) (2.1.9)



HADAMARD STATES AND THEIR HILBERT SPACE REPRESENTATION 28

where σ(x, y) is the squared geodesic distance between x and y while u, v are smooth
functions on M × M independent of ω and fully determined by the geometry of the
spacetime via the Hadamard recursion relations. l is a positive length scale. The function
w is a smooth function on M×M that depends on the state ω.

The results of the theory of PDEs developed by Hadamard was applied in [DB60] to
determine the form of Green operators in terms of geometric constraint given by general
relativity, resulting in the structure of the Hadamard 2-point function above. The singular
structure in the limit y → x of Eq. (2.1.9), sometimes called Hadamard parametrix,
is evident as the geodesic distance σ(x, y) goes to zero. The length scale appearing in
Definition 2.1.1 is naturally present in a massive field theory by m2, however the definition
is ambiguous in the massless case, especially in a conformally invariant theory where no
absolute length scale is present. This matter is discussed in [Wal78; Chr78].

Remark. Definition 2.1.1 has some ambiguities even in the massive case:

(i) The Hadamard recursion relations allow to define the functions v, w in terms of
power series in σ(x, y):

v(x, y) =
∞∑︂
n=0

vn(x, y)σ
n(x, y) w(x, y) =

∞∑︂
n=0

wn(x, y)σ
n(x, y) (2.1.10)

These series, however, have in principle little to vanishing convergence radii.

(ii) In general spacetimes, there can be many different geodesics connecting x and y, so
that the geodesic distance can be only defined within a geodesically convex normal
neighborhood of x, y, i.e. an open set with only one geodesic connecting any pair of
points in it.

(iii) The restriction of Definition 2.1.1 to geodesically convex normal neighborhoods still
doesn’t solve the ambiguity in certain cases where there is no natural unique normal
neighborhood of x, y.

These and other technical problems have been addressed in [KW91; Mor21] by modifying
Definition 2.1.1 via some iε prescription that slightly deforms the geodesic distance, which
is however suppressed in the form reported above. This technically ambiguous form of the
definition contains nonetheless all the relevant details on the singularity structure needed
for this work, especially in view of its reformulation in terms of microlocal analysis that
will be given in Section 2.2. An example of the geodesic distance ambiguity is reported in
Fig. 2.1.1.

The reason why Hadamard states are so convenient to solve the problem described
in the beginning of this section, is that the singular part of their 2-point function is
completely state independent and determined by the geometry of the spacetime. In order
to understand the logic behind this, it is useful to compare the analogous construction in
Minkowski spacetime.

In flat spacetime, normal ordering defines a renormalized version of the stress energy
tensor as follows:
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Figure 2.1.1: This example was considered in [Mor21] to show the ambiguity in the
definition of the Hadamard parametrix. Consider a (1 + 1)-dimensional Minkowski
spacetime wrapped into a cylinder via the identification (t, x) ∼ (t, x+ 2L). In this way
A′ = A′′ and it is possible to find different values for σ(A,A′) due to the possibility of
identifying distinct normal neighborhoods.

:T̂µν : = T̂µν − ⟨T̂µν⟩ω0 (2.1.11)

where ω0 is the unique Minkowski vacuum state. In curved spacetime, the role of Minkowski
vacuum is played by Hadamard states. It is possible to renormalize the stress energy
tensor T̂µν by regularizing the divergence with the point splitting procedure of Eq. (2.1.7)
and subtracting the state independent singular term of the Hadamard parametrix of
W (x, y):

⟨T̂ ren
µν ⟩ω := lim

y→x
D(x,y)
µν (W (x, y)−H(x, y)) = lim

y→x
D(x,y)
µν w(x, y) (2.1.12)

This procedure is fully covariant as H(x, y) is a purely geometric quantity, making
Eq. (2.1.12) a well defined renormalization scheme for the stress energy tensor in curved
spacetime. This scheme is consistent with the axiomatic approach for the definition of a
renormalized stress energy tensor of [Wal77].

A key result in the study of Hadamard states is that the condition in Eq. (2.1.9) is
preserved under the dynamics of the theory [FSW78]. This means that if the 2-point
function of a certain state has the singularity structure of Hadamard form in an open
neighborhood of a Cauchy surface, then it has it everywhere in the spacetime. This
property of Hadamard state implies that a state that is Hadamard on a Minkowski-like
region of spacetime containing a Cauchy surface, will retain its Hadamard form regardless
of the curvature of the spacetime in the future of that Cauchy surface. This fact is
crucial in physical applications in order to give meaning to the expectation value of the
renormalized stress energy tensor across the whole spacetime.

It is also worth noting that this point splitting renormalization scheme can be generalized
in a locally covariant way to define arbitrary Wick polynomials :ϕk: on arbitrary spacetimes
[HW01]. This is a crucial development in the construction of interacting theories, which are
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generally studied in the context of perturbative algebraic quantum field theory (pAQFT)
[Rej16].

All these considerations suggest that Hadamard states are the most natural candidates
for the definition of a class of physical or physically relevant states for a quantum field
theory on curved spacetime, possibly even making Definition 2.1.1 the definition of such
class of states.

2.2 The microlocal form of the Hadamard condition

In the previous section it was discussed how Hadamard states arise by requiring that certain
bisolutions to the equations of motion of the field theory have a particular singularity
structure. This highlights the fact that the singularities of the 2-point function of a
Hadamard states are tightly related to the partial differential operator P defining the
PDE that the 2-point function itself solves. In the last part of Section 1.3 it was shown
how solutions to PDEs defined by operators like P are, in general, distributions. As such,
they can have singularities, and it is reasonable to expect that they will be organized in a
predictable way that is imposed by P . This point of view already starts to suggest that
the singularity structure of the 2-point function of a Hadamard state might be described in
terms of the singularity structure of a distribution with constraints given by the differential
operator P . These ideas were first proposed by M.J. Radzikowski in [Rad96] for scalar
fields, like the free Klein-Gordon theory, and later extended to Dirac fields [Koe95; Kra00;
Hol01] and fields that are sections of general vector bundles [SV01]. This approach to the
definition of the Hadamard condition is given in the context of microlocal analysis, that
is the study of distributions and the propagation of their singularities via the so-called
wavefront set. Microlocal analysis is a powerful theory that also allows one to rigorously
manipulate distributions. Their singularity structure makes even the most basic operations
generally ill-defined, unless one is careful to combine them in appropriate ways [Hör90].
The definition and interpretation of the wavefront set of a distribution can be found in
Appendix A.

There is a class of partial differential operators, called normally hyperbolic, that is naturally
suited to the analysis of the Hadamard condition. This is due to the particular behavior
of the wavefront set under the action of a differential operator. This behavior is related
to the form of higher derivative terms of the differential operator, which is encoded in its
principal symbol.

Definition 2.2.1 (Principal symbol). Let P : Γ∞(B) → Γ∞(B) be a partial differential
operator of order m and α = (α1, . . . , α4) a multi-index. In local coordinates P takes the
form:

P =
∑︂
|α|≤m

Aα(x)
∂|α|

(∂x1)α1 · · · (∂x4)α4
:=
∑︂
|α|≤m

Aα(x)D
α (2.2.1)

where Aα(x) are smooth bundle endomorphisms. Let (x, k) ∈ T ∗M, in local coordinates
k = (k1, . . . , k4), then the principal symbol of the differential operator P is defined as:

Pm(x, k) =
∑︂
|α|=m

Aα(x)k
α1
1 · · · kα4

4 :=
∑︂
|α|=m

Aα(x)k
α (2.2.2)
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Definition 2.2.2 (Normally hyperbolic operator). A second order partial differential
operator on a rank r vector bundle over a globally hyperbolic spacetime P : Γ∞(B) →
Γ∞(B) is said to be normally hyperbolic if its principal symbol is given by the metric.
This means that, in local coordinates (xµ), and local trivialization of the bundle f(x) =
(f 1(x), . . . , f r(x)), it takes the form:

[Pf ]a(x) = gµν(x)∂µ∂νf
a(x) + [Aν ]ab(x)∂νf

b +Ba
b(x)f

b (2.2.3)

Specifically, its principal symbol is P2(x, k) = gµν(x)kµkν1B.

Remark. This kind of differential operators are also-called wave operators because their
highest order term reproduces the D’Alembert operator. This also explains the name
wavefront set, as that is the set encoding the geometric propagation of the singularities of
solutions to the wave equation Pϕ = 0.

The normally hyperbolic condition on P constrains the cones in the cotangent bundle
along which the singularities propagate. In particular the constraint is determined by the
principal symbol.

Definition 2.2.3 (Characteristic set). Let P : Γ∞(B) → Γ∞(B) be a partial differential
operator of order m, the characteristic set of P is defined as the subset of the cotangent
bundle T ∗M where its principal symbol is singular:

Char(P ) := {(x, k) ∈ Ṫ ∗M | det(Pm(x, k)) = 0} (2.2.4)

where Ṫ ∗M is the cotangent bundle with the zero section removed.

The following is a key result in the reformulation of the Hadamard condition in terms of
microlocal analysis techniques.

Theorem 2.2.1. Let P : Γ∞(B) → Γ∞(B) be a partial differential operator of order m
with smooth coefficients and u ∈ D′(B, V ) be a V -valued distribution on B, then:

WF(u) ⊂ Char(P ) ∪WF(Pu) (2.2.5)

where Pu is to be understood as the action of P on distributional sections of B as in
Definition 1.3.11.

Proof. See e.g. [Hör90, Th. 8.3.1]

Normally hyperbolic RFHGHOs define partial differential equations for which EP and
W are bisolutions as in Proposition 1.4.5. Moreover, the characteristic set of a normally
hyperbolic operators consists only of null covectors, as the inverse metric gµν(x) is non
degenerate. By Theorem 2.2.1, it is immediate that the wavefront set of EP and W must
be contained in the subset of the cotangent bundle of null covectors. Taking a look back
at Definition 2.1.1, it seems like there is a connection emerging: the singularities of the
Hadamard parametrix also arise along null geodesics connecting x with y (for which the
geodesic distance σ(x, y) = 0). It turns out that this connection can be exactly formalized
by the following statements.
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Theorem 2.2.2. Let P be a normally hyperbolic RFHGHO, define:

N± := {(x, k) ∈ Ṫ ∗M | g(k, k) = 0, k is future(+)/past(−) directed} (2.2.6)

and define the equivalence relation (x, k) ∼ (y, l) if and only if there is a null geodesic γ
connecting x and y such that the vectors k♯, l♯ are the tangent vectors of the curve at x, y
respectively and are related by parallel transport along γ. Then:

WF(EP ) = {(x, k; y,−l) ∈ N ×N | (x, k) ∼ (y, l)}
WF(E±

P ) = {(x, k; y,−l) ∈ WF(EP ) | x ∈ J±(y)} ∪WF(1)
(2.2.7)

where 1 is the distribution induced by the identity map as in Definition 1.3.10, i.e. the
Dirac delta, and N := N+ ∪N−.

Proof. See e.g. [San10, Th. A.5].

Theorem 2.2.3. Let P be a normally hyperbolic RFHGHO and ω ∈ A (P )∗+,1 be a
Hadamard state. The Hadamard condition is equivalent to the following microlocal condi-
tion on the wavefront set of the 2-point function associated to the state ω:

WF(W) = {(x, k; y,−l) ∈ N+ ×N− | (x, k) ∼ (y, l)} (2.2.8)

Proof. See e.g. [SV01, Th. 5.8].

Notice how this condition is in perfect accordance with Definition 2.1.1. If a pair of points
x, y ∈ M are singular for the 2-point function, then they are joined by a null geodesic,
i.e. their geodesic distance vanishes, which is exactly the limit in which the Hadamard
parametrix is singular.

The wavefront set condition for the 2-point function of a Hadamard state reflects the one
of the causal propagator, the additional constraint is given by restricting the singularities
to propagate along positive frequencies. What this means is that a singularity at x
propagates along a null geodesic in the direction k♯, which by Theorem 2.2.3 is future
directed, i.e. a positive frequency. This propagation is represented in Fig. 2.2.1.

M

γ

k♯
l♯

−l♯
x y

Figure 2.2.1: The singularity propagates from x to y along a null geodesic γ. The
directions of the singularities are related by parallel transport, the wavefront set then
contains the pair k,−l and specifically selects k to be future pointing.
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Remark. This discussion heavily relies on the fact that P is normally hyperbolic, meaning
that its principal symbol vanishes exactly on the directions of propagation of the singular-
ities. The microlocal form of the Hadamard condition can be consistently extended to
non normally hyperbolic RFHGHOs. The idea behind this extension is to reformulate the
discussion in terms of generalized conical neighborhoods V± along which the singularities
are allowed to propagate. This leads to the definition of V+-Hadamard states, which
reduce to the standard N+-Hadamard states in the normally hyperbolic case. Most of
the usual nice properties of Hadamard states are recovered in this generalized setting. A
complete and detailed description of this construction can be found in [Few25].

2.3 Hadamard condition on Hilbert space vectors

In Section 1.2 the GNS theorem was presented as a way to systematically represent the
algebraic observables and states of a quantum system in the more familiar context of linear
operators acting on a Hilbert space and vectors therein. The necessity of working with
both kinds of observable algebras introduced in Section 1.4 will be made clear throughout
Chapter 3 and Chapter 4 in the context of the measurement framework of quantum field
theories. For this reason, the preferred GNS representations of the quantum algebras will
be those associated to quasifree states.

Remark. In order to make the notation lighter, from now on the GNS representation map
πω will be suppressed. The distinction between an algebra element A and its representative
πω(A) will be clear from the context.

For a quasifree state, the exponential expression:

WP (f) = eiΦP (f) (2.3.1)

is well defined as the exponentiation of a selfadjoint operator into a unitary one, both
acting on the Hilbert space of the theory Hω, where ω is an algebraic quasifree state,
as stated by Theorem 1.4.6. It is then desirable to translate the microlocal Hadamard
condition in the Hilbert space setting.

Notice first that the 2-point function can be expressed also in terms of state on the Weyl
C∗-algebra thanks to the possibility of differentiating the Weyl generators.

Definition 2.3.1 (2-point function in quasifree representations). Let ω ∈ AW (P )∗+,1 be
a quasifree algebraic state on the Weyl C∗-algebra and Ωω the Hilbert space and GNS
vector of the representation associated to ω. Then the 2-point function of ω is defined to
reproduce the standard 2-point function as follows:

W(f ⊗ g) = ⟨Ωω,ΦP (f)ΦP (g)Ωω⟩

= − ∂2

∂s∂t
⟨Ωω,WP (sf)WP (tg)Ωω⟩

⃓⃓⃓⃓
s=t=0

= − ∂2

∂s∂t
ω(WP (sf)WP (tg))

⃓⃓⃓⃓
s=t=0

(2.3.2)



HADAMARD STATES AND THEIR HILBERT SPACE REPRESENTATION 34

The Hadamard condition can be then equivalently formulated for quasifree states on the
Weyl C∗-algebra as follows.

Definition 2.3.2 (Hadamard state on the Weyl C∗-algebra). A state ω ∈ AW (P )∗+,1 is
Hadamard if and only if:

WF(W) = WF

(︃
− ∂2

∂s∂t
ω(WP (s·)WP (t·))

⃓⃓⃓⃓
s=t=0

)︃
= {(x, k; y,−l) ∈ N+ ×N− | (x, k) ∼ (y, l)}

(2.3.3)

where the distribution is understood as the extension of Eq. (2.3.2) by C-linearity.

A natural question is whether or not quasifree Hadamard states on the unital ∗-algebra
A (P ) and on the Weyl C∗-algebra AW (P ) are equivalent. The following result shows
that there is indeed a natural one-to-one correspondence.

Proposition 2.3.1. Let α ∈ AW (P )∗+,1 and β ∈ A (P )∗+,1 be quasifree (Definition 1.4.2)
Hadamard (Definition 2.3.2, Theorem 2.2.3) states, then α defines a quasifree Hadamard
state α̃ on A (P ) and β defines a quasifree Hadamard state β̃ on AW (P ).

Proof. First, α defines a state on the unital ∗-algebra A (P ) acting on the algebra in the
GNS representation induced by α as follows:

α̃(ΦP (f1) · · ·ΦP (fn)) := (−i)n ∂n

∂t1 · · · ∂tn
⟨Ωα,WP (t1f1) · · ·WP (tnfn)Ωα⟩

⃓⃓⃓⃓
ti=0

(2.3.4)

where the index i = 1, . . . , n labels the different generators of the algebras. This defines a
quasifree state on A (P ), as stated in [DG13, Prop. 17.8]. β defines a state on the Weyl
algebra AW (P ) acting on its generators as follows:

β̃(WP (f)) := e−
1
2
µβ(f⊗f) (2.3.5)

where µβ(f⊗f) is the symmetric part of the 2-point function associated to β, understanding

now µβ(f ⊗ f) = µβ̃(f, f) of Definition 1.4.2. This indeed defines a quasifree state on the
Weyl C∗-algebra satisfying positivity and normalization because [Bru+15, Prop. 5.2.9]:

|EP (f, g)| ≤ 2
√︁
µβ(f ⊗ f)

√︁
µβ(g ⊗ g) (2.3.6)

This equivalence is stated in e.g. [DG13, Prop. 17.5].

α̃ is Hadamard if WF(α̃(ΦP (·)ΦP (·))) satisfies the microlocal Hadamard condition, but:

α̃(ΦP (f)ΦP (g)) = − ∂2

∂s∂t
α(WP (sf)WP (tg))|s=t=0 (2.3.7)

which satisfies the microlocal Hadamard condition because α is Hadamard [FV03, Eq.
4.3]. Similarly, β̃ is Hadamard if WF(− ∂2

∂s∂t
β̃(WP (s·)WP (t·))|s=t=0) satisfies the microlocal

Hadamard condition, however:

− ∂2

∂s∂t
β̃(WP (sf)WP (tg))|s=t=0 = β(ΦP (f)ΦP (g)) (2.3.8)

Thus β̃ is Hadamard on β being Hadamard.
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Remark. This result is particularly useful because it allows one to translate results on
the unital ∗-algebra A (P ) to the Weyl C∗-algebra AW (P ), which are frequently used
together in the context of quantum measurements in quantum field theory, as will be clear
in Chapter 3 and Chapter 4. This shows why quasifree states are naturally preferred for
this discussion. The set of algebraic quasifree states that satisfy the Hadamard condition,
either on a unital ∗-algebra or on a Weyl C∗-algebra, is denoted as SqH .

The reformulation of the microlocal Hadamard condition on Hilbert spaces is essentially
given by the following characterization.

Theorem 2.3.2. Let ω ∈ AW (P )∗+,1 be a quasifree state on the Weyl C∗-algebra associated
to P and H be the GNS Hilbert space associated to some state on AW (P ), which is
not necessarily ω. If there exists a vector ψ ∈ H such that ω(A) = ⟨ψ,Aψ⟩ for any
A ∈ AW (P ) and for which WP (tf)ψ is differentiable for any f ∈ Γ∞

0 (B), define the
H-valued distribution:

ΦP (·)ψ : Γ∞
0 (B) → H

f ↦→ ΦP (f)ψ := −i d
dt
WP (tf)ψ

⃓⃓⃓⃓
t=0

(2.3.9)

Then ω is Hadamard if and only if WF(ΦP (·)ψ) ⊂ N−.

Proof. See e.g. [SVW02, Prop. 6.1], [FV03, Th. 4.2].

