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Introduction

In recent years, advancements in genomic imaging have enabled the investigation of
the 3D organization of chromosomes within the cell nucleus. Among the techniques devel-
oped for this purpose, Oligopaints-based Stochastic Optical Reconstruction Microscopy
(STORM) [1] enables the acquisition of high-resolution images of specific genomic re-
gions, which can be used to trace the chromatin path.

In particular, images obtained with Oligopaints-based STORM can be employed for
Volumetric Chromatin Tracing, a technique that preserves the 3D topographical arrange-
ment of genomic regions. This method requires capturing thousands of images for each
region, identifying active fluorophores in them, and using their localized positions to
reconstruct the chromatin path. However, accurate chromatin tracing relies on localiza-
tion algorithms that identify emitters with nanometric precision, which is a technically
challenging task. Thus, the development of advanced 3D single-molecule localization
algorithms is an important problem in genomic imaging.

This thesis focuses on the mathematical modeling and algorithmic development for
3D single-molecule localization in STORM imaging. The work was carried out during
an internship at the Italian Institute of Technology under the supervision of Dr. Irene
Farabella, in collaboration with Prof. Luca Calatroni. In particular, a forward mathe-
matical model of the STORM image acquisition process was developed, and based on this
model, an image simulator for STORM data was implemented, enabling the generation
of synthetic datasets for numerical experiments.

Furthermore, the localization problem was formulated as a regularized inverse prob-
lem, incorporating sparsity-promoting regularization terms to recover the 3D coordinates
of emitters from STORM images. Numerical methods were implemented and evaluated,
and existing 3D single-molecule localization algorithms and software packages, such as
ImageJ, Fiji, and ThunderSTORM, were studied and compared.

This thesis is organized as follows:

• The first chapter introduces the biological and microscopy-related background rel-
evant to the 3D localization problem, with a particular focus on genomic imaging
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iv Introduction

and 3D single-molecule localization microscopy;

• The second chapter presents the mathematical model of the STORM image acqui-
sition process;

• The third chapter discusses the regularized inverse problem used for single-molecule
localization in detail, including the sparsity-promoting regularization functions con-
sidered, the numerical methods used to solve the problem, and the underlying
theoretical framework;

• The fourth chapter presents the datasets used for numerical experiments, the tested
algorithms, the obtained results, and the validation metrics used to assess their
performance.



Chapter 1

Introduction to SMLM for genomic

imaging

In this first chapter, we will introduce Single-Molecule Localization Microscopy (SMLM).
In particular, we will discuss components relevant to the 3D localization problem; for
example, how images of chromatin are obtained using fluorophores and how the 3D
positions of these fluorophores can be recovered from 2D images.

1.1 SMLM for imaging

Microscopes are used to obtain images of samples, such as groups of cells. One type of
microscope is the widefield microscope. Specimens are prepared according to the specific
analysis, mounted on glass slides, and placed on the microscope stage. In fluorescence
microscopy, images are acquired using a camera, lenses, a light source that emits light
at a specific wavelength, and fluorophores within the sample. An example of image
acquisition with a widefield microscope is shown in Fig 1.1a. These fluorophores are
chemical compounds that absorb light at a particular wavelength and then emit light
at a longer wavelength. When using a widefield microscope, we obtain only a single
2D image of the sample. In Fig 1.1b, we observe an image obtained with a widefield
microscope. As we can see, it’s hard to distinguish single emitters in this image. This
problem is caused by light diffraction, a phenomenon that limits the resolution of the
widefield microscope. For a microscope, the resolution is defined as the shortest distance
between two points on a specimen that can still be distinguished as separate entities, and
it is measured in nanometers. For widefield microscopes, the resolution is around 200-300
nm. If the distance between two emitters is less than the optical system resolution, we
say they are unresolved; if it is greater than the resolution, we say they are resolved. In
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2 1.1 SMLM for imaging

Fig 1.2, we show examples of resolved and unresolved emitters.

If we want to localize single emitters in an image, we need special techniques. For
this aim, SMLM methods have been developed.

(a) (b)

Figure 1.1: Widefield microscopy

Figure 1.2: Example of microscope resolution [3]
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1.1.1 Single-molecule localization microscopy techniques

SMLM is a group of super-resolution techniques that bypass the diffraction limit of
visible light, achieving a resolution of about 20 nm. In this group, two subsets are:

• Deterministic super-resolution methods [4], which rely on physically controlling the
emission of active fluorophores;

• Stochastic super-resolution methods [5], which rely on alternating the fluorophores
between an active state, in which they emit light, and a passive state, in which
they remain dark;

The subset we are interested in is the second one. In particular, in this group, two
techniques are:

• Stochastic Optical Reconstruction Microscopy (STORM) [5];

• Photoactivated Localization Microscopy (PALM) [6].

To use these techniques, specific microscopes are required. In particular, Nikon’s N-
STORM systems are designed for STORM imaging. In Fig 1.3a and Fig 1.3b, we can
see the Nikon N-STORM Super Resolution System and how light travels inside the
microscope.

(a) (b)

Figure 1.3: Nikon N-STORM Super Resolution System [7]

1.1.2 STORM

Applying STORM, small subsets of fluorophores are sequentially activated, one sub-
set at a time. Each time a subset is activated, an image of it is captured, and the
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emitters in the image are localized. To obtain one image, only a few milliseconds are
needed. After capturing a photo of the emitters, they are deactivated, and another sub-
set of fluorophores is activated. We repeat this process until every fluorophore has been
illuminated.

Thus, using STORM yields a sequence of images, each captured in a specific time
frame tn, rather than a single image as in widefield microscopy. To reconstruct the object
we want to analyze, we locate the emitters in all the photos and combine them into a
single image.

Fig 1.4 shows the reconstruction of an object using a STORM movie, while Fig
1.5 illustrates 3 frames of a STORM movie. In Fig 1.6, the top row contains images
obtained with a widefield microscope, while the bottom row contains images obtained
with STORM imaging. In the widefield images, we cannot distinguish single emitters,
while in the STORM images, we can.

Figure 1.4: Comparison between STORM imaging and con-
ventional fluorescent microscopy [7]
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Figure 1.5: Different STORM images

Figure 1.6: Comparison between results obtained with
STORM imaging and conventional microscopes [8]
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1.1.3 Oligopaint probes

The goal is to localize the emitters in images of chromatin, a mixture of DNA and
proteins that forms the chromosomes in eukaryotic cells. In Fig. 1.7, we can see the
chromatin packaged inside the nucleus. To obtain these images, one part of the image
generation process involves the binding of chromatin and Oligopaint probes [9].

These probes are composed of computationally designed oligonucleotides (oligos),
which are small sequences of nucleotides. Part of the probes comprises a short region of
genomic homology that allows them to bind to specific parts of the chromosome. Ge-
nomic homology regions are specific sequences of nucleotides designed to bind to targeted
genomic regions. How does this binding happen? The complementarity of nucleotide
bases is used to bind to sections of the chromosome. These Oligopaint probes also have
two arms at the ends of the genomic homology, called Mainstreet and Backstreet, which
are nongenomic sequences 47 nucleotides long. These streets can be used for various
purposes. Each Street consists of a universal primer, a region-specific barcode, and
a 7-nucleotide sequence that, combined with the barcode, creates a binding site for a
toehold oligo. Oligos called bridge oligos can bind to the streets, and these oligos are
computationally designed to bind to fluorophores. The probes’ barcode and bridge oligos
are specific to each region of the chromosome that we want to analyze, allowing us to
obtain images of each site independently. This is done to trace chromatin conformation,
allowing the creation of a high-resolution 3D reconstruction of the chromatin. In Fig 1.8,
we can see the structure of an Oligopaint probe.

After absorbing light at a specified wavelength, these fluorophores emit light, which
is used to obtain images of the genomic regions. After the imaging round of the current
genomic region is complete, toehold oligos are used to dislodge the bridge oligos of the
current region. Then, the imaging round for the next region begins. These toehold oligos
have a greater affinity for the site where the bridges bind to the probe than the bridges
themselves. The bridges of the previous region are unbound, so that oligo bridges are
bound only to the region currently being analyzed.

This method of obtaining genomic data is not always effective. In fact, the following
can happen:

1. the fluorophores do not bind to anything, so we have unbound fluorophores floating
in the nucleus;

2. the Oligopaint probes bind to the wrong parts of the chromosome or attach to
other chromosomes;

3. the fluorophores bind to one another;



1.1 SMLM for imaging 7

Figure 1.7: Packaging of chromatin in the nucleus. Image
from [10]

Figure 1.8: Example of an Oligopaint probe. Image from [9]
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Thus, when fluorophores are activated, genomic data and noise are obtained.

1.2 Point spread function of the optical system

Having discussed how 2D images of the chromatin are obtained, we can now extend
the discussion to how the 3D positions of the emitters in the frames can be recovered by
modifying the optical system, yielding Point Spread Functions (PSFs) that encode the
emitters’ z-coordinates in the image. The PSF of an optical system is a mathematical
function that represents how light emitted from a point spreads through the system, and
it is correlated with the structure of the microscope.

For 2D and 3D SMLM, the data we acquire are movies of 2D images Ytn ∈ RMx×My ,
with tn ∈ [0, T ]. Meanwhile, the samples analyzed are three-dimensional in both cases.
However, for 2D SMLM, the microscopes used do not encode the emitters’ z-positions in
the image, so we can only recover the emitters’ x- and y-coordinates. This is already a
hard problem. For 3D SMLM, we can also recover the emitters’ z-coordinates, which is
even harder than estimating the x- and y-coordinates. Thus, for 2D SMLM, we recon-
struct the emitters projected onto a 2D plane, whereas for 3D SMLM, we reconstruct
the emitters in a 3D space.

1.2.1 Point Spread Function

To make it possible to determine the z-coordinates for 3D SMLM, the following
imaging techniques can be used:

• Astigmatic imaging [13] (Fig 1.9a), where an active fluorophore appears as an el-
lipse elongated vertically or horizontally, depending on the fluorophore’s z-position
relative to the focal plane of the optical system;

• Biplane imaging [14] (Fig 1.9b), in which light from a single active fluorophore is
split into two paths to obtain two images. Thus, we also have two different focal
planes. These focal planes are usually distant by a few hundred nm. The relative
intensity difference of the fluorophore in the two images is used to determine its
z-position relative to the focal plane of the optical system;

• Double-helix imaging [15] (Fig 1.9c), where an active fluorophore appears as two
circles that rotate with the fluorophore’s z-position relative to the focal plane of
the optical system.
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As we can see, all these methods consist of modifying the optical system to encode the
z-coordinate of the active fluorophore in a 2D image. Thus, each method has particular
PSFs.

(a) Sections of astigmatic

PSF [16]

(b) Sections of biplane PSFs

[16]

(c) Double-helix

PSF [17]

Figure 1.9: Examples of different PSFs

Each method has pros and cons. For example, biplane and double imaging have a
larger axial range than astigmatic imaging, which represents the z-distance over which
the optical system encodes the z-position with acceptable precision. However, these two
methods split the photon stream into two parts, resulting in lower image intensities,
whereas this does not apply in the astigmatic case. The technique we are interested in
is astigmatic imaging. For astigmatic imaging, a cylindrical lens is added to the optical
system. If we know the relationship between the PSF distortions and the z -coordinates,
we can infer the z -coordinates of the molecules based on the images we capture. In the
center of Fig 1.10, we see a microscope with an astigmatic PSF, while in the right panel
of Fig 1.10, we observe how emitters with different z-positions appear in an image.

