
Alma Mater Studiorum · Università di Bologna
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Introduction

ODE systems represent one of the fundamental languages in mathematical modeling.

They can describe the evolution in time of physical, chemical, biological, and economic

quantities, and they arise from many different contexts, from dynamical systems to

numerical simulations of microscopic phenomena. In the linear case, in many relevant

applications, one has to deal with systems of the form

u′(t) = A(t)u(t), u : R −→ CN ,

where the matrix A(t) depends explicitly on time (non-autonomous case). For constant

coefficients, or more generally, when the coefficient matrix commutes with itself at dif-

ferent times, the solution has a simple closed form given through the matrix exponential.

However, in general, the solution can be expressed by a more complex object, known

as time-ordered exponential (TOE), which requires more delicate strategies from both a

theoretical and a numerical point of view.

An example related to real-world problems in chemistry is the spin dynamics during

nuclear magnetic resonance (NMR). In this type of model, the quantum evolution of the

system is described by a non-autonomous Schrödinger equation, where A(t) = −iH(t),

with H(t) denoting the time-dependent Hamiltonian. One aspect that makes this simu-

lation particularly challenging is the growth of the state-space dimension, which depends

on the number of spins as N = 2Ns . Thus, for moderate values of Ns we have limitations

in terms of memory and computational cost. This motivates the necessity of developing

some faster methods that allow us to handle larger dimensions, remaining reliable and

comparable to pre-existing methods.

In this thesis, we adopt a recent and promising strategy introduced in [1], [2] to solve

non-autonomous systems: the ⋆-algebra, an algebra of bivariate distributions based on

a convolution-like operation known as ⋆-product. The TOE in that framework can be

obtained through the notion of ⋆-resolvent, which transforms a differential problem into

an algebraic one. As explained in Chapter 1, this reformulation is not only elegant but

allows us to obtain, after discretization, a linear problem in the usual matrix algebra.

Indeed, the discretization, which is based on orthonormal Legendre polynomials, allows

us to approximate the ⋆-product of distributions with the product of the respective
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coefficient matrices, as highlighted in Chapter 2. Therefore, as shown in Section 2.2.1,

the solution of the ODE can be obtained by solving a linear system or, equivalently,

a matrix equation with several potential advantages in terms of implementation and

efficiency.

This motivates the second important theme of the thesis, discussed in Chapter 3: the

numerical solution of linear multiterm matrix equations, i.e. problems of the form

d∑
i=1

AiXBi = F, (1)

which generalize well-known and widely studied classes such as Sylvester, Lyapunov,

and Stein matrix equations. When the number of terms d exceeds two, equation (1)

becomes extremely challenging. From the theoretical point of view, necessary and suf-

ficient conditions for the uniqueness and for good conditioning of the solution are still

lacking, while from the algorithmic point of view many classical approaches require care

to remain competitive on large-scale instances, and for these reasons they represent an

active research frontier. One of the most widely used approaches consists of rewriting

the matrix equation as a linear system via vectorization and Kronecker products, but

that may lead to matrices of prohibitive size, making it unfeasible in large-scale settings.

Therefore, one essential goal is to construct, or modify, solvers that work in matrix form

using the linear operator without forming large matrices and, at the same time, limiting

the storage cost of the iterates.

Assuming that the right-hand side of the matrix equation has rank one F = fg⊤, we

have that, in many applications, including our case of interest, the solutionX also has low

numerical rank. This leads to another important theme of the thesis, explained in Section

3.3: the improvement of the solvers via low-rank techniques and truncations. Indeed, we

can use this low-rank approximation to represent the iterates of the methods in a factored

form X = UV ⊤, reducing memory and computational cost. However, step by step the

rank might increase due to linear combinations and the application of the linear operator,

making compression strategies (e.g., “skinny” QR and truncated SVD decompositions)

necessary. In this context, this thesis develops matrix-form variants of Krylov subspace

methods for non-symmetric problems (in particular, BiCG and BiCGSTAB) and their

low-rank counterparts, with a focus on their numerical stability and on the trade-off

between compression and convergence speed.

Finally, to link the numerical methods with a concrete application context, Chapter

4 is devoted to numerical experiments on a spin dynamics model for NMR. Starting from

real data, we solve the non-autonomous system via the ⋆-based procedure, applying the

different Krylov methods, both in standard and low-rank form, to the resulting multiterm

linear matrix equation. The results are compared by evaluating the accuracy, the residual
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norms, the convergence speed, the computational cost, the runtime, and the behavior as

the problem size increases, for different choices of model and discretization parameters.
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Chapter 1

⋆-Algebra Reformulation of

Non-Autonomous ODEs

Consider the matrix-valued function Ã(t) ∈ CN×N analytic on the interval I = [a, b] ⊂
R, i.e., a matrix whose entries are complex-valued analytic functions in time, and let Ũ(t)

be the solution of the non-autonomous system of ordinary differential equations

d

dt
Ũs(t) = Ã(t)Ũs(t), Ũs(s) = IN , t ∈ [s, b] ⊂ I,

where IN is the identity N×N matrix. The solution is an N×N matrix-valued function,

known as the time-ordered exponential (TOE ) of Ã(t), and in general (we will see more

details in Section 1.4) the TOE does not have a simple explicit expression in terms of Ã(t).

The goal of this first chapter is to summarize novel results on the so-called ⋆-product,

a non-commutative convolution-like product, which allows us to express the TOE in a

compact form that, as shown in Chapter 2, can be discretized to obtain a linear system

in the usual matrix algebra. To achieve this, after introducing some preliminary notions

concerning distribution theory in Section 1.1, we will rigorously define the ⋆-product

and the resulting ⋆-algebra, describing its main features and properties in Section 1.2.

Then we will reformulate the solution of the scalar problem (Section 1.3) and the matrix

problem previously stated (Section 1.4) using the ⋆-algebra. Introducing the scalar case

first will help to simplify the discussion when moving to the matrix case, since, as we

will see, the extension is straightforward. The material introduced and developed in [1],

[2], [3], [4], [5], [6] provides the foundation for this chapter; at the same time, this thesis

revises some calculations and proofs, presenting them step by step.

1.1 Preliminaries

We first recall some notions from the theory of distributions that will be essential

for the following chapters. The theory of distributions, formally introduced by Laurent
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2 1. ⋆-Algebra Reformulation of Non-Autonomous ODEs

Schwartz in 1950, extends the classical concept of functions and allows differentiation

and other operations to be defined in a generalized sense. This section is based on [7],

which we take as our main reference. For simplicity, distributions are introduced here in

the real-valued setting. All definitions and results can be extended in a straightforward

way to the complex case, which is the framework relevant for the applications considered

later, by replacing R with C and considering continuous C-linear functionals on the space

of complex-valued test functions.

Definition 1.1 (Distribution). A distribution (or generalized function) on an open set

Ω ⊂ Rn is a continuous linear functional

T : D(Ω) → R,

where D(Ω) = C∞
0 (Ω) denotes the space of test functions, i.e., infinitely differentiable

functions with compact support in Ω. We denote with D′(Ω) the space of distributions

on Ω.

Remark 1.2. Every locally integrable function f ∈ L1
loc(Ω) defines a distribution Tf by

Tf (φ) = ⟨Tf , φ⟩ =
∫
Ω

f(x)φ(x) dx, ∀φ ∈ D(Ω).

Definition 1.3 (Dirac delta distribution). The Dirac delta distribution, denoted by

δ, is the distribution on an open set Ω ⊂ Rn defined by

δ(φ) = φ(0), ∀φ ∈ D(Ω), 0 ∈ Ω,

Hence,

⟨δ, φ⟩ =
∫
Ω

δ(x)φ(x) dx = φ(0).

More generally, the delta distribution centered at a point x0 ∈ Ω is defined as

δx0(φ) = φ(x0).

Definition 1.4 (Derivatives of a distribution). Let Ω ⊆ Rn be an open set and let

T ∈ D′(Ω) be a distribution. For each i = 1, . . . , n, the partial derivative of T with

respect to xi is the distribution ∂iT ∈ D′(Ω) defined by

⟨∂iT, φ⟩ = −⟨T, ∂iφ⟩, ∀φ ∈ D(Ω).

If T = Tf is the regular distribution associated with a locally integrable function f ∈
L1
loc(Ω), then

⟨∂iTf , φ⟩ = −
∫
Ω

f(x) ∂iφ(x) dx.
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More generally, for any multi-index α ∈ Nn,

⟨∂αT, φ⟩ = (−1)|α| ⟨T, ∂αφ⟩, ∀φ ∈ D(Ω).

If T = Tf is the regular distribution associated with a locally integrable function f ∈
L1
loc(Ω), then

⟨∂αTf , φ⟩ = (−1)|α|
∫
Ω

f(x) ∂αφ(x) dx.

Definition 1.5 (Derivatives of the Dirac delta distribution). Let Ω ⊆ Rn be an

open set and x0 ∈ Ω. The derivative of the Dirac delta distribution δx0 with respect to xi

is the distribution ∂iδx0 defined by

⟨∂iδx0 , φ⟩ = −⟨δx0 , ∂iφ⟩ = −∂iφ(x0), ∀φ ∈ D(Ω).

In integral form, this can be written as∫
Ω

∂iδx0(x)φ(x) dx = −
∫
Ω

δx0(x) ∂iφ(x) dx = − ∂iφ(x0).

More generally, for any multi-index α ∈ Nn,

⟨∂αδx0 , φ⟩ = (−1)|α| ∂αφ(x0).

Definition 1.6 (Heaviside function). The Heaviside function is defined as:

Θ(t− s) =

0, if t < s,

1, if t ≥ s.

Hence, Θ(t − s) represents a switch that turns on at time t = s. It is useful when

we are considering an input function f̃(t) that turns on only after a time s, indeed, we

can write f(t, s) = f̃(t)Θ(t− s), which will be equal to f̃(t) for t ≥ s, 0 otherwise. The

parameter s is sometimes called the activation time.

Proposition 1.7 (Heaviside derivatives). It holds that, in the distributional sense,

∂xΘ(x) = δ(x).

Moreover, for all k ∈ N,

∂kxΘ(x) = δ(k−1)(x).

Proof. We have that, for all φ ∈ C∞
0 (R),

⟨∂xΘ, φ⟩ = −
∫ ∞

−∞
Θ(x)∂xφ(x)dx = −

∫ ∞

0

1 · ∂xφ(x)dx

= −[φ(x)]∞0 = φ(0) = ⟨δ, φ⟩,
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that is

∂xΘ = δ.

Let us prove the more general case, for all k ∈ N,

⟨∂kxΘ, φ⟩ = ⟨∂x(∂k−1
x Θ), φ⟩ = −⟨∂k−1

x Θ, ∂xφ⟩

= · · · = (−1)k−1⟨∂xΘ, ∂k−1
x φ⟩

= (−1)k−1⟨δ, ∂k−1
x φ⟩ = ⟨δ(k−1), φ⟩ ∀φ ∈ C∞

0 (R).

Thus,

∂kxΘ = δ(k−1), for all k ≥ 1.

In summary, the distributional framework introduced here will serve as the foundation

for the description and analysis of the ⋆-algebra developed in the next section.

1.2 The ⋆-Product: Definition and Properties

We start by defining the set A(I) of bivariate distributions for which there exists a

finite integer k such that

f(t, s) = f̃0(t, s)Θ(t− s) + f̃1(t, s)δ(t− s) + · · ·+ f̃k(t, s)δ
(k)(t− s),

where f̃0(t, s), · · · , f̃k(t, s) are analytic functions in both t, s over the interval I = [a, b],

Θ(t − s) is the Heaviside function, δ(t − s) stands for the Dirac delta distribution δs,

and δ′(t− s), · · · , δ(k)(t− s) are its derivatives. We also define the subset AΘ(I) ⊂ A(I)
formed by distributions of the kind f(t, s) = f̃0(t, s)Θ(t−s). Over this set, we can define

an algebra with the product defined below, which will be described in detail later. It

was first introduced in [3], and was subsequently extended and formalized in [8].

Definition 1.8 (⋆-product). The ⋆-product of f, g ∈ A(I) is the non-commutative

product defined as

(f ⋆ g)(t, s) :=

∫
I
f(t, τ)g(τ, s)dτ ∈ A(I).

This product is an extension of convolution between functions. Throughout the

following, we will omit the argument (t, s) of the distributions whenever it is clear from

the context.

Definition 1.9 (⋆-resolvent). The ⋆-resolvent of h ∈ AΘ(I) is defined as

R⋆(h) :=
∞∑
j=0

h⋆j = h⋆0 + h⋆1 + h⋆2 + · · ·+ h⋆j + · · · ,
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where, by convention, h⋆0(t, s) = δ(t− s), h⋆1(t, s) = h(t, s) and h⋆j(t, s) = h(t, s) ⋆ · · · ⋆
h(t, s) j times, for j ≥ 2, (t, s) ∈ I × I.

Remark 1.10. Note that R⋆(h) is well defined (i.e., convergent) for every h ∈ AΘ(I).
Indeed, for j ≥ 1,

h⋆j(t, s) =

∫
Ij−1

h(t, τ1) · · ·h(τj−1, s)dτ1 · · · dτj−1,

and since h ∈ AΘ(I), we can write h(τi, τi+1) = h̃(τi, τi+1)Θ(τi − τi+1). Hence

h⋆j(t, s) =

∫
Ij−1

h̃(t, τ1) · · · h̃(τj−1, s)Θ(t− τ1) ·Θ(τj−1 − s)dτ1 · · · dτj−1.

Now, since h̃ is analytic, hence continuous, over I×I that is a compact set, by Weierstrass

theorem we have that each
∣∣∣h̃(t, s)∣∣∣ ≤ M for M := max

(t,s)∈I×I

∣∣∣h̃(t, s)∣∣∣ ≥ 0 and since

Θ(t− τ1) · · ·Θ(τj−1 − s) = 1 if s ≤ τj−1 ≤ · · · ≤ τ1 ≤ t and 0 otherwise, we can estimate

the integral as:

∣∣h⋆j(t, s)∣∣ ≤M jΘ(t− s)

∫
s≤τj−1≤···≤τ1≤t

dτ1 · · · dτj−1 = Θ(t− s)
M j(t− s)j−1

(j − 1)!
,

which converges to zero for j −→ +∞. Hence, the ⋆-resolvent series is convergent since

|R⋆(h)| := δ(t− s) +

∣∣∣∣∣
∞∑
j=1

h⋆j

∣∣∣∣∣ = δ(t− s) +

∣∣∣∣∣
∞∑
j=0

h⋆j+1

∣∣∣∣∣
≤ δ(t− s) + Θ(t− s)M

∞∑
j=0

M j(t− s)j

j!
= δ(t− s) + Θ(t− s)M exp(M(t− s)).

Proposition 1.11. The ⋆-algebra (A(I),+, ⋆, δ) is a unitary, associative algebra on

C, with the identity element with respect to ⋆-multiplication given by the Dirac delta

distribution 1⋆ = δ(t− s). Moreover (AΘ(I) ∪ {δ},+, ⋆, δ) is a unitary, associative sub-

algebra of A(I).

Proof. We prove the second part of the statement; the proof of the first part can be

found in [8].

1. Firstly we prove that AΘ(I) is a vector space on C.

• Closure with respect to the sum: if f = f̃Θ and g = g̃Θ, then

(f + g)(t, s) = (f̃(t, s) + g̃(t, s))Θ(t− s) ∈ AΘ(I), (t, s) ∈ I × I.

• Closure with respect to the multiplication by a scalar: for α ∈ C, (αf)(t, s) =

(αf̃(t, s))Θ(t− s) ∈ AΘ(I).
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• Other standard properties such as the commutativity of the sum, the existence

of the unitary additive element 0, the additive inverse −f , are immediate.

