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Abstract

The study of the Large-Scale Structure of the Universe has become one of the most
prominent cosmological probes. Thanks to the advent of large galaxy surveys, we are
now able to map our cosmos with unprecedented accuracy; while providing support to the
establishment of the ACDM model, this progress is also opening new questions in modern
cosmology. The increasing volume of data collected by current and future spectroscopic
surveys now calls for methods beyond the standard ones to maximise the scientific return
of such missions. Clustering analyses suggest that the combination of lower- and higher-
order statistics is one of the most promising routes, especially in configuration space where
limitations in measurement and theoretical modelling have so far prevented such analyses.

In this Thesis, we derive, for the first time on BOSS data, cosmological constraints
from a joint analysis of two-point (2PCF) and three-point correlation functions (3PCF),
quantifying the gain that can be achieved by including higher-order statistics. We develop
a versatile Bayesian pipeline, capable of combining measurements, estimating covariance
matrices, computing models, and deriving constraints via an MCMC approach across dif-
ferent configurations. We thoroughly validate this pipeline by creating dedicated synthetic
data, testing the robustness of the code, inspecting the degeneracies between parameters,
and determining the optimal regimes to minimise them. We apply the pipeline to the
BOSS galaxies, fitting the first three multipoles of the 2PCF and the full 3PCF. We de-
rive constraints on the bias, Alcock-Paczynski, and growth of structure parameters in two
redshift bins, finding an improvement of a factor of 2 to 5 in the accuracy of the bias
parameters from the joint fit.

This work demonstrates how crucial it is to include higher-order clustering statistics
in future surveys, and contributes to the paper Guidi et al. (including L. Cavazzini)
(2026, in prep.).
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Introduction

Scientific background

Over the past two decades, several complementary observational probes have contributed
to shaping a coherent cosmological model. One of the most important discoveries is the
accelerated expansion of the Universe (Perlmutter et al. 1999, Riess et al. 1998). While
the cosmological constant A provides a phenomenological description of this acceleration,
its physical origin is still unclear, leaving room for a possible evolution of the dark energy
component or for alternative explanations involving a modification of General Relativity
(Huterer and Shafer 2017). Moreover, the increased precision of cosmological observations
has revealed tensions between measurements obtained from the early- and late-Universe.
The most notable one is the so-called “Hubble tension”, a 50 discrepancy between the
value of the Hubble constant obtained from Cosmic Microwave Background (CMB) and
from the local distance ladder based on type Ia Supernovae (SNe Ia).

The Large-Scale Structure (LSS) of the Universe provides a natural testing ground to
probe its expansion history. Baryon Acoustic Oscillations (BAO) imprint a characteristic
scale in the clustering of galaxies and can thus be used as a standard ruler (Fisenstein
et al. 2005). A detailed measurement of the growth rate as a function of redshift (f)
can also shed light on the underlying theory of gravity (Guzzo et al. 2008). The Baryon
Oscillations Spectroscopic Survey (BOSS) (Eisenstein et al. 2011) was designed to measure
the expansion history by means of BAO, with the goal of reaching an uncertainty of
~ 1 — 2% in the angular diameter distance D4(z) and Hubble parameter H(z) out to
redshift z ~ 0.3 — 0.6 (Alam et al. 2017).

The standard approach involves measuring and analysing the correlation functions,
starting with the 2-point statistics, i.e. the 2-point correlation function (2PCF) or its
Fourier-space counterpart (the power spectrum P(k)). During the last years, it has been
demonstrated that additional information can be extracted by going beyond lower-order
analysis; this is done by exploring 3-point statistics, and in particular the 3-point corre-
lation function (3PCF) and its Fourier counterpart, the bispectrum. The 3PCF signal is
sensitive to non-Gaussianity of the density field, either related to gravitational instabil-
ity, which naturally develops non-Gaussian features, or to primordial origin (for a review
Celoria and Matarrese 2018). Moreover, the complementary sensitivity of the 3PCF with
respect to the 2PCF to galaxy biasing helps break the degeneracies between parameters
beyond the bias terms, thereby tightening the constraints on the cosmological parameters
of interest (Veropalumbo et al. 2022, Gil-Marin et al. 2016, Euclid Collaboration: Guidi
et al. 2025). As new data from spectroscopic surveys such as DESI (DESI Collaboration



et al. 2016) and Fuclid (Fuclid Collaboration et al. 2025) will increase the precision of
these measurements, the implementation of complementary probes such as higher-order
statistics will be crucial to maximise the scientific exploitation of these surveys.

Despite the large amount of information contained in 3-point statistics, several prob-
lems challenge their implementation. First of all, large volumes are needed to measure
their signal with high accuracy, and building well-conditioned covariance matrices for the
estimation of uncertainties requires a large amount of realisations, to be able to exploit
all triangle configurations. While some cosmological analyses that explore the bispectrum
on real data have been carried out (e.g., in BOSS Gil-Marin et al. 2016, Philcox and
Ivanov 2022), the implementation in configuration space hasn’t seen the same amount of
attention. The main advantage of the 3PCF is that it can naturally account for the typi-
cally complex geometry that characterises the volume of galaxy surveys, differently from
Fourier space analysis, in which the survey footprint imprints an intricated coupling of
the wave modes that contribute to the statistic. Correcting for these convolution effects,
in 3 dimensions, is far from trivial and constitutes a good reason to carry on the analysis
in configuration space.

Measuring the 3PCF, however, has a high computational cost since it relies on estima-
tors based on direct triplet counting. Until a few years ago, this was a real computational
bottleneck, but the recent introduction of an estimator based on spherical harmonic de-
composition (SHD) (Slepian and Eisenstein 2015) has significantly reduced the computa-
tional burden, allowing for the first time the extension of measurements to larger scales
and datasets.

The challenges in implementing the 3PCF also show up in its modelling. Theoreti-
cal predictions of clustering statistics are based on cosmological perturbation theory, in
which one solves the equations of motion that describe cosmic fields such as §(k) with a
perturbative expansion. This approach is best treated in Fourier space since wave modes
k are decoupled (at least in the linear approximation). To get to the configuration space
counterparts, one has to perform an inverse Fourier transformation. Galaxy surveys in-
troduce distortions in the clustering that make the distribution of galaxies anisotropic,
and the resulting bispectrum depends on several variables. Even when restricting to the
isotropic part, the transform is computationally demanding. The 2D-FFTlog algorithm
(Fang et al. 2020) is by far the most efficient way of performing the two-dimensional Han-
kel transform to go from the Legendre coefficients of the bispectrum to those of the 3PCF.
Still, direct exploration of the cosmological parameter space is out of reach for full-shape
studies. To overcome this issue, one can rely on emulators, machine learning algorithms
(mostly Neural Networks) trained on libraries of theoretical models. These systems are
capable of producing accurate predictions, reducing the time needed to compute a single
model by an order of 10° in the case of the 3PCF. This approach has been recently intro-
duced by Euclid Collaboration: Guidi et al. (2025) for a full-shape analysis of the joint
2- and 3- point correlation functions in numerical simulations, in preparation for Euclid.
This work represents the first full-shape study of the real space 3PCF and demonstrates
the advantages of combining the 3PCF with the 2PCF, which yields tighter constraints
on shape parameters than the 2PCF alone.

A complementary, more computationally light strategy is the template-fitting ap-



proach. Theoretical models of correlation functions fundamentally depend on the linear
power spectrum, whose shape is largely determined by parameters tightly constrained by
CMB anisotropy measurements (Planck Collaboration: Aghanim et al. 2020). By fixing
this “early-time physics” using a Planck prior, the theoretical predictions can be linearized
and expressed in terms of a set of fitting parameters combined with precomputed tem-
plates. These fitting parameters comprise both cosmological parameters that depend on
late-time evolution and a collection of nuisance parameters. The late-time parameters
primarily capture distortions in the observed galaxy clustering that arise when inferring
positions from spectroscopic survey data.

Goal of the thesis

A joint 2- and 3-point correlation function cosmological analysis that exploits the full
scale dependence of the three-point correlation function without restrictions on particular
triangle configurations has never been made on BOSS data. The exploration of the
cosmological parameter space has been made on BOSS for the bispectrum, both in the
template fit (Gil-Marin et al. 2016) and full-shape (Philcox and Ivanov 2022) approaches,
and for the 3PCF it has been restricted to the isotropic AP parameter o with only a few
triangle configurations used (Slepian et al. 2017). Addressing this challenge is fundamental
in preparation for the full scientific exploitation of the wealth of data that are currently
collected by Stage IV surveys, and that will be delivered by Stage V surveys.

The primary objective of this work is to investigate the additional information gained
by combining the 3PCF with the 2PCF in constraining the linear growth rate f and in
assessing the possibility of breaking its degeneracy with the present-day root-mean-square
of density fluctuations smoothed over spheres of 84 'Mpc, og. In addition, we provide an
independent measurement of cosmological distances with respect to other BOSS studies,
although this constraint is derived solely from the 2PCF. This work also presents the
first analysis of the BOSS reduced 3PCF, which has received even less attention in the
literature than the connected 3PCF.

Taking advantage of the analysis performed in Guidi et al. (including L. Cavazz-
ini) (2026, in prep.), we extract measurements of the BOSS DR12 2PCF monopole,
quadrupole, hexadecapole, and isotropic 3PCF Legendre coefficients from ¢ = 0 to 10, as
well as covariance matrices estimated by means of 2000 MultiDark-Patchy mocks (Kitaura
et al. 2016).

Crucial to the analysis is the computation of theoretical predictions. We utilize
ME1lCorr (Guidi et al. (including L. Cavazzini) 2026, in prep.), which disposes of theo-
retical tools based on perturbation theory schemes most recently developed.

We constructed a pipeline for the exploration of the parameter space in which the
posterior distribution is sampled with a Markov Chain Monte Carlo (MCMC) algorithm.
This framework allows us to combine the BOSS 2- and 3-point correlation functions (and
the reduced 3PCF) measures and theoretical models to derive and analyse cosmological
constraints. We can fit the two statistics separately or jointly by considering the cross-
covariance between the two. Since BOSS is divided into four separate data sets, either at
different effective redshift (low-z and high-z) or spatially separate (North Galactic Cap or



South Galactic Cap), we can fit them separately or in a combined way by summation of
the likelihood function at each step.

Outline

This thesis is structured as follows:

e In Chapter 1, we introduce the ACDM model and briefly review the fundamental
equations of Cosmology in a homogeneous and isotropic Universe. Then, we discuss
the clustering of matter and galaxies, starting from the 2PCF, and the power spec-
trum, followed by the 3PCF and bispectrum. We then address the differences be-
tween the two main approaches when it comes to cosmological analysis of clustering
statistics and highlight where the information content of each is. We summarize the
ingredients of our models under the template fitting approach. Finally, we motivate
the work made in this thesis, by highlighting the current tensions and unexplained
assumptions of the standard model and how higher-order statistics might aid us in
testing them.

o In Chapter 2, we describe the BOSS catalogue and the estimators used for measuring
the 2PCF and 3PCF multipoles in spectroscopic surveys. Then, we comment on the
measured statistics and the different ways we can visualise, and utilize the 3PCF.
We also describe how to obtain covariant errors for the different statistics.

o In Chapter 3, we present the new Bayesian framework that was developed, as well
as the analysis performed on synthetic mock data created to validate our code and
verify which parameters can be confidently constrained given the data and models
at hand. We address the degeneracies between by, f, and og, emerging in both
the 2PCF, 3PCF, reduced 3PCF, and joint 2PCF and 3PCF, by employing various
strategies and finding the best setup, which we consider as our baseline.

o In Chapter 4, we first fit the BOSS 2- and 3-point correlation functions separately, to
explore which scale cuts minimize systematic errors in the modelling while retaining
the highest signal. Applying these cuts, we present the results from fitting the 2- and
3-point correlation functions of combined BOSS data sets. Firstly, we show results
from the 2PCF alone in terms of AP parameters; we extract their one-dimensional
marginalized contours and perform a distance measurement comparing the result
with other BOSS papers and the ACDM prediction. Secondly, we compare the
marginalized posteriors from the 2PCF alone, 3PCF alone, and joint 2PCF and
3PCF when oy is fixed to a CMB-based prior, to assess the ability to constrain
parameters for each. Lastly, we show the results from a combined fit of the joint
2PCF and 3PCF with a uniform prior on og and compare the results with the
previous fit and measurements of f and og from other studies.

o In Chapter 5, we draw our conclusions and discuss future prospects.



Chapter 1

Theoretical Framework

In this chapter, we review the principles of modern cosmology, highlight some of its
currently unexplained phenomena, and give an overview of the theoretical framework
needed to describe the Large Scale Structure (LSS) of the Universe, which we can use
as a probe to test cosmological models. We first introduce the ACDM model in Sec.
1.1 which constitutes the current cosmological paradigm. In Sec. 1.2, the framework
for probing the LSS is presented by defining the N-point statistics, which are central
to this thesis. We explore the current approaches to the study of N-point correlation
functions in Sec. 1.3, mainly how we extract cosmological information in Full-shape and
Template fitting analyses. In Sec. 1.4, we review all the crucial elements of the theoretical
models; the theoretical description of N-point statistics is based on perturbation theory,
first evaluated in Fourier space. To get to the 2-point and 3-point correlation function
models, an inverse Fourier transform is performed. Finally, in Sec. 1.5 we explore the
questions that have arisen with the increased precision of cosmological probes and how
higher-order correlation functions can aid us in answering them.

1.1 The ACDM Model

The model currently able to reproduce cosmological observations most robustly and con-
sistently is the so-called ACDM model (A Cold Dark Matter) or Standard Model of
Cosmology. According to the ACDM model, the Universe originated, through the Big
Bang, from an initial singularity, that is, from a point-like state with divergent density
and temperature. The distribution of energy at this point should be completely uniform
and isotropic; if this were the case, however, we should not observe structures that ap-
pear today as inhomogeneities throughout space-time. Leading theories postulate that
an inflation period (Guth 1981), in the very early Universe, provided the seed perturba-
tions that would go on to form today’s structures. While little observational evidence is
provided for any particular inflation model, it remains a pillar in the standard view of
cosmology as it provides the resolution to many problems associated with it. According
to the ACDM model, the current energy budget of the Universe is dominated by the
following components:



1. Theoretical Framework

« Dark Energy: it is a component of unknown physical origin, with negative pres-
sure and distributed homogeneously in space, which could justify the accelerated
expansion of the Universe (Huterer and Shafer 2017). It is estimated that Dark
Energy represents about 68% of the mass-energy of the Universe. This component
is generally described in terms of a Cosmological Constant A;

o Cold dark matter (CDM): It is a non-relativistic and non-collisional matter
component, with an electromagnetic interaction cross section so low as to make
it invisible to direct observations. It is estimated that CDM constitutes about
27% of the energy budget of the Universe. The introduction of a component with
these characteristics is justified by both dynamical observations on galactic scales
(rotation curves of spiral galaxies) and extragalactic scales (measurements of virial
mass of clusters), as well as those related to gravitational lensing. Its introduction
also allows us to explain, through the mechanism of gravitational instability, the
formation of structures, such as those that characterize the current Universe;

o Baryonic matter: It is composed mainly of light elements, such as Hydrogen and
Helium and it represents about 5% of the mass-energy of the Universe;!

o Radiation: It makes up less than 0.1% of all energy density in the Universe. The
majority of the photon energy density comes from the Cosmic Microwave Back-
ground, which permeates the Universe and is well described by a black body spec-
trum;

e Neutrinos: In the standard model, neutrinos are massless and their energy density
is comparable to that of radiation. It was discovered that neutrinos have a non-
negligible mass; in this case, they may play a significant role in structure formation
through their free streaming. Pointing down the precise mass of neutrino species is
one of the current endeavours of cosmological observations.

The ACDM model has become the standard model of cosmology largely because it pro-
vides an excellent fit to a wide range of observational data. Among the most signif-
icant pieces of evidence supporting it is the Cosmic Microwave Background (CMB),
the nearly perfect blackbody radiation that permeates the Universe with a tempera-
ture Ty = 2.7255 + 0.0006 K. The CMB is remarkably isotropic, exhibiting temperature
anisotropies of order AT =~ 10~°. These small fluctuations contain a wealth of information
about the primordial Universe. In particular, the Planck mission (Planck Collaboration:
Aghanim et al. 2020) measured the CMB anisotropies with unprecedented precision, al-
lowing tight constraints to be placed on the parameters of the standard cosmological
model. In the context of CMB anisotropy measurements, the ACDM model is specified
by six fundamental parameters: the physical baryon density 2,h%, the physical cold dark
matter density .2, the amplitude of the primordial power spectrum A, its spectral

'In Astrophysics 'baryons’ are defined as all of the ordinary matter in the Universe, so everything
made by protons, neutrons and electrons.
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index ng, the ratio of the sound horizon to the angular diameter distance at last scat-
tering 6., and the reionization optical depth 7 (Scott 2018). From this set, many other
commonly discussed cosmological parameters can be derived.

Additional key probes of cosmology include Baryon Acoustic Oscillations (BAO) mea-
sured in Large Scale Structure (LSS) surveys (Eisenstein et al. 2005) and observations of
Type la supernovae (Riess et al. 1998, Perlmutter et al. 1999). These provide independent
measurements of the distance-redshift relation: BAO act as a standard ruler, correspond-
ing to a feature of known physical size, while Type Ia supernovae serve as standard candles,
objects of known intrinsic luminosity. Together, these probes have provided strong evi-
dence for the accelerated expansion of the Universe, supporting the interpretation that
the present cosmic expansion is driven by a cosmological constant A. Another important
probe is Big Bang Nucleosynthesis (BBN), which places tight constraints on the physical
baryon density ,h* (Cooke et al. 2014).

1.1.1 Background evolution

The ACDM model sits on a few core assumptions: on the largest scales, the Universe is
homogeneous and isotropic, an assumption known as the Cosmological Principle; the only
interaction relevant at large scales is gravity, described by General Relativity (GR) (Coles
and Lucchin 2003). Under these assumptions, a formal mathematical framework can be
constructed that ultimately describes the Universe at large scales with only six degrees of
freedom.

In GR, the force of gravity can be interpreted as the curvature of space-time induced
by the energy and momentum distribution, which in turn responds to the local curvature.
This interaction is well described by the Einstein field equations

1
Ruw— 5B = 0T, (1.1.1)
These are a system of coupled, non-linear equations for the metric tensor g,,; they relate
the ’space-time’ curvature encoded in the left-hand side of the equation with the energy-
momentum tensor T'uv on the right-hand side. The g, tensor is a (0, 2) rank symmetric
tensor which specifies the geometric properties of the local space-time. We can define the
infinitesimal interval between two events in space-time as

ds® = g, dxtdx"”. (1.1.2)

No general solution exists for the field equations and we must specify some symmetry
argument that reduces the number of degrees of freedom. The Cosmological Principle
postulates that on sufficiently large scales the Universe is homogeneous (distributed uni-
formly) and isotropic (looks the same in every direction). Under this principle the 'mixed’
terms go, vanish and we are left with the general form

ds® = —c2dt* + dI>.
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Taking dI? to be any geometry with curvature K and rescaling the overall spatial compo-
nent of the metric by a factor a(t), in spherical coordinates, we get:

dr?

ds® = —cdt* + a(t)® | ———
S c + a(t) e

+ 72(db? +sin20dgz52)> (1.1.3)
The Friedmann-Lemaitre-Robertson- Walker (FLRW) metric. This form of the metric
shows that the dynamics of the Universe on the largest scales is determined by one degree
of freedom, the scale factor a(t), once we have fixed the geometry K, which can be
rescaled to take values K = {—1, 0, 1} respectively denoting an open, flat and closed
spatial geometry. r, 6, ¢ are the comoving coordinates and ¢ is the proper time. While
the comoving coordinates are time independent, the scale factor acts to rescale spacetime
intervals at any time .

It is not trivial to define distances in an expanding universe. We introduce the proper
distance as the distance between two events at a fixed proper time dt =0

d,(t) = a(t) /0 i—r;w — at) F(r) (1.1.4)

Here we see that the proper distance is time-dependent and it changes based on the
geometry encoded in the F'(r) factor. By taking the time derivative of the proper distance
we derive the radial recession velocity of the origin

d, = a(t)F(r) = ga(t) F(r) = H(t) d, (1.1.5)

This is the Hubble law where we have defined H(t) = %2 the Hubble parameter. The
value of H(t) at the present time is the Hubble constant Hy. Experimentally, the expan-
sion of the Universe was first discovered by Hubble in 1929 (Hubble 1929), who measured
the recession velocity of galaxies and found a linear relation between the velocity and
their distance from us.
Another important consequence of an expanding universe is cosmological redshift
a(t,) A

-2 _1 1.1.
ot A +z (1.1.6)

where z is the redshift, i.e., the change in wavelength due to the recession of the emitted
source from the observer. Cosmological redshift is not a proper Doppler effect; it is instead
due to the mere dilation of space that makes photons lose energy as they travel.

A system consisting of many particles, such as the Universe, can be conveniently de-
scribed through an Eulerian approach, that is, treating it as if it were a fluid characterized
by macroscopic variables defined over the entire spatial domain. In particular, the Uni-
verse is treated as a perfect fluid, that is, a fluid whose physical properties are completely
specified by energy density p and isotropic pressure p. In this approximation, we neglect

2Cosmologists often use h = 100+/03/Mm the dimensionless hubble constant; approximately Hy ~
70 km/s/Mpc, h ~ 0.7
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thermal conduction and viscosity. The energy-momentum tensor associated with a perfect
fluid has the form:

P
THV = (IO + C_Q)u,uuz/ +pg,u,1/ (117)

where w,, is the four-velocity. The solution to the Einstein equations associated with a
FLRW metric for a perfect fluid are the so-called Friedmann equations:

. 2

a TG K

=z - =, _ 1.1.
(2) =55 (1.18)
a 4rG 3p
2 _ - 1.1.
(0 E) (1.1.9)

1.1.8 and 1.1.9 are differential equations for the scale factor a(t), they determine its
evolution based on the energy budget of the Universe.

Under the assumption that the Universe is adiabatic we can write the continuity
equation as

dp a p)
— — — ] = 1.1.1
43 <p+ £)=0 (1.1.10)

Egs. 1.1.8, 1.1.9 and 1.1.10 are not, however, sufficient to describe the evolution of the
Universe at large scales. To do so, it is necessary to specify the connection between
pressure and energy density. In other words, it is necessary to provide an equation of
state that allows us to characterise the intrinsic properties of the fluid, or fluids, that
constitute the Universe. The equation of state of a perfect fluid can be expressed in the
so-called Zel’dovich form:

p = wpc? (1.1.11)

where, in the case of physical fluids, the parameter w is related to the speed of sound in
1

the medium ¢, = <g—§> *. For this reason, since ¢y < ¢ must be valid, w can only take

values in the interval [0,1). For example, a fluid of non-relativistic and non-collisional
matter has w = 0. A fluid of radiation, on the other hand, has w = %

Consider the case of a Universe composed (or at least dominated) by a single cosmo-
logical fluid. Assuming that w is a constant, by making explicit the form of pressure in

the continuity equation 1.1.10 and solving by separation of variables, we obtain:

Qo > 3(14w)

p(t) = po (= (1.1.12)

Where py indicates the current average density of the Universe. Some examples are:

o a dust fluid has p o< a3, the evolution of the energy density of a matter-dominated
Universe is completely determined by the increase in its volume;

o a radiative fluid has p o< a™*, In addition to the term a2, due to the increase in

the volume of the Universe, photons lose energy due to the cosmological redshift,

which is responsible for the additional factor a=';
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« a cosmological constant A has p = const. therefore such a fluid is characterized by
w = —1.

From Eq. 1.1.8 and by imposing K = 0 we find

_ 3H?
Perit = 87TG

is the critical density, i.e., the density required to have null curvature. It is useful to
characterize the density relative to the critical one. We define the density parameter €2;
as:

Perit

This is a particularly valuable relation, as it shows how the global curvature of space-time
depends on the average density of the Universe. We can exploit this new definition in
conjunction with Eq. 1.1.8 and 1.1.12 to express the evolution of the scale factor as:

R

In the case of a flat Universe, as current observations support, €2y = 1.

1.2 Clustering statistics

Present-day structures such as galaxies and clusters have formed thanks to a long process
of gravitational instability that started in the primordial Universe. The leading theory is
that Inflation (Guth 1981) seeded perturbations in the density field, small inhomogeneities
in the distribution of dark matter, which we describe in terms of a scalar field defined as

S 1) = L@ —P0) (1.2.1)
p(t)
where p is the mean value of the density field and is therefore only time dependent. There
are other cosmic fields of interest for the evolution of structures such as the gravitational
potential and velocity divergence. Here, we only describe the density field and invoke the
others when needed.

