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Abstract

The NANOGrav and others Pulsar Timing Arrays (PTAs) have released data confirming
the presence of a Stochastic Gravitational Wave Background (SGWB) in the nHz
frequency range. The current understanding of its origin is that it is generated by
astrophysical sources, i.e. the mergers of Super Massive Black Holes (SMBHs) following
their host’s merger, but there is still the possibility that this signal was generated in the
early Universe from so-called cosmological sources. The objective of this work is focused
on the astrophysical sources case, in particular it is an analysis of the SGWB using
observed galactic merger rates to get information on the mechanisms of the SMBHs
approach inside the newly formed galaxies. To achive this goal, a mock SGWB was
built based on the observed galactic merger rates with a few parameters describing
the unknown mechanisms of SMBH approach, searching for the values that maximised
the likelihood of the models. The results seems to favour both prospects, meaning
that the SGWB has both an astrophysical component and a cosmological component.
The possibility of a singular strong source in one of the bin is also discussed, giving a
criterion for the individuation of its host galaxy.






Sommario

NANOGrav e altre Pulsar Timing Arrays (PTAs) hanno rilasciato dei dati che confer-
mano la presenza di uno Stochastic Gravitational Wave Background (SGWB) nel range
di frequenze dei nHz. Attualmente si ritiene che la sua origine sia legata a sorgenti
astrofisiche, i.e. la fusione di Super Massive Black Holes (SMBHs) conseguenti alla fusio-
ne di galassie, ma c’¢ ancora la possibilita che questo segnale sia invece stato generato
nell’Universo primordiale da parte di cosiddette sorgenti cosmologiche. L’obbiettivo di
questa tesi si focalizza sul caso di sorgenti astrofisiche, in particolare & un’analisi del
SGWRB fatta utilizzando dei dati sul tasso di fusione galattica per determinare delle
informazioni sui meccanismi di avvicinamento dei SMBHs all’interno delle galassie risul-
tanti alle fusioni. Per raggiungere questo scopo, € stata costruita una simulazione basata
sui tassi di fusione galattica osservati e alcuni parametri che descrivono il meccanismo
sconosciuto di avvicinamento dei SMBHs, alla ricerca dei valori che massimizzassero la
likelihood dei modelli. I risultati sembrano favorire entrambi gli scenari, implicando che
il SGWB abbia sia una componente di origine astrofisica, sia una compinente di origine
cosmologica. Viene anche discussa la possibilita della presenza di una singola sorgente
forte in uno dei bin, con l'aggiunta di un criterio per 'individuazione della galassia che
abita.
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Chapter 1: Introduction

1.1 Brief introduction on the subject

In the recent years different studies performed with the Pulsar Timing Array (PTA)
method ultimately demonstrated the presence of a Stochastic Gravitational Wave Back-
ground (SGWB) at frequencies in the order of nHz. These works include the North
American Nanohertz Observatory for Gravitational Waves (NANOGrav) (Agazie et al.,
2023), the European PTA (EPTA Collaboration et al., 2023), the Parkes PTA (Zic
et al., 2023) and the Chinese PTA (Xu et al., 2023). There are currently two main
possibilities that are being investigated on the source of this gravitational noise, as
shown in (Sesana & Figueroa, 2025): astrophyshical sources or cosmological sources.

In the astrophysical source case the SGWB is generated by a population of merging
SMBHs (Phinney, 2001). Mergers between galaxies raise the question on what happends
to the Super Massive Black Holes (SMBHs) living in their center once the mergers
occur. The two SMBHs at the moment of the galactic merger will be at a distance
~ 10 kpc, and different physical processes will bring their distance down to ~ 107> pc
(Agazie et al., 2023). Dynamical friction will bring both SMBHs to the central parts of
the newly formed galaxy (Binney & Tremaine, 1987) up to a distance of a few pc. At
this points the processes of stellar loss-cone scattering (Merritt, 2013) and dissipation
caused by viscous drag due to circumbinary gas disks (Begelman et al., 1980) will both
decrease the distance between the two SMBHs, making them a binary system with
nearly circular orbit. It is important to mention that there are still a few issues in
understanding how the SMBHs are brought close from a distance of a few pc to sub-pc
distance: this is known in literature as the "final parsec problem" (Begelman et al.,
1980); for example the loss-cone dynamic may be fueled by a low supply of stars on
close orbits, and the binary would fail to merge within a Hubble time (Begelman et al.,
1980), and the efficiency and the effect of the torque of the circumbinary gas disk is still
unclear (Munoz et al., 2019), (Moody et al., 2019). Even if the process is still unclear,
the presence of a circumbinary gas disk seems to be in agreement with the NANOGrav
data (Ellis et al., 2024a). If a binary SMBH system needs too much time to merge,
there’s also the possibility that the host galaxy will undergo another merger, bringing at
its center another SMBH: this will greatly reduce the time needed for the three SMBHs
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to come close, with also the possibility of the expulsion of the lighest SMBH from the
system (Volonteri et al., 2003), (Hoffman & Loeb, 2007). Nevertheless, once the binary
SMBHs are at a distance of 1072 ~ 1073 pc they will settle on an almost circular orbit
and start emitting Gravitational Waves (GWs) in the nHz frequency range (Merritt
et al., 2011), (Merritt, 2013). This clearly causes a lowering of the orbital energy of
the system and a consequent shrinking of the orbit until the SMBHs merge (Peters &
Mathews, 1963). This seems to be the more plausible source for the SGWB, as in (Ellis
et al., 2024a) and (Sesana & Figueroa, 2025).

Opposed to this scenario there’s the cosmological sources one: there could have been
some "Beyond the Standard Model" (BSM) processes in the early Universe that could
have generated this SGWB. In section 4.1 of (Sesana & Figueroa, 2025), there is an
amazingly extended list of pubblication for a lot of different possibilities that we will
now list: plausible cosmological causes for the SGWB could either be signals originated
during inflation, after inflation but still related to inflationary set-up or signals generated
after inflation and typically unrelated to the inflationary set-up; the first case includes
vacuum fluctuations, strong particle production, or signals induced by large scalar
fluctuations; the second case includes signals from preheating dynamics or enhanced
by kination-domination; finally, the third case includes signals generated from thermal
plasma motions, first order phase transitions or cosmic defects. There is also another
work, (Ellis et al., 2024b), in which NANOGrav data are compared and discussed with
a few of these possibilities.

In this work we assume that the astrophysical source scenario is correct, a population
of merging SMBHs is the origin of the observed SGWB. We make this assumption
because we aim to make some measurements about the processes that lead to the
SMBHs merging: we want to see how efficient the process of SMBH merging is and also
how the circumbinary gas affects the mergers; with this in mind, most of the work is
based on the paper (Ellis et al., 2024a). To reach this objective we will use a multi-
messanger approach, using both the SGWB NANOGrav data and a new measurement
of the galactic merger rate based on the observed data of the galactic pair fraction
present in literature. In particular, the data used to build our model for the SGWB
are the Hellings—Downs-correlated free spectrum analysis (Hellings & Downs, 1983) of
the NANOGrav data (Agazie et al., 2023), which give us the probability "violin" of
observing a given SGWB signal, while the papers used for the galactic merger rate
measures are (Duncan et al., 2019), (Pearson et al., 2019) and (Ventou et al., 2019).
For violin, we mean that the result of the analysis of (Agazie et al., 2023) is given

as the probability distribution of observed SGWB rather than with the usual average
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measurement + the 1o Gaussian error.

This work is divided as follow: Chapter 2 describes the basis of the model and the
code used in this thesis, Chapter 3 is focused on a measurement of the galactic merger
rate density, Chapter 4 gives the analytical background to transform the model from
depending to halo mergers to be explicitely a function of galactic mergers, Chapter 5
gives information about the code and the numerical methods used for the analysis, and

finally Chapter 6 is a collection of results and comments.






Chapter 2: Ellis et al’s work

2.1 Physical quantities

Every quantity in this section is expressed in geometric units ¢ = G = 1.

This thesis is based on the paper (Ellis et al., 2024a) that we will now briefly summarize:
the main objective of (Ellis et al., 2024a) is building a model in order to fit the measures
of the Stochastical Gravitational Wave Background (SGWB from now on) performed
by the NANOGrav collaboration (Agazie et al., 2023).

Given that pgw (f) is the present-day GW energy density at the observed frequency
f, the NANOGrav collaboration used Pulsar Timing Array to observe a quantity Q(f)
linked to this density, the present-day GW energy density per logarithmic frequency
interval divided by the rest-mass critical energy density of the Universe p. (one can see
its definition in eq. (2.1)).

This  can be expressed as a function of the properties of the sources of GW; in
particular it can be linked, as in (Phinney, 2001) to the characteristics of the population
of merging Super Massive Black Holes (SMBH from now on) which live at the center of

all galaxies and merge as a consequence of galactic mergers

Q(f) = 0w _ 1/ Lt zdbew ;5

= = . 2.1
pe dln f Pe 47rd% dln f (2.1)

Here the integrand contains all the information regarding the sources, while the differ-
ential dX\ contains the information on the population of SMBH; inside the integrand,
dr(z) is the luminosity distance, z is redshift, dEgw /d Infs is the energy emitted as
GW per logarithmic frequency interval in the source reference frame, while lastly fs is
the frequency of the GW in the reference frame of the source, which is related to the
observed frequency f by the usual relation fs = (14 z)f.