2. Now we check the closure of the ⋆-product on AΘ(I):

(f ⋆ g)(t, s) = f̃(t, s)Θ(t− s) ⋆ g̃(t, s)Θ(t− s)

=

∫
I
f̃(t, τ)Θ(t− τ)g̃(τ, s)Θ(τ − s)dτ

= Θ(t− s)

∫ t

s

f̃(t, τ)g̃(τ, s)dτ

= Θ(t− s)F̃ (t, s) ∈ AΘ(I),

indeed F̃ (t, s) is still analytic since f̃ , g̃ are also analytic.

3. The bilinearity of the ⋆-product follows directly from the linearity of the integral.

We have, for f = f̃Θ, g = g̃Θ, h = h̃Θ and for α, β ∈ C,

((αf + βh) ⋆ g)(t, s) =

∫
I
(αf̃(t, τ)Θ(t− τ) + βh̃(t, τ)Θ(t− τ))g̃(τ, s)Θ(τ − s)dτ

= α

∫
I
f̃(t, τ)Θ(t− τ)g̃(τ, s)Θ(τ − s)dτ + · · ·

+ β

∫
I
h̃(t, τ)Θ(t− τ)g̃(τ, s)Θ(τ − s)dτ

= α(f ⋆ g)(t, s) + β(h ⋆ g)(t, s).

Clearly by the same argument, bilinearity in the other variable also holds.

4. For f, g, h ∈ AΘ(I) as above, we have:

(f ⋆ (g ⋆ h))(t, s) =

∫
I
f(t, τ)(g ⋆ h)(τ, s)dτ =

∫
I
f(t, τ)

(∫
I
g(τ, σ)h(σ, s)dσ

)
dτ

=

∫
I
f̃(t, τ)Θ(t− τ)

(∫
I
g̃(τ, σ)h̃(σ, s)Θ(τ − σ)Θ(σ − s)dσ

)
dτ.

Let us define Φt,s(τ, σ) = f̃(t, τ) g̃(τ, σ) h̃(σ, s)Θ(t − τ)Θ(τ − σ)Θ(σ − s). Since

f̃ , g̃, h̃ are analytic on I×I, they are continuous and hence bounded on the compact

set I×I, thanks to the Weierstrass theorem. The product Θ(t−τ)Θ(τ−σ)Θ(σ−s)
is the characteristic function of the triangular region D(t, s) = {(τ, σ) ∈ I×I : s ≤
σ ≤ τ ≤ t}, which has finite measure. Therefore, |Φt,s| is bounded by a constant

on a set of finite measure, and hence Φt,s ∈ L1(I × I). By Fubini’s theorem the

order of integration can be exchanged, obtaining:∫
I

(∫
I
f̃(t, τ)Θ(t− τ)g̃(τ, σ)Θ(τ − σ)dτ

)
h̃(σ, s)Θ(σ − s)dσ =

∫
I
(f ⋆ g)(t, σ)h(σ, s)dσ.

Hence,

(f ⋆ (g ⋆ h))(t, s) = ((f ⋆ g) ⋆ h)(t, s) = (f ⋆ g ⋆ h)(t, s).
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5. Distributivity with respect to the sum has already been proved in (3).

6. Let us verify that δ(t, s) = δ(t−s) ∈ A(I) is the ⋆-multiplication identity element:

f(t, s) ⋆ δ(t− s) =

∫
I
f̃(t, τ)Θ(t− τ)δ(τ − s)dτ = f̃(t, s)Θ(t− s) = f(t, s),

by the definition of the Dirac delta distribution.

Proposition 1.12 (Main properties of the ⋆-product). The following properties

hold:

1. Under certain assumptions on f ∈ AΘ(I) (see [3], [8]), there exists f−⋆, the ⋆-

inverse of f : f ⋆ f−⋆ = f−⋆ ⋆ f = δ.

2. δ′ is the ⋆-inverse of Θ: δ′ ⋆Θ = Θ ⋆ δ′ = δ.

3. Dirac delta derivatives: δ(i) ⋆ δ(j) = δ(i+j).

4. ⋆-resolvent R⋆(h) = (δ − h)−⋆, h ∈ AΘ(I).

Proof. 1. The existence of the ⋆-inverse has been proved in [3], [8].

2. By the definition of the first derivative of the Dirac delta and applying the Leibniz

derivation rule in the distributional sense, using Proposition 1.7, the following

formula holds:

δ′(t, s) ⋆ f(t, s) = δ′(t− s) ⋆ f̃(t, s)Θ(t− s)

=

∫
I
δ′(t− τ)f̃(τ, s)Θ(τ − s)dτ

=
(
∂tf̃(t, s)

)
Θ(t− s) + f̃(s, s)δ(t− s) ∈ A(I).

It follows that

(δ′ ⋆Θ)(t, s) = 0 ·Θ(t− s) + δ(t− s) = δ(t− s) = 1⋆.

Therefore δ′ and Θ are inverses of each other.

3. Let us consider a test function φ ∈ C∞
0 (I × I). By definition,

⟨δ(i) ⋆ δ(j), φ⟩ =
∫∫∫

I×I×I
δ(i)(t− τ) δ(j)(τ − s)φ(t, s) dt ds dτ.

Using the definition of Dirac’s delta derivative distribution∫
I
δ(k)(x− x0) f(x) dx = (−1)kf (k)(x0),
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first in the variable t and then in the variable τ , we get

⟨δ(i) ⋆ δ(j), φ⟩ =
∫
I
(−1)i+j ∂ i+j

t φ(t, s)
∣∣
t=s

ds = ⟨δ(i+j)(t− s), φ⟩.

Since this holds for all φ ∈ C∞
0 (I × I), it follows that

δ(i) ⋆ δ(j) = δ(i+j).

4. Let the ⋆-resolvent of h ∈ AΘ(I) be defined as

R⋆(h) =
∞∑
j=0

h⋆j, with h⋆0 = δ, h⋆(j+1) = h ⋆ h⋆j.

We want to prove that R⋆(h) is the ⋆-inverse of (δ − h), that is,

(δ − h) ⋆ R⋆(h) = R⋆(h) ⋆ (δ − h) = δ.

Consider the partial sums

SN :=
N∑
j=0

h⋆j.

By bilinearity and associativity of the ⋆-product, we have

(δ−h) ⋆SN = δ ⋆SN −h ⋆SN = SN −
N∑
j=0

h ⋆h⋆j =
N∑
j=0

h⋆j −
N+1∑
j=1

h⋆j = δ−h⋆(N+1).

Analogously,

SN ⋆ (δ − h) = δ − h⋆(N+1).

For every h ∈ AΘ(I), as noted in Remark 1.10, we have the estimate

|h⋆j(t, s)| ≤ M j

(j − 1)!
(t− s)j−1Θ(t− s),

which implies h⋆(N+1) → 0 as N → ∞. Taking the limit, we obtain

(δ − h) ⋆ R⋆(h) = R⋆(h) ⋆ (δ − h) = δ.

Therefore, the resolvent R⋆(h) is indeed the ⋆-inverse of (δ − h):

R⋆(h) = (δ − h)−⋆.

As we have seen, the ⋆-algebra defines a consistent non-commutative convolution

structure endowed with clear algebraic properties. This framework will now be employed

to express the solution of the scalar problem and the vector problem in a compact and

convenient form.
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1.3 Scalar ODE Reformulation

In order to better understand the more relevant case, namely the vector (or matrix)

case that arises when dealing with a system of ordinary differential equations, let us

start by considering the following non-autonomous scalar ODE, for every initial time

s ∈ I = [a, b] ⊂ R and analytic complex-valued scalar function f̃ ,

d

dt
ũs(t) = f̃(t)ũs(t), ũs(s) = 1, t ∈ [s, b] ⊂ I,

in the unknown scalar function ũs(t) : [s, b] −→ C. To be more precise, this equation

represents a family of ordinary differential equations, since it depends on the initial time

instant s ∈ I. We can therefore interpret our solution ũs(t) as a function defined on the

entire domain I × I:

u(t, s) : I × I −→ C, u(t, s) = ũs(t)Θ(t− s).

Including the Heaviside function Θ(t − s) in the expression of the solution allows us to

define the latter over the entire interval I, since for t < s the function is set to zero.

Now, our solution, viewed as

u(t, s) = ũs(t)Θ(t− s) ∈ AΘ(I),

actually represents a distribution, as discussed in the previous section. Therefore, here

we are committing a slight abuse of notation since the function ũs(t) is not defined for

t < s. This scalar case has been mainly discussed in [6], where more information can be

found.

In this case, we can easily find an analytic expression for the solution

ũs(t) = exp

(∫ t

s

f̃(τ) dτ

)
.

Indeed, by separating the variables in the differential equation

d

dt
ũs(t) = f̃(t)ũs(t), ũs(s) = 1,

we obtain
ũ′s(t)

ũs(t)
= f̃(t).

Integrating both sides from s to t gives∫ t

s

ũ′s(τ)

ũs(τ)
dτ =

∫ t

s

f̃(τ) dτ.

The left-hand side equals log ũs(t)− log ũs(s); since u(s, s) = 1, we get

log ũs(t) =

∫ t

s

f̃(τ) dτ.
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Exponentiating both sides yields the desired expression:

ũs(t) = exp

(∫ t

s

f̃(τ)dτ

)
.

However, by exploiting the properties and tools of the ⋆-algebra introduced in the pre-

vious chapter, the solution to this problem can also be expressed in an alternative form

via ⋆-multiplication.

Let us now rewrite the solution in terms of the ⋆-product. We recall our problem

ũ′s(t) = f̃(t)ũs(t), ũs(s) = 1, t, s ∈ I, t ≥ s,

that is,

u′(t, s) = f̃(t)u(t, s), u(s, s) = 1, t, s ∈ I, for u(t, s) = ũs(t)Θ(t− s). (1.1)

Proposition 1.13. The solution of the problem (1.1) is given, in terms of the ⋆-algebra,

by:

u(t, s) = (R⋆(f) ⋆Θ)(t, s),

with f(t, s) = f̃(s)Θ(t− s).

Proof. Since u(t, s) ∈ AΘ(I), we can compute, using Leibniz rule for distributions:

δ′(t− s) ⋆ u(t, s) = δ′(t− s) ⋆ ũs(t)Θ(t− s)

= ũ′s(t)Θ(t− s) + ũs(s)δ(t− s)

= f̃(t)u(t, s) + ũs(s)δ(t− s)

= f̃(t)(δ ⋆ u)(t, s) + ũs(s)δ(t− s)

= f̃(t)δ(t− s) ⋆ u(t, s) + ũs(s)δ(t− s).

Multiplying on the left both sides of the equation by Θ:

Θ(t− s) ⋆ δ′(t− s) ⋆ u(t, s) = Θ(t− s) ⋆ (f̃(t)δ(t− s) ⋆ u(t, s) + ũs(s)δ(t− s))

That is, since for Proposition 1.12 Θ ⋆ δ′ = δ,

u(t, s)−Θ(t− s) ⋆ f̃(t)δ(t− s) ⋆ u(t, s) = Θ(t− s) ⋆ ũs(s)δ(t− s). (1.2)

Now we separately compute the terms:

(Θ ⋆ f̃δ)(t, s) =

∫
I
Θ(t− τ)f̃(τ)δ(τ − s)dτ = Θ(t− s)f̃(s),

(Θ ⋆ ũs(s)δ)(t, s) = ũs(s)

∫
I
Θ(t− τ)δ(τ − s)dτ = ũs(s)Θ(t− s) = Θ(t− s),
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where we have used the definition of δ and the initial condition us(s) = 1. Replacing

those expressions in equation (1.2), we obtain the following:

u(t, s)− f̃(s)Θ(t−s)⋆u(t, s) = Θ(t−s) ⇐⇒ (δ(t−s)− f̃(s)Θ(t−s))⋆u(t, s) = Θ(t−s).

Hence, denoting f(t, s) = f̃(s)Θ(t− s),

u(t, s) = (δ(t− s)− f̃(s)Θ(t− s))−⋆ ⋆Θ(t− s)

= (R⋆(f))(t, s) ⋆Θ(t− s)

= (R⋆(f) ⋆Θ)(t, s).

Remark 1.14. Analogously, we can express the solution as follows:

u(t, s) = Θ(t− s) ⋆ (δ(t− s)− f̃(t)Θ(t− s))−⋆

= (Θ ⋆ R⋆(ft))(t, s),

where ft(t, s) = f̃(t)Θ(t− s). By Proposition 1.12 we get

(R⋆(f) ⋆Θ)(t, s) = (δ(t− s)− f̃(s)Θ(t− s))−⋆ ⋆Θ(t− s)

= (δ′(t− s) ⋆ (δ(t− s)− f̃(s)Θ(t− s)))−⋆

= (δ′(t− s)− δ′(t− s) ⋆ f̃(s)Θ(t− s))−⋆

= Θ ⋆ δ′ ⋆ (δ′ − δ′ ⋆ f̃(s)Θ)−⋆

= Θ ⋆ (δ − δ′ ⋆ f̃(s)Θ ⋆Θ)−⋆

= Θ ⋆ (δ − f̃(t)Θ)−⋆

= (Θ ⋆ R⋆(ft))(t, s),

where we have used the property,

δ′ ⋆ f̃(s)Θ ⋆Θ = f̃(s)δ ⋆Θ =

∫
I
f̃(τ)δ(t− τ)Θ(τ − s)dτ = f̃(t)Θ(t− s) = ft(t, s).

1.4 Extension to the Vector Case

As we mentioned earlier, we can extend what we have said in the previous sections

for the scalar problem to the vector and matrix cases, which naturally arise when dealing

with systems of differential equations. This extension is straightforward, and the gen-

eralization turns out to be quite intuitive, although it requires some care. This section

builds upon [1], [4] which serve as our main references in this context. Let us begin by

recalling the matrix problem:

d

dt
Ũs(t) = Ã(t)Ũs(t), Ũs(s) = IN , t ∈ [s, b] ⊂ I, (1.3)



12 1. ⋆-Algebra Reformulation of Non-Autonomous ODEs

where Ã(t) is an N ×N analytic complex matrix-valued function on I, IN is the identity

N ×N matrix. The solution Ũs(t) is an N ×N matrix-valued function known as time-

ordered exponential (TOE), and it does not generally admit a simple analytic expression.

As we did for the scalar case, we can extend it to I×I by setting U(t, s) := Ũs(t)Θ(t−s).
It is known that, when Ã(t) commutes with itself at different times, i.e., Ã(τ1)Ã(τ2) =

Ã(τ2)Ã(τ1), for all τ1, τ2 ∈ I, the TOE can be easily expressed as:

Ũs(t) = exp

(∫ t

s

Ã(τ)dτ

)
.

Indeed, if B(t) =
∫ t

s
Ã(τ)dτ , since Ã(t) commutes with itself, also B(t) will commute,

giving:
d

dt
exp(B(t)) = B′(t) exp(B(t)) = Ã(t) exp(B(t)).

In general, however, Ũs(t) has no known simple expression in terms of Ã(t).

Remark 1.15. Note that condition Ũs(s) = IN is not restrictive, since, given a matrix

B ∈ CN×N , the matrix-valued function Ṽs(t) := Ũs(t)B solves the ODE

d

dt
Ṽs(t) = Ã(t)Ṽs(t), Ṽs(s) = B, t ∈ [s, b] ⊂ I.

Indeed, since B is not time-dependent,

d

dt
Ṽs(t) =

d

dt
Ũs(t)B = Ã(t)Ũs(t)B = Ã(t)Ṽs(t),

and

Ṽs(s) = Ũs(s)B = INB = B,

therefore the result follows from the uniqueness of the solution of the initial value prob-

lem.