We want to describe the cosmic fields in a statistical way rather than a deterministic
one, for two reasons. First, we lack access to the initial conditions that would allow us to
evolve the system in a deterministic way. Second, cosmological timescales are too long to
follow the evolution of structures. We only witness the evolution of different structures
at all cosmic times through our past light cone.

At the foundations of a statistical description of cosmic fields is the cosmological
principle which can be defined in a statistical sense as follows. A random field is called
statistically homogeneous if all the joint multi-point probability distribution functions
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1.2. Clustering statistics

p(6(x1),...,d8(x,)) remain unchanged under spatial translations, thus the probabilities
depend only on the relative positions. A stochastic field is called statistically isotropic
if p(6(x1),...,d0(xy,)) is invariant under spatial rotations. In Sec. 1.3.2 we abandon

this assumption as spectroscopic surveys introduce significant deviations from statistical
isotropy for the redshift-space density field.
Inflationary models suggest that the primordial contrast density field has a nearly

Gaussian distribution. This means that given N points @, ..., xy, the probability of
obtaining the values of primordial contrasts d;,...,0y at @q,...,xy is well described by
a multivariate Gaussian distribution. If we denote V' = (d1,...,dy), this distribution
writes

(S

det(M)? _1yryy
— —N e 2
(2m)2

where M is the inverse of the covariance matrix C', whose element Cj; is

Pn(V) , (1.2.2)

Cij = (6(2;)5(;))

the expectation value of the product of ¢ at the two positions «;, ;. Notice that the mul-
tivariate Gaussian distribution is fully determined by its covariance matrix; furthermore,
Wick’s theorem (Wick 1950) makes it possible to compute the higher-order moments of
a multivariate Gaussian distribution in terms of its covariance matrix.

According to Wick’s theorem, odd statistics of a Gaussian field, namely (5(x;) ... d(x,))
with n odd, are zero, since for a set with an odd number of elements it is not possible
to find a partition into pairs. Even statistics, i.e. (d(x1)...d(x,)) with an even n, are all
functions of 2-point statistics (6(x;)d(x;)).

1.2.1 2-point statistics

We can define 2-point statistics in terms of the excess probability, with respect to a com-
pletely random distribution of matter particles, of finding two of these particles separated
by a vector . The joint probability dP; » of finding two particles in the comoving volume
elements dV; and dVs, centered at the positions x; and x5, and separated by a vector
r = x5 — x1, which can be expressed, under the assumptions of statistical homogeneity
and isotropy of the Universe, as:

dP; o oc i dVidVay [1 4 £(r)], (1.2.3)

where r = |r|, 7 is the average number density of particles and £(r) is the so-called 2-point
correlation function (2PCF), defined as the joint ensemble average of the density contrast
at two different locations:

E(r) = (0(x)d(x+ 7)), (1.2.4)

where we have omitted, as we will do in the following if not otherwise specified, the time
dependence in 9.
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1. Theoretical Framework

It is also convenient from the theoretical point of view to consider the Fourier space
analogue of the 2PCF, called power spectrum. If we denote with 6(k) a Fourier mode of
the density contrast field with wavevector k, namely

5(k) = / Bz 5(z) e (1.2.5)

The power spectrum P(k) is defined in terms of correlators in Fourier space through the
relation

<S(k)5(k'>> = (27)36D)(k + k') P(k), (1.2.6)

where the symbol 6(P) denotes the Dirac delta. It can be shown, by expanding the density
contrast in Eq. 1.2.4 into Fourier modes and using Eq. 1.2.6, that the 2PCF and the
power spectrum are a Fourier pair, i.e., they satisfy the relation

&(r) = / (;l:;gp(k) etk (1.2.7)

The power spectrum can be interpreted as the contribution of the k-mode to the
variance o2 of the fluctuations of the density field ¢, defined as 02 =< §? > (recall that
the field ¢ has zero mean by definition). The variance of the density contrast is

2 _ o 1 3 3/1'(k:+k:’)-:1:<~ S />
- _<5(w)>—<2ﬂ)6/d k ke 5(k) §(K')
1
(2m)?
=L [ aerzp),
212 J,
where we used Eqs. 1.2.5 and 1.2.6, and in the last step, we switched to polar coordinates.
From a practical standpoint, the density contrast field cannot be measured with infinite
resolution. Instead, the properties of the underlying continuous matter density field must
be inferred from discrete tracers, such as dark matter halos or galaxies. Since these objects
are associated with a characteristic spatial scale, it is convenient to consider the density
contrast field 6 smoothed below a given scale R. We denote the density contrast field
filtered on the scale R by dg. Its value at a given position is obtained by convolving the
original density field with a region of characteristic size R centered at that position, whose
shape is specified by the choice of filter W (x, R). Recalling that the Fourier transform of
a convolution is equal to the product of the Fourier transforms of the individual functions,
the variance of the smoothed field can be written as

/ &Pk K e FHE)® 5D) (k4 kP () (1.2.8)

1 oo
oh = — dk k* P(k) W (k, R)? (1.2.9)
212 J,
Notice that or provides information about the amplitude of perturbations at the scale
R. For historical reasons, a common choice for specifying the density perturbation ampli-

tude is the root-mean-square (RMS) of the present linear-theory density field, filtered on
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1.2. Clustering statistics

a scale R = 8 h~!Mpc. This quantity is one of the fundamental cosmological parameters,
known as og.
If the field § were perfectly Gaussian, then, as a direct consequence of Wick’s theorem,

any ensemble average of a product of Fourier modes, <5 (ky)--- 5 (k:n)>, could be written

entirely in terms of ensemble averages of pairs, <5(k1)5(k;])>, with 4,5 € {1,...,n}.
For a Gaussian field with vanishing mean, this implies that all statistical information
is fully encoded in the two-point correlation function (2PCF) or, equivalently, in the
power spectrum. However, there are several reasons why two-point statistics alone is
not sufficient to fully characterize the density field of the Universe. First, primordial
fluctuations may deviate from perfect Gaussianity, a possibility commonly referred to as
primordial non-Gaussianity (PNG; see Celoria and Matarrese 2018 for a review). Second,
the dynamics of gravitational instability is intrinsically nonlinear; even if the primordial
density field were exactly Gaussian, gravitational evolution would inevitably generate non-
Gaussian features as cosmic time progresses. These considerations motivate the study of
higher-order statistics beyond the two-point level, starting with the three-point statistics,
which we introduce in the following section.

1.2.2 3-point statistics

The lowest-order clustering statistics that can encode information about non-Gaussian
properties of the LSS are 3-point statistics.

By following the same approach as in 2-point statistics, we can define the excess
probability, with respect to a perfectly Gaussian distribution of matter particles, of finding
three particles at the vertices of a triangle of given shape and size. This time, the joint
probability dP; 5 3 of finding three particles in the comoving volume elements dV;, dV, and
dV3 at the positions @y, x5 and x3, separated by the vectors r1y = s — a1, 713 = 3 —T1,
T93 = X3 — X9, can be expressed, under the assumptions of statistical homogeneity and
isotropy, as:

dPLQ’g o T_L3 d%d‘fgd‘/g [1 + 5(’/’12) + 5(7’13) + §(T23) + C(le, 13, 7’23)] s (1210)

C(r12,713,723) is the so-called connected 3-point correlation function (3PCF), defined as
the joint ensemble average of the density contrast at three different locations:

((r19,713,723) = (d(2)d(x + T12)d (X + 7T13)) | (1.2.11)

with the constraint |r13 — 71| = 793.
The Fourier space analogue of the 3PCF, the bispectrum B(ki, ko, k3) is

<5(k1)5(k:2)5(k3)> = (21)%0P) (ky + ko + k3)B(ky, ko, ks). (1.2.12)
With this definition, the 3PCF and the bispectrum are a Fourier pair since we have
d3ky d3ks ,
_ B i(k2-r12+k3-7113) ] 1.2.1
C(r12, 713, 723) / (@) (27)° (K1, k2, k3) (1.2.13)
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1. Theoretical Framework

Given &y the N-point connected correlation function (so & = £ and & = () we can
define the so-called Hyerarchical Amplitudes as

_ &N
- N-1
Zlabellings Hedges i,J 52 (T’ij)

In the perturbative description of LSS statistics, it is possible to prove that gravitational
instability generates connected higher-order correlation functions that scale as &y oc £
at large scales, where Perturbation Theory (PT; Bernardeau et al. 2002) applies. This
scaling can be represented by tree diagrams which we describe in Appendix A. Tree-level
perturbation theory leads to functions,()y, independent of the amplitude of &. And for
scale-free initial conditions, i.e., Py, (k) o< k™, they are independent of overall scale. The
Hierarchical amplitude for N = 3 is the first non-trivial function of this kind and it is
often called the reduced 3-point correlation function (Peebles and Groth 1975)

QN

(1.2.14)

C(T127 i3, 7“23)

E(r12)&(r13) + &(113)€(r23) + &(123)E(1112)

Since at tree-level ( o< &%, ) should be independent of the amplitude of £ (03) at large
scales. In this context, () is better suited for visualizing the growth of non-Gaussian
structure and the shape dependence of clustering than (.

From the practical point of view, at very large scales ~ 120h~*Mpc € — 0 the reduced
3PCF becomes very unstable and its errors non-Gaussian, leading to an overestimation
of the covariance (Bernardeau et al. 2002). Furthermore, modelling £ in the mildly non-
linear regime requires up to one-loop in perturbation theory, which breaks the scaling of
@ from being independent of normalization to @Q  og.

(1.2.15)

Q(T12,7“13,7‘23) =

1.3 Full-shape vs. Template-fitting

State-of-the-art cosmological analyses of clustering statistics can be broadly classified into
two methodological approaches. Both seek to extract cosmological information through
likelihood analysis of the power spectrum or 2PCF, and in our case, additionally, the
bispectrum or 3PCF. Their theoretical descriptions are based on the linear matter power
spectrum, whose shape is governed (in ACDM) by the parameter set

{nsu As; Wedmy Wh, h}a

which controls both the early-Universe physics and, through h, the late-time expansion
history.

Spectroscopic galaxy surveys do not directly probe the matter density contrast é(x),
but rather the galaxy contrast d,(x). Moreover, galaxy positions are not observed in
real space. Instead, surveys measure redshifts and angular coordinates on the sky (right
ascension and declination), which are mapped to comoving coordinates according to

(2,0,0) — Xons(2,0,0) = D.(2), 2(6, ¢).

This observational procedure introduces two key effects.
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1.3. Full-shape vs. Template-fitting

1. Galaxies possess peculiar velocities that contribute to the observed redshift via
Doppler shifts in addition to the Hubble flow. This induces anisotropies in the
measured clustering pattern, enhancing correlations along the line-of-sight direction
z. This effect is known as redshift-space distortions (RSD).

2. The conversion from redshift to comoving distance requires the assumption of a
fiducial cosmology,

c

1.3.1
H(z ( )
which may differ from the true cosmological model. Any mismatch leads to apparent
geometric distortions in the observed clustering signal.

Both effects constitute powerful sources of cosmological information. Accurate modelling
of RSD enables constraints on the linear growth rate,

dlnD1
dlna ’

f= (1.3.2)
where D; denotes the fastest-growing linear mode of density perturbations (see Sec. 1.4.1).
In parallel, the Alcock-Paczynski (AP) test (Alcock and Paczynski 1979) exploits geomet-
ric distortions to extract distance information, such as the comoving angular diameter
distance D4(z) and the Hubble parameter H(z).

Template-fitting analyses extract cosmological information primarily from distortions im-
printed in the clustering signal around a fixed template. By fixing P, (k), all model
contributions entering the power spectrum can be precomputed, effectively linearising
the dependence on the fitting parameters. The resulting template takes the form

Ptemplate k M ZX P(p) k ,u) (133)

where the terms P®)(k, ;) are precomputed and independent of the fitting parameters,
which instead appear in the coefficients X ®. These coefficients are linear combinations
of the physical parameters of interest,

x® — {bjog, bifos, oz, bibyog, €, ...} (1.3.4)

The fitting parameters are a combination of bias parameters (by, bs, ... ), encoding the
relation between the matter and galaxy field, and cosmological parameters f,o5, o and €
which compress the information from dynamic and geometric distortions. During poste—
rior sampling, only the coefficients X (?) are varied, while the precomputed tables P®) (k, 1)
remain fixed. Consequently, model evaluation is computationally inexpensive. This strat-
egy extends straightforwardly to the 2PCF and 3PCF by transforming the corresponding
Fourier-space templates into configuration space and precomputing the relevant quanti-
ties.

Full-shape analyses, by contrast, aim to extract all the available cosmological information,
encompassing both early-Universe physics and the late-time expansion history. Shape
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1. Theoretical Framework

parameters enter in the evaluation of the linear matter power spectrum and can not
be linearised under a fixed template. The principal limitation of this approach is its
computational cost. While theoretical predictions for the power spectrum and bispectrum
can be evaluated relatively efficiently, obtaining fast and accurate predictions for the 2PCF
and especially the 3PCF is more challenging, as it requires transforming Fourier-space
quantities into configuration space via FEqs. 1.2.7 and 1.2.13.

Recent advances have mitigated this difficulty through the development of emulators,
which enable rapid evaluation of theoretical models. In particular, they can reduce the
computation time of a single 3PCF prediction by up to five orders of magnitude (Euclid
Collaboration: Guidi et al. 2025).

In this work, we adopt the template-fitting approach to analyze the BOSS 2PCF and
3PCF. In the following section, we summarize the cosmological information accessible
through full-shape analyses, and subsequently provide a detailed discussion of redshift-
space distortions and the Alcock-Paczynski test.

1.3.1 Shape and distance information

While in our analysis we effectively marginalize over 'shape’ parameters by putting strong
CMB priors from Planck Collaboration: Aghanim et al. (2020), it is worthwhile to discuss
their effect on 2-point statistics, as this forms the basis of our theoretical models.

The formation of the primordial distribution of fluctuations in cosmic fields, whose
subsequent evolution gave rise to present-day cosmic structures, is due to a rapid phase
of accelerated expansion that occurred in the early Universe, known as inflation. The
absence of preferred scales predicted by standard models of inflation translates into a
power-law primordial power spectrum P,

Pu(k) = A, (kﬁ)n | (1.3.5)

P
where A, and ng are referred to as the scalar amplitude and spectral index, respectively.
Current constraints from CMB are consistent with little scale dependence with n, =
0.9652 4 0.0042 (Planck Collaboration: Aghanim et al. 2020).

As density perturbations evolve from inflation to the present epoch, their amplitudes
are modified in a scale-dependent manner. Perturbations on a characteristic scale R lie
in the linear regime if 0% < 1. At a generic epoch, the linear matter power spectrum can
be written as

Piin(k, a) = Di(a) T*(k) Pu(k), (1.3.6)

where the time and scale dependence factorize into the linear growth factor D;(a) and the
transfer function T (k), respectively. While the growth factor can be derived analytically
for a given cosmological model, the transfer function has a more complex dependence
on the underlying physics and must be computed numerically by solving the Einstein-
Boltzmann equations (Dodelson and Schmidt 2020).

In the primordial Universe, photons and baryons were tightly coupled and behaved
as a single fluid. When the temperature dropped below approximately 3000 K, photons
decoupled from baryons and began to stream freely. This event defines the last-scattering
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1.3. Full-shape vs. Template-fitting

surface, which we observe today through the Cosmic Microwave Background. At decou-
pling, sound waves propagating in the photon-baryon fluid ceased, imprinting a charac-
teristic physical scale in the baryon distribution,

> cs(2)

ry = : Wdz, (1.3.7)

where c4(2) is the sound speed of the plasma and depends on its composition up to the drag
redshift z;. Since acoustic oscillations freeze out at decoupling, the scale ry ~ 150 Mpc
corresponds to a preferred separation with an excess of matter. This feature manifests
itself as a peak in the two-point correlation function (2PCF) and as a series of oscillations,
or 'wiggles’, in the power spectrum. Known as Baryon Acoustic Oscillations (BAO), this
feature provides a key observational pillar of the Big Bang model and acts as a standard
ruler for cosmological distance measurements. Indeed, BAO measurements are a primary
scientific driver of modern galaxy surveys such as BOSS (Eisenstein et al. 2011).

In Fig. 1.1 we illustrate how the matter two-point statistic varies as a function of the
physical baryon density wj, at fixed w,, = wy + Weam (on the left), and of the cold dark
matter density wedm, in the limit w, — 0 (on the right). These predictions are computed
using the CosmoBolognalib® library (Marulli et al. 2016), which relies on the Boltzmann
solver CAMB* for the calculation of transfer functions (Lewis et al. 2000).

For fixed values of A, and ng, the overall shape of the power spectrum is primarily
determined by the physical densities w, and wegm. The ratio wy/weam controls both the
relative amplitude of the BAO wiggles and the suppression of power on small scales, with
larger ratios enhancing these effects. The characteristic frequency of the BAO oscillations
is set by the sound horizon r4, which itself depends on these physical densities. In ad-
dition, the location of the turnover in the power spectrum and the degree of small-scale
suppression depend on the total matter density w,, and on r,;. In configuration space,
BAO appear as a single peak at a comoving separation of r ~ 105 h~*Mpec, although the
precise position of this peak varies with the ratio wy/weqm.

The features described above correspond to well-defined comoving length scales for a
given cosmological model and can therefore be used to constrain its parameters. In the
context of ACDM, the physical densities of baryons and dark matter are fixed by the
transfer function, leaving a single parameter, the Hubble constant Hy, or equivalently h,
to determine the location of these features in the power spectrum.

3https://federicomarulli.github.io/CosmoBolognalib/Doc/html/
4https://camb.info/
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Figure 1.1: At the top, the linear matter power spectrum and at the bottom, the linear matter
two-point correlation function. On the left, the wp parameter is varied and weg,, is adjusted to
keep wy, fixed; on the right wy ~ 0 to illustrate shape modification exclusively due to wegm,. The
curves are computed with the CosmoBolognaLib suite.

1.3.2 Redshift Space Distortions

The use of the observed redshift of a luminous source as a proxy for its comoving distance
from the observer is responsible for the generation of anisotropic distortions in the dis-
tribution pattern of galaxies. This originates from the effect of galaxy peculiar velocities
summing up to the velocity induced by the cosmic flow.

Peculiar velocities cannot be directly observed, so in the context of galaxy surveys, we
only obtain information about the redshift space clustering of galaxies (or any other tracer
of matter). This means that the observed comoving position s of an object is displaced
with respect to its true position x as

s=x— fu,(x)z (1.3.8)
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1.3. Full-shape vs. Template-fitting

where v(x) = —u(x)/aHf and u(x) is the peculiar velocity. The subscript z denotes
the vector along the line of sight 2. In the definition of Eq. 1.3.8 we have assumed the
plane-parallel approximation, for which all the considered separations are much smaller
than the distance to the observer (Scoccimarro et al. 1999). In the case of two-point
statistics, the angular dependence is characterised by the angle between the galaxy pair
separation and the line of sight u = k- 2/k. While for the 2PCF a single variable p is used
to describe the anisotropy in the 3PCF, two variables are needed to describe the angle of
the first pair with respect to the l.o.s and one for the second pair. Therefore, the redshift
space 3PCF depends on 5 variables.

The density contrast in redshift space, d,(s), is obtained from the real-space density
d(x) by requiring that the redshift-space mapping conserves the number of galaxies

(1+65)d*s = (1 +0)d*z (1.3.9)

we can then take d®s = J(x)d®x where the jacobian matrix J(x) = 1 — fV u,(x) encodes
the exact mapping between the two spaces so that

S(x) +1—J(x)  O(x)+ fVous(m)

%(8) = J(z) T 1 fVoau(z)

(1.3.10)

We are interested in the Fourier transform of the density contrast in redshift space:

a3 ) )
5,(k) = / (2—7:;36—2'*%2%@) 6(z) + [V.us(z)] (1.3.11)
This equation describes the fully nonlinear density field in redshift space in the plane-
parallel approximation. The standard approach involves taking a perturbative expansion

of Eq. 1.3.11. If we limit the expansion to first order, we get the Kaiser result (Kaiser
1987). For the 2PCF, it reads

§Kaiser<57/JJ) = (bl + f,u2)2€1in(5> (1312)

where b, is the linear bias which encodes the contrast between galaxies and the underlying
density field in the large-scale limit. The main effect introduced by RSD on the observed
galaxy distribution is a squashing that can be explained by the fact that galaxies tend to
fall towards regions of higher gravitational potential; objects further away are blueshifted
and therefore look closer, while objects closer to the observer will look further away. This
effect appears in the linear approximation of the 2-point correlation function with the
factor fu?. where f, the linear growth rate

froc oy, (1.3.13)

quantifies the growth of perturbations with respect to the growth in a Finstein De Sitter
universe (f=1). Its proportionality to €2, can be quantified with v = 0.55+0.05(14w(z =
1)) (Linder 2005), which depends on the equation of state parameter w in GR, but can
have more complicated forms in Modified theories of gravity. Probing the f parameter
can therefore quantify deviations from General Relativity.
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Shown in Fig. 1.2 are the Legendre coefficients &, and & obtained from the expansion

C2+1 [

§ls) = —— g dp Lo(p)€(s, 1) (1.3.14)

In the 2PCF monopole, f is quite degenerate with by, as it modifies the normalisation
of & in a scale-independent way. The degeneracy can be disentangled by introducing
the quadrupole, the first term to encode the anisotropy of clustering, due to the angle
dependence.
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Figure 1.2: The monopole (top) and quadrupole (bottom) of the 2-point correlation function
as a function of linear bias and growth rate {b1, f}.

1.3.3 The Alcock-Paczynski test

Geometric distortions are introduced by the assumption of a fiducial cosmology, required
both for the computation of comoving distance 1.3.1 and theoretical models (in the tem-
plate fit approach). The so-called Alcock-Paczynski (AP) test (Alcock and Paczynski
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1979) implements re-scaling parameters that account for the difference between the fidu-
cial’ and the 'true’ underlying cosmology. The AP parameters are defined as
_ Ha(Z) rafia ~ Da(2) 7Tagsa

« , ) = —
” H(E) Tq = DAjid(Z) Ta

(1.3.15)

where 74 is the scale of the sound horizon at decoupling time, D4(Z) = D.(Z)/(1 + 2)
denotes the angular diameter distance and H(Z) is the Hubble expansion rate evaluated
at the survey redshift z. Quantities with and without subscript "fid” hereafter denote
those in the fiducial cosmology and the true (unknown) cosmology, respectively.

In this thesis, we will follow the formalism for the multipole method based on the work
of Padmanabhan and White (2008) where the AP parameters are defined by means of
an isotropic shift o and an anisotropic warping e

1/3
1/3 2/3 |
a=al? 1+e= (Z) (1.3.16)

This corresponds to a shift of the coordinates parallel 7| = a(1+e)2r||7ﬁd and perpendicular
rp =a(l+ €>_171J_’ﬁd to the line of sight. Combining the two components results in

r :a\/(l +e)tr + (14+¢€)~2r,
2 _ (14 ¢e)'r
(1L +e)tr +a?(1+e)2r,

(1.3.17)

1

Note that if there is no isotropic shift, then o = 1. Similarly, the lack of anisotropy
implies ¢ = 0. Under this parameterisation, the rescaling yields

1/3
Dy (2) raga _ [ D3 (z) Hﬁd(z)] T'd fid
z

“= Dy ga(2) 74 D3 5a(2) H(2) Td (1.3.18)
€= Daga(2) Hia(2) v
tres [ Da(?) Hd

Where Dy is the so-called volume-averaged distance, constrained by the isotropic dilation
parameter a.

As shown in Fig. 1.3, the monopole & is sensitive to the “dilation” parameter, «,
whose variation causes an isotropic shift of the BAO peak locations and a change in the
power spectrum amplitude. On the other hand, the quadrupole & is sensitive to the
“warping” parameter €, whose variation causes an anisotropic distortion in the redshift-
space clustering (Kobayashi et al. 2020). The baryon acoustic oscillation (BAO) feature
in the correlation functions of galaxies makes the AP effect very powerful to constrain the
angular diameter distance and the Hubble expansion rate at the redshift of the survey.

Notice that using AP rescaling parameters in full-shape studies is not entirely correct,
since when varying the linear power spectrum shape r; changes too. In other words, it
only makes sense to use AP parameters when ry is fixed by a fiducial cosmology (Ivanov
et al. 2020).
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In the context of template fit studies, one does not need to generate these distortions
on purpose; even if the fiducial cosmology exactly matches the true one, the distortions
will be contained in the theoretical templates that are used to fit the data during MCMC
sampling and hence the AP effect will still be effective (Philcox et al. 2020).
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Figure 1.3: The monopole (top) and quadrupole (bottom) of the 2-point correlation function
as a function of isotropic and anisotropic AP parameters {c, €}.