1.2.2 Approximation of the PSF of the optical system

Having discussed how optical systems can be modified to obtain a PSF with properties
that allow for 3D SMLM, we can now describe how the system PSF can be experimentally
measured. For the PSF measurement, a few fluorescent beads are needed. These beads
continuously emit light and are positioned to have the same z-position. Furthermore,
they can also be moved along the z-direction.

Now, multiple images of these beads are computed at different z-positions. The
z-distance traveled by the beads between images is constant and is called the z-step.
Ultimately, we collect a sequence of images. During this process, the beads drift along
the x and y directions. To handle this problem, drift-correction algorithms have been
developed. In Fig. 1.11, we show different images of the fluorescent beads.
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Figure 1.10: Microscope with cylindrical lens. Image from
[13]

Figure 1.11: Different images of the same set of beads at
different z-positions

Processing the sequence of images of the fluorescent beads, we can approximate the
PSF of the optical system. This approximation is usually required for localization al-
gorithms. There are two main approaches to approximating the PSF of an astigmatic
imaging system:

• Gaussian fitting [18];

• Cubic spline fitting [19].
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With Gaussian fitting, we assume that the PSF has the following form:

H(x, y, z) =
1

2πσx(z)σy(z)
e
− (x−xp)2

2σ2x(z)
− (y−yp)2

2σ2y(z) ,

where σx(z) and σy(z) are functions that approximate the relationships between the PSF
distortions and the z-coordinates of the molecules. Using the movie of the fluorescent
beads, calibration curves are computed. In Fig 1.12, we observe an example of calibration
curves. From these curves, we can determine σx(z) and σy(z).

Figure 1.12: Example of calibration curves

With cubic spline fitting, we attempt to approximate the PSF using cubic splines.
For the 3D case, the approximated PSF in a voxel is a trivariate cubic polynomial of the
form:

fi,j,k(x, y, z) =
3∑

m=0

3∑
n=0

3∑
o=0

ai,j,k,m,n,o

(
x− ti
∆t

)m(
y − tj
∆t

)n(
z − uk
∆u

)o
,

with ti ≤ x ≤ ti+1, tj ≤ y ≤ tj+1, uk ≤ z ≤ uk+1, and [ti, ti+1] × [tj, tj+1] being the
dimensions of a pixel, and [ti, ti+1]× [tj, tj+1]× [uk, uk+1] being the dimensions of a voxel,
which is the 3D version of a pixel.

The sequence of bead images is not sufficient to accurately approximate the PSF.
Therefore, a cubic spline interpolation is used to obtain enough PSF measurements to
compute the coefficients ai,j,k,m,n,o. Since we have 64 coefficients ai,j,k,m,n,o per voxel,
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we need 64 measurements per voxel. To obtain the coefficients ai,j,k,m,n,o, we solve the
interpolation problem:

fi,j,k(xm, yn, zo) = mi,j,k,m,n,o, m, n, o = 0, · · · , 3,

where mi,j,k,m,n,o are the interpolated measurements and (xm, yn, zo) are the coordinates
corresponding to the measurements. Thus, we obtain the PSF approximation for a
certain voxel. This process is repeated for all voxels that make up the domain of our
problem.

Compared with Gaussian fitting, this method yields better results. However, it is
computationally more expensive.

1.2.3 Z-stacks

Astigmatic imaging works well for samples within a certain z -range. However, some-
times the objects are much taller than this range. In such cases, what can be done?

One option is to partition the domain containing the object of interest into sections
and analyze each section independently. In particular, the volume can be divided into
horizontal sections, called z-sections, such that each section has a z-range smaller than
the range in which our PSF is well-defined. Then, images are obtained one section at a
time. These sections overlap in certain parts to avoid leaving gaps in the sample analysis.
If we capture images of each section, we end up with a movie for each section. All these
movies together form a z-stack. The term ’z-stack’ can also be used when discussing a
sequence of fluorescent beads. In Fig. 1.14, we show how an emitter far from the focal
plane appears. As we can see, inferring the emitter’s coordinates is very difficult. In Fig.
1.13, we show a cell divided into different sections.
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Figure 1.13: Example of selected z-sections

Figure 1.14: PSF of an emitter too distant from the focal
plane
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Chapter 2

Forward mathematical model for

SMLM

In the previous chapter, we described the acquisition process for single-molecule lo-
calization microscopy in the 3D case. In this chapter, we will formulate a mathematical
model for the image acquisition process of STORM images. In particular, we will de-
scribe how an image Ytn is acquired. The index tn represents the discrete time at which
the image was acquired, where tn ∈ [0, T ].

2.1 Notations

From now on, we will use the following notations:

• R++ = (0,+∞);

• a, b ∈ R;

• a,b ∈ Rn, n ∈ N are vectors, and ai, bi ∈ R are their respective i-th elements.

• A,B can be tensors or matrices. If A ∈ RNx×Ny is a matrix, ai ∈ RNX is the
respective i-th column. If H ∈ RNx×Ny×Nz is a tensor, Hi = H(:, :, i) ∈ RNx×Ny is
the i-th horizontal slice;

• Let A be a tensor or a matrix. vec(A) ∈ Rn is A reshaped to be a vector, with n
being the number of elements of A;

• Given a tensor H, HT is a tensor such that (Hi)T = (HT )i;

15



16 2.2 Image generation process

2.2 Image generation process

The image generation process can be divided into four steps, which are:

1. Volume domain discretization;

2. Blurring operator;

3. Downsampling operator;

4. Noise and background perturbation.

In the following, we will describe each of these steps.

2.2.1 Volume domain discretization Xtn

We start with a list of coordinates of emitters active at a time tn, which exist inside
a bounding box B in R3, B = [0, C] × [0,W ] × [0, H]. In a discrete setting, we must
discretize the bounding box and approximate the emitters’ coordinates. We discretize
them using the z-step used for fluorescent beads and the pixel size we want for our final
images, divided by the downsampling factor L used later. Let px be the width of a pixel
in nanometers divided by L, py be the height of a pixel in nanometers divided by L, and
zs be the z-step. Our discretized bounding box will be [0, Nz]× [0, Nx]× [0, Ny], with:

Nz =
C

zs
,

Nx =
W

px · L
,

Ny =
H

py · L
.

Now, let (xc, yc, zc) be the continuous coordinates of the emitters, the corresponding
discretized coordinates (xd, yd, zd) are:

xd = round

(
xc
px

− 0.5

)
,

yd = round

(
yc
py

− 0.5

)
,

zd = round
( zc
zs

)
,

where round(·) rounds a value to its nearest integer. Due to later problems related to
downsampling operations, we add −0.5 to our discretization formulas.

Assuming that an activated fluorophore emits 10000 photons, let Xtn ∈ RNz×Nx×Ny .
Then, Xtn(zd, xd, yd) = 10000 if (zd, xd, yd) are the discretized coordinates of an emitter.
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Otherwise, Xtn(zd, xd, yd) = 0. From now on, we can also assume that Nx = Ny = N .
Thus, we have Xtn ∈ RNz×N×N . In Fig. 2.1, we can see the results of applying this
discretization operation to three entries of a list of coordinates. For this figure, we used
N = 104, Nz = 41, px = py = 20, zs = 10.

(a) List of coordinates

(b) Xtn

Figure 2.1: Volume domain discretization

2.2.2 Blurring operator H

In Chapter 1, we discussed approximating the optical system PSF. In particular,
the approximations we discussed are continuous. We transform the continuous ap-
proximation into a discrete one using the z-step and the pixel size divided by L. Let
H ∈ RNz×N×N be the discrete PSF of the optical system. To obtain a 2D image from
Xtn , we convolve each horizontal slice of Xtn , denoted by Xi

tn , with the corresponding
horizontal slice of H, represented by Hi. We do this because the 2D PSF of an emitter
varies with its z-coordinate. Then, the blurred 2D images are derived over z as follows:

D =
Nz∑
i=1

Hi ∗ Xi
tn ,

with D ∈ RN×N . With this step, we aim to simulate the blurred acquisitions of emitters
using a microscope. In Fig. 2.2, we can see the image D.
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(a) Xtn

(b) D

Figure 2.2: Blurring operation

2.2.3 Eliminating Fourier-related artifacts

As mentioned above, to accelerate convolution computations, we use the Fast Fourier
Transforms (FFT) of the matrices involved. However, using the FFT has a drawback.

To use the FFT, we need to assume periodic boundary conditions for our convolutions.
If our activated fluorophores are near the center of the image, there are no issues. If our
emitters are near the image border, we can observe light on the other side of the image,
as if a fluorophore were present there. We can see an example in Fig 2.3a. This does
not happen in real frames. Thus, if we want to simulate real frames, we need a way
to remove this artifact. How do we do this? There are two options: zero-padding and
apodization [20]:

• zero-padding consists of extending the borders of the image and the PSF with a
layer of zeros. After the convolution, we discard the added layer. Thus, if the layer
is large enough, there are no artifacts. However, the computational costs increase
with the size of the padding layer.

• apodization consists of applying a function to the image that sets the signal to
zero near the borders of the image. With apodization, we have lower computa-
tional costs than zero-padding. However, we end up with lower data intensity, and
apodization doesn’t completely eliminate the artifact.

As we can see, each option has pros and cons. For our data, we will use zero-padding.
In Fig 2.3b, we can see that the Fourier artifact has been removed.
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(a) (b)

Figure 2.3: Elimination of the Fourier artifact: (a) contains
the artifact; the artifact is removed in (b)

2.2.4 Downsampling operator S

After blurring, we apply a downsampling operator S on the image D. Let L be the
downsampling factor, we define the downsampling operator as the function S : RN×N −→
RN/L×N/L. Let D ∈ RN×N , then S(D) is a matrix of size N/L × N/L whose elements
are the sums of the elements in blocks of D with a dimension of L × L. In particular,
we have:

S(D) = MDMT ,

with M a matrix of blocks of ones and zeros. Assuming, for example, we have L = 4 and
N = 12, then a matrix D ∈ R12×12 is downsampled into S(D) ∈ R3×3 by the following
matrix M:

M =


1 1 1 1 0 0 0 0 0 0 0 0

0 0 0 0 1 1 1 1 0 0 0 0

0 0 0 0 0 0 0 0 1 1 1 1

 ∈ R3×12.

Likewise, we can define the operator ST : RN/L×N/L −→ RN×N as follows:

ST (Y) = MTYM.