Let us begin by defining the extension of the ⋆-product and its properties to the

matrix (vector) case.

Definition 1.16 (⋆-product). If A1(t, s) ∈ A(I)N×L, A2(t, s) ∈ A(I)L×M , i.e., gener-

ally rectangular, matrices whose elements are distributions in A(I),

(A1 ⋆ A2)(t, s) :=

∫
I
A1(t, τ)A2(τ, s)dτ.

Remark 1.17. Equivalently, considering the square matrices and developing the matrix

product inside the integral, for A(t, s) = [aij]
N
i,j=1 and B(t, s) = [bij]

N
i,j=1 with aij, bij ∈

A(I), we obtain

(A1 ⋆ A2)ij(t, s) =
[∫

I

A1(t, τ)A2(τ, s) dτ
]
ij
=

N∑
k=1

∫
I

aik(t, τ) bkj(τ, s) dτ

=
N∑
k=1

aik(t, ·) ⋆ bkj(·, s).
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Proposition 1.18. (A(I)N×N ,+, ⋆, δIN) is a unitary, associative algebra in C, with

the identity element with respect to ⋆-multiplication given by 1⋆ = δ(t− s)IN . Moreover

(AΘ(I)N×N ∪ {δIN},+, ⋆, δIN) is a unitary, associative sub-algebra of A(I).

Proof. The same computations as those carried out in the proof of Proposition 1.11 apply

here, where if A(t, s) = Ã(t)Θ(t − s) and B(t, s) = B̃(t)Θ(t − s) are two elements of

AΘ(I)N×N , with Ã(t) and B̃(t) analytic complex matrix-valued functions, then Ã(t) +

B̃(t) = (Ã + B̃)(t) is the standard matrix sum, and αÃ(t) = (αÃ)(t) for α ∈ C is the

standard elementwise scalar multiplication.

We now show how the solution to our problem can be expressed using the ⋆-algebra

on matrices.

Definition 1.19 (⋆-resolvent). The ⋆-resolvent of A(t, s) ∈ (AΘ(I))N×N is defined as

R⋆(A) :=
∞∑
j=0

A⋆j = A⋆0 + A⋆1 + A⋆2 + · · ·+ A⋆j + · · · = (δIN − A)−⋆,

where, by convention, A⋆0(t, s) = δ(t− s)IN , that is the ⋆- product identity in that class,

A⋆1(t, s) = A(t, s) and A⋆j(t, s) = A(t, s) ⋆ · · · ⋆ A(t, s) j times, for j ≥ 2, (t, s) ∈ I × I.

Proposition 1.20. The solution of the problem (1.3) can be given as:

U(t, s) = Θ(t− s) ⋆ R⋆(A)(t, s), (1.4)

where A(t, s) = Ã(t)Θ(t− s) and R⋆(A) is the ⋆-resolvent of A.

Proof. The same computations are shown in Proposition 1.13 and Remark 1.14; it suffices

to replace u and f by U and A, recalling that the ⋆-product identity for matrices is

δ(t− s)IN .

Remark 1.21. In practical situations, the initial time s of the evolution is fixed (s = 0

for example), and the initial condition is given as a vector v ∈ CN :

d

dt
ũ(t) = Ã(t)ũ(t), ũ(0) = v, t ∈ I. (1.5)

By Remark 1.15 the solution of such a problem, with an initial condition different from

the identity IN , is given by ũ(t) = Ũ(t)v, which corresponds in the ⋆-algebra to u = U⋆vδ,

where u(t, s) = ũ(t)Θ(t − s) and U(t, s) = Ũ(t)Θ(t − s). Using Proposition 1.20 the

solution of the problem (1.5) can be obtained by solving the ⋆-linear equation

ũ(t) = u(t, 0), u = Θ ⋆ x, (δIN − ÃΘ) ⋆ x = vδ, t ∈ I.
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Although the expression (1.4) is compact, the ⋆-resolvent definition hides an infinite

series of nested integrals. Therefore, at first sight, it does not seem like a convenient

expression. In the next chapter, we will effectively solve this problem by showing that

it is possible to approximate the ⋆-product by the usual matrix-matrix product between

matrices. Consequently, the expression (1.4) can be approximated relatively efficiently

by solving a linear system. In summary, the ⋆-algebra provides a unified and compact

framework for expressing the solution of both scalar and matrix non-autonomous linear

ODEs as an algebraic equation. This formulation will serve as the foundation for the

discretization strategy presented in the next chapter.



Chapter 2

Discretization of the ⋆-Product and

the Resulting Linear System

In the previous chapter, we expressed the solution of the ODE using a linear equa-

tion in the ⋆-algebra. However, this formulation is not particularly convenient, since the

definition of the ⋆-resolvent hides an apparently infinite number of nested integrals. The

goal of this chapter is therefore to transform these ⋆-algebra operations into operations

in the usual matrix algebra, by discretizing the problem using (shifted and rescaled)

orthonormal Legendre polynomials, although other approaches are being studied, such

as changing the polynomial basis to a Fourier basis, for instance. After introducing some

preliminary notions, we will present an important result showing that the ⋆-product be-

tween two functions can be approximated by the classical matrix-matrix product of their

corresponding Legendre coefficient matrices. This will allow us to compute the solution

in a simple and computationally cheap way, by solving an ordinary linear system in the

matrix algebra. As in the previous chapter, we will distinguish the scalar case (Section

2.1) from the matrix case (Section 2.2) to make the exposition clearer and to show that

the transition from one to the other is straightforward. Finally, in Section 2.2.1, we will

see how, in the vector case, the linear system obtained from the discretization can be

rearranged into a matrix equation, and how this reformulation can provide certain ad-

vantages. In the next chapter, we will discuss numerical methods for solving this matrix

equation. The main references for this chapter are, in general, [2] for the polynomial

discretization and the computation of the coefficients, [6] for the scalar case, and [1] for

the vector case and the reformulation of the problem as a matrix equation.

15
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2.1 The Scalar Case

Consider a sequence of orthonormal polynomial functions {pk}k over our bounded

interval I, i.e., ∫
I
pk(τ)pl(τ)dτ =

0, if k ̸= l,

1, if k = l,

so that {pk}k is a basis for the space of analytic functions on I. Note that the functions
pk are not in A(I), hence we cannot (formally) ⋆-multiply them. Consider a function

f ∈ AΘ(I), namely f(t, s) = f̃(t, s)Θ(t − s), that is piecewise analytic since it has a

discontinuity for t = s. We can use the basis {pk}k to expand f into the series

f(t, s) =
∞∑
k=0

∞∑
l=0

fk,lpk(t)pl(s), t ̸= s, t, s ∈ I, (2.1)

with coefficients

fk,l =

∫
I

∫
I
f(τ, ρ)pk(τ)pl(ρ)dρdτ.

In this thesis, the basis {pk}k is chosen as the sequence of shifted and rescaled orthonor-

mal Legendre polynomials over I = [a, b] (e.g., [9]), but different choices can be made,

for instance by using the Fourier basis.

If we consider the following infinite-size matrix and vector

F :=


f0,0 f0,1 · · ·
f1,0 f1,1 · · ·
...

...
. . .

 φ(τ) :=


p0(τ)

p1(τ)
...

 ,

by the definition of matrix-vector product, we get the matrix representation of the series:

f(t, s) = φ(t)⊤Fφ(s), t, s ∈ I, t ̸= s,

where F is known as the coefficient matrix. An algorithm for computing the coefficients

of f̃(t)Θ(t − s) has been developed in [2], where further details on the discretization

based on Legendre polynomials can be found.

Proposition 2.1. Consider f, g ∈ AΘ(I) and their respective infinite-size coefficient

matrices F,G in the Legendre basis. The following properties hold:

1. If f + g = h ∈ AΘ(I), then its coefficient matrix is H = F +G.

2. If f ⋆ g = h ∈ AΘ(I), then, assuming the matrix product is well defined, its

coefficient matrix is H = FG.

3. The coefficient matrix of the ⋆-identity element 1⋆ := δ(t−s) is the identity matrix

I.
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4. If we consider R⋆(f), the ⋆-resolvent of f , its associated matrix of coefficients is

R⋆(F ) = (I − F )−1.

Proof. From the Legendre expansion of f and g, we have f(t, s) = φ(t)⊤Fφ(s), and

g(t, s) = φ(t)⊤Gφ(s), for t, s ∈ I, t ̸= s.

1.

h = f + g =
(
p0(t) p1(t) · · ·

)
F


p0(s)

p1(s)
...

+
(
p0(t) p1(t) · · ·

)
G


p0(s)

p1(s)
...



=
(
p0(t) p1(t) · · ·

)
(F +G)


p0(s)

p1(s)
...

 ,

hence H = F +G.

2.

h = f ⋆ g =

∫
I

(
p0(t) p1(t) · · ·

)
F


p0(τ)

p1(τ)
...

(p0(τ) p1(τ) · · ·
)
G


p0(s)

p1(s)
...

 dτ

=
(
p0(t) p1(t) · · ·

)
F

∫
I


p0(τ)p0(τ) p0(τ)p1(τ) · · ·
p1(τ)p0(τ) p1(τ)p1(τ) · · ·

...
...

. . .

 dτ

G


p0(s)

p1(s)
...

 .

Due to the orthonormality of our polynomial basis {pk}k, the matrix above in the

middle equals the identity matrix

∫
I


p0(τ)p0(τ) p0(τ)p1(τ) · · ·
p1(τ)p0(τ) p1(τ)p1(τ) · · ·

...
...

. . .

 dτ =


1 0 · · ·
0 1 · · ·
...

...
. . .

 .

Thus, we get

h = f ⋆ g =
(
p0(t) p1(t) · · ·

)
FG


p0(s)

p1(s)
...

 ,

that is, the coefficient matrix for h is H = FG, under the assumption that this

matrix product is well defined.

3. Consider the Dirac delta δ(t − s) and its coefficient matrix F = (fk,ℓ)k,ℓ≥0 in the

expansion

δ(t− s) ∼
∑
k,ℓ≥0

fk,ℓ pk(t) pℓ(s),
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By the defining property of the Dirac delta distribution,

fk,ℓ =

∫
I

∫
I

δ(τ − ρ) pk(τ) pℓ(ρ) dρ dτ =

∫
I

pk(τ) pℓ(τ) dτ = δkℓ =

0, if k ̸= l,

1, if k = l,

where in the last equality we used the orthonormality of {pk} on I.
Hence F = (δkℓ)k,ℓ≥0 = I.

4. We have proved in Proposition 1.12, that the ⋆-resolvent of f can be written as

R⋆(f) = (δ − f)−⋆. Moreover, we know that R⋆(f) can be written as δ plus an

element from AΘ. Therefore, using (1), (2), (3) above, the claim follows. See also

[5].

More generally, there is a map between {AΘ(I) ∪ δ,+, ⋆} and a subalgebra of ∞
matrices [5]. However, since we cannot work numerically with infinite matrices, we need

to truncate them in order to obtain a finite-dimensional linear system in the usual matrix

algebra. The series of truncated expansions can be written in matrix form, for t, s ∈ I,
t ̸= s, and some M > 0:

fM(t, s) =
M−1∑
k=0

M−1∑
l=0

fk,lpk(t)pl(s) = φM(t)⊤FMφM(s),

with

FM :=


f0,0 f0,1 · · · f0,M−1

f1,0 f1,1 · · · f1,M−1

...
...

. . .
...

fM−1,0 fM−1,1 · · · fM−1,M−1

 φM(τ) :=


p0(τ)

p1(τ)
...

pM−1(τ)

 .

We can also rewrite the properties of the Proposition 2.1 in terms of finite-size truncated

matrices, for example, if h = f ⋆ g, we can approximate the coefficient matrix H ≈
HM := FMGM , where we recall that H is the matrix containing the coefficients hk,l =∑∞

j=0 fk,jgj,l. This approximation is affected by a truncation error. Therefore, fixing

k and l, if the magnitude of the product fk,j · gj,l does not decay quickly enough for

j −→ ∞, then the truncation error (H)k,l−(HM)k,l can be too large for practical purposes.

Luckily, since f ∈ AΘ(I), if we choose the shifted orthonormal Legendre polynomials, it

was proved in [2] that FM and GM are numerically banded, i.e., most of their significant

entries are concentrated around the main diagonal, while the elements far from the

diagonal are really close to zero. Hence M does not need to be large to reach a small

truncation error in the approximation.
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Example 2.2 (Truncating a (numerically) banded coefficient matrix). Let us con-

sider the coefficient matrix for the Heaviside function Θ, that is T ∈ C∞×∞ tridiagonal

infinite-size with entries

T =


α1 γ1 0 0 · · ·
β2 α2 γ2 0 · · ·

0 β3 α3 γ3
. . .

...
. . . . . . . . .

 ,

When truncating the infinite matrix to its leading M ×M block TM , the entry (M,M+

1) = γM is omitted. As a result, for a coefficient vector c = (c1, c2, . . . )
T we have

(Tc)M = βM cM−1 + αM cM + γM cM+1, (TMc1:M)M = βM cM−1 + αM cM ,

with the notation c1:M = (c1, c2, . . . , cM)T standing for the 1 to M components of a

vector. Hence, the truncation error is localized in the last component:

∥(Tc)1:M − TMc1:M∥ = |(Tc)M − (TMc1:M)M | = |γM cM+1|.

To reduce this error’s propagation, we set to zero all matrix entries with column index

larger than M , starting from the last affected row (row M) downwards (see Figure 2.1).

set to zero below this line (out-of-range couplings)
γM

Figure 2.1: Truncation to size M of an infinite tridiagonal matrix with αi (main), γi

(upper), βi (lower). The element (M,M+1) = γM lies outside the M ×M block (red

dot). Consequently, (Tc)M = (TMc1:M)M +γMcM+1, i.e., the truncation error is confined

to the last component. Below the dashed line we set to zero out-of-range couplings.

In general if F = [Fij] is a numerically banded coefficient matrix (like the ones

arising from the discretization of our problem) with upper bandwidth β in the sense that

|Fij| ≲ ε for j− i > β (beyond numerical tolerance), we will truncate to size M and zero

all entries (i, j) with j > M − 1 and i ≥M −β (i.e., from the row where the upper band
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upper band touches right boundary

all elements below this line are set to zero

Figure 2.2: Numerically banded matrix (upper bandwidth β = 3). When truncating at

size M , the upper band touches the right boundary at row M − β. All elements below

this horizontal line are set to zero, keeping the truncation error localized and preventing

accumulation.

meets the right boundary downward), as shown in Figure 2.2. This procedure helps to

keep the truncation error controlled and to reduce its accumulation [2].

We must now discuss the convergence behavior of the series in eq. (2.1). Indeed, since

f is discontinuous for t = s, the expansion may not converge quickly (or not converge

at all) to f(t, s), for every t, s ∈ I. Nevertheless, fixing s = a, the left endpoint of the

interval, the univariate function f(t, a) = f̃(t)Θ(t−a) = f̃(t), is analytic, hence smooth,

over I = [a, b]. Therefore,

f(t, a) =
∞∑
k=0

akpk(t) =
∞∑
k=0

pk(t)
∞∑
l=0

fk,lpl(a).

As a consequence, we can approximate the function f(t, a) by the expression f(t, a) =

φM(t)⊤FMφM(a), and expect to reach a small enough accuracy for a relatively small M .

Let us now return to our problem and try to discretize the expression of the solution

via Legendre polynomials, as described above. We recall that:

d

dt
u(t, s) = f̃(t)u(t, s), u(s, s) = 1, t, s ∈ I, for u(t, s) = ũs(t)Θ(t− s), (2.2)

with its solution in the ⋆-algebra given, as highlighted in Remark 1.14, by

u(t, s) = Θ(t− s) ⋆ R⋆(f).