Theorem 2.3.2 essentially translates the Hadamard condition of a state ω from a statement
about the wavefront set of a C-valued bidistribution on the vector bundle B (which is W),
to a statement about the wavefront set of a H-valued distribution on the vector bundle B
(which is ΦP (·)ψ).

Remark. The field operator ΦP (f) in Theorem 2.3.2 is defined on the dense domain
D(ΦP (f)) ⊂ H for which its definition exists as a strong limit:⃦⃦⃦⃦

d

dt
WP (tf)ψ

⃓⃓⃓⃓
t=0

−
(︃
WP (tf)ψ − ψ

t

)︃⃦⃦⃦⃦
t→0−−→ 0 (2.3.10)

Then the hypotheses of theorem are evidently satisfied in the GNS representation induced
by ω itself, taking the GNS vector ψ = Ωω, due to Theorem 1.4.6. It is however convenient
to allow for other representations and, consequently, other vectors.

Definition 2.3.3 (Hadamard set). Let ω ∈ SqH be a quasifree Hadamard state on
AW (P ), (Hω,Ωω) its associated GNS Hilbert space and vector and Dω(ΦP (f)) ⊂ Hω the
dense domain of definition of −i d

dt
WP (tf)

⃓⃓
t=0

. Define the Hadamard set of ω as:

Had(ω) :=

⎧⎨⎩ψ ∈
⋂︂

f∈Γ∞
0 (B)

Dω(ΦP (f)) | WF(ΦP (·)ψ) ⊂ N−

⎫⎬⎭ (2.3.11)

By Theorem 2.3.2, every ψ ∈ Had(ω) defines an algebraic Hadamard state ωψ defined as
the state whose GNS Hilbert space and vector is the pair (Hω, ψ), i.e. ωψ ∈ SqH .
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A particularly useful property of the Hadamard set is that it is invariant under the action
of finite linear combinations of Weyl generators. What this means is that if ψ ∈ Had(ω)
for some ω ∈ SqH , then WP (f)ψ ∈ Had(ω) meaning that WP (f)ψ again gives rise to an
Hadamard state. This is formalized by the next results [FV03].

Lemma 2.3.3. Let u, v ∈ D′(B;H) be Hilbert space valued distributional sections of a
vector bundle B. If ∥u(f)∥ ≤ ∥v(f)∥ for any test section f ∈ Γ∞

0 (B∗), then WF(u) ⊂
WF(v).

Proof. If (y, l) ∈ Ṫ ∗M is a regular directed point for v, then:

sup
k∈V

(1 + ∥k∥n)∥u(χeixµk(∂µ))∥V ≤ sup
k∈V

(1 + ∥k∥n)∥v(χeixµk(∂µ))∥V <∞ ∀n ∈ N (2.3.12)

showing that (y, l) is regular directed also for u proving the statement.

Theorem 2.3.4. Let ω ∈ SqH be a quasifree Hadamard state, then Had(ω) is invariant
under the action of the algebra finitely generated by Weyl operators WP (f), f ∈ Γ∞

0 (B).

Proof. The goal is to show that WF(ΦP (·)WP (f)ψ) ⊂ N− as the wavefront set of linear
combinations of distributions is contained in the union of the individual wavefront sets
(see e.g. [Hör90, Sec. 8.2]). Then, using ΦP (·)WP (f)ψ = WP (f)ΦP (·)ψ+ [ΦP (·),WP (f)]ψ:

WF(ΦP (·)WP (f)ψ) ⊂ WF(WP (f)ΦP (·)ψ) ∪WF([ΦP (·),WP (f)]ψ) (2.3.13)

Weyl generators are unitary so that ∥WP (f)ΦP (g)ψ∥ = ∥ΦP (g)ψ∥, by Lemma 2.3.3 the
first term satisfies:

WF(WP (f)ΦP (·)ψ) ⊂ WF(ΦP (·)ψ) ⊂ N− (2.3.14)

For the second term, recall the definition of the field operator in terms of differentiation
of Weyl operators and let ψ ∈ Had(ω):

ΦP (g)ψ = −i lim
t→0

WP (tg)ψ − ψ

t
(2.3.15)

Then the combination ΦP (g)WP (f) can be rewritten using the properties of the Weyl
generators in Theorem 1.4.2:

ΦP (g)WP (f)ψ = −i lim
t→0

WP (tg)− 1

t
W (f)ψ

= −iWP (f) lim
t→0

(︃
e−itEP (g,f) − 1

t
+
WP (tg)− 1

t

)︃
ψ

= WP (f)(−EP (g, f)ψ + ΦP (g)ψ)

(2.3.16)

This means that:
[ΦP (g),WP (f)]ψ = −EP (g, f)WP (f)ψ (2.3.17)

Again, since Weyl generators are unitary, ∥[ΦP (g),WP (f)]ψ∥ = |EP (g, f)|∥ψ∥. The
integral representation of EP (g, f)ψ is given in terms of an integration of g(x) multiplied
by EPf(x), which is smooth, thus WF(EP (·, f)ψ) = ∅. Again, by Lemma 2.3.3:

WF([ΦP (·),WP (f)]ψ) ⊂ WF(EP (·, f)ψ) = ∅ (2.3.18)

proving the original statement.

Theorem 2.3.4 will play a key role in determining how certain types of measurements in
quantum field theory influence the properties of Hadamard states.
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3 The AQFT measurement frame-
work

3.1 Causal measurements in Quantum Field Theory

Non relativistic quantum mechanics has precise and complete prescriptions that describe
the process of measuring a quantum system in a given state. Consider a non relativistic
quantum system with associated Hilbert space H and a density matrix ρ representing a
general quantum state. The action of performing a measurement on the system is modeled
by the following postulates (see e.g. [NC10]).

Definition 3.1.1 (Quantum measurement). A quantum measurement is described by a
collection of measurement operators {Mm} ⊂ B(H) labeled by the possible outcomes of
the experiment. The measurement operators satisfy the completeness equation:∑︂

m

M∗
mMm = 1 (3.1.1)

The probability that the result m occurs is given by:

p(m) = Tr[ρM∗
mMm] (3.1.2)

The state of the system after a measurement that returns the outcome m is given by:

ρm =
MmρM

∗
m

Tr[ρM∗
mMm]

(3.1.3)

The completeness equation represents the fact that probabilities sum to one:∑︂
m

p(m) =
∑︂
m

Tr[ρM∗
mMm] = Tr[ρ

∑︂
m

M∗
mMm] = Tr[ρ] = 1 (3.1.4)

If one is only interested in computing probabilities of the outcomes of some measurement,
Definition 3.1.1 can be recast in the formalism of POVMs.

Definition 3.1.2 (POVM ). Let {Em} ⊂ B(H) be a collection of operators labeled by
a discrete set of indices. The collection {Em} is said to be a positive operator-valued
measure (POVM) if Tr[ρEm] ∈ [0, 1] for any m, density matrix ρ on H and

∑︁
mEm = 1.

The operators Em are also-called effects.

It is immediate to see that the set {Em} = {M∗
mMm}, subject to Definition 3.1.2, defines

a POVM. Probabilities can then be computed as p(m) = Tr[ρEm].

Example 3.1.1 (Expectation value). A standard example of quantum measurement is
the measurement of an observable of the quantum system in a state ρ. The observable is
described by a selfadjoint operator A ∈ B(H). Assuming that A has a discrete spectrum,
the spectral theorem for selfadjoint operators provides a POVM such that:

A =
∑︂
m

λmEm (3.1.5)



THE AQFT MEASUREMENT FRAMEWORK 38

where the values {λm} constitute the spectrum of A. The expectation value of the
observable A in the state ρ is then computed in the usual statistical sense:

⟨A⟩ρ =
∑︂
m

λmp(m) =
∑︂
m

λmTr[ρEm] = Tr[ρA] (3.1.6)

recovering the standard expression. In particular, the set {Em} is a projection-valued
measure (PVM), which is a special case of POVM for which the operators Em are
orthogonal projectors.

Remark. The apparatus describing quantum measurements and the computation of
expectation values in quantum mechanics has been summarized in the case where the
outcomes of an experiment take a discrete number of values. This has been done only for
the sake of a cleaner notation, since it is already enough to provide examples in which the
non relativistic measurement description clashes with fundamental properties of quantum
field theory, which will be the main topic of this section. This machinery, however, can be
fully extended to the general case of continuous experimental outcomes. The labels m
are replaced by intervals ∆ of the Borel σ-algebra of R, encoding the fact that, in the
continuous case, the physical instrument has a finite precision and p(∆) is interpreted as
the probability of the outcome to be in some interval ∆ of the real line. This generalization
also makes sense of the measure terminology for a POVM, as the spectral theorem for
selfadjoint operators defines so-called spectral measures, which are measures on the Borel
σ-algebra of R with values in the set of effects on H. For a detailed treatment of this
topic, see e.g. [Mor17].

In Section 1.2 the algebraic formulation of quantum field theory was given in terms of
an assignment O → A (O) of an algebra to each region of the spacetime O ⊂ M. The
algebra A (O) contains operators that can be interpreted to be localized in the spacetime
region O, in particular the selfadjoint ones represent localized observables. The first
natural guess for a theory of quantum measurement in the relativistic setting would be to
extend the rules of non relativistic quantum mechanics to work for measurement operators
Mm ∈ A (O) localized in certain regions of spacetime, defining in this way the concept of
local quantum measurement. This naive extension, however, ends up failing even in the
most basic instance of quantum measurement. This issue was first highlighted in [Sor93]
by setting up a theoretical experiment which, assuming the validity of the postulates in
Definition 3.1.1, would lead to the possibility of transmitting information at superluminal
speed. In other words, the rules of non relativistic quantum mechanical measurements
are not compatible with the causal structure of a relativistic quantum field theory. This
experiment, which will be now presented, is known as Sorkin’s impossible measurement.

Consider three spacetime regions OA,OB,OC in which Alice, Bob and Charlie, respectively,
perform their quantum field theoretical measurements. The regions are located in such a
way that the following relations hold:

(i) OC ∩ J−(OB) = ∅,OB ∩ J−(OA) = ∅

(ii) OC ∩ J+(OB) ̸= ∅,OB ∩ J+(OA) ̸= ∅

(iii) J(OA) ∩ OC = ∅
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OA

OB

OC

t

x

Figure 3.1.1: The setup of the measurements regions in Minkowski spacetime. Alice’s
and Charlie’s regions are evidently causally disconnected. The shaded cones represent the
causal future and past of each region as usual.

A pictorial representation of the relative position of the regions is given in Fig. 3.1.1.

Alice and Bob set up the most basic quantum measurement possible, which is described
by a single unitary measurement operator. Notice that any unitary operator U satisfies
the completeness equation of Definition 3.1.1 U∗U = 1. Since the measurement is
now in the context of quantum field theory, these unitary operators belong to the local
algebras of the regions OA and OB. Following Theorem 1.4.2 and Theorem 1.4.6 the
two measurement operators can be built by taking fA, fB ∈ Γ∞

0 (B) with supp(fA) ⊂ OA

and supp(fB) ⊂ OB and defining UA := eiΦP (fA) and UB := ei[ΦP (fB)]2 [FV24]. Charlie
performs the quantum measurement of the selfadjoint operator ΦP (fC) localized in its
region for fC ∈ Γ∞

0 (B) with supp(fC) ⊂ OC . Now suppose that Alice chooses whether
or not to perform the measurement, while Bob certainly performs it. If ρ is the density
matrix representing a quasifree state ω of the quantum field and one assumes that the
prescriptions of Definition 3.1.1 remain valid in quantum field theory, Charlie performs
his measurement in one of the following states:

ρAB = UBUAρU
∗
AU

∗
B, ρB = UBρU

∗
B (3.1.7)

Now, the expectation value of Charlie’s quantum measurement can be either one of the
following:

⟨ΦP (fC)⟩AB = Tr[ρABΦP (fC)], ⟨ΦP (fC)⟩B = Tr[ρBΦP (fC)] (3.1.8)

Using the cyclic property of the trace, the expectation values can be rewritten as:

⟨ΦP (fC)⟩AB = Tr[ρU∗
AU

∗
BΦP (fC)UBUA], ⟨ΦP (fC)⟩B = Tr[ρU∗

BΦP (fC)UB] (3.1.9)

Using BCH formula and the defining property of the field operators presented in Theo-
rem 1.4.1 [ΦP (g),ΦP (h)] = iEP (g, h)1, one can write:
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U∗
Be

iΦP (tfC)UB = e−i[ΦP (fB)]2eiΦP (tfC)ei[ΦP (fB)]2

= eiΦP (tfC)+2iEP (fB ,tfC)ΦP (fB)

= eiΦP (tfC+2tEP (fB ,fC)fB)

(3.1.10)

Then using the Weyl relation in its exponential form one can rearrange the expression
eiΦP (g)eiΦP (h) = e−

i
2
EP (g,h)1eiΦP (g+h) = e−iEP (g,h)1eiΦP (h)eiΦP (g), so that:

U∗
AU

∗
Be

iΦP (tfC)UBUA = eiΦP (−fA)eiΦP (tfC+2tEP (fB ,fC)fB)eiΦP (fA)

= e−iEP [−fA,tfC+2tEP (fB ,fC)fB ]1U∗
Be

iΦP (tfC)UB

= e2itEP (fA,fB)EP (fB ,fC)1U∗
Be

iΦP (tfC)UB

(3.1.11)

where EP (fA, fC) = 0 because supp(fA) and supp(fC) are causally disjoint. Then differ-
entiating in t = 0 yields:

U∗
AU

∗
BΦP (fC)UBUA = −i d

dt

(︁
U∗
AU

∗
Be

iΦP (tfC)UBUA
)︁⃓⃓⃓⃓
t=0

= U∗
BΦP (fC)UB + 2EP (fA, fB)EP (fB, fC)1

(3.1.12)

This means that:

⟨ΦP (fC)⟩AB = ⟨ΦP (fC)⟩B + 2EP (fA, fB)EP (fB, fC) (3.1.13)

In general 2EP (fA, fB)EP (fB, fC) ̸= 0 due to how the measurement regions were set
up. This means that Charlie can perform a quantum measurement in his local region of
spacetime OC and determine whether or not Alice has performed her experiment in the
region OA even though their regions are causally disconnected. This kind of set up could
be, in principle, implemented to transmit information in a superluminal way from OA to
OB, suggesting that the non relativistic framework of quantum measurement cannot be
straightforwardly adapted to quantum field theory.

3.2 Systems and probes for QFT measurements

In recent years C.J. Fewster and R. Verch proposed a new framework to model local
measurements in QFT [FV20]. Mimicking Definition 3.1.1, this framework comes with
prescriptions to compute expectation values of observables and rules to predict the post-
measurement state update but, unlike the non relativistic one, it can be shown to be
free of causal inconsistencies such as Sorkin’s impossible measurement. The main idea
is that in physics an experiment is carried out by means of a measurement instrument
interacting with the system that one wants to measure. This approach was already in use
for non relativistic theories and can be seen as an operational axiomatic description of the
quantum measurements of Section 3.1, see e.g. [Bus+16]. The system and the instrument
(probe) are then modeled as QFTs that interact in a region of spacetime and are free
outside that interaction zone. The AQFT formulation of this framework has the great
advantages of being both model-independent and applicable to curved spacetimes. The
latter is of utmost importance for purely quantum field theoretical phenomena like the
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Unruh [Unr76] and Hawking [Haw75] effects, where a solid theoretical description often
lacks a complementary treatment of their measuring processes.

Definition 3.2.1 (LCQFTs combinations). Let LA and LB be LCQFTs as in Defini-
tion 1.2.10. The uncoupled combination of LA and LB is the LCQFT whose local algebras
of observables are defined as:

LU(O) := LA(O)⊗ LB(O) (3.2.1)

for all regions O ⊂ M.

Let K ⊂ M be a compact subset of the spacetime manifold. A LCQFT LC is a coupled
combination of LA and LB with coupling zone K if for each L ⊂ M \ ch(K) causally
convex subset outside the causal hull of K there is an Alg isomorphism:

χL : LA(L)⊗ LB(L) → LC(L) (3.2.2)

which is compatible with the locality structure of the LCQFTs, i.e. for each L′ ⊂ L the
following diagram commutes:

LA(L
′)⊗ LB(L

′) LA(L)⊗ LB(L)

LC(L
′) LC(L)

LA(ιL;L′ )⊗LB(ιL;L′ )

χ′
L

χL

LC(ιL;L′ )

(3.2.3)

where ιL;L′ is the inclusion Loc morphism of the region L′ into the region L.

Let’s unpack Definition 3.2.1. The uncoupled combination of a pair of QFTs is just a
QFT whose local algebras are non interacting products of the individual ones. This means
that a local operator of LU that can be written as a tensor product of operators from LA

and LB is acted on by tensor products of states as follows:

υ(U) = (ω ⊗ σ)(A⊗B) = ω(A)σ(B) (3.2.4)

where U ∈ LU(O), υ ∈ LU(O)∗+,1 and similarly for A,B and ω, σ. In particular, LU

satisfies Einstein causality and the time-slice axiom if the original pair does.

The coupled combination is basically saying that the QFT LC is equivalent to the
uncoupled combination LU in the sense of Definition 1.2.11, when it is restricted to
regions strictly outside the coupling zone. This definition formalizes the fact that the
interaction needed to measure a QFT happens in a compact spacetime zone and, outside
that zone, the QFTs are completely independent.

The goal is now to identify the coupled combination LC with the uncoupled LU at early
times (before the interaction) and at late times (after the interaction). To do that consider
the following lemma.

Lemma 3.2.1. Let M± := M\ J∓(K) be the natural in/out regions of the coupling zone
K. The Alg morphisms

LA(ιM;M±) := α±, LB(ιM;M±) := β±, LC(ιM;M±) := γ± (3.2.5)

are Alg isomorphisms.
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Proof. The sets M± contain a Cauchy surface because K is compact. For this reason the
maps ιM± are Cauchy Loc morphism. By the time-slice axiom, all of the Alg morphisms
in the lemma are isomorphisms.

Fig. 3.2.1 displays an example of the spacetime regions considered up to this point.

Σ

J+(K)

K M−

L

t

x

Figure 3.2.1: In Minkowski spacetime it is immediate to se that M− contains a Cauchy
surface Σ of constant time. The set L does not intersect the causal hull of the coupling
zone K.

The following definition brings the fundamental object necessary to model the measurement
interaction. Its algebraic and model independent definition makes it possible to develop
the theory of QFT measurements at a very general level.

Definition 3.2.2 (Response maps and scattering morphism). Let χ± := χM± be the Alg
isomorphisms of Definition 3.2.1 associated to the in/out regions. The Alg isomorphisms:

τ± := γ± ◦ χ± ◦ (α± ⊗ β±)−1 : LA(M)⊗ LB(M) → LC(M) (3.2.6)

identifying the uncoupled system at early(−)/late(+) time with the coupled combination
are called advanced(−)/retarded(+) response maps.

The composition Θ := (τ−)−1 ◦ τ+ is an automorphism of the algebra LA(M)⊗ LB(M)
called scattering morphism.

Remark. The scattering morphism evolves the free observables of LA(M) ⊗ LB(M)
after the interaction backwards in time, through the coupling zone into the free region
before the interaction. This can be seen as the familiar action of the S-matrix in the
standard scattering formalism, hence the name scattering morphism. Here before/after is
interpreted as causal past/future, which in relativity is not strictly related to actual time.
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The action of the response maps can be better seen as the following chain:

LA(M)⊗ LB(M)
(α±⊗β±)−1

−−−−−−−→ LA(M±)⊗ LB(M±)
χ±
−→ LC(M±)

γ±−→ LC(M) (3.2.7)

which by Lemma 3.2.1 and Definition 3.2.1 is a combination of isomorphisms. Fig. 3.2.2
represents the action of the response maps taking the uncoupled observables into the
coupled combination algebra.