In contrast to S, ST increases the dimensions of the image Y . Using downsampling, we
aim to represent the transition from a high-resolution setting to a low-resolution, discrete
setting for the emitters. In Fig. 2.4, we can see the result of applying S to D. For this
figure, we used a downsampling factor of L = 4.
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(a) D (b) S(D)

Figure 2.4: Downsampling operation

2.2.5 Noise and background perturbation

To simulate the electronic noise present in real images, we add noise to the downsam-
pled images. Since we assume each active fluorophore emits 10000 photons, we do not
work in a low-photon situation. Thus, we approximate the Poisson noise with Gaussian
noise. Electronic noise has a zero mean; regarding the variance of the noise to use, we
attempt to estimate the variance of the noise present in real images acquired using the
imaging system we are trying to simulate and use it for our simulated images. In Fig.
2.5, we can see the addition of Gaussian noise to S(D).

(a) S(D) (b) S(D)+Ntn

Figure 2.5: Noise perturbation

Afterward, we also add a constant uniform background to our noisy image. The back-
ground represents all the light captured by the optical system that was not generated by
the currently active fluorophores. To estimate the background of an image, we consider
two methods:
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• The rolling ball method [21], which treats the image as a 3D surface and rolls
a ball underneath it. The contact points between the ball and the surface form
the estimated background. The ball radius influences the result; it must be large
enough to avoid the peaks;

• The median filter [22], which computes the background for an image pixel as the
median over a given neighborhood of the pixel. The median is the value falling
halfway in a sorted set. Thus, peaks are ignored.

Both methods have pros and cons. The median filter creates more uniform backgrounds.
However, the image with the estimated background removed may contain pixels with
negative intensity. The rolling ball method does not have this issue, but the backgrounds
are less uniform. In Fig 2.6 and Fig 2.7, these methods and their application results are
shown. On the left of Fig 2.7 is the original image; in the center is the background
estimated using a median filter of size 30 × 30 pixels; on the right is the background
estimated using the rolling ball method with a radius of 30 pixels. In Fig. 2.8, we can
see the addition of the background to S(D)+Ntn . In Fig. 2.8, we add a Gaussian-shaped
background rather than a uniform one so that the background is distinguishable. In the
simulated images of the datasets presented in Chapter 4, the background is constant and
uniform.

(a) (b)

Figure 2.6: Example of rolling ball method (a) and median
filter (b)
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Figure 2.7: Background estimation

(a) S(D)+Ntn (b) S(D)+Ntn +Btn

Figure 2.8: Background perturbation

Considering the entire described acquisition process, the forward acquisition model

for the image generation process reads as follows:

Ytn = S

(
Nz∑
i=1

Hi ∗ Xi
tn

)
+ Ntn + Btn , (2.1)

where H,Xtn ∈ RNz×N×N , S is the downsampling operator with a factor of L, Ytn ∈
RN/L×N/L is the image we obtain at time tn ∈ [0, T ] from Xtn , Ntn ∈ RN/L×N/L,Ntn(i, j) ∼
N (0, σ2) is the Gaussian noise, and Btn ∈ RN/L×N/L is the background. Usually, one
STORM sequence contains thousands of images, so we have T > 1000. In Fig. 2.9, we
show the image generation process. In Fig. 2.10, we show a real STORM image. In Fig.
2.11, we present three patches from it, while in Fig. 2.12, we present three simulated
STORM images created using the model (2.1) with a downsampling factor of 8, N = 104,
and px = 20. The real images have a pixel size of 162.5 nm, while the simulated ones
have a pixel size of 160 nm. However, the real image captures a region of size 41600 nm
× 41600 nm, while the simulated ones capture a region of size 2080 nm × 2080 nm.



2.2 Image generation process 23

Figure 2.9: Image degradation model from Xtn to Ytn
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Figure 2.10: Real STORM image Ytn

Figure 2.11: Patches from Fig. 2.10

Figure 2.12: Simulated STORM images Ytn



Chapter 3

Inverse mathematical model for SMLM

3.1 Preliminary definitions and theorems

Definition 3.1. Let n ∈ N, f : Rn −→ R ∪ {+∞}. f is a convex function if and only
if:

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y), ∀t ∈ [0, 1], ∀x, y ∈ Rn.

f is a proper function if and only if:

∃x ∈ Rn : f(x) ̸= +∞.

f is a coercive function if and only if:

lim
∥x∥2→+∞

f(x) = +∞, x ∈ Rn.

f is a lower semi-continuous function (l.s.c) if and only if:

∀x ∈ Rn, xk → x ⇒ f(x) ≤ lim
k→+∞

inf f(xk).

Definition 3.2. Let n ∈ N, x ∈ Rn. We define the ℓ2 norm of x as:

∥x∥2 :=

√√√√ n∑
i=1

x2
i .

Let X ∈ RNz×Nx×Ny , with Nz, Nx, Ny ∈ N. We denote:

∥X∥F = ∥x∥2,

where x = vec(X).

25
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Definition 3.3. Let n ∈ N, f : Rn −→ R ∪ {+∞} be a proper, differentiable function.
We say that f is a gradient-Lipschitz continuous function with constant Lf if and only if:

∀x, y ∈ Rn, ∥∇f(x)−∇f(y)∥2 ≤ Lf∥x− y∥2.

Lf is called the Lipschitz constant.

Theorem 3.4 (Existence of global minimizers). Let n ∈ N, f : Rn −→ R ∪ {+∞} be a
proper, l.s.c. and coercive function. f admits a global minimizer.

Theorem 3.5 (Cauchy-Schwarz inequality). Let n ∈ N, x, y ∈ Rn. Then:

|x · y| ≤ ∥x∥2∥y∥2. (3.1)

3.2 Inverse mathematical model

Given the acquisition model (2.1), we aim to approximate the reconstruction (Xtn)
∗

at time tn ∈ [0, T ] by solving the following optimization problem:

(Xtn)
∗ ∈ J(X) = arg min

X∈RNz×N×N
f(X) + λR(X), (3.2)

where f(X) is called the fidelity term, R(X) is called the regularization term, and λ ∈
R++ is called the regularization parameter. The fidelity term measures how well Ytn is
predicted by X, while the regularization term measures the regularity of the solution.
With the regularization term, we aim to suppress noise in the solution, while the fidelity
term aims to obtain a solution sufficiently close to Xtn . The parameter λ serves as a
balancing term between them. If it is too small, the solution will contain too much
noise. If it is too large, the result is a poor approximation of Xtn . Thus, the λ we choose
influences the result we obtain by solving the problem.

The choice of the fidelity and regularization terms depends on prior knowledge of the
problem. Since we assume our noise distribution is Gaussian, we use the l2 norm as the
fidelity term, and Btn due to the background present in our images. Thus, we have:

f(X) :=
1

2

∥∥∥∥∥Ytn − S

(
Nz∑
i=1

Hi ∗ Xi

)
− Btn

∥∥∥∥∥
2

F

. (3.3)

Furthermore, since the tensor Xtn is very sparse, we want regularizer functions that
promote sparsity. Thus, we could use the ℓ0 norm as the regularizer function.

Definition 3.6. Let x ∈ Rn. We define the ℓ0 norm of x as:

∥x∥0 := #{i : xi ̸= 0}.
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If we have X ∈ RNz×Nx×Ny , with Nz, Nx, Ny ∈ N, we define:

∥X∥0 := ∥x∥0,

where x = vec(X).

The ℓ0 norm is not really a norm since it doesn’t satisfy the property: λ∥x∥0 = ∥λx∥0
∀x ∈ RN , ∀λ ∈ R++. However, for simplicity, we will continue to refer to it as a norm.

Now, if we use the ℓ0 norm, the problem (3.2) will be NP-hard. To avoid this, we
can use regularizer functions other than the ℓ0 norm that promote sparsity, such as:

• ℓ1 norm, which is defined as ∥x∥1 :=
∑n

i=1 |xi| for x ∈ Rn;

• CEL0 penalty [23];

• ℓ0-Bregman relaxations (B-rex) penalty BΨ [24];

• Truncated Huber Penalty (THP) [25].

Some of these functions are parameterized by variables that can be modified to influence
their behavior. These are the CEL0 penalty, B-rex penalty, and THP. In Fig 3.1, we
show the plots of the 1D regularizers. In particular, the CEL0 penalty and the B-rex
penalty are equal in the plot due to the chosen parameters. For all the plots in this
chapter, λ is set to 1.

Figure 3.1: Plot of the scalar functions R(X)
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Given a generic regularized inverse problem (3.2), we will now discuss the method we
will use to solve it. The numerical method we apply is the Proximal Gradient Method
[26] (PGM). When using the PGM, we will specify the regularization function used.

3.3 Proximal Gradient Method

The Proximal Gradient Method is an algorithm used to solve optimization problems
of the form:

min
x∈RN

f(x) +R(x),

where R(·) is a closed proper convex function, and f(·) is a proper, closed, convex,
continuously differentiable function. In our case, instead of x ∈ RN , we have X ∈
RNz×N×N . The PGM is an iterative algorithm which, starting from X0, performs two
steps at each iteration k:

1. Wk+1 = Xk − τ∇f(Xk) [forward step];

2. Xk+1 = proxλR(Wk+1) [backward step].

Xk̄+1 ∈ RNz×N×N , obtained upon convergence of the method or upon reaching the max-
imum number of iterations allowed, will be the reconstruction of the ground truth. For
j ∈ {1, . . . , Nz}, the formula for the gradient of the fidelity term in (3.2) is:

(∇f(X))j = (Hj)T ∗ (ST (S(
Nz∑
i=1

Hi ∗ Xi)− Ytn + Btn)). (3.4)

Meanwhile, τ ∈ R++ is the step size and proxλR is the proximal operator of the
function λR.

Definition 3.7. Let R : Rn −→ R∪{+∞} be a closed proper convex function, λ ∈ R++.
The proximal operator of λR is defined as:

proxλR(w) = arg min
x∈Rn

{
R(x) +

1

2λ
∥x−w∥22

}
.

We define the proximal operator for R : RNz×N×N −→ R∪{+∞} using the following
result.

Theorem 3.8. Let n ∈ N, x ∈ Rn, λ ∈ R++, R : Rn −→ R. If R is separable, i.e.:

R(x) =
n∑
i=1

Ri(xi), (3.5)

with Ri : R −→ R, i ∈ {1, . . . , N}, we have:

proxλR(x) = (proxλR1(x1), . . . , proxλRn(xn)).
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This result can be proven similarly for R : RNz×N×N −→ R ∪ {+∞}. The functions
R we consider are all separable.

Let R : Rn −→ R ∪ {+∞}. The PGM can be used even when R is non-convex. In
such cases, for the backward step, we have:

xk+1 ∈ proxλR(wk+1).

In fact, when R is convex, R(·)+ 1
2λ
∥·−wk+1∥22 is strictly convex, so it has only one global

minimum. When R is non-convex, we may have multiple global minima of R(·) + 1
2λ
∥ ·

−wk+1∥22 or none, depending on the function R. The different regularization functions
we will consider are lower semi-continuous, proper, and non-negative. Thus, R(·) +
1
2λ
∥ · −wk+1∥22 is lower semi-continuous, proper, and coercive. Therefore, it admits a

global minimizer, so proxλR(wk+1) is a non-empty set. From this set, we can choose any
element.