Using Proposition 2.1, we see that the coefficient matrix UM related to the function

above u(t, s) ≈ φM(t)⊤UMφM(s), can be approximated by

UM = TM(IM − FM)−1,
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where TM is the coefficient matrix of Θ(t − s), and FM is the coefficient matrix of

f(t, s) = f̃(t)Θ(t− s), with f̃(t) from problem (2.2). Since u(t, s) ∈ AΘ(I), for s = a we

can approximate the solution of (2.2) by the formula

u(t, a) = ua(t) = φM(t)⊤UMφM(a) = φM(t)⊤TM(IM − FM)−1φM(a).

Hence, if we solve the linear system

(IM − FM)x = φM(a),

the vector uM = TMx will contain the approximated expansion coefficients of the solution

ua(t), which will be constructed by

ua(t) = φM(t)⊤uM , for every t ∈ I.

Assuming the linear system can be computed exactly, in [2] it was proved that the

truncation error can be kept at a desired precision as long as M is large enough. We

remark that ua(t) =
∑M−1

i=0 ĉipi(t), with the coefficients ĉ0, ..., ĉM−1 components of the

vector uM = TMx, approximation of the first M Legendre coefficients of the solution

u(t). Therefore the resulting method is a spectral method, with a super-linear convergence

asymptotically with M .

2.2 Vector-Valued Discretization

The approximation in the scalar case can be easily extended to the matrix one.

Indeed, if we consider A(t, s) = [ai,j(t, s)]
N
i,j=1 ∈ AΘ(I)N×N , N×N matrix with elements

aij(t, s) ∈ AΘ(I), then for each aij, we can compute the related (truncated) coefficient

matrices F
(i,j)
M as we did for the scalar case, obtaining the block matrix

AM =


F

(1,1)
M · · · F

(1,N)
M

...
. . .

...

F
(N,1)
M · · · F

(N,N)
M

 ∈ CMN×MN . (2.3)

Proposition 2.3. Given the N ×N matrices A(t, s), B(t, s), C(t, s) ∈ AΘ(I)N×N such

that C(t, s) = A(t, s)⋆B(t, s), and let their coefficient matrices be, respectively, AM ,BM , CM .

Then, analogously to the scalar case, CM is approximated by

CM ≈ AMBM .

Proof. Let

A(t, s) = [aij(t, s)]
N
i,j=1, B(t, s) = [bij(t, s)]

N
i,j=1,
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with aij, bij ∈ AΘ(I), and define

C(t, s) = A(t, s) ⋆ B(t, s).

By definition of the ⋆-product for matrices, as noted in Remark 1.17, we have

Cij(t, s) =
N∑
k=1

aik(t, ·) ⋆ bkj(·, s), i, j = 1, . . . , N. (2.4)

For each pair (i, j) we expand aij and bij in the chosen orthonormal basis on I (for

instance, the shifted Legendre polynomials), and denote by

F
(i,j)
M , G

(i,j)
M ∈ CM×M ,

the corresponding truncated coefficient matrices. Collecting all blocks together, we ob-

tain

AM =


F

(1,1)
M · · · F

(1,N)
M

...
. . .

...

F
(N,1)
M · · · F

(N,N)
M

 , BM =


G

(1,1)
M · · · G

(1,N)
M

...
. . .

...

G
(N,1)
M · · · G

(N,N)
M

 .
From the scalar case (Proposition 2.1) we know that, at the level of coefficients, the

⋆-product corresponds to the matrix product of the truncated coefficient matrices:

aik ⋆ bkj ≈ φM(t)⊤F
(i,k)
M G

(k,j)
M φM(s). (2.5)

Applying formula (2.5) to each term of eq. (2.4), the truncated coefficients of block Cij

satisfy

H
(i,j)
M ≈

N∑
k=1

F
(i,k)
M G

(k,j)
M .

This is precisely the rule for the multiplication of block matrices. Defining CM =

[H
(i,j)
M ]i,j, we thus have

CM ≈ AM BM .

As a consequence, also in the matrix case, the ⋆-algebra can be approximated by the

usual matrix algebra, as summarized in the last two columns of Table 2.1.
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⋆-operations Matrix operations ⋆-operations Matrix operations

f(t, s) ∈ AΘ(I) FM ∈ CM×M A(t, s) ∈ AΘ(I)N×N AM ∈ CMN×MN

q = f ⋆ g QM = FMGM C = A ⋆ B CM = AMBM

f + g FM +GM A+B AM + BM

1⋆ := δ(t− s) IM , identity matrix 1⋆ := δ(t− s)IN IMN , identity matrix

f−⋆ F−1
M A−⋆ A−1

M

R⋆(f) := (1⋆ − f)−⋆ R(FM ) := (I − FM )−1 R⋆(A) := (1⋆ −A)−⋆ R(AM ) := (IMN −AM )−1

Table 2.1: The ⋆-algebra operations and the corresponding matrix algebra operations

after discretization, scalar case (first two columns) and matrix case (last two columns)

[1].

We now introduce the definition of the Kronecker product and some of its fundamental

properties, which will be useful for the description of the solution to the vector problem.

Definition 2.4 (Kronecker product). Let A = [aij] ∈ Cm×n and B = [bij] ∈ Cp×q.

The Kronecker product of A and B, denoted by A ⊗ B, is the block matrix of size

(mp)× (nq) defined as

A⊗B =


a11B a12B · · · a1nB

a21B a22B · · · a2nB
...

...
. . .

...

am1B am2B · · · amnB

 ∈ C(mp)×(nq).

Proposition 2.5 (Kronecker product properties). Let A,B,C,D be real (or com-

plex) matrices of compatible dimensions. Then:

1. Linearity.

(A+B)⊗ C = A⊗ C + B ⊗ C, A⊗ (C +D) = A⊗ C + A⊗D.

2. Mixed-product property. If the usual matrix products AB and CD are well defined,

then

(AB)⊗ (CD) = (A⊗ C)(B ⊗D).

3. Vectorization identity. For A ∈ Rm×n, X ∈ Rn×p, and B ∈ Rp×q,

vec(AXB) = (B⊤ ⊗ A) vec(X),

where vec(X) denotes the vectorization of X, i.e., the vector obtained by stacking

the columns of X into a single vector, one on top of each other.
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Proof. (1) Linearity. Write A = [aij], B = [bij], and let C have compatible size. By the

block definition of the Kronecker product,

(A+B)⊗ C =


(a11 + b11)C · · · (a1n + b1n)C

...
. . .

...

(am1 + bm1)C · · · (amn + bmn)C



=


a11C · · · a1nC
...

. . .
...

am1C · · · amnC

+


b11C · · · b1nC
...

. . .
...

bm1C · · · bmnC

 ,
which equals A⊗C +B ⊗C. The proof of A⊗ (C +D) = A⊗C +A⊗D is analogous.

(2) Mixed-product property. Let A ∈ Rm×n, B ∈ Rn×r, C ∈ Rp×q, and D ∈ Rq×s.

Using the entrywise characterization (A⊗C)(i,α),(j,β) = aij cαβ and ordinary matrix mul-

tiplication,

[
(A⊗C)(B ⊗D)

]
(i,α),(j,β)

=
n∑

k=1

q∑
γ=1

(A⊗C)(i,α),(k,γ) (B ⊗D)(k,γ),(j,β) =
∑
k,γ

aikcαγ bkjdγβ.

Rearranging the sums gives(∑
k

aikbkj

)(∑
γ

cαγdγβ

)
= (AB)ij (CD)αβ =

[
(AB)⊗ (CD)

]
(i,α),(j,β)

,

hence (A⊗ C)(B ⊗D) = (AB)⊗ (CD).

(3) Vectorization identity. Let A ∈ Rm×n, X ∈ Rn×p, B ∈ Rp×q, and recall that vec(·)
stacks columns. The (i, k)-entry of AXB is

(AXB)ik =
n∑

j=1

p∑
ℓ=1

aij xjℓ bℓk.

On the other hand, by the Kronecker entry rule,[
(B⊤⊗ A) vec(X)

]
(i,k)

=
∑
j,ℓ

(B⊤⊗ A)(i,k),(j,ℓ) xjℓ =
∑
j,ℓ

(B⊤)kℓAij xjℓ =
∑
j,ℓ

aij xjℓ bℓk.

The coordinates coincide for all i, k, hence vec(AXB) = (B⊤ ⊗ A) vec(X).

We recall now our differential problem in the matrix form, i.e.,

d

dt
U(t, s) = Ã(t)U(t, s), U(s, s) = IN , for t, s ∈ I, (2.6)

with solution written in the ⋆-algebra as

U(t, s) = Θ(t− s) ⋆ R⋆(A)(t, s). (2.7)
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The matrix-valued function U(t, s) is composed of elements from AΘ(I), therefore, we
can define the related (truncated) coefficient matrix UM as in formula (2.3). Then the

expression (2.7) can be approximated by

UM = (IN ⊗ TM)(IMN −AM)−1,

where ⊗ is the Kronecker product, TM is the coefficient matrix of Θ(t − s), and AM is

the coefficient matrix of A(t, s) = Ã(t)Θ(t− s) with Ã(t) from equation (2.6).

Moreover, we can approximate the solution of the problem (2.6) for s = a by the

formula:

U(t, a) = (IN ⊗ φM(t)⊤)(IN ⊗ TM)(IMN −AM)−1(IN ⊗ φM(a))

= (IN ⊗ φM(t)⊤TM)(IMN −AM)−1(IN ⊗ φM(a)),

where in the second equality we have used the Kronecker property stated in Proposition

2.5. Note that, as we explained for the scalar case, the approximation converges quickly

enough to the solution only when s is the left endpoint of the interval I, i.e., s = a.

Remark 2.6. As noted in Remark 1.21, in some practical situation the initial time of the

evolution is fixed and set equal to zero, s = a = 0, and the initial condition is given as

a vector v ∈ CN ,

d

dt
ũ(t) = Ã(t)ũ(t), ũ(0) = v, t ∈ I. (2.8)

Therefore, using the expression above, the solution to such a problem is given by

u(t) = U(t, 0)v = (IN ⊗ φM(t)⊤TM)(IMN −AM)−1(IN ⊗ φM(0))v

= (IN ⊗ φM(t)⊤TM)(IMN −AM)−1(v ⊗ φM(0)).

Then, solving the linear system

(IMN −AM)x = v ⊗ φM(0), (2.9)

one can approximate the solution of the problem (2.8) in terms of its Legendre coefficients

uM := (IN ⊗ TM)x, that is,

u(t) = (IN ⊗ φM(t)⊤TM)(IMN −AM)−1(v ⊗ φM(0))

= (IN ⊗ φM(t)⊤TM)x

= (IN ⊗ φM(t)⊤)(IN ⊗ TM)x

= (IN ⊗ φM(t)⊤)uM .

Therefore, once the Legendre coefficients of the solution have been computed, the

solution itself can be reconstructed at any given time t ∈ I by multiplying on the left
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by IN ⊗ φM(t)⊤. The method is global: it does not require a discretization of the time

interval, as the solution is expressed in terms of its Legendre expansion coefficients, i.e.,

in the “frequency” domain.

The discretization of the ⋆-product in the vector case has allowed us to reformulate

the continuous problem as a linear system in the standard matrix algebra. By expanding

the entries of A(t, s) in the Legendre basis and assembling the global coefficient matrix

AM ∈ CMN×MN , we have finally obtained a formulation expressed entirely in terms of

familiar objects. The resulting linear system, while simple in form, can be extremely

large. Since Kronecker products are involved, the system’s size grows as MN ×MN ,

and in practical scenarios both N (the size of the original ODE system) and M (the

number of expansion coefficients required for a prescribed accuracy) may be sizeable,

leading to memory requirements and computational costs that render any direct solu-

tion prohibitively expensive. Therefore, even though we have succeeded in expressing

the problem as a linear system, this system cannot be solved via a direct numerical

approach. The matrix, despite its structure, cannot be explicitly formed nor stored for

realistic choices ofM and N . It is thus necessary to reformulate the problem once again,

passing from its vectorized representation to a matrix equation, drastically reducing both

computational cost and memory usage.

In the next section, we will show that such a reformulation not only avoids the

explicit matrix construction and the expensive operations, but also enables the use of

more efficient iterative methods exploiting the matrix structure. This final reformulation

is therefore essential to make the discretized ⋆-product in the vector case numerically

feasible.

2.2.1 From Discretization to Matrix Equations

Consider the matrix-valued function Ã(t) in expression (2.6) in the form

Ã(t) =
d∑

k=1

Akf̃k(t), (2.10)

with f̃1, ..., f̃d distinct scalar functions and A1, ..., Ad constant matrices, d > 0. Note that,

since Ã(t) = [ãij(t)]
N
i,j=1 ∈ AΘ(I)N×N with ãij analytic, we can always approximate it

by a truncated expansion in a basis {f̃k}, obtaining:

Ã(t) = [ãij(t)]
N
i,j=1 =

d∑
k=1

[c
(k)
ij ]i,j f̃k(t) =

d∑
k=1

Akf̃k(t).
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In many applications, as we will see, d is small. Then exploiting expression (2.10), the

block coefficient matrix in (2.3) of A(t, s) = Ã(t)Θ(t− s) becomes

AM =
d∑

k=1

Ak ⊗ F
(k)
M , (2.11)

with F
(k)
M the coefficient matrix of f̃k(t).

Proposition 2.7. In the notation previously introduced for problem (2.8), the solution

x of the linear system (2.9)

(IMN −AM)x = v ⊗ φM(0),

can be rewritten as

X −
d∑

k=1

F
(k)
M XA⊤

k = φM(0)v⊤, x = vec(X). (2.12)

Proof. By replacing AM with its expression in (2.11) and denoting x = vec(X), we get(
IMN −

d∑
k=1

Ak ⊗ F
(k)
M

)
vec(X) = v ⊗ φM(0).

Then, using the fact that v ⊗ φM(0) = vec(φM(0)v⊤) we obtain

vec(X)−
d∑

k=1

(Ak ⊗ F
(k)
M )vec(X) = vec(φM(0)v⊤).

Thanks to the property stated in Proposition 2.5, we can rewrite as

vec(X)−
d∑

k=1

vec(F
(k)
M XA⊤

k ) = vec(φM(0)v⊤),

and by linearity and invertibility of the vec map the claim follows

X −
d∑

k=1

F
(k)
M XA⊤

k = φM(0)v⊤.

Remark 2.8. The matrix equation (2.12) has a rank-1 right-hand side φM(0)v⊤. This

suggests that the solution X may have a low numerical rank. Indeed, as observed in [1],

varying k, the numerical rank of X typically increases slowly with the size of X. This

low-rank property is of fundamental importance and will be exploited in the numerical

methods used to solve the matrix equation, helping us to achieve gains in terms of

memory usage and computational cost.
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As we mentioned earlier, in terms of computational cost, it is preferable to compute

these matrix-matrix products of size M ×M , N ×N , or M ×N , rather than trying to

solve a linear system of sizeMN ×MN , which in some cases cannot even be formed due

to memory limitations.

In the literature, there already exist direct and iterative methods for solving matrix

equations that have only two terms on the left-hand side, such as Sylvester, Stein and

Lyapunov equations. In the next chapter, we will discuss the numerical methods used to

solve multiterm linear equations in general, which involve d + 1 terms on the left-hand

side, like our matrix equation (2.12), which can be seen as a generalized Stein equation.