LC

LBLA

LBLA

L+

L−

K

τ−

τ+

t

x

Figure 3.2.2: The response map τ± are isomorphisms from the uncoupled quantum
algebras localized in L± ⊂ M± to the coupled quantum algebra localized in K. Outside
K the uncoupled and the coupled algebras are isomorphic by definition via the χL maps.

In a QFT experiment, the system and probe are prepared at early times (before the
interaction) in states ω and σ respectively, while the measurement of observables happens
at late times (after the interaction). It is useful to consider effects, which are interpreted
as success/fail tests, so that ω(A) := p(A;ω) is interpreted as the probability of success of
the test A on the system in the state ω. On a pair of QFTs, an effect A of the system
and an effect B on the probe create an effect A⊗B on the uncoupled combination. On
the state ω ⊗ σ this evaluates to:

(ω ⊗ σ)(A⊗B) = ω(A)σ(B) = p(A;ω)p(B; σ) = p(A&B;ω ⊗ σ) (3.2.8)

which is clearly interpreted as the probability of success of the joint test A&B on the
states ω and σ. The link between effects (POVMs) and observables (selfadjoint operators)
has been already mentioned in Example 3.1.1, for further details see e.g. [Bus+16, Ch. 9].



THE AQFT MEASUREMENT FRAMEWORK 44

In the language of QFT measurements just described, the experimental setup consists of
the following objects:

(i) An uncorrelated state at early times (ω ⊗ σ) ∈ (LA(M)⊗ LB(M))∗+,1.

(ii) An uncorrelated effect at late times (A⊗B) ∈ LA(M)⊗ LB(M).

Being able to read the outcome of a probe measurement means that it is desirable to
derive an expression for the following conditioned probability:

p(A | B;ω ⊗ σ) =
p(A&B;ω ⊗ σ)

p(1A&B;ω ⊗ σ)
(3.2.9)

This is interpreted as the probability of success of the system effect A, which is what
one wants to infer, conditioned on the success of the probe’s effect B, which is what
one actually measures. The denominator acts as the normalization factor given by the
probability of success of B, which in terms of the uncoupled combination figures as the
effect 1⊗B.

To compute p(A&B;ω ⊗ σ) it is needed to identify late-time observables with early time
states. This is where the scattering morphism plays its main role so that:

p(A&B;ω ⊗ σ) = (ω ⊗ σ)(Θ(A⊗B)) (3.2.10)

This equation can be understood visually from Fig. 3.2.2 and from the chain Eq. (3.2.7)
composed as:

(A⊗B) ∈ LA(M)⊗LB(M)
τ+−→ LC(M)

(τ−)−1

−−−−→ LA(M)⊗LB(M) ∋ Θ(A⊗B) (3.2.11)

Eq. (3.2.9) can be rewritten as a σ and B dependent functional on the local algebras of
the system. This defines a state that can be used to directly compute the conditioned
probabilities, called updated state. In some sense, this takes the role of the state update
rule of Definition 3.1.1.

Definition 3.2.3 (State update). Let LA and LB be the system and probe QFTs,
respectively prepared in states ω and σ at early time, and Θ be the scattering morphism
modeling the interaction. The selective state update of ω is the state of the system QFT
that reproduces the conditional probability for the joint test of a probe effect B with any
system effect A, conditioned on the success of B. It takes the following form:

ωsel(A) :=
(ω ⊗ σ)(Θ(A⊗B))

(ω ⊗ σ)(Θ(1A ⊗B))
(3.2.12)

If the conditioning effect of the probe is the identity, the new state is called non-selective
state update and takes the following form:

ωn.s.(A) := (ω ⊗ σ)(Θ(A⊗ 1B)) (3.2.13)

The induced measurement of the system observable A is said to be either a selective
measurement or non-selective measurement accordingly.
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To see how this framework solves the problem presented in Section 3.1, it is needed to
introduce the concept of multiple measurements, make an assumption of so-called causal
factorization and state the following key properties of the scattering morphism [FV20].

Theorem 3.2.2. Let LA and LB be a system and a probe QFT coupled in a com-
pact set K ⊂ M, LU their uncoupled combination and Θ the scattering morphism of
Definition 3.2.2.

(i) If L is a causally convex open subset of the causal complement K⊥ = M+ ∩M− of
K, then the scattering morphism acts trivially on its local uncoupled combination
algebra, i.e. ΘLU(L) = LU(L).

(ii) If L± are causally convex open subsets of M± such that L+ ⊂ D(L−), where D(L−)
is the Cauchy development of L−, then ΘLU(L

+) ⊂ LU(L
−).

Proof. (i) For any X ⊂ Y ⊂ M define the morphisms:

LA(ιY ;X) := αY ;X , LB(ιY ;X) := βY ;X , LC(ιY ;X) := γY ;X (3.2.14)

Notice that with this notation α± = αM;M± , and similarly for β, γ. Using the definition
of response maps and of coupled combination, the following holds:

τ± ◦ (αM;L ⊗ βM;L) = γ± ◦ χ± ◦ (α± ⊗ β±)−1 ◦ (αM;L ⊗ βM;L)

= γ± ◦ χ± ◦ (αM±;L ⊗ βM±;L)

= γ± ◦ γM±;L ◦ χL
= γM;L ◦ χL

(3.2.15)

Then, since L ⊂ M+ ∩M−, it follows that the morphism χL is the same for both τ+ and
τ−:

τ+ ◦ (αM;L ⊗ βM;L) = τ− ◦ (αM;L ⊗ βM;L) (3.2.16)

Then the scattering morphism acts as follows:

Θ(αM;L ⊗ βM;L) = (τ−)−1 ◦ τ+ ◦ (αM;L ⊗ βM;L)

= (αM;L ⊗ βM;L)
(3.2.17)

This means that any U = (A⊗B) ∈ LU (L) uncoupled observable localized in L, included
in the global algebra LU (M) via the inclusion map (αM;L⊗ βM;L), is invariant under the
action of the scattering morphism:

ΘLU(M) = Θ(αM;L ⊗ βM;L)LU(L) = (αM;L ⊗ βM;L)LU(L) (3.2.18)

(ii) Eq. (3.2.15) can be applied for L = L± giving:

τ+◦(αM;L+⊗βM;L+) = γM;L+◦χL+ , (τ−)−1◦(γM;L−) = (αM;L−⊗βM;L−)◦χ−1
L− (3.2.19)

By the time-slice axiom, since L+ ⊂ D(L−) there is an embedding of local coupled algebras
ιC : LC(L

+) ↪→ LC(L
−) such that γM;L+ = γM;L− ◦ ιC , then:

Θ(αM;L+ ⊗ βM;L+) = (τ−)−1 ◦ τ+ ◦ (αM:L+ ⊗ βM;L+)

= (τ−)−1 ◦ γM;L+ ◦ χL+

= (αM;L− ⊗ βM;L−) ◦ χ−1
L− ◦ ιC ◦ χL+

:= (αM;L− ⊗ βM;L−) ◦ δ

(3.2.20)
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where δ : LA(L
+) ⊗ LB(L

+) ↪→ LA(L
−) ⊗ LB(L

−) is an embedding of the uncoupled
combination localized at L+ into the uncoupled combination localized at L− existing
thanks to the hypothesis L+ ⊂ D(L−). Then as for the first part of the theorem the
following holds:

ΘLU(M) = Θ(αM;L+ ⊗ βM;L+)LU(L
+) ⊂ (αM;L− ⊗ βM;L−)LU(L

−) (3.2.21)

Remark. The first point of Theorem 3.2.2 says that the scattering morphism acts trivially
on observables that are localized in regions of spacetime causally disconnected from the
interacting region, as one would expect. The second point is essentially stating that the
observables of a post interaction region L+ that is fully determined by a pre interaction
region L− via Cauchy development, are necessarily scattered back to observables localized
in the domain of determinacy of L+, which is L−.

Multiple successive measurements can be modeled in a covariant way.

Definition 3.2.4 (Causally ordered sets). LetK1, K2 be compact sets, ifK1∩J+(K2) = ∅,
the pair is said to be causally orderable and it is denoted as K1 ◁ K2.

Definition 3.2.5 (Causal factorization). Consider a pair of causally ordered compact
sets K1 ◁ K2, a system QFT LA and a pair of probe QFTs LBj

, j = 1, 2. Let LCj
be the

coupled combinations of LA and LBj
with coupling zone Kj, and associated scattering

morphisms Θj . Consider also LB1 ⊗LB2 as a single probe theory and let LC be a coupled
combination of LA with the combined probe theory and associated scattering morphism Θ.
The theory satisfies causal factorization, if the scattering morphism factorizes as follows:

Θ = (Θ1 ⊗3 1) ◦ (Θ2 ⊗2 1) (3.2.22)

The tensor product subscript indicates the slot on which the second factor acts:

(Θ2 ⊗2 1)(A⊗ (B1 ⊗B2)) = (Θ2(A⊗B2)⊗2 B1)

(Θ1 ⊗3 1)(A⊗ (B1 ⊗B2)) = (Θ1(A⊗B1)⊗3 B2)
(3.2.23)

Here and in the following discussion, the identities are understood to act on their respective
spaces where no subscript is present. Using the same notation of Section 3.1, in this
framework Sorkin’s impossible measurement is modeled by assigning QFTs LA,LB to
Alice and Bob respectively, both acting as probe theories for a third system QFT LS, not
to be confused with the A,B system/probe of the general discussion above. Alice and Bob
perform non-selective measurements by coupling their probes in zonesKA ⊂ OA, KB ⊂ OB.
Assume that Alice and Bob prepare their probes in states σA, σB respectively, at early
times, while the system QFT is prepared in a state ω, also at early time. Picking now a
system observable localized in OC , i.e. C ∈ LS(OC), the problem reduces to comparing
its expectation value on the non-selective state update conditioned on Bob’s measurement
alone vs Bob’s and Alice’s measurements:

ωn.s.
B (C)

?
= ωn.s.

AB(C) (3.2.24)
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The first member is easy and just evaluates to:

ωn.s.
B (C) = (ω ⊗ σB)(ΘB(C ⊗ 1)) (3.2.25)

where ΘB is the scattering morphism relative to Bob’s measurement. The second member
reads as:

ωn.s.
AB(C) = (ω ⊗ σA ⊗ σB)(Θ(C ⊗ 1⊗ 1)) (3.2.26)

Assume causal factorization so that the scattering morphism relative to the full double
probe reads as:

Θ = (ΘA ⊗3 1) ◦ (ΘB ⊗2 1) (3.2.27)

Consider the first action:

(ΘB ⊗2 1)(C ⊗ 1⊗ 1) = ΘB(C ⊗ 1)⊗ 1 (3.2.28)

In [BFR21, Lemma 3, 4] it is shown that in this setup it is always possible to find a region
N ⊂ M such that N ∩ J(OA) = ∅ and OC ⊂ D(N ), see Fig. 3.2.3 for an illustration.

N
OA

OB

OC

t

x

Figure 3.2.3: The region N is causally disconnected from Alice’s local measurement in
OA, while also serving as a domain of determinacy for the region OC .

By Theorem 3.2.2, it follows that ΘB(C ⊗ 1) is in the uncoupled combination of LS and
LB localized in N . But then, since N is causally disjoint from OA, it follows again from
Theorem 3.2.2 that (ΘA ⊗3 1) acts trivially on (ΘB ⊗2 1)(C ⊗ 1⊗ 1) so that:

ωn.s.
AB(C) = (ω ⊗ σA ⊗ σB)(Θ(C ⊗ 1⊗ 1))

= (ω ⊗ σA ⊗ σB)((ΘB ⊗2 1)(C ⊗ 1⊗ 1))

= (ω ⊗ σB)(ΘB(C ⊗ 1))

= ωn.s.
B (C)

(3.2.29)
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showing that the expectation value of an observable localized in a region causally discon-
nected from Alice’s region cannot tell anything about whether or not Alice performed her
measurement.

3.3 Hadamard states in the measurement framework

The measurement framework presented in Section 3.2 completely characterizes the process
of a quantum measurement, using the modern paradigm of systems and probes, in the
context of QFT. On one hand, it has the great advantage of being fully model independent
as no mention of a specific type of QFT for either the system or the probe has been made
and no assumptions on the interaction were required. On the other hand, the technical
difficulties of scattering theory have not magically vanished, they are present in this
framework in the guise of response maps, scattering morphisms and Alg isomorphisms
between the uncoupled and coupled combinations. Once explicit calculations are needed,
it is possible to select particular models and interactions to approach the problem with
perturbation theory. An example of this will be given in Chapter 4. Even without this level
of specialization, refining some assumptions about the system and the probe is enough to
provide a further characterization of the measurement scheme and its fundamental objects.
In particular, the RFHGHO theories of Chapter 1 are the perfect playground to study
the interaction between the measurement framework of Chapter 3 and the Hadamard
condition of Chapter 2.

The first thing to notice is that Theorem 1.3.4 can be interpreted as a result about
theories that agree outside a compact subset of the spacetime manifold. Definition 3.2.1
needs maps χL that identify two (quantum) theories outside a compact subset of the
spacetime manifold, which is the causal hull of the coupling zone. Even though the
first case concerns classical field theories, while the second one is about quantum local
algebras, Section 1.4 presented a quantization scheme in terms of functors, meaning that
the classical morphisms of Theorem 1.3.4 can be eventually quantized in hope that they
can be useful for a quantum measurement setup.

Theorem 3.3.1. Let (B,P ), (B,Q) ∈ GreenHyp be RFHGHOs on a spacetime M that
agree outside a compact set K ⊂ M. Then there are Cauchy GreenHyp morphisms
τ±QP : (B,P ) → (B,Q) and τ±PQ : (B,Q) → (B,P ) such that τ±QPΓ

∞
0 (B) ⊂ Γ∞

0 (B|M±) and

τ̂±QP [f ]P = [f ]Q, and analogous properties for τ±PQ. Then θ := τ−PQ ◦ τ+QP is a GreenHyp
endomorphism of (B,P ) and can be chosen to take the following form:

θf = f − (Q− P )E−
Qf, f ∈ Γ∞

0 (B|M+) (3.3.1)

In the spirit of Section 3.2, the maps τ± are called response maps and the map θ is called
scattering morphism for Q relative to P with coupling zone K.

Proof. The response maps are the Cauchy GreenHyp morphisms defined in Theo-
rem 1.3.4. Choosing them as proposed in the proof of the theorem and exploiting
the fact that P and Q are injective, the specific form of θ follows. See e.g. [Few25, Th.
5.21] for details.

The Cauchy GreenHyp morphisms that play the role of response maps can be character-
ized by their action on the sections of the bundles they act on. This characterization is
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useful to define a notion of regularity which, in a sense, preserves the singularity structure
of distributions.

Definition 3.3.1 (Regular morphism). A linear map S : Γ∞
0 (B) → Γ∞

0 (B′) is said to be
regular if:

(i) S is continuous and has continuous formal transpose tS : Γ∞
sc (B

′) → Γ∞(B).

(ii) For any compact K ⊂ M there is a compact K ′ ⊂ M′ such that SΓ∞
K (B) ⊂ Γ∞

K′(B′).

(iii) WF(Sknl) ∩
(︂
(0T ∗M′ × Ṫ ∗M) ∪ (Ṫ ∗M′ × 0T ∗M)

)︂
= ∅.

This means that there can be sufficiently regular morphisms that do not disturb the
singularity structure of a distribution. This is particularly relevant for the measurement
framework. One would like for the scattering morphism to satisfy some kind of regularity
condition, so that the measurement process does not introduce new singularities in the
states of the system.

The following two results are all that is needed to study the behavior of Hadamard states
under non-selective state updates [Few25]. They will play an important role also in the
case of selective state updates, which will be the topic of Chapter 4.

Theorem 3.3.2. Let (B,P ), (B,Q) ∈ GreenHyp be RFHGHOs on a spacetime M that
agree outside a compact set K ⊂ M and θ be the scattering morphism of Q relative to P
with coupling zone K. Define the Alg scattering automorphism:

Θ := A (θ) : A (P ) → A (P ) (3.3.2)

Then its pullback Θ∗ : A (P )∗+,1 → A (P )∗+,1 is an isomorphism on the set of Hadamard
states on A (P ).

Proof. [Few25, Lemma 5.15] shows that the response maps of Theorem 3.3.1 are regular.
[Few25, Lemma 5.16] shows that, for any regular GreenHyp morphism S, the pullback of
the Alg morphism A (S) maps Hadamard states to Hadamard states. Since θ = τ−PQ ◦τ

+
QP ,

then Θ = A (τ−PQ)◦A (τ+QP ) pulls back to a composition of Hadamard preserving morphisms.

As this holds also for Θ−1 = A (τ+PQ) ◦ A (τ−QP ), the map Θ∗ is indeed an isomorphism on
the set of Hadamard states.

Theorem 3.3.3. Let (BP , P ), (BQ, Q) ∈ GreenHyp be normally hyperbolic RFHGHOs
on a spacetime M and define the RFHGHO (P ⊕Q,BP ⊕BQ) as in Theorem 1.4.3. Let
also ω ∈ A (P )∗+,1 and σ ∈ A (Q)∗+,1 be Hadamard states. Then ω ⊗ σ is a Hadamard
state on the algebra A (P ⊕Q) ∼= A (P )⊗ A (Q).

Moreover, if α is a Hadamard state on A (P ⊕Q), the partial traces αP (A) = α(A⊗1A (Q))
and αQ(B) = α(1A (P ) ⊗B) are Hadamard states on A (P ) and A (Q) respectively.

Proof. Consider the 2-point function associated to αP :

WαP
(f ⊗ g) = αP (ΦP (f)ΦP (g))

= α((ΦP (f)⊗ 1A (Q))(ΦP (g)⊗ 1A (Q)))

= α(ΦP⊕Q(f ⊕ 0)ΦP⊕Q(g ⊕ 0))

= Wα((f ⊕ 0)⊗ (g ⊕ 0))

(3.3.3)
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Since α is Hadamard, the following holds:

WF(WαP
) ⊂ WF(Wα) ⊂ N+ ×N− (3.3.4)

Now, by Proposition 1.4.5:

WF(WαP
) = WF(iEP + tWαP

)

⊂
(︁
WF(EP ) ∪ (N− ×N+)

)︁
∩WF(WαP

)

⊂ WF(EP ) ∩ (N+ ×N−)

(3.3.5)

where WF(tWαP
) is computed using the rule of composition of WαP

with the map
ϕ(x, y) = (y, x), see e.g. [Hör90, Th. 8.2.4]. Conversely:

WF(EP ) ∩ (N+ ×N−) ⊂ WF(−i(WαP
− tWαP

)) ∩ (N+ ×N−)

⊂
(︁
WF(WαP

) ∪WF(tWαP
)
)︁
∩ (N+ ×N−)

⊂ WF(WαP
)

(3.3.6)

Thus WF(WαP
) = WF(EP ) ∩ (N+ ×N−) = {(x, k; y,−l) ∈ N+ ×N− | (x, k) ∼ (y, l)}

showing that αP is Hadamard. The proof for the state αQ follows analogous computations.