The differential dX is defined as

1 dV. dRpn
142z dz dM.dn

where dRp/dMdn is the differential SMBH merger rate density as a function of z, the

dX =

dM . dndz (2.2)

binary chirp mass M, and the symmetric mass ratio 7; these last two quantities are

function of the two merging SMBH masses m; and ms:
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(mims)?/® mims
M, = eyt e 2.3
¢ (m1 + m2)1/5 " (m1 + m2)2 ( )
Since SMBH at the center of galaxies merge as a consequence of galactic mergers, the
differential SMBH merger rate density can be linked to the halo mass of the merging

host galaxies Mp, 1 Mj o

dRpy
dmldmg

dRy,

———————dMj, 1dM,
thJth’Q h,1 h,2

(2.4)
where dRy, /dMp, 1d My, o is the differential halo merger rate density (which in (Ellis et al.,
2024a) is evaluated with the Extendend Press-Schechter (EPS) formalism as in (Ellis
et al., 2023), (Lacey & Cole, 1993), (Erickcek et al., 2006), (Eisenstein & Hu, 1998)). In
the integrand, poc.(m|M, z) is the probability that a SMBH with mass m lives at the

center of a halo with a DM mass M at a redshift z and it was modeled as a log-normal

:pmerg(mlam%z) //pocc(mﬂMh,l’Z)pocc(mQIMh,%z)

distribution

n?(m/m
Doce(M|M, 2) = mai/ﬂexp (—1(202/)> , (2.5)

with the values of the average and the standard deviation taken from the observation of
Reines & Volonteri (2015), o = 1.1 and

m M,
1 — ) =8.95+1.41 —_— . 2.6
0810 <M@) + 0810 (1011 M@> (2.6)

Here M, is the stellar mass that a DM halo with a mass of M), is expected to have as
found in Girelli et al. (2020)

-1
- f(Mh) ) (27)

M. = 2A(z)My, |( cl )_ﬂ(z) ( s )W(z)}

MA(Z) MA(Z)

where A, 8,7 and M4 are all parameters that depend on the redshift z

A(2) = 0.046 - (1 4 2)7938 | logyg Ma(z) = 11.79 4+ 0.2z , (2.8)
B(z) = 0.96 + 0.043z , v(z) = 0.709 - (1 + z)7%18 (2.9)

As explained in the appendix of (Ellis et al., 2024a), the presence of AGNs, which show
to host smaller SMBH, is neglected since it’s shown that their contribution to the SGWB

is much smaller than that of inactive galaxies. Finally, pperg is the probability that a
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galactic merge produces a SMBH merging, and it will be taken either as a constant or
as parameter to fit as in (Ellis et al., 2023).

In the definition eq. (2.2) the BH merger rate eq. (2.4) was transformed from being a
function of the BH masses m; and mo to being a function of the binary chirp mass M.

and the symmetric mass ratio n provided in eq. (2.3); the inverse of equ. (2.3) are

1+ 1 —4n g — M on2/5
9 - C

—_— 2.10
213/5 1+/1—4n (2.10)

mlec

It follows that the two differential merger rates are two forms of the same physical

quantities that are linked by

dRpy
dMdn

) _ ./\/lc dRBH
)= 7]6/5«/1 — 47] dmldmg

Keeping up with the quantities in eq. (2.2), dV./dz is the redshift rate of change of the

(M

(ml,mg) . (211)

comoving volume, which can be found, as in Carroll et al. (1992), to be

dV. 4rrd?
— = 2.12
dz  Hy(1+ 2)%2E.(2) (2.12)
and E.(z) is the usual function found from the Friedmann equations
E2(2) = Qao+ (1= Qp0 — Qno) (1 +2)% + Qo1+ 2)° (2.13)

In this thesis the values of the cosmological parameters were chosen as h = Hy/100 km/s/Mpc =
0.7, Qx = 0.73 and Q,,, = 0.27. All SMBH binary are assumed to have circular orbits as
it was shown that most SMBH binaries emitting GW tipically have orbits with a very
low eccentricity (Merritt, 2013), (Agazie et al., 2023) and (Ellis et al., 2023).

In their work, (Ellis et al., 2024a) assumed that the SMBH binary has another environ-
mental mechanism other than GW emission for squeezing the orbit and losing energy,
linked to the presence of gas in the vicinity of the galaxy center, creating a circumbinary
gas disk, or to the loss cone orbit dynamics: since the real process for the crossing of
the final parsec is still debated, generically we label all these possible mechanism as
"environmental effects". (Ellis et al., 2024a) modeled the rate of change of the binary
gravitational energy as a combination of the two processes of GW emission and an

additional environmental energy loss

E=—FEcw — Fem (2.14)
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each of which have its characteristic timescale

E
t = =47 |, teny = |= 2.15
aw: ’ EGW T ’ Een'u ( )
where F is the binding energy of the binary
1
E = —i(ﬂfs)g/?’/\/li/?’ (2.16)
and 7 is its coalescence time
5 _3 _
1 PBMD3 2.1
= (w1 2) M, (217)

Considering both energy loss processes, (Ellis et al., 2024a) were able to describe the

rate of change of the frequency of the emitted GW in the source reference frame

dln f 3 taw
2l i <1+ > (2.18)

and the GW spectrum from an inspiring binary as

dEcw 1 (nfo)*PM°
dinfs 3 1+tow/tem

(2.19)

Since the environmental time scale tep, is unknown, (Ellis et al., 2024a) chose to write

the series expansion of In(teny/tgw) in In fs and approximate it at the leading order as

fenw (fs)apw (2.20)

taw faw

where apyy is an unknown parameter and fgy is a characteristic frequency above which
GW emission becomes dominant (i.e. the SMBH becomes closer and closer) and is

described as another power-law with a new fit parameter f..s

M. )0'4 (2.21)

fGW = fref (109]\4@

so the model itself has three fit parameters that we combine in the vector §M =
(pmerga apw, fref)'
2.2 Probability of a model and results

The GW background eq. (2.1) that (Ellis et al., 2024a) used to measure the parameters

Pmerg, @pw and fror is mainly the result of O(100) of strong sources emitting the main
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part of it (see (Agazie et al., 2023) and (Ellis et al., 2023)), so in (Ellis et al., 2024a) the
authors generated Monte Carlo realizations of the SGWB in each NANOGrav frequency
bin up to f = 30 nHz as the contribution of all the individual signals Q(l)(gb) coming

from each SMBH binaries source

1 N(fi)Q(l) 7
2.22
ln(fi-i-l/fi) kgl ( b) ( )

QUfi) =
where the vector 8, = (f, M,n, z) contains the parameters of the binary emitter, while
we sum over N (f;) number of sources expected at the frequency bin [f;, fi+1] ; since we
aim to generate Monte Carlo realizations of €2, for each one of these realizations the
number of sources N in eq. (2.22) should be extracted from a Poisson distribution with

an average value corresponding to the expected number of sources

N(f;) = // dXdr (2.23)
Felfisfivil

If we assume that no binary changes bin during the period of measurement of 2, (a
reasonable assumption since the typical timescales for SMBH mergers are really much
longer than the period of observation of NANOGrav of 16.3 years), then (Ellis et al.,
2023), (Ellis et al., 2024a) showed that each one of the individual signals Q) (6},) gener-
ated in the sum of eq. (2.22) is extracted from a probability distribution proportional

to

dt
dln fq

—

X (2.24)

POQf, Grr) o /5(9 — o)y ‘

where the expression dt/dIn fs is the inverse of eq. (2.18) and each source with

parameters 97, = (f, M¢,n, z) produces a GW signal

- — - 1 )1O/3 2.2
peAnds  dt 5mpeds (rf(1+2)Me) (2:25)

There should be a dependence on the inclination angle in the integral (2.24), but, as
shown in (Ellis et al., 2023), including it for each binary or just using an average value
does not change the results. One could expect that the number of binaries present in
each bin would be very large, so that the probability distribution of the total signal
P(Q]fi,01) converges to a Gaussian, but in the same paper (Ellis et al., 2023) it was
shown that the probability distribution for each source P(M)(Q|f;,6yr) has a long tail
P oc Q725 at high values of Q which prevents the central limit theorem from helping us.

This tail is generated by a limited number of the strongest binaries and since it can take
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a lot of time to generate it with a Monte Carlo approach, we deal with it in a different
way.

The generated GW signal eq. (2.22) is split into a strong and a weak part, which will
be treated differently

Q= Qg+ Qu (2.26)

We discriminate between strong and weak parts by assuming that in the strong term
(the first one) we only consider the Ng sources with a signal above a given threshold
Q >y, that we will soon fix. The signal generated by strong sources is the sum of Ng

signals from individual strong sources

Ns fz

1
W/f) 2 2 (2.27)

This is a sum of identical random variables each with a probability distribution

Qs(fi) =

PO(Q) = pls@(gz — Q) PO(Q) (2.28)

where © is the usual Heaviside function, while pg is just the probability of finding a

strong source, i.e. a source with a signal strength bigger than

s i= / PO(Q)d (2.29)
Q>Qp

The expected number of strong sources is then

Ng = pgN (2.30)

since we have only a small number of strong sources, we can just choose to fix an
arbitrary number of strong sources but with the costraint that Ng < N, which means
ps <K 1.