Chapter 3

Numerical Methods for Multiterm

Matrix Equations

In the previous chapter, we have shown that the ⋆-approach applied to a system of

non-autonomous ordinary differential equations, after discretization, leads to the solution

of a linear system, which can also be formulated as a matrix equation. For this reason,

in the present chapter, we introduce, in Section 3.1, the more general class of multiterm

matrix equations, highlighting the differences with respect to more classical and well-

known special cases. In this section, we refer to [10], which provides an overview of

the main methods and theoretical results for the solution of matrix equations, with

a focus on Sylvester and Lyapunov-type problems. After reformulating the multiterm

matrix equation as a linear system, we then discuss a numerical solution strategy. In

particular, Section 3.2 is devoted to the presentation of Krylov subspace methods, with

a particular focus on the BiCG and BiCGSTAB algorithms, first in the vector setting

and subsequently in the matrix formulation. We take [11] as the main reference for that

section.

3.1 Linear Multiterm Matrix Equations

As underlined in [10], linear matrix equations have received considerable attention

since the early 1900s, and their study is still ongoing because they arise from many

different applications, from statistics to dynamical systems and control theory to, as we

will see in the next chapter, nuclear magnetic resonance in chemistry, for example. We

consider linear multiterm matrix equations of the form

d∑
i=1

AiXBi = fg⊤, (3.1)

29
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where Ai ∈ Rn×n and Bi ∈ Rm×m are given matrices, X ∈ Rn×m is the unknown matrix

and f ∈ Rn, g ∈ Rm are given vectors. Therefore we focus on the particular case where

the right-hand-side is a rank-one matrix.

For d = 2, under certain conditions on the coefficient matrices, equation (3.1) has a

unique solution with available elegant and explicit closed forms. Several efficient algo-

rithms have been implemented for the solution of problem (3.1), especially in the case

of Stein (A1 and B1 are equal to the identity matrix), Sylvester (B1 and A2 are equal to

the identity matrix) and Lyapunov (in addition B2 = A⊤
1 ) equations, where the litera-

ture is particularly rich since they have been extensively studied over the past decades.

Many computational approaches and numerical methods for this type of equations can

be found in [10].

On the other hand, for the more general case d > 2, this is no longer true. Indeed, the

multiterm matrix equation (3.1) is considerably more difficult to analyze, and necessary

and sufficient conditions for the existence and uniqueness of the solution X, formulated

in terms of the coefficient matrices {Ai} and {Bi}, are hard to derive, except for some

very special cases [12]. While, from a theoretical viewpoint, the importance of explicitly

taking into account the structure of the problem has been acknowledged [13], the same

cannot be said for computational strategies, especially in the large-scale setting. The al-

gorithmic approach most commonly employed for problem (3.1) consists of transforming

the matrix equation into a vectorized form by means of the Kronecker product. However,

the need for low-complexity solution methods becomes particularly compelling whenever

one or both of the matrices Ai and Bi are of large sizes. Kronecker-based formulations

were eventually abandoned as core methods for the problem in the case d = 2, once algo-

rithms with computational complexity growing only as a modest power of the coefficient

matrices’ dimensions became available. The development of efficient numerical solvers

for problem (3.1) in the more general case therefore represents the next frontier in the

study of linear matrix equations, and for that reason it is the main focus of this chapter.

Let us now try to reformulate the matrix problem as a linear system by means of

vectorization, exploiting the definition of the Kronecker product. By the properties

underlined in Proposition 2.5 and following the steps made in the proof of Proposition

2.7, we have that:

d∑
i=1

AiXBi = fg⊤ ⇐⇒ (
d∑

i=1

B⊤
i ⊗ Ai)vec(X) = g ⊗ f.

Hence, defining the matrix

L :=
d∑

i=1

B⊤
i ⊗ Ai ∈ Rnm×nm,
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the problem (3.1) is equivalent to solving the linear system of dimension nm

Lvec(X) = g ⊗ f. (3.2)

For large matrix dimensions, explicitly forming the coefficient matrix L is computation-

ally infeasible due to memory constraints, and for this reason, in many applications the

coefficient matrix of the vectorized linear system is not constructed; instead, its action

on a vector is computed through the original linear matrix equation. Indeed, we have

seen that if we define the linear operator

L(X) :=
d∑

i=1

AiXBi,

since vec(L(X)) = Lvec(X), solving the linear system (3.2) is equivalent to

L(X) = fg⊤.

Notice that forming the vectorized coefficient matrix L ∈ Rnm×nm is prohibitively ex-

pensive: in the dense case it would require O
(
(nm)2

)
storage (and comparable cost to

manipulate). However, applying the associated matrix operator L(X) to X ∈ Rn×m

can be carried out without forming L, at a cost O
(
d(n2m + nm2)

)
in the dense case.

Furthermore, if the matrices Ai and Bi are sparse or structured, the application of L can

be carried out at a lower cost, which can be expressed in terms of its number of nonzero

elements. For this reason, we seek iterative methods that require only the action of the

operator, i.e., the evaluation of L(X), rather than the explicit construction of L. This

naturally leads to Krylov subspace methods for non-symmetric linear systems, which we

will describe in the next section.

3.2 Krylov Subspace Methods

In the present section, following [11], we introduce a class of iterative projection

methods that are particularly effective for solving linear systems of the form

Ax = b, A ∈ Rn×n, b ∈ Rn, x ∈ Rn,

especially when the coefficient matrix A is large, sparse, and possibly non-symmetric.

These methods are known as Krylov subspace methods. We will first describe them in the

general setting of linear systems, and then move on to the matrix case, since, as we said

before, the linear system shown in equation (3.2) is often computationally intractable

and we want to replace its coefficient matrix with the action of a linear matrix operator

L. In both cases, we will focus on the Biconjugate Gradient (BiCG) algorithm and on

its stabilized version, BiCGSTAB.
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In a general projection method, at iteration m one looks for an approximation xm

such that

xm ∈ x0 + Sm, rm = b− Axm ⊥ Cm,

where Sm denotes the search space and Cm the constraint space. In Krylov methods, the

search space is chosen as a Krylov subspace associated with the matrix A and the initial

residual r0 = b− Ax0 of dimension m, which is defined as

Km(A, r0) = span{r0, Ar0, A2r0, . . . , A
m−1r0},

while the constraint space could be chosen equal or different from the search space,

depending on whether A is symmetric (Cm = Sm) or not (Cm ̸= Sm). The various

Krylov subspace methods differ according to the choice of these spaces. Therefore,

these methods construct approximate solutions by projecting the original problem onto

a sequence of nested subspaces generated by repeated applications of the matrix A to

the initial residual. Their main advantage lies in the fact that they only require matrix-

vector products, making them well suited for large-scale problems where direct methods

would be computationally prohibitive.

An orthogonal basis of the Krylov subspace Km could be built in general by Arnoldi’s

procedure, or by Lanczos’s one in the symmetric case. In exact arithmetic, a variant of

Arnoldi’s algorithm is given by Algorithm 1.

Algorithm 1 Arnoldi [11].

1: Choose a vector v1, such that ∥v1∥2 = 1

2: For j = 1, 2, . . . ,m Do:

3: Compute hij = (Avj, vi) = v⊤i Avj for i = 1, 2, . . . , j

4: Compute wj := Avj −
∑j

i=1 hijvi

5: hj+1,j = ∥wj∥2
6: If hj+1,j = 0 then Stop

7: vj+1 = wj/hj+1,j

8: EndDo

At each step, Algorithm 1 multiplies the previous Arnoldi vector vj by A and then

orthonormalizes the resulting vector wj against all previous vectors vi using a standard

Gram-Schmidt procedure. The algorithm ends if the vector wj computed in line 4 van-

ishes.

Remark 3.1. If we assume that Algorithm 1 does not stop before the m-th step, then

the vectors v1, v2, ..., vm form an orthonormal basis of the Krylov subspace Km(A, v1).

Proposition 3.2. [11] Denote by Vm the n×m matrix with column vectors v1, . . . , vm,

by H̄m the (m + 1) × m Hessenberg matrix whose nonzero entries hij are defined by
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Algorithm 1, and by Hm the matrix obtained from H̄m by deleting its last row. Then the

following relations hold:

AVm = VmHm + wme
⊤
m (3.3)

= Vm+1H̄m, (3.4)

V ⊤
mAVm = Hm. (3.5)

Proof. Relation (3.4) follows from the equality

Avj =

j+1∑
i=1

hijvi, j = 1, 2, . . . ,m, (3.6)

which is readily derived from lines 4, 5, and 7 of Algorithm 1. Relation (3.3) is a matrix

reformulation of (3.6). Finally, relation (3.5) follows by multiplying both sides of (3.3)

by V ⊤
m and making use of the orthonormality of the vectors {v1, . . . , vm}.

In practical situations, due to the presence of round-off, much can be gained by using

the Modified Gram-Schmidt algorithm instead of the standard Gram-Schmidt algorithm,

obtaining the more reliable formulation given by Algorithm 2.

Algorithm 2 Arnoldi-Modified Gram-Schmidt [11].

1: Choose a vector v1 of norm 1

2: For j = 1, 2, . . . ,m Do:

3: Compute wj := Avj

4: For i = 1, . . . , j Do:

5: hij = (wj, vi)

6: wj := wj − hijvi

7: EndDo

8: hj+1,j = ∥wj∥2
9: If hj+1,j = 0 Stop

10: vj+1 = wj/hj+1,j

11: EndDo

Another algorithm for producing bases of Krylov subspaces is the Lanczos biorthog-

onalization algorithm, which can be viewed as an extension of the symmetric Lanczos

algorithm to non-symmetric matrices. We have already seen the Arnoldi procedure for

that case; however, the non-symmetric Lanczos algorithm is conceptually quite different

from Arnoldi’s method, since it relies on biorthogonal sequences rather than orthogo-

nal ones. The non-symmetric Lanczos algorithm produces a pair of biorthogonal bases

for Km(A, v1) and Km(A
⊤, w1); one possible algorithm for that procedure is given by
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Algorithm 3. If we denote Vm and Wm the tall matrices whose columns are the vec-

tors of the bases of Km(A, v1) = Span{v1, ..., vm} and Km(A
⊤, w1) = Span{w1, ..., wm},

respectively, and we define the matrix

Tm =



α1 β2

δ2 α2 β3
. . . . . . . . .

δm−1 αm−1 βm

δm αm


,

then the following proposition holds.

Proposition 3.3. [11] If the algorithm does not break down before step m, then the

vectors vi, i = 1, . . . ,m, and wj, j = 1, . . . ,m, form a biorthogonal system, i.e.,

(vj, wi) = δij, 1 ≤ i, j ≤ m, or equivalently W⊤
mVm = Im

Moreover, the following relations hold:

AVm = VmTm + δm+1vm+1e
⊤
m, (3.7)

A⊤Wm = WmT
⊤
m + βm+1wm+1e

⊤
m, (3.8)

W⊤
mAVm = Tm. (3.9)

Algorithm 3 Lanczos Biorthogonalization Procedure (Non-Symmetric Lanczos) [11].

1: Choose two vectors v1, w1 such that (v1, w1) = 1

2: Set β1 = δ1 = 0, w0 = v0 = 0

3: For j = 1, 2, . . . ,m Do:

4: αj = (Avj, wj)

5: v̂j+1 = Avj − αjvj − βjvj−1

6: ŵj+1 = A⊤wj − αjwj − δjwj−1

7: δj+1 = (v̂j+1, ŵj+1)
1/2

8: If δj+1 = 0 Stop

9: βj+1 = (v̂j+1, ŵj+1)/δj+1

10: wj+1 = ŵj+1/βj+1

11: vj+1 = v̂j+1/δj+1

12: EndDo

Proof. The biorthogonality of the vectors vi and wi will be proved by induction. By

assumption, (v1, w1) = 1. Assume now that the vectors v1, . . . , vj and w1, . . . , wj are
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biorthogonal, and let us prove that the vectors v1, . . . , vj+1 and w1, . . . , wj+1 are biorthog-

onal.

First, we show that (vj+1, wi) = 0 for i ≤ j. When i = j, we have

(vj+1, wj) = δ−1
j+1

[
(Avj, wj)− αj(vj, wj)− βj(vj−1, wj)

]
.

The last inner product in the above expression vanishes by the induction hypothesis.

The two remaining terms cancel each other out by the definition of αj and the fact that

(vj, wj) = 1.

Consider now the inner product (vj+1, wi) with i < j:

(vj+1, wi) = δ−1
j+1

[
(Avj, wi)− αj(vj, wi)− βj(vj−1, wi)

]
= δ−1

j+1

[
(vj, A

⊤wi)− βj(vj−1, wi)
]

= δ−1
j+1

[
(vj, βi+1wi+1 + αiwi + δiwi−1)− βj(vj−1, wi)

]
.

For i < j−1, all inner products in the above expression vanish by the induction hypoth-

esis. For i = j − 1, we obtain

(vj+1, wj−1) = δ−1
j+1

[
(vj, βjwj + αj−1wj−1 + δj−1wj−2)− βj(vj−1, wj−1)

]
= δ−1

j+1

[
βj(vj, wj)− βj(vj−1, wj−1)

]
= 0.

It can be shown in an analogous way that (vi, wj+1) = 0 for i ≤ j. Finally, by

construction, (vj+1, wj+1) = 1. This completes the induction proof.

The proof of the matrix relations (3.7)-(3.9) is similar to that of the relations (3.3)-

(3.5) in Arnoldi’s method.

The relations (3.7)-(3.9) allow us to interpret the algorithm. The matrix Tm is the

projection of A obtained from an oblique projection process onto Km(A, v1) and or-

thogonal to Km(A
⊤, w1). Similarly, T⊤

m represents the oblique projection of A⊤ onto

Km(A
⊤, w1) and orthogonal to Km(A, v1). From a practical point of view, the Lanczos

algorithm has a significant advantage over Arnoldi’s method because it requires only a

few vectors to store, if no reorthogonalization is performed. Specifically, six vectors of

length n are needed, plus some storage for the tridiagonal matrix, no matter how large

m is. Arnoldi’s method makes long recurrences for the updates, while non-symmetric

Lanczos uses short recurrences, meaning that it only requires the previous two iterates

for the updates and not all the previous ones. On the other hand, there are potentially

more opportunities for serious breakdown with the non-symmetric Lanczos method, since

in Arnoldi’s method only lucky breakdowns can happen.
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3.2.1 The Biconjugate Gradient Method (BiCG)

The Biconjugate gradient method (BiCG) is a suitable Krylov subspace method to

solve the linear system Ax = b, when the matrix A is non-symmetric. Its mathematical

characterization is given by choosing Sm = Km(A, r0) and Cm = Km(A
⊤, r̃0), where

r0 = b−Ax0 is the initial residual associated with the initial guess x0 and r̃0 is a shadow

initial residual selected by the user, typically chosen so that (r̃0, r0) ̸= 0, used to build

the Krylov subspace associated with A⊤. We can derive it starting from Algorithm 3;

indeed, if we denote Vm and Wm the bases for Km(A, r0) and Km(A
⊤, r̃0) respectively,

due to our choice of search space and constraint space, we have

xm = x0 + Vmym, rm = b− Axm = r0 − AVmym,

and imposing the orthogonality condition

W⊤
mrm = 0 ⇐⇒ W⊤

mr0 −W⊤
mAVmym = 0.

Now, using the relation (3.9) from Proposition 3.3, we get Tmym = W⊤
mr0, and choosing

v1 =
r0

∥r0∥ , w1 = v1, we can rewrite everything asTmym = W⊤
m∥r0∥e1,

xm = x0 + Vmym.

Let us consider the LU decomposition of Tm,

Tm = LmUm =



1

ℓ2 1

ℓ3 1
. . . . . .