3.4 Proximal operators

Regarding the backward step, different functions have different proximal operators.
Thus, considering the sparsity-promoting regularizer functions stated above, we need to
determine the following proximal operators:

• Hard-thresholding operator, which is the proximal operator of the ℓ0 norm;

• Soft-thresholding operator, which is the proximal operator of the ℓ1 norm;

• Proximal operator of the Continuous Exact ℓ0 (CEL0) penalty function;

• Proximal operator of the B-Rex penalty;

• Proximal operator of the THP.

In the following subsections, we will define these proximal operators. The four regularizer
functions we are considering all satisfy the property (3.5), which means we can use
Theorem 3.8. Thus, we can define the proximal operators for x ∈ R, and for X ∈
RNz×N×N we apply them element-wise.
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3.4.1 Hard-thresholding operator

Given x, λ ∈ R, λ > 0, the hard-thresholding operator is defined as follows:

proxλ∥·∥0(x) := hard√
2λ(x) :=


0 if x2 < 2λ

{0, λ} if x2 = 2λ

x otherwise

(3.6)

In Fig. 3.2, we show the plots of the l0 norm and its proximal operator.

(a) Plot of ℓ0 norm (b) Plot of hard-thresholding operator

Figure 3.2

3.4.2 Soft-thresholding operator

Given x, λ ∈ R, λ > 0, the soft-thresholding operator is defined as follows:

proxλ∥·∥1(x) := soft[−λ,λ](x) := sign(x)max(0, |x| − λ) (3.7)

In Fig. 3.3, we show the plots of the l1 norm and its proximal operator.
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(a) Plot of ℓ1 norm (b) Plot of soft-thresholding operator

Figure 3.3

3.4.3 Proximal operator of CEL0 penalty

With the CEL0 penalty function, we have a continuous exact relaxation of the prob-
lem with the ℓ0 norm. Let A be the matrix such that:

Ax = S

(
Nz∑
i=1

Hi ∗ Xi

)
, X ∈ RNz×N×N , x = vec(X) ∈ RNzN2

. (3.8)

We can define the CEL0 function as follows:

ΦCEL0(x) :=
M∑
i=1

ϕ(∥ai∥2, λ, xi) =
M∑
i=1

λ− ∥ai∥22
2

(
|xi| −

√
2λ

∥ai∥2

)2

1|xi|≤
√
2λ

∥ai∥2
(3.9)

Since we are considering tensors, we can write ΦCEL0(X) =
∑M

i=1 ϕ(A, λ, xi), with xi be-
ing the i-th element of x = vec(X). Now, the regularized inverse problem (3.2) becomes:

argmin
X

JC(X) :=
1

2

∥∥∥∥∥Ytn − S

(
Nz∑
i=1

Hi ∗ Xi

)
+ Btn

∥∥∥∥∥
2

2

+ ΦCEL0(X), (3.10)

With the term exact, we mean that argminX JC(X) = argminX J0(X), where J0 is the
problem (3.2) with the ℓ0 norm as regularizer, and X local minimizer of JC implies that
X is a local minimizer of J0

By using the CEL0 penalty function, we aim to obtain a problem with the same
global minima and fewer local minima, since we assume the global minima will be a
good reconstruction of the ground truth, and reducing the number of local minima helps
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the PGM converge to the global minima. The proximal operator of 1-dimensional ϕCEL0

is:

proxγϕCEL0(a,λ,·)(x) :=

sign(x)min
{
|x|, max{|x|−

√
2λγa,0}

1−a2γ

}
if a2γ < 1

x1|x|>
√
2λγ + {0, x}1|x|=

√
2λγ if a

2γ ≥ 1

(a) Plot of CEL0 functions (b) Plot of CEL0 proximal operators

Figure 3.4

3.4.4 Proximal operator of B-rex

The B-rex penalty BΨ depends on the generating functions we consider. In our case,
they are ψn(x) := γn

p(p−1)
x, where γn, p ∈ R+, p > 1 are terms we can use to influence

the behavior of the B-rex penalty, and x ∈ R. Given x ∈ RN , we define the ℓ0-Bregman
relaxation as:

BΨ(x) :=
N∑
n=1

βψn(xn),

with:

βψn(x) :=


ψn(0)− ψn(x) + ψ′

n(α
−
n )x if x ∈ [α−

n , 0]

ψn(0)− ψn(x) + ψ′
n(α

+
n )x if x ∈ [0, α+

n ]

λ otherwise

α−
n and α+

n depend on our problem and on the value of γn. In certain cases, we find that
B-rex for p = 2 and the CEL0 penalty coincide. Furthermore, when γn assumes certain
values, we obtain a continuous exact relaxation of the problem with the l0 norm.

Assuming p = 2, x > 0, the proximal operator of the B-rex penalty for the 1D case
is:

proxλβψn (x) :=
x− λψ′

n(α
+
n )

1− λγ
∪ {0, x}
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For x < 0, the computations are similar. When 1 < p < 2, the proximal operator has
different formulas based on the value of p. In Fig. 3.5, we show the plot of the B-rex
function and its proximal operator.

(a) Plot of B-rex functions (b) Plot of B-rex proximal operators

Figure 3.5

3.4.5 Proximal operator of Truncated Huber Penalty

Finally, we have the THP function. For x ∈ R, it is defined as:

ϕµ(x) := min

(
1,
x2

µ2

)
,

where µ ∈ R+ serves as a threshold. Unlike the classical Huber penalty, it is not biased
towards large magnitudes. Now, the proximal operator of λϕµ(x) is:

proxλϕµ(x) =


x if |x| >

√
µ2 + 2λ

x ∨ µ2

µ2+2λ
x if |x| =

√
µ2 + 2λ

µ2

µ2+2λ
x if |x| <

√
µ2 + 2λ
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(a) Plot of THP functions (b) Plot of THP proximal operators

Figure 3.6

3.4.6 Plots of the operators

In Fig. 3.7, we show plots of the proximal operators all together.

Figure 3.7: Plot of proximal operators
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3.5 Discrepancy principle

As already mentioned, the λ parameter we choose for the inverse problem influences
the results we obtain. Therefore, it is critical to select an optimal regularization param-
eter. How can we find such a λ? We can use the discrepancy principle. We know that
the noisy images Ytn we will analyze are obtained as in (2.1). Assuming that the noise is
Gaussian with variance σ and zero mean, we have ∥Ntn∥22 = dσ2, where d is the number
of elements of Ntn . Therefore, we have:

Ytn −

(
S

(
Nz∑
i=1

Hi ∗ Xi
tn

)
+ Btn

)
= Ntn , (3.11)

which leads to:

∥∥∥∥∥Ytn −

(
S

(
Nz∑
i=1

Hi ∗ Xi
tn

)
+ Btn

)∥∥∥∥∥
2

2

= ∥Ntn∥22 = dσ2.

Suppose we know an estimate of the variance σ2, then an optimal estimate of the regu-
larization parameter λ is the one that satisfies:

∥∥∥∥∥Ytn −

(
S

(
Nz∑
i=1

Hi ∗ Xi
tn

)
+ Btn

)∥∥∥∥∥
2

2

= τdσ2, (3.12)

where Btn is the estimated background, τ > 1, τ ≈ 1 is a scaling factor. The main
disadvantage of the discrepancy principle is its sensitivity to the accuracy in estimating
σ2. If we have an inaccurate estimate of σ2, this method does not produce an optimal λ.

3.6 PGM algorithms for SMLM

The structure of our PGM algorithms varies slightly depending on the regularizer
function used. Below, we will present four versions of the PGM algorithm.
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Algorithm 1. PGM-ℓ1 (ISTA)

Input: Ytn STORM acquisition, τ step size, maxit maximum number of itera-
tions, tol tolerance for the relative error between reconstructions, H discretized
PSF, S downsampling operator, λ regularization term
Initializations: Btn estimated background, Xj

0 = (Hj)T ∗ ST (Ytn) for j ∈
{1, . . . , Nz}, k=0
while (k < maxit):

compute ∇f(Xk)
j by (3.4) for j = 1 : . . . : Nz

Forward step Wk+1 = Xk − τ∇f(Xk)
T

Backward step Xk+1 = soft[−λ,λ](Wk+1)

k = k + 1

if ∥Xk − Xk−1∥F/∥Xk−1∥F < tol: break
end while
Output: (Xtn)

∗ = Xk

Algorithm 2. PGM-CEL0

Input: Ytn STORM acquisition, τ step size, maxit maximum number of itera-
tions, tol tolerance for the relative error between reconstructions, H discretized
PSF, S downsampling operator, λ regularization term
Initializations: A tensor containing the norms of the columns of the matrix
associated with H, Btn estimated background, Xj

0 = (Hj)T ∗ ST (Ytn) for j ∈
{1, . . . , Nz}, k=0
while (k < maxit):

compute ∇f(Xk)
j by (3.4) for j = 1 : . . . : Nz

Forward step Wk+1 = Xk − τ∇f(Xk)
T

Backward step Xk+1 = proxλϕCEL0(A,τ,·)(Wk+1)

k = k + 1

if ∥Xk − Xk−1∥F/∥Xk−1∥F < tol: break
end while
Output: (Xtn)

∗ = Xk
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Algorithm 3. PGM-B-rex

Input: Ytn STORM acquisition, τ step size, maxit maximum number of itera-
tions, tol tolerance for the relative error between reconstructions, H discretized
PSF, S downsampling operator, λ regularization term
Initializations: A tensor containing the norms of the columns of the matrix
associated with H, Btn estimated background, Xj

0 = (Hj)T ∗ ST (Ytn) for j ∈
{1, . . . , Nz}, k=0
while (k < maxit):

compute ∇f(Xk)
j by (3.4) for j = 1 : . . . : Nz

Forward step Wk+1 = Xk − τ∇f(Xk)
T

Backward step Xk+1 = proxλBΨ
(Wk+1)

k = k + 1

if ∥Xk − Xk−1∥F/∥Xk−1∥F < tol: break
end while
Output: (Xtn)

∗ = Xk

Algorithm 4. PGM-THP

Input: Ytn STORM acquisition, τ step size, maxit maximum number of itera-
tions, tol tolerance for the relative error between reconstructions, H discretized
PSF, S downsampling operator, λ regularization term
Initializations: Btn estimated background, Xj

0 = (Hj)T ∗ ST (Ytn) for j ∈
{1, . . . , Nz}, k=0
while (k < maxit):

compute ∇f(Xk)
j by (3.4) for j = 1 : . . . : Nz

Forward step Wk+1 = Xk − τ∇f(Xk)
T

Backward step Xk+1 = proxλϕµ(Wk+1)

k = k + 1

if ∥Xk − Xk−1∥F/∥Xk−1∥F < tol: break
end while
Output: (Xtn)

∗ = Xk

As we can see, the main differences are in the initializations and the backward step. For
the PGM-CEL0 and PGM-B-rex penalty functions, we need to initialize the tensor A to
compute the proximal operator, while the PGM-THP and PGM-ℓ1 do not require this
tensor. Instead, the algorithms differ because each regularizer has a different proximal
operator.
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3.6.1 Backtracking algorithm

For the PGM, the choice of the step size is important. To determine an optimal step
size, we use the following result, which can be extended to X ∈ RNz×N×N .