All of this means that to obtain a strong signal (Ellis et al., 2024a) generated Ng = 50
strong sources, summed their contribution as in eq. (2.27) and repeated this process
4 -10° times in each bin to obtain a sample of the strong signals; this set of strong
signals was then used to find its continuous probability distribution Ps(2).

For high-enough values of Qg, typically for Qg > 1077, the probability of finding a
source becomes extremely small, so that Monte Carlo realization in these range becomes
unreliable and really time consuming: it can be shown (Ellis et al., 2024a) that in

this range of signals the probability of observing a total signal 2 can be approximated

10
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analytically with
v (L) b fir1 S
P(Q)~ NIn P In (Q—9Q) (2.31)
fi fi
where of € is the average signal measured.

Following the same reasoning, the signal generated by weak sources is

1 Ny (fi)

e (1) (g%
In(fis1/fi) kZ::l D (6) (2.32)

each weak source has a probability distribution

Qw(fi) =

_ 1
1 —ps

PP () O, — ) PIH(Q) (2.33)

and the expected number of weak sources is

Nw = (1—ps)N ~ N> Ng . (2.34)

Since the number of weak sources can be extremely high and their probability distribution
does not possess a long tail, the authors exploited the central limit theorem, so that the

probability distribution of the weak sources is a Gaussian distribution

P () = — <—(Q_QW)2> (2.35)

ex
owV 2T P QJ%V

where its average and standard deviation can be written as

Qw = QPW(Q)dQ ~ (2.36)
Q<Qyp,
~o— - dln Q d\ 2.37
1n(fi+1/fi) fEfirfiv1] ! QM <y, dln fs ( )
___VNw (1))2 (1)\2
W = o T <(QW) > _ <QW> (2.38)

Finally, the probability distribution of measuring € in the bin [f;, fi+1] with a given

model gM is

Povodet (U fi, Brp) = / P (2 — Q) Ps(€)dY ~ Ps(Q — ) | (2.39)

where the last approximation holds since Py is much narrower than Pg (o is really

11
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small), mimicking a Dirac delta distribution. The likelihood of a model with parameters

§M will be proportional to

ﬁ(gM) 08 H/Pdata(ﬂlf)Pmodel(Q‘fu gM) dQ) 5 (240)

in order to compare different models and hypothesis, (Ellis et al., 2024a) defined the
likelihood ratio

mazy; L(0y|H
R=_—‘u Ol ) (2.41)

mangE(gM]Hg)

where the two compared hypothesis are the presence or not of the environmental effects.
The GW-driven model H; (modeled with f..r — 0) has as a unique parameter pyerg,
with a best fit value of 0.44, while the mixed model Hs produced a higher likelihood
for the best-fit values perg = 0.85, apw = 2 and froy ~ 34 nHz. Their likelihood is

shown in fig. 2.1
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Figure 2.1. The distributions of the posterior probability in the 14 NANOGrav
frequency bins for the best fit points with (green) and without (blue) the environmental
effects for the model described in (Ellis et al., 2024a). The orange curves show the

NANOGrav violin data.
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Chapter 3: Observed merger rate

The aim of this work is to improve the model of (Ellis et al., 2024a), with the inclusion
of another set of data together with the NANOGrav ones: instead of using a theoretical
halo merger rate, like the one predicted by the EPS formalism, we want to use observed
galactic merger rates. We would be lucky if someone measured the differential halo
merger rate density but unfortunately for us most literature works focus on measuring a
different quantity, the total galactic merger rate density I';o:(2); if we call dRyq;/d M. dp
the differential galactic merger rate density, these two quantities will be linked by an

integral:

ngal
Linlz) = [ ab, / e (3.1)

where for each pair of merging galaxies M, is the stellar mass of the heavier one, while
w1 is the ratio between the mass of the lighter and the mass of the heavier. One should
be warned that the differential galactic merger rate density and the halo merger rate
density are two different quantities, which are clearly linked but are not the same. There
are a lot of works in literature that measure this quantity, but they usually obtain only
the major merger rate density for the heaviest galaxies, lacking all the information
about minor mergers or light galaxies: this is because light galaxies are faint and could
be lost in the measure of I';p(2), making the observed value an underestimation of the

real one.

3.1 The datasets and the analysis

We want to obtain the most comprehensive measure of I';o(2) possible, and in order to
do so we will do it following the methods of (Duncan et al., 2019) and (Conselice et al.,
2022): we will recover in literature the measurement of the galactic pair fraction fpqir
at different redshift, and then convert them into a galactic merger rate density as in
(Duncan et al., 2019)

n*(M* > Mth,Z) ) fpair(/«‘ > /«Lth)

F(Z, M* > Mth? /"L > /"Lth) = T (Z)
merge

(3.2)
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3.1. THE DATASETS AND THE ANALYSIS 3. OBSERVED MERGER RATE

The arguments other than z from which I' depends remind of the minimum mass and
mass ratio used in the measure; the quantity n.(M > My,) is the total number density
of galaxies with a mass above the threshold one, and comes from the fit Schechter
function from (Mortlock et al., 2015), 7(2) is the estimated merger timescale given the
redshift, and finally the quantity fpqi- is just the pair fraction measured for mergers
with a mass ratio u above a given threshold p,.

One could see that the measured galactic merger rate density eq. (3.2) is a function of
the differential galactic merger rate density, but with other lower integral boundaries
than eq. (3.1):

L dRgyq d

o
Dz M. > M, o> ) = [ ab. | . (3.3)
' ' Mip 22 dM*d:u

We will limit ourselves in measuring the total merger rate density for redshifts z < 3,

for two main reasons:

e as we look at higher and higher redshifts, the minimum luminosity that a source
must have to be detected increases, making the number of observed galaxies an
underestimation of the real value, and the observed pair fraction will be based on

an incomplete sample (Duncan et al., 2019);

« adistributions of the binary parameters for a sampling of SMBHs binary population
was generated in (Ellis et al., 2023), and it was found that the PTA SGWB signal
is dominated by events happening in the redshift range 1 < z < 3;

Together with completeness issues there is also another reason why works that measure
[yt (2) typically consider only the major mergers while ignoring the minor ones and it
has to do with the uncertainties on the merger timescale 7(z); to overcome this problem,
this work assumes the y—dependent timescale found in (Conselice et al., 2022), which
is based on the ILLUSTRIS Simulation (Snyder et al., 2017)

Tmerge (11, 2) = (2.06 — 0.65u)(1 + 2) 1% Gyr . (3.4)

If we want to use this p—dependent timescale, we must modify eq. (3.2): we can

upgrade it for it to consider different merger timescales by writing it as an integral:

+(My > M, ) ! air
(2 My > My, o> pun) = i th: 2) / Spair (1)
o

d 3.5
1 — pen th Tmerge(/% Z) H ( )

one can see that if we remove the dependence of u from the denominator, we recover

the old measure eq. (3.2). What we need now are just the data of the observed pair

14



3.1. THE DATASETS AND THE ANALYSIS 3. OBSERVED MERGER RATE

fraction, and we will take them from 3 articles so that we can span different values for

both masses of the merging galaxies:

o we take the results of (Duncan et al., 2019), who measured the total pair fraction
for galaxies with masses log,o(M./Mg) > 9.7 and redshifts 0.5 < z < 3 in the
CANDELS field, obtaining as a result the fit

Fan> 1) = A (1) (36)

This total pair fraction is normalized considering only mergers with 1/20 < u < 1,
and the values of the fit parameters A and B can be found in table (3.1). Since
this is a cumulative distribution, it is pretty straightforward to recover the pair
distribution itself, we just have to use to notice that these two functions are linked

as

Foan> 1) = [ )t (37)

and use the fundamental theorem of calculus to express the pair distribution as

R
"

3.8

dFeum AB (1 B-1
fpair(ﬂ): = ( )

this function is then integrated in eq. (3.5) to obtain the merger rates.

o we take the results of (Ventou et al., 2019), who measured the pair fraction
with the Multi-Unit Spectroscopic Explorer (MUSE) deep observations over the
Hubble Deep Field South, COSMOS-Gr30, and Abell 2744 regions. This work
measured both the major (x> 1/4) and minor (1/100 < u < 1/4) pair fraction,
but on two different mass ranges: the major merger measure spans galaxy masses
7 <logyo(M./Mg) < 11, while the minor merger measure just spans galaxy masses
9 < log;o(M,./Mg) < 11; all galaxies considered in this work are in a redshitf
range 0.2 < z < 6; we are lacking all the information about galaxies heavier
than log;,(M,./Mg) = 11 but due to the power-law nature of the distribution of
galaxies (Mortlock et al., 2015) most of the galaxies have low mass, hence the
mass range considered in (Ventou et al., 2019) makes up the most contribution to
the merger rate density; we only took the data from the redshift bins from which

both the major and minor pair fractions were known;
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3.2. THE MEASURED MERGER RATE DENSITY

3. OBSERVED MERGER RATE

z logo A B Tiot(2) [107% Mpe=3 Gyr~1]
0.75 | —=1.472+£0.040 | 0.413 £+ 0.042 10.8 £ 7.1
1.25 | —1.522 +£0.039 | 0.540 £ 0.040 159+9.6
1.75 | —1.291 £0.033 | 0.515 + 0.041 174+£54
2.25 | —1.299 £ 0.051 | 0.491 £ 0.078 16.5 £8.3
2.75 | —1.346 £0.078 | 0.582 £ 0.160 20.1 £15.7

Table 3.1. This table shows the redshift z of the pair fraction measures of (Duncan
et al., 2019), the corresponding best fit values for the parameters A and B of eq. (3.8),
and the corresponding total galactic merger rate density I'y,;. The measured pair
fraction here considered only mergers in the range 1/20 < p < 1

o we take the results of (Pearson et al., 2019), which measured the pair fraction in
the SDSS, KiDS and again in the CANDELS imaging surveys, but with a different
method than (Duncan et al., 2019) training a neural network to recognize mergers;
the galaxies for which the pair fraction was measured had redshifts 0 < z < 4;
each of the different data sets spans different values of masses, always from a

low-mass threshold and going up;

All the pair fraction values used with the corresponding errors can be found in table
(3.2).