ℓm 1





u1 β2

u2 β3
. . . . . .

um−1 βm

um


;

comparing the two sides of the expression above, we have for the first diagonal entry,

u1 = α1, while for j = 2, . . . ,m one has

ℓj =
δj
uj−1

,

and

uj = αj − ℓjβj.

We can write now

xm = x0 + Vmym = x0 + VmT
−1
m e1∥r0∥

= x0 + VmU
−1
m L−1

m e1∥r0∥,
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defining Pm = VmU
−1
m and zm the solution of the lower triangular system Lmzm = e1∥r0∥

we get

xm = x0 + Pmzm = x0 + Pm−1zm−1 + αmpm = xm−1 + αmpm,

where αm indicates the last component of the vector zm. Rescaling pm, we obtain

xm+1 = xm + αmpm.

Therefore, the residual update rewrites as

rm+1 = b− Axm+1 = b− A(xm + αmpm) = rm − αmApm. (3.10)

For the dual system, analogously, after defining the matrix P̃m = WmL
−T
m , we will have

r̃m+1 = r̃m − αmA
⊤p̃m.

The scalar αm is obtained imposing the Petrov-Galerkin condition (p̃m, rm+1) = 0; sub-

stituting the expression for the residual (3.10) we get

(p̃m, rm)− αm(p̃m, Apm) = 0 ⇐⇒ αm =
(p̃m, rm)

(p̃m, Apm)
.

From the definition Pm = VmU
−1
m ⇐⇒ Vm = PmUm, if we consider the last column of

Vm, vm, then, since Um is bidiagonal,

vm = pm−1βm + pmum ⇐⇒ pm =
1

um
(vm − βmpm−1).

And since rm is proportional to vm, we can fix pm+1 so that

pm+1 = rm+1 + βmpm.

In the same manner, the definition of P̃m = WmL
−T
m , since L−T

m is an upper bidiagonal

matrix, leads to a two terms recurrence for the dual direction

p̃m+1 = r̃m+1 + βmp̃m,

with the same scalar βm, since it comes from the same LU factorization of Tm. Since,

from

(p̃m, rm) = (r̃m, rm) + βm−1(p̃m−1, rm) = (r̃m, rm),

we obtain

αm =
(r̃m, rm)

(p̃m, Apm)
=

(rm, r̃m)

(Apm, p̃m)
.

Let us carry now the derivation of βm. We have seen that from the BiCG recurrences

we have

rm+1 = rm − αmApm, r̃m+1 = r̃m − αmA
T p̃m. (3.11)
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Taking the inner product of r̃m+1 with rm+1 gives

(r̃m+1, rm+1) = (r̃m, rm+1)− αm(p̃m, Arm+1). (3.12)

Moreover, using pm+1 = rm+1 + βmpm and the bi-orthogonality (Apm+1, p̃m) = 0 (for

m ̸= m+ 1), we obtain

0 = (Apm+1, p̃m) = (Arm+1, p̃m) + βm(Apm, p̃m) =⇒ (p̃m, Arm+1) = −βm(p̃m, Apm).
(3.13)

Substituting (3.13) into (3.12) yields

(r̃m+1, rm+1) = (r̃m, rm+1) + αmβm(p̃m, Apm).

Finally, by the definition of αm,

αm =
(rm, r̃m)

(Apm, p̃m)
=⇒ αm(p̃m, Apm) = (r̃m, rm),

and by bi-orthogonality of the residuals, (r̃m, rm+1) = 0. Therefore,

(r̃m+1, rm+1) = βm(r̃m, rm) =⇒ βm =
(r̃m+1, rm+1)

(r̃m, rm)
.

Based on the derivations above, the BiCG method can be finally summarized as shown

in algorithm 4. If a dual system with A⊤ is being solved, then in line 1 the dual residual

Algorithm 4 Biconjugate Gradient (BiCG) [11].

1: Compute r0 := b− Ax0. Choose r̃0 such that (r0, r̃0) ̸= 0.

2: Set p0 := r0, p̃0 := r̃0.

3: For j = 0, 1, . . . , until convergence Do:

4: αj := (rj, r̃j)/(Apj, p̃j)

5: xj+1 := xj + αjpj

6: rj+1 := rj − αjApj

7: r̃j+1 := r̃j − αjA
⊤p̃j

8: βj := (rj+1, r̃j+1)/(rj, r̃j)

9: pj+1 := rj+1 + βjpj

10: p̃j+1 := r̃j+1 + βj p̃j

11: EndDo

r̃0 should be defined as

r̃0 = b̃− A⊤x̃0,

and the update to the dual approximate solution,

x̃j+1 := x̃j + αj p̃j,
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must be inserted after line 5.

We now want to understand how to adapt the BiCG algorithm to the matrix setting

in order to solve our multiterm linear matrix equation (3.1), which we know is equivalent

to solving the linear system (3.2) L vec(X) = vec(fg⊤) = g⊗f introduced in the previous

section, without forming the coefficient matrix L, whose size would be prohibitively large.

Instead, we apply the method directly to the associated matrix linear operator, which

we recall is

L(X) =
k∑

i=1

AiXBi.

First of all, we define its adjoint operator

L∗(Y ) =
k∑

i=1

A⊤
i Y B

⊤
i ,

where we will have H instead of ⊤ in the complex case. The vectors x, r, r̃, p, p̃ in Algo-

rithm 4 will be substituted by the matrices X,R, R̃, P, P̃ , the euclidean scalar product

(·, ·) by the Frobenius one, defined as ⟨U, V ⟩ := trace(U⊤V ) (or trace(UHV ) in the com-

plex setting) and the matrix-vector multiplication Ap or A⊤p̃ will be replaced by the

application of the operator L(P ) and its adjoint L∗(P̃ ). These modifications lead to the

construction of Algorithm 5.

Algorithm 5 Matrix-form Biconjugate Gradient (BiCG) for L(X) = fg⊤.

1: Set F := fg⊤.

2: Compute R0 := F − L(X0). Choose R̃0 such that ⟨R0, R̃0⟩F ̸= 0.

3: Set P0 := R0, P̃0 := R̃0.

4: For m = 0, 1, . . . , until convergence Do:

5: αm := ⟨Rm, R̃m⟩F/⟨L(Pm), P̃m⟩F
6: Xm+1 := Xm + αmPm

7: Rm+1 := Rm − αmL(Pm)

8: R̃m+1 := R̃m − αmL∗(P̃m)

9: βm := ⟨Rm+1, R̃m+1⟩F/⟨Rm, R̃m⟩F
10: Pm+1 := Rm+1 + βmPm

11: P̃m+1 := R̃m+1 + βmP̃m

12: EndDo

3.2.2 Transpose-Free Variants: CGS and BiCGSTAB

Each step of the Biconjugate Gradient (BiCG) algorithm requires a matrix-vector

product with both A and AT . However, note that the auxiliary vectors p∗i or wj generated
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using AT do not directly contribute to the approximate solution. Rather, they are only

used to compute the scalars required by the iterations αj and βj. This naturally raises

the question of whether it is possible to avoid the explicit use of AT while still producing

iterates closely related to those of BiCG. One motivation is that, in some applications,

A is available only through approximations and not in explicit form; in such cases, the

transpose AT is typically not accessible.

The Conjugate Gradient Squared algorithm (CGS) was developed mainly to avoid

using the transpose of A in the BiCG method and to gain faster convergence for roughly

the same computational cost. The derivation of the method relies on simple algebra

only, starting from Algorithm 4. For the detailed computations for the derivation of the

algorithm to solve Ax = b, which for completeness, we report in Algorithm 6, we refer

to [11]. We can observe that the algorithm involves no matrix-vector products with AT .

Algorithm 6 Conjugate Gradient Squared (CGS) [11].

1: Compute r0 := b− Ax0; choose r
∗
0 (arbitrary) such that (r0, r

∗
0) ̸= 0.

2: Set p0 := u0 := r0.

3: For j = 0, 1, 2, . . . , until convergence Do:

4: αj := (rj, r
∗
0)/(Apj, r

∗
0)

5: qj := uj − αjApj

6: xj+1 := xj + αj(uj + qj)

7: rj+1 := rj − αjA(uj + qj)

8: βj := (rj+1, r
∗
0)/(rj, r

∗
0)

9: uj+1 := rj+1 + βjqj

10: pj+1 := uj+1 + βj(qj + βjpj)

11: EndDo

Instead, at each iteration it performs two matrix-vector products with A. In principle,

this suggests that the method may converge in roughly half as many iterations as BiCG.

Thus, the essential effect is to trade products with AT for additional, and typically more

useful, work with A.

The CGS algorithm is based on squaring the residual polynomial and, in the presence

of irregular convergence, this may cause a significant accumulation of rounding errors, or

even overflow. The Biconjugate Gradient Stabilized (BiCGSTAB) method is a variant

of CGS designed to alleviate these difficulties. A new parameter ωj is introduced to

stabilize or smooth the convergence of the method. Following the computations made in

[11], we can derive Algorithm 7 to solve the linear system Ax = b.

As we did previously for BiCG, we now show how the BiCGSTAB algorithm adapts

to the matrix setting to solve our matrix equation L(X) = fg⊤ (see Algorithm 8). Note
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Algorithm 7 Biconjugate Gradient Stabilized (BiCGSTAB) [11].

1: Compute r0 := b− Ax0; choose r
∗
0 (arbitrary) such that (r0, r

∗
0) ̸= 0.

2: Set p0 := r0.

3: For j = 0, 1, . . . , until convergence Do:

4: αj := (rj, r
∗
0)/(Apj, r

∗
0)

5: sj := rj − αjApj

6: ωj := (Asj, sj)/(Asj, Asj)

7: xj+1 := xj + αjpj + ωjsj

8: rj+1 := sj − ωjAsj

9: βj :=
(rj+1, r

∗
0)

(rj, r∗0)

αj

ωj

10: pj+1 := rj+1 + βj
(
pj − ωjApj

)
11: EndDo

that since BiCGSTAB is a transpose-free method, we do not need the adjoint operator

L∗(Y ).

Algorithm 8 Matrix-form BiCGSTAB for L(X) = fg⊤.

1: Set F := fg⊤.

2: Compute R0 := F − L(X0); choose R
∗
0 (arbitrary) such that ⟨R0, R

∗
0⟩F ̸= 0.

3: Set P0 := R0.

4: For m = 0, 1, . . . , until convergence Do:

5: αm := ⟨Rm, R
∗
0⟩F
/
⟨L(Pm), R

∗
0⟩F

6: Sm := Rm − αmL(Pm)

7: ωm := ⟨L(Sm), Sm⟩F
/
⟨L(Sm),L(Sm)⟩F

8: Xm+1 := Xm + αmPm + ωmSm

9: Rm+1 := Sm − ωmL(Sm)

10: βm :=
⟨Rm+1, R

∗
0⟩F

⟨Rm, R∗
0⟩F

αm

ωm

11: Pm+1 := Rm+1 + βm
(
Pm − ωmL(Pm)

)
12: EndDo

In terms of computational cost, BiCG performs one application of A and one of AT

per iteration (or L and L∗ in the matrix setting), while BiCGSTAB is transpose-free,

but requires two applications of A per iteration. Hence in practice, BiCGSTAB often

exhibits a smoother and more robust convergence behavior, while BiCG may converge

irregularly and is more sensitive to breakdown; consequently, BiCGSTAB is frequently

preferred when the adjoint is unavailable or when stability is a concern, although the

most effective choice remains problem-dependent.
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In large-scale problems, the iterates of both Algorithms 5 and 8 may become expensive

to store and manipulate in full form. This motivates the use of low-rank representations

and truncation strategies, which are introduced in the next section and will be exploited

to keep the computational cost and memory requirements under control.

3.3 Low-Rank Compression Strategies

We recall our linear multiterm matrix equation

d∑
i=1

AiXBi = fg⊤, (3.14)

and since the right-hand side fg⊤ has rank one, it is natural to expect that, for many cases

of practical interest, the solution X has a low numerical rank, as observed numerically

in [1]. However, this behavior is not guaranteed in general and depends primarily on the

spectral properties and the conditioning of the linear operator. In general, if we have a

matrix C ∈ Rn×m with a low rank r ≪ min{m,n}, we can approximate it as

C ≈ UV ⊤,

where U ∈ Rn×r and V ∈ Rm×r. This low-rank representation reduces both storage and

computational costs, since we do not need to store the entire large matrix C, but only

the factors U and V . Therefore, low-rank decompositions allow us to consider larger

problem sizes without running into memory issues during allocations or computations.

For this reason, when applying an iterative method to solve problem (3.14), we aim

to preserve the low-rank structure of the matrix iterates. However, in the BiCGSTAB

algorithm 8, some steps may increase the rank, for example, matrix linear combinations

and the application of the operator L. Therefore, these operations must be performed in

a smart way to not increase the rank while keeping the low-rank representation during

the iterations. In what follows, we assume that the initial guess X0 ∈ Rn×m admits a

low-rank representation, or can be well approximated by one, namely

X0 ≈ X
(1)
0

(
X

(2)
0

)⊤
, X

(1)
0 ∈ Rn×r0 , X

(2)
0 ∈ Rm×r0 ,

with r0 ≪ min{n,m}. Already at the beginning of BiCGSTAB, we need to compute the

initial residual

R0 = fg⊤ − L(X0) = fg⊤ − A1X0B1 − ...− AdX0Bd,

and that leads to rank growth. For this reason, we form R0 in a factored form by applying

a compression step based on a skinny QR factorization followed by a truncated SVD.
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Indeed, we can first rewrite R0 as:

R0 = [f, A1X
(1)
0 , ..., AdX

(1)
0 ]

[
1 0

0 −Ir0d

]
[g,B⊤

1 X
(2)
0 , ..., B⊤

d X
(2)
0 ]⊤,

where Ir0d denotes the identity matrix of size r0d. Then a skinny QR factorization is

performed on the left and right matrices;

Q1R1 = [f, A1X
(1)
0 , ..., AdX

(1)
0 ], Q1 ∈ Rn×(r0d+1), R1 ∈ R(r0d+1)×(r0d+1)

Q2R2 = [g,B⊤
1 X

(2)
0 , ..., B⊤

d X
(2)
0 ], Q2 ∈ Rm×(r0d+1), R2 ∈ R(r0d+1)×(r0d+1).

We denote that the skinny QR factorization can be performed since these matrices are

relatively small and can be allocated, since r0 is small and d in many practical situations

is small. Now, a truncated SVD is executed on the resulting core matrix, obtaining

ŨΣ̃Ṽ ⊤ = R1

[
1 0

0 −Ir0d

]
R⊤

2 , Σ̃ ∈ Rk×k,

where the truncation parameter k is chosen between the index of the last singular value

above a given tolerance and a maximum rank that we do not want to exceed. Finally,

R0 is decomposed in a low-rank form as

R0 = (Q1ŨΣ̃
1/2)(Q2Ṽ Σ̃1/2)⊤ = R

(1)
0 (R

(2)
0 )⊤.