This computation shows in general that if W is the 2-point distribution of some algebraic
state, then the condition WF(W) ⊂ N+ × N− implies that the state is Hadamard.
Consider then the identification ΦP⊕Q(f ⊕ g) = ΦP (f)⊗ 1A (Q) + 1A (P ) ⊗ ΦQ(g) given in
Theorem 1.4.3, the 2-point function associated to ω ⊗ σ takes the form:

Wω⊗σ((f⊕g)⊗(f ′⊕g′)) = Wω(f⊗f ′)+Wσ(g⊗g′)+Wω(f)Wσ(g
′)+Wω(f

′)Wσ(g) (3.3.7)

The 1-point functions are smooth [Few25, Corollary 5.10] so that:

WF(Wω⊗σ) ⊂ WF(Wω) ∪WF(Wσ) ⊂ N+ ×N− (3.3.8)

and ω ⊗ σ is Hadamard.

The main result of this section is presented in the following theorem [Few25]:

Theorem 3.3.4. Let (BP , P ), (BQ, Q), (BP⊕BQ, T ) ∈ GreenHyp be normally hyperbolic
RFHGHOs such that P ⊕ Q agrees with T outside a compact set K ⊂ M. Let ω ∈
A (P )∗+,1, σ ∈ A (Q)∗+,1 be Hadamard states. Assume that A (P ) and A (Q) are the system
and probe QFTs respectively, with A (T ) being their coupled combination with coupling
zone K and scattering morphism Θ = A (θ) as defined in Theorem 3.3.1. Then the
non-selective state update ωn.s. ∈ A (P )∗+,1 of ω is a Hadamard state.

Proof. By Definition 3.2.3, the non-selective state update of ω is defined to act on the
system observables as:

ωn.s.(A) = (ω ⊗ σ)(Θ(A⊗ 1A (Q))) = [Θ∗(ω ⊗ σ)](A⊗ 1A (Q)) (3.3.9)

By Theorem 3.3.2, Θ∗(ω ⊗ σ) is a Hadamard state on the uncoupled combination algebra
A (P )⊗ A (Q). Finally, evaluating it on A⊗ 1A (Q) amounts to taking the partial trace
which, by Theorem 3.3.3, gives a Hadamard state.
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The preservation of the Hadamard condition for non-selective measurements heavily relies
on the fact that this kind of state update essentially boils down to taking partial traces,
for which Theorem 3.3.3 guarantees the preservation of the Hadamard property. Selective
state updates are instead obtained (up to a normalization factor), by replacing the identity
1A (Q) with an arbitrary effect.

Another key point is that the results of this section revolved around the unital ∗-algebra
A (P ) only. This is enough to model non-selective measurements, however, it is too
restrictive if one considers selective ones. This is because A (P ) is generated by finite
linear combinations and products of the generators ΦP (f), which are unbounded, making
the only possible effects multiples of the identity:

ω(A) ∈ [0, 1] ∀ω ∈ A (P )∗+,1 ⇐⇒ A = λ1A (P ), λ ∈ [0, 1] (3.3.10)

In order to construct non trivial effects, the introduction of the Weyl C∗-algebra is needed.
This approach will be adopted in Chapter 4.
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4 Selective Hadamard state updates

4.1 Finitely generated Weyl effects

This chapter contains the original results of this thesis. The main goal is to extend the
conclusions of Chapter 3 to the case of selective state updates. In this first section, the
focus is on identifying the problems that the selective case poses and on providing a first
example of how they can be treated. This turns out to already give a first meaningful
result on the preservation of the Hadamard condition for selective measurements. In the
second section, the analysis is extended to more complex classes of selective updates,
also providing physically relevant examples of selective measurements that preserve the
Hadamard condition. Finally, the last section shifts its focus to the analysis of a specific
model in perturbation theory, providing an explicit result on the energy variation of a
system undergoing a selective measurement.

The analysis of selective state updates requires the introduction of effect operators. These
are used as the conditioning effects of the probe QFT in the measurement framework of
Section 3.2. Effects were briefly described in Definition 3.1.2 and used to model success/fail
tests. The following is an equivalent definition given in a more algebraic setting.

Definition 4.1.1 (Effect). An effect of a C∗-algebra A is an element F ∈ A such that
F ≥ 0 and 1A − F ≥ 0, where:

F ≥ 0 ⇐⇒ F =
∑︂
α

F ∗
αFα, {Fα} ⊂ A ⇐⇒ ω(F ) ≥ 0 ∀ω ∈ A∗

+,1 (4.1.1)

Notice that in a Hilbert space representation the condition Tr[ρF ] ∈ [0, 1] is reproduced
by the property that ωρ(F ) ≥ 0, ωρ(1−F ) ≥ 0 where ωρ is the algebraic state induced by
ρ, defined as ωρ(F ) := Tr[ρF ]. The middle equivalent positivity condition also shows that
effects are always selfadjoint.

As mentioned in the end of Section 3.3, the unital ∗-algebra quantization is not enough
to model non trivial conditioning effects, for this reason the introduction of the Weyl
C∗-algebra quantization is needed. Since the main focus of this work is on Hadamard
states, it is desirable to be able to work with 2-point functions, which are basically defined
as expectation values of the ∗-algebra generators. This shows that it is necessary to work
simultaneously with both kind of algebras, for this reason only quasifree states will be
considered. The connection that this class of states provides between A (P ) and AW (P )
has been extensively discussed in Section 2.3.

In this chapter, the notation follows that of Chapter 3 so that indices P,Q indicate the
normally hyperbolic RFHGHOs labeling a system and a probe QFT respectively, unless
stated otherwise.

Proposition 4.1.1. Let S[AW (Q)] be the set of finite linear combinations and products
of generators WQ(f) of the Weyl C∗-algebra AW (Q). Let T ∈ S[AW (Q)], then for any
β ∈ [1,∞), the operator

FQ :=
T ∗T

β∥T ∗T∥
∈ AW (Q) (4.1.2)

is an effect in the Weyl C∗-algebra of the probe.
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Proof. For any state σ ∈ AW (Q)∗+,1 one has:

σ(FQ) =
σ(T ∗T )

β∥T ∗T∥
∈ [0, 1], σ(1− FQ) = 1− σ(T ∗T )

β∥T ∗T∥
∈ [0, 1] (4.1.3)

The following lemma provides a key tool in the analysis to come.

Lemma 4.1.2. Let ω ∈ AW (P )∗+,1, σ ∈ AW (Q)∗+,1 be quasifree Hadamard states on the
system and probe Weyl C∗-algebras and α be a quasifree Hadamard state on the Weyl
C∗-algebra AW (P ⊕ Q). Let also Θ be the scattering morphism of Theorem 3.3.4, the
action of the scattering morphism on Weyl algebra states can be interpreted in terms of
Proposition 2.3.1:

˜︂Θ∗
W (ω ⊗ σ) = Θ∗(ω̃ ⊗ σ̃) (4.1.4)

Then the following hold:

(i) Θ∗
W (ω ⊗ σ) is a quasifree Hadamard state on the uncoupled combination algebra

AW (P )⊗AW (Q), where the tensor product is taken to be the unique C∗ one inducing
the isomorphism AW (P ⊕Q) ∼= AW (P )⊗ AW (Q).

(ii) The partial trace αP (·) := α(· ⊗ 1Q) is a quasifree Hadamard state on AW (P ).

Proof. (i) The state ω ⊗ σ is a Hadamard state on AW (P ⊕ Q) by the first part of
Theorem 3.3.3, translated in terms of Weyl algebras following Proposition 2.3.1. It is also
quasifree, with associated symmetric bilinear form:

µω⊗σ(f1 ⊕ f2, g1 ⊕ g2) = µω(f1, g1) + µσ(f2, g2) (4.1.5)

where the notation follows Definition 1.4.2. Θ∗
W preserves the quasifree property as

shown in e.g. [HR15, Proposition 29.3-2] and the Hadamard property by Theorem 3.3.2,
again translating the result between unital ∗-algebras and Weyl C∗-algebras following
Proposition 2.3.1. The algebra isomorphism and the choice of tensor product is discussed
in [FJR22, Sec. 6.1].

(ii) Using the defining properties of the Weyl generators in Theorem 1.4.2 one has:

αP (WP (sf)WP (tg)) = α(WP (sf)WP (tg)⊗ 1Q)

= e−
i
2
stEP (f,g)α(WP⊕Q((sf + tg)⊕ 0))

= e−
i
2
stEP (f,g)e+

i
2
EP⊕Q((sf⊕0),(tg⊕0))

× α(WP⊕Q(sf ⊕ 0)WP⊕Q(tg ⊕ 0))

= α(WP⊕Q(s(f ⊕ 0))WP⊕Q(t(g ⊕ 0)))

(4.1.6)

Since α is Hadamard by hypothesis, the partial trace αP is Hadamard as well. The
quasifree property is immediate from an analogous computation, showing that:

αP (WP (f)) = α(WP⊕Q(f ⊕ 0)) = e−
1
2
µα(f⊕0,f⊕0) (4.1.7)
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To avoid heavy notation, the scattering morphism will be denoted by Θ in both cases,
suppressing the subscript W when it is acting on a Weyl C∗-algebra. The main result of
this section is an extension of Theorem 3.3.4 to selective measurements conditioned on
the class of effects of Proposition 4.1.1. Recall that SqH is the set of quasifree Hadamard
state on a certain algebra.

Proposition 4.1.3. Let ω ∈ AW (P )∗+,1, σ ∈ AW (Q)∗+,1 be quasifree Hadamard states
on the system and probe Weyl C∗-algebras and FQ ∈ AW (Q) be an effect as in Propo-
sition 4.1.1, then the selectively updated state ωsel ∈ AW (P )∗+,1 conditioned on FQ is
Hadamard.

Proof. By Lemma 4.1.2, the state α := Θ∗(ω ⊗ σ) ∈ SqH ⊂ AW (P ⊕ Q)∗+,1. For any
A ∈ AW (P ), redefining the effect by incorporating the constants into T such that ∥T∥ ≤ 1
and FQ = T ∗T , the following holds in the GNS representation of α:

α(A⊗ FQ) = ⟨Ωα, (A⊗ FQ)Ωα⟩
= ⟨Ωα, (A⊗ 1) (1⊗ T ∗) (1⊗ T ) Ωα⟩
= ⟨(1⊗ T ) Ωα, (A⊗ 1) (1⊗ T ) Ωα⟩

(4.1.8)

Since AW (P ⊕Q) ∼= AW (P )⊗ AW (Q) in the sense that:

AW (P ⊕Q)(f ⊕ g) = AW (P )(f)⊗ AW (Q)(g) (4.1.9)

one can choose f = 0 so that AW (P ⊕ Q)(0⊕ g) = 1⊗ AW (Q)(g) and (1⊗ T ) can be
indeed seen as a finite linear combination of finite products of AW (P ⊕ Q) generators.

Then, by Theorem 2.3.4, the state ψ
[T ]
α defined as follows is in the Hadamard set of α:

ψ[T ]
α := (1⊗ T ) Ωα ∈ Had(α) (4.1.10)

Following Definition 2.3.3, one can rewrite:

α(A⊗ FQ) = ⟨ψ[T ]
α , (A⊗ 1)ψ[T ]

α ⟩ = ω
ψ
[T ]
α
(A⊗ 1) (4.1.11)

The state ω
ψ
[T ]
α

∈ AW (P ⊕Q)∗+,1 is Hadamard because ψ
[T ]
α ∈ Had(α) and one recognizes

that:

ωsel(A) =
α(A⊗ FQ)

α(1⊗ FQ)
=

1

E0

ω
ψ
[T ]
α
(A⊗ 1) ∀A ∈ AW (P ) (4.1.12)

where E0 = α(1 ⊗ FQ) is the normalization factor of the updated state. Finally, by
Lemma 4.1.2 it follows that ωsel is Hadamard as well, it being proportional to the partial
trace of the Hadamard state ω

ψ
[T ]
α
.

This approach can be implemented to model an actual selective measurement with a clear
physical interpretation.

Example 4.1.1 (Squared cosine effect). The easiest example of effect one can define,
following the prescription of Proposition 4.1.1, is given by taking T = 1 + λWQ(h).
Recalling the exponential form of the Weyl generators, one obtains T ∗T = (1 + |λ|2)1+
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2Re(λW (h)). Moreover, ∥T ∗T∥ = ∥T∥2 ≤ (1+ |λ|)2, and taking λ ∈ R+ the normalization
factor can be chosen as β = (1 + λ)2:

FQ :=
(1 + λ2)1+ 2λ cos(ΦQ(h))

(1 + λ)2
=

(1− λ)21+ 4λ cos2
(︂

ΦQ(h)

2

)︂
(1 + λ)2

(4.1.13)

This gives a random combination of the trivially true effect, represented by 1, together

with the cos2
(︂

ΦQ(h)

2

)︂
effect, with a λ dependent weight. The operational meaning of the

cos2
(︂

ΦQ(h)

2

)︂
effect can be understood by considering the following set of measurement

operators in the sense of Definition 3.1.1, now not necessarily labeled by experimental
outcomes: {︃

M1 = cos
ΦQ(h)

2
,M2 = sin

ΦQ(h)

2

}︃
(4.1.14)

Notice that M∗
1M1 +M∗

2M2 = 1, so that they are indeed measurement operators. This
set can be interpreted as the one associated to the binary question: “Is the value of
the quantum field ΦQ(h) ∈ [−π

2
,+π

2
] mod 2π?”. The expectation value of the effect

cos2
(︂

ΦQ(h)

2

)︂
=M∗

1M1 on a given state represents the probability that the answer to the

question is a yes. The complementary effect sin2
(︂

ΦQ(h)

2

)︂
= M∗

2M2 models instead the

probability that the answer to the question is a no.

Example 4.1.1 shows that by setting up a quantum measurement, in the sense of Section 3.2,
one can observe the probability for the probe field to assume a certain value and infer
probability distributions for arbitrary effects of the system. Proposition 4.1.3 shows that
this can be done all while preserving the Hadamard condition of the original states.

The main drawback of Proposition 4.1.3 is that it is valid only for particularly simple
conditioning effects, i.e. the finitely generated ones. A Weyl C∗-algebra has however
a much richer structure, providing additional ways to construct effect operators. The
question of how some of these other classes of effects influence Hadamard states will be
the topic of the next section.

4.2 General Weyl effects and Gaussian measurements

The goal of this section is to present different ways to construct effects on a Weyl C∗-
algebra, which are not finitely generated like the ones in Section 4.1. Once their definition
is in place, it is shown that these effects preserve the Hadamard condition in the Hilbert
space sense of Theorem 2.3.2. Finally, these results are applied to the case where the
effect operators are employed in the quantum measurement scheme.

Proposition 4.2.1. Let R be a normally hyperbolic RFHGHO and Ωρ ∈ Had(ρ) for
some algebraic quasifree Hadamard state ρ ∈ SqH ⊂ AW (R)∗+,1. Define the operator
T :=

∑︁∞
n=1 cnWR(hn) where {cn} ∈ ℓ1 and {hn} ⊂ Γ∞

K (BR) is a sequence of smooth
sections uniformly bounded and supported on a compact set K ⊂ M. Then T ∈ AW (R)
and TD(ΦR(g)) ⊂ D(ΦR(g)).
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Proof. The definition of T assures that the series converges in operator norm topology:

∥T∥ = ∥
∞∑︂
n=1

cnWR(hn)∥ ≤
∞∑︂
n=1

∥cnWR(hn)∥ ≤
∞∑︂
n=1

|cn| <∞ (4.2.1)

as WR(hn) is unitary so that its norm is 1. Define the graph of Φ(g) as:

Γ(ΦR(g)) := {(Ωρ,ΦR(g)Ωρ) | Ωρ ∈ D(ΦR(g))}
⊂ D(ΦR(g))× Ran(ΦR(g)) ⊂ Hρ ×Hρ

(4.2.2)

with the standard product norm topology. By Theorem 1.4.6, ΦR(g) is selfadjoint, thus
closed. This means that convergent sequences in its graph have limit in the graph itself. Let
Tk :=

∑︁k
n=1 cnWR(hn), then Tk is a finite linear combination of Weyl generators meaning

that, by Theorem 2.3.4, TkΩρ ∈ D(ΦR(g)) for Ωρ ∈ D(ΦR(g)). Let (TkΩρ,ΦR(g)TkΩρ) :=
Gk ∈ Γ(ΦR(g)) and k < l, it follows that:

∥Gl −Gk∥ =

⃦⃦⃦⃦
⃦
(︄

l∑︂
n=k+1

cnWR(hn)Ωρ,

l∑︂
n=k+1

cnΦR(g)WR(hn)Ωρ

)︄⃦⃦⃦⃦
⃦

=

⃦⃦⃦⃦
⃦
(︄

l∑︂
n=k+1

cnWR(hn)Ωρ

)︄⃦⃦⃦⃦
⃦+

⃦⃦⃦⃦
⃦
(︄

l∑︂
n=k+1

cnΦR(g)WR(hn)Ωρ

)︄⃦⃦⃦⃦
⃦

≤
l∑︂

n=k+1

|cn|+
l∑︂

n=k+1

∥cnΦR(g)WR(hn)Ωρ∥

(4.2.3)

Consider then the following:

ΦR(g)WR(hn)Ωρ = −i lim
t→0

WR(tg)− 1

t
WR(hn)Ωρ

= −iWR(hn) lim
t→0

(︃
e−itER(g,hn) − 1

t
1+

WR(tg)− 1

t

)︃
Ωρ

= WR(hn) (−ER(g, hn)Ωρ + ΦR(g)Ωρ)

(4.2.4)

Then the following estimate holds:

∥cnΦR(g)WR(hn)Ωρ∥ ≤ |cn|∥ΦR(g)WR(hn)Ωρ∥
= |cn|∥WR(hn) (−ER(g, hn)Ωρ + ΦR(g)Ωρ) ∥
≤ |cn| (|ER(g, hn)|+ ∥ΦR(g)Ωρ∥)

(4.2.5)

Putting all together:

∥Gl −Gk∥ ≤
l∑︂

n=k+1

|cn| (|ER(g, hn)|+ ∥ΦR(g)Ωρ∥+ 1) (4.2.6)

Since Ωρ ∈ D(Φ(g)), the second and third terms in parentheses are bounded constants.
For the first term, recall the integral representation of ER(g, hn) and let H be the constant
bounding the sequence {hn} so that:

|ER(g, hn)| ≤ Vol(K)H sup
x∈K

|[ERg](x)| := C (4.2.7)
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where supx∈K |[ERg](x)| is finite because ERg is smooth in a compact K. Since the
sequence {(C + ∥ΦR(g)Ωρ∥ + 1)|cn|} ∈ ℓ1, its partial sums are Cauchy, this gives the
following result:

∥(TlΩρ,ΦR(g)TlΩρ)− (TkΩρ,ΦR(g)TkΩρ)∥
l,k→∞−−−−→ 0 (4.2.8)

This means that, under the stated hypotheses, {(TkΩρ,ΦR(g)TkΩρ)} is a Cauchy sequence
in Γ(ΦR(g)). The graph of ΦR(g) is a Hilbert space, thus complete. It follows that:

(TkΩρ,ΦR(g)TkΩρ)
k→∞−−−→ (TΩρ,ΦR(g)TΩρ) ∈ Γ(ΦR(g)) =⇒ TΩρ ∈ D(ΦR(g)) (4.2.9)

The hypotheses of Proposition 4.2.1 are not particularly strict. Despite that, there are
simple ways to break the conclusion, like in the following example.