Despite the fact that among the three papers the measurements of the pair fractions
were performed among different mass ranges, we assume that the measured pair fraction
is the same that one would measure in the mass range log;,(M./Mg) > 9.7, so that the
minimum galactic mass in the number density of eq. (3.5) can be taken as 10%7 Mg
for all works; this value was chosen in order to have consistency between the different
measures of the galactic merger rate density; moreover, the data listed in (Ventou et al.,
2019) seem to suggest that the measure of pair fraction are consistent among different
mass bins for a population of galaxies at the same redshift bin.

Now that we have collected the data of the observed galactic merger rate density, we
assume a model for it such that its shape is the same as in (Conselice et al., 2022):

Tiot(z 3 My > Myy,) = 3(1 + 2)7 exp(vz) (3.9)

3.2 The measured merger rate density

Given the data I'j,, evaluated at each redshift z; and their associated error o(z;), the

best fit values were found as the values of (X, 7, v) that maximize the logarithm of the
likelihood
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3.2. THE MEASURED MERGER RATE DENSITY 3. OBSERVED MERGER RATE

’ Paper origin H z ‘ Tpair ‘ [ Tange ‘ Tiot(2) [107% Mpe=3 Gyr~1] ‘
0.078 £0.039 | [0.25, 1.00]
0-60 0.199 £+ 0.053 | [0.01, 0.25] 5.9+ L7
0.127 = 0.079 | [0.25, 1.00]
(Ventou et al., 2019) 1.23 0.196 + 0.086 | [0.01, 0.25] 8.3+3.6
0.172 £ 0.111 | [0.25, 1.00]
2151 5129+ 0.061 | 0.01, 0.25] 5:9:£3.6
0.053 | 0.141£0.013 | [0, 1] 0.76 = 0.22
0.075 | 0.300 £ 0.043 [0, 1] 0.17+£0.75
0.300 | 0.320 £ 0.068 [0, 1] 24+3.5
(Pearson et al., 2019) || 0.725 | 0.322 + 0.068 [0, 1] 3.8+3.9
1.030 | 0.326 4+ 0.069 [0, 1] 5.0+ 3.3
1.435 | 0.378 & 0.080 [0, 1] 7.8+ 5.2
2.830 | 0.421+0.080 | [0, 1] 17.9+ 3.8

Table 3.2. This tables shows the data used in the analysis, in particular the first
column divides the used data in their corresponding origin, the second column gives
the redshift of each pair measure, the third column tells the pair fraction data used,
the fourth column tells us among which values of u the measure was perfomed (to
discriminate between major and minor mergers), while the fourth column gives the
corresponding measured galactic merger rate density

o(z)

1 r i) T Fmo el\ %5 E, ) 2
].n Emerge _ _5 Z ( data(z ) d l(Z T U)) . (310)

The results were found with the python module emcee (Foreman-Mackey et al., 2013),

generating a distribution for the likelihood having its maximum value for the parameters

log1o [J\Jpc_?’EGyr_l} = 4221092 | r=550118 | v=-15010% . (3.11)
The best fit curve can be seen in fig. 3.1 and compared both with the obtained galactic
merger rate density measures and the corresponding merger rate density expected
from the EPS formalism of the previous chapter: the data seem to suggest a slightly
lower merger rate density for low redshift, while a 10x larger merger rate density than
expected at high redshift. In fig. 3.2 we can see the contours for the fit parameters, with

a strong correlation between the power-law index 7 and the exponential coefficient v.
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Figure 3.1. All the resulting galactic merger rate density divided accordingly from
their data’s paper of origin. We also plot the best fit curve eq. (3.9) with parameters
eq. (3.11) and the corresponding galactic merger rate density predicted from the EPS
formalism with log;o (M /M) = 9.7 and p > 0.
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log10X [Mpc2 Gyr!] = -4.22+3%2

T=550+188

b= —1.5002

logpX [Mpc™3 Gyr~1] T v

Figure 3.2. Contour plot for the parameters of the best fit eq. (3.9)
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Chapter 4: Including the

observed galaxy merger rate

We need to find a way of using the observed merger rate density to create a model that
emulates the NANOGrav data. If we look at the equations listed in the second chapter
it means acting on equ. 2.4, and writing it so that it is a function of the observed total
galactic merger rate density rather than the theoretical EPS differential DM halo merger

rate density

dRy,

— (M M, z)—=T z 4.1
IM. 1 IM ’2( h,1 h,2» ) tot( ) ( )
VVG then have two Objectives:

 find a relation between the galactic quantities (linked to the stellar mass content

of galaxies) and the halo quantities (linked to the DM mass content of galaxies);

e find a way for working with the total merger rate density rather that with the

differential merger rate density

This chapter is enterely focused on reaching these two goals.

4.1 From DM to stellar masses

We need to rewrite the formalism of eq. (2.4) so that the integral is performed over
stellar masses M, 1 and M, o of the merging galaxies instead of being evaluated over

their DM halo masses M}, 1 and My, o. First of all, we define some integration boundaries:

dRpy
dmldmg

dRy,

O My dMys .

thlthZ hl h2
(4.2)

The regions over which this integrals is evaluated is S = (RT x R*) which correspond

— pm;g /[gVPOCC(m1|f(Mh1)’ #)Poce(ma| f(Mhz), 2)

to the positive quadrant of the (Mjy1, Mpo) plane; the factor 1/2 was inserted since this
integral is counting over all SMBH mergers twice. We then redefine the BH merger rate
making it a function of the stellar masses of the merging galaxies instead of a function

of their DM masses:
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4. INCLUDING THE OBSERVED GALAXY

4.1. FROM DM TO STELLAR MASSES MERGER RATE
dRBH DPmerg // dRr al

— M.y, Mg, 2) 9% gnr dM.y ¢ (4.3

dmy ding B Spocc(ml‘ 1 z)pocc(mQ‘ 2 Z) AM 1 d Mo 1 2 ( )

again, the factor 1/2 was inserted because in the integration all galactic mergers are
counted twice. These two definitions (eq. (4.2) and eq. (4.3)) are clearly linked and
we aim to change the integration variable M, — M., but in order to do so we need
to find the inverse function f~! of the function linking the stellar mass and the DM
mass of a galaxy eq. (2.7); the problem is that in general f does not have an analytical
inverse. So we will build an approximation of f~! as follows: as can be see in fig, 4.1,
f~1, which was plotted by just swapping the values of Mj, and M,, almost behaves like
the sum of two different power laws. We then supposed that it actually is a sum of

power laws in the form

My

My = f71(M,) = B (M*)C o

1+D<M*)E] , (4.4)

where all the unknown quantities B, C, D and E are only functions of the redshift. We
then focus on the behaviour of this inverse at the limits of its domain: since we know
that the higher the DM content of a halo, the higher the stellar mass content, we can
say that when M}, is small, M, is also small, and the same goes on for when they are

large. We can approximate both functions by using simple power laws at these limits

A M, 1453 A M, 1—
FOM) o 24My (MA) F(My) ——— 24My (MA>

M C M. C+E
! <M*>M>B(MA) ! (M*)mBD<MA)

and now we impose that f~1(f(My)) = Mj, so that we can find the unknown constants

in eq. (4.4); it follows that the inverse of f is approximately equal to

My, =1 (M) =~ M u 1 - 4.
=)~ () [ (G ) | (15)
with the new parameters linked to the old ones as

1 B(z) +1(2)

C(z) =

E(z) = (4.6)

Blz)+1 7 (1+8(2)) (1 =7(2))

This is not the exact inverse, but as can be seen in fig. 4.1, the maximum deviation
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4.1. FROM DM TO STELLAR MASSES MERGER RATE

from the true inverse function is negligible for our purposes.

15
—— Real SHMR

—— Real inverse

14 _
——- Proposed inverse

13 4

12 4

11 4

fogio(M+) [Mg]

10 4

7 T T T T T T T
7 8 9 10 11 12 13 14 15

log1o(Mn) [M o]

Figure 4.1. The real SHMR as found in (Girelli et al., 2020), its real inverse function
and the proposed pseudo-inverse function eq. (4.4) are plotted here. The difference
between the real (numerically computed) inverse and the proposed analytical inverse is
negligible for our purposes.