The same strategy will then be applied to the other intermediate quantities generated

within the iterations to control the rank growth. For example, for the solution’s update of

line 8 of Algorithm 8, we have that, assuming that each matrix of the previous iterations

is already in a low-rank form,

Xm+1 = Xm + αmPm + ωmSm

= X(1)
m (X(2)

m )⊤ + αmP
(1)
m (P (2)

m )⊤ + ωmS
(1)
m (S(2)

m )⊤

= [X(1)
m , P (1)

m , S(1)
m ]


IrX 0 0

0 αmIrP 0

0 0 ωmIrS

 [X(2)
m , P (2)

m , S(2)
m ]⊤,

where IrX , IrP , IrS are the identity matrices of sizes rX , rP and rS, which denote the

ranks of Xm, Pm and Sm, respectively. Note that, as before, since rX+rP+rS is small, we

can perform a skinny QR decomposition on the left and right matrices and a truncated

SVD on the resulting core matrix, obtaining

Xm+1 = X
(1)
m+1(X

(2)
m+1)

⊤.
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Each Frobenius inner product is computed in a smart way to not create full matrices,

using the cyclic property of the trace. For example, for line 5 of Algorithm 8, if Rm =

R
(1)
m (R

(2)
m )⊤ and R∗

0 = R
∗(1)
0 (R

∗(2)
0 )⊤ are low-rank matrices, we have

⟨Rm, R
∗
0⟩F = ⟨R(1)

m (R(2)
m )⊤, R

∗(1)
0 (R

∗(2)
0 )⊤⟩F

= tr
(
R(2)

m (R(1)
m )⊤R

∗(1)
0 (R

∗(2)
0 )⊤

)
= tr

((
(R(1)

m )⊤R
∗(1)
0

)(
(R

∗(2)
0 )⊤R(2)

m

))
.

Therefore, the products inside the trace are performed on smaller matrices. Applying

these strategies to each line of Algorithm 8, we obtain a low-rank version of BiCGSTAB,

that can be summarized in Algorithm 9, where the low-rank truncations and the appli-

cations of the linear operator are described in Algorithms 10 and 11.

Algorithm 9 Low-rank matrix-form BiCGSTAB for L(X) = fg⊤ with truncations.

1: Let L(X) :=
∑d

i=1AiXBi.

2: Assume X0 ≈ X
(1)
0 (X

(2)
0 )⊤ is given in low-rank form.

3: Compute (L(X0))
(1), (L(X0))

(2) := ApplyOp
(
X

(1)
0 , X

(2)
0

)
.

4: Compute R
(1)
0 , R

(2)
0 := Trunc

(
[f, (L(X0))

(1)], blkdiag(1,−I), [g, (L(X0))
(2)]
)
.

5: Choose R∗
0 ≈ (R∗

0)
(1)
(
(R∗

0)
(2)
)⊤

such that ⟨R0, R
∗
0⟩F ̸= 0 (e.g., R∗

0 = R0).

6: Set P
(1)
0 , P

(2)
0 := R

(1)
0 , R

(2)
0 .

7: For m = 0, 1, . . . , until convergence Do:

8: Compute (L(Pm))
(1), (L(Pm))

(2) := ApplyOp
(
P

(1)
m , P

(2)
m

)
.

9: αm := ⟨Rm, R
∗
0⟩F
/
⟨L(Pm), R

∗
0⟩F .

10: Compute S
(1)
m , S

(2)
m := Trunc

(
[R

(1)
m , (L(Pm))

(1)], blkdiag(I,−αmI), [R
(2)
m , (L(Pm))

(2)]
)
.

11: Compute (L(Sm))
(1), (L(Sm))

(2) := ApplyOp
(
S
(1)
m , S

(2)
m

)
.

12: ωm := ⟨L(Sm), Sm⟩F
/
⟨L(Sm),L(Sm)⟩F .

13: ComputeX
(1)
m+1, X

(2)
m+1 := Trunc

(
[X

(1)
m , P

(1)
m , S

(1)
m ], blkdiag(I, αmI, ωmI), [X

(2)
m , P

(2)
m , S

(2)
m ]
)
.

14: ComputeR
(1)
m+1, R

(2)
m+1 := Trunc

(
[S

(1)
m , (L(Sm))

(1)], blkdiag(I,−ωmI), [S
(2)
m , (L(Sm))

(2)]
)
.

15: βm :=
⟨Rm+1, R

∗
0⟩F

⟨Rm, R∗
0⟩F

αm

ωm

.

16: Compute P
(1)
m+1, P

(2)
m+1 := Trunc

(
[R

(1)
m+1, P

(1)
m , (L(Pm))

(1)], blkdiag(I, βmI,−βmωmI),

[R
(2)
m+1, P

(2)
m , (L(Pm))

(2)]
)
.

17: EndDo

We can apply the same strategies and computations to the BiCG method in its matrix

formulation (Algorithm 5), once we have constructed a function for the application of

the adjoint operator L∗; see Algorithm 12. Finally, we obtain the low-rank version of

BiCG in Algorithm 13.
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Algorithm 10 Trunc: truncation of A = LCR⊤ into a low-rank factorization UV ⊤

with rank ≤ rmax.

1: Skinny QR: [Q1, R1] := qr(L, 0) ▷ L = Q1R1

2: Skinny QR: [Q2, R2] := qr(R, 0) ▷ R = Q2R2

3: G := R1C R
⊤
2

4: Economy SVD: [U1, S, V1] := svd(G, econ)

5: ℓ := diag(S) ▷ singular values in nonincreasing order

6: i⋆ := max{ i : ℓi/ℓ1 ≥ toltrunc } ▷ rank selection

7: k := min(i⋆, rmax)

8: Sk := S(1 :k, 1:k); U1k := U1(:, 1:k); V1k := V1(:, 1:k)

9: U := Q1 (U1k S
1/2
k )

10: V := Q2 (V1k S
1/2
k )

Algorithm 11 ApplyOp: apply the low-rank operator L(P ) =
∑d

i=1AiPBi to P =

P1P
⊤
2 in factored form.

1: d := numel(AA) ▷ AA = {A1, . . . , Ad}, BB = {B1, . . . , Bd}
2: r := size(P1, 2)

3: Initialize LP1 ∈ Rn×(dr) and LP2 ∈ Rm×(dr) to zeros

4: for i = 1, 2, . . . , d do

5: cols := (i− 1)r + (1:r)

6: LP1(:, cols) := Ai P1 ▷ Ai = AA{i}
7: LP2(:, cols) := B⊤

i P2 ▷ Bi = BB{i}
8: end for

LP1 = [A1P1, . . . , AdP1], LP2 = [B⊤
1 P2, . . . , B

⊤
d P2]. ▷ L(P ) ≈ LP1 LP

⊤
2

Algorithm 12 ApplyOpH: apply the adjoint low-rank operator L∗(P ) =∑d
i=1A

H
i PB

H
i to P = P1P

⊤
2 in factored form.

1: d := numel(AA) ▷ AA = {A1, . . . , Ad}, BB = {B1, . . . , Bd}
2: r := size(P1, 2)

3: Initialize LP1 ∈ Rn×(dr) and LP2 ∈ Rm×(dr) to zeros

4: for i = 1, 2, . . . , d do

5: cols := (i− 1)r + (1:r)

6: LP1(:, cols) := AH
i P1 ▷ Ai = AA{i}

7: LP2(:, cols) := Bi P2 ▷ Bi = BB{i}
8: end for

LP1 = [AH
1 P1, . . . , A

H
d P1], LP2 = [B1P2, . . . , BdP2]. ▷ L∗(P ) ≈ LP1 LP

⊤
2
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Algorithm 13 Low-rank matrix-form BiCG for L(X) = fg⊤ with truncations.

1: Let L(X) :=
∑d

i=1AiXBi and L∗(X) :=
∑d

i=1A
H
i XB

H
i .

2: Assume X0 ≈ X
(1)
0 (X

(2)
0 )⊤ is given in low-rank form.

3: Compute (L(X0))
(1), (L(X0))

(2) := ApplyOp
(
X

(1)
0 , X

(2)
0

)
.

4: Compute R
(1)
0 , R

(2)
0 := Trunc

(
[f, (L(X0))

(1)], blkdiag(1,−I), [g, (L(X0))
(2)]
)
.

5: Choose R∗
0 ≈ (R∗

0)
(1)
(
(R∗

0)
(2)
)⊤

(e.g., R∗
0 = R0).

6: Set P
(1)
0 , P

(2)
0 := R

(1)
0 , R

(2)
0 and (P ∗

0 )
(1), (P ∗

0 )
(2) := (R∗

0)
(1), (R∗

0)
(2).

7: For m = 0, 1, . . . , until convergence or m = maxit− 1 Do:

8: ρm := ⟨R∗
m, Rm⟩F .

9: Compute (L(Pm))
(1), (L(Pm))

(2) := ApplyOp
(
P

(1)
m , P

(2)
m

)
.

10: αm := ρm
/
⟨P ∗

m,L(Pm)⟩F .
11: Compute X

(1)
m+1, X

(2)
m+1 := Trunc

(
[X

(1)
m , P

(1)
m ], blkdiag(I, αmI), [X

(2)
m , P

(2)
m ]
)
.

12: ComputeR
(1)
m+1, R

(2)
m+1 := Trunc

(
[R

(1)
m , (L(Pm))

(1)], blkdiag(I,−αmI), [R
(2)
m , (L(Pm))

(2)]
)
.

13: Compute (L∗(P ∗
m))

(1), (L∗(P ∗
m))

(2) := ApplyOpH
(
(P ∗

m)
(1), (P ∗

m)
(2)
)
.

14: Compute (R∗
m+1)

(1), (R∗
m+1)

(2) := Trunc
(
[(R∗

m)
(1), (L∗(P ∗

m))
(1)], blkdiag(I,−αmI),

[(R∗
m)

(2), (L∗(P ∗
m))

(2)]
)
.

15: ρm+1 := ⟨R∗
m+1, Rm+1⟩F , βm := ρm+1/ρm.

16: Compute P
(1)
m+1, P

(2)
m+1 := Trunc

(
[R

(1)
m+1, P

(1)
m ], blkdiag(I, βmI), [R

(2)
m+1, P

(2)
m ]
)
.

17: Compute (P ∗
m+1)

(1), (P ∗
m+1)

(2) := Trunc
(
[(R∗

m+1)
(1), (P ∗

m)
(1)], blkdiag(I, βmI),

[(R∗
m+1)

(2), (P ∗
m)

(2)]
)
.

18: EndDo
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We observe that, in practical situations, in both Algorithms 9 and 13, the computa-

tional residual can be replaced by the true residual

R = fg⊤ − L(X),

computed as before in a low-rank form, since the residual obtained from the method’s

updates may be inaccurate due to truncation. Indeed, computing the true residual is

important to avoid an excessive accumulation of truncation errors that may arise when

using the computational one. Computing the true residual within the iterations of the

algorithm also helps us to obtain more accurate solutions, reducing the final errors.

The low-rank formulation developed in this chapter is meant to keep the BiCGSTAB

and BiCG iterates in a factored form to control the rank growth by means of truncations.

This compression strategy significantly reduces memory requirements and enables the

solution of larger-scale instances than the corresponding full-rank implementation. In

the next chapter, we will test and compare the algorithms previously introduced, to

solve the matrix equation (2.12), arising from the discretization of a non-autonomous

ODE system reformulated via ⋆-algebra, using experimental data coming from an NMR

procedure.
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Chapter 4

Numerical Results for the NMR

Model

In this chapter, we test and compare the different numerical methods introduced

previously. In particular, we test them on real data coming from a nuclear magnetic

resonance (NMR) spectroscopy simulation, a technique used in several industrial and

chemical applications, for example. More details on the NMR model will be explained

in Section 4.1, where we also detail how the differential equation modeling the NMR

simulation is transformed into a matrix equation. In this section, we refer to [14], where

a more detailed analysis of the NMR characteristics and the various calculations involved

in the model description have been carried out. In Section 4.2, we present a comparison of

the methods used to solve the derived matrix equation of the form (2.12) arising from the

⋆-approach, for different values of the parameters and of the dimension of the problem,

with the aim of understanding whether low-rank versions of the algorithms provide a

real advantage compared to the Krylov methods already implemented in MATLAB. We

will compare them in terms of both efficiency (computational time, memory usage) and

accuracy (errors, residuals).

4.1 Simulation for NMR

We examine the problem of understanding the spin dynamics of groups of particles

such as proteins, membrane systems or macromolecular complexes, following the de-

scription made in [14]. We consider Nuclear Magnetic Resonance (NMR) spectroscopy,

a powerful and widely used method that studies how atomic nuclei respond to magnetic

fields. As explained in more detail in [15] and [16], this technique not only shows how

particles move, but also helps reveal their chemical properties and the three-dimensional

shape of molecules. In particular, we focus on solid-state NMR spectroscopy with magic-

49
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angle spinning (MAS) [16]. In this technique, the sample is quickly rotated around an

axis tilted by the so-called magic angle, θm = cos−1(1/
√
3) ≈ 54.7◦, relative to the ex-

ternal magnetic field. It is referred to as “magic” because rapidly spinning the sample

at this specific angle averages out the spatial components of the motion that depend on

its orientation with respect to the magnetic field. A schematic illustration is shown in

Figure 4.1. The evolution of the spin system in a MAS NMR experiment can be modeled

Figure 4.1: Schematic drawing of an MAS rotor during NMR (adapted from [17]).

using a Schrödinger equation
d

dt
ψ(t) = −iH(t)ψ(t), t ≥ 0,

ψ(0) = ψ0,
(4.1)

where H(t) represents the Hamiltonian operator of the system, the wave function ψ(t)

represents the state of the system at time t and i is the imaginary unit. We note that

the model does not include any spatial dependence, since we are dealing with a MAS

experiment, as mentioned above, and that the Hamiltonian depends on time. Therefore,

we can state that the Schrödinger equation (4.1) represents a system of non-autonomous

ODEs. Moreover, the dimension of the problem is 2Ns , where Ns is the number of spins

involved in the system; hence, even a small number of spins leads to a very large system

of ODEs to be solved.

In order to describe the Hamiltonian in problem (4.1), we first recall the definition

of Pauli matrices. We set

σx =

(
0 1

1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0

0 −1

)
.

These matrices are Hermitian and satisfy the same characteristic equation, namely λ2 −
1 = 0. Moreover, it can be easily verified that, together with the 2 × 2 identity matrix
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I2, they form a basis for the space of 2× 2 complex matrices. They are commonly used

to represent the spin components. More precisely, for a system consisting of Ns spin-1/2

particles, we define, for each spin k = 1, . . . , Ns,

Ikx :=
1

2
I2(k−1) ⊗ σx ⊗ I2(Ns−k) ,

Similarly, we define Iky and Ikz . Observe that all these matrices have size 2Ns × 2Ns . As

an example, we consider a homonuclear system, namely a system composed of atoms of

the same chemical element, described by a simplified yet still descriptive form given by

the contributions of isotropic chemical shifts and dipolar interactions:

H(t) = HICS +HDD(t). (4.2)

In this formulation, we have omitted anisotropic chemical shifts, radio-frequency pulses,

quadrupolar interactions, and indirect spin–spin couplings. The terms included here are

defined according to [18], where a more detailed expression of H can also be found. As

shown in [14], after some computations, we can write the time-dependent dipole-dipole

coupling component of the Hamiltonian as

HDD(t) = δ
Ns−1∑
k=1

Ns∑
q=k+1

1

r3kq

[√
2 sin(2βkq) cos(γkq + ωrt)− sin2(βkq) cos(2γkq + 2ωrt)

]
Mkq,

where

Mkq = 2IkzIqz −
(
IkxIqx + IkyIqy

)
, (4.3)

and δ is a physical constant, βkq and γkq are Euler angles, ωr denotes the MAS frequency,

rkq is the distance between spins k and q, and Ikα represent the spin operators intro-

duced above. We now turn to the time-independent part of the Hamiltonian that is not

modulated by the MAS rotation. It can be defined as follows:

HICS =
Ns∑
k=1

Ωk Ikz , (4.4)

where Ωk are values representing chemical shift differences (dependent on the magnetic

field) and are determined by the physical properties of the sample.