Example 4.2.1 (Unbounded sequence). Let {cn} = { 1
n2} ∈ ℓ1 and hn(x) = n3h(x)

for some h ∈ Γ∞
K (BR). Notice that this sequence does not respect the hypotheses of

Proposition 4.2.1, so convergence is not guaranteed. The series defining ΦR(g)TΩρ

converges to a vector in Hρ only if ∥cnΦR(g)WR(hn)Ωρ∥ → 0 as n → ∞, the reverse
triangle inequality implies in fact:

∥cnΦR(g)WR(hn)Ωρ∥ = ∥cnWR(hn)ΦR(g)Ωρ − cnER(g, hn)WR(hn)Ωρ∥
≥ |∥cnWR(hn)ΦR(g)Ωρ∥ − ∥cnER(g, hn)WR(hn)Ωρ∥|

=

⃓⃓⃓⃓⃦⃦⃦⃦
1

n2
W (n3h)ΦR(g)Ωρ

⃦⃦⃦⃦
−
⃦⃦⃦⃦
n3

n2
ER(g, h)WR(n

3h)Ωρ

⃦⃦⃦⃦⃓⃓⃓⃓
n→∞∼ n|ER(g, h)|

n→∞−−−→ ∞

(4.2.10)

Under some more additional constraints, the operators of Proposition 4.2.1 preserve the
Hilbert space Hadamard condition.

Proposition 4.2.2. Let T =
∑︁∞

n=1 cnWR(hn) as in Proposition 4.2.1, Ωρ ∈ Had(ρ) for
some ρ ∈ SqH ⊂ AW (R)∗+,1. If {|cn|∥hn∥Ck(K)} ∈ ℓ1 ∀k ∈ N, then TΩρ ∈ Had(ρ).

Proof. For TΩρ to be Hadamard, the wavefront set of ΦR(·)TΩρ needs to satisfy Theo-
rem 2.3.2. Notice that:

WF(ΦR(·)TΩρ) = WF(TΦ(·)Ωρ + [Φ(·), T ]Ωρ)

⊂ WF(TΦ(·)Ωρ) ∪WF([Φ(·), T ]Ωρ)
(4.2.11)

By Lemma 2.3.3, for the first term it holds that:

WF(TΦR(·)Ωρ) ⊂ WF(ΦR(·)Ωρ) ⊂ N− (4.2.12)

For the second term:

[ΦR(g), T ]Ωρ = −
∞∑︂
n=1

cnER(g, hn)WR(hn)Ωρ

=

∫︂
supp(g)

g(x)

{︄
−

∞∑︂
n=1

cn[ERhn](x)WR(hn)Ωρ

}︄
dV

=

∫︂
supp(g)

g(x)(H(x)Ωρ) dV

(4.2.13)
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The goal now is to prove that H(x)Ωρ is a smooth Hilbert space valued function. Notice
that the definition of the Hilbert space valued function H(x)Ωρ is well posed only when
the series converges, and this is guaranteed by Proposition 4.2.1. Consider a compact
set Kg ⊃ supp(g), then ∥ · ∥Ck(Kg) is a family of seminorms on ERΓ

∞
0 (BR) ⊂ Γ∞

sc (BR).
This family is also countable because M is second countable, so a countable sequence of
compacts {Kg} eventually covers all of the spacetime. The family of Ck(K) seminorms
on Γ∞

K (BR) is clearly directed. Since ER is a continuous linear map, for any m and Kg

there are a k and a C > 0 such that [RS81, Ch. 5, Th. V.2]:

∥ERhn∥Cm(Kg) ≤ C∥hn∥Ck(K) (4.2.14)

The derivatives of ERhn along arbitrary directions vµ, ∥vµ∥ = 1 are bounded in Kg by
∥vµ∇µ[ERhn](x)∥ ≤ ∥∇[ERhn](x)∥ ≤ ∥ERhn∥C1(Kg) where all the norms are understood

as in Definition A.13. Let now
∑︁k

n=1 cnvµ∇µ[ERhn](x)WR(hn)Ωρ := Dk and k < l, then
for some p ∈ N:

∥Dl −Dk∥ =

⃦⃦⃦⃦
⃦

l∑︂
n=k+1

cnvµ∇µ[ERhn](x)WR(hn)Ωρ

⃦⃦⃦⃦
⃦

≤
l∑︂

n=k+1

|cn|∥ERhn∥C1(Kg)

≤ C
l∑︂

n=k+1

|cn|∥hn∥Cp(K)
l,k→∞−−−−→ 0

(4.2.15)

The partial sums are then Cauchy so that the series:

∞∑︂
n=1

cnvµ∇µ[ERhn](x)WR(hn)Ωρ (4.2.16)

converges uniformly, it being a Cauchy sequence in a complete Hilbert space, to a function
vµ∇µH(x)Ωρ which is the derivative of H(x)Ωρ [Rud76, Th. 7.17]. Notice that the
bound on the partial sums is independent of Kg so that the convergence of vµ∇µH(x) is
independent of the test section g. Iterating this process one has that any mixed directional
derivative along arbitrary directions ∇(k)H(x)(n1, . . . , nk)Ωρ exists thanks to the sequence
∥hn∥Ck(K) satisfying the hypothesis. This makes H(x)Ωρ a smooth Hilbert space valued
function on M. Then the distribution [ΦR(·), B]Ωρ := u(·)Ωρ has the property that there
exists a smooth function H(x)Ωρ for which:

u(g)Ωρ =

∫︂
M
g(x)H(x)Ωρ dV ∀x ∈ M (4.2.17)

Consequently this distribution has empty wavefront set and:

WF(ΦR(·)BΩρ) ⊂ WF(TΦR(·)Ωρ) ∪WF([ΦR(·), B]Ωρ) ⊂ N− (4.2.18)
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Remark. It is fairly easy to find sequences of smooth sections satisfying the hypotheses
above. For any fixed smooth section h ∈ Γ∞

0 (BR) take K = supp(h) and a sequence
{tn} ∈ ℓ1. Then the sequence of sections {hn} := {tnh} is such that:

∥hn∥Ck(K) = |tn|∥h∥Ck(K) = ak|tn| (4.2.19)

where ak is a finite constant dependent on k since h is smooth and compactly supported,
then:

|cn|∥hn∥Ck(K) = ak|cn||tn| ∈ ℓ1 ∀k ∈ N (4.2.20)

satisfying the hypothesis in Proposition 4.2.2.

Moreover, the request for the sequence {hn} to be compactly supported on a common set
K ⊂ M is reasonable from a physical point of view. The sections hn are used to define
an operator that will be employed as a conditioning effect in a quantum measurement, i.e.
a probe observable. Experimentally, the measurement of the probe happens in a compact
region of spacetime, meaning that the effect operator should belong to the local algebra
of some compact set K ⊂ M, which is the same set where the sections hn are supported.

Proposition 4.2.2 showed that it is possible to construct operators (not necessarily effects)
in the Weyl C∗-algebra that are not finitely generated, but still preserve the Hadamard
condition. Most importantly, this result can be used to build more complex effects
preserving the Hadamard condition, following a procedure that extends Proposition 4.1.1
as follows.

Proposition 4.2.3. Let T =
∑︁∞

n=1 cnWR(hn) /∈ S[AW (R)] such that it satisfies the
hypotheses of Proposition 4.2.2 and β ∈ [1,∞). Then the operator:

FQ =
T ∗T

β∥T ∗T∥
∈ AW (R) (4.2.21)

is an effect preserving the Hadamard condition, i.e. if Ωρ ∈ Had(ρ) for some ρ ∈ SqH ,
then FQΩρ ∈ Had(ρ).

Proof. Notice that T ∗ =
∑︁∞

n=1 c
∗
nWR(−hn). Since |c∗n| = |cn| and |−hn| = |hn|, the

hypotheses of Proposition 4.2.2 remain valid for T ∗. Then one has TΩρ ∈ Had(ρ) and
T ∗(TΩρ) ∈ Had(ρ). Since FQ is a positive scalar multiple of T ∗T , also FQΩρ ∈ Had(ρ).
The normalization factor β∥T ∗T∥ guarantees that FQ is an effect operator in the same
way of Proposition 4.1.1.

The following is an example of non finitely generated effect that preserves the Hadamard
condition, which can be given a physical interpretation.

Example 4.2.2 (Characteristic set effects). Consider the characteristic function of a
generic interval of the real line χ[a,b](x) for an interval such that a > −π, b < π and the
sequence of smooth functions:

fϵ(x) =
∑︂
n∈Z

e−ϵn
2

einx
ϵ→0−−→ 1

2π
δ(x) (4.2.22)



SELECTIVE HADAMARD STATE UPDATES 60

Their convolution Fϵ(x) = (χ[a,b] ∗ fϵ)(x) is a smooth function converging to χ[a,b] in the
limit ϵ→ 0. The function can be rewritten via its Fourier series:

Fϵ(x) =
∑︂
n∈Z

ˆ︂χ[a,b] ∗ fϵ(n)einx =
∑︂
n∈Z

ˆ︃χ[a,b](n)ˆ︁fϵ(n)einx
=
b− a

2π
+

∑︂
n∈Z\{0}

ie−ϵn
2

2πn
(e−inb − e−ina)einx

(4.2.23)

This can be used to define the following operator for any h ∈ Γ∞
K (BR):

Fϵ(ΦR(h)) =
b− a

2π
1+

∑︂
n∈Z\{0}

ie−ϵn
2

2πn
(e−inb − e−ina)WR(nh) (4.2.24)

Simply splitting the sum over Z into a pair of separate sums over N it is possible to show
that the conditions of the hypothesis in Proposition 4.2.2 are satisfied:

∑︂
n∈N

⃓⃓⃓⃓
⃓ie−ϵn

2

2πn
(e−inb − e−ina)

⃓⃓⃓⃓
⃓n∥h∥Ck(K) ≤ C

∑︂
n∈N

e−ϵn
2

<∞ (4.2.25)

This means that the operator Fϵ(ΦR(h)) approximates with arbitrary precision χ[a,b](ΦR(h))
and preserves the Hadamard condition for any fixed value of ϵ. Since Fϵ(ΦR(h)) is already
a positive operator bounded between 0 and 1, it represent an effect by itself and can be
interpreted as the unsharp measurement of whether or not the value of ΦR(h) lies in [a, b]
mod 2π.

An alternative way to construct non finitely generated effects that preserve the Hadamard
condition is suggested by the fact that the Weyl generators are unitary operators. For
such operators on a Hilbert space, one can employ the continuous functional calculus
version of the spectral theorem for unitary operators.

Proposition 4.2.4. Let f(eit) ∈ C1(T) be a continuously differentiable function on
the unit circle in the complex plane, then the operator f(WR(h)), in the sense of the
continuous functional calculus, preserves the Hadamard condition, i.e. if Ωρ ∈ Had(ρ) for
some ρ ∈ SqH ⊂ AW (R)∗+,1, then f(WR(h))Ωρ ∈ Had(ρ).

Proof. The spectral theorem for unitary operators in its continuous calculus form is
expressed in terms of the existence of the following algebra homomorphism for any unitary
operator U ∈ B(H), see e.g. [Arc25, Th. 7.6]:

Λ : C(T) → B(H)

f(eit) =
∑︂
n∈Z

f̂(n)eint ↦→ Λ(f) :=
∑︂
n∈Z

f̂(n)Un (4.2.26)

A fundamental property of this homomorphism is that the unitary operator function’s
norm satisfies ∥Λ(f)∥ := ∥f(U)∥ ≤ ∥f∥L∞ . Then as usual one wants to check the following
wavefront set:

WF(ΦR(·)f(WR(h))Ωρ) ⊂ WF(f(WR(h))ΦR(·)Ωρ) ∪WF([ΦR(·), f(WR(h))]Ωρ) (4.2.27)
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For the first term ∥f(WR(h))ΦR(g)Ωρ∥ ≤ ∥f∥L∞∥ΦR(g)Ωρ∥ ∀g ∈ Γ∞
0 (BR) so that:

WF(f(WR(h))ΦR(·)Ωρ) ⊂ WF(ΦR(·)Ωρ) ⊂ N− (4.2.28)

and no new singularities appear. For the second one the following holds:

∥[ΦR(g), f(WR(h))]Ωρ∥ =

⃦⃦⃦⃦
⃦∑︂
n∈Z

f̂(n)ER(g, nh)WR(nh)Ωρ

⃦⃦⃦⃦
⃦

= |ER(g, h)|

⃦⃦⃦⃦
⃦∑︂
n∈Z

nf̂(n)WR(nh)Ωρ

⃦⃦⃦⃦
⃦

= |ER(g, h)|∥f ′(WR(h))Ωρ∥
≤ |ER(g, h)|∥f ′∥L∞

(4.2.29)

These manipulations are consistent for C1 functions, using an approximation argument,
without the need to restrict to C2 for uniform convergence of the Fourier series as
argued in [Arc25, Th. 7.6]. Because f is a C1 function on the torus, its derivative
is a continuous function on the torus, thus bounded. Since WF(ER(·, h)) = ∅, also
WF([ΦR(·), f(WR(h))]Ωρ) = ∅. This proves that f(WR(h))Ωρ is Hadamard.

The methods developed in this section can be employed to study a particular collection of
effects, which constitutes a family of measurement operators in the form of a POVM (see
Definition 3.1.2). This POVM models a so-called Gaussian modulated measurement, see
e.g. [MN25] for a detailed discussion.

Example 4.2.3 (Gaussian modulated measurement). Let h ∈ Γ∞
0 (BR) and ϵ > 0, we

define the POVM as the following set of effects in the probe algebra:

{Eh,ϵ
m } such that Eh,ϵ

m :=
1√
2πϵ

e−
(ΦR(h)−m)2

2ϵ2 (4.2.30)

These effects can be shown to preserve the Hadamard condition. To do that consider the
function:

H(x) =
1√
2πϵ

e−
(x−m)2

2ϵ2 =

∫︂
R
H̃(t)eitx dt (4.2.31)

Its Fourier transform can be evaluated explicitly:

H̃(t) =
1

2π

∫︂
R

1√
2πϵ

e−
(x−m)2

2ϵ2 e−itx dx =
1

2π
e−itm− 1

2
ϵ2t2 (4.2.32)

Since the smeared field operator ΦR(h) is selfadjoint, one can make sense of H(ΦR(h)) in
terms of the spectral theorem for selfadjoint operators (see e.g. [RS81, Sec. 8.3]):

H(ΦR(h)) =
1

2π

∫︂
R
e−itm− 1

2
ϵ2t2eitΦR(h) dt

=
1

2π

∫︂
R
e−itm− 1

2
ϵ2t2WR(th) dt

(4.2.33)

where the integral is understood in terms of a Bochner integral on the Hilbert space
when acting on vectors H(ΦR(f))Ωρ since ∥e−itm− 1

2
ϵ2t2WR(tf)Ωρ∥ ∈ L1(R), which is a



SELECTIVE HADAMARD STATE UPDATES 62

sufficient condition for a Hilbert space valued function to be Bochner integrable (see e.g.
[DU77, Sec. 2.2, Th. 2]). Then the rest of the proof goes as the one for Proposition 4.2.2,
to preserve the Hadamard condition one needs that WF(ΦR(·)H(ΦR(h))Ω) ⊂ N− for
Ωρ ∈ Had(ρ), ρ ∈ SqH ⊂ AW (R)∗+,1, which is equivalently stated using commutators as:

WF(H(ΦR(h))ΦR(·)Ωρ) ∪WF([ΦR(·), H(ΦR(h))]Ωρ) ⊂ N− (4.2.34)

By the spectral theorem for selfadjoint operators ∥H(ΦR(h))∥ ≤ ∥H∥L∞ <∞, so that by
Lemma 2.3.3 the first term satisfies:

WF(H(ΦR(h))ΦR(·)Ωρ) ⊂ WF(ΦR(·)Ωρ) ⊂ N− (4.2.35)

The second term can be rewritten as follows:

[ΦR(g), H(ΦR(h))]Ωρ =
1

2π

∫︂
R
e−itm− 1

2
ϵ2t2ER(g, th)WR(th)Ωρ dt

=

∫︂
M
g(x)

[︃
1

2π

∫︂
R
e−itm− 1

2
ϵ2t2t[ERh](x)WR(th)Ωρ dt

]︃
dV

=

∫︂
M
g(x)[ERh](x)AΩρ dV

(4.2.36)

where AΩρ := 1
2π

∫︁
R te

−itm− 1
2
ϵ2t2WR(th)Ωρ dt. This is a well defined Bochner integral

because the Hilbert space valued function of the real variable t that is being integrated
satisfies ∥te−itm− 1

2
ϵ2t2WR(th)Ωρ∥ ∈ L1(R). Since ERh is a smooth section of BR, then the

distribution [ΦR(·), H(ΦR(h))]Ωρ is smooth and has empty wavefront set, thus Eq. (4.2.34)
is proven.

The two constructions of Proposition 4.2.3 and Proposition 4.2.4 presented in this section
give effects that preserve the Hadamard condition of a single state on a general Weyl
C∗-algebra algebra. The following result shows how the selective state update of a system
Hadamard state, conditioned on probe effects of those types, is still Hadamard.

Proposition 4.2.5. Let ω ∈ AW (P )∗+,1, σ ∈ AW (Q)∗+,1 be quasifree Hadamard states on
the system and probe Weyl C∗-algebras and consider the following effects:

(i) F1 =
T ∗T

β∥T ∗T∥ with β ∈ [1,∞) and T =
∑︁∞

n=1 cnWQ(hn) as in Proposition 4.2.2.

(ii) F2 = f(WQ(h)) with f ∈ C(T) such that f > 0 and ∥f∥L∞ ≤ 1 as in Proposi-
tion 4.2.4.

Then the selectively updated states ωsel
i (A) = [Θ∗(ω ⊗ σ)](A ⊗ Fi) with i = 1, 2 and

A ∈ AW (P ) are Hadamard.

Proof. (i) The proof goes basically as the one for Proposition 4.1.3, one only needs to
show that: (︄

1P ⊗ T√︁
β∥T ∗T∥

)︄
Ωα ∈ Had(α) (4.2.37)

Up to a constant factor it holds that:

1P ⊗ T =
∑︂
n

cn (WP (0)⊗WQ(hn)) =
∑︂
n

cn (WP⊕Q(0⊕ hn)) (4.2.38)
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Then it follows that:

∥0⊕ hn∥Ck(K×K) = ∥0∥Ck(K) + ∥hn∥Ck(K) = ∥hn∥Ck(K) (4.2.39)

The hypotheses of Proposition 4.2.2 are satisfied by 1P ⊗T , here with R = P ⊕Q, proving
the result.

(ii) If f > 0 then
√
f ∈ C1(T), so that

√
f(WQ(h)) is well defined in the sense of

Proposition 4.2.4. Then, like in the previous point, one needs to show that:(︂
1P ⊗ (

√︁
f)(WQ(h))

)︂
Ωα ∈ Had(α) (4.2.40)

A direct computation gives:(︂
1⊗

√︁
f(WQ(h))

)︂
Ωα =

∑︂
n∈Z

(
ˆ︃√︁
f)(n)WP⊕Q(n(0⊕ h))Ωα

=
√︁
f(WP⊕Q(0⊕ h))Ωα

(4.2.41)

which is in Had(α) by Proposition 4.2.4, again with R = P ⊕Q.

The results of this section show how it is possible to construct non finitely generated
operators in the Weyl C∗-algebra in such a way that they preserve the Hadamard condition.
This has been also proven to be sufficient to guarantee that one can build effect operators
that preserve the Hadamard condition of the system states after a selective measurement.
This discussion has also been shown to be applicable to relevant situations by providing
examples of effect and measurement operators that are physically meaningful from an
operational perspective.