1.4 Theoretical models of 2- and 3-point correlation
functions

The theoretical models we adopt are based on cosmological perturbation theory (PT,

Bernardeau et al. 2002). The usefulness of perturbation theory in interpreting results

from galaxy surveys is based on the fact that in the gravitational instability scenario
density fluctuations become small enough at large scales.
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Solving equations of motion in configuration space is particularly hard as nearby re-
gions of space are coupled. In Fourier space, however, wave vectors evolve independently
from one another, in the linear approximation, and analytic results can be obtained. For
this reason, N-point correlation function models are first treated in Fourier space and then
transformed to configuration space. This is by far the most computationally demanding
step for the modelling of the 3PCF, as the transformation from bispectrum to the 3PCF
requires a 2-dimensional Hankel transform.

To take into account the non-linearity that arises from gravitational instability we
consider an expression of the power spectrum up to one-loop in Eulerian perturbation
theory, while the model for the bispectrum is at tree-level. The models we adopt imple-
ment a perturbative description of redshift space distortions as derived by Scoccimarro
et al. (1999). Recent efforts to improve the modelling of clustering statistics in the mildly
non-linear regime have achieved important results. Among these, we consider the full
perturbative description of galary bias (explained in Sec. 1.4.2), and an accurate descrip-
tion of baryon acoustic oscillations by means of infrared-resummation (explained in Sec.
1.4.3).

Since we implement the template fitting approach, the linear power spectrum predic-
tion is fixed by adopting the shape parameters of Planck Collaboration: Aghanim et al.
(2020):

{n,=0.966, Ay, = 2.10 x 107, wegm = 0.120, wy, = 0.022, h = 0.673}

1.4.1 Standard Perturbation Theory

As previously mentioned, the formation of structures in the Universe is attributed to
gravitational instability driven by initial perturbations generated by inflation.

To describe the dynamics of cosmic fields, such as the density contrast and peculiar
velocity divergence (defined as 6(x) = V - u(x)), we use Perturbation Theory which
allows us to describe the dynamics of these fields analytically. While extremely powerful,
perturbation theory has its limitations, and its range of validity must fall within its
assumptions. We can summarize the assumptions of PT as a set of considerations:

1. The perturbation theory approach is valid as long as fluctuations in the cosmic fields
are small, i.e., the variance 0% < 1. This puts a scale limit on the validity of this
approach at a given cosmic time. We expect perturbations to be small at very large
scales, but as gravitational instability sets in, the same scale might be non-linear at
a later time;

2. The only agent responsible for the change in cosmic fields is gravity, which acts on
a matter component of collisionless nature we call Cold Dark Matter (CDM). This
assumption is valid because CDM is the dominant component of matter and thus
primarily responsible for gravitational instability;

3. CDM particles are non-relativistic so the equations of motion reduce to those of
Newtonian gravity. In the context of the expanding Universe, the gravitational
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potential is described by the Poisson equation
3
V20 (x,7) = §Qm7-[2(7')5(m,7'); (1.4.1)

where we have used the conformal time dr = dt/a and the conformal Hubble pa-
rameter H = aH.

4. The CDM particles number density in phase space is a function f = f(x,p, ) and
the phase space conservation implies the Viasov equation
a _of of _

— 4+ — -Vf—amVo.

dr Ot ma Jp 0 (142)

The full phase space distribution function f is truncated at first order (the Oth and
1st order moments are taken). By stating an equation of state (p = wpc? = 0), the
hierarchy is closed, since the second order moment of f, the stress tensor o;; ~ 0.

Under these assumptions, the equations of motion correspond to the continuity equation
and Fuler equation in the expanding Universe. We state them here in Fourier space

aéiak;’ DGk, = — / @’k Ak (k — Kio)(ky ko), )0 ke, 7) (14.3)
00(k, ) ~ 3 2/ \& — 3k, d®
T 4 M)+ 500 T) =~ [ PRkl — ) (1.44)
X ﬁ(kﬁl,kz)e(kl,T)e(k%T)
The functions oo ko k2, (ky - ko)
ok ey = B2 L Bk, ky) = 22271 72) 1.4.5
(K1, ko) i (K1, ko) 2k k3 ( )

encode the non-linearity of the evolution (mode coupling) and come from the non-linear
terms in the continuity and Euler equations.

To go beyond the linear regime, we retain the non-linear terms in the fluid equations
(right-hand side of Eqs.1.4.3, 1.4.4) and solve perturbatively in Fourier space. The density
contrast and velocity divergence are expanded as:

0(k,7) = D}(7) du(k),
=t (1.4.6)
O(k,7) = —Hf Y  D(7)bn(k)

where D; is the fastest growing mode from the linear approximation and f is the linear
growth rate defined in Eq. 1.3.2. Eq. 1.4.6 constitutes the main ansatz of perturbation
theory as it supposes that it is possible to expand the density and velocity fields about their
linear solutions, only valid when assumption number 1 is satisfied. Inserting Eqs. 1.4.6
in Egs. 1.4.3 and 1.4.4 leads to coupled equations for 9,, and #,, which are non-separable
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1.4. Theoretical models of 2- and 3-point correlation functions

in time due to the presence of f. However, this dependence vanishes for f = Q%Q which
turns out ot be quite a good approximation. ¢, and 6, are built from convolutions of n
linear fields with mode-coupling kernels F,, and G,,:

:// op(k — qun) Frldr, - -+, Gn) d1(ar) -+~ 61(qyn) (14.7)
- / / 500k = a1) G, - G0) 31(ar) - - - 61(0) (1.4.8)

where we have used a compact notation for the integrals [, = [ d%q/(27)*. The recursion
relations for the kernels F}, and G,, define the structure of Standard Perturbation Theory
(SPT). They are constructed from the fundamental mode coupling functions of Eq. 1.4.5
according to recursion relations

Fulaisersan) = 3 G B 0n 4 il k)P )

+ 25(1617 k2) (qm-i-la cee 7qn)]

n—1
Gm(q17"'7qm)
= F,_
Gn(qb 7qn> P <2n+3>(n_ 1) [3a(k1,k2) n m(qm+17 7qn>

+ 2715(’431, k2>Gn7m dm+1,--- 7qn)]

where k1 = q1+- - -+q,, and ks = g1+ - -+ @, (Goroff et al. 1986 for a full derivation).
Notice that for linear theory Fi, G; = 1 and the density contrast and divergence fields
reduce to the linear approximations.

We have laid down the foundation of Standard Perturbation Theory (SPT), the sim-
plest of the theories that aim to derive perturbative solutions for density contrast and
peculiar velocity divergence fields in the nonlinear regime. These results can be used to
describe the evolution of the statistical properties of the fields, such as the correlation
functions. To illustrate this we compute, assuming a primordial Gaussian statistic, the
power spectrum at first order (the tree-level power spectrum). To do this, we expand the
overdensity field in standard perturbation theory to first order

(1.4.9)

o(k,7) = Dy(7) 61 (k) (1.4.10)

given the definition of power spectrum (Eq. 1.2.6) we get

(3, 7)3(K', 7)) = (Dy(1)01(R) D1 (7)o (K))

=D3(r) (01 (k)51 () (1411)
=(2m)%0p(k + k') DI (7) Pin (k)
Since in the linear regime wave modes evolve independently of each other, as time pro-
gresses, the power spectrum develops exclusively in amplitude, according to the rescaling

D2%(7). As for the nonlinear spectrum, keeping higher orders in ¢, leads to mode cou-
pling: In addition to an increase in amplitude, there is a progressive increase in power

25



1. Theoretical Framework

associated with large wave modes, and therefore small scales, which are more affected by
nonlinearities. This is accompanied by the loss of Gaussian statistics. In the nonlinear
regime, cosmological information is not completely contained in the variance (and there-
fore in the power spectrum or 2-point correlation function), but part of it shifts towards
higher-order moments of the distribution.

In Appendix A, we introduce a diagrammatic representation of perturbation theory
useful for the derivation of N-order correlation functions in Fourier space. We illustrate
the one-loop power spectrum and tree-level bispectrum, which constitute the base of our
theoretical models of 2-point and 3-point correlation functions.

Our theory models must take into account the redshift space distortions that are
needed when taking observations of galaxy positions from spectroscopic surveys. Standard
perturbation theory provides a way to write the density contrast in redshift space by
making a perturbative expansion of Eq. 1.3.11 (Scoccimarro et al. 1999) where

o The mapping in redshift space is treated approximately by developing the exponen-
tial term in a power series.

e J5(k) and 04(k) are expanded in terms of linear fluctuations d;(k), as in Eq. 1.4.6.

Under these approximation we can write the ny, order redshift space density contrast as

5s,n(k) = / T / 5D<k - QL...,n)Zn(qh . 7qn)61 (ql) - '51(qn)- (1'4'12)

The redshift space mapping is encoded in the 7, kernels. We can write their form at each
order in perturbation theory by specifying a bias model described in the following section.

PT in redshift space breaks down at larger scales than in real space, because the
redshift-space mapping is only treated approximately, through the expansion of the ex-
ponential in Eq. 1.3.11.

1.4.2 Galaxy Biasing

The objects we choose to trace the underlying density field are not able to perfectly repro-
duce its statistical properties, in other words, when we use galaxies to gain information
about the density field we are introducing a bias. Bias describes, in a statistical sense,
the relation of the distribution of these objects to that of matter. Galaxy formation is a
complex process that unfolds over long timescales and may depend on a variety of physical
mechanisms beyond gravity. As a result, the detailed connection between galaxies and
the underlying matter distribution remains only partially understood.

There are two main approaches to construct a bias model: In the first approach
(bottom-up) one starts with a model for how individual galaxies sit in the local small-
scale mass density field, and then computes large-scale clustering by including the large-
scale correlation of the relevant small-scale density feature. In the second approach (top-
down) one starts from the fact that large-scale fluctuations are small and expands a
completely unknown relation between galaxies and mass, with generally infinite freedom
(except typically for the assumption of locality, relative to the scale of observations) into
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1.4. Theoretical models of 2- and 3-point correlation functions

a Taylor series in the density perturbations, where the coefficients of the first few terms
in the series become the free parameters of the model. The models we adopt take this
second, perturbative approach. A well-defined set of bias parameters determines the
statistics of galaxies at a given order in perturbation theory. In this way, we effectively
marginalize over the unknown details of the galaxy formation process, while robustly
extracting cosmological information from galaxy surveys.

Early perturbative schemes have derived a bias model phenomenologically. The bias
relation most often adopted in the literature is the nonlinear and local bias relation,
in which the overdensity of the tracers is expressed in terms of a power series of the
underlying matter (Coles 1993, Fry and Gaztanaga 1993)

- bm m b2
%ZZE(S :b15+§52+... (1.4.13)

m=1

By cutting the expansion to first order one finds (Kaiser 1984)
dg(x) = b16(x) (1.4.14)

The linear bias parameter b; captures all our ignorance about how galaxies form from an
overdensity. This relation is actually quite valid at large scales, but if one wants to recover
a better description on more non-linear scales, other terms in the expansion should be
kept.

The expansion of Eq. 1.4.13 does not take into account other terms that might develop
in the formation of structures beyond the spherical collapse approximation. In fact, it has
been proven that gravitational instability leads to the development of tidal fields (Baldauf
et al. 2012).

More recently, a precise theory of galaxy bias has been obtained (for a review Des-
jacques et al. 2018) in which the bias model is derived from first principles of General
Relativity, i.e, representing all possible local gravitational observables along the fluid tra-
jectory. In other words, a full perturbative bias expansion should include all terms that
present two spatial derivatives of the gravitational potential ®, such as the density con-
trast and the tidal field. Higher derivative terms such as V2§ should also be included
(McDonald and Roy 2009) even if they are sub-leading in the limit of long-wavelength
density perturbations®. A complete bias expansion up to third order can be written as:

5y(x) =b15(x) + by2sV3S(x)+
by
2
bs
6

0%(@) + b, G2 (@, |2)+ (1.4.15)

5% + bg,Gs(®, |) + bg,God () + b, s ()

where, in addition to the local bias operators 6, 6* and 6° we consider the Galileon
operators Go, G3 and I's defined in terms of the density and velocity divergence potentials

In Fourier space, the higher derivative term is —k?§(k) and is thus sub-leading in the large-scale
limit.
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® and P, the latter defined as V?®, = 0:

Ga(P, ) z[aiafcb(m)]? —[V2®(x))%
G3(®, z) =[V2®)® + 20,0,90;0, 20,0, — 3(0,0,0)*V>®;
[3(x) =Go(P, ) — Go(D,, ).

This basis is complete up to cubic order, but in the context of LSS statistics, not all are
needed to specify the power spectrum up to one-loop. The higher derivative term V24, the
third order local operator §% and the terms G54, G3 get renormalized into other parameters
or their contributions produce a loop integral which vanishes and are therefore not part
of the final model. The complete expansion reduces to

dg(x) = bi6(x) + b2—2(52(:1:) + bg,Go (P, |x) + br,'s(x). (1.4.16)
Notice that we have neglected any stochastic contribution which needs to be taken into
account given the randomness associated with our ignorance about the real location of
galaxies (which depend on the unknown initial conditions). This contribution cancels out
when transforming the Fourier space model to configuration space.

The free parameters of Eq. 1.4.16 are {b1, ba, bg,, br,} and can be summarized as

follows:

o The linear bias term, by, quantifies the relationship between the galaxy density
and the dark matter density at large scales. At leading order, it is the dominant
contribution and simply rescales the matter density contrast by a constant factor.

e Moving to mildly non-linear scales, higher-order correlations of the density field
appear, starting with a term proportional to 62, characterised by a quadratic local
bias by. This factor is expected from a spherically symmetric gravitational collapse,
in which higher powers of § become more relevant at progressively smaller scales.

o Even starting from the local bias relation of Eq. 1.4.13, gravitational evolution is
expected to generate large-scale tidal fields (Baldauf et al. 2012). At leading order,
the corrections given by the tidal stress tensor are represented by the second-order
Galileon operator Gs.

o The next-to-leading order correction to the tidal field can be obtained by considering
terms up to second order in the displacement field (given by the difference between
density contrast and velocity divergence fields). This contribution generates an
additional operator which appears at third order in PT and is denoted with I's (for
cubic bias in simulations: Abidi and Baldauf 2018).

1.4.3 Infrared Resummation

The amplitude of BAO wiggles is sensitive to large-scale bulk flows (infrared modes),
whose main effect is a smearing of the BAO ring. Standard perturbation theory is unable
to properly model this effect, and it has been addressed in the literature with a number of
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phenomenological methods. More recently, this problem has been resolved in a precise way
under various beyond perturbation theory approaches, such as the Effective Field Theory
(EFT) (Senatore and Zaldarriaga 2015) and Time Sliced Perturbation Theory (TSPT)
(Blas et al. 2016). These schemes are able to predict the smearing of the BAO peak to
very high precision by effectively resumming all infrared modes ¢ < ks. Remarkably,
infrared resummation introduces no extra fitting parameters.

In practical terms, the linear power spectrum is expressed as the sum of a smooth P,,,
and wiggly P, component, such that

Bin(k) = Pou(k) + Po(k) (1.4.17)

The smooth component consists of a linear power spectrum with the BAO feature re-
moved ("no-wiggle” power spectrum), P,y (k). A damping factor is introduced to absorb
the washing out of the BAO feature (Ivanov and Sibiryakov 2018), in redshift space, it
amounts to

Ni(p) = B2+ 2252 + fH(X? - 652)] + it f2657 (1.4.18)
where i
1 [k , ‘
L (1.4.19)
0%2 =— [ dq Po(q)ja | -2
2m? 0 1 (q>j2 (kosc>

are the BAO damping functions, j,(x) are spherical Bessel functions evaluated at k,s. =
1/lyse, i-e., the wave number associated with the BAO scale £y, = 110h~'Mpc. k, is the
separation scale defining IR modes that need to be resummed, we choose k; = 0.2hMpc ™!
following Ivanov et al. (2022).

At Leading Order (LO) the linear power spectrum is replaced by

Piin(k) = PIE™ (k, 1) = Pau(k) + Py (k)e ™ St t) (1.4.20)

This means modelling of clustering statistics at tree-level will need to be evaluated with
the following form. Since we have a one-loop model for the power spectrum, the next-to-
leading order contribution of the resummed spectrum is required. This leads to an extra
term appearing in the power spectrum at tree level

Ph(k) = PXES (ks 1) = Paw (k) + €7 F 500 Py (R) (1 4+ K752, (1)) (1.4.21)

and the one-loop integrals need to be evaluated with P& (k, p).

1.4.4 Configuration space modelling

The elements described in the previous sections are assembled in the following manner.
The up to one-loop redshift space galaxy power spectrum can be written as

S s,tree s,1—loo
Bk, ) = Pyee(k, p) + Pyt~ (k, ). (1.4.22)
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Expanding this form gives

Pk, ) =23 (1) Pin (k)

S,1—1L00; S,1—100; S,1—L00:; (1423)
Pyt (k1) =Pry % (k, 1) + Py (k, 1)
where the loop corrections are
Pty o) =2 [ Z3{auke — @) Pua) Pl Ik~ g
a (1.4.24)

P;’,llg)—l()op(k?p,) =621 (1) Pin (k) / Z3(q, —q,k)Pin(q)

q

We used a compact notation for the integral [ = [ d’q/(27)°. The Z kernels encode the
redshift space mapping and the bias model as in Eq. 1.4.12. Their final form is

Zi(ky) = (by + fu%)

Zo(ky, ko) = by Fy(ky, ko) + fr*Ga(ky, ko) +
by (ky - ko)?
%2 4 g, (B

Tt 92( 1252

Zs(k1, ko, k3) = by Fs(ky, ko, k3) + fu’Gs(ky, ko, ks) + . ..

(b1 + fr3) + M—z(bl + fi)

Juk T
2 k

ki

(1.4.25)
where k and p are the amplitude and angle with respect to the sum of k;.
The IR-resummation substitutes the linear power spectrum prediction in both the tree-
level and 1-loop contributions. The IR-resummed redshift space galaxy power spectrum
up to one loop is

Ponuolk, 1) = Byree [Pk, 1)) + P37 [Pk, ) (1.4.26)

where the square brackets indicate that the tree-level and loop terms need to be evaluated
by substituting each linear power spectrum with its resummed version.

To account for the apparent geometrical distortion in the observed pattern of galaxy
clustering, the so-called Alcock-Paczynski (AP) parameters are integrated in the power
spectrum model

1
Py npo(Fria, piria) = $P;,NLO(]€7 0 (1.4.27)

where the relation between true and observed (fiducial) coordinates and angles were given
in Eq. 1.3.17 in configuration space but can be equivalently derived for the Fourier space
wave vectors.

The tree-level redshift space galaxy bispectrum is

By (ky, Ky, k3) = 2Z5(k1, k) Z1 (K1) Z1 (K2) Pin (k1) Pin (k2) + cycl. (1.4.28)

where the cyclic permutation is made over all pairs of wavevectors k;. The IR-resummed,
redshift space galaxy bispectrum at tree-level is obtained by substituting the linear power
spectrum with its resummed version at leading order

B;,LO(klv kg, kg) = 2Z2(k1, kg)Zl(kl)Zl (k2>PEFO{—res(k1’ Ml)PEFO{_reS(kQ, M2)+CYC1. (1429)

30



1.4. Theoretical models of 2- and 3-point correlation functions

To simplify the notation, we drop the ¢, s, and NLO subscripts and superscripts. To
compute the configuration space 2PCF model, the power spectrum model is expanded in

Legendre coefficients,

Py(k) = %T“ dy o) Pk ). (1.4.30)

where Ly(p) are the Legendre polynomials that encode the angular dependence of the
anisotropic power spectrum. The power spectrum multipoles are related to those of the
2PCF through

Z'é

o / "k K2 P (s). (1.4.31)

272

&o(s) =

In practice, the one-dimensional Hankel transform for the Legendre coefficients with ¢ =
0,2,4 is computed using a 1D-FFTLog method (Hamilton 2000).

The 1D-FFTLog algorithm has been widely used to efficiently evaluate Fourier trans-
forms involving logarithmic variables and single Bessel integrals of the form [ dk f(k)j(kr),
where f(k) is a generic smooth function. The central idea is to expand the function as

= E Cm k™™,
m

where z,, are, in general, complex numbers. By computing the sum over the Fourier
coefficients c¢,,, the algorithm avoids the need to directly evaluate the one-dimensional
integral.

The bispectrum in redshift space depends on two angular variables defined with respect
to the line of sight. The first is the angle between the line of sight 2 and k;, denoted by 6,
and the second is the azimuthal angle of ky around k;, denoted by ¢. Consequently, the
redshift-space bispectrum depends on five variables in total. We expand it in spherical
harmonics Y7, (6, @),

B(ky, ka, ks, 0, 0) ZBM ki, k2, ks) Yo (9, ),
(1.4.32)
2€+ 1
Bgm(k’l,kg,k?) / ng/ COS@ Y%m 9 )B(kl,kg,k3,97§0).
-1

In this work, we retain only the ¢ = 0, m = 0 coefficient, effectively focusing on the
isotropic component of the three-point correlation function. Equation (1.4.32) therefore
corresponds to a spherical average of the full anisotropic bispectrum. This step represents
the most computationally demanding part of the bispectrum evaluation, as it requires a
two-dimensional integration over the full sphere.

The bispectrum monopole depends only on three variables: ki, ko, and p;5 (or, equiv-
alently, k3), which are related by the law of cosines, k:§ = k? + k2 + 2k1koji1o. This allows
the bispectrum monopole to be expanded in Legendre polynomials,

2041 (!
By(k1, ks) = — dpia Lo(pa2) Boo(kr, k2, p2)- (1.4.33)

-1
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The inner bispectrum multipoles By(ki, k2) are therefore two-dimensional functions
depending only on k; and ky. These multipoles play a key role in computing the galaxy
3PCF in configuration space, since the isotropic (connected) 3PCF corresponds to the
inverse Fourier transform of the redshift-space bispectrum monopole. The Legendre co-
efficients of the bispectrum are related to those of the 3PCF through (Szapudi 2004)

272 Or2 kK3 Be(ku, ko) je(kariz) je(karis), (1.4.34)

Ce(r12,7‘13) = (—1)
where r15 and r13 denote the side lengths of a triangle whose vertices are labelled 1, 2, 3.
Evaluating this integral constitutes the main computational burden in the 3PCF modelling
procedure. When computed on a grid of size NV, x N, using standard quadrature methods,
the cost scales as O(N2N?), where N, and Ny denote the number of sampled r bins and
k modes, respectively. In addition, the rapid and oscillatory behaviour of the Bessel
functions requires a large number of integration steps, making an accurate evaluation of
the integrals computationally demanding.

To compute Eq. 1.4.34 in an efficient way, a two-dimensional FFTLog method (Fang
et al. 2020) provides the best solution. It relies on the same idea as the 1D-FFTLog, but
uses a double power-law expansion to accurately evaluate integrals involving the product
of two Bessel functions. Crucially, the 2D-FFTLog method computational cost scales as
O(N?*log N).

In the choice of number of grid points for the numerical integration we follow Guidi et
al. (2023) and use a fixed grid of dimension 256 x 256 x 51, where 256 are the wavenumbers
along the k; and ky directions and consider 51 angle values sampled using the Gauss-
Legendre quadrature method. We use kyin = 3 X 1074 hMpc—t and kpr = 5 hMpc™!, to
avoid aliasing and to damp nonlinear contributions to the power spectra from scales in
which the perturbative approach fails. For better numerical convergence and shortcomings
in the perturbative modelling of short scales, we dampen the bispectrum multipoles

Baamp(k1, ko, ks) = B(ky, ky, ks) e~ FT R HR3)/KS (1.4.35)

Where for the damping scale we choose a value of ky = 0.5 hMpc™!; smaller than that

advised in  Guidi et al. (2023)  because we expect perturbative modelling in redshift
space to break down at larger scales than in real space.