We apply the said change of variable M}, — M, at eq. (4.2): it can be shown that the

determinant of the transformation is

2 C—-1
detJ (M1, Mys) = (C> ( Ma Mo ) x

24) \24M4 2AM,
148/ Ma \® 1+ 3 ([ Mo \F
x 1+1_7(2AMA) HHl—fy(zAMA) (4.7)

9

so that
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4.2. FROM (M.1, M.2) TO (M., p) MERGER RATE

dRBH _ Pmerg
dm1 dmg 2

//S pocc(ml ‘M*l)pocc(mQ‘M*Q) X

GBS (M), [ (M)
dMp1dMpo

detJ(M*L M*Q)dM*ldM*g . (4.8)

We now compare this result with eq. (4.3) and we find that the two differential merger

rate densities are linked as

dRyay (M1, M,s)

dRp(f (M), f~H(M.2))
dM*ldM*Z .

dMp1dMps

= detJ(M*l, M*Q)

(4.9)

this will come in handy later.

4.2  From (M,y, M,s) to (M, )

We want to perform another variable change to the integral, from the stellar masses
M, 1 and M, 2 of the merging galaxies to the mass M, of the more massive one and the

mass ratio p of the pair:

M*Q
M,=M, , p= . 4.10
T (4.10)
The determinant of the Jacobian F' for this transformation is simply
OM.1  OMs 1 0
detF (M, j1) = ;}f‘j 81?; = =M, (4.11)
o o p M

so eq. (4.3) becomes

dRpH _ pmerg(m17m27
dmidms 2

z) //s DPoce(m1| M) Poce (ma| M) X

ngal(M*7 :UM*a Z)
dM1dM.o

detF'(M,, p)dM,dp (4.12)

If we apply again the idea of giving a new definition to the galactic merger rate that let
us rewrite eq. (4.2) into eq. (4.3), we can say that the BH merger rate is expressed as a

function of M, and u as
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dRpn Pmerg(M1, M2, 2) // dRgyal
= occ M) poce M, dM.d 4.13
Ddis 5 P (1| My )poce(ma|udy) - M.dp poo (4.13)

because the two differential merger rate densities are related as

ngal( M, pM,, z) ngal( M, i, z)
dM*ldM*g dM d,u

M, (4.14)

4.3 Observed and predicted rates

All of this work was needed to show that we can indeed write eq. (4.2) into a form
which is more suitable for the observational data provided in the previous chapter. In
fact, one can recognize that the fit provided in eq. (3.9) can be linked to the galactic
merger rate obtained in eq. (4.13)

1 e’} dR I
Liot(z 5 M, > 10%7 M, :/ d / 9% M, 4.15
tot (2 > ) 0 1z 100701, dM.,dpe ( )

We now need to find a smart way in which we can write eq. (4.13) so that the region

upon which the integral is performed coincides with that of eq. (4.15). First, we get rid
of all the mergers with p > 1: for the sake of brevity, we define

ngal( xy My Z )

I(my,ma, My, 1, 2) := Pmerg(m1, M2, 2)Poce (M1 | M) Doce(ma| M) M.

(4.16)
We then recall the definition of S = (RT x RT), the region over which the BH merger

rate density eq. (4.13) is evaluated; we split this integral over two areas, T' and S\ T,
such that T = (R* x [0, 1])

dRpn  _ U du/ I dM, +/ du/ IdM} (4.17)
dmlde

We want to integrate on T only, so we do another change of variable in the second

integral, the one with domain of integration S\ T’

1
M = pM. , p = m (4.18)

this transformation just swaps the masses of the two merging galaxies; the determinant

of the Jacobian G of this transformation is

25



4. INCLUDING THE OBSERVED GALAXY
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OM, OM, Vi
OM! o’ K * 1
M. | = * = = — 4.1
OM!, o’ w2

hence the integral over S\ T in eq. (4.17) becomes

1 dRya (WML, 1/W, 2
/Apmergpocc(ml|H/M4)pOCC(mQ|M>{<)’u/ gal(ZM*d'u/lu :

dM.dy/

and we underline how this transformation made the area of integration become 7T'. Now,
we exploit a symmetry of the differential galactic merger rate dRgq;/dM,1dM,o: this

quantity must be invariant for the exchange of the two masses of the merging galaxies

ngal(M*17M*2) _ ngal(M*QyM*l) s ngal(M*aMM*) _ ngal(MM*aM*)
dM*ldM*2 dM*ldM*2 dM*ldM*2 dM*ldM*2

If we now use eq. (4.14) and eq. (4.18) we obtain

1 dRya(Mi, ) 1 dRya(pM,1/p)

M, dM.du M, dM,du

hence the symmetry condition

dRgat (M, 1, z) 1 dRgay(pble, 1/ 11, 2)
dM.du 7 dM.du

(4.20)

If we drop the superscripts and notice that M, and uM, can also be exchanged in the
arguments of the two poe. we can write the BH merger rate density as an integral over
T only and get rid of the factor 1/2

dRpy
dm1 d’l’)’Lz

ngal
dM,.du

— [ Prera i1, 2o (| Moo () o dML e (2.21)
Do not forget that our goal is to shrink the integration area to make it coincide to that
of the observed galactic merger rate eq. (4.2), and we still need a last step.

We call U = {[10%7 Mg , oo) x [0,1]} the integration region upon which the total
observed merger rate density eq. (4.15) is evaluated and ask ourselves: can we further
reduce the integration domain of eq. (4.21) from 7 to U?

We can cut the domain of integration for M, due to the prior knownledge on Q(f):
(Ellis et al., 2023) and (Ellis et al., 2024a) showed that the signal is dominated by a few
strong sources; moreover, the method presented in chapter 2 that we use to generate

Monte Carlo evaluation of Q(f) exploits this by generating only the signal given by the
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strongest sources.

Inspecting the signal given by each source eq. (2.25) we see that the strongest signals
are generated by both the closest and the heaviest SMBH binary pairs: we then find
plausible to ignore the lightest SMBH mergers, since they will contribute only to the
signal generated by weak sources Qy and these sources barely change the modeled
probability distribution of the signal;

If that is the case, it means that for our purposes there is some galactic mass below
which the contribution of the galactic mergers to the SMBH merger rate density can be
ignored. We decide to make the assumption that this threshold mass has the value of
10°7 Mg, in other words we assume that the observed merger rate eq. (4.15) contains
all the information to correctly describe the SMBH merger rate density. As a rough
estimate, eq. (2.6) tells us that we will consider all SMBH mergers in which the mass of
the heaviest BH in a merging pair is above ~ 13- 10% M. After these considerations,

we are left with

dRpn
dml dﬂ”LQ

ngal
dM,dp

~ pmerg(mh ma, Z) //U pocc(ml ’M*)pocc(mQINM*) dMdu , (422)

where, if we trace back to the beginning of this section, the differential galactic merger

rate can be written as a function of the differential halo merger rate as

dRya1 _ M dRgai (M, My, 2) _
dM.,dpu * dM,dM,

ARy (f~ (M), f~H (pM.))
thlth2 '

= M, - detJ (M., uM,) (4.23)

4.4 Using the observed rates

We have finally showed that the BH merger rate can be expressed as an integral over
the same region of the (M., 1) plane on which we have the measure of I';(2), but we
still lack a way of writing the BH merger rate as a function of the total galactic merger
rate. We could assume that the probabilities p,.. do not depend on the masses of the
galaxies, but this is not how nature works, as it is widely known that a relation exists
between galactic global properties and the central SMBH mass ((Cimatti et al., 2019),
Section 5.4.4), so this is not a suitable solution. We need to find a smart way to write
the integral eq. (4.22) so that 'y, (z) appears. The idea here is to notice that we only

have information regarding the overall redshift dependence of the merger rate density
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while we lack information about its dependence on the mass of the galaxies. So we will
keep the differential merger rate density provided by the EPS formalism while only

changing its normalization: we define

dRga, Eps(My, )
[ theof J dM.dy . 4.24
th / / dM, d,u a (4.24)

The EPS function used here is obtained from eq. (4.23) and the differential halo merger
rate density is the same as in (Ellis et al., 2023) and (Ellis et al., 2024a). We can look
back at the plot in Fig. 3.1 and compare this theoretical total galactic merger rate
density eq.(3.9) and its measured counterparts eq. (4.24): the measured merger rate is
actually a bit smaller at low redshifts while it increases at high redshifts, and this could
generate some differences later on, resulting in a smaller predicted GW signal which
could increases pperg to a higher value than the results of (Ellis et al., 2024a).

This change of normalization means that to obtain the differential BH merger rate

density we evaluate

dRpn
dm1 de

dRga EPS
// pmergpocc(ml‘M )pocc(mQ\uM )7{1714’5;’ dM*d,u

1—\theo
(4.25)
We recall the definition of the BH merger rate eq. (4.3) and all the cuts to the domain
of integration that we made till eq. (4.22), so we can take all the steps back and say
that

%Fmt( )

dRpH ~ Lot (2)

dRgya1,EPS
dmidma 2Ftheo(z)

dM,1dM,s .
dM, dM,,

(4.26)

'/Apmergpocc(ml|M*1)pocc(m2|M*2)

4.5 The final BH merger rate

It can be useful to find a non-computationally expensive numerical evaluation of the
integral eq. (4.26) to speed up the algorithm used to fit the data and that is exactly

this section aim. If we substitute in it the definition of pye. eq. (2.5), we get

dRpH mi 9 < mz)] dRga1,EPS
STBH g, In? (22 fip? (22) | 8 SZ00lEDS ap g, (4.27
dmadms // exp{ {” <m1> Ty | [ daddng, M M (427)

where

28



4. INCLUDING THE OBSERVED GALAXY
4.5. THE FINAL BH MERGER RATE MERGER RATE

Pmerg (ml , M2, Z)Ftot (Z)
47Tm1m202rtheo(z)

k= (4.28)
We recall that m; and mgy are the masses of the merging SMBH and ¢ = 1.1. We
do not make any assumption yet on the shape of py,erg, which could in theory could
depend on both the SMBH masses and the redshift, so what follows is indipendent of
this functional form.