Theorem 3.9 (Descent Lemma). Let f : Rn −→ R be a gradient-Lipschitz continuous
function with Lipschitz constant Lf . For any L ≥ Lf , we have:

f(x) ≤ f(y)+ < x− y,∇f(x) > +
L

2
∥x− y∥22, ∀x, y ∈ Rn

Proof. Using the Taylor expansion of f(x), we have:

f(x) = f(y) +
∫ 1

0

∇f(y + τ(x − y))T (x − y)dτ

= f(y) +∇f(y)T (x − y) +
∫ 1

0

(∇f(y + τ(x − y))−∇f(y))T (x − y)dτ

≤ f(y) +∇f(y)T (x − y) +
∫ 1

0

∥∇f(y + τ(x − y))−∇f(y)∥T2 ∥x − y∥2dτ

≤ f(y) +∇f(y)T (x − y) + L

∫ 1

0

∥x − y∥2τdτ

= f(y)+ < x − y,∇f(x) > +
L

2
∥x − y∥22

For the first inequality, we use the Cauchy–Schwarz inequality, and for the second, we
use the fact that f is gradient-Lipschitz continuous.

Thus, we have a convex quadratic upper bound for f that reaches a minimum with
step size τ = 1

Lf
. We can use this result even though the fidelity term f of the inverse

problem is f : RNx×N×N −→ R, by considering vectorized version of the tensors. Thus,
if Lf is known, we can use the constant step size τ = 1

Lf
. Given the fidelity term (3.3),

the associated linear operator (3.8) can be written in matrix form as

A = [A1,A2, . . . ,ANz ],

where each Ai is a matrix such that:

Aixi = S(Hi ∗Xi), X ∈ RNz×N×N ,xi = vec(Xi).

Let x ∈ RNzN2
,x = vec(X) ∈ RNz×N×N , and let ytn = vec(Ytn),btn = vec(Btn) ∈ RN2 .

The gradient of the fidelity term can be formulated as:

∇f(x) = AT (Ax− ytn + btn).

Let x̂ ∈ RNzN2 . Then,

∥∇f(x)−∇f(x̂)∥2 = ∥ATA(x− x̂)∥2 ≤ ∥ATA∥2 ∥x− x̂∥2. (3.13)
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Therefore, the Lipschitz constant of ∇f is:

Lf := ∥ATA∥2.

Let xi = vec(Xi) ∈ RN2 . We have:

∥Ax∥2 =

∥∥∥∥∥
Nz∑
i=1

Aix
i

∥∥∥∥∥
2

≤
Nz∑
i=1

∥Ai∥2 ∥xi∥2 ≤

(
Nz∑
i=1

∥Ai∥22

) 1
2
(

Nz∑
i=1

∥xi∥22

) 1
2

,

where the last inequality follows from the Cauchy-Schwarz inequality with the vectors
(∥A1∥2, . . . , ∥ANz∥2), (∥x1∥2, . . . , ∥xNz∥2). Since:

∥ATA∥2 = ∥A∥22 = max
x∈RNzN2 , ∥x∥2=1

∥Ax∥22,

it follows that:

∥ATA∥2 ≤
Nz∑
i=1

∥Ai∥22 =: Lest. (3.14)

In particular, if our discrete astigmatic PSF H is normalized so that the sum of all
elements in the same horizontal slice is 1, we have:

∥Ai∥22 = L2,

where L is the downsampling factor.
Now, if Lest is very high, and thus the step size τ = 1

Lest
is very small, we can use a

backtracking strategy. The fidelity term is gradient-Lipschitz continuous with Lipschitz
constant Lf , so for any L ≥ Lf we have in our case:

f(X) ≤ f(Y)+ < X − Y,∇f(X) > +
L

2
∥X − Y∥2F

Let:
Q1/L(X,Y) := f(Y)+ < X − Y,∇f(X) > +

L

2
∥X − Y∥2F + λR(X),

and:
pf,λRL (Y) := proxλR 1

L
(Y − 1

L
∇f(Y)),

for any L ≥ Lf we have:

F (pf,λRL (X)) ≤ Q1/L(p
f,λR
L (X),X) (3.15)

Therefore, we can choose L < Lest and adjust the guess to satisfy the condition (3.15).
Below, we show an implementation of PGM-CEL0 with a backtracking strategy. In this
case, if our step size doesn’t satisfy the condition (3.15), we reduce it by a positive factor
ρ < 1. We continue until the condition is satisfied or the maximum number of iterations
per backtracking is reached.
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Algorithm 5. PGM-CEL0 with backtracking

Input:Ytn STORM acquisition, τ step size, maxit maximum number of global
iterations, N maximum number of iterations per backtracking, τ = 1

L
starting

step-size, ρ < 1, tol tolerance for the relative error between reconstructions, H

discretized PSF, S downsampling operator, λ regularization term
Initializations: A tensor containing the norms of the columns of the matrix
associated with H, Btn estimated background, Xj

0 = (Hj)T ∗ ST (Ytn) for j ∈
{1, . . . , Nz}, k=0, n=0
while (k < maxit):

compute ∇f(Xk)
j by (3.4) for j = 1 : . . . : Nz

while n < N and F (pf,λR1/τ (Xk)) > Qτ (p
f,λR
1/τ (Xk),Xk):

τ = τρ, n = n+ 1

end while
Xk+1 = pf,λR1/τ (Xk)

k=k+1, n = 0

if ∥Xk − Xk−1∥F/∥Xk−1∥F < tol: break
end while
Output: (Xtn)

∗ = Xk



Chapter 4

Numerical experiments

In this chapter, we discuss the numerical implementation of methods for localizing
emitters in STORM images, the data used for testing, and the results obtained. We will
also introduce other methods for localizing emitters in STORM images.

4.1 PGM-based SMLM algorithm

First, we present the SMLM-PGM-R algorithm we have developed, where R denotes
the regularization function we use. This algorithm solves the optimization problem (3.2)-
(3.3) via the PGM numerical method, followed by a post-processing step for emitter
localization. Given an image Ytn ∈ RN/L×N/L, with tn ∈ [0, T ], the SMLM-PGM-R
algorithm is divided into 4 steps:

1. Normalization of Ytn by dividing each element by the maximum value of the ele-
ments of Ytn . As a result, Ytn ∈ [0, 1]Nz×N×N ;

2. Estimation of the background Btn in Ytn and its removal from the image to obtain
Ŷtn = Ytn − Btn . We use the median filter to estimate the background;

3. Computation of the 3D reconstruction of (Xtn)
∗ by solving (3.2)-(3.3) using the

PGM. Since we removed the background beforehand, we can assume Btn = 0 for
the computation of the gradient, and our initial point will be X0 so that Xj

0 =

(Hj)T ∗ ST (Ŷtn) for j ∈ {1, . . . , Nz};

4. Extraction of local maxima in the 3D reconstruction (Xtn)
∗ with values above a

certain threshold. These local maxima will be considered the emitters’ localiza-
tions.

We summarize the SMLM-PGM-R algorithm in Algorithm 6.

41
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Algorithm 6. SMLM-PGM-R

Input: Ytn STORM acquisition, τ step size, maxit maximum number of itera-
tions, tol tolerance for the relative error between reconstructions, H discretized
PSF, S downsampling operator, λ regularization term, maximum threshold η
Initializations: X0 = HT ∗ ST (Ytn − Btn)

Step 1: Normalization of Ytn by dividing each element by the maximum value;
Step 2: Estimation of the background Btn in Ytn and its removal from the image
to obtain Ŷtn = Ytn − Btn ;
Step 3: Computation of the 3D reconstruction of (Xtn)

∗ by using the PGM-R
initialized by Xj

0 = (Hj)T ∗ ST (Ŷtn) for j ∈ {1, . . . , Nz};
Step 4: Extraction of local maxima in the 3D reconstruction (Xtn)

∗ with values
above the threshold η.
Output: List of local maxima

We use this algorithm for every frame Ytn of our image sequences. Since the PSF
remains constant between different time frames, we can compute its FFT once and use
the result for every frame. The tolerance tol for the reconstruction’s relative error in
Algorithm PGM-R is tol = 10−4. The step size is τ = 1

Lest
, where Lest is the upper

bound of the Lipschitz constant computed in Chapter 3 using S(·) and H. Since we
remove the background in Ytn during step 2, we do not include the background in the
fidelity term. Without this step, we would need to include the matrix Btn in the fidelity
term. For the third step, we can use any of the four PGM algorithms shown in the
previous chapter.

In the fourth step, we extract the maxima because a very high number of iterations is
required for the reconstruction to resemble a point, and we have a limited computational
budget. The parameter η used for Ytn is η = max(Ytn−Btn)/3, where max(Ytn−Btn) is
the maximum element of Ytn−Btn . We show the obtained reconstruction using different
number of iterations in Fig. 4.1. The white shape represents the reconstructed Xtn , the
red dot represents the ground truth, and the blue dot represents the local maximum in
the reconstruction. As the number of iterations increases, the reconstruction becomes
more accurate. In Fig. 4.1d, the reconstructions resemble a point, which is the result we
aim to achieve.

Instead of applying Algorithm 6 to the entire image, we could use it for a few Regions
of Interests (ROIs) of Ytn . The ROIs will be the neighborhoods of local maxima above
a certain threshold of Ytn minus the estimated background. To apply the previous
algorithm to the ROIs, we will also extract the central part of the PSF along the x and
y directions. After computing the maximum from the reconstruction, we save it in a list
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(a) 7500 iterations (b) 15000 iterations

(c) 22500 iterations (d) 29423 iterations

Figure 4.1: Evolution of the obtained reconstruction (Xtn)
∗

and subtract from Ytn in the ROI the image resulting from applying the downsampling
operator S and the blurring operator H. To avoid issues when extracting the ROI, we
add zero-padding around Ytn .

The ROI size depends on the downsampling factor L. If L = 2, we use a square of
size 19×19 pixels; if L = 4, the square is 9×9; if L = 8, the square is 5×5. We choose a
size so that a single emitter is entirely inside the ROI, but not so large as to significantly
increase computational costs. In all cases, the squares are centered on the local maxima
of Ytn minus the background. In Fig 4.2, we show an example of a ROI inside the yellow
square.

For the SMLM-PGM algorithm and the computation of Lest, we do not consider the
entire PSF H, but rather a portion of it corresponding in size to the ROI.

4.1.1 Estimation of the regularization parameter λ

The value of λ used in the PGM influences the results we obtain. If we do not have
information on the noise present in our images, we cannot use the discrepancy principle,
since it is sensitive to the estimated noise magnitude.

When analyzing a STORM movie from our simulated data, we want a λ that max-
imizes the Jaccard index over the entire movie. However, the best λ varies from image
to image. So, how can we find a good λ?

To obtain it, we can define a set of different values for λ in a range. From this
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Figure 4.2: Example of a ROI

uniform discretization, we will select the element that maximizes the Jaccard index over
a specified subset of frames from the movie and use it for all the images. We can do this
if we have the ground truth of the images from the movie. In Fig. 4.3, we can see the
result of a search for the optimal λ.