As outlined at the beginning of subsection 2.2.1, we can rewrite the coefficient matrix

of system (4.1) as

Ã(t) = −iH(t) = −i
(
HICS+HDD(t)

)
= −i

(
C+M1g1(t)+M2g2(t)+M3g3(t)+M4g4(t)

)
,

where the constant part matrix C, the matrices Mi, and the time-dependent functions

gi(t) are obtained by carrying out the calculations in equations (4.3) and (4.4). In

particular,

C = HICS =
Ns∑
k=1

Ωk Ikz ,
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and

M1 =
Ns−1∑
k=1

Ns∑
q=k+1

sin(2βkq) cos(γkq)

r3kq
Mkq, M2 =

Ns−1∑
k=1

Ns∑
q=k+1

sin(2βkq) sin(γkq)

r3kq
Mkq,

M3 =
Ns−1∑
k=1

Ns∑
q=k+1

sin2(βkq) cos(2γkq)

r3kq
Mkq, M4 =

Ns−1∑
k=1

Ns∑
q=k+1

sin2(βkq) sin(2γkq)

r3kq
Mkq,

so

HDD(t) = δ
√
2M1 cos(ωrt)− δ

√
2M2 sin(ωrt)− δM3 cos(2ωrt) + δM4 sin(2ωrt).

Finally, the time-dependent functions are

g1(t) = δ
√
2 cos(ωrt), g2(t) = −δ

√
2 sin(ωrt),

g3(t) = −δ cos(2ωrt), g4(t) = δ sin(2ωrt).

Hence, the problem, before the discretization via Legendre polynomials, rewrites as:
d

dt
ψ(t) = Ã(t)ψ(t) = −i

(
C +

∑4
i=1Migi(t)

)
ψ(t), t ≥ 0,

ψ(0) = ψ0,
(4.5)

We can also rewrite the time-dependent part of the problem in an equivalent way using

complex exponentials; this representation allows for a more compact and algebraically

convenient expression. Let us define

Ma =M1 + iM2, Mb =M3 + iM4,

and denote by M∗
a and M∗

b their conjugate transpose. The Hamiltonian of our system

will be given by:

Ã(t) = −i

(
C +

√
2

2
δ eiωrtMa +

√
2

2
δ e−iωrtM∗

a

− 1

2
δ e2iωrtMb −

1

2
δ e−2iωrtM∗

b

)
.

After defining f1(t) =
√
2
2
δ eiωrt, f2(t) =

√
2
2
δ e−iωrt, f3(t) =

1
2
δ e2iωrt, f4(t) =

1
2
δ e−2iωrt

and A1 = −iMa, A2 = −iM∗
a , A3 = iMb, A4 = iM∗

b , and introducing the constant part

of the system through f5(t) = 1, A5 = −iC, the problem can be rewritten as:

d

dt
ψ(t) =

(
5∑

i=1

Aifi(t)

)
ψ(t), ψ(0) = ψ0.
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Now, following the description made in the previous chapters, via the ⋆-approach we can

obtain a ⋆-linear system that can be discretized using Legendre polynomials, obtaining

(IMN −AM)x = ψ0 ⊗ φM(0),

with AM =
∑5

k=1Ak ⊗ F
(k)
M , where F

(k)
M are the Legendre coefficient matrices of our

function basis {fk} and φM(0) is the vector containing the Legendre polynomial basis

evaluated in zero. We know from Section 2.2.1 that this linear system can be rewritten

in an equivalent way as a matrix equation:

X −
5∑

k=1

F
(k)
M XA⊤

k = φM(0)ψ⊤
0 , (4.6)

and the final solution to our problem will be given by multiplying X by the Legendre

coefficient matrix of the Heaviside function Θ, as underlined before. For further details

concerning the calculations and the parameters involved, we refer the reader to [14].

4.2 Numerical Experiments

We now want to compare our low-rank methods with other well-known and widely

used approaches for solving the multiterm linear matrix equation (4.6), obtained from the

⋆-discretization of the non-autonomous system of ODEs (4.5), introduced in the previous

sections. The comparison will be carried out in terms of computational time, errors, and

residuals, in order to assess whether the low-rank algorithms can be competitive and

potentially converge faster, or require less computational effort, than standard Krylov

ones when solving matrix equations of increasing size. In this section, we compare some

Krylov methods, namely GMRES, BiCG, and BiCGSTAB in their standard form, as

introduced in Section 3.2. These solvers are pre-implemented MATLAB routines and

are applied to the vectorized linear system associated with (4.6). In our implementation,

the coefficient matrix of the vectorized problem is never assembled explicitly: the required

matrix-vector products are computed using the linear matrix operator, by exploiting the

underlying Kronecker structure, as underlined in Section 3.1. In addition, we consider

the low-rank variants of BiCG and BiCGSTAB, described in Section 3.3 in Algorithms

13 and 9, respectively.

To establish a connection with a realistic physical setting, we make use of the raw

molecular coordinates of the cationic tin oxo-cluster. Specifically, we extract from this

data set the first Ns protons, so as to construct a system composed of Ns spins. The

Cartesian coordinates of these nuclei are precisely computed in the accompanying code.

However, since the dimension of the Hilbert space grows exponentially as 2Ns , increasing
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Ns quickly leads to computational limitations: either the available memory becomes

insufficient or the algorithms become too slow to be efficiently executed. The challenge,

therefore, is to develop faster and more efficient algorithms, taking advantage of different

techniques to obtain a solution to the model even for higher values of Ns. Accurate values

of the nuclear chemical shifts are, in general, difficult to determine in solid-state NMR.

In our numerical experiments, the chemical shifts are not randomly generated. Instead,

we assign them deterministically as Ns equally spaced points in the interval [−2, 2] ppm,

and then convert them into Hz by multiplying by the proton Larmor frequency, fixed

at 500 MHz. This choice provides a simple, reproducible, and controlled distribution of

chemical-shift offsets across the spins. The initial condition is constructed starting from a

randomly generated vector, which is then transformed by the operator defining the initial

excitation of the system. The resulting vector is finally normalized, in order to obtain

a unit-norm initial state consistent with the chosen physical configuration. Throughout

the simulations, we set the spinning frequency to ωr = vr · 2π103, with vr = 150 and we

study the Schrödinger equation with Hamiltonian given in eq. (4.2) over different time

intervals t ∈
[
0, k 4π

ωr

]
, with k ∈ N. We set the stopping tolerance for the convergence

criteria of all the tested iterative methods to tol = 10−6. To compute a reference

solution, we use MATLAB’s built-in Runge-Kutta solver ode89 with a lower tolerance,

tol ref = 10−10, so that we can compare, in terms of error, the solutions produced by

our algorithms against the reference solution. The experiments are conducted by varying

several parameters, including m, the size of the discretization matrix. The initial value

is set to m = 200, and then m is varied according to the parameter k as m = 200 k.

Another important parameter is the number of spins Ns, since the dimension of the

problem grows rapidly as 2Ns . We therefore tested Ns = 10, 14, 18 and 19.

We start by testing the methods with Ns = 10 and k = 1, 2, 4; therefore, the di-

mension of the problem is equal to N = 210 = 1024. Varying k we are doubling or

quadruplicating the dimension of the discretization matrix and the time interval, hence

we also need to increase the maximum rank parameter rmax to ensure convergence. The

value of rmax is of fundamental importance for the low-rank variants, as it can be inter-

preted as the maximum amount of memory that can be allocated. If it is chosen too

small, convergence will not be achieved because the truncations become too aggressive

and remove too much information. If it is chosen too large, one risks retaining all the

information but ending up with matrices that are not that small, which prevents any

computational cost savings and makes the methods non-competitive. Therefore, select-

ing rmax amounts to a trade-off between the accuracy and efficiency of the algorithm.

The results are reported in Table 4.1.

As can be observed in Table 4.1, low-rank variants perform very well for a relatively
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Table 4.1: Comparison of iterative methods for Ns = 10 with varying k and rmax.

Method k rmax Time (s) Iterations Residual

BiCGSTAB 1 – 0.438 6 8.9498e-07

BiCG 1 – 0.881 6 2.4732e-07

GMRES 1 – 0.745 6 1.9434e-07

BiCGSTAB low-rank 1 25 0.357 4 1.1157e-07

BiCG low-rank 1 25 0.379 6 5.0372e-07

BiCGSTAB 2 – 1.075 7 6.8178e-07

BiCG 2 – 1.981 7 2.5561e-07

GMRES 2 – 1.475 7 1.5735e-07

BiCGSTAB low-rank 2 50 0.752 4 5.4366e-07

BiCG low-rank 2 50 0.926 7 4.6165e-07

BiCGSTAB 4 – 3.726 9 6.8608e-08

BiCG 4 – 6.824 8 6.5250e-07

GMRES 4 – 3.957 8 2.7469e-07

BiCGSTAB low-rank 4 53 1.417 5 1.3313e-07

BiCG low-rank 4 53 1.815 9 7.4538e-07

Figure 4.2: Residual histories for the different methods (Ns = 10 and k = 1). The

non-dashed lines correspond to the low-rank variants.

small Ns, both in terms of iteration count and computational cost, reducing execution

time with respect to their standard counterparts. For example, we show the history of

the relative residuals of the different methods for k = 1 in Figure 4.2. Regarding the

error with respect to the reference solution (for example, for k = 1, in Figure 4.3), the

low-rank methods always achieve errors close to, or below, 10−5, which is satisfactory for



56 4. Numerical Results for the NMR Model

our purposes. In addition, the overall shape of the solution is preserved in both the real

and imaginary parts, as shown, for example, for k = 1, in Figure 4.4.

(a) BiCG low-rank.

(b) BiCGSTAB low-rank.

Figure 4.3: Errors of the low-rank methods compared to the reference solution obtained

with ode89 using a tight tolerance (Ns = 10 and k = 1).

We now test the methods for Ns = 14, so that the problem size becomes N = 214 =

16384. As stated previously, when the problem size increases, the rank of the solution

also grows, but much more slowly than the size, and it typically remains relatively small.

However, we need to update the maximum rank allowed in the truncations in order to

ensure convergence and to obtain good results. As shown in Table 4.2 the low-rank

version of BiCG and BiCGSTAB requires essentially the same number of iterations as

the full method, but with a lower runtime. The gain in computational time and cost

increases as the time interval increases for k = 4. For completeness, we include the
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Figure 4.4: Comparison between the reference solution and the solutions obtained with

the low-rank methods (Ns = 10 and k = 1).

errors plot for k = 2 in Figure 4.6, where, as we can observe, they remain small for both

methods, together with the solution plot in Figure 4.7 and the history of the relative

residuals in Figure 4.5.

Table 4.2: Comparison of iterative methods for Ns = 14 with varying k and rmax.

Method k rmax Time (s) Iterations Residual

BiCGSTAB 1 – 5.508 7 5.5817e-07

BiCG 1 – 10.472 7 4.8996e-07

GMRES 1 – 8.382 7 1.6133e-07

BiCGSTAB low-rank 1 28 4.198 4 8.5596e-07

BiCG low-rank 1 28 7.871 7 3.0162e-07

BiCGSTAB 2 – 16.081 8 9.0454e-07

BiCG 2 – 44.471 8 3.0574e-07

GMRES 2 – 21.352 8 1.8181e-07

BiCGSTAB low-rank 2 55 11.993 4 9.0204e-07

BiCG low-rank 2 55 13.454 8 3.2231e-07

BiCGSTAB 4 – 76.708 9 7.2437e-07

BiCG 4 – 110.480 9 7.1683e-07

GMRES 4 – 68.659 9 5.6573e-07

BiCGSTAB low-rank 4 70 22.642 6 7.9533e-07

BiCG low-rank 4 70 22.834 9 8.0153e-07

Now, if we increase, for example, the number of spins to Ns = 18, 19, the dimension

becomes N = 218 = 262144 and N = 219 = 524288, and the standard MATLAB
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Figure 4.5: Residual histories for the different methods (Ns = 14 and k = 2).

(a) BiCG low-rank.

(b) BiCGSTAB low-rank.

Figure 4.6: Errors of the low-rank methods compared to the reference solution obtained

with ode89 using a tight tolerance (Ns = 14 and k = 2).
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Figure 4.7: Comparison between the reference solution and the solutions obtained with

the low-rank methods (Ns = 14 and k = 2).

Krylov methods (GMRES, BiCG and BiCGSTAB) can no longer be used, since there

is not enough memory to store the vectorized input required to solve the linear system.

However, we can use our low-rank versions of the algorithms, which produce the results

reported in Table 4.3.

Table 4.3: Comparison of low-rank iterative methods for Ns = 18 and Ns = 19 with

varying k and rmax.

Method Ns k rmax Time (s) Iterations Residual

BiCGSTAB low-rank 18 1 32 110.37 4 9.0868e-08

BiCG low-rank 18 1 32 136.62 7 8.3446e-07

BiCGSTAB low-rank 18 2 58 217.34 4 7.5252e-07

BiCG low-rank 18 2 58 351.54 8 6.2062e-07

BiCGSTAB low-rank 19 1 35 298.92 4 8.8071e-08

BiCG low-rank 19 1 35 384.24 7 3.4009e-07

BiCGSTAB low-rank 19 2 65 1132.1 4 7.5433e-07

BiCG low-rank 19 2 65 2062.8 8 8.872e-07

As we can observe, the computational times are now larger; however, we can still

compute the solution while keeping the error with respect to the reference solution below

10−5 (e.g., Figure 4.8). This is possible because the maximum rank remains small, as its

growth is marginal compared with that of the problem dimensions.
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(a) BiCG low-rank.

(b) BiCGSTAB low-rank.

Figure 4.8: Errors of the low-rank methods compared to the reference solution obtained

with ode89 using a tight tolerance (Ns = 19 and k = 1).
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Conclusions

The results presented in this thesis show that the strategy based on the ⋆-algebra

framework, together with the corresponding algebraic reformulation of the problem, leads

to a very promising approach for solving the multiterm matrix equation arising from non-

autonomous ODE systems. In particular, the use of low-rank Krylov methods makes it

possible to significantly reduce computational costs and runtimes compared with the cor-

responding full variants, while keeping the error small and achieving competitive numer-

ical performance. A key aspect is the adoption of low-rank compression and truncation

strategies; indeed, using the numerical low-rank structure of the solution, the rank growth

throughout the iterations can be controlled, thus reducing memory requirements. This

allows the computation of solutions even for larger values of the discretization parame-

ters and for higher-dimensional instances (e.g., increasing the number of spins) without

running into prohibitive storage limitations, which typically arise when standard full

approaches are used. The main objective of this thesis was to identify efficient methods

for the solution of multiterm matrix equations taking into account the low-rank struc-

ture, obtaining algorithms that are competitive with classical methods while providing

a concrete gain in terms of memory and computational cost. The reported experiments

indicate that this goal has been achieved: the combination of the ⋆-based reformulation

with low-rank Krylov solvers provides a solid basis, both from a theoretical and from a

numerical point of view.

A more ambitious goal is to show that this strategy is not only promising, but can

perform better than classical solvers for non-autonomous ODEs commonly used in prac-

tice (e.g., pre-implemented Runge-Kutta methods such as ode45, ode89 in MATLAB).

In this direction, the work carried out here represents a natural starting point. There is

clear room for improvement both on the algorithmic side, for instance, by incorporating

randomized techniques (such as subspace embedding) and on the discretization side, by

investigating alternative bases to the one adopted here (e.g., Fourier-type bases). In sum-

61
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mary, this thesis shows that consistently using the low-rank structure within the ⋆-based

framework can lead to methods that scale better for large problems. Moreover, it points

to a research direction that is currently very active, with several possible extensions and

the long-term goal of developing solvers for non-autonomous ODEs that are competitive

with, and possibly better than, the standard methods commonly used today.
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