We also recall that from eq. (2.6) the average masses of the merging SMBH m; are a

function of the merging galaxy masses M,;

M.. 7/5
= 8.95 *7

We can use this relation to define two new parameters

5/7 5/7
mq mo
Q= (10895) x 101t My, B = (10895) x 10M M (4.30)

and substitute them in eq. (4.27) so that it becomes

dRpH 1.96 [, (M ) 9 (M*Qﬂ dRgal,EPS

—=2 = l : M,1dM,

Gmids k:// ea:p{ [l 5 +In 3 dM*ldM*gd 1dMyo
(4.31)

We perform a change of variable to take the physical quantities out from the integral

r=In(Mag/a) = dM, = ae”dx (4.32)
y=In(M./B) = dM. = pe’dy (4.33)
so that it becomes
dRpn //’ [ dRga,pps(ae”, feY)
k . dxd 4.34
dmidms = af exp >+ ) +z4y ITREIT xdy (4.34)

Now we focus on the argument of the exponential function in the integrand of this

equation; we perform another variable change
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1.4 ov/2 ov?2

_ N = Y2 4.35

T2 28 T (4.35)
1.4 ov/2 ov2

b _ — gy =0 4.36

2! 28 Y= 4 (4.36)

that allows us to rewrite eq. (4.34) into

dRgy 2a80°k // _a2_p2 ARyq1 EPS @ a.yb)
= a ria dadb (4.37
dmydmy 196 196 B2 dM*ldM*g( "), 5e/0) dadb (4.37)

where

2 2 2 2
= L\fa + 7 , Y= L\[b + 2 (4.38)
1.4 1.96 1.4 1.96

At the end, the differential BH merger rate is

dRpH 2030k o? / / _a2_p2 dRga,EPS
_dfipm a?—? @/lgal, EPS v®)) dadb
dmndmy ~ et gem e Tg6 | [ © dM,1dM,» ( Ve ) ¢

(4.39)

or, using the definition of the factor k eq. (4.28)

dRpy Tior(2) af ( o? )

dmidms ~ PMTIT o0 (2) 3.92mmyms 1.96

o ARBS (o) gt
x //]Rz € dM1d Mo (046 e >dadb (A0

This is the final analytical expression of the SMBH merger rate density that we need.
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Chapter 5: Numerical methods

5.1 Implementation of the model in the numerical code

This chapter contains details regarding a rewriting of the quantities presented in Chapter
2 but as were used in the code; moreover, it will contain a few remarks on the Python

modules used. All quantities in this chapter are expressed into geometric units ¢ = G = 1.

In the last chapter we showed that the SMBH merger rate density can be written as
a function of the measured merger rate density I';,¢(z) and the theoretical differential

galactic merger rate density predicted by the EPS formalism dRq pps/dMdM,o

dRBH Ftot(z) Otﬁ ( 0'2 > %

dmldmg — Pmerg Ftheo(z) 3.927rm1m2 “r 1.96

—a2—? ABgal EPS (| a(a) g u(b) 1
~ //]1@26 DM (ae Be )dadb (5.1)

Due to the particular form of the integrand, this integral can be evaluated in a really
efficient way using the Gauss-Hermite quadrature: as explained in (Abramowitz &
Stegun, 1965) an integral over all real numbers where a factor of the integrand is a

Gaussian can be approximated by a sum of samples of the integrand over n points

/ e fla)do > wif (1) (5.2)
- i=1
with weights

2n=Inl/m
Ww; = —n2 [Hn_l(xi)]z (53)

and the z; are the roots of the Hermite polynomial H,,_1(z). We chose n = 3, so that

We must keep in mind that in our case these values must be applied to a and b, so we

substitute these values of z; into eq. (4.38) and instead call
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N <1.21) - 1.21+0\/§ 12170f (5.5)
: P\106) “P\106 " 14 1.96 14 '

so that the BH merger rate is evaluated using

dRpH

m :pmerg(mlvm%z)rtat(z) . A(ml,mg,z) (5.6)

where the function A(my,ma, 2) is

0.47 af dRgu1 EPS

A(m, ma, z) = — Tineo(2) i 2 ZZ m (-4, - ;) (5.7)
This is the actual function used in the code to evaluate the SMBH differential merger
rate density, saving a lot of time by estimating an integral using only 9 values of its
integrand function. The halo mass function used for evaluating the EPS formalism as
n (Ellis et al., 2023) and (Ellis et al., 2024a) was calculated using the same code as
n (Bird et al., 2013), but with the Press-Schechter halo mass function instead of the
Sheth-Tormen. The probability per unit time that two halo merger was evaluated as in
(Ellis et al., 2023) and (Erickcek et al., 2006).
The average number of sources eq. (2.23) can be rewritten using eq. (2.2), eq. (2.18),
eq. (2.20) and eq. (2.21)

_ dt | =
Nfi—// d)\dT—// d\dIn f =
i fE[fwfzﬂ In fe€lln filn fia] | A0 f
//// gM., f, 2) dRpy dV, (5.8)
~ 9 w M3 (7 )8/3(1 + 2)11/3 dMcdn dz
where the function g has in it the information about the environmental effects
Mo N\ g+ o)

=1 = 5.9
oM. f,2) = [ 1+ ((109 o) T ) (59)

and the region of integration is

W ={{z€0,3]} x {ne[0,1/4]} x {M¢ € Mcmin , Mcmaz)} x {In f € [Inf; ,In fir1]}}
(5.10)
We have chosen to put some limits on the values of the possible M, due to both efficiency

and stability. There are multiple integrals which involve integration of the BH merger
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rate (2.11) over the chirp mass, and this function does not have a cut-off for low values
of BH mass, so we have to choose a lower boundary, M .;,. We are interested in
generating a signal caused by SMBH merger only so we could assume that the minimum
chirp mass has the value for which both BHs involved in the merger have the smallest
mass possible of 10° M to be considered SMBH; this seems to be a rather arbitrary
choice, but fortunately for this lower limit the important thing is not the choice of the
value itself but rather the consistent use of it in the code: every integral over chirp
masses must have the same minimum chirp mass. We made the program run for other
values of M i, and the results do not depend on it as long as this change is applied to
all integrals which involves integration along the chirp mass M.. The upper value was
chosen as =~ 10'3 M, so that it was slightly above the cut-off mass of the BH merger
rate evaluated with the EPS formalism at z = 0.

The integral eq. (2.23) was numerically evaluated with the Gaussian quadrature with 5
points as in (Abramowitz & Stegun, 1965); this is true for all the other integrals of this
section unless it is said otherwise.

We can also rewrite the probability of finding a single source for a given signal strength
eq. (2.24) using the property of the Dirac delta to eliminate the dependence on the

chirp mass inside the integral

0(x — xp)

where f(xp) =0 (5.11)

yielding

1/4 QO 6/5 co d2 . _1/5d . d
1)(Q|f 9M N/ dz/ ( ,vaz) (57T P > Ve dRpy (Mc,mn)

64(rf)2(1+2)3 \8(1+ 2) dz dM.dn
(5.12)
where M., is just the chirp mass
3/10
1 57 peds
Mco = Q 5.13
T f(l+2) (8(1+z) (5.13)

The factor outside of the integral A is just a normalization factor for the probability

—6/5
5deC' Mcoaf Z) 57Tdec dV. dRpn
N = /// 5127 f2(1 + 2)* 8(1+Z)Q e nddn(Mc,o,n)dzdndQ (5.14)

Its integration domain is
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X ={{z€l0,3]} x{ne0,1/4]} x {Q € [Qmin , Vmaz]}} - (5.15)

The choice of limits of integration for the signal {2 is the same as for the chirp mass:
the values were fixed by using the chirp mass eq. (5.13) with z = 0.1 for the maximum
signal and z = 3 for the minimum; fortunately the maximum signal corresponds to a
mass well above the cut-off of the BH merger rate so the redshift choice does not impact
it. The frequency used is the central frequency of the bin. Once this probability was
created in each bin, it was fit with scipy.interpolate.cubicspline (d. Boor, 1978)
to make the generation of signals much faster.