Templates in configuration space

Ultimately, we extract the cosmological parameters of interest using a template-fitting
approach. In this framework, the fitting parameters enter the model linearly and can
therefore be factored out from the remaining theoretical contributions. The multipoles of
the IR-resummed, redshift-space galaxy two-point correlation function are written as

25
E(s) = XPelP)(s) (1.4.36)
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where the coefficients X are linear combinations of the fitting parameters, and the
functions & ép ) (s) are precomputed templates. The coefficients have 25 independent terms

X®) —10262 blfol, f202 blos, blfos, fPod,
b208,bg208,b2bg208,f Ug,bleQUS,f 08,b1b208,
b1f20-87b1f3087b92f2087692f087b2f2087b2f2087
by fog, b: fog, bibafog, bibg, fog, bibr,os, br, fog}

(1.4.37)

A factor of og comes for every instance of the linear density field, thus the leading order
contribution of the 2-point correlation function contains two instances of the linear density
field and is thus multiplied by a normalisation factor of o3 (first three terms in Eq. 1.4.37).
Every contribution that appears at the next-to-leading order in perturbation theory should
instead contain four instances of the density field and is thus multiplied by a factor og.
The set of independent fitting parameters entering the two-point correlation function
model is

{b17 b27 bg27 bF37 f7 g, Q, E}- (1438)

The first four parameters describe galaxy bias up to cubic order in perturbation theory, as
required for consistency with the one-loop power spectrum modelling. The remaining four
parameters are cosmology dependent: the growth rate f enters through the modelling of
redshift-space distortions, while v and € parametrize the geometric distortions.

For the 3PCF we have 14 (p) terms of (ép ) for ¢ up to 10. In the main analysis we
don’t directly fit the Legendre coefficients but instead re-sum them with the following
equation

10
CP) (119,713, cos ) = Z (P (r19,713) Lo(cos 0) (1.4.39)

The fitting parameters are then fed to

C(le,rlg,COSQ ZX(p 7’12,7’13,(308 9) (1440)

where X ®)

P) = b3, byby, bibg,, by fba, by fbg,, baf?, bg, [,
D2F £ 03 F2 b f2 02 f2 )

All 3PCF terms are multiplied by an overall factor of 0§, since three-point statistics involve
four powers of the density field at leading order in perturbation theory. The independent
parameters entering the 3PCF model are therefore

{blv an bgzv fa 0-8}- (1441)

The bias expansion is truncated at second order, as required for the tree-level bispectrum.
We do not exploit geometric distortions as a probe of cosmology in the 3PCF but only
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in the 2PCF. Finally, predictions for the reduced 3PCF are obtained by combining the
2PCF monopole &, with the connected 3PCF using Eq. 1.2.15.
A scheme of the modelling procedure is shown in Fig. 1.4.
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Figure 1.4: Schematic outline of the theoretical prediction of observed galaxy 2- and 3-point
statistics. Starting from the computation of the matter power spectrum, with shape parameters
fixed by a flat ACDM model with precise values of Planck Collaboration: Aghanim et al. (2020).
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1.5 Open questions in cosmology

Despite the effectiveness of the ACDM model in explaining several results from cosmologi-
cal observations, there are unexplained phenomena and tensions that need to be addressed.
We give a summary of the most relevant ones regarding this work:

Nature of Dark Energy. Dark energy is responsible for the acceleration of the Universe
as a cosmological constant, but a physical explanation of this phenomenon is still
lacking. It can be interpreted as the vacuum energy, which should be non-zero in
the context of Quantum Field Theory (QFT); however, this has led to one of the
worst predictions in history, since values predicted by cosmology deviate from those
in QFT by between 50 and 120 orders of magnitude (Zel’'Dovich 1967). Perhaps,
the cosmological constant is not a physical component at all and instead is simply
a property of space-time under GR (Bianchi and Rovelli 2010) or it might be that
GR on large scales loses its descriptive power and we need to resort to modified
theories of gravity (for a review Shankaranarayanan and Johnson 2022). Recent
observational evidence from DESI (DESI Collaboration: Abdul Karim et al. 2025)
suggests that dark energy might not be constant at all, but a changing dynamical
process. With the upcoming observational data from stage IV surveys, we will rule
out many of the theories surrounding dark energy and whether it is constant or not.

H, Tension. This tension arises from a discrepancy between the values of the current
expansion rate of the Universe, the Hubble constant Hj, estimated either indirectly
from CMB observables and BAO data (standard ruler), or from local observables
such as Type Ia SNe (standard candles). The best estimate from CMB data comes
from the Planck collaboration (Planck Collaboration: Aghanim et al. 2020) with a
measurement of Hy = (67.36 +0.54) km s~ Mpc~! at the 68% confidence level. The
second method relies on the calibration of Type Ia Supernovae (SNIa) through the
observation of Cepheids. The most precise result comes from the SHOES collabo-
ration, with a measurement of Hy = (73.29 & 0.90) km s~ 'Mpc~" (Murakami et al.
2023), in 5.60 discrepancy with Planck result.

Ss Tension. The Sg parameter is defined as Sg = 1/€2,,,/0.30s. The tension arises be-
tween direct measurements of Sg and the analysis of CMB data assuming ACDM.
For example, the value obtained by Planck (Planck Collaboration: Aghanim et al.
2020), Sg = 0.834 £ 0.016, is in 2.90 discrepancy with the directly measured values
from weak lensing surveys, in particular the Kilo Degree Survey (KiDS) (Heymans,
Catherine et al. 2021) and the Dark Energy Survey (DES) (Abbott et al. 2022),
which give Sg = 0.769 + 0.016 after combining the two.

While these are the more relevant topics for our study, there are many more questions
to answer regarding a complete description of cosmology, namely, what is the nature of
dark matter? Is the cosmological principle a solid assumption? Can we detect primordial
gravitational waves? Can we detect primordial non-Gaussianity? How well can we detect
the mass of neutrinos? While some may be harder than others to answer, exploiting the
full information content of the LSS of the observable Universe will be of great help.
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1.5.1 The importance of higher-order statistics

In Sec. 1.3 we outlined the two main approaches for the exploration of the cosmological
parameter space and discussed the primary sources of information in each case. One may
ask what the purpose of going beyond 2-point statistics is, since it seems the main source
of cosmological information is contained within the power spectrum or the 2PCF.

On sufficiently large scales, which have evolved linearly since the beginning of the
Universe, the matter density field is well described by the 2PCF or power spectrum.
However, gravitational evolution is inherently non-linear and proceeds in a bottom-up
fashion. Mode coupling is induced as structures form, transferring information from two-
point statistics to higher-order correlations. Even if the primordial density field were
Gaussian, the late-time matter distribution becomes increasingly non-Gaussian toward
smaller scales and lower redshifts, naturally generating higher-order statistics.

Although two-point statistics typically have the highest signal-to-noise, the amount
of information available in higher-order statistics grows rapidly as one probes a wider
range of scales. In particular, the number of distinct triangular configurations entering
three-point statistics increases much faster than the number of pairs contributing to the
2PCF, allowing additional information to be extracted from the distribution of galaxies.

Furthermore, at all scales, the galaxy distribution exhibits higher-order correlations
because galaxies are biased tracers of the underlying matter field. This biasing is encoded
in non-linear relations between galaxy and matter densities. Unlike the 2PCF, which is
sensitive only to scale information (i.e., pair separations), the 3PCF also probes shape
information through the geometry of galaxy triplets. This additional dependence leads
to a different sensitivity to bias parameters, making the 3PCF highly complementary to
the 2PCF and enabling degeneracies among bias parameters to be broken. From the
perspective of perturbative modelling, this difference is particularly clear. At leading
order, the galaxy 2PCF depends only on the linear bias parameter b;. Higher-order
correlators such as the galaxy 3PCF depend already at leading order on both local and
non-local quadratic bias parameters, by and bg,. As a result, these parameters can be
constrained with significantly greater accuracy when higher-order statistics are taken into
account.

By lifting the degeneracies inherent in the biasing relation at the two-point level,
measurements of the 3PCF or bispectrum provide access to complementary information
and improve cosmological constraints. In particular, they help to break the degeneracy
between the growth rate f and the amplitude of matter fluctuations og (Veropalumbo
et al. 2021).
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Chapter 2

Dataset and Measurements

In this chapter we review the estimators used to measure correlation functions and discuss
recent improvements that have significantly reduced the computational cost of their eval-
uation. In particular, the Spherical Harmonics Decomposition (SHD) algorithm (Slepian
and Eisenstein 2015) reduces the computational complexity of measuring the isotropic
3PCF from O(N?) to O(N?) (Sec. 2.1). In Sec. 2.2, we introduce the BOSS data and the
large-scale structure (LSS) catalogue constructed from it for the measurement of cluster-
ing statistics. We also provide a brief overview of the main scientific goals of BOSS and
how they have been achieved. Finally, we describe measurements of the 2PCF and 3PCF
from the BOSS dataset in Sec. 2.3, and from a set of mock catalogues, we estimate the
covariance matrices associated with each estimator in Sec. 2.4.

2.1 Clustering estimators

One of the main challenges in the analysis of Large Scale Structure (LSS) data is obtain-
ing a reliable method for the estimation of clustering statistics. Fourier space correlation
functions have been widely used for clustering analysis; the efficient estimators that have
been developed (based on FKP estimators Feldman et al. 1993) make them reliable and
fast to obtain. One downside to their use on real data is the need to account for the sur-
vey geometry. Configuration space correlation functions have the advantage that complex
survey geometries can be easily considered in the estimator by introducing edge correc-
tions. However, estimators in configuration space, particularly for the 3-point correlation
function (3PCF), have historically been slower and computationally more intensive to use
in a cosmological analysis. Recently, there have been substantial efforts to make configu-
ration space statistics faster to measure. The Spherical harmonics decomposition method
(SHD) developed by Slepian and Eisenstein (2015) has reduced the computational cost
of three-point estimation down to O(N?). We briefly review the progress made in the last
century for configuration space correlation functions estimators.

Given the nature of correlation functions in configuration space, one might expect
that to measure them is to do a counting exercise. After all, the 2-point correlation
function is a measure of the excess (or defect) of pairs of objects with respect to a random
distribution. So, by definition, to measure the galaxy 2PCF, one has to measure all data
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pair counts and compare them with random pair counts at a given distance r (Peebles
and Groth 1975):

DD(r)
5(7") - RR(/',_)

Where DD(r) is the number of pairs of galaxies at distance r, and RR(r) is the expected
number of pairs at distance r for a random catalogue with the same mean density and
sampling geometry of the data catalogue. To obtain a random galaxy distribution, we
must resort to numerical simulations that reproduce the survey’s footprint and take into
account all the systematics that might be involved when taking real spectroscopic data.
Landy and Szalay (1993) demonstrated that this estimator is suboptimal, its variance is
at order O(1/n) which is not close to the optimal Poisson variance of O(1/n?)". A better
estimate is given by:

—1 (2.1.1)

_ DD(r) —2DR(r) + RR(r)
S(T) - RR(T)

where the DR pairs are cross-correlating galaxies from the data and a random catalogue.
This estimator improves the variance down to the Poisson limit and requires no additional
computational work. Supposedly, this estimator can be extended to higher order corre-
lation functions (Szapudi and Szalay 1998); the general form of an Nth order correlation
function is

(2.1.2)

(Dy — Ry)(Dy — Ry)...(Dy — Ry)

= 2.1.3
S Ry ... Ry (2.1.3)
Therefore, the unbiased estimator for the connected three-point function writes
DDD —3DDR+ 3DRR — RRR
¢ = i . (2.1.4)

RRR

Data provided by spectroscopic surveys, such as BOSS, allow us to measure the three-
dimensional position of galaxies (or other tracers of the LSS). The 3-point correlation
function depends on 9 degrees of freedom (3 triangle sides and 6 angles, 2 angles for each
side) needed to specify the position of a triplet of objects:

o Three are constrained by the property of spatial homogeneity. In other words, trian-
gles with the same geometry but placed in different positions contribute identically
to the 3-point statistics.

e Three are constrained by the property of statistical isotropy. This implies that
triangles geometrically identical but with different spatial orientations provide the
same contribution to the 3PCF.

Redshift Space Distortions (see Sec. 1.3.2) break the assumption of statistical isotropy
since they introduce a preferred direction for clustering. In particular, clustering statistics
become dependent on the orientation of pairs (in the case of 2-point statistics) or triplets
(for 3-point statistics) with respect to the line of sight vector. This dependence makes

In case of a cubic box with periodic boundary conditions, Eq. 2.1.1 is still optimal and therefore
used for measurements of correlation functions in numerical simulations.
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2.1. Clustering estimators

the 2PCF /power spectrum depend on two variables: the norm of the vector s separating
a given pair and the cosine of the angle between s and the l.o.s. direction 2, p = s- 2/s.
The estimator for the 2PCF becomes

DD(s,pu) —2DR(s, i) + RR(s, 1)

= 2.1.5
&(s, 1) RE(s. 1) (2.1.5)
The anisotropic 2PCF can be expanded in Legendre polynomials
20+ 1 (!
&(s) = 9 dp Lo(p)€(s, ). (2.1.6)
-1

Taking the first three non-valishing multipoles, the monopole (£y(s)), quadrupole (£3(s))
and hexadecapole (&(s)) is advantageous, since the leading order approximation (see Eq.
1.3.12) generates anisotropy fully described by these three coefficients.

Two additional variables (e.g., two angles) are instead needed to describe the relative
orientation of a triangle with respect to the line of sight. These two variables add to the
three of the isotropic case, which constrain the size and shape of a triangle, so the redshift
space bispectrum/3PCF depends on five variables. Our analysis is limited to the isotropic
or spherically averaged 3PCF (¢ = 0,m = 0 part of Eq. 1.4.32). We refer the interested
reader to Slepian and Eisenstein (2018) for the measurement of the anisotropic 3PCF
in O(N?) and to Sugiyama et al. (2019) for the measurement of the anisotropic 3PCF
based on the multipole expansion on a Tripolar Spherical Harmonics (TripoSH) basis.

When measuring the isotropic 3PCF a convenient choice of the three variables that
specify it is to consider two of the three triangle sides 719,713, and the angle ri5 - 13 =
cos(f) between them (where we label the triangle vertices with 1, 2 and 3). In this way,
we can expand the 3PCF ((ris, 713, cosf) into Legendre polynomials.

((r12, 713, co86) = Z Ce(r12,m13) Lo(cos B) (2.1.7)

1=0
Where the coefficients (y(r12,713) are given by the relation:

20+1 (1
Ce(ri2,713) = —5 d cos O ((ria, 13, co80)Ly(cos b) (2.1.8)
—1

The advantage of this formalism is threefold:

o Efficiency: The 3-point correlation function has a continuous and slowly varying
dependence on the aperture angle. Therefore, it is natural to expect that the number
of non-zero multipoles is small.

e Visualization: The Legendre polynomial decomposition allows us to move from
the study of a function of three variables to that of some functions of two variables.
For the latter, it is simpler to provide a general graphical representation, without
the need to reduce to some details.
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o Computational cost: The multipole moments of the 3PCF can be obtained with
greater speed than other decompositions of the 3PCF without sacrificing accuracy.

Measurement of the 3PCF with Eq. 2.1.4 fundamentally scales as the number of possible
triangles in a survey. If one wishes to measure the 3PCF out to some scale R, there
are N(nVg, .. )? relevant triangles, where N is the number of objects in the survey, n
is the survey number density and Vg, . = (4/3)7R3 .. A direct way to measure (,
would be to sit on every possible origin and compute the angle between pairs of vectors
pointing to all possible sets of two galaxies out to the radius R, to which one wishes
to measure the 3PCF, but this also scales as N(nVg,,.)?. The SHD algorithm exploits
the spherical harmonic addition theorem to decompose the Legendre polynomials into
factors that depend only on one angular variable each. First, the (,(r12,713) multipoles
are defined for each galaxy of the survey with vector s and radially binned around it,

yielding the following estimator

= 20+ 1 o = . - . .
CZ(T127T1373) = W/d'f’1zd7’135(8)5(7"12,7”1278)5(7”13,7”13,8)513(7’12,7"13)~ (2-1-9)

Then, using the spherical harmonics addition theorem, we get

~

¢
1 - . . - . .
CE(T127T13,S) = E(S(S) Z /d9125(T12,712,S)Ykm(T12) X /d9135(7“13,7’13,S)ng(rm)-
m=—/

(2.1.10)
Next, we can find the expansion coefficients of the density field (as a function of angle
alone) in spherical harmonics, in a fixed radial bin. In other words, if we compute for
each radial bin r:

(7, 8) = /dQ 8(r, 7, 8)Y,5 (7) (2.1.11)

we can construct all combinations dictated by ri15 and ry3, without ever needing to do an
O(N?) operation. Explicitly, inserting Eq. 2.1.11 into Eq. 2.1.10, we find:

¢
% 1
Co(r12,7m13, 8) = E(S(S) Z aom (712, 8)Ap, (T13, S) (2.1.12)

m=—/

By precomputing the ag,(r, s) coefficients in each radial bin, we then only need to con-
struct (NVpins + 1) Npins/2 combinations of these coefficients out to R,,.,. Computing these
coefficients scales as the number of objects contained in the sphere, i.e, (nVx, . ). We still
must integrate over all possible choices of origin, because the galaxies are discrete; this
will reduce to a sum with N terms

N —
Co(ri2,m13) = %Z@(ﬁmrm,s) (2.1.13)

Thus, this algorithm will scale as N(nVg, . ); linear in both the total number of galaxies
and the number within a sphere of radius R,,.., and a factor of order (nVg,,.) faster than
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2.2. The Baryon Oscillation Spectroscopic Survey

the naive counting approach. A visual representation of the steps performed is shown in
Fig. 2.1.

_ . £
d(r; 7; 8) aum(r; §) = /dfw(ﬁf; 8) Yy (F)  Colriz,13,5) = %5(3) D lam(r12; 8) ajm(r1, 3)
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Figure 2.1: The algorithm sits on each galaxy in the survey at position denoted by vector
§ (left panel); It computes the spherical harmonic expansion of the density field in concentric
spherical shells (radial bins) around that point (central panel). The as,s can be combined to
yield the multipole moments around this galaxy (sum over m) and then translation-averaged to
yield ¢, for the survey (right panel).

2.2 The Baryon Oscillation Spectroscopic Survey

The Baryon Oscillation Spectroscopic Survey (BOSS) was one of the primary observa-
tional programs of SDSS-TII (York et al. 2000). Over the course of the survey, spec-
troscopic redshifts were obtained for approximately 1.37 million massive galaxies, along
with Lya forest spectra for roughly 150,000 quasars (Eisenstein et al. 2011). Its name
hints at the ability of baryon acoustic oscillations to be used as a standard ruler for the
measurement of distances. In particular, the survey was designed to enable percent-level
constraints on the angular diameter distance D 4(z) and the Hubble expansion rate H(z),
at redshifts z ~ 0.3 and z ~ 0.6.

To achieve these goals, BOSS was optimized to sample a large volume with sufficient
tracer density. For the main galaxy sample at redshifts 0.1 < z < 0.6, this required
coverage of approximately 10,000 deg® and a comoving galaxy number density of ~ 3 x
10~* h® Mpc 3. Given the observational constraints of the Sloan 2.5-m telescope and its
spectrographs, galaxies were selected from a much larger photometric catalogue using
carefully defined criteria.
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The target selection strategy was designed to satisfy several requirements: the se-
lected galaxies needed to populate the desired redshift range with sufficient density, ex-
hibit well-characterized stellar populations that isolate a certain galaxy type, and possess
spectral features that allow reliable redshift measurements within relatively short ex-
posure times. In addition, the selection was required to minimize contamination from
non-galaxy sources, remain spatially uniform across the survey footprint, and be robust
against systematic uncertainties in the imaging data.

Photometric targets were drawn from SDSS imaging in the ugriz bands, covering ap-
proximately 7,600 deg? in the Northern Galactic Cap and an initial 600 deg® in the South-
ern Galactic Cap. Additional imaging obtained during SDSS-IIT expanded the southern
coverage to a contiguous area of about 3,200 deg2. Spectroscopic observations were carried
out using multi-object spectroscopy, in which fibers were plugged into manually drilled
aluminum plates, each spanning a field of roughly 3° in diameter. Observations con-
sisted of repeated 900-second exposures, accumulated until a predefined signal-to-noise
threshold was achieved for the faintest galaxy targets.

Galaxy targets were identified using combinations of colour-magnitude and colour-
colour cuts chosen to select luminous galaxies with prominent spectral features. At lower
redshifts (z < 0.4), the sample extends the luminous red galaxy population observed in
earlier phases of SDSS to fainter magnitudes. At higher redshifts, the selection broadens to
include galaxies of diverse intrinsic colours, approximating a stellar-mass-limited sample
rather than one restricted to red galaxies.

2.2.1 A Large-Scale Structure galaxy catalogue

The BOSS mask is divided into two redshift selections: the LOWZ catalogue has galaxies
in the range 0.1 < z < 0.5 and the CMASS catalogue has galaxies in the range 0.4 < z <
0.7. The mask is constructed of spherical polygons that resemble the target line of sight
of the spectroscopic tiles used during the observations. Fig. 2.2 shows the fraction of the
total BOSS area that has target completeness greater than a specified value. While in
previous BOSS data releases, completeness cuts were applied to the mask, in the 12th
Data Release (DR12), they are not, as accounting for them only removes a negligible
amount of area (Reid et al. 2016).

While the basic geometry of the survey is encapsulated in the survey mask described,
there are many small regions within it where galaxies could not have been observed. These
go under the name of Veto masks and they include:

o (enterpost mask: Each Sloan plate is secured to the focal plane by a central bolt,
no targets coinciding with the centerpost of a spectroscopic tile can be observed;

o Bright objects mask: Area surrounding stars and bright local galaxies which saturate
the image are masked;

o Seeing cut: regions where the point spread function full width half maximum is
greater than 2.3, 2.1, 2.0 in the g, r, and ¢ bands, respectively, are discarded;

o FEztinction cut: for similar reasons, areas where the E(B—V) extinction exceeds 0.15.
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Figure 2.2: The BOSS survey footprint divided from left to right in redshift bins. The top
figures show the Northern Galactic Cap (NGC) and the bottom ones show the Southern Galactic
Cap (SGC) selections. Each spherical polygon represents a spectroscopic tile. The color on each
tile is weighted by completeness. The images are taken from Reid et al. (2016)

In order to minimize the impact of observational artefacts on the estimate of the true
galaxy overdensity field, galaxies are weighted differently in the final LSS catalogue. The
total weight for each galaxy, denoted with i, is

Wtot,i = Wsystot,i (wcp,i + Wnozi — 1) (221)
Where Wgystori = Wstar,iWsee,; takes into account two terms. These effects correspond to

o Wi accounts for the fact that the projected density of galaxies depends on the
local stellar density;

o Wgee,; accounts for the fact that the projected density of galaxies depends on the
seeing at the time of observation of a particular field;

e Wy, accounts for fibre collisions. Some selected objects were not assigned a spec-
troscopic fibre because too close to another fibre. In such cases, the nearest galaxy
from the same target class that was assigned a fibre is upweighed;

* Wy,,,; accounts for redshift failures, i.e., galaxies for which it is impossible to obtain
an accurate value of redshift. Their "weight” is transferred to their nearest neighbor.

The final data release (DR12) LSS catalogue” contains, in the LOWZ sample, 361 762
galaxies in the range 0.15 < z < 0.43, with 248 237 in the North Galactic Cap (NGC) and

2https://www.sdssd.org/dr12/
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113525 in the South Galactic Cap (SGC). The CMASS sample contains 777 202 galaxies
in the range 0.43 < z < 0.70, with 568 776 in the NGC and 208 426 in the SGC to a
total of 1 138 964 galaxies. In our analysis, we make use of the so-called optimally binned
combined sample. This catalogue was created in the DR12 release and used in all of the
main BOSS papers; The method and motivation for it are detailed in Alam et al. (2017).
In this new catalogue the LOWZ and CMASS selection functions are combined into two
non-overlapping redshift bins with 0.2 < 2z < 0.5 at ze = 0.38 and 0.5 < z < 0.75 at
Zott = 0.61. These new selections have very similar effective volumes, unlike the LOWZ-
CMASS catalogue. A third overlapping bin with galaxies in the range 0.4 < z < 0.6 is also
part of the optimally binned combined sample but we do not utilize it. Throughout the
analysis we call these two bins "low-z" and "high-z" respectively to not draw confusions
with the other samples’ names. Each redshift bin sample is additionally divided into
two sub-samples depending on the Galactic hemisphere where the galaxies are observed,
called the South and North Galactic Cap (SGC and NGC). The number of galaxies and
effective volumes used in our analysis are shown in 2.1. The effective volumes quantify
the final constraining power of clustering statistics, as those can be better estimated by
larger volumes, i.e., more galaxies and smaller uncertainty in the estimation of statistical
quantities such as correlation functions. The effective volume is computed as

xgﬁzl/dV'<T£%%g%%>2 (2.2.2)

where P, is an estimate of the amplitude of the power spectrum at the BAO scale, here
assumed to be Py = 10000 A3 Mpc® (Reid et al. 2016), and n(z) is the galaxy number
density, which can be estimated by assuming a fiducial cosmology as

niz) = N(E)
() = AQf@d)“d

where A() is the solid angle subtended by the survey and Z refers to the redshift bin that
goes from 2z to zo.