Figure 4.3: λ search result

Another approach could be to implement a neural network that, given an image,
estimates an optimal λ to recover the (x, y, z) coordinates of the emitters in the image.
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4.2 Non-proximal gradient methods

We will compare our method with another software used for 3D SMLM. This software
is called ThunderSTORM [27]. We will also introduce other methods, such as:

• 3D-DAOSTORM [28];

• DECODE [29];

4.2.1 ThunderSTORM

ThunderSTORM is a plugin for ImageJ that accomplishes tasks such as simulating,
processing, localizing, and visualizing images obtained via SMLM methods. ImageJ is
open-source software for processing and analyzing scientific images. It is highly customiz-
able, allowing users to add plugins. In particular, ThunderSTORM localizes emitters in
three steps:

1. Firstly, it applies a filter to the image to remove some noise. There are several
options available. Some filter options are Gaussian, Difference of Gaussian, and
median;

2. Secondly, it computes the approximate location of emitters by taking either the
local maxima in the image, the centroids of connected components, or using non-
maxima suppression;

3. Finally, it computes the sub-pixel location of the emitters using fitting methods
such as least squares, weighted least squares, or maximum likelihood estimation for
neighborhoods of the emitters. For fitting, ThunderSTORM uses the calibration
curves for a user-provided astigmatic PSF.

For the fitting of a single emitter using least-squares, ThunderSTORM minimizes the
sum:

χ2(θ | D) =
∑

(x,y)∈D

(Ytn(x, y)− h(x, y | θ))2,

where:

• D is the fitting region, which is a neighborhood of the emitter;

• h is the astigmatic PSF, which is user-given and approximated using Gaussian
fitting;

• Ytn is the STORM image being analyzed;
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• θ are the PSF parameters, θ = (θx, θy, θz, θN , θb). (θx, θy, θz) are the emitter’s coor-
dinates, θN is the number of photons being emitted, and θb is the strength of the
background.

4.2.2 3D-DAOSTORM

For the PSF approximation, 3D-DAOSTORM uses Gaussian fitting of the PSF. 3D-
DAOSTORM is an iterative algorithm. In every iteration, the following 4 steps are
performed:

1. Identifying localizations by localizing pixels with higher intensity than all their
neighbors within a specified radius, greater than a user-selected threshold. In this
step, we can also choose localizations that were previously discarded in later steps,
but only once for each localization. If no new localizations have been found, the
algorithm stops. Otherwise, it continues to step 2;

2. Refining these localizations by minimizing the fitting error for each emitter. For
the minimization of each localization, our parameters are the x and y coordinates of
the localization’s center, the σx and σy of the astigmatic PSF, and the localization’s
intensity;

3. Discarding bad localizations that have at least one parameter whose value has con-
verged to a negative value, and running step 2 one more time to give localizations
that have not yet converged a chance to converge. Then, we advance to step 4;

4. Updating the residual image with the converged localizations. After this, we return
to step 1 if we have not reached the maximum number of iterations.

4.2.3 DECODE

DECODE (deep context dependent) is a neural network that achieves the localization
of single emitters in high-density situations with very high accuracy. Furthermore, it is
consistent in handling the 3D case when using different imaging techniques. How does
DECODE manage to do this?

1. DECODE uses temporal context. This means that to analyze a time frame, DE-
CODE also uses the frames before and after, since some emitters can persist in
multiple consecutive frames;
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2. DECODE can be divided into two stages: in the first, we analyze the three frames
independently to create feature representations of single frames; in the second, we
combine these representations to generate the final results;

3. Concerning the results, DECODE doesn’t compute the voxel containing the emit-
ter. It computes the probability that an emitter is in a voxel, the brightness of the
emitter, which is measured by the number of photons N , the vector (∆x,∆y,∆z)

to determine the position of the molecule inside the voxel, the background intensity
for each pixel, the uncertainty of the localization (σx, σy, σz) in each direction, and
the uncertainty of the brightness σN ;

4. DECODE uses a cubic spline approximation to model the 3D PSF, which is more
accurate than a Gaussian approximation;

5. The loss function consists of three terms: a count loss that compares the number
of detected and true emitters, a localization loss that estimates localizations and
their uncertainties, and a background loss that estimates the background.

In Fig. 4.4, we can see the architecture of DECODE.

Figure 4.4: Architecture of DECODE [29]

4.3 Validation metrics

In the following, we present the metrics to evaluate the data we have and the results
obtained from the localization methods.

4.3.1 Image evaluation

To evaluate an image from our dataset, we can use the following metrics:
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• PSNR, which represents the peak strength of the true signal compared to the
noise. Given an image Y ∈ RM×N without noise, and its noisy version Ŷ ∈ RM×N ,
we have:

PSNR(Y, Ŷ) = 10 log10

(
max(Y)2

∥Y − Ŷ∥2F/(MN)

)
,

where ∥Y∥F :=
(∑M

i=1

∑N
j=1(Yij)

2
)1/2

is the Frobenius norm of Y.

• Spot SBR, which evaluates the signal strength of a spot against the background in
the surrounding area with no signal. Let MS be the mean of the true signal, and
MB the mean of the surrounding area. We have:

spot SBR(MS,MB) =
MS −MB

MB

• Spot SNR, which is used to evaluate the strength of the true signal in a spot against
the noise in the surrounding area where there is no signal. Let std be the standard
deviation in the surrounding area, then the spot SNR is defined as follows:

spot SNR(MS,MB, std) =
MS −MB

std

4.3.2 Results assessment

To evaluate the results of Algorithm 6 SMLM-PGM-R and ThunderSTORM, we can
use the following groups of metrics:

• Reconstruction-based metrics compare the original image with the image obtained
using the reconstructed image (in the 2D case) or the reconstructed volume (in the
3D case).

• Localization-based metrics compare the extracted maxima from the reconstruction
(using certain criteria) to the ground truth by matching them. For these metrics,
true positives (TP ) are the number of localizations that matched with an emitter
in the ground truth, false positives (FP ) are the number of localizations that did
not match an emitter in the ground truth, and false negatives (FN) are the number
of emitters in the ground truth that did not match a localization. In Fig. 4.5, we
show examples of TP, FP, and FN, with red circles representing elements of the
ground truth, and blue circles representing localizations.

For reconstruction-based metrics, we can compute the residual mean square error
(RMSE) between the original image and the reconstructed one. For localization-based
metrics, there are three options:
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Figure 4.5: Example of TP, FP, FN

• The Jaccard index, which is a percentage that measures the fraction of correct
localizations in a dataset. It is defined as:

Jaccard(TP, FP, FN) = 100
TP

TP + FN + FP
;

• The RMSE lateral and axial, which are used to compute the accuracy of correct
localizations. RMSE lateral is defined as:

RMSE lat({(xli, yli, zli)}i∈S, {(x
g
i , y

g
i , z

g
i )}i∈S) =

√
1

TP

∑
i∈S

(xli − xgi )
2 + (yli − ygi )

2,

where S is the set of indices of correct localizations, xli.yli and zli represent the
coordinates of the i-th correct localizations, and xgi , y

g
i and zgi are the coordinates

of the i-th ground truth’s emitter. Instead, the RMSE axial is defined as:

RMSE ax({(xli, yli, zli)}i∈S, {(x
g
i , y

g
i , z

g
i )}i∈S) =

√
1

TP

∑
i∈S

(zli − zgi )
2;

• The efficiency, which combines the previous metrics into one. It is defined as:

Efficiency(Jaccard,RMSE) = 100−
√
(100− JAC)2 + α2RMSE2.

The parameter α balances the Jaccard index and the RMSE. If we consider the
RMSE axial, we can set α = 0.5 nm−1. If we only consider the RMSE lateral, we
can set α = 1 nm−1. If we want to use both to compute the efficiency, we can take
the average of the two RMSEs.

These metrics can only be used to evaluate our algorithms on simulated data, where the
ground truth is available.
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4.4 Simulated PSF and experimental datasets

To test these methods and our algorithm, we will use simulated data and PSF.

4.4.1 Simulated PSF

The PSF used in our numerical experiments was generated with the BrightEyes-ISM
toolbox [30]. In particular, 30 PSFs have been generated using the vectorial case of the
Richard’s-Wolf integral in Cartesian parameterization [31]. These PSFs are polarized, so
they are averaged over linear polarization orientations to obtain a non-polarized PSF.
Afterwards, the PSF is normalized so that the sum of the elements in the same horizontal
slice is 1. In Fig 4.6, we show slices of polarized PSFs, while in 4.7, we show the averaged
PSF.

Figure 4.6: Different polarized PSFs

Figure 4.7: Averaged out PSF
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4.4.2 Simulated datasets

To create the simulated datasets, we start by loading a low-resolution ball-and-stick
representation of a small piece of chromosome 21 [32]. This representation spans the
portion 10.4–46.7 Megabases (Mb) of chromosome 21, with a genomic resolution of 50
kilobases (kb). The chromosome is from the hg38 assembly. To create our datasets, we
will use only 1 Mb.

Figure 4.8: Example of ball-and-stick representation

What is a ball-and-stick representation? Suppose we want to analyze different ge-
nomic regions of a sample. For each genomic region, a few Oligopaint probes with
fluorophores are used. These fluorophores are activated and localized, and the centroid
of these localizations is computed. We do this for every region. In Fig 4.8, we show an
example of a ball-and-stick representation. Spheres represent the centroids of regions,
and sticks represent connections between neighboring regions.

Now, the loaded ball-and-stick representation is a list of coordinates of the spheres
that exists inside a bounding box B which is 2000 nm tall, and 2080 nm wide and long.
We discretize the bounding box and the coordinates of the centers of the spheres to
simulate a point cloud X ∈ R201×104×104 consisting of three different types of points:

1. Bound probes, whose positions are determined using the centroids and segments
of the ball-and-stick representation;

2. Unbound probes;

3. Probes not attached to the regions of the chromosomes to which they are supposed
to bind.

The last two types of points are considered to include noise in the simulation. However,
in our case, we want to localize all of them. For volumetric chromatin tracing, we want
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to separate these localizations. Since the point cloud is 2000 nm tall, we divide it into 7
z-sections, each one 400 nm tall. We call the first section from the bottom z-1, and so
forth. As seen in Fig 4.9, a central cluster that likely contains points of the first type is
present, surrounded by considerable noise. The other points will be more of the second
and third types.

Using an image simulator created with the mathematical forward model defined in
Chapter 2 and X, we generate different z-stacks of images Ytn ∈ R104/L×104/L and the
corresponding ground truths Xtn ∈ R41×104×104, with L being the downsampling factor
used. For each z-stack, we have 7 sequences of images Ytn and ground truths Xtn , one
for each z-section. In particular, we have two datasets:

• Dataset 1 contains z-stacks with no constraints on the emitters’ positions in the
same image;

• Dataset 2 contains z-stacks with one constraint: emitters in the same image must
be more than 400 nm apart.

For each dataset, the same ground truths were used to create z-stacks with downsampling
factors of 2, 4, and 8. Furthermore, each frame contains between 1 and 3 emitters.
Dataset 1 is more difficult than dataset 2 due to the much higher quantity of unresolved
emitters. In Fig 4.10, Fig 4.11, Fig 4.12, and Fig 4.13, we show Y0,X0,Y1, and X1 from
the movie capturing the section z-4 in dataset 1; in Fig 4.14 and Fig 4.15, we show X0

and Y0 from the movie capturing the section z-4 in dataset 2. In Table 4.1, we show
parameter settings shared by both datasets.