We then chose the number of strong signals N, = 500 because, as explained in the
appendix of (Ellis et al., 2024a), this allow us to ignore the contribution of all the others
weak sources, so we can put Qy ~ 0. With this in mind, we searched for Qy, by finding

the zero of the function

Z() = log,o(Ny) — log;o(N) — logy, ( /Q o p(l)(Q/)dQ’> (5.16)

the zero was searched with the function brentq (Brent, 1973) implemented in scipy.optimize,
with a tolerance xtol= 0.001. Following this we generated the strong signals: we ex-
tracted 4 x 10* times 500 random number each with numpy, then we built the cumulative
inverse function of the fit probability distribution and finally transformed the random
distribution into the target one with the Inverse Transform Sampling (Devroye, 1986).
In each one of the 4 x 10* extraction we summed the 500 strong signals and divided
the sum by the bin frequencies as in eq. (2.27) to obtain 4 x 10* samples of the signal.
For each one of the distribution of signals we then used the Kernel Density Estimation
method (implemented in Python by the module KDE.py (Odland, 2018) to convert the
histogram of the distribution of these strong signals into its continuous probability
distribution. In particular, the function used was FFTKDE, with the Epanechnikov Kernel
and the bandwitdh was selected with the Improved Sheather Jones (ISJ) method.
The threshold between the generated distribution and the approximation for strong
signals detected eq. (2.31) was set for each bin as the maximum 2 of the generated
KDE: above it, the distribution was approximated with the said equation.

We used the same likelihood as in (Ellis et al., 2024a), which means eq. (2.40), and
we found its maximum by searching for the minimum of —1In £: first, we performed a
coarse grid search to identify a good starting point (Press et al., 2007), and then we
refined the solution using the Nelder-Mead method (Press et al., 2007), implemented in
the Python module scipy.optimize.minimize (Gao & Han, 2012).
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Chapter 6: Results and

conclusions

6.1 Results

We will now present the results and the conclusions of this thesis. We choose to perform
two different analysis based on the data: one in which we used all the same NANOGrav
bins with f < 30 nHz as in (Ellis et al., 2024a), and another one in which we ignored
the data from bin 8, since it seems that a strong source is the main signal, overcoming
the noise of the SGWB (Agazie et al., 2023), (Ellis et al., 2024a).

6.1.1 Fit to all NANOGrav bins

The best fit values for both the GW only and GW+environment models can be found
in table (6.1), while their likelihoods can be seen in fig. 6.1; starting with the GW only
model, its the main result is that the SMBH merger probability is pmerg = 1.4570 5]
seems to be bigger than 100 %, while being still within margin of error compatible with
it. This is a direct consequence of the difference between the merger rate density used,
as it is smaller than the EPS one at low redshifts, thus generating a smaller signal from
strong sources, hence requiring a higher BH merger efficiency to fit the data. As in
(Ellis et al., 2024a), the only problem for this model is a difficulty in fitting the bin
1, as can be seen in fig. 6.1; removing this bin from the data further increases the
value of pyerg. Moreover there is no reason to remove it from the data so we keep it
and confirm that also our model does not perform well for f € [1.98 nHz,3.96 nH z].
Nevertheless, since pperg = 1.45f8:§§‘, this model tells us that SMBH alone could not
be the only source of the signal, suggesting the presence of at least another one of the
cosmological sources listed in the introduction (Chapter 1) to account for ~ 50% of the
observed signal. Another possibility is that the merger rate density used in this work is
an underestimation of the real value, which leads to overestimating pperg-

Moving on to the next model, the likelihood for the GW-+environment model was first
explored with the Python module emcee (Foreman-Mackey et al., 2013) assuming that
Pmerg € [0,1], apw € [0,6] and logyq fref € [—10,—=7]. In this second case, the results
can be seen in fig. 6.2. This plot was created with a sample of roughly 28 thousand
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points; this is probably too low number of samples to determine the exact shape of the
contour plot, but it required a really long time to be created: due to the low efficiency of
this method, this is the only contour plot for the likelihoods of the models. Nevertheless,
it still provides us with interesting information regarding the behaviour of the likelihood

for GW+-environment models:

« high values of py,erg are strongly favoured;
« the likelihood has a strong peak for —log; frey values between ~ 8 — 8.2

« the distribution of the power-law index apy, linking the GW and environmental
timescales is not fully resolved; the following evaluations of the likelihood shown
in this chapter confirm that the exact value of apy is not that important of the

model, since it can span a wide range of parameters.
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Figure 6.1. Comparison among the NANOGrav data (orange), the GW only model
(black), the limited GW+-environment model (green) and the free GW+environment
model (blue) modeled over all NANOGrav bins. In the bottom right we also show the
logarithm of the likelihood function in each bin, each model having the mentioned color.

All things considered, the exact value of apy does not seem to be important, as in
(Ellis et al., 2024a), while pyerg and froy seem to be the important parameters of the
model. There is a reason why our apy and f,.s are higher than those found in (Ellis
et al., 2024a), and one can see that from reasoning on their effect on the GW-only
model: apyy changes the tilt of the fit SGWB for frequencies smaller than ~ f..;. Now,

since our GW-only model fit badly only bin 1, the introduction of the environmental
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effects is actively trying to improve the fit mainly for this bin, rather than the 3-4 that
needed improvement in (Ellis et al., 2024a), hence requiring a higher apy (increasing
the tilt) for lower frequencies. This can be seen from the differences in the likelihoods
of bin 1 of fig. 6.3.

Pmerg = O-SSESEE
T 1

— +1.68
Qpw = 3'58—1_8?

logyo %] = -8.83:5%3

frer

loguo [fz]
@
4 1

Prmerg apw

logo 7]

Figure 6.2. Plot of the contour levels of the posterior probability for the parameters
of the GW+-environment model with limited uniform prior.

The histogram for perg only in fig. 6.2 and the previous result for the GW only model

both suggest us to remove the said prior to explore the possibility of values of pyerg

bigger than 1, i.e. that we are underestimating the signal; we then again searched for
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the maximum of the likelihood, and again the results are shown in table (6.1). As for
the GW only model case, it is again suggested that SMBH merging could be the cause
of just a fraction of the signal observed by NANOGrav, around a third for this case: if
that is true, both best fit values for apy and log frey should not be taken as the exact
values due to the possible contamination in the signal of additional cosmological sources.
As for the GW only model, the possibility of having worked with an underestimation
of the total merger rate density is still on the table. We also want to underline the
likelihood plot in fig. 6.1, and in particular that all 3 models seem to better reproduce
the first 4 bins rather than the other by nearly an order of magnitude, with the said
exception for bin 1 for the GW only model. The likelihood ratio eq. (2.41) can be easily
evaluated for the models, and correspond to A = 2(In Lp;gn, — In L4,y) = 10.24 for the
GW only and free GW+environment model, and A = 2.68 for the GW only and the
limited GW+environment model; as the likelihood ratio test (Casella & Berger, 2002)
says, both of these values must be confronted with the x? distribution with two degrees
of freedom, giving as a result that the free GW+environment model model is favoured at
a 2.50 Confidence Level (CL), but the limited GW+-environment model is not favoured
enough relative to the GW only model. This means that if SMBH are the only source of
the SGWB, the environmental effects are not significative enough to disfavour the GW
only model, but at the same time the strong increase in the likelihood for the third model
means that the environmental effects are definetely there; more importantly, the data
suggests that SMBH alone are not the only source of the SGWB since prerg > 100%:
this possibly hints that one or more of the many cosmological processes for generating a
SGWB could be put on the table to explain this strong discrepancy (SMBH seem to
account for just ~ 30 % of the signal). Another possibility for the high value measured
for pmerg could be in the uncertainties on poe.(m|M, z), since m seems to increase not
only with M,, but also with z (Cimatti et al., 2019), (Nipoti, 2025). Sources with
higher masses will generate a stronger signal, hence decreasing pierq: this effect clearly
depends on how m changes with z relative to 1/d2 (z) and dV,/dz, but this relation is
still poorly observationally constrained. Regardless, one should still be advised with
the index apy and the frequency f,.s since most of the SGWB seems to be generated
by cosmological sources, making it extremely pollutted and difficult to recover the real
behaviour of the circumbinary gas and/or loss cone dynamics. It is also worthy to notice
that we assumed an istantaneous emission between pairs of SMBH once the galaxies has
merged, ignoring the time needed for both SMBH to reach the core of the newly formed
galaxies: if one also included this delay, the signals would be generated at a smaller

z, making them stronger and hence requiring a smaller py,e,q, but this inclusion could
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’ Frequency Bins ‘ Model H Pmerg apw ‘ logg[fref/H?Z] \ log £ ‘
0.34

GW only 1457937 | — - —27.84
. GW—f—enVironment, +0.00% 192,57 +0.11

All bins limited 1.005537" | 5.3075%3 —8.08" 54 —26.34
GW-+environment, , 054 00%

o 3.407530, | 6.5079:02 —7.847000 | —22.72

GW only 1.101933 | — — —24.83

All but bin 8 SX; Z““mnment’ 1.00t999% | 676714800 8097012 | —23.20
GW+€‘HViI‘OI’lH16Ht, 1.13 0.96x% 0.06

Table 6.1. This table contains all the parameters that maximize the likelihood for
each model. The errors are computed for each parameter individually with the delta
log likelihood method (Casella & Berger, 2002). The errors indicated with * were
not obtained as the other, but are the limits beyond which the model does not work
anymore.

also predict an even steeper apy . All 3 models seem to poorly fit the high frequency
bins, but this is probably due to the difference in the shape between the probabilities of
our model, artificially cut at € > €y, and the NANOGrav violins: the violins at these
frequencies are much less peaked than the violins in the first bins. Changing model
also does not seem to increase significantly the likelihood in this is part, even if the
difference between the most probable signal sampled changes by one order of magnitude

between models with and without environmental effects.