(2.2.3)

Ngals ‘/eff (GpC3> 14 (GpC3>
NGC 429182 2.7 4.7
Zert = 0.38 | SGC 174819 1.0 1.7
total 604001 3.7 6.4
NGC 435741 3.0 9.0
Zesi = 0.61 | SGC 158262 1.1 3.3
total 594003 4.1 12.3

Table 2.1: Number of galaxies, effective and total survey volumes for the optimally binned
samples at different redshift and sky regions. Py = 10000 =3 Mpc? is used for the computation
of effective survey volumes. (Alam et al. 2017).

The number density as a function of redshift for the BOSS survey is shown in Fig.
2.3. The result shows that the CMASS+LOWZ number density goal of n(z) ~ 3 X
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107*h=3Mpc? is reached for the entire redshift range, expect around a local minimum in
the overlap region of n(z = 0.41) = 2.2 x 10*h 3 Mpc3.
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Figure 2.3: Number density of all four target classes assuming a fiducial cosmology with
Q,, = 0.31. Image taken from Ross et al. 2017

2.2.2 Combining the Southern and Northern Galactic Caps

The DR12 combined sample is observed across the two Galactic hemispheres, referred to
as the Northern and Southern galactic caps (NGC and SGC, respectively). As these two
regions do not overlap, they are prone to slight offsets in their photometric calibration
as first reported by Schlafly and Finkbeiner (2011). For this reason, NGC and SGC
subsamples probe slightly different galaxy populations; this variation is more evident in
the low redshift sample, LOWZ. However, as explained in Ross et al. (2017), there are no
strong discrepancies between the NGC and SGC configuration-space clustering of BOSS
galaxies at scales relevant to BAO or RSD studies. They also demonstrate that the results
applied to each hemisphere individually are consistent with the combined constraints and
that the BAO results are thus robust to any concerns about combining the NGC and
SGC results when only scales above 20 h~'Mpc are considered. ~ Alam et al. (2017)
show discrepancies between the two hemispheres are more apparent at small scales when
studying the power spectrum. They decide to simply allow sufficient freedom when fitting
models to the clustering statistics in each galactic cap, as to allow for this slight change
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in galaxy population. In practice, the different Fourier-space statistics are modelled with
different nuisance parameters in the two hemispheres. This approach is also considered
by Philcox and Ivanov (2022) in a joint power spectrum and bispectrum analysis.

2.2.3 Main results from BOSS clustering analyses

We review the BOSS DR12 results from 2- and 3-point clustering analyses. As mentioned
above, the main goal of BOSS was to constrain D4(z) and H(z) down to the % level.
This has been archived by several research teams working independently with a variety
of analysis tools and modelling assumptions.

Extracting distance information from clustering statistics is possible in 2 main ways:

Template-fitting analyses fix the linear power spectrum shape, compressing the cos-
mological information on few parameters that govern the late-time expansion. Con-
straints are extracted from redshift-space distortions, which probe the growth rate
of structure, and Alcock-Paczynski parameters, which constrain distance measures
such as Dy4(z) and H(z). By expressing the model as a linear combination of pre-
computed templates, likelihood evaluations are computationally inexpensive.

Full-shape analyses aim to extract all available cosmological information and are usu-
ally used to constrain shape parameters such as {ng, Ag, Wegm,ws, h}. This approach
retains sensitivity to primordial physics and the late-time expansion history. Its
main drawback is the high computational cost, particularly for configuration-space
statistics (2PCF and 3PCF), which require Fourier-to-configuration-space transfor-
mations. Recent emulator-based methods substantially alleviate this limitation but
have yet to be explored for the 3PCF in actual spectroscopic surveys.

To achieve the level of precision required by BOSS goals, template fitting analyses often
exploit reconstruction, which attempts to reverse non-linear effects present at the level of
the galaxy overdensity field. This has the effect of restoring information from higher-order
functions back to the 2-point-function and sharpens the BAO peak, therefore increasing
measurement precision. Naturally, this type of analysis only exploits 2-point statistics as
reconstruction purposefully removes signal from 3-point statistics.

In Tab. 2.2 we list BOSS DR12 clustering analyses which go under the category of
Template fit and Full-shape®. We list as BAO (det.) those studies that aim to detect the
BAO peak in 3-point statistics. The AP parameters are measured using the anisotropic
two-point correlation function multipoles in Ross et al. (2017) and Cuesta et al. (2016)
and using the anisotropic power spectrum in Beutler et al. (2017). The full shape of the
anisotropic two-point correlation function is computed and analysed using multipoles in
Satpathy et al. (2017) and using p-wedges in Sanchez et al. (2017). The full shape of
the power spectrum is analyzed by Beutler et al. (2016) and more recently by Ivanov
et al. (2020).

3The studies that are listed under 2-point clustering (mainly) come from the BOSS collaboration, but
many more studies have been made by other research groups.
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2.2. The Baryon Oscillation Spectroscopic Survey

Studies at the level of 3-point statistics have been made primarily in Fourier space.
Gil-Marin et al. (2016) uses a combined measurement of power spectrum multipoles with
isotropic bispectrum in the template fitting approach, showing that by combining the two
statistics it is possible to disentangle the degeneracy between f and og. Philcox and
Ivanov (2022) combine the full-shape power spectrum and bispectrum and constrains
shape parameters with and without the use of Planck priors on A, and n,. In configuration
space, studies have explored the detectability of the BAO peak in the 3PCF by focusing
on a few triangle configurations. Slepian et al. (2017) makes a BAO significance analysis
and finds the BAO peak in the BOSS 3PCF with a 4.5 ¢ significance. While Moresco
et al. (2021) detects the BAO peak in the 3PCF of SDSS clusters. Slepian et al. (2017)
also makes a distance measurement using AP parameterization of the 3PCF template
model but marginalizes over f by fixing it in the fit.

An exploration of the parameter space that exploits the full information content of
the 3PCF triangle configurations is still lacking for BOSS. This work attempts to fill in
the gap by performing a joint analysis of the 2PCF and 3PCF of BOSS in the template
fitting approach. While Guidi et al. (including L. Cavazzini) (2026, in prep.) will
perform the first full-shape analysis of the joint 2PCF and 3PCF.

2-point clustering

P(k) multipoles/u-wedges | &(r) multipoles/p-wedges
Beutler et al. (2017) Ross et al. (2017)
Template fit Cuesta et al. (2016)
Grieb et al. (2017) Satpathy et al. (2017)
Full-shape Beutler et al. (2016) Sanchez et al. (2017)
Ivanov et al. (2020)

3-point clustering

P(k) + B(ki, ko, k3) §(r) + ¢(ri2, 113, 723)
Slepian et al. (2017)

BAO (det.) Moresco et al. (2021)
Full-shape | Philcox and Ivanov (2022) Guidi in prep.
Template fit Gil-Marin et al. (2016) this work

Table 2.2: BOSS literature on clustering studies. The table is divided by studies made on
2-point statistics (top) and 3-point statistics (bottom). BAO (det.) studies focus on the de-
tectability of the BAO peak in the 3PCF.
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2. Dataset and Measurements

2.3 Measurements of the BOSS 2PCF and 3PCF

We use measures, taken by Guidi et al. (including L. Cavazzini) (2026, in prep.), of the
monopole, quadrupole, and hexadecapole of the galaxy 2PCF (&g, &2, &4), and the isotropic
multipoles of the galaxy 3PCF ( for ¢ in the range 0 < ¢ < 10 of the ’optimally binned’
BOSS DR12 LSS catalogue.

2" .-’;M’i‘%iﬁ = | %%m
o] %
“ !

;#.Hﬁﬁ | ""-«MWMM% i}l :

| *’«mgﬂ*}ﬂmﬂm it

0 50 100 150 0 50 100 150
s [h~"Mpc] s [h~"Mpc]
Figure 2.4: From top to bottom the measured 2PCF multipoles &p,&2 and &4. Figures on the
left are the low redshift sample (low-z) and on the right the high redshift sample (high-z). The

error bars represent the uncertainty of each bin. The dotted lines represent the mean value of
each bin computed from 2000 mock catalogues.
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2.3. Measurements of the BOSS 2PCF and 3PCF

The measures have been extracted using MeasCorr”(Farina et al. 2026) to estimate 2PCF
multipoles in the range 0 < r < 150 h~'Mpc and 3PCF multipoles in the range 0 <
192,713 < 150 A~ Mpc , with a binning of Ar = 5 h~*Mpc; with bin centers at
2.5,7.5,12.5,... h~Mpc.

The measured 2PCF multipoles are shown in Fig. 2.4, together with the mean of
¢ obtained from the 2000 mock catalogues. The role of mock catalogues in estimating
statistical uncertainties is discussed in the following section. The BOSS measurements
exhibit an excess of power on large scales (r 2 100 h~'Mpc) relative to the mock mean.
In particular, the monopole is expected to cross zero at r ~ 120 h~'Mpc, whereas the
BOSS data do not show a clear transition to negative values.

The NGC and SGC samples display small mutual variations, with the most noticeable
difference appearing in the quadrupole & of the low-redshift sample. As discussed in
Sec. 2.2.2, such differences between the two caps are expected due to observational and
systematic effects. These variations are statistically significant only on small scales (r <
20 h~*Mpc). On larger scales, they are sufficiently small that the NGC and SGC samples
can be treated as probing statistically equivalent galaxy populations.

While the 2PCF is relatively straightforward to visualize and interpret, the three-
point correlation function (3PCF) poses additional challenges owing to its dependence
on three distinct length scales. In the following, we describe the different visualization
strategies adopted for the 3PCF, highlighting their respective advantages and limitations.
Inevitably, there is a trade-off between visual clarity and information content: the more
restrictive the cuts applied to emphasize specific features, the greater the loss of informa-
tion about the full dataset. To avoid unnecessary redundancy, we present results only for
the NGC high-z sample.

3PCF multipoles. The measured 3PCF multipoles are shown in Fig. 2.5. Within each
multipole ¢ block, the colour-coded values represent the amplitude of (, for each
(r12,713) pair. Each block corresponds to a symmetric matrix, with larger positive
(negative) values indicated by redder (bluer) colours.

The multipole decomposition corresponds to an expansion of the 3PCF in Legendre
polynomials. Each multipole therefore captures the contribution of polynomials of
increasing order to the full signal: (y represents the isotropic (constant) component,
(1 the contribution from first-order polynomials, {5 from second-order polynomials,
and so forth.

The BOSS measurements exhibit a strong signal on small, nearly isosceles scales.
As the multipole order increases, the off-diagonal regions of the matrices rapidly
approach zero for £ 2 5 (see, for instance, the lower-right corner of the colormaps
and, by symmetry, the upper-left corner). In contrast, along the diagonal corre-
sponding to isosceles configurations with 15 = 713 the signal remains large. This
behaviour reflects a known limitation of the SHD estimator, which struggles to ac-
curately reconstruct isosceles triangle configurations. Since the reconstruction of ¢
via Eq. 2.1.7 requires the multipole sum to converge after a finite number of terms,
this feature is particularly relevant.

4https://gitlab.com /veropalumbo.alfonso/meascorr
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In addition, a localized enhancement is visible near r ~ 100 h~*Mpc, especially in
the low-order multipoles, and can be associated with the baryon acoustic oscillation
(BAO) feature.
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Figure 2.5: Isotropic 3PCF multipoles from ¢ = 0 to ¢ = 10 for the NGC high-z sample. The
colorbar displays the amplitude of (; in each (r12,713) bin.
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Figure 2.6: Isotropic 3PCF multipoles from £ = 0 to ¢ = 10 for the NGC high-z sample. Only
isosceles configurations are displayed (r = r12 = r13).

An alternative visualization of the multipoles can be obtained by taking one-dimensional
slices through the two-dimensional matrices. For example, a cut along the diagonal
isolates isosceles configurations, while a horizontal cut selects a fixed value of rqo
and displays (; as a function of 3. In Fig. 2.6, the semi-isosceles (112 = ri3 + Ar)
multipoles are shown, essentially an off-diagonal cut of the full 2-D matrices. This

cut provides a more intuitive representation, with a distinctive peak around r ~
100 h~*Mpc.
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2. Dataset and Measurements

Single-scale 3PCF The single-scale three-point correlation function (3PCF) provides
a direct way to inspect the angular dependence of the signal by fixing two sides
of a triangle, r15 and ry3, and varying the angle 6 between them. Because only a
finite number of multipoles can be measured, the angular dependence (712,713, 0)
is reconstructed by truncating the Legendre expansion at ¢ = (.,

emax

¢2M3(0) =Y Gul(r12,713) Lo(cos ). (2.3.1)

=0

This reconstruction is accurate only if the contributions from multipoles with ¢ >
lmax are negligible, a condition that generally depends on the specific values of r19
and r13.

A useful comparison can be made with measurements obtained from direct triplet
counts rather than the SHD estimator. In particular, Veropalumbo et al. (2021)
show that for nearly isosceles configurations (112 ~ 713) the 3PCF measured from
direct counts steepens rapidly as § — 0, corresponding to the limit ro3 — 0. This
sharp feature cannot be accurately reconstructed using the SHD estimator, even
for £max ~ 30. The reconstruction improves as the difference between r5 and rq3
increases.

Figure 2.7 illustrates this behaviour for two representative configurations. For an
isosceles triangle with ri5 = ry3 = 32.5h Mpc, the panel showing the individual
multipole contributions (yellow curves) demonstrates that truncation at £, = 10
is insufficient to accurately reproduce the angular dependence. In contrast, for the
configuration ryo = 42.5h 'Mpc and ri3 = 87.5h Mpc, the multipoles rapidly
converge to zero, yielding a well-behaved reconstruction.

This representation constitutes the most intuitive visualization of the 3PCF, as
it provides direct insight into its physical interpretation. In Fig. 2.7, the angular
dependence exhibits a characteristic U-shape, reflecting the filamentary structure of
the cosmic web: the correlation is strongest for elongated triangles, corresponding
to /m ~ 0 and /7 ~ 1. For the configuration with ri» = 42.5 h~*Mpc and 73 =
87.5 h~'Mpc (top panel), a secondary peak is visible near 6/7 ~ 0.5, corresponding
to a third side length of ry3 ~ 100 h~'Mpc. This feature is commonly interpreted
as the baryon acoustic oscillation (BAO) signature in the 3PCF.
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2. Dataset and Measurements

To assess the statistical significance of the BAO feature in the 3PCF, Moresco et al.
(2021)  developed two complementary approaches:

o BAO difference: two templates are fitted to the data, one physical template
including BAO features and one "no-wiggle” template in which the BAO has
been removed. The square root of the difference in y? between the two fits
provides a measure of the BAO detection significance.

e BAO contrast: this method identifies the BAO feature as a local maximum
embedded between two broader peaks at 0 < # < w. The peak position is
determined using derivatives, while the adjacent local minima define a baseline
via linear interpolation. The BAO amplitude is then quantified as the height
of the peak above this baseline, yielding a model-independent measure of BAO
significance.

Applying these metrics to both the connected and reduced single-scale 3PCF,
Moresco et al. (2021)  found a higher BAO significance in the reduced 3PCF of
SDSS galaxy clusters, illustrating one of the potential advantages of this estimator.

Despite its high degree of physical interpretability, the single-scale 3PCF contains
limited information, as it probes only a restricted subset of triangle configura-
tions. Consequently, it is suboptimal for constraining cosmological parameters in a
Bayesian analysis.

All-scales 3PCF'. This function is useful to show the information contained in the 3SPCF
for all the considered side-binned triangles. The all-scales 3PCF is estimated by
constructing the following function:

Zmax

Ca11<T127 7”13,7“23) = Z Cz(ﬁz, 7"13) 56(7’1277“13, 7“23)7 (2-3~2)
=0

where the side lenghts r;; are the centers of equally spaced bins and the triplets
(712,713, m23) satisfy the following conditions:

ri2 <113 < 1o (2.3.3)
ro3 < Ti2 + 7113
and
2 2 .2
Lo(r12,713,723) = Lo(cos ), cosh = SERAMST Py (2.3.4)

2719713

The first condition in Eq. 2.3.3 avoids redundancy, while the second one ensures
that the triplet (ria,713,713) represents the sides of a triangle. Notice that one can
associate an index to order each triplet (712,713, 793) satisfying the above conditions
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2.3. Measurements of the BOSS 2PCF and 3PCF

by deciding how to loop over the sides. In this work, we always loop through 793 in
the innermost loop and r15 in the outermost loop.

When including all scales, it is favorable to exclude pathological configurations, as
seen from single scales (, isosceles triangles are not well reconstructed by the SHD
algorithm when ¢,,,, ~ 10. To exclude such configurations Veropalumbo et al.
(2022) introduces

|7" 13 — 7"12|

Ar
Imposing a lower bound 1 > 7., effectively removes pathological configurations,
with the specific choice of i, determining how restrictive the cut is. In particu-
lar, nmin = 1 excludes only triangles with r15 = 713, while nn,, = 2 also removes
configurations with r5 = r13 + Ar, and so on.

n (2.3.5)

Although the all-scales 3PCF offers limited direct visualization power, this can
be partially alleviated by explicitly ordering the triangle sides as (ro1,713,723), as
shown in the bottom panels of Fig. 2.8. This ordering aids in identifying the general
triangle shape associated with each measurement. Additional insight can be gained
by classifying triangle configurations according to simple geometric criteria. In
Fig. 2.8, we distinguish three triangle types: equilateral triangles are defined as
having all three sides equal within one bin, +Ar = 5h~!Mpc; isosceles triangles
satisfy the condition r15 = 713 + Ar; all remaining configurations are classified as
scalene. Under this scheme, it is straightforward to identify which triangle types
contribute the strongest signal.

An alternative classification is shown in Fig. 2.9, where different symbols and
colours are used to denote specific physical regimes. Green dots correspond to
small-scale triplets, defined as configurations with 715 < 50 A~*Mpc. Red triangles
indicate BAO triplets, namely configurations with at least one side in the range
[97.5,117.5] h~*Mpc, where baryon acoustic oscillations imprint their characteristic
oscillatory features on the correlation functions. Yellow stars identify squeezed BAO
configurations, consisting of one side much smaller than the other two, at least one
of which lies in the BAO range. All remaining configurations are represented by
light-blue dots.

The primary strength of the all-scales 3PCF does not lie in its visualization, but
rather in its information content. Including all triangle configurations maximizes
the constraining power of the data and is therefore best suited for Bayesian analyses.
For this reason, the main analysis of this work focuses on the all-scales 3PCF.
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Figure 2.8: The measured NGC high-z, all-scales ( and @ for all triangles between r =
30 — 130 h~'Mpc. Triangles are classified by their side lengths as equilateral, isosceles and
scalene. At the bottom, the scale ordering (712,713, 723) is shown.
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Figure 2.9: The measured NGC high-z, all-scales ( and @ for all triangles between r =
30 — 130 A~ *Mpc. Triangles are classified by varying criteria, described in the main text. At the
bottom, the scale ordering (r12,713,723) is shown.
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2.4 Covariance matrices

The covariance matrices are estimated numerically from the 2PCF and 3PCF multipoles
measured in 2000 MULTIDARK-patchy mock catalogues (Kitaura et al. 2016). Each has
been tuned to match the footprint, redshift distribution, and halo occupation distribution
of BOSS samples. We therefore expect the clustering of the mock samples to match the
BOSS measurements. The patchy algorithm is based on extended Lagrangian pertur-
bation theory and a stochastic halo biasing scheme calibrated on high-resolution N-body
MULTYDARK simulations run for a ACDM cosmology with the following fiducial param-
eters:

{2, =0.307, Qy=0.692, Q,=0.048, o03=0.828, h=0.677}

This is done for all four of the BOSS data sets, yielding a total of 8.000 mock catalogues.
The covariance matrix is estimated as follows:

N,
A 1 u - _
m k=1

where N,, is the number of mocks, while df represents the data vector (i.e., the measured
multipoles of the 2PCF or 3PCF), with indexes i and k identifying the bin and the mock
sample, respectively and d; = (1/N,,) 0™ d¥. From Cy;, the corresponding correlation
matrix ¢;; is estimated as
Ci;
Cij = ———. (2.4.2)

CiCy5
The correlation matrix for the 2PCF multipoles of the NGC high-z data set is shown
in Fig. 2.10. We separated the 2PCF multipoles with a black line; thus, the blocks on
the diagonal represent correlations within the multipole itself and show a higher degree
of correlation with respect to off-diagonal blocks, which represent the cross-correlation
between multipoles (£o&a, £2&4, 4&o)-

The multipole expansion of the observed 2PCF is a useful way of data compression, as
often used in the literature, and can characterize anisotropies in the 2PCF with a relatively
low number of multipoles (the optimal solution would be to evaluate 2PCF multipoles up
to infinite orders, which is infeasible in practice). In addition, the covariance of the 2PCF
multipoles is easier to estimate, e.g., requiring a smaller number of mock catalogs, due to
the dimension reduction of the data vector.

For the 3PCF the measured multipoles do not represent the anisotropy in the clustering
with respect to the l.o.s. rather they are the estimated quantity of the SHD algorithm.
The length of the data vector of the 3PCF multipoles amounts to Ny x N2, ; in our case
N; = 11, therefore yielding a data vector of size ~ 10*. Exploiting the full potential of
these multipoles requires a large number of realizations to get a reliable estimate of the
covariance matrix, which we simply lack.
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Figure 2.10: The correlation matrix of the 2PCF multipoles for scales between 0 and
150 = Mpe, of the NGC high-z data set. Each multipole is separated by a black line; the
3 diagonal blocks are correlations within the same multipole and the 3 off-diagonal blocks are
correlations between multipoles.

To overcome this issue, we re-sum the multipoles using Eq. 2.3.1 and 2.3.2. The esti-
mated quantities are called the single-scale 3PCF obtained by fixing two triangle sides
and varying the third one. The covariance of single-scale 3PCF is estimated from the
covariance of the multipoles as:

zmax
égigj (7“12, 7“13) = Z ,Cg(COS 92) ngg/ (7'12, 7‘13) ,Cg/ (COS (9]) (243)
£,0'=0

where the quantity CA'M/ (r12,713) is the estimated covariance of the multipoles (;(712,713)-
The covariance of all scale 3PCF is obtained from the covariance of the 3PCF multipoles
through the following expansion in Legendre polynomials:

gmax
Cij = Z Ly(r12,713,723) Cor (112,713 19, T13) Lo (P95 7135 T23)- (2.4.4)
00'=0

where the quantity CA’M/ (r12,T13; 79, 715) denotes the cross-covariance between the multi-
poles (y(r12,713) and (p ()5, 73), and i, j represent the triangle indices associated to the
triplets (112,713, r23) and (1, i3, rh3).

The correlation matrices of the all-scales ( and @ for all 1898 triangles are shown in
Fig. 2.11. The pattern that appears is due to the choice of scale ordering; each new block
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Figure 2.11: The correlation matrices of the connected 3PCF (top) and reduced 3PCF (bot-
tom) for all triangles (1898) between 0 and 130 h~'Mpc, of the NGC high-z data set.
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contains a different minimum scale 7,,;,. The correlation matrix of ) shows a higher
degree of correlation at all scales, which is to be expected since @ is defined by the mixing
of scales between the 2PCF and 3PCF.