L Pixel size Image size σ µ

2 40 nm 52× 52 6.25 77.5

4 80 nm 26× 26 23 300

8 160 nm 13× 13 75 1000

Table 4.1: Image characteristics

In Table 4.1, we have:

• L is the downsampling factor used for the images Ytn ;

• Pixel size (px, py) is the size of a pixel in nanometers after downsampling;

• Image size is the size of the images Ytn in pixels;
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• σ is the standard deviation of the Gaussian noise Ntn present in the simulated
images;

• µ is the intensity of the constant uniform background Btn in the images Ytn .

As for the ground truth Xtn of Ytn , for any downsampling factor we have Xtn ∈
R41×104×104. Meanwhile, the values σ and µ have been estimated so that images with a
single emitter have, on average, a spot SBR of 0.95 and a spot SNR of 11, which are
the mean values of the spot SBR and SNR across 100 emitters in real images from the
microscope we are trying to simulate with the image generator. For the images with
multiple emitters, the same µ and σ as images with a single emitter have been used.

Figure 4.9: Point cloud X
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(a) L=2 (b) L=4 (c) L=8

Figure 4.10: Y0 extracted from the movie of section z-4 of
dataset 1 with different downsampling factors

Figure 4.11: X0 extracted from the movie of section z-4 of
dataset 1

(a) L=2 (b) L=4 (c) L=8

Figure 4.12: Y1 extracted from the movie of section z-4 of
dataset 1 with different downsampling factors
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Figure 4.13: X1 extracted from the movie of section z-4 of
dataset 1

(a) L=2 (b) L=4 (c) L=8

Figure 4.14: Y0 extracted from the movie of section z-4 of
dataset 2 with different downsampling factors

Figure 4.15: X0 extracted from the movie of section z-4 of
dataset 2
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4.5 Numerical results

We have implemented the Algorithm 6 SMLM-PGM-R with four different regulariz-
ers. To evaluate the performance of the algorithms used, matches between localizations
and emitters from the ground truth are used. We will use the following matching criteria:
the maximum matching distance between one localization and one ground truth emitter
is δxy = 30 nm along the xy-plane and δz = 60 nm along the z-direction. We have a
much larger tolerance in the z-direction because the precision of 3D SMLM techniques
for computing the z-position is lower than that for the x and y positions. This is because
the z-position is encoded in the image by engineered PSFs, so we need to determine it
indirectly from the shape of the emitters’ PSF.

4.5.1 Overlap estimation

The point cloud is dense in the center, while the points are more spread out on the
outside. Thus, when we activate some fluorophores, they are more likely to be close to
each other, leading to localization issues. Since we have the ground truth for each frame
in this case, we can compute the percentage of fluorophores that, when active, are close
to each other. This metric depends entirely on the distance used to establish when two
emitters are too close. For its computation, we have used distances of 120, 160, and 200
nm along the xy plane.

z-section Overlap 120 nm Overlap 160 nm Overlap 200 nm

1 1.57% 1.57% 2.35%

2 4.92 6.15% 8.62%

3 4.91 8.41% 14.27%

4 9.50% 16.20% 23.09%

5 10.87% 18.38% 25.69

6 3.61% 4.81% 6.63%

7 2.29% 2.29% 4.57%

Table 4.2: Estimation of the overlap

As seen in Table 4.2, in the central z-planes, emitters are closer to each other than
in the other planes. Therefore, we expect to obtain worse results there. In Fig. 4.16, we
show two emitters at different distances from each other. As we can see, it is very hard
to distinguish them.
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(a) Distance of 120 nm (b) Distance of 160 nm (c) Distance of 200 nm

Figure 4.16: Two emitters at different distances from each
other

4.5.2 Computational costs

To evaluate the computational costs of the various algorithms we tested, we computed
the time required to analyze the first 100 images Ytn from the movie of the section z-
4 from dataset 2 with a downsampling factor L = 2, using the SMLM-PGM-CEL0
algorithm with a maximum of 500 iterations. For these experiments, we used a node
of the Franklin HPC cluster at IIT. Each node is equipped with an AMD EPYC 7713
containing 512 GB of RAM and 128 cores. With 128 cores, 128 images can be analyzed
in parallel. Thus, we can examine the computational costs of both a parallel and a
non-parallel version of the SMLM-PGM-CEL0 algorithm. For parallelization, we use
the functions apply_async(), set_start_method(), and Pool() from the Python library
multiprocessing.

For computing the time required, perf_counter() from the Python library time was
used. For now, we have only managed to parallelize the algorithm that does not use
the ROI approach, since the ROI approach has a more complex structure requiring a
different parallelization strategy. We present the result obtained in Table 4.3.

As we can see:

• The ROI approach is more than 3 times faster. This is because we apply the
SMLM-PGM-CEL0 algorithm to only a few patches of the image, rather than the
whole image. In addition, our images have few emitters;

• The backtracking strategy for the step size has higher computational costs than
the constant step size strategy. This may happen because backtracking leads to
faster convergence for a low number of frames. Furthermore, to check the sufficient
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decrease condition for backtracking, we need to perform more computations in each
iteration than with a constant step size strategy, which increases the time cost;

• By parallelizing the code, we halve the time required to obtain the results.

ROI Backtracking Parallelization CPU time (seconds)

No No No 3917.75

No Yes No 4406.98

No No Yes 1711.44

No Yes Yes 2194.84

Yes No No 1031.35

Yes Yes No 1236.93

Table 4.3: Computational costs of SMLM-PGM-CEL0 for 100 images. Top panel without
ROI, bottom panel with.

Meanwhile, ThunderSTORM takes less than a second to analyze 100 images on a
computer with an Intel(R) Core(TM) i7-1065G7 CPU @ 1.30GHz (1.50 GHz) and 8
Gb of RAM. Thus, SMLM-PGM-CEL0 is much more computationally expensive than
ThunderSTORM.

4.5.3 Result analysis with dataset 1

We now evaluate Algorithm 6 SMLM-PGM-CEL0 using the images from dataset 1.
In particular, we will analyze the first 100 out of 844 images Ytn from the movie of section
z-4, which captures the central part of the point cloud, so we have tn ∈ [0, . . . , 99]. We
chose this number of images because analyzing 100 images Ytn is already computationally
expensive, as seen in Table 4.3. We will only analyze the case L = 2. For all results
obtained using backtracking, the maximum number of iterations per backtracking is 15.
In all the tables below, L is the downsampling factor used for the images, λ is the
regularization parameter used for the PGM, maxit is the maximum number of iterations
for the PGM, and Jaccard is the Jaccard index computed using the localized emitters.

In Table 4.4, we show the results obtained using the SMLM-PGM-CEL0 algorithm
with a constant step size.
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λ L maxit TP FP FN Jaccard RMSE lat RMSE ax Efficiency

3 2 500 72 77 122 26.57% 7.82 nm 37.14 nm 25.20%

3 2 1000 75 80 119 27.37% 6.93 nm 37.81 nm 25.99%

Table 4.4: Results obtained using SMLM-PGM-CEL0 and constant step size τ = 1
Lest

In Table 4.5, we show the results obtained using the SMLM-PGM-CEL0 algorithm
with a backtracking strategy. For backtracking, we use ρ = 0.8 and an initial step size
τ = 8

Lest
, where Lest is determined using (3.14).

λ L maxit TP FP FN Jaccard RMSE lat RMSE ax Efficiency

3 2 250 86 48 108 35.54% 8.07 nm 34.78 nm 34.13%

3 2 500 84 50 110 34.43% 8.16 nm 33.15 nm 33.14%

Table 4.5: Results obtained with SMLM-PGM-CEL0 and backtracking

In Table 4.6, we present the results obtained using the SMLM-PGM-CEL0 algorithm
with the ROI approach and a constant step size.

λ L maxit TP FP FN Jaccard RMSE lat RMSE ax Efficiency

0.11 2 500 76 63 118 29.57% 6.88 nm 36.31 nm 28.25%

0.11 2 1000 90 86 104 32.14% 8.69 nm 39.03 nm 30.48%

Table 4.6: Results obtained using SMLM-PGM-CEL0 with ROI approach and constant
step size τ = 1

Lest

In Table 4.7, we present the results obtained using the SMLM-PGM-CEL0 algorithm
with the ROI approach and a backtracking strategy. We use τ = 3.5

Lest
, ρ = 0.9 for

backtracking.

λ L maxit TP FP FN Jaccard RMSE lat RMSE ax Efficiency

0.11 2 250 91 48 103 37.60% 7.56 nm 39.25 nm 35.86%

0.11 2 500 96 43 98 40.51% 7.36 nm 37.97 nm 38.79%

Table 4.7: Results obtained using SMLM-PGM-CEL0 with ROI approach and back-
tracking

Comments to the results:
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• We do not achieve high Jaccard indices and efficiency percentages. This is because
this dataset contains many overlapping emitters, which are hard to distinguish and
localize;

• Increasing the maximum number of allowed iterations almost always results in
better results. With a higher maximum number of iterations, the reconstructions
have more time to approach the ground truths;

• With the backtracking strategy, results always improve. The backtracking strategy
improves the convergence speed, meaning we need fewer iterations for the recon-
structions to get closer to the ground truths;

• Results obtained by analyzing ROI instead of the whole image are always better
than the results without them.

4.5.4 Result analysis with dataset 2

We now analyze the first 100 images Ytn out of 978 from the movie of section z-4 of
dataset 2, capturing the central part of the point cloud, so we have tn ∈ [0, . . . , 99]. For
all the results using backtracking, the maximum number of iterations per backtracking
is 15.

In table 4.8, we present the results obtained using SMLM-PGM-CEL0 with a constant
step size.

λ L maxit TP FP FN Jaccard RMSE lat RMSE ax Efficiency

1.98 2 500 137 64 64 51.70% 3.42 nm 32.78 nm 50.27%

1.98 2 1000 150 51 51 59.52% 4.90 nm 33.64 nm 57.67%

0.72 4 500 133 70 68 49.08% 3.47 nm 34.91 nm 47.55%

0.72 4 1000 141 90 60 48.45 % 5.59 nm 31.48 nm 47.12%

0.10 8 500 124 77 77 44.60% 9.84 nm 36.62 nm 42.69%

0.10 8 1000 124 71 77 45.59% 8.23 nm 34.79 nm 43.91%

Table 4.8: Results obtained using SMLM-PGM-CEL0 with costant step size τ = 1
Lest

In table 4.9, we present the results obtained using SMLM-PGM-CEL0 with back-
tracking. For L = 2, we use ρ = 0.9, τ = 5

Lest
; for L = 4, we use ρ = 0.8, τ = 7

Lest
; for

L = 8, we use ρ = 0.9, τ = 3
Lest

.
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λ L maxit TP FP FN Jaccard RMSE lat RMSE ax Efficiency

1.98 2 250 163 38 38 68.20% 6.46 nm 29.22 nm 66.25%

1.98 2 500 165 37 36 69.33% 6.42 nm 28.07 nm 67.44%

0.72 4 250 164 38 37 68.62% 7.65 nm 28.20 nm 66.63%

0.72 4 500 163 39 38 67.92% 7.67 nm 26.91 nm 66.10%

0.10 8 250 156 45 45 63.41% 10.0 nm 31.81 nm 61.08%

0.10 8 500 159 44 42 64.90% 10.16 nm 30.84 nm 62.55%

Table 4.9: Results obtained using SMLM-PGM-CEL0 with backtracking

In table 4.10, we present the results obtained using SMLM-PGM-CEL0 with the ROI
approach and a constant step size.