4.3 Stress energy tensor update

Section 2.1 presented the original motivation for the introduction of Hadamard states,
showing how they can be used to appropriately define a finite expectation value for the
quantum version of the stress energy tensor. The stress energy tensor of a quantum field
contains crucial information about the energy density of the system, for this reason it
is desirable that physical states can model a finite value of such energy density. In the
framework of QFT measurements, the results obtained in Section 3.3 and in Chapter 4
so far, showed that a quantum field theoretical experiment can be set up in such a way
that measuring a physical observable of a quantum field in a Hadamard state does not
disturb the system too much, so that it preserves the Hadamard condition. In these
situations, it is possible to define a post-measurement stress energy tensor, so that one
can compare it with the pre-measurement one to gauge the scale of the energy variation
in the system, which is induced by the act of performing a measurement. The goal of this
section is to study this phenomenon by looking at how the expression ⟨T̂ ren

µν ⟩ω changes
when ω is updated to some ωsel. To do that, the first step will be to get an explicit
expression for the 2-point function Wsel of a post-measurement selectively updated state
and compute the difference ∆Wsel = Wsel −W between that and the 2-point function W
of the pre-measurement state. Once this is achieved, the computation is taken further
using perturbation theory on a particular interacting model of choice. The variation of
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the expectation value of the stress energy tensor follows from Eq. (2.1.12) by acting on

the final result with the differential operator D(x,y)
µν in the limit y → x.

Starting with the first objective, consider the usual system and probe QFT pair, prepared
at early times in quasifree Hadamard states ω, σ respectively. Take now a Weyl effect
FQ = b(WQ(h)) =

∑︁
n∈Z b̂(n)WQ(nh) written in terms of its Fourier series in the continuous

calculus sense of Proposition 4.2.4 and recall the definition of α := Θ∗(ω ⊗ σ) ∈ SqH :

ωsel(WP (f)) ∝ α(WP (f)⊗ FQ)

=
∑︂
n∈Z

b̂(n)α(WP⊕Q(f ⊕ nh))

=
∑︂
n∈Z

b̂(n)e−
1
2
µα(f⊕nh,f⊕nh)

(4.3.1)

because α is a quasifree state and as such it has an associated symmetric bilinear form µα

(Definition 1.4.2). Then the updated 2-point function looks as follows:

Wsel(f ⊗ g) = ωsel(ΦP (f)ΦP (g))

= − ∂2

∂s∂t
ωsel(WP (sf)WP (tg))

⃓⃓⃓⃓
s=t=0

= − ∂2

∂s∂t
e−

i
2
stEP (f,g)ωsel(WP (sf + tg))

⃓⃓⃓⃓
s=t=0

= − 1

E0

∂2

∂s∂t
e−

i
2
stEP (f,g)

∑︂
n∈Z

b̂(n)e−
1
2
µα((sf+tg)⊕nh,(sf+tg)⊕nh)

⃓⃓⃓⃓
⃓
s=t=0

(4.3.2)

where E0 := α(1P ⊗ FQ) is the normalization factor of the selective state update ωsel. Let

e−
i
2
stEP (f,g) := A(s, t) and

∑︁
n∈Z b̂(n)e

− 1
2
µα((sf+tg)⊕nh,(sf+tg)⊕nh) := B(s, t), then:

− ∂2

∂s∂t
A(s, t)B(s, t)

⃓⃓⃓⃓
s=t=0

= − [(∂s∂tA(s, t))B(s, t) + A(s, t)(∂s∂tB(s, t))]|s=t=0 (4.3.3)

where the terms with only one derivative acting on either A or B vanish at s = t = 0.
The term − (∂s∂tA(s, t))B(s, t)|s=t=0 can be computed as follows:

i

2
EP (f, g)

∑︂
n∈Z

b̂(n)e−
1
2
µα(0⊕nh,0⊕nh) =

i

2
EP (f, g)

∑︂
n∈Z

b̂(n)α(WP⊕Q(0⊕ nh))

=
i

2
EP (f, g)

∑︂
n∈Z

b̂(n)α(1P ⊗WQ(nh))

=
i

2
EP (f, g)α(1P ⊗ FQ)

=
i

2
EP (f, g)E0

(4.3.4)

Let M(s, t) := µα((sf + tg) ⊕ nh, (sf + tg) ⊕ nh) so that, using A(0, 0) = 1, one can
rewrite − A(s, t)(∂s∂tB(s, t))|s=t=0 as:
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−
∑︂
n∈Z

b̂(n)

[︃
−1

2
∂s∂tM(s, t) +

(︃
−1

2
∂sM(s, t)

)︃(︃
−1

2
∂tM(s, t)

)︃]︃
e−

1
2
M(s,t)

⃓⃓⃓⃓
⃓
s=t=0

(4.3.5)

The symmetric bilinear form M(s, t) can be expanded as follows:

M(s, t) = s2µα(f ⊕ 0, f ⊕ 0) + 2stµα(f ⊕ 0, g ⊕ 0) + t2µα(g ⊕ 0, g ⊕ 0)+

+ 2nsµα(f ⊕ 0, 0⊕ h) + 2ntµα(g ⊕ 0, 0⊕ h) + n2µα(0⊕ h, 0⊕ h)
(4.3.6)

This simplifies the last expression to:

−
∑︂
n∈Z

b̂(n)
[︁
−µα(f ⊕ 0, g ⊕ 0) + n2µα(f ⊕ 0, 0⊕ h)µα(g ⊕ 0, 0⊕ h)

]︁
e−

1
2
µα(0⊕nh,0⊕nh)

(4.3.7)

Defining the operator F̃Q =
∑︁

n∈Z n
2b̂(n)WQ(nh), the Fourier sums can be rewritten once

again using the normalization factor for the selective state update conditioned on F̃Q,

i.e. α(1P ⊗ F̃Q) := E1. Moreover,
∑︁

n∈Z b̂(n)e
− 1

2
µα(0⊕nh,0⊕nh) = E0. Then collecting all

together:

ωsel(Φ(f)Φ(g)) = µα(f ⊕ 0, g ⊕ 0) +
i

2
EP (f, g)

− µα(f ⊕ 0, 0⊕ h)µα(g ⊕ 0, 0⊕ h)
E1

E0

(4.3.8)

The difference between the original system 2-point function in the state ω and the updated
one in the state ωsel looks then as follows:

Wsel(f ⊗ g)−W(f ⊗ g) = µα(f ⊕ 0, g ⊕ 0) +
i

2
EP (f, g)

− µα(f ⊕ 0, 0⊕ h)µα(g ⊕ 0, 0⊕ h)
E1

E0

−
(︃
µω(f, g) +

i

2
EP (f, g)

)︃
= µα(f ⊕ 0, g ⊕ 0)− µω(f, g)

− µα(f ⊕ 0, 0⊕ h)µα(g ⊕ 0, 0⊕ h)
E1

E0

(4.3.9)

where E1

E0
is a factor dependent on the choice of the effect FQ. Notice how the final

expression is symmetric, this is expected because the antisymmetric part of the 2-point
function is state independent and cancels out when computing the difference between
2-point functions of any state. It would be desirable to find a more explicit form for
expressions like µα(a⊕ c, b⊕ d), where a, b, c, d are smooth sections of their appropriate
bundles. Recall that the symmetric form µα is actually identified with the symmetric
part of the 2-point function associated to the quasifree state α (Proposition 2.3.1). For a
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quasifree state the 2-point function can be decomposed in the state dependent symmetric
part and the state independent antisymmetric part:

α(ΦP⊕Q(a⊕ c)ΦP⊕Q(b⊕ d)) = µα(a⊕ c, b⊕ d) +
i

2
EP⊕Q(a⊕ c, b⊕ d) (4.3.10)

so that in general:

µα(a⊕ c, b⊕ d) =
1

2
(α(ΦP⊕Q(a⊕ c)ΦP⊕Q(b⊕ d)) + (a⊕ c↔ b⊕ d)) (4.3.11)

Since α(·) = Θ∗(ω⊗σ)(·) = (ω⊗σ)(Θ ·), it is useful to consider the action of the scattering
morphism Θ(ΦP⊕Q(a⊕ c)) = ΦP⊕Q(θ(a⊕ c)) where:

θ(a⊕ c) =

(︃
θ11 θ12
θ21 θ22

)︃(︃
a
c

)︃
=

(︃
θ11a+ θ12c
θ21a+ θ22c

)︃
:=

(︃
T1(a; c)
T2(c; a)

)︃
(4.3.12)

Then the full 2-point function α(ΦP⊕Q(a⊕ c)ΦP⊕Q(b⊕ d)) := a((a⊕ c)⊗ (b⊕ d)) can be
expanded as follows using Eq. (1.4.9):

a((a⊕ c)⊗ (b⊕ d)) = (ω ⊗ σ) (ΦP⊕Q(T1(a; c)⊕ T2(c; a))ΦP⊕Q(T1(b; d)⊕ T2(d; b)))

= (ω ⊗ σ)[ΦP (T1(a; c))ΦP (T1(b; d))⊗ 1Q

+ 1P ⊗ ΦQ(T2(c; a))ΦQ(T2(d; b))] + Z

= W(T1(a; c)⊗ T1(b; d)) +S(T2(c; a)⊗ T2(d; b)) + Z
(4.3.13)

where Z is a term containing products of 1-point functions of the states ω and σ, which
vanish, and S is the 2-point function of the probe state σ. Again the 2-point functions of
the system state ω and probe state σ can be split into their symmetric and antisymmetric
terms:

W(a⊗ b) = µω(a, b) +
i

2
EP (a, b)

S(c⊗ d) = µσ(c, d) +
i

2
EQ(c, d)

(4.3.14)

Then µα(a⊕ c, b⊕ d) is just the symmetrized part of a((a⊕ c)⊗ (b⊕ d)):

µα(a⊕ c, b⊕ d) = µω(T1(a; c), T1(b; d)) + µσ(T2(c; a), T2(d; b)) (4.3.15)

The difference of the original 2-point function and the updated 2-point function can be
thus rewritten as:

∆Wsel(f ⊗ g) = µω(T1(f ; 0), T1(g; 0)) + µσ(T2(0; f), T2(0; g))− µω(f, g)

− (µω(T1(f ; 0), T1(0;h)) + µσ(T2(0; f), T2(h; 0)))

× (µω(T1(g; 0), T1(0;h)) + µσ(T2(0; g), T2(h; 0)))
E1

E0

(4.3.16)

This is the full form of the difference between the updated and the original 2-point
functions, it depends on:
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(i) The scattering morphism (i.e. the model of interaction between the system and
probe) through the transformations T1,2 and the normalization factors E0,1.

(ii) The conditioning Weyl effect through the normalization factors E0,1 and the section
h(x).

It is now possible to start working on the second objective of this section, that is taking
Eq. (4.3.16) and expand it in perturbation theory by choosing a specific interaction model.
To do that, consider a measurement that happens via a quadratic interaction of the system
and probe, which are taken to be two scalar fields ΦP and ΦQ:

Lint = −λρ(x)ϕ(x)φ(x), ΦP (f) =

∫︂
M
ϕ(x)f(x) dV, ΦQ(g) =

∫︂
M
φ(x)g(x) dV (4.3.17)

Here ρ(x) is compactly supported within the interaction region. Then T = P ⊕Q+ λR is
a RFHGHO coinciding with P ⊕Q outside the interacting region when R is represented
as:

R =

(︃
RPP RPQ

RQP RQQ

)︃
=

(︃
0 ρ(x)

ρ(x) 0

)︃
(4.3.18)

Then the full equations of motion, in accordance with the interaction Lagrangian, look
like:

T

(︃
ϕ(x)
φ(x)

)︃
= Pϕ(x) +Qφ(x) + λρ(x)(ϕ(x) + φ(x)) = 0 (4.3.19)

Following [FV20, Sec. 5.3], a Born expansion can be used to estimate at second order in
λ the terms T1(a; c) and T2(a; c):

(︄
T1(a; c)

T2(c; a)

)︄
=

(︄
a

c

)︄
− λ

(︄
0 ρ

ρ 0

)︄(︄
E−
P 0

0 E−
Q

)︄(︄
a

c

)︄

+ λ2

(︄
0 ρ

ρ 0

)︄(︄
E−
P 0

0 E−
Q

)︄(︄
0 ρ

ρ 0

)︄(︄
E−
P 0

0 E−
Q

)︄(︄
a

c

)︄
+ o(λ3)

=

(︄
a− λρE−

Qc+ λ2ρE−
QρE

−
P a

c− λρE−
P a+ λ2ρE−

P ρE
−
Qc

)︄
+ o(λ3)

(4.3.20)

With this one can rewrite Eq. (4.3.16) at second order in λ. To do that, it is possible to
expand individually the two type of terms in its expression, letting ρE−

P,Q := AP,Q this
looks like:

µα(f ⊕ 0, g ⊕ 0) = µω(T1(f ; 0), T1(g; 0)) + µσ(T2(0; f), T2(0; g))

= µω(f, g) + λ2[µω(AQAPf, g) + µω(f, AQAPg)

+ µσ(APf, APg)] + o(λ3)

(4.3.21)
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µα(f ⊕ 0, 0⊕ h)µα(g⊕ 0, 0⊕ h) = λ2 [µω(f, AQh) + µσ(APf, h)] [f ↔ g] + o(λ3) (4.3.22)

Moreover, the term multiplying the factor E1

E0
cannot be ignored in general, as there are

effects FQ for which its expansion in λ has non vanishing zero-th order. Terms of its
expansion proportional to any power of λ are irrelevant here as E1

E0
only appears multiplied

by a term already of order o(λ2). To better see this, consider a series expansion in λ:

E1

E0

[λ] =
E1

E0

[0] + o(λ) (4.3.23)

At λ = 0 there is no interaction, this means that α[λ = 0] = ω ⊗ σ and the leading order
vanishes if and only if:

(ω ⊗ σ)(1P ⊗ F̃Q) = σ(F̃Q) = 0 (4.3.24)

Take for example the function b(x) = 2
3
+ cos(x)

3
, satisfying the hypothesis in Proposi-

tion 4.2.4. Its Fourier expansion has non vanishing coefficients b̂(0) = 2
3
and b̂(±1) = 1

6
,

then:

σ(F̃Q) =
∑︂
n∈Z

n2b̂(n)e−
1
2
n2µσ(h,h) =

1

3
e−

1
2
µσ(h,h) ̸= 0 (4.3.25)

so that E1

E0
[0] = σ(F̃Q) := k0 ̸= 0. Assembling all together:

∆Wsel(f ⊗ g) = λ2
{︁
µω(AQAPf, g) + µω(f, AQAPg) + µσ(APf, APg)

− [µω(f, AQh) + µσ(APf, h)] [f ↔ g] k0
}︁
+ o(λ3)

(4.3.26)

This shows that the 2-point function of the selective state update conditioned on some
effect FQ where the measurement scheme is set up via a weak coupling of the fields, doesn’t
receive any correction at first order in the coupling w.r.t. the old 2-point function.

Recall the following integral representations:

[E±
P f ](x) =

∫︂
My

E±
P (x, y)f(y) dVy =

∫︂
My

E∓
P (y, x)f(y) dVy

µω(f, g) =

∫︂
Mx×My

f(x)µω(x, y)g(y) dVx dVy

(4.3.27)

and the analogous ones for [E±
Qf ](x) and µ

σ(f, g). Now, denoting dVx = dx and omitting
the domain of integration for a cleaner notation, notice that:
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µω(AQAPf, g) =

∫︂
dz dy (AQAPf)(z)µ

ω(z, y)g(y)

=

∫︂
dz dy ρ(z)

∫︂
dx dwE−

Q(z, w)ρ(w)E
−
P (w, x)f(x)µ

ω(z, y)g(y)

=

∫︂
dx dy f(x)

(︃∫︂
dz dwE+

P (x,w)ρ(w)E
+
Q(w, z)ρ(z)µ

ω(z, y)

)︃
g(y)

:=

∫︂
dx dy f(x)K1(x, y)g(y)

(4.3.28)

Here the following integral kernel has been defined:

K1(x, y) :=

∫︂
dz dwE+

P (x,w)ρ(w)E
+
Q(w, z)ρ(z)µ

ω(z, y) (4.3.29)

and the antisymmetry of E−
P (w, x) and E

−
Q(z, w) has been used to rearrange the integral.

Similarly:

µω(f, AQAPg) =

∫︂
dx dy f(x)K2(x, y)g(y)

µσ(APf, APg) =

∫︂
dx dy f(x)K3(x, y)g(y)

[µω(f, AQh) + µσ(APf, h)] [f ↔ g] k0 =

∫︂
dx dy f(x)K4(x, y)g(y)

(4.3.30)

The integral kernels K2, K3 are defined as:

K2(x, y) :=

∫︂
dz dw µω(x,w)ρ(w)E−

Q(w, z)ρ(z)E
−
P (z, y)

K3(x, y) :=

∫︂
dz dwE+

P (x,w)ρ(w)µ
σ(w, z)ρ(z)E−

P (z, y)

(4.3.31)

The kernel K4(x, y) = k0t(x)t(y) instead correctly factors into x, y dependent functions
defined as:

t(x) :=

∫︂
dz dw [µω(x, z)ρ(z)E−

Q(z, w)h(w) + E+
P (x, z)ρ(z)µ

σ(z, w)h(w)] (4.3.32)

This is expected as the original term was a product of an f dependent and a g dependent
part. The variation of the 2-point function can now finally be rewritten in terms of a new
integral kernel:
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∆Wsel(f ⊗ g) = λ2
∫︂

dx dy f(x)∆W sel
(2)(x, y)g(y) + o(λ3)

∆W sel
(2)(x, y) = K1(x, y) +K2(x, y) +K3(x, y)−K4(x, y)

=

∫︂
dz dw

{︂
E+
P (x,w)ρ(w)E

+
Q(w, z)ρ(z)µ

ω(z, y)

+ µω(x,w)ρ(w)E−
Q(w, z)ρ(w)E

−
P (z, y)

+ E+
P (x,w)ρ(w)µ

σ(w, z)ρ(z)E−
P (z, y)

}︂
− k0t(x)t(y)

(4.3.33)

This is the final explicit form of Eq. (4.3.16) at second order in perturbation theory, for the
specific interaction model considered. It is now interesting to analyze more in depth this
result and, based on the discussion of Section 2.1, act on ∆W sel

(2)(x, y) with the differential

operator D(x,y)
µν .

Notice first the expression for the function t(x) in Eq. (4.3.32). Because both h and ρ
are compactly supported smooth sections, any combination ρE−

Qh is also a compactly
supported smooth section by the properties of the advanced/retarded Green operators.
Since ω and σ are Hadamard, the wavefront set of µω, µσ cannot contain vectors of the type
(x, k, y, 0), because the Hadamard condition would imply k = 0, but (x, 0; y, 0) /∈ Ṫ ∗(M×
M). Then both

∫︁
µω(x,w)ρ(z)E−

Q(z, w)h(w) dw and
∫︁
E+
P (x, z)ρ(z)µ

σ(z, w)h(w) dw are
smooth sections [Hör90, Th. 8.2.12]. Thus, K4 is just a product of two terms, each
comprising a sum of smooth sections, i.e. a smooth section with WF(K4) = ∅. Moreover,
since t(x) is a smooth section, there are no distributional singularities creating problems
when taking the following limit:

lim
y→x

D(x,y)
µν K4(x, y) := k0T4[t](x) (4.3.34)

Here T4[t](x) is a classical stress energy tensor of a fictitious classical field configuration
t(x) defined by Eq. (4.3.32). The term classical refers to the fact that t(x) is smooth,
unlike the distributional quantum field ϕ̂(x) of Eq. (2.1.4).