In fact, the covariance of the single-scale and all-scales reduced 3PCF (), must be

estimated by using error propagation (Cowan 1998). It is known that if x = (zq,...,z,)
is a set of n random variables whose estimated means and covariance matrix are respec-
tively o = (fu1,..., ftn) and V| then the covariance matrix C' of a set of m functions
y1(x), ..., ym(x) of & can be estimated to first order as
C=JvJr, (2.4.5)
where 5
J; = ( y") . (2.4.6)
81‘]‘ z=p

Applying the procedure to our case, we construct the V matrix from the data vector

@ = (C(01),...,C(0n),&(01), ..., & (b)),

for the single scale ) evaluated at the angles 61, . ..,6,. We have omitted the dependence
on r12 and 713 in ¢ since the sides are fixed and we have indicated with &£,(6) the 2PCF
monopole evaluated at a separation equal to the length of the side opposite to the 6 angle.
In the all-scales approach, if the triangles are ordered with indices 1,...,n and the centers
of the radial bins are r1, ..., T/, We define x to be

T = (Call,l; s 7Call,n7 £0<T1)7 s 750(7'ma:c>>7

The V matrix constructed from this vector is the covariance matrix we use to fit the joint
2- and 3-point correlation functions (with the added dependence on & and &;). Combining
the two statistics this way provides the minimum amount of scale mixing. The non-trivial
dependence of ) on & and ( mixes scale dependencies, increasing uncertainties over all
scales. In practice, the error propagation requires the computation of a Jacobian matrix,
encoding the dependence of ) on & and (. The relatively simple expression of () as a
function of ¢ and & makes it possible to compute analytically the derivatives needed to

construct the Jacobian matrix J. Given all scales Qan 1, - . ., Qan, Where each triangle ¢ is
characterized by triangle side lengths (r;,7;, 7)), the jacobian matrix is constructed as
0Q: 1
G &(ri)&(ry) +&(r)&(re) + &(re)é(ri)’
9¢(r:) {&(r)[&(ry) + &(ri)] + &(ry)E(re) }*
0 _,
O(1)

for all ¢ triangles from 1 to n.
The ultimate goal of this work is to extract relevant cosmological parameters from a
Bayesian analysis. Uncertainty estimates are drawn from the inverse covariance, and the
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invertibility of a matrix is dependent on the number of realizations from which it has been
estimated. It can be demonstrated that if the number of mock catalogues from which the
covariance is estimated is smaller than the data vector, the resulting matrix is singular
(Hartlap et al. 2007). However, even if Nyocks > Npins, the inverse covariance matrix is
biased; that is beacause the inverse of an unbiased estimator for the covariance matrix is,
in general, not unbiased, leading to the underestimation of confidence regions. To account
for it, we apply the Hartlap factor to inverse covariances:

Cﬁfl _ Nmocks - Nbins -
Nmocks -1

It is likely that even when this condition is satisfied (N,ocks > Npins), finite realizations
for the estimation of covariance lead to modes (eigenvalues) that are uninformative, being
close to 0 but not quite so. Inverting them would yield a larger noise than we might
expect. To overcome this issue we adopt a pseudo-inversion procedure that inverts only
modes that bring significant information, leading to a more stable approximation of the
inverse covariance. The byproduct of this procedure is a more accurate estimation of the
data vector size that we use for the computation of Harlap factors and goodness of fit by
means of the reduced y?2.

We compute the Moore-Penrose pseudo-inverse matrix by means of Singular Value
Decomposition (SVD). It is possible to prove that if A is any matrix, it can be decomposed
as

2 4
C;l if Nbins < Nmocks -2 (248)

A=UxVT
than the pseudo-inverse A" can be written as
At =vytut

where V' and U are orthogonal matrices, ¥ is a diagonal matrix consisting of A’s so-
called singular values (the eigenvalues for a square matrix), followed, typically, by zeros.
Then X7 is simply the diagonal matrix consisting of the reciprocals of A’s singular values
again, followed by zeros.

We compute the pseudo-inverse by keeping only the eigenvalues that have reached a
certain cumulative variance threshold. If \; are the eigenvalues of the covariance matrix,
from largest to smallest, then the cumulative variance of the first £ modes is

(>, M)

Var, = —=——.
S A
By only keeping eigenvalues that contribute to 99.9% of the total variance, we effectively
remove badly conditioned modes. The number of eigenvalues that do not get cut by this

threshold is the effective length of the data vector we use to compute Hartlap factors and
degrees of freedom for the goodness of fit (y? test).
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Chapter 3

Development and validation of a
Bayesian analysis framework

In this chapter we describe the framework we constructed to perform a Bayesian anal-
ysis of the BOSS two- and three-point correlation functions within the template-fitting
approach. We also present a series of tests designed to assess the stability of the analysis
pipeline and the ability of the data to constrain the cosmological parameters of interest,
with the ultimate goal of extracting cosmological information from the BOSS measure-
ments. Sec. 3.1 describes the statistical methodology and the construction of the analysis
pipeline, which combines the measured clustering statistics with the corresponding theo-
retical models. In Sec. 3.2 we introduce and motivate the use of synthetic data sets for
validation purposes and describe the procedure adopted to fit them. Sec. 3.3 discusses the
parameter degeneracies that arise in the clustering statistics when fitting synthetic data,
while Sec. 3.4 presents strategies to mitigate these degeneracies. Unless otherwise stated,
throughout this chapter we adopt a fiducial cosmological model consistent with Planck
Collaboration: Aghanim et al. (2020) for the computation of the theoretical templates
(see Section 1.4).

3.1 Bayesian framework for posterior sampling

In the previous chapters we described how the BOSS correlation functions are measured,
how their covariance matrices are estimated, and which physical model is adopted to
generate theoretical predictions for a template-fitting analysis. The final step is to connect
these ingredients: namely, to define how the model predictions are compared with the
observational data and their associated uncertainties in order to infer the parameter values
that best describe the measurements.

We build a Bayesian framework for fitting BOSS 2-point and 3-point correlation
functions where the unknown posterior distribution is sampled by means of a Markov
Chain Monte Carlo (MCMC) algorithm. We sample the posterior using the emcee® code
(Foreman-Mackey et al. 2013), implementing an affine-invariant ensemble sampler. This

Thttps://emcee.readthedocs.io/en /stable/
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3.1. Bayesian framework for posterior sampling

application of the MCMC algorithm is well-suited to high-dimensional parameter spaces
and allows us to sample the posterior distribution by choosing the number of walkers,
that is, the number of points that sample the posterior at any given step of the chain.
The optimal number of walkers is dependent on the number of fitting parameters; it is
advised to use a number of walkers always greater than 4 times the number of fitting pa-
rameters, but in general, the higher the number of walkers the better acceptance fraction
and correlation times we can achieve (Foreman-Mackey et al. 2013). Unless otherwise
specified we employ 64 walkers for our chains. The second parameter to set is the number
of steps the chain performs; an optimal choice is determined by the autocorrelation time,
which quantifies the number of independent samples. To ensure convergence we allow the
chains to run for at least 50 autocorrelation-times (Goodman and Weare 2010).

The use of MCMC sampling in Bayesian analysis is of great usefulness when dealing
with high-dimensional parameter spaces and when one may want to marginalize informa-
tion to estimate expectation values of model parameters. While this is standard practice
in cosmology, dealing with both high-dimensions and marginalization can create several
problems which go under the category of volume and projection effects. We explain them
while also discussing how we tried to overcome them in Sec. 3.4.

3.1.1 The pipeline

The pipeline developed to fit BOSS clustering statistics is organized into three main
directories:

/Data This directory allows one to load the measured correlation functions from the
BOSS catalogue as well as those from the MD-patchy mock catalogues. The co-
variance matrix is estimated from 2000 mock catalogues for each bin {low-z, high-z}
and cap {NGC, SGC}.

By combining measurements of & with ((*¥, we construct the reduced 3PCF Q@)
and its covariance matrix, as described in Sec. 2.4. These quantities are loaded
through dedicated Python classes, which allow the user to select the desired cap,
bin, range of scales i, < 7 < Tpax, the minimum 7 value for the 3PCF (nym), and
the multipoles of the 2PCF from the set {&g, &2, &4, (&0 — &2 — &) }-

/Model This directory contains the implementation of the theoretical models used to
compute predictions for the 2PCF multipoles and the 3PCF, described in Sec. 1.4.
The theoretical predictions are generated using the emulator code ME1Corr Guidi
et al. (including L. Cavazzini) 2026, in prep. This code provides predictions for the
anisotropic multipoles of the two-point correlation function (2PCF), &, &, and &,
as well as for the isotropic connected three-point correlation function (3PCF).

ME1Corr implements an emulator for the 2PCF multipoles, enabling rapid evaluation
of many cosmological models within a Bayesian analysis. Alcock-Paczynski (AP)
rescaling modifies the shape of the power spectrum. In our template-fit approach,
this requires a re-computation of the 2PCF templates, which need to be Fourier
transformed at every step. Although this rescaling increases the computational cost
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3. Development and validation of a Bayesian analysis framework

/Fit

of evaluating 2PCF predictions, the emulator reduces the evaluation time of a single
cosmological model by a factor of 10%.

The 3PCF model does not include AP parameters and therefore does not require
emulation. Its Legendre coefficients are computed up to /.. = 10, matching the
SHD-based estimation performed on the BOSS catalogue (see Chap. 2). The co-
efficients ¢, are then resummed using Eq. 2.3.2 to obtain ((*). Finally, ¢ is

combined with &, to produce theoretical predictions for the reduced 3PCF Q.

The user can specify the minimum and maximum scales, as well as the value of 7y,
for each statistic. The corresponding methods return the theoretical prediction for
a given set of model parameters 8 over the selected range of scales.

This directory combines the measured data vectors with the theoretical predictions
in order to perform posterior sampling. The code is organized around dedicated
Python classes corresponding to the different correlation functions considered in
the analysis: the 2PCF multipoles &, the all-scales connected 3PCF ((*) | the single-
scale connected 3PCF ("12713(f), the all-scales reduced 3PCF Q@) the single-scale
reduced 3PCF Q"2"13(0), and the joint analysis of 2PCF and all-scales 3PCF.

Each class can fit the BOSS correlation functions either for a single cap and bin
(single mode) or for multiple caps and bins simultaneously (combined mode). In
the latter case, the log-likelihoods of the individual datasets are summed at each
step of the Markov chain:

N
In [,(Oj) = Z In ﬁsamplei (91)7
i=1

where the sum runs over the datasets in
{NGC high-z, SGC high-z, NGC low-z, SGC low-z}, or a chosen subset.

The parameters entering each likelihood can differ between datasets. In a combined
analysis, one may choose to fit parameters independently for each dataset, enforce
a common set of parameters across all datasets, or adopt an intermediate scheme
(e.g., splitting parameters by redshift). This choice can be made independently for
each free parameter.

For instance, fitting the linear bias parameter b; as a single shared value across
all datasets would be incorrect, since linear bias depends on redshift. Instead, by
should be split by redshift, resulting in two distinct values when all BOSS datasets
are combined. Parameters can also be split across the four individual datasets, as
done by Ivanov et al. (2020). This approach is motivated by the fact that the NGC
and SGC caps correspond to spatially separated regions of the sky that may probe
slightly different galaxy populations. However, as discussed in Sec. 2.2.2, we adopt
a common parameter set for NGC and SGC and therefore combine them in our
analysis. All possible parameter-splitting configurations supported by the pipeline
are illustrated in Fig. 3.1.
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3.1. Bayesian framework for posterior sampling

Shared parameters

Figure 3.1: Possible choices for parameter splitting in the combined BOSS fitting procedure.

A third option supported by the pipeline is to fit synthetic datasets, by providing
an external data vector and covariance matrix. The definition and role of these
synthetic datasets in our analysis are discussed in the next section.

Finally, the pipeline allows for flexible choices of priors. Parameters may have
uniform priors U to remain uninformative while excluding unphysical regions of
parameter space, Gaussian priors N with specified mean and variance, or be fized
F if they are not included in the fit. In the latter case, the fixed parameter value
must be provided.

An overview of the pipeline and its main features is shown in Fig. 3.2.

Our 2PCF and 3PCF models are characterized by different sets of free parameters that
we infer, in the Bayesian framework, from comparisons with measurements. In pracice
the parameter vector 8 is obtained by maximizing the posterior probability P (u(80)|d) o<
L(d|u(0))P(0), where 1(0) is the 8-dependent model prediction and d = d(z;) is the data
vector. The quantity P(6@) represents the prior probability and £(d|x(#)) is the likelihood
function. We adopt a Gaussian likelihood function for both the 2PCF and the 3PCF
measurements. We have then

In L¢(0) = —%Xg(e) (3.1.1)
where the y? for the 2PCF is given by
Nq
X2(0) = [E(r) = &(ri,0)] C (ri ry) [E(r) — €(r5, 0)] (3.1.2)
ij=1

with £(r,0) and £(r) representing respectively the 2PCF theoretical prediction and its
measurements. The sum runs over the separation bins r; and r; and Ny is the total
number of bins, corresponding to the size of the data vector. Similarly, for the 3PCF, we

have ]
InL(0) = _§X?<0> (3.1.3)
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with
Ny

\20) = St — C(t:, 0)] € (ki) [E(ty) — C(15.,0)] (3.14)

ij=1
with the sum now extending over all triangular configurations. where each triangle is
denoted by ¢; being a unique triangle configuration with sides lenghts {ris,713,723}. The
same procedure applies to the reduced 3PCF; we do not report it for redundancy. We
also perform a Bayesian analysis of the joint measurement of the 2PCF and 3PCF. We

exploit the full covariance matrix, where the cross-covariance between £ and ( is included.
The joint 2PCF+3PCF likelihood is

In Leio(6) = — 52 (0) (3.15)
with N
Xec(0) = Z [d(:) — d(x:,0)] Ccl (i, 25) [d(;) — d(x5, 6)] (3.1.6)

where we used d to denote the data vector and model prediction vector, which is a
combination of ¢ data bins and ( triangles. If the triangles are ordered with indices
1,...,n and the centers of the radial bins are r1,...,7,, we define d(x) to be

d(a:) = {Cau,h cee 7Call,n7€0<rl)7 e 750(7’m),f2(7“1), e 752(7’m),€4(7“1), e 754(7’m)}-

The 6 vector is a combination of the £ and ( parameters that are either shared by the
theoretical models of both functions or not.

The Harlap factor in 2.4.8 does not correct for errors in the covariance matrix, which
propagate through to errors on parameters estimated from the posterior probability. To
account for this effect, we follow Percival et al. (2014) and apply the following correction
factor on the parameters’ variance:

= 11+Ai(]1\9[d(Np]\f)1) (3:.1.7)
where N, is the number of fitting parameters and
A= 2 (3.1.8)
(N~ Na— DNy — Na— 1)
B= N = Na = 2 (3.1.9)

(Nm — Ng — 1)(Nm_Nd_4)‘

Just like the factor present in the inverse covariance m; depends on the number of mocks
used to estimate uncertainties in the data, an increase in N,, will decrease the bias in the
estimated parameters.
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3.2.  Analysis of synthetic mock data
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Figure 3.2: Flowchart of the pipeline used to fit BOSS correlation functions. Single-scales
¢ and @ can also be fit, but we have omitted their presence in the figure, since our Bayesian
analysis focuses on the all-scales ¢ and Q.

3.2 Analysis of synthetic mock data

We define synthetic data as a data vector constructed from theoretical models of the
clustering statistics, which is then used in the fitting procedure. In this case, the x?
statistic is defined as

Ng

O) =Y [60) - &(0)] i) |&0) — &) (3:2.1)

1,j=1

where 8 denotes the parameter vector used to generate the theoretical prediction for .
In this framework, the model prediction fz(é) replaces the measured BOSS two-point cor-
relation function f (r;). Since the synthetic data are generated from a known parameter
vector, the “true” parameter values are known a priori. This allows us to perform con-
trolled tests of the fitting procedure. The synthetic data vector is paired with a covariance
matrix measured from one of the BOSS data-sets; unless otherwise specified, we adopt
the NGC high-z covariance matrix. The motivation for this procedure is twofold:

« First, constructing a synthetic data vector for which the input parameters are known
allows us to validate the pipeline. When fitting synthetic data with a covariance
matrix artificially reduced by a factor of 1072, we expect the resulting constraints
to be tightly centered on the “true” parameter values if the pipeline is functioning
correctly.
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3. Development and validation of a Bayesian analysis framework

« Second, the choice of adopting the BOSS covariance matrix is not arbitrary. Using a
realistic covariance allows us to evaluate the constraining power of a given clustering
statistic for a specific BOSS data set. Consequently, when fitting the actual BOSS
measurements, we already have a clear expectation of the achievable parameter
constraints.

In Fig. 3.4 we show the 2D-marginalised posteriors distribution coming from fitting a
synthetic 2PCF multipoles data vector: {& — & — &}, adopting 7, = 20 h™'Mpc to
Tmaz = 150 h~1Mpec. In this case we have used a BOSS covariance reduced by a factor
1073, The red lines in the figure show the value of the parameters used to generate the
synthetic data set, corresponding to:

{bl = 20, bQ = 05, bgg = 0, brg = 0, f = 078, og = 060, a = ].0, € = 0}

ﬁ
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Figure 3.3: 2D marginalized posteriors of a 2PCF multipoles ¢ = 0, 2,4 synthetic data vector.
The parameters used to generate the 2PCF multipoles are shown through the red line. The
covariance matrix used is that of NGC high-z multiplied by a factor 1073. the minimum and
maximum scales are 7y, = 20 A~ *Mpc and 7rymee = 150 R~ Mpe. Contours show the 68% and
95% confidence regions.
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3.3. The b; — f — 03 degeneracy

The two-dimensional marginalized contours are centered on the true parameter val-
ues. Parameters that affect model predictions of £ or ¢ in a similar way are said to be
degenerate, as different combinations of such parameters can yield the same posterior
probability. This manifests in 2D contours as more or less tilted and stretched ellipses.
If two parameters are positively correlated, increasing one parameter will result in the
same probability when the other is also increasing (ellipses stretching from the lower left
to upper right corners). If the two are negatively correlated, an increase in one will give
the same probability for the decrease of the other (ellipses stretching from the upper left
to lower right corners). In some cases, particularly for higher-order bias parameters, the
contours exhibit curved or ’banana-shaped’ features, reflecting non-Gaussianities in the
marginalized posterior distributions.

Standard MCMC algorithms can struggle to efficiently sample highly non-Gaussian
parameter spaces. However, the affine-invariant ensemble sampler adopted in this analysis
is well suited to handling such skewed or stretched probability densities.

Focusing on the more elliptical contours of Fig. 3.3, we can notice two degeneracies
for the 2PCF multipoles. The first involves the higher-order bias parameters by, bgs, and
brs, with a weaker coupling to b;. The second one is between b; — f — gg. Although these
degeneracies can be disentangled in the present analysis, it is important to note that the
reduced covariance matrix used here leads to unrealistically tight constraints. As such,
these results should not be taken as representative of the constraints expected when using
the full BOSS covariance.

The same procedure is repeated for the 3PCF and the reduced 3PCF to ensure that the
pipeline is working correctly.

3.3 The by — f — 035 degeneracy

The use of synthetic data with the full covariance matrix allows us to establish what
can and cannot be properly constrained. In Fig. 3.4 we show the 2D marginalized
constraints of the synthetic data vector composed of the 2PCF multipoles {§, — & — &4}
from 7pmin = 20 A~ Mpc t0 ez = 150 A~ *Mpc. The blue contours have been obtained
with synthetic data with the following parameters

{b1 =2.0, by = 0.5, bge = 0, br3 =0, f =0.78, 03 = 0.60, « = 1.0, € = 0}

while the orange contours are obtained with the same set of parameters but og is not
allowed to vary in the fitting procedure and is instead fixed to its true value (og = 0.60).

Both the blue and orange contours are able to find the true value of the higher-order
bias parameters, with the orange ones being more peaked around it. Their 1D marginal-
ized constraints deviate significantly from Gaussianity. Clearly by, bgo and brs are poorly
constrained by the 2PCF alone. We will break this degeneracy by combining the 2PCF
with the 3PCF, which contains shape information from triangles that is complementary
to that of the 2PCF.

The AP parameters are largely independent of the other model parameters and exhibit
no significant differences between the two fits. This behavior is expected because the AP
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3. Development and validation of a Bayesian analysis framework

parameters primarily encode transverse geometric information (see Fig. 1.3), whereas
parameters such as by and og primarily affect the amplitude in a scale-independent way.
A more striking feature of Fig. 3.4 is the pronounced lack of constraints on by, f, and
og for the blue contours. The degeneracy drives b; toward very large values while pushing
og to correspondingly small values, until both parameters saturate their prior bounds.
The f contours are likewise shifted toward higher values relative to expectations. For
brevity, we do not display the results for the synthetic 3PCF, reduced 3PCF, or the joint
2PCF+3PCF analysis, but the same pathological degeneracy is present in all cases.

— 2PCF
— 2PCF o3 fixed

Q.9 .0 S 2 &
&P 8

~° a0

K
f o

Figure 3.4: 2D marginalized posteriors of 2PCF multipoles ¢ = 0, 2,4 coming from a synthetic
fit. The parameters used to generate the 2PCF multipoles are shown through the red line.
The covariance matrix used is that of NGC high-z. The minimum and maximum scales are
Tmin = 20 h™'Mpc and e = 150 h~"Mpc. Contours show the 68% and 95% confidence
regions. The blue contours are made while varying og. In the orange contours og is fixed to the
true value.

These findings motivate two distinct analyses of the BOSS samples. In the first, og
is held fixed. In the second, og is treated as a free parameter, and additional strate-
gies are introduced to lift the degeneracy. The rationale for these approaches and their
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3.4. Strategies to remove volume effects

implementation are detailed in the following section.

3.4 Strategies to remove volume effects

Sampling algorithms such as emcee do not always behave as one might expect, and our in-
terpretation of their output can change significantly when results are visualized through
marginalization. The ultimate goal of MCMC methods is the estimation of expecta-
tion values. In practice, this is achieved by marginalizing the posterior distribution,
i.e., integrating over subsets of parameters to project the probability density onto lower-
dimensional spaces, typically 1D or 2D. However, marginalization can distort a complex,
highly non-Gaussian N-dimensional posterior, leading to projection effects that are not
representative of the true expectation values one aims to extract. The importance of these
effects increases as the likelihood deviates from Gaussianity.

Projection effects can be quantified using profiling techniques (Raveri et al. 2024),
but these are computationally expensive. Instead, we adopt a simpler approach by re-
porting expectation values both as posterior medians and as maximum-likelihood (ML)
samples. For a multivariate Gaussian posterior, these two estimates coincide. When they
differ significantly, this signals the presence of strong projection effects, indicating that
marginalized posteriors cannot be trusted to provide reliable expectation values.

Another important aspect is related to the role of volume in high-dimensional param-
eter spaces. Sampling algorithms are intrinsically sensitive to the volume of the domain
they explore. To illustrate this, consider a d-dimensional hypercube with side length [,
whose volume scales as

d
vip=1]1=1" (3.4.1)
i=1
The differential volume element between [ and [ + dl is then
dV(l)=d-1°"dl. (3.4.2)

This exponential scaling with dimensionality implies that, as d increases, volume becomes
increasingly concentrated in thin shells located progressively farther from the center of
the hypercube. While the numerical factors depend on the geometry, this exponential
dependence on d is a generic feature of high-dimensional spaces. In practical terms,
increasing the number of parameters leads to an exponential growth in the number of
available parameter combinations that must be explored.

Because of how MCMC algorithms work, samples tend to concentrate in regions of
high posterior mass, defined as the product of density and volume, rather than exclusively
in regions of highest posterior density (Speagle 2019). As a consequence, a relatively flat
(in terms of probability) region of the posterior may encompass a larger volume than the
narrow region around the global maximum of the likelihood. Such regions, despite having
lower density, can therefore dominate the sampled chains.

This behaviour is illustrated in Fig. 3.5, where the likelihood surface marginalized
over by is highly asymmetric. In this case, posterior sampling preferentially explores the
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3. Development and validation of a Bayesian analysis framework

plateau of the likelihood surface, which corresponds to the region of strongest degeneracy
at large values of by and f. It is important to stress that the volume effects discussed
here are distinct from prior volume effects commonly discussed in the literature (Raveri
et al. 2024). The latter arise when posteriors are prior-dominated and marginalized dis-
tributions become distorted by the choice of prior. This is not the case in our analysis:
we adopt uniform priors with sufficiently wide ranges such that the posterior is entirely
likelihood dominated.

To mitigate the volume effects encountered when fitting synthetic data with the BOSS
covariance matrix, we adopt several strategies, which we describe and test below. When
analysing real data, however, the situation is more subtle, and the assumptions valid for
synthetic data do not necessarily apply.

—20¢

log L

—40¢

_607 + + + +
1.5F - true, f =0.78, by = 2.0

~1.0t
0.5¢

1.00 125 150 175 200 225 250 275 3.00
by

Figure 3.5: Logarithmic likelihood of a synthetic Q%) data set as a function of f. The value
of log L is obtained by fixing b1 to values from 1 to 3, and finding the maximum likelihood as a
function of f. A BOSS covariance matrix is used to compute the likelihood. The values of the
parameters used for the synthetic data are outlined in red. Other parameters of the model are
kept to 0.

3.4.1 Reduction of the parameter space

In Sec. 3.3, we showed that for the 2PCF, the 3PCF, and joint 2PCF+3PCF, the b — f —og
degeneracy shifts marginalized posteriors to non-accurate values. At the level of the
reduced 3PCF, this degeneracy persists even when oy is fixed. A powerful way to suppress
the associated volume effects is to reduce the dimensionality of the parameter space itself.
We have already demonstrated that fixing og allows us to recover the true parameters.
A natural extension is to keep og free while restricting the range or freedom of other
parameters.