λ L maxit TP FP FN Jaccard RMSE lat RMSE ax Efficiency

0.357 2 500 133 64 68 50.19% 5.75 nm 33.45 nm 48.64%

0.357 2 1000 134 63 67 50.76% 3.86 nm 32.48 nm 49.36%

0.11 4 500 121 68 80 44.98% 4.07 nm 34.77 nm 43.55%

0.11 4 1000 125 64 76 47.17% 4.38 nm 33.91 nm 45.74%

0.021 8 500 122 73 79 44.53% 8.49 nm 35.40 nm 42.81%

0.021 8 1000 124 71 77 45.59% 8.23 nm 34.79 nm 43.91%

Table 4.10: Results obtained using SMLM-PGM-CEL0 with ROI approach and constant
step size τ = 1

Lest

In Table 4.11, we present the results obtained using SMLM-PGM-CEL0 with ROI
approach and backtracking. When we use backtracking for L = 2, we use τ = 4

Lest
,

ρ = 0.9; for L = 4, we use τ = 4
Lest

, ρ = 0.9; for L = 8, we use τ = 2.5
Lest

, ρ = 0.9.

λ L maxit TP FP FN Jaccard RMSE lat RMSE ax Efficiency

0.357 2 250 144 59 57 55.38% 5.27 nm 32.07 nm 53.82%

0.357 2 500 148 55 53 57.81% 5.20 nm 31.35 nm 56.23%

0.11 4 250 137 59 64 52.69% 3.82 nm 32.43 nm 51.25%

0.11 4 500 140 56 61 54.47% 3.78 nm 31.03 nm 53.10 %

0.021 8 250 136 59 65 52.31% 8.74 nm 33.30 nm 50.49%

0.021 8 500 140 55 61 54.69% 8.62 nm 32.73 nm 52.84%

Table 4.11: Results obtained using SMLM-PGM-CEL0 with ROI and backtracking

As we can see:
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• As the downsampling factor L increases, the results obtained worsen. As L in-
creases, the problem becomes more ill-posed and thus harder to solve;

• With the backtracking strategy, results always improve;

• In almost all cases, increasing maxit leads to better results;

• The results with the ROI approach are almost always worse than those obtained
without it. This may be because, in some cases, emitters are so close to each other
that a ROI contains one emitter and part of another, which can cause issues.

In Table 4.12, we present the results obtained from the first 100 images Ytn of each
sequence of images from dataset 2, capturing all z-sections of the point cloud, with a
downsampling factor L = 8 and λ = 0.10. The method used is SMLM-PGM-CEL0 with
maxit=500, and backtracking with step size τ = 3

Lest
and ρ = 0.9.

z-section TP FP FN Jaccard RMSE lat RMSE ax Efficiency

1 149 56 56 57.09% 8.82 nm 32.96 nm 55.10%

2 133 60 60 52.57% 11.76 nm 31.95 nm 50.53%

3 112 71 70 44.27% 9.63 nm 33.86 nm 42.59%

4 159 44 42 64.90% 10.16 nm 30.81 nm 62.55%

5 139 54 52 56.73 % 9.74 nm 31.26 nm 54.82%

6 151 50 48 60.64% 8.91 nm 32.86 nm 58.48%

7 132 62 62 51.5625% 8.16 nm 35.11 nm 49.67%

All 975 397 390 55.33% 9.65 nm 32.64 nm 53.36%

Table 4.12: Results obtained using SMLM-PGM-CEL0 with backtracking

As shown in Table 4.12, the central z-section has the best Jaccard index and efficiency.
The cause of this behavior may be:

• The λ was optimized for the fourth plane. For other planes, other λ might be
better;

• In the central section, we have a higher percentage of emitters near the focus plane
than in other z-sections. Emitters closer to the focal plane are easier to localize
than distant emitters for SMLM-PGM.

All these tests were conducted during the internship at IIT. Due to time constraints
and the high computational costs of the algorithms involved, we tested only one regu-
larizer extensively: the CEL0 penalty function.
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In the 3D plots in Fig 4.17, Fig 4.18, and Fig 4.19, the x and y axes represent pixels,
and the z axis represents height. To convert it into nanometers, the following formulas
can be used:

xnm = x ∗ 20− 10, ynm = y ∗ 20− 10, znm = z ∗ 10− 200

Figure 4.17: Plot of the ground truth Xtn for tn ∈ [0, 99]
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Figure 4.18: Plot of ground truth Xtn in red and recon-
structed localizations (Xtn)

∗ in blue for tn ∈ [0, 99] from the
movie of the section z-4 from dataset 2 with L = 2 using
SMLM-PGM-CEL0 with maxit=500 and backtracking strategy
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Figure 4.19: Plot of ground truth Xtn in red and recon-
structed localizations (Xtn)

∗ in blue for tn ∈ [30, 39] from the
movie of the section z-4 from dataset 2 with L = 2 using
SMLM-PGM-CEL0 with maxit=500 and backtracking strategy

4.5.5 Comparison with ThunderSTORM

We also used ThunderSTORM to localize the emitters in our movies. For Thunder-
STORM, we used a matching distance δ between localizations and ground truth positions
of 30 nm along the xy-plane and 60 nm along the z-direction. For matching, the ground
truth points are on a grid, with each grid point at the center of a pixel. We do this be-
cause the localizations computed by ThunderSTORM are not on a grid. In Table 4.13,
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the ’Dataset’ column represents which dataset was utilized. Furthermore, least squares
fitting was used because the noise in the analyzed images is Gaussian. If it were Poisson,
maximum likelihood estimation would have been more accurate.

Dataset L Radius TP FP FN Jaccard RMSE lat RMSE ax Efficiency

1 2 10 56 85 138 20.07% 15.00 nm 24.88 nm 18.89%

2 2 8 116 47 85 46.77% 15.04 nm 26.01 nm 44.95%

2 4 4 100 62 101 38.02% 15.38 nm 24.28 nm 36.49%

2 8 2 83 48 118 33.33% 17.30 nm 31.65 nm 31.29%

Table 4.13: Results obtained with ThunderSTORM

Dataset L λ maxiter TP FP FN Jaccard RMSE lat RMSE ax Efficiency

1 2 3 250 86 48 108 35.54% 8.07 nm 34.78 nm 34.13%

2 2 1.98 500 165 37 36 69.33% 6.41 nm 28.07 nm 67.44%

2 4 0.72 250 164 38 37 68.62% 7.65 nm 28.20 nm 66.63%

2 8 0.10 500 159 44 42 64.90% 10.16 nm 30.84 nm 62.55%

Table 4.14: Best results obtained with SMLM-PGM-CEL0 without using ROI

Dataset L λ maxiter TP FP FN Jaccard RMSE lat RMSE ax Efficiency

1 2 0.11 500 96 43 98 40.51% 7.36 nm 39.25 nm 38.79%

2 2 0.357 500 148 55 53 57.81% 5.20 nm 31.35 nm 56.23%

2 4 0.11 500 140 56 61 54.47% 3.78 nm 31.03 nm 53.10%

2 8 0.021 500 140 55 61 54.69% 8.62 nm 32.73 nm 52.84%

Table 4.15: Best results obtained with SMLM-PGM-CEL0 using ROI

As shown in Table 4.13, Table 4.14, and Table 4.15, for each downsampling factor L,
our localization algorithm outperforms ThunderSTORM in terms of the Jaccard index
and efficiency metrics. This difference is particularly significant for the case L = 8, which
has a pixel size very close to that of real images. However, this performance increase
comes with a high computational cost compared to ThunderSTORM, as shown in Table
4.3.

When we analyze the first 100 images from each movie in dataset 2 with a downsam-
pling factor of 8, we obtain the results in Table 4.16. For these results, the fitting radius
parameter was set to 2 pixels.
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z-section TP FP FN Jaccard RMSE lat RMSE ax Efficiency

1 17 47 188 6.75% 19.77 nm 30.87 nm 5.07%

2 50 58 143 19.92% 17.40 nm 27.17 nm 18.41%

3 69 61 113 28.40% 16.66 nm 31.10 nm 26.60%

4 83 48 118 33.33% 17.54 nm 31.43 nm 31.29%

5 58 43 133 23.67% 15.54 nm 30.45 nm 22.14%

6 41 56 158 16.08% 18.03 nm 28.39 nm 14.52%

7 36 56 158 14.40% 15.66 nm 32.73 nm 12.91%

All 354 380 1011 20.29% 17.03 nm 30.40 nm 18.67%

Table 4.16: Results obtained using ThunderSTORM

Compared to the results obtained with SMLM-PGM-CEL0 in Table 4.12, the Jaccard
index and efficiency are much lower for all z-sections. However, the better results from
SMLM-PGM-CEL0 come with a high computational cost compared to ThunderSTORM.
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Conclusions

In this thesis, we presented a mathematical model describing the image formation
process in STORM imaging. Based on this model, we formulated an inverse problem to
recover the emitters’ coordinates and investigated algorithms for solving it.

As shown in Chapter 4, the tested algorithm exhibits both strengths and limitations.
In particular, SMLM-PGM-CEL0 is significantly slower than ThunderSTORM, but lo-
calizes substantially more emitters. To further improve the results, several directions
could be explored. For instance, the other regularizers presented in Chapter 3 could
be tested, or a Deep Unrolling approach could be implemented to estimate the opti-
mal regularization parameter λ for each image. In addition, the matching procedure
between ground truth emitters and localizations could be improved using algorithms
such as the Gale–Shapley algorithm. Nevertheless, even with these improvements, the
computational cost would likely remain high.

To address this limitation, machine learning techniques could be combined with the
PGM framework. One possible approach is the use of Plug-and-Play (PnP) methods,
in which the proximal operator in the backward step of the algorithm is replaced with
a neural network. In our case, the network would be trained specifically to localize
emitters.

Furthermore, in Chapter 1, we introduced two imaging modalities beyond astigmatic
imaging: biplane and double-helix imaging. So far, our experiments have focused on
an astigmatic PSF. It would therefore be valuable to evaluate the performance of our
algorithms when applied to other PSF models, such as double-helix or biplane PSFs. For
biplane imaging, the algorithm would need to be adapted, since two images are acquired
at each time tn.

In conclusion, this thesis highlights the potential of optimization-based approaches,
such as SMLM-PGM-CEL0, for accurate emitter localization in STORM imaging. While
the method can localize more emitters, its computational cost remains a significant lim-
itation. Future research that combines numerical optimization techniques with machine
learning methods, such as PnP methods, may offer a promising direction for reducing
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computational cost while maintaining or even improving localization accuracy.
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