Notice now that taking h = 0 means that FQ =
∑︁

n∈Z b̂(n)W (nh) = K1. The selective
state update in this case is:

ωsel(A) =
α(A⊗K1)

α(1⊗K1)
= α(A⊗ 1) = ωn.s.(A) (4.3.35)

This shows that h = 0 directly reduces to the non-selective state update. It is also evident
from the perturbative expansion that in this case K4 = 0 so that:

∆Wn.s.(f ⊗ g) = λ2
{︁
µω(AQAPf, g) + µω(f, AQAPg) + µσ(APf, APg)}+ o(λ3) (4.3.36)

To interpret this result physically, consider the formal power series expansion of the stress
energy tensor in the non-selectively updated state:

⟨T̂ reg
µν ⟩ωn.s. = ⟨T̂ reg

µν ⟩ωn.s.

⃓⃓⃓
λ=0

+ λ
d

dλ
⟨T̂ reg

µν ⟩ωn.s.

⃓⃓⃓⃓
λ=0

+ λ2
d2

dλ2
⟨T̂ reg

µν ⟩ωn.s.

⃓⃓⃓⃓
λ=0

+ o(λ3) (4.3.37)
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Clearly ωn.s.|λ=0 = ω so that:

lim
y→x

D(x,y)
µν ∆W sel

(2)[h = 0] = λ2
d2

dλ2
⟨T̂ reg

µν ⟩ωn.s.

⃓⃓⃓⃓
λ=0

+ o(λ3) (4.3.38)

The main result here is that the action of the differential operator D(x,y)
µν on (the second

order kernel of) Eq. (4.3.36) should be interpreted as the second order correction to the
expectation value of the regularized stress energy tensor of the non-selectively updated
state ωn.s. w.r.t. the original state ω. On top of that, Eq. (4.3.34) shows how smoothly
deviating from the non-selective to the selective state update by choosing a non vanishing
h(x), adds a contribution to the second order correction which is proportional to a classical
stress energy tensor of a field configuration t(x) as in Eq. (4.3.32).

As a final consistency check, the methods developed in this section can be used to prove
that this specific interaction modeling the measurement preserves the wavefront set of the
original 2-point function, so that the updated state is still Hadamard as expected.

Proposition 4.3.1. Let Wn.s. be the 2-point function of the non-selective state update in
the measurement scheme proposed in this chapter, then WF(Wn.s.) ⊂ N+ ×N− order by
order in perturbation theory.

Proof. The 2-point distribution can be rewritten as:

Wn.s.(f ⊗ g) = α(ΦP (f)ΦP (g)⊗ 1Q)

= α(ΦP⊕Q(f ⊕ 0)ΦP⊕Q(g ⊕ 0))

= a((f ⊕ 0)⊗ (g ⊕ 0))

= W(T1(f ; 0), T1(g; 0)) +S(T2(0; f), T2(0; g)) + Z

(4.3.39)

where Z denotes again vanishing 1-point terms. Notice that T1(f ; 0) = θλ11f , T2(0; f) =
θλ21f where the λ dependence is explicitly shown to keep track of the orders in the expansion.
In this way the two terms can be rewritten as the scattering morphism operator acting on
a distribution:

W(T1(f ; 0), T1(g; 0)) = [W ◦ (θλ11 ⊗ θλ11)](f ⊗ g)

S(T2(0; f), T2(0; g)) = [S ◦ (θλ21 ⊗ θλ21)](f ⊗ g)
(4.3.40)

The map θλ has the expansion:

θλ = 1− λ

(︃
0 ρE−

Q

ρE−
P 0

)︃
+ λ2

(︃
ρE−

QρE
−
P 0

0 ρE−
P ρE

−
Q

)︃
+ o(λ3) (4.3.41)

At order zero in λ the hypothesis is checked trivially as the result is just W(f ⊗ g). The
next contribution is at second order in λ and one needs to check terms of the form:

W ◦ (ρE−
QρE

−
P ⊗ 1)

W ◦ (1⊗ ρE−
P ρE

−
Q)

S ◦ (ρE−
P ⊗ ρE−

P )

(4.3.42)

Let now D be a distribution such that WF(D) ⊂ N+ ×N−, from [Few25, Lemma 5.14]
the following composition of wavefront sets holds:

WF(D ◦ (1⊗ ρE−
P )) ⊂ (WF′(t1)×WF′(

t
ρE−

P )) ◦ (N
+ ×N−) (4.3.43)
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with:

WF′(
t
ρE−

P ) = {(x, k; y, l) ∈ Ṫ ∗(M×M) | (y,−l; x, k) ∈ WF(ρE−
P )}

⊂ {(x, k; y, l) ∈ N ×N | (y,−l) ∼ (x,−k), y ∈ J−(x) ∩ supp(ρ)}
WF′(t1) = {(x, k; y, l) ∈ Ṫ ∗(M×M) | (y,−l; x, k) ∈ WF(1)}

= {(x, k; y, l) ∈ Ṫ ∗(M×M) | x = y, l = k}

(4.3.44)

This holds if N+ × N− does not intersect (0T ∗M × Ṫ ∗M) ∪ (Ṫ ∗M × 0T ∗M), which is
verified given the definition of N±, and because 1 and E−

P are regular morphisms in the
sense of Definition 3.3.1. The composition of wavefront sets takes the following form:

WF(D ◦ (1⊗ ρE−
P )) ⊂ {(x, k; y, l) ∈ Ṫ ∗(M×M) | ∃(w,m; z, n) ∈ N+ ×N−,

((x, k;w,m), (y, l; z, n)) ∈ (WF′(1)×WF′(
t
ρE−

P ))}
(4.3.45)

This means that m ∈ N+ =⇒ k ∈ N+, n ∈ N− =⇒ l ∈ N−, so that:

WF(D ◦ (1⊗ ρE−
P )) ⊂ N+ ×N− (4.3.46)

Similarly:
WF(D ◦ (ρE−

P ⊗ 1)) ⊂ N+ ×N− (4.3.47)

All of the terms in the expansion are compositions ofW andS with sequences of (1⊗ρE±
P,Q)

and (ρE±
P,Q ⊗ 1). Both W and S satisfy the defining condition of D because they are

2-point functions of Hadamard states, this means that:

WF(Wn.s.) ⊂ N+ ×N− (4.3.48)

The fact that Wn.s. satisfies the Hadamard condition then follows from the same argument
used in the proof of Theorem 3.3.3, where it was shown that:

WF(W) ⊂ N+×N− =⇒ WF(W) = {(x, k; y,−l) ∈ N+×N− | (x, k) ∼ (y, l)} (4.3.49)

This result explicitly checks the consistency of Theorem 3.3.4 in the specific measurement
scheme presented in this section, confirming that a non-selective measurement preserves
the Hadamard property.
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Conclusions

The original results of this thesis, presented in Chapter 4, showed that it is possible to
set up a measurement scheme, in the sense discussed in Chapter 3, in such a way that
the selective state update of a Hadamard state is still Hadamard. This was done by
presenting several different ways to construct effect operators of the probe Weyl C∗-algebra
that are, in some appropriate sense, sufficiently regular, so that they do not introduce
new singularities in the 2-point function of the updated state. Some examples with
physically meaningful interpretations were also presented such as Example 4.1.1 and
Example 4.2.2, both conditioning the measurement on certain ranges of values of the
probe field. Finally, a specific model in perturbation theory provided an example of
explicit computations representing the energy variation of a system that is subjected to a
quantum measurement, showing how the structure of the measurement scheme affects
the energy variation itself. A final consistency check also concluded that, in the specific
measurement scheme presented in Section 4.3, the preservation of the Hadamard condition
holds order by order in perturbation theory.

This work presented sufficient conditions to set up a conditioning effect for a QFT
measurement that preserves the Hadamard condition. A further step in this direction
would be to better understand the physical implications of these conditions, while also
trying to sharpen them. Additional methods to construct such effects might also be
uncovered, complementing the spectral theorem and Weyl generators series shown here.

Finally, the perturbative model showed how a selective measurement comes with a possibly
negative contribution to the variation of the system energy after the measurement. This
could suggest a possible link with the theory of Quantum Energy Inequalities (QEIs)
[Few12]. This theory aims to put constraints on the negative local energy fluctuation of a
quantum field, and, in particular, it constrains the energy density of Hadamard states.
The main results of this work show that QEIs should apply to post-measurement states,
which could eventually suggest the existence of thresholds for which measurement schemes
are physically realizable.
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Appendix

A Distributions on vector bundles

This appendix contains the main definitions and results on the theory of vector bundles
on manifolds and distributions on them. The content reported here is meant to be a
concise summary of the tools used in the main work, for a more exhaustive treatment
with detailed proofs see e.g. [Tu11; Tu17; Lee03; BGP08; Hör90].

Definition A.1 (Topological manifold). A second countable, Hausdorff topological space
M is called a topological manifold of dimension n (or n-manifold) if it is locally homeo-
morphic to Rn, i.e. ∀p ∈ M there are an open neighborhood U of p and a homeomorphism
ϕ : U → Rn. The pair (U, ϕ) is called chart of M. A collection of charts {(Uα, ϕα)} such
that {Uα} is an open cover of M is called an atlas of M.

Definition A.2 (Smooth manifold). Let M be a topological n-manifold and {(Uα, ϕα)}
an atlas of M. If:

ϕβ ◦ ϕ−1
α : Rn ⊃ ϕα(Uα ∩ Uβ) → ϕβ(Uα ∩ Uβ) ⊂ Rn ∀α, β (A.1)

is smooth in the Rn sense, the atlas is called smooth. An atlas is called maximal if there
is no other atlas of M containing all of its charts. A topological n-manifold together with
a maximal smooth atlas is called a smooth manifold.

Definition A.3 (Smooth map between manifolds). LetN andM be two smooth manifolds
of dimension n and m respectively. A (topologically) continuous map F : N → M is
said to be smooth at a point p ∈ N if there are charts (U, ϕ) and (V, ψ) of N and M
respectively with p ∈ U and F (p) ∈ V such that:

ψ ◦ F ◦ ϕ−1 : Rn ⊃ ϕ(F−1(V ) ∩ U) → Rm (A.2)

is smooth at p ∈ N in the Rn sense. If F is smooth at every point of N , then F is called
a smooth map. The set of all smooth maps between N and M is denoted as C∞(N ,M),
if M = R one usually writes C∞(N ).

Definition A.4 (Tangent space). Let M be a smooth manifold and p ∈ M. A linear
map vp : C

∞(M) → R is called a derivation at p if it satisfies the Leibniz rule:

vp(fg) = vp(f)g(p) + f(p)vp(g) ∀f, g ∈ C∞(M) (A.3)

The set of all derivations at p ∈ M is a vector space over R called the tangent space of M
at p and is denoted as TpM. If M has dimension n, then as a vector space dim(TpM) = n.

Definition A.5 (Differential of a smooth function). Let F : N → M be a smooth map
between manifolds. At each point p ∈ N , F induces a linear map between tangent spaces
called the differential at p:

F∗,p : TpN → TF (p)M
vp ↦→ F∗,p(vp)

(A.4)

where F∗,p(vp)f := vp(f ◦ F ) ∀f ∈ C∞(M).
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With these definitions it is possible to introduce the concept of vector bundle over a
smooth manifold.

Definition A.6 (Vector Bundle). Let E,M be two smooth manifolds and π : E → M a
smooth surjection between manifolds. Let also K = R or C, then the triple (E,M, π) is
called a smooth vector bundle of rank r if:

(i) ∀p ∈ M, the set Ep := π−1(p) is a vector space over K of dimension r.

(ii) ∀p ∈ M, there is an open neighborhood U of p and a diffeomorphism ϕU : π
−1(U) →

U ×Kr that restricts to a fiber preserving vector space isomorphism ϕU |p : Ep →
{p} × Kr, i.e. π1 ◦ ϕU |p = π where π1 : U × Kr → U is the projection on the first
factor.

We call E the total space, M the base space and Ep the fiber above p of the vector bundle.
The map ϕU is called local trivialization of the trivializing open subset U .

M

Up

Ep
∼= R

E

Figure A.1: Pictorial representation of a line bundle over a smooth manifold. To each
point p ∈ M there is an associated fiber Ep isomorphic to the real line R.

Remark. It is customary to refer to a vector bundle both as its total space E and its
projection map π : E → M and calling it a vector bundle over M. See Fig. A.1 for a
pictorial representation of a vector bundle.

A vector bundle E is basically a smooth manifold that locally looks like its base with
a copy of Kr attached to each point. Among the many examples of vector bundles, the
tangent bundle of a smooth manifold is of crucial importance.

Example A.1 (Tangent bundle). Let M be a smooth manifold and E a vector bundle
over M such that Ep = TpM, the tangent space of M at p. Then E is called the tangent
bundle of M and is denoted as TM.

This construction of the tangent bundle is basically reversed with respect to the usual one
where one defines TM as the disjoint union of the tangent spaces TpM at each point p of
M and then builds a manifold structure on it.
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Definition A.7 (Smooth maps between vector bundles). Let πE : E → M and πF : F →
M be vector bundle over the same base manifold M. A smooth map between manifolds
β : E → F is said to be a smooth bundle map if it is fiber preserving, that is πF ◦ β = πE.

There are 3 ways of constructing new vector bundles from old ones that are of particular
importance:

Definition A.8 (Composition of vector bundles). Let E,F be a vector bundles with base
manifolds M,N respectively, then:

(i) If M = N , the tensor product bundle E⊗F is the vector bundle with base manifold
M such that the fiber above p ∈ M is the tensor product of the fibers of E and F
above p, i.e. (E ⊗ F )p = Ep ⊗ Fp.

(ii) If M = N , the direct sum bundle E⊕F is the vector bundle with base manifold M
such that the fiber above p ∈ M is the direct sum of the fibers of E and F above p,
i.e. (E ⊕ F )p = Ep ⊕ Fq.

(iii) The external tensor product bundle E ⊠ F is the vector bundle with base manifold
M×N such that the fiber above (p, q) ∈ M×N is the tensor product of the fibers
of E and F above p and q respectively, i.e. (E ⊠ F )(p,q) = Ep ⊗ Fq.

Relevant objects related to smooth manifolds are vector fields. A vector field can be seen
as an assignment of a tangent vector to each point of the manifold, i.e. a choice of an
element of each fiber of the tangent bundle. This is formalized for a general vector bundle
by the following definition.

Definition A.9 (Section of a vector bundle). Let π : E → M be a smooth vector bundle.
A section of E over an open set U is a smooth map f : U → E such that π ◦ f = idM.
The section is called smooth if the map f is smooth as a map between manifolds.The set
of all smooth sections of E is denoted as Γ∞(E) and it has the structure of a K-vector
space.

Vector bundles can be further characterized by the introduction of a metric and a
connection on them. This characterization has a key role for the tangent bundle.

Definition A.10 (Bundle metric). Let E be a vector bundle over M, a bundle metric
on E is an assignment M ∋ p→ ⟨·, ·⟩p where ⟨·, ·⟩p is a non degenerate inner product on
the fiber Ep. This assignment is required to be smooth in the following sense: for any
two smooth sections s1, s2 ∈ Γ(E), the map M ∋ p → ⟨s1(p), s2(p)⟩p ∈ R is a smooth
function on M. The bundle metric ⟨·, ·⟩p can be:

• Riemannian if the inner product is pointwise positive definite.

• Hermitian if the fibers are C-vector spaces and the inner product is pointwise
Hermitian.

• Lorentzian if the inner product has pointwise signature (+,−, . . . ,−).
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Proposition A.1. Every smooth vector bundle E with real (complex) fibers over a
manifold M has a Riemannian (Hermitian) bundle metric.

Proof. See e.g. [Tu17].

Definition A.11 (Metric manifold). A smooth manifold M together with a Riemannian
bundle metric on its tangent bundle TM is called a metric manifold.

It is often useful to be able to compare elements of different fibers of a vector bundle.
There is no natural way to do that with the tools presented so far because vectors in
different fibers belong to different vector spaces. It is possible to introduce the concept
of connection on a vector bundle to solve this problem. Again the introduction of a
connection on the tangent bundle of a metric manifold is of particular importance.

Definition A.12 (Connection on a vector bundle). Let E be a vector bundle over a
smooth manifold M. A connection on E is a map:

∇ : Γ∞(TM)× Γ∞(E) → Γ∞(E) (A.5)

such that ∀X ∈ Γ∞(TM) and ∀f ∈ Γ∞(E):

(i) ∇(X, f) := ∇Xf is C∞(M)-linear in X and R-linear in s.

(ii) If g ∈ C∞(M), then ∇X(gf) = X(g)f + g∇Xf .

If E is a metric bundle with bundle metric ⟨·, ·⟩, the connection ∇ is called metric
connection or compatible with the metric if it satisfies the following compatibility condition:

X⟨f1, f2⟩ = ⟨∇Xf1, f2⟩+ ⟨f1,∇Xf2⟩ ∀X ∈ Γ∞(TM), ∀f1, f2 ∈ Γ∞(E) (A.6)

Example A.2 (Levi-Civita connection). Let E = TM, in this case it is possible to define
the notion of torsion of a connection ∇ as the map T : Γ∞(TM)× Γ∞(TM) → Γ∞(TM)
defined as:

T (X, Y ) = ∇XY −∇YX − [X, Y ] ∈ Γ∞(TM) (A.7)

where [X, Y ] is the Lie bracket of the vector fields X and Y . If T (X, Y ) = 0 ∀X, Y ∈
Γ∞(TM), the connection ∇ is said to be torsion-free. A torsion-free metric connection
on TM is called Levi-Civita connection.

Proposition A.2. Every smooth vector bundle E over a manifold M has a connection.
In particular, if E is a metric bundle, it has a metric connection. Moreover if E = TM
is the tangent bundle of a metric manifold, it has a unique Levi-Civita connection.

Proof. See e.g. [Tu17].

This proposition assures that it is possible to introduce a connection on any vector bundle.
The uniqueness property is exclusive to the torsion free Levi-Civita connection on the
tangent bundle, however it is useful to be able to introduce auxiliary connections on



APPENDIX 78

other vector bundles. This, together with the parallel result for the bundle metric, comes
particularly handy when trying to define the norm of the covariant derivative of a bundle
vector field, which can be done as follows:

Definition A.13 (Ck-norm of a section of a vector bundle). Let E be a smooth vector
bundle with base manifold M. Equip E and the cotangent bundle T ∗M with connections
∇E,∇T ∗M and let f ∈ Γ∞(E). There is a natural induced connection on the tensor
product bundle (T ∗M)⊗k ⊗ E:

∇k : Γ∞(TM)× Γ∞(T ∗M⊗ · · · ⊗ T ∗M⏞ ⏟⏟ ⏞
k−times

⊗E) → Γ∞(T ∗M⊗ · · · ⊗ T ∗M⏞ ⏟⏟ ⏞
k−times

⊗E) (A.8)

It is defined by imposing the Leibniz rule on all of his factors:

∇k
X(ω1 ⊗ · · · ⊗ ωk ⊗ f) = ∇T ∗M

X ω1 ⊗ · · · ⊗ ωk ⊗ f

+ · · ·
+ ω1 ⊗ · · · ⊗ ∇T ∗M

X ωk ⊗ f

+ ω1 ⊗ · · · ⊗ ωk ⊗∇E
Xs

(A.9)

The k-th covariant derivative of a smooth section of the vector bundle E is the section
∇ks ∈ Γ∞((T ∗M)⊗k ⊗ E). Choosing a Riemannian (Hermitian) bundle metric on E and
on T ∗M there is a naturally induced bundle metric on (T ∗M)⊗k ⊗ E. For any K ⊂ M,
it is possible to define the Ck-norm of f as:

∥f∥Ck(K) := max
j=0,...,k

sup
x∈K

∥∇jf(x)∥(T ∗M)⊗j⊗E (A.10)

Remark. It is common to work with compactly supported sections of a vector bundle. In
the case of a compact set K ⊂ M, different choices of connections and metrics on E and
T ∗M lead to equivalent Ck-norms [BGP08]. This means that there is no need to specify
the choice as by Proposition A.1 and Proposition A.2 it is guaranteed that they exist.