72



3.4. Strategies to remove volume effects

While highly effective, this approach is not always intuitive. Volume effects arise for
two main reasons: first, the sheer size of high-dimensional spaces makes it increasingly
difficult for sampling algorithms to efficiently identify narrow regions of high posterior
density; second, parameter degeneracies and large uncertainties generate extended regions
of moderate likelihood that, due to their large volume, can dominate the posterior mass.
Higher-order bias parameters enter the 2PCF in a degenerate manner, and although the
inclusion of the 3PCF helps to break this degeneracy, these parameters remain correlated
with bl, f, and gsg.

We have explored fixing different combinations of higher-order bias parameters and
find that b, is the most stable one, both for the reduced 3PCF and for the joint 2PCF+-3PCF
analysis, whereas bgs and brs exhibit the strongest degeneracies. Figure 3.6 shows the cor-
relation matrix of all model parameters obtained from fitting synthetic joint 2PCF+3PCF
data with fiducial values

{by =2.0, by =0,5bgo =0, bpy = 0, f = 0.78, o5 = 0.60}.

Although the precise values of the correlation coefficients depend on the chosen fiducial
parameters, we do not expect large qualitative variations. The matrix provides a useful
diagnostic of which parameters are most strongly correlated and where volume effects are
likely to arise.
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Figure 3.6: Correlation matrix of all model parameters. Obtained from fitting the joint
2PCF+3PCF with a synthetic data vector with scales r20¢F = 30 h~!Mpc, r3PCF = 40h~Mpec,

min min

For real data, the question of what value to fix parameters is non-trivial. Unlike
synthetic data, the true parameter values are not known a priori. Fixing bgs and brs to
zero would therefore be an arbitrary choice. We have considered fixing them to best-
fit values obtained from a posterior where oy is fixed to its Planck 2018 value, but this
procedure is circular and effectively biases the results toward the chosen og. In other
words, it introduces an arbitrary assumption.

73



3. Development and validation of a Bayesian analysis framework

A more physically motivated approach exploits the fact that bias parameters are not
independent, but are linked by relations derived from theoretical arguments or calibrated
using numerical simulations. Such relations have been widely used in studies of three-
point statistics to reduce the effective dimensionality of the parameter space (Euclid
Collaboration: Guidi et al. 2025; Veropalumbo et al. 2022; Veropalumbo et al. 2021;
Gil-Marin et al. 2016). In this work, we adopt the Lagrangian Local In Matter Density
(LLIMD) prescription for the tidal bias parameters. In the Eulerian basis, these relations
read

2
bga(b1) = _?(bl —1), (3.4.3)
and 1 5 23
brs(b1) = _g(bl —-1) - §bg2 = E(bl —1). (3.4.4)

These are the simplest theoretical relations connecting b; to bg, and brs. However, the
LLIMD approximation is known to be in tension with high-precision simulation results,
which provide clear evidence for the presence of tidal Lagrangian bias (Abidi and Baldauf
2018).

A less restrictive alternative is to impose Gaussian priors centered on the theoretical
relations (Philcox and Ivanov 2022),

2 23
bg2 NN <—?(b1 - 1)7 12) 5 bp3 NN (E(bl - 1), 12) y

which allows additional freedom while still assigning higher probability density to param-
eter combinations consistent with theoretical expectations.

The impact of these two strategies is illustrated using synthetic data with a BOSS co-
variance matrix in Fig. 3.7 for the reduced 3PCF and in Fig. 3.8 for the joint 2PCF+-3PCF'.
The synthetic data vector is generated with parameters

{bl = 20, bg = 0, ng = —2/7, brg = 23/42, f = 078, og = 060}

Remarkably, both approaches recover the true parameters with good precision, within
lo. When the LLIMD relations are imposed exactly, volume effects are almost entirely
eliminated. When Gaussian priors are applied, the degeneracy is only partially broken,
leading to small shifts in the expectation values of by, f, and og. Some volume effects also
remain for bgo, which shows a tail towards negative values for () and to positive values
for 2PCF+3PCF.

We emphasize that results obtained from synthetic data should not be interpreted as a
perfect proxy for real data analyses. Real data may exhibit different scatter and parameter
dependencies, and in our synthetic tests, the data are constructed to exactly satisfy the
bias relations under consideration. There is no guarantee that real observations will obey
these relations with the same accuracy. Nevertheless, this approach yields robust results
and is supported by several previous studies, making it a well-motivated and effective
strategy for mitigating volume effects.
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Figure 3.7: marginalized 2D constraints at confidence intervals of 68% and 95%. Obtained
from fitting a synthetic reduced 3PCF with BOSS covariance. The black dashed line denotes the
true parameters of the generated data. The synthetic data correspond to all triangles between
40 — 120 h~'Mpc, Nmin = 3. Green contours show the possterior samples of by — by — f with
bga, brs fixed to the theoretical relation of Eq. 3.4.3 and 3.4.4. Orange contours show the
posterior samples of by — by — f — bgo — brg where Gaussian priors are applied to tidal bias
parameters. In both analyses og is fixed to the value of the synthetic data vector.
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Figure 3.8: marginalized 2D constraints at confidence intervals of 68% and 95% for parameters
b1, bo, f and og. Obtained from fitting a synthetic joint 2CPF+3PCF with BOSS covariance.
The black dashed line denotes the true parameters of the generated data. The synthetic data
correspond to all triangles between r2PCF = 30 — 150 h~'Mpc, r3PCF = 40 — 130 A~ 'Mpc ,
Nmin = 3. Purple contours show the posterior samples of by — by — f — og with bgs, brs fixed to
the theoretical relation of Eq. 3.4.3 and 3.4.4. Orange contours show the posterior samples of
by — by — f — 08 — bga — brs where Gaussian priors are applied to tidal bias parameters.

3.4.2 Principal Component Analysis

A potential strategy to help the fit converge is based on Principal Component Analysis
(PCA) (Dacunha et al. 2022). We attempt to dampen volume effects by projecting the
original parameter space into a new basis in which the parameters are decorrelated. Notice
that this transformation does not change the volume of the parameter space; however, it
should, in principle, reduce the probability density associated with regions of moderately
high likelihood. By moving to a parameter space where the plateau in the likelihood
surface is damped, we hope to recover the correct parameters when fitting synthetic data,
and then apply the same procedure to the real BOSS data.

PCA linearly transforms the original parameter space into a new basis where the
parameters are uncorrelated. This is achieved by computing the eigenvectors of the co-
variance matrix of a set of posterior samples. Given a parameter space of dimension d,

76



3.4. Strategies to remove volume effects

PCA yields d principal components, which correspond to orthogonal directions capturing
decreasing amounts of variance in the samples. These directions form an orthonormal
basis in which the different dimensions of the data are linearly uncorrelated.

We attempt to fit the (synthetic) reduced 3PCF, Q@ and the joint 2PCF+3PCF
using PCA. For simplicity, we restrict the explanation to the reduced 3PCF but the
same applies to the joint 2PCF+3PCF. We follow the steps below to generate a space of
uncorrelated features:

1. We generate a set of by — f posterior samples by fitting a synthetic reduced 3PCF
with fixed higher-order bias parameters by = 0, bgo = 0, and brg = 0, and using a
BOSS covariance matrix rescaled by a factor of 1072;

2. We center the values of each variable by subtracting the mean of the samples;

3. We compute the covariance matrix of the mean-centered b; — f samples and deter-
mine its eigenvectors;

4. Since the parameter space is two-dimensional, the eigenvectors represent the direc-
tion of highest variance, corresponding to the degeneracy, and the direction orthog-
onal to it. From these eigenvectors we construct the linear transformation matrix,
which allows us to move into a basis of uncorrelated parameters. A visual represen-
tation of this transformation is shown in Fig. 3.9.

This procedure can be extended to an d-dimensional parameter space, in which case the
linear transformation matrix has dimension d x d.

Once we have the ability to move between parameter spaces, we fit the reduced 3PCF
again. This time, instead of fitting b; and f, we fit a new set of parameters, v and v,
defined in the uncorrelated space. At each step of the chain, the proposed (u,v) samples
are transformed back into (b1, f) to compute the model predictions. Finally, the (u,v)
samples obtained in this way are transformed back to yield the corresponding b; — f
posterior samples.

0.97 correlation=0.91 correlation=0.00
0.021 A
0.81
S~ 8 = 0.001
0.7- —0.02+
1.9 2.0 2.1 0.1 00 01
b1 U

Figure 3.9: (left) Samples of the by — f parameter space, showing a high degree of correlation.
These samples are obtained from fits to synthetic data with b; = 2.0, f = 0.78, and a BOSS
covariance matrix reduced by a factor of 1073. (right) The same samples transformed into a
decorrelated parameter space, u — v.
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3. Development and validation of a Bayesian analysis framework

There is an important choice to be made when following this procedure, namely, which
basis (i.e., linear transformation) should be used to move from one parameter space to
another. The possible choices are four: constructing the basis from synthetic data with
full or reduced covariance, and defining the basis using all model parameters or only a
subset of them. If the goal is for the basis to provide the best possible representation of
parameter degeneracies, which are intrinsic properties of the model rather than of any
particular dataset, then constructing the basis from synthetic data with a strongly reduced
covariance matrix, as shown in Fig. 3.9, is the most appropriate option. Conversely, if
one wishes to incorporate features specific to a given dataset, a basis constructed using
the full covariance matrix is better suited.

From testing all four choices, we find no clear evidence that a particular mapping
performs better than the others. In fact, using this procedure, we are not able to recover
the true values of the parameters b; — f when all model parameters are allowed to vary
freely.

PCA fails in this context for several reasons. As discussed above, the need to choose
a single global basis significantly limits its applicability, as this choice may not be valid
across the full parameter space. In other words, PCA only captures a single ’slice’ of the
degenerate parameter space. Moreover, while the degeneracy between b; and f is linear
(as shown in Fig. 3.9), this is not generally true for correlations involving higher-order
bias parameters, which can be non-linear. In such cases, the core assumption of PCA is
violated.

Given these limitations, we do not rely on this procedure for the fitting of real data.
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Chapter 4

Clustering analysis of the BOSS data

In this chapter, we present the results from Bayesian analysis of the 2-and 3-point corre-
lation functions from the BOSS data sets.

In Sec. 4.1, we perform in-depth analyses on real BOSS measurements to assess the
ranges of validity of our model, to determine in particular the best minimum scale 7,,;,,
maximum scale 7,4, and 7,,;, to be applied in all our final analyses. in Sec. 4.2 we
summarize the results from these tests and detail the choices made for the fitting of
combined BOSS samples.

We divide the analysis of the main results into five separate sections. In Sec. 4.3,
we present the Bayesian analysis of the BOSS 2PCF multipoles. The main results are
drawn from the expectation values of the Alcock-Paczynski parameters, from which the
corresponding cosmological distance measurements are derived. In Sec. 4.4, we present the
analysis on the joint 2PCF+3PCF with fixed oy, focusing in particular on the constraints
on the bias and f parameters; the main goal of this section is to compare the results of the
joint 2PCF+3PCF with the constraints obtained from the individual fits of the 2PCF and
3PCF, to assess how much the combination can help to break degeneracies and improve
the accuracy on the parameters. In Sec. 4.5 we present the results from fitting jointly the
2PCF and 3PCF with a uniform prior on og; thanks to a marginalization over tidal bias
parameters, bgo and brs, we are able to break the degeneracy found, and derive values of
f and og independently. In Sec. 4.6, we explore and discuss the results obtained from the
reduced 3PCF. Finally, in Sec. 4.7 we summarize our main findings on cosmological and
bias parameters, comparing them with current constraints from other surveys.

4.1 Determining the optimal analysis regimes

We perform a series of analyses to assess the sensitivity of our results to the choice of the
minimum separation scale, 7,,;,, and 7,,;,. The goal of these tests is to identify the range
of validity of our models and the optimal scale ranges for a combined analysis in which
the four BOSS samples are jointly fitted, to maximize the statistical significance of the
parameters of interest.

We choose to perform these tests directly on the BOSS measurements rather than on
synthetic data. This approach allows us to fully capture the intrinsic sensitivity of the
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4. Clustering analysis of the BOSS data

data and to quantify variations from sample to sample. Using synthetic data for such
tests would not provide a proper assessment of the goodness of fit relative to the observed
data, and the resulting confidence regions would depend on the assumed parameters of
the synthetic data vector.

The motivation for excluding specific scales and triangle configurations is driven by two
considerations: modelling accuracy and survey volume. Modelling limitations determine
the smallest scales that can be reliably used, while the survey volume constrains the
largest scales that can be meaningfully included. Perturbative modelling of clustering
statistics breaks down at a non-linear scale that depends on several factors:

» gravitational collapse acts progressively, scales that are evolving linearly at high
redshift might not evolve linearly at a lower redshift;

e in redshift space, perturbative modelling breaks down at larger scales than in real
space;

o while we have a one-loop model for the 2PCF, our model for the 3PCF is only at
tree-level, therefore we expect 3PCF prediction to break down at larger scales than
2PCF;

e the choice of maximum multipole affects how well isosceles triangles are recon-
structed by the resummation. As described in Sec. 2.3, having ¢,,,, = 10 limits our
ability to correctly model isosceles triangles. For this reason, we will have to cut
those configurations with the 7,,;, parameter.

On the other hand, the effective volume of a survey determines the precision with
which clustering statistics can be measured. Larger volumes reduce uncertainties across
all scales and allow the estimation of correlation functions at larger separations. While
there is no intrinsic drawback to including the largest scales, they provide diminishing
returns. The signal-to-noise ratio of the 3PCF above 130 h~!Mpc is effectively zero. For
this reason, we limit the maximum scale of the 3PCF to 7y = 130 h~'Mpc, while
retaining 7,,., = 150 h~'Mpc for the 2PCF, where a significant signal is still present.

In practice, to determine which scales are safe to use, we fit the 2PCF multipoles
and the all-scale 3PCF of each BOSS dataset as a function of the minimum separation
scale Tmin = {20, 30,40, 50,60} h~*Mpc and, for the 3PCF, also as a function of 7, =
{1,2,3}. In all cases, og(z) is fixed to its fiducial value at the corresponding redshift.
From the posterior samples, we extract the maximum-likelihood point (denoted by a
star), the median, and the 16th to 84th percentiles of the one-dimensional marginalized
distributions of {by, by, bga, f}. To assess the goodness of fit, we compute the reduced
x? for each posterior using the median parameters and the associated number of degrees
of freedom. Reduced y? distributions are obtained from the samples, and their 68% and
95% confidence intervals are shown as gray bands around one.

To identify whether a given scale cut introduces significant systematic effects, we fol-
low a set of general criteria. Since the physical values of the parameters are not expected
to depend on scale, a significant shift in best-fit values when changing the scale cut is
indicative of modelling failures at too small scales or of excessive signal loss when too
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4.1. Determining the optimal analysis regimes

many scales are removed. Increasing r,,;, should therefore result in larger uncertainties,
but should not systematically shift best-fit values. The presence of projection effects pro-
vides further diagnostic power. Such effects may arise from parameter degeneracies that
render marginalized distributions non-Gaussian, causing the median to differ from the
maximum-likelihood value (MLE). They can also appear when the removal of informative
scales induces new degeneracies among parameters that were previously well constrained.
When projection effects are present at all scales, we do not consider the affected parameter
to guide the choice of 7,,;,. Another important consideration is the potential underes-
timation of confidence intervals in regimes where the model loses descriptive power. In
numerical simulations, where cosmological parameters are known a priori, fits of the mea-
sured correlation functions are expected to recover their true values. Although the true
cosmology is not known in our case, previous studies (Veropalumbo et al. 2022, Guidi
et al. 2023, Euclid Collaboration: Guidi et al. 2025) guide the scales over which tree-level
models remain reliable. Finally, reduced y? values should not be significantly larger than
unity, as the y? test quantifies the consistency between the model and the data, given
the uncertainties.

The results of the scale tests for the 2PCF are shown in Fig. 4.1. The by and bgo
parameters exhibit projection effects at all scales, as expected given that the 2PCF alone
does not strongly constrain them. Systematic effects are therefore better assessed through
the b; and f posteriors. The NGC high-redshift sample shows a clear scale dependence
in both b; and f when moving from 7,,, = 20 h~'Mpc to larger scale cuts. Since this
sample has the highest signal-to-noise ratio, this behaviour alone motivates the adoption
of a more conservative cut of 7,,,;, = 30 h~'Mpc. The reduced y? values show substantial
variation across datasets, with particularly large values for the SGC high-redshift sample.
Uncertainty intervals are consistently larger for the SGC subsamples, as expected from
their lower signal-to-noise ratio compared to the NGC subsamples.

The corresponding analyses for the 3PCF are shown in Fig. 4.2. The reduced y?
exhibits a clear dependence on both r,,;, and 9. For n,;, = 1 and 2, the posterior-
averaged y? is incompatible with unity, especially for the NGC subsamples. Combined
with the extremely small variance of the y? distributions, this motivates the rejection of
triangles with 7,,;,, < 2 and the adoption of 7,,,, = 3 for the combined analysis. Posterior
medians for the parameters are generally unstable and show projection effects for b; and f.
The degeneracy between b; and f remains mildly present in the 3PCF, with best-fit values
of f consistent with zero across all scales. A more reliable diagnostic of systematic effects
is provided by the by and bgs posteriors, which remain stable in the NGC samples up to
Tmin = 40 h~!Mpc and begin to exhibit significant projection effects at larger scale cuts.
Removing triangles at smaller scales leads to a substantial loss of signal-to-noise ratio and
noticeably affects posterior sampling, while including those scales reduces uncertainties
at the expense of increased systematic errors. Results from the literature (Veropalumbo
et al. 2022, Euclid Collaboration: Guidi et al. 2025) indicate that tree-level 3SPCF models
lose their descriptive power below r,,;, = 40 h~'Mpc. Given these considerations, we find
that a good compromise between volume and modelling is 7,,;, = 40 h~*Mpc.
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4. Clustering analysis of the BOSS data
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Figure 4.1: Marginalized constrains on bias parameters and f for the BOSS 2PCF. The
posterior median, along with 16th and 84th percentiles, is displayed as a function of the minimal
scale T,;,. The star marker corresponds to the posterior sample of the associated maximum
likelihood. The maximum scale 7,4, is fixed at 150 h~'Mpc. The gray dashed line in the f
posteriors refers to the Planck 2018 fiducial value for the corresponding redshift. The last panel
shows posterior-averaged x? divided by the number of degrees of freedom (d.o.f.) while the gray
bands display the 68% and 95% confidence intervals for the x? distribution.
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4.2. The final configuration
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Figure 4.2: Marginalized constrains on bias parameters and f for the BOSS 3PCF. The
posterior median, along with 16th and 84th percentiles, is displayed as a function of the minimal
scale rpin and M. The star marker corresponds to the posterior sample of the associated
maximum likelihood. The maximum scale 7,4, is fixed at 130 h~'Mpc. The gray dashed line in
the f posteriors refers to the Planck 2018 fiducial value for the corresponding redshift. The last
panel shows posterior averaged x? divided by the number of degrees of freedom (d.o.f.) while
the gray bands display the 68% and 95% confidence intervals for the x? distribution, refereed to
the npin = 1 case.

4.2 The final configuration

In Sec. 3.4 we have performed tests on synthetic data to quantify their power to constrain
models. We showed that when fitting the correlation functions with BOSS covariance ma-
trices, it is impossible to retrieve unbiased values of the parameters. We have attributed
this behaviour to volume effects, which are ultimately rooted in both parameter degen-
eracies and the uncertainties of the BOSS data. We have proposed several strategies for
dealing with this problem and have found that the best choice is to limit the dimension-
ality of the parameter space by fixing higher order bias parameters bgy, brs to theoretical
relations (see Eq. 3.4.3 and 3.4.4) which vary as a function of b;. In Sec. 4.1 we performed
tests on the BOSS 2PCF and 3PCF to choose the optimal scale and triangle cuts 7.,
and 7, in a way that minimizes modelling systematics and maximizes volume.
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4. Clustering analysis of the BOSS data

Here, we summarize the final configurations we have explored in our work. We perform
four separate Bayesian analyses of the BOSS combined samples. Each evaluation is made
by combining the likelihood of each of the four BOSS samples at every step of the chain.
In this procedure, the NGC and SGC samples share the same set of parameters, while the
low-z and high-z samples have separate dedicated parameters as they belong to different
redshift bins. This means that every parameter of the theory model appears twice (one
for each redshift bin). We have described this procedure in detail in Sec. 3.1. The final
setups for our analysis are summarized here:

2PCF oy fixed We fit the 2PCF multipoles & — & — & from 7y, = 30 h~Mpc to
Tmaz = 150 h~*Mpc. The total length of the data vector is 24 x 3 = 72, where
24 is the number of bins given Ar = 5 h~!Mpc and 3 is the number of multipoles.
The main goal of this analysis is to estimate the values of AP parameters for the
distance measurement.

3PCF oy fixed We fit the all-scales 3PCF () from 7y, = 40 h™*Mpc to Tpmew =
130 h~*Mpc and 7,5, = 3. The total number of triangles is 658. The main goal
of this analysis is to compare the confidence regions on both bias and cosmological
parameters with the 2PCF constraints. For reference, the number of triangles from
a specific scale cut of the all-scales 3PCF is given in Tab. 4.1.

2PCF+3PCF oy fixed We fit the joint 2PCF+3PCF of BOSS where the same scale
cuts of the individual 2PCF and 3PCF are applied. The total length of the data
vector is 72 + 658 = 730 bins. The main goal of this analysis is to assess the con-
straints that can be achieved when combining 2PCF with the 3PCF, and compare
this with their independent results.

2PCF+3PCF oy free We fit the joint 2PCF+3PCF of BOSS where the same scale cuts
of the individual 2PCF and 3PCF are applied. In this case, we let the og parameter
free, using a uniform prior. We explore in this way the potential of combining 2PCF
with 3PCF measurements to disentangle the by — f — og degeneracy. We limit the
parameter space available by fixing bgo and br3 to theoretical relations in Eq. 3.4.3
and 3.4.4. This allows us to break the degeneracy, without introducing significant
systematic biases.

The priors used for each of the four chains are described in Tab. 4.2. We generally choose
uninformative priors to allow parameters to vary within physical limitations. In the first
three fits, all parameters vary as freely as possible within physical limits, with the only
exception of og, which is kept fixed at the fiducial Planck 2018 cosmology. Regarding
the bias parameters, we limit the linear bias b; only to have positive values. Higher-
order biases are fully free to vary in the range U[—20,20]. The linear growth rate f
is treated similarly, as it is not expected to have negative values. The priors on AP
parameters allow for a large exploration of cosmological models, but we do not expect
them to vary significantly from the fiducial Planck 2018 cosmology, as also shown in other
BOSS studies. In the fourth fit, we marginalize over tidal bias parameters by fixing them
to LLIMD theoretical relations while keeping oy free to vary within the physical limitation
of non-negative values.
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4.3. Distance measurements from the AP test

Tmin [P~ Mpc]

Nmin | 20 30 40 50 | 60
1 1399 | 1169 | 919 | 673 | 455
2 1232 | 1015 | 782 | 557 | 364
3 1078 | 874 | 658 | 454 | 286

Table 4.1: Number of traingles of the all-scales 3PCF as a function of 7, and rpm,. The
maximum scale is kept fixed at 7,4, = 130 h~!Mpc

| 2PCF 3PCF  2PCF+3PCF 2PCF+3PCF +o3
Bias parameters
by U, 4] U0, 4] U, 4] U0, 4]
by | U[-20,20] U[-20,20]  U[-20,20] U[—20, 20]
bga | U[—20,20] U[-20,20] U[—20, 20] Ftheo.]
brs | U[—20,20] U[—20, 20] Fltheo.]
Cosmology
foua w4 u[0,4] u[o, 4]
o8 Flfid.] Flfid] Flfid.] Uulo, 4]
a | U[0.9,1.1] Fl1] Fl1]
e | U[-0.1,0.1] Fl0] Flo]

Table 4.2: Priors used for the final posteriors. U denotes a uniform prior; F denotes a fized
prior. ”fid.” refers to fiducial values for the Cosmological model assumed throughout the analysis
(Planck Collaboration: Aghanim et al. 2020). "theo” refers to the use of theoretical relations to
fix a particular parameter.