6.1.2 Fit to all NANOGrav bins except bin 8

In all the cases presented in the previous section we focused on the possible issues
between models and bin 1, but there could be also an issue with the data, bin 8
(fi = 15.81 nHz). We can see in the fig. 6.1 that the best fit without limits is bought
up by bin 8 (look at the likelihood plot in each bin): in fact, both (Agazie et al., 2023)
and (Ellis et al., 2024a) suggested the possibility of a contamination of the SGWB by
an individual strong source, as the KDE of the data is higher than expected relative
to the close bins and the best fit power laws proposed in literature. If that is the case,
the signal of the SWGB submerged in the noise and this bin should be ignored, so we
decided to repeat the best fit of the three said model without the data of bin 8.
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The best fit values for the GW only, the limited GW+environmental and the free
GW+environmental model are again listed in table (6.1) and shown in fig. 6.3: in the
figure, the models for bin 8 were plotted even if it was not used for the evaluation of
the likelihoods.

We start by noticing that the removal of bin 8 makes the GW only model much more
compatible with the assumption that the signal is generated by SMBH only, but as can
be seen from the likelihood plot, the bin 1 has the same issue of being bad fit as before.
For the GW only model and the free GW+environmental model A = 7.24, reducing the
significativity at a 1.90 CL, while for the GW only and the limited GW+environmental
model A = 3.26, again having too weak statistical significance. The removal of bin 8 still
keeps the possibility of the presence of other cosmological sources statistically significant
while being slightly smaller: this is because in this case neither the GW only model
nor the free GW+environment model are trying to fit bin 8 (look at their difference in

likelihoods in fig. 6.1), the main difference for the models still being in bin 1.
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Figure 6.3. Comparison among the NANOGrav data (orange), the GW only model
(black), the limited GW+-environment model (green) and the free GW+environment
model (blue) modeled over all NANOGrav bins except for bin 8. In the bottom right
we also show the logarithm of the likelihood function in each bin, each model having
the mentioned color. Bin 8 (f; = 15.81 nH z) is represented here for comparison, but
was not used for determining the likelihoods
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6.1.3 On the nature of the strong source in bin 8

It is possible to use the data in our possession to find a crude relation to help with the
identification of the source in bin 8: first of all, one need to identify the source’s signal,
and that is done by subtracting the average value of the probability distribution of
NANOGrav’s bin 8 data to the value of € for which the likelihood in bin 8 is maximum
for the last model in table (6.1); the excess noise seems to be generated by a source
with Qgata — Qmodet = Qg ~ (6.88 4 2.84) x 1078, Then, one could rewrite eq. (2.25),
taking as f = 16.80 nH z the central frequency of bin 8, to find that this merger should
have a M, and should be living at a z such that

-3/5
LOQ/IJ\}J [(1 4 2)13/10 [‘m] / ] ~ 1855 + 495 . (6.1)
This relation is plot in fig. 6.4. In the "local" case z = 0 the relationship is the same,
but with the standard distance d instead of the luminosity distance dj. The local case
could also be used to verify that this source is not placed in the center of the Milky Way,
since to generate the observed signal from a distance of ~ 8 kpc (Genzel et al., 2010)
we should need a source with a chirp mass ~ 9.17 - 107 My, much bigger than anything
that could be obtained with the single SMBH observed having a mass of 4.4 x 10% M,
(Genzel et al., 2010).

Rather than searching for the SMBH, one could be more interested in finding the newly
formed galaxy: for that, one just need the SMBH-galactic mass relation eq. (2.6), then
call M, = M, 1+ M, o the stellar mass of the host galaxy and recall the mass ratio p of
the galaxies (and of the SMBH pair) to find

~ (1.74 + 0.46)

[ M. (6.2)

(14 p) (1 + pT/5)1T {dmz)r“
101 Mg, ‘

13/5(1+ 2)13/10 | Mpc

This relation is plot in fig. 6.4. The expected mass of the host galaxy is also really
high, meaning that there is a possibility that there is not just one strong source in bin
8, but possibly 2 or more. Nevertheless, one should expect to find the source of bin 8
in a galaxy result of a major merger, since it requires a lower mass for the host. The
dependence on the redshift makes possible that the source is not necessarely in the local
Universe but also at a high-redshift; unfortunately massive galaxies were rarer in the
early Universe so it is still more probable that the source is somewhere in our vicinity.
Another problem regarding a possible high redshift source is that for these high masses
it could not have had time to grow to these big masses needed for the signal. This

relationship could also break down for high redshifts, since the used SMBH-galaxy mass
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Figure 6.4. This figure shows the chirp mass eq. (6.1), with its 1o CL in green, that a
SMBH pair should have in order to produce the excess signal detected in bin 8. We
also plotted the expected mass of the galaxy as a function of the redshift and the mass
ratio, both with the usual SMBH-galaxy mass ratio eq. (2.6), and both with a 10 times
higher ratio. The red dot is the expected M. for the detected central dark mass in
NGC 1277 if both SMBH have half of the detected mass

relation was found in the local Universe, while it is believed that in the early Universe
the ratio between SMBH mass and their host mass was higher (Cimatti et al., 2019),
(Nipoti, 2025). With this in mind, we also re-evaluated the expected mass of the host
galaxy eq. (6.2) in the case in which the SMBH-galaxy mass ratio was 10 times the
local one eq. (2.6), as should be for the case of high z galaxies or relic galaxies (Nipoti,
2025):

[M*

(Lt ) (14 w7 {dL(z)r/“”
1010 M, '

13/5(1 + z)13/10 Mpc

This relation is plot in fig. 6.4. Lower mass galaxies are much less rare than high

~ (2.34 4 0.62) (6.3)

mass galaxies due to the power-law nature of the galaxy density function (Mortlock
et al., 2015), but it still may be difficult to find the host galaxy due to the rarity of
galaxies with a SMBH-stellar mass ratio 10x the average one. As a reference, we also
plot one case of close relic galaxy, NGC 1277: this galaxy has a redshift z = 0.017,
and measures based on CO(1-0) emission suggest that it has a central SMBH with
amass M ~ 2-101°M (Scharwiichter et al., 2016): if we assume that the unknown
central mass is divided into two SMBH with the same mass, we could estimate both

its M., almost placing the relic along eq. (6.3) (see fig. 6.4). A really ancient merger
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generating the galaxy would have brought this hypothetical SMBH binary to the center
of NGC 1277; if we look at the timescale this is still plausible: both SMBH had all
the time to reach the center of the new galaxy but not the time to merge yet: we can
evaluates tgy for the expected M, = 8.71 - 10° M, and for the central frequency of
bin 8 f = 16.80 nH z, and find tgw = 47 =~ 78 Gyr > ty, meaning that such a binary
did not have enough time to merge; moreover, from the best-fit values for apy and
frey in the case without bin 8, one can estimate t.,, ~ 4319 Gyr, a strong increase
as one should expect. Using other best fit parameters does not change this result.

Unfortunately, there are two problems with this scenario:

e even this extremely massive dark mass could not be enough to fill the signal gap
alone, since NGC 1277 lives below eq.(6.1): it may be that another one strong
source is present in bin 8. Moreover, the used M, could be an overestimation of
the real value since other measures from the same paper are more in agreement
with a mass range 5 - 10% — 1.7 - 100 M;

e a consequent merger with another lighter galaxy could have shrunk down the orbit

of the binary SMBH, strongly decreasing both timescales (see Chapter 1).

Nevertheless, all of this subsection can be used as a guideline for detecting the source(s)

that generate the excess signal of bin 8.

6.2 Conclusions

In this thesis we studied the possibility that the observed SGWB is generated by
merging SMBHs, in particular we implemented a method for the evaluation and use of
the observed galactic merger rate to obtain a model for the SGWB. We tested both
a model for the merging of SMBH driven by GW emission only, and a model with
additional environmental effect for the energy loss of the binary SMBHs. The main

conclusions of this thesis are the following:

1. The merger rate density measured for galaxies with a mass larger than ~ 5-10°9 M,
is Tyt (2) = 6.03(1 + 2)°? exp(—1.52) Mpc=3 Gyr~!; it seems to be in agreement
or slightly lower than the rate expected in literature by the EPS model at low
redshifts, while being significantly higher than the EPS prediction at higher
redshift (see in fig. 3.1).

2. Galactic merger rate density seems to suggest that the SGWB has a hybrid origin,
both being generated by the astrophysical process and at least one other cosmo-

logical process, the latter generating = 70 % of it. The presence of environmental
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effects is confirmed but it is not clear, since it is partially hidden behind the
pollution generated by cosmological sources. Nevertheless, both due to theoretical
and observational uncertainties, the result is indicative and should be investigated

more.

3. The possibility of a source in bin 8, as described in literature, is considered by

repeting the fit without it; the model without environmental effects becomes much
better, with a py,erg in agreement with the possibility that the signal is generated
by astrophysical sources only. Nevertheless the introduction of environmental
effects seems to confirm that at least one cosmological source is needed to better
fit the NANOGrav data. A criterion for the selection of a possible host for bin 8
source is also given, needing a high chirp mass ~ 10'° — 10! M, for a possible
source in this bin, either inhabiting a very massive low z galaxy or a relic galaxy,
such as NGC 1277. There is also the possibility that more than one source generate

the excess signal in bin 8.
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