It is also particularly useful to introduce the concept of integration on a smooth manifold.
The natural objects to integrate on a manifold are differential forms, however they require
the manifold to be orientable which might not always be the case. To solve this, one
introduces the concept of densities. It is remarkable that on a metric manifold there is a
natural metric induced density.

Definition A.14 (k-covector). Let M be a smooth manifold and p ∈ M. A k-covector
ωp ∈ T ∗

pM⊗k is an alternating k-tensor :

ωp : TpM⊗ · · · ⊗ TpM⏞ ⏟⏟ ⏞
k−times

→ R (A.11)

where alternating means that for every element of the permutation group of k elements
σ ∈ Sk one has:

(σωp)(v1, . . . , vk) := ωp(vσ(1), . . . , vσ(k)) = sgn(σ)ωp(v1, . . . , vk) (A.12)
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Definition A.15 (Wedge product and k-forms). LetM be a smooth manifold of dimension
n, p ∈ M and αp ∈ T ∗

pM⊗m, βp ∈ T ∗
pM⊗l be a m-covector and a l-covector respectively.

Then:

T ∗
pM⊗(m+l) ∋ αp ∧ βp :=

1

m!l!

∑︂
σ∈Sm+l

sgn(σ)σ(αp ⊗ βp) (A.13)

is a m+ l-covector. For this reason the vector space of dimension
(︁
n
k

)︁
of k-covectors at

p ∈ M is denoted as
⋀︁k T ∗

pM.

Let
⋀︁k T ∗M be the vector bundle over M whose fiber above p ∈ M is the vector space⋀︁k T ∗
pM of k-covectors at p, then a differential k-form ω is a section of

⋀︁k T ∗M.

Definition A.16 (Pullback of a k-form). Let F : N → M be a smooth map between
manifolds ω ∈ Γ∞(

⋀︁k T ∗M) be a smooth k-form on M. The pullback of ω by the smooth
map F is the k-form on N defined as follows on each point p ∈ N :

(F ∗ω)p(v1, . . . , vk) := (ω)F (p)(F∗,pv1, . . . , F∗,pvk) ∀vi ∈ TpM (A.14)

where F∗,p is the differential of F at p ∈ N .

Definition A.17 (Density). Let M be a smooth manifold of dimension n, p ∈ M. A
density µ on TpM is a map:

µ : TpM⊗n → R (A.15)

such that ∀A : TpM → TpM it satisfies µ(Av1, . . . , Avn) = |det(A)|µ(v1, . . . , vn). The set
of all densities on T ∗

pM is denoted as Ω(TpM).

Proposition A.3. Let M be a smooth manifold of dimension n, then:

(i) Ω(TpM) is a 1-dimensional vector space spanned by |ω|, for all 0 ̸= ω ∈
⋀︁n T ∗

pM
where |ω|(v1, . . . , vn) := |ω(v1, . . . , vn)|.

(ii) Ω(M) is the line bundle over M whose fiber above p ∈ M is Ω(TpM) called density
bundle of M. A smooth section of Ω(M) is called a smooth density on M.

(iii) If M is a metric manifold, there is a unique metric induced smooth density on M
called volume density dV.

Given a chart (U, ϕ = xi) of M the volume form takes a standard expression which allows
to define its integral:∫︂

U

dV =

∫︂
ϕ(U)

(ϕ−1)∗ dV

=

∫︂
ϕ(U)

√︁
|g||dx1 ∧ · · · ∧ dxn| :=

∫︂
ϕ(U)

√︁
|g|dx1 · · · dxn

(A.16)

where (ϕ−1)∗dV is the pullback of the smooth density dV acting pointwise as Definition A.16
and g(x) := det[gµν ](x) is the determinant of the metric tensor field in the chart coordinates.
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For any compactly supported continuous function f ∈ C∞
c (M) it is then possible to define

the integral of f over M as
∫︁
M f dV recalling that:∫︂

ϕ(U)

(ϕ−1)∗(f dV) =

∫︂
ϕ(U)

(ϕ−1)∗f(ϕ−1)∗ dV =

∫︂
ϕ(U)

(f ◦ ϕ−1)(ϕ−1)∗ dV (A.17)

Proof. See e.g. [Lee03].

This concludes the summary of the necessary notions on vector bundles. Having described
the concepts of sections, their differentiation via connections and their integration via
volume densities, it is now possible to introduce the theory of distributions.

Definition A.18 (Space of test sections). Let E be a smooth vector bundle over a smooth
manifold M. Endow E and T ∗M with auxiliary connections and Riemannian (possibly
Hermitian) bundle metrics to define the Ck-norm as in Definition A.13. The space Γ∞

0 (E)
of compactly supported smooth sections of E is called space of test sections of E. A
sequence of test sections {fn}n ⊂ Γ∞

0 (E) is said to converge to a test section f ∈ Γ∞
0 (E)

if:

(i) There is a compact set K ⊂ M such that supp(fn) ⊂ K ∀n.

(ii) ∥f − fn∥Ck(K)
n→∞−−−→ 0 ∀k ∈ N.

Definition A.19 (Distribution on a vector bundle). Let E be a smooth vector bundle
over a smooth manifold M, E∗ the dual vector bundle whose fibers above p ∈ M are
E∗
p = (Ep)

∗ and V a vector space over a field K. A K-linear map:

u : Γ∞
0 (E∗) → V (A.18)

is called a V -valued distribution on E or distributional section of E if it is continuous in
the sense that:

V ∋ u(fn)
n→∞−−−→ u(f) ∈ V ∀Γ∞

0 (E∗) ∋ fn
n→∞−−−→ f ∈ Γ∞

0 (E∗) (A.19)

The space of V -valued distributions on E is denoted as D′(E, V ).

Remark. The space of V -valued distributional sections of E is essentially the topological
dual of Γ∞

0 (E∗) with respect to the weak-∗ topology, i.e. the weakest topology on Γ∞
0 (E∗)

making the V -valued functionals continuous. In this sense it is possible to define a
V -valued distribution on the manifold M itself as u ∈ C∞

0 (M, V )∗ := D′(M), i.e. an
element of the dual space of the compactly supported smooth functions on M.

Example A.3 (Delta distribution). Let M = R and E = R× R. Then the space of test
sections of E∗ is just the space of compactly supported real smooth functions C∞

0 (R). Let
V = R, then the delta distribution δx is the R-valued distribution on E such that:

δx(f) := f(x)x ∈ R (A.20)

There is a standard way to represent smooth sections as distributions.
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Proposition A.4. Let E be a smooth vector bundle over a smooth metric manifold M
with K fibers. There is a canonical embedding ι : Γ∞(E) ↪→ D′(E,K). Usually one denotes
D′(E,K) = D′(E).

Proof. Since M is a metric manifold there is a natural metric induced volume form that
allows one to integrate functions on the manifold. Let f ∈ Γ∞(E) and g ∈ Γ∞

0 (E∗). Then
ι(f) ∈ D′(E,K) is a distribution defined as follows:

[ι(f)](g) :=

∫︂
M
g(f) dV (A.21)

Since g is a test section of E∗, the quantity g(f) is a compactly supported K function on
M for which integration with respect to dV is well defined.

Definition A.20 (Support of a distribution). Let u ∈ D′(E, V ) where E is a vector
bundle over M. The support of the distribution u is defined to be the set:

supp(u) := {p ∈ M | ∀U ∋ p∃f ∈ Γ∞
0 (E) s.t. supp(f) ⊂ U , u(f) ̸= 0} (A.22)

Definition A.21 (Restriction of a distribution). Let Ω ⊂ M be an open subset of a
manifold M and E be a vector bundle. Define the vector bundle E|Ω as the vector bundle
over Ω whose fiber above p ∈ Ω coincides with the fiber above p of E. The restriction of
a distributional section u of E to the open subset Ω is the distributional section u|Ω of
E|Ω such that:

u|Ω (f) = u(f̃) ∀f ∈ Γ∞
0 (E∗|Ω), f̃(q) :=

{︄
f(q) if q ∈ Ω

0 if q ∈ M \ Ω
(A.23)

Definition A.22 (Singular support of a distribution). Let u ∈ D′(E, V ), the singular
support of u is defined to be the set:

singsupp(u) := {p ∈ supp(u) | ∄U ∋ p s.t. u|U ∈ Γ∞
0 (E|U)} (A.24)

i.e. the singular support of u is the set of points in its support for which there is no
neighborhood such that its restriction to it coincides with a smooth section.

The notion of singularities of a distribution, in the sense of the points near which it can’t
be described as a smooth section, can be sharpened with respect to Definition A.22. It is
indeed possible to study not only the position of singularities, i.e. the singular support,
but also their direction in momentum space.

Definition A.23 (Regular directed point of a distribution). Let u ∈ D′(M, V ) be a
V -valued distribution on a manifold M and (y, l) ∈ Ṫ ∗M be an element of the cotangent
bundle with its zero section removed. Let (U, ϕ = xµ) be a chart of M covering a
neighborhood of y ∈ M and V ⊂ Ṫ ∗M be an open cone. Then (y, l) is said to be a regular
directed point of u if there is a smooth function χ ∈ C∞

0 (U) such that χ(y) ̸= 0 and:

sup
k∈V

(1 + ∥k∥n)∥u(χeixµk(∂µ))∥V <∞ ∀n ∈ N (A.25)

where ∥ · ∥V is a norm on the vector space V . That is, the formal Fourier transform of the
distribution is fast decreasing in any direction k in a conical neighborhood V of l ∈ Ṫ ∗

yM.
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Remark. The definition of regular directed point can be understood by explicitly writing
down the distribution:

u(χeix
µk(∂µ)) =

∫︂
U

u(x)χ(x)eix
µk(∂µ) dV (A.26)

This can be seen as a local Fourier transform of u(x) where the function χ(x) localizes
the integral around y ∈ U and the function eik(x

µ∂µ) gives the Fourier transform evaluated
in the direction k ∈ V . The condition for (y, l) to be a regular directed point can be then
interpreted as the requirement for the Fourier transform of the distribution u to be fast
decreasing in a conical neighborhood of l. A non regular directed point (y, l) signals the
presence of a singularity of the distribution in y ∈ U along the direction l ∈ T ∗

yM.

Definition A.24 (Wavefront set). Let u ∈ D′(M, V ) be a V -valued distribution on a
manifold M. The wavefront set of u is the set:

WF(u) := {(y, l) ∈ Ṫ ∗M | (y, l) is not a regular directed point of u} (A.27)

If u ∈ D′(E, V ) is a V -valued distribution on a smooth vector bundle E, let {fi} ⊂ Γ∞
0 (E∗)

be a collection of test sections forming a local basis of E∗, then the wavefront set of u can
be defined as:

WF(u) :=
⋃︂
i

WF(ũi) s.t. D′(M, V ) ∋ ũi : g ↦→ ũi(g) := u(gfi) (A.28)

As one might expect it can be proven that (y, l) ∈ WF(u) =⇒ y ∈ singsupp(u) (see e.g.
[Hör90] and [SV01] for a translation from distributions on Rn to distributions on vector
bundles). This means that the wavefront set adds directional information to the singular
support of a distribution which, by itself, provides only positional information about the
location of its singularities.

B Category theory and quantization functors

Section 1.2 outlines a general framework in which category theory plays a central role in
the quantization of classical field theories by assigning an algebra of observables to define
the quantized theory. The main concepts used in this work are the defining properties of
category and functor, which are reported in this appendix. A general introduction to the
theory of categories can be found in [Lei25]. The tools described here are then used to
define the so-called quantization functors. Details of their construction and the proof of
their functorial nature can be found in [FV12].

Definition B.1 (Category). A category is a pair (ob(A),Hom(A)) such that:

(i) ob(A) is a collection of objects.

(ii) ∀A,B ∈ ob(A) there is a collection A(A,B) ⊂ Hom(A) of morphisms from A to B.

(iii) ∀A,B,C ∈ ob(A) there is a map called composition:

◦ : A(A,B)×A(B,C) → A(A,C)

(f, g) ↦→ g ◦ f
(B.1)
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(iv) ∀A ∈ ob(A) there is a morphism 1A(A,A) called identity on A.

(v) ∀A,B,C,D ∈ ob(A) and f ∈ A(A,B), g ∈ A(B,C), h ∈ A(C,D) one has (h ◦ g) ◦
f = h ◦ (g ◦ f) and f ◦ 1A = 1B ◦ f .

Remark. In a similar fashion to the vector bundle case, it is customary to refer to a
category (ob(A),Hom(A)) just as A so that A ∈ A means A ∈ ob(A) and f : A → B
means f ∈ A(A,B).

Definition B.2 (Subcategory). Let A be a category. A subcategory of A is a pair
(ob(S),Hom(S)) where ob(S) is a subclass of ob(A) and Hom(S) is a subclass of Hom(A)
that is closed under composition and identities.

In a sense, a category generalizes the concept of sets and functions between them. In
particular, a category could be the family of sets with some structure on them and
functions which preserve that particular structure.

Example B.1 (Top category). The pair of topological spaces (X, τ) as objects and
continuous maps f : X → Y as morphisms is a category called Top, with the composition
map being the standard composition of functions and the identity morphisms 1X being
the standard identity functions on the topological spaces (X, τ).

Following this intuition, it is clear that it is possible to further characterize the morphisms
of a category:

Definition B.3 (Isomorphism). A morphism f : A → B of a category A is called
isomorphism if there exists a morphism g : B → A such that g ◦ f = 1A and f ◦ g = 1B.
The morphism g is called the inverse of f and it is usually denoted as g = f−1. The
objects A and B are called isomorphic and this is usually denoted as A ∼= B.

Example B.2 (Top isomorphisms). Let Top be the category of topological spaces. The
isomorphisms of Top are the homeomorphisms between topological spaces.

The notion of map can be applied to categories themselves.

Definition B.4 (Functor). Let A and B be categories. A Functor F : A → B is a pair
of maps, both denoted by F :

(i) F : ob(A) → ob(B)

(ii) F : Hom(A) ⊃ A(A,A′) → B(F (A),F (A′)) ⊂ Hom(B) ∀A,A′ ∈ A

They satisfy the properties:

(i) F (f ′ ◦ f) = F (f ′) ◦ F (f) ∀f ∈ A(A,A′), f ′ ∈ A(A′, A′′) and A,A′, A′′ ∈ A.

(ii) F (1A) = 1F (A) ∀A ∈ A.
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Example B.3 (Cat category). The pair of categories A as objects and functors F : A →
B as morphisms is a category called Cat with the composition map being the composition
of F and F ′ on objects and morphisms of A and B. This category gives a natural notion
of composition of functors.

It is also useful to define maps between functor themselves. If one considers a pair of func-
tors between the same categories, one can introduce the notion of natural transformation
as a map between the images of the functors.

Definition B.5 (Natural transformation). Let F ,G : A → B be a pair of functors
between the same categories. A natural transformation between the functors F and G
is a family of B morphisms {βA : F (A) → G (A)}A∈A ⊂ Hom(B) such that for every A
morphism Hom(A) ∋ f : A→ A′ the diagram commutes:

F (A) F (A′)

G (A) G (A′)

F (f)

βA βA′

G (f)

(B.2)

The morphisms βA are called the components of the natural transformation β : F → G .

The categories SymplK,Alg and C∗-Alg introduced in Section 1.3 can be linked by so-
called quantization functors. The motivation for this name can be understood following the
discussion in Section 1.1. Classical physical systems are modelled by appropriate symplectic
spaces, quantum physical systems are modelled instead by appropriate observable algebras.
In this sense this functor associate to a classical system its corresponding quantum version.

Definition B.6 (Quantization functor). Let (V, σ, C), (V ′, σ′, C ′) ∈ SymplC. Let also
f : (V, σ, C) ↦→ (V ′, σ′, C ′). The quantization functor Q : SymplC → Alg is defined as
follows:

(i) Q(V, σ, C) = A ∈ Alg is the algebra whose vector space is Q(V ) :=
⨁︁

n∈N0
V ⊙n

where V ⊙n is the symmetrized n-th tensor product of the vector space V with itself.
The algebra product is defined ∀u⊙m ∈ V ⊙m and v⊙n ∈ V ⊙n as:

u⊙m · v⊙n :=

min{m,n}∑︂
r=0

(︃
iσ(u, v)

2

)︃r
m!n!

r!(m− r)!(n− r)!
S
(︁
u⊗(m−r) ⊗ v⊗(n−r))︁ (B.3)

(ii) Q(f) ∈ Hom(Alg) is the Alg morphism defined as:

Q(f) :=
⨁︂
n∈N0

f⊙n (B.4)

where f⊙n(v1 ⊙ · · · ⊙ vn) := f(v1)⊙ · · · ⊙ f(vn).

Proposition B.1. The map Q : SymplC → Alg defined in Definition B.6 is a well
defined functor.
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Proof. See e.g. [FV12].

Definition B.7 (Weyl relation). Let (V, σ, C) ∈ SymplC and u, v ∈ V . Define:

W (λu) :=
⨁︂
n∈N0

(iλ)n

n!
u⊙n (B.5)

The algebra product of Q(V, σ, C) ∈ Alg can be written as:

W (λu)W (µv) = e−
i
2
σ(λu,µv)W (λu+ µv) (B.6)

understood as an equivalence between formal power series in λ and µ. Eq. (B.6) is known
as Weyl relation.

The definition of the Weyl relation suggests another way to assign an algebra to a
symplectic space.

Definition B.8 (Weyl quantization functor). Let (V, σ, C), (V ′, σ′, C ′) ∈ SymplR. Let
also f : (V, σ, C) ↦→ (V ′, σ′, C ′). The Weyl quantization functor W : SymplR → C∗-Alg is
defined as follows:

(i) W (V, σ, C) ∈ C∗-Alg is the unique completion to a C∗-algebra of the algebra
generated by operators {W (u) | u ∈ V } obeying W (0V ) = 1W (V,σ,C),W (u)∗ =
W (−u) and the Weyl relation Eq. (B.6).

(ii) W (f) = αf ∈ Hom(C∗-Alg) is the C∗-Alg morphism defined as αf(W (u)) =
W (f(u)).

Proposition B.2. The map W : SymplR → C∗-Alg defined in Definition B.8 is a
well defined functor which can also be extended to SymplC via the composition with the
restriction functor R : SymplC → SymplR.

Proof. The functorial properties of the map W are immediately verified. It is a standard
result that the algebra generated by the collection of W (u) can be given a unique C∗ norm
so that the completion of W (V ) with respect to the C∗ induced metric is a C∗-algebra.
For further details of this construction see e.g. [Mor17; FV12].
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