4.3 Distance measurements from the AP test

We have performed a BOSS 2PCF Bayesian analysis with the goal of obtaining a reliable
measure of AP parameters. We exploit information on the 2PCF monopole, quadrupole
and hexadecapole; by applying the scale cuts described in Sec. 4.1 we have 7,,;, =
30 h~Mpc, Tmae = 150 h~'Mpc. The length of the data vector is 24 x 3 = 72, given a
binsize of Ar = 5 h™!Mpc. The priors on the parameters are described in 4.2 and are
equal for low-z and high-z samples. At each step of the chain, the log-likelihood from the
4 BOSS datasets is summed to fully exploit the BOSS survey volume and get the best
possible constraints. The theoretical predictions for the one-loop 2PCF are fast thanks
to the emulation process described in Sec. 3.1. In this estimation, the og parameter is
fixed to the Planck 2018 cosmology for both redshift bins. The free parameters are

{bllowz7 bl20wz7 blgo;uz’ blr?gl,uzg lowz’ alowz7 Elowz’

bilnghz’ bgighz’ bgnghZ’ b?gghz, fhz'ghz’ ahighz7 Ehighz}.
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4. Clustering analysis of the BOSS data

The two-dimensional marginalized constraints and expectation values of the AP param-
eters are shown in Fig. 4.3. The convergence of the chain is ensured by employing a
number of walkers 4 times larger than the number of parameters, 128 in this case, and
terminating the chain after more than 50 (mean) auto-correlation times.
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Figure 4.3: 2D marginalized posterior distributions on AP parameters from the BOSS 2PCF
Bayesian analysis. The contours for both the low-z (z = 0.38) and high-z (z = 0.61) samples
are present. Above each 1D distribution is the corresponding median (50th percentile) and 16th
to 84th percentiles.

4.3.1 Comparison with the literature

AP parameters measure the deviation from the fiducial cosmology used to generate the-
oretical predictions of the 2PCF. Denoting with "fid” the quantities computed at the
fiducial cosmology, we can write the coming transverse distance and the Hubble parame-

ter as
DM(Z) _ « DM,fid(Z)
Td 1+4+¢€ Td,fid (4 3 1)
1 3.
H(z)ra = H ;
(2)ra o+ e fid(2)7d fid



4.3. Distance measurements from the AP test

Where Dy(z) is defined as

DHﬁ sinh [v/Qx D¢/ Dy, for Q, >0
Dy (2) = { De, for 4 =0 (4.3.2)
DHﬁsin[\/]Qk\Dc/DH], for Q) <0

which, in the case where the universe is spatially flat, is simply the previously defined
l.o.s. comoving distance from Eq. 1.3.1 and is related to the angular diameter distance
by Dy = (14 z)D4. Notice that what is constrained by the AP rescaling is actually the
distances in units of the sound horizon at decoupling time r;. FExpressed in these terms,
the results are independent of the fiducial cosmologies assumed.

Our constraints correspond to a 3.5—3.8% uncertainty on H(2)rq/rqsq and a 1.6—2.4%
uncertainty on Dy (2)rgsa/74, for the low-z and high-z bins, respectively. Other studies
have made similar measurements using BOSS DR12 data. In general, small deviations
are to be expected, given the differences in the analysis. Since we provide an independent
measurement of distance from the AP test on the 2PCF of BOSS DR12, we compare our
results with the BOSS BAO consensus. As explained in Alam et al. (2017), the posterior
distributions covered from the different analysis methodologies applied to BOSS are well
described by Gaussian multivariate distributions. To maximize the constraining power,
their posterior distributions can be combined. We report, in Tab. 4.3, the combined
one-dimensional marginalized intervals of Dj/(z) and H(z) from 'BAO’ studies which
constrain distance information by means of the AP test after the reconstruction of the
density field (the so-called BOSS BAO consensus). In the table, we also report the
mean and standard deviation of Dy (2)rgsa/ra and H(z)ry/rasq extrapolated by Planck
Collaboration: Aghanim et al. (2020) at the corresponding BOSS redshifts.

The uncertainties of the BAO consensus in comoving transverse distance are 1.6%
across the two redshift bins, while for the Hubble parameter, a 2.9 — 2.5% uncertainty
is achieved for low-z to high-z. Our low redshift result is remarkably similar to the
BOSS BAO consensus, while the high redshift result is more discrepant; a difference that
is primarily attributable to the use of density-field reconstruction, which improves the
precision of distance measurements.

In Fig. 4.4 we compare our measurements of Dy (2)raga/ra and H(2)rq/rasq at the
two BOSS redshifts (low-z and high-z) with the parameter space allowed by a flat ACDM
model with parameters determined by Planck Collaboration: Aghanim et al. (2020), as
well as 2D marginalized contours at the 68% and 95% confidence regions of the BOSS BAO
consensus. To better visualise how our results could contribute to the Hy tension, we have
included values of the Hubble constant up to Hy ~ 74 Km/s/Mpc which correspond to
those inferred by local universe experiments that exploit SNe type Ia as standard candles.
Clearly, our marginalised distributions favour CMB-derived solutions for the values of Hj.
Our low-redshift result is within 1o of the Planck 2018 prediction of Hy = 67.3Km/s/Mpc.
Our high-redshift result barely overlaps with the fiducial Planck 2018 prediction and is
just outside the 1o region.
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4. Clustering analysis of the BOSS data

name redshift | Dy(2)rasa/ra H(z)ra/rasa
(Mpc) (km s~ Mpc™)
This work 0.38 1506 + 24 82.5+2.9
This work 0.61 2287 4+ 54 100.6 £ 3.8
Planck 2018 0.38 1535 £ 10 82.84+0.2
Planck 2018 0.61 2312+ 13 95.24+0.3
BOSS consensus 0.38 1506 £ 24 80.7+2.4
BOSS consensus 0.61 2309 £+ 37 98.9+ 2.5

Table 4.3: Our Dys(z) and H(z) constraints from the BOSS 2PCF multipoles compared with
Planck 2018 constraints extracted from TT, TE, EE.
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Figure 4.4: The allowed 1 and 20 regions (black ellipses) in the Hubble parameter, H, and
the comoving transverse distance, Dj; determined from AP rescaling of the 2PCF, and those
extracted from Alam et al. (2017) for the BOSS BAO consensus (red ellipses). The left panel
shows the result for the low-z sample, while the right panel for the high-z one. The colored
points represent a range of values in the Dy — H space allowed by a flat ACDM cosmology with
parameters from Planck Collaboration: Aghanim et al. (2020). Different colours represent the
value of H at z = 0 (as indicated by the colour bar on the right). The star marker denotes
values of Dy iq(2) and Hgq(z).
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4.4. Cosmological constraints from the joint analysis of 2PCF and 3PCF

4.4 Cosmological constraints from the joint analysis
of 2PCF and 3PCF

We performed a joint 2PCF+3PCF Bayesian analysis on the BOSS combined sam-
ples, assuming a fixed value of og. The primary goal of this study is to assess the
additional constraining power provided by the 3PCF when combined with the 2PCF,
compared to using each statistic independently. Figure 4.5 shows the 2D marginalized
constraints obtained from three different chains. The blue contours correspond to the
2PCF multipoles (monopole, quadrupole, and hexadecapole) with a minimum scale cut

of r2PCF = 30 h~'Mpc. The orange contours are derived from the all-scales 3PCF, using
r3PCF = 40 h~'Mpc and 79y, = 3. Finally, the dark brown contours represent the joint

2PCF+3PCF analysis, adopting the same scale cuts as in the individual cases. The total
data vector consists of 72 radial bins from the 2PCF and 658 triangle configurations from
the 3PCF, for a total length of 730. The motivation for the adopted scale cuts is discussed
in Sec. 4.1.

The convergence of the chain is ensured by employing a number of walkers 4 times
larger than the number of parameters (128 walkers for the 2PCF and 64 walkers for the
other ones), and terminating the chain after more than 50 auto-correlation times.

Parameter expectation values are extracted from the one-dimensional marginalized
posterior distributions, taking the 50th percentile as the central value and the 16th and
84th percentiles as the quoted uncertainties. These results are reported in Tab. 4.4. We
also report, as MLE values, the parameter set corresponding to the maximum posterior
probability.

The 2PCF-only posterior is unable to properly constrain the higher-order bias pa-
rameters, which remain strongly degenerate with one another. Their one-dimensional
marginalized posteriors exhibit bimodal distributions for the high-redshift sample, as ex-
pected since these parameters enter the model quadratically and are sampled under largely
uninformative priors. In contrast, the linear bias b; and the growth rate f are well con-
strained by the 2PCF alone. The inclusion of the quadrupole, and to a lesser extent the
hexadecapole, plays a crucial role in constraining redshift-space distortion anisotropies.

The situation differs for the 3PCF-only posterior, where the b — f degeneracy is not
fully broken, and the posterior for f extends to the lower prior boundary at zero. We
expect that including anisotropic components of the 3PCF would improve constraints
on f. For the higher-order bias parameters, the two-dimensional marginalized contours
from the 3PCF show probability distributions that are nearly complementary to those
obtained from the 2PCF. This complementarity is key: when the 2PCF and 3PCF are
combined, degeneracies present in both statistics are effectively broken. In particular, the
3PCF provides crucial information to constrain higher-order bias parameters, which in
turn improves the constraints on other parameters such as by, f, and brs, yielding overall
tighter confidence regions.

Slightly tighter constraints are obtained for the low-redshift sample. Unlike the original
BOSS LOWZ and CMASS samples, which differed significantly in survey volume, the
optimally binned samples used in this analysis have nearly equal volumes. While the

89



4. Clustering analysis of the BOSS data

survey volume primarily determines the noise level, the clustering signal is expected to be
stronger at lower redshifts. This alone can account for the observed difference between
the low-z and high-z confidence regions.

Quantitatively, the 2PCF alone yields uncertainties of 7 — 15% on by, while the 3PCF
alone provides constraints at the 19 — 22% level (from low-z to high-z). In the joint
2PCF+3PCF analysis, the uncertainty on b, is reduced to ~ 4%. For the growth rate f,
the 2PCF alone constrains it at the 12 —16% level, whereas it is essentially unconstrained
by the 3PCF alone; combining the two statistics reduces the uncertainty to ~ 11%.
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Figure 4.5: 2D marginalized constraints on three different chains. Contours show the 68% and
95% confidence regions. In blue, the contours of the 2PCF multipoles. In orange, the contours
of the 3PCF. In dark brown, the contours of the joint analysis (2PCF+3PCF). Orange contours
are not present for the brg parameter since it is not part of the 3PCF model. The black dashed
lines indicate the fiducial values of f at z = 0.38 for low-z and z = 0.61 for high-z.



4.4. Cosmological constraints from the joint analysis of 2PCF and 3PCF

2PCF 3PCF 2PCF+3PCF

parameter | MLE median MLE median MLE median
plow= 1.87 1871010 | 181 1551020 | 1.95  1.827007
pliohe 162 1.64102 | 208  1.64%03% | 209 2017998
blow= 340 2527246 | 348 —2.82%200 | _993 378087
plah 7.90 6427287 | —1.03 —0.561320 | —1.15 —3.8471%
blow 472 354723 1 024 0507L | —0.73  —0.597019
beg"* 420 252722 | 024  0.767L3 | —0.60 —0.69792
blow= —13.57 —9.9177% 043  0.78+103
plrigh= 1156 —6.31739%14 2.01  1.69714
flows 0.68 072799 | 021 036793 | 062  0.7019%
fdiz 0.85 0857015 | 007 044708 | 072 0.79739

Table 4.4: Constraints on bias and cosmological parameters from the og fixed analysis on BOSS
2PCF, 3PCF and 2PCF+3PCF. The expectation values are given in terms of the median (50th
percentile), where the associated uncertainties are the 16th to 84th percentiles. MLE values
denote the sample associated with the maximum likelihood.

The inclusion of the 3PCF sharpens the constraints on higher-order bias parameters by
more than a factor of three. In particular, bgy and brs transition from being completely
unconstrained in the 2PCF-only analysis to relative uncertainties of 40 —80% in the joint
case.

The expectation values of f obtained from the joint 2PCF+3PCF analysis are fully
consistent with the fiducial Planck 2018 cosmology,

ffid(Zeff = 038) = 0.70, fﬁd(zeff = 0.61) =0.79.
This agreement is not surprising given the strong prior imposed on oy,
O'&fid(Zeff = 038) = 0.66, Ug’fid(Zeff = 0.61) = 0.59.

We stress that the goal of this analysis is not to obtain the most accurate measurement
of the cosmological parameters, but rather to compare the confidence regions obtained by
combining the 2PCF with the 3PCF.

The tightness of the constraints is further illustrated by the best-fit models shown
in Figs. 4.6 and 4.7. The black curves correspond to models evaluated at the median
parameter values listed in Tab. 4.4, while the gray bands indicate the 16th to 84th per-
centile ranges. These bands are obtained by computing 2PCF multipoles and all-scales
3PCF models for a subset of posterior samples, and then extracting the 16th and 84th
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4. Clustering analysis of the BOSS data

percentiles of the resulting distribution. Both the best-fit 2PCF monopole and the all-
scales 3PCF exhibit a deficit of power on large scales relative to the BOSS measurements.
This behaviour was already found in Sec. 2.3, where we compared the mean of the mock
catalogues to the BOSS data. It is, in fact, a well-established feature of BOSS clustering
measurements (Ross et al. 2017).

Although the overall amplitude of the best-fit model may appear puzzling, particularly
because it fails to match the low-uncertainty bins of the 2PCF monopole, we stress that the
errors reported in the figure represent only the diagonal variance of the data. A reliable
assessment of goodness of fit requires accounting for the full covariance matrix, which
properly captures bin-to-bin correlations. Indeed, the reduced x? values are closer to unity
for the SGC (low-z) data set than for the NGC sample, despite the opposite impression
that might be drawn from the visual comparison. As demonstrated in Appendix B, when
the posterior is sampled only considering the diagonal component of the covariance, the
resulting best-fit models preferentially adjust the overall normalization to better match
the bins with the smallest quoted uncertainties.
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Figure 4.6: From top to bottom the BOSS 2PCF multipoles (monopole, quadrupole and
hexadecapole from 7y, = 30 h™'Mpc to rmee = 150 1M pc).  Alongside best-fit models
extracted from median parameters and 16th to 84th percentiles of the og fixed 2PCF+3PCF fit.
The set of parameters that defines the model is the same for the NGC and SGC sub-samples.
Error bars are computed as the square root of the covariance matrix diagonal and so represent
the standard deviation associated with each data point.
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Figure 4.7: From top to bottom the BOSS all-scales 3PCF (all triangles from 7, = 40h~'Mpc
t0 Tmaz = 130 ' Mpc and 9min = 3) of low-z and high-z samples. Alongside best-fit models
extracted from median parameters and 16th to 84th percentiles of the og fixed 2PCF+3PCF fit.
Under each of them is the residual plot showcasing the difference between models and data per
unit o, the standard deviation associated with each data point.
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4.5 Extending the analysis to free oy

As a final step, we perform a joint analysis of the 2- and 3-point correlation functions
(2PCF and 3PCF) measured from the combined BOSS samples, this time allowing the
parameter og to vary freely. As discussed in Sec. 3.4, we mitigate the degeneracies that
arise in the analysis by reducing the dimensionality of the parameter space, imposing
theoretical relations among the bias parameters bgs and brs. The main objective of this
analysis is to evaluate the extent to which the combined 2PCF+3PCF can simultaneously
constrain f and og, a task that is not feasible when either statistic is considered in
isolation. In Fig. 4.8, we show the resulting two-dimensional marginalized contours from
this fit, alongside those obtained from the previous 2PCF+3PCF analysis in which og was
kept fixed.

The marginalized constraints for the main parameters are reported as the median of
the posterior distributions, with uncertainties given by the 16th and 84th percentiles.
We also quote the MLE values corresponding to the sample with the highest posterior
probability. A comparison between the expectation values obtained with og free and those
from the og-fixed analysis is provided in Tab. 4.5.

As expected, allowing og to vary leads to broader uncertainty regions. Nevertheless,
the joint analysis successfully breaks the degeneracy, enabling separate constraints on
f and og. The linear bias is constrained at the 13 — 16% level (from low-z to high-z),
compared to the ~ 4% uncertainties obtained when oy is fixed. The growth rate f is
measured with a 13 — 15% uncertainty, slightly degraded with respect to the ~ 11%
uncertainty of the og-fixed case. In addition, we obtain an independent measurement
of og with an associated uncertainty of 11—14%. The shift of the median values of
by and oy (and, also, by) away from their maximum-likelihood estimates indicates that
projection effects are still present, implying that the degeneracy is not completely removed.
Projection effects are unavoidable given the BOSS covariance, but they could be mitigated
in future surveys probing larger volumes.

The uncertainties on the quadratic bias parameter by show no significant variation
between the two analyses, with the marginalized posteriors remaining consistent within
lo. When oy is free, by is constrained at the 27 — 34% level, compared to 21 — 29% in the
og-fixed case. This confirms that by is largely decoupled from the other parameters in the
joint 2PCF+3PCF analysis.

In Fig. 4.9, we present the best-fit model compared to the BOSS 2PCF measure-
ments. The model curves are evaluated at the median parameter values reported in
Tab. 4.5, shown for both the og-fixed and og-free posterior distributions. The best-fit
models for NGC and SGC subsamples constitute the same prediction as they are jointly
fit, but the corresponding y? is not and is reported in Tab. 4.6. Both models produce
extremely similar predictions and therefore result in similar x2. It might seem, from a
visual comparison, that predictions for the low-z SGC sample should be associated with a
significantly higher reduced x?, but in reality, the simple representation of uncertainties
in the plot doesn’t show the full picture, which is instead captured when considering the
full covariance matrix. By inspecting the covariance matrix of low-z SGC and NGC sub-
samples, it is clear that the SGC one has larger uncertainty than NGC, and this alone can
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4. Clustering analysis of the BOSS data

explain the difference in x2. In Appendix B, we show best-fit models and corresponding
reduced x? of posterior distributions obtained by considering only the variance associated
with the 2PCF radial bins.
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Figure 4.8: 2D marginalized constraints of two different chains. Contours show the 68% and
95% confidence regions. In purple, the contours of the 2PCF+3PCF fit from on by — f — o3 — bo
parameters. In dark brown, the contours of the 2PCF+3PCF analysis are presented at a fixed
value of g, as also shown in the previous section in Fig. 4.5. Black dashed lines indicate the
fiducial values of f,og at z = 0.38 for low-z and z = 0.61 for high-z.

The BOSS 3PCF best-fit models shown in Fig. 4.10 display an excess of power at large
scales relative to the model predictions. The residuals exhibit a clear pattern: triangles
with the highest signal, which appear at the beginning of each sequence of r.;, values,
also tend to show the largest residuals. This is particularly evident at low triangle indices,
corresponding to smaller scales. Such behaviour is expected, since these configurations are
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associated with smaller values of n and probe smaller physical scales. While the statistical
uncertainties are lower in this regime, the perturbative modelling is also expected to be
less accurate. The reduced x? values are consistent with unity, and their variation with
respect to the og posterior occurs only at the second or third decimal place.

2PCF+3PCF o free | 2PCF+3PCF oy fixed
parameter | MLE median MLE median
plows 2.13 2.3040%7 1.87 1827 gr
pliahz 997 2.4510-46 1.96 2.01%507
olows | 058 0.5470 1066
ohih= | 053 050800 L
flow: 0.78 0.827012 0.61 0.70%5:67
fhigh= 0.86 0.897015 0.81 0.791007
plows —443  —433tH | 203 —3.7870%
phishs | _491  —4.48F1%0 | 455  _—3.85tL1

Table 4.5: Constrains on bias and cosmological parameters from the og free analysis on BOSS
2PCF+3PCF and 2PCF+3PCF with og fixed. The expectation values are given in terms of
median (50th percentile) and 16th to 84th percentiles. While MLE values refer to the sample
with the associated maximum likelihood.

2/d.o.f 2/d.o.f
2PCF /do 3PCF x/do
og free | oy fixed og free | oy fixed

NGC 1.12 1.19 NGC | 1.142 1.149
low-z low-z

SGC | 0.89 0.90 SGC | 0.850 0.857

NGC | 1.29 1.24 NGC | 0.927 0.933
high-z high-z

SGC 1.47 1.54 SGC | 0.979 0.982

h

Table 4.6: Posterior reduced x? from median parameters of the ”og” free analysis on BOSS
2PCF+3PCF and 2PCF+3PCF with og fixed. The x? is computed for the 2PCF multipoles
(monopole-quadrupole-hexadecapole) with number of degrees of freedom d.o.f = 68 for the og
fixed fit and d.o.f = 67 for the og free fit. The x? is computed for the all-scales 3PCF with a
number of degrees of freedom corresponding to the difference between the effective number of
data points from pseudo-inversion of the covariance matrix and the number of free parameters
in the fitting procedure.
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Figure 4.9: From top to bottom the BOSS 2PCF multipoles (monopole, quadrupole and
hexadecapole from 7,3, = 30h~'Mpc t0 Tmar = 150h "M pc) alongside best-fit models extracted
from median parameters of the og fixed and oy free fitting of 2PCF+43PCF. The set of parameters
that defines the model is the same for the NGC and SGC sub-samples. Error bars are computed
as the square root of the covariance matrix diagonal and so represent the standard deviation
associated with each data point.
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Figure 4.10: From top to bottom the BOSS all-scales 3PCF (all triangles from 7, =
40h~ Mpc to Tmaz = 130h~  Mpc and 1 = 3) of low-z and high-z samples. Alongside best-fit
models extracted from median parameters of the og fixed and og free fitting of 2PCF+3PCEF.
Under each ’best-fit’ is the residual plot showcasing the difference between models and data per
unit o, the standard deviation associated with each data point.
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4.6 Problematics related to the BOSS reduced 3PCF

Finally, we explored the possibility of directly fitting the BOSS reduced 3PCF, which by
definition combines 2PCF and 3PCF information, but did not obtain satisfactory results.
In particular, even imposing the theoretical relations among the tidal bias parameters and
fixing og, in contrast with what is found from the analysis on the synthetic data vector,
leads to unphysical expectation values, with b; ~ 8.

In Fig. 4.11, we compare the all-scales () measured from the BOSS NGC high-z sample
with three theoretical models corresponding to different values of the linear bias, b; =
{2, 5, 8}, while keeping the remaining parameters fixed to

{bg = 0, ng = 0, brg = O, f = 078, gg = 060}

From the residuals, models with extreme values of b; appear favoured, as they exhibit
smaller differences with respect to the data. This effect is particularly pronounced for
large-scale triangles (7min > 67.5, A~ 'Mpc). The well-known tendency of BOSS correlation
functions to display an excess of large-scale clustering relative to theoretical expectations
becomes especially problematic for Q®. A closer inspection of this behaviour leads to
the following considerations:

1. The full 3PCF scales as ¢ oc b3, whereas the reduced 3PCF obeys a different de-
pendence. Since Q oc (/€% and & o< b?, one obtains Q oc by '. In differential terms,
d¢@ /db, oc b2, while dQ®Y /db; depends only logarithmically on b;. Consequently,
¢ is significantly more sensitive to variations in b; than (). Producing a substan-
tial change in () requires a much larger shift in b; than is necessary for (. As a
result, a particularly noisy measurement of () can drive the fit toward extreme and
unphysical values of by.

2. The signal-to-noise ratio of () remains relatively high for large-scale triangles (still
below 120 h~'Mpc), precisely where this issue is most evident. The enhanced large-

scale correlation in () further pushes the posterior toward increasingly large values
of bl.

For these reasons, we are unable to recover physically meaningful constraints on b; and
f from the BOSS reduced 3PCF, Q@Y. This behaviour reflects the limitations of the
covariance matrix, which is too noisy to yield robust constraints with the current BOSS
data. We therefore defer a comprehensive analysis of the reduced 3PCF to future surveys
probing substantially larger volumes.
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Figure 4.11: The upper panel shows the absolute value of NGC high-z reduced 3PCF for all
triangles with scales between 40 — 120 h~*Mpc, 1min = 3 (orange points). The data is compared
with three models with changing by, while the other parameters are fixed bs, bga, brs = 0, f =
0.78, 0§ = 0.60. The middle panel shows the residuals for each model, i.e., for each triangle (data
- model) over the uncertainty o computed as the square root of the diagonal of the covariance
matrix. The lower panel shows the ’per triangle’ signal-to-noise ratio, where noise is the square
root of the diagonal of the covariance matrix. Vertical gray bars denote the minimum scale for

the side of each triangle.
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4.7 Discussion

We compare our results on bias and cosmological parameters with other BOSS studies
and other LSS surveys to provide a more comprehensive overview of current cosmological
constraints from LSS. Most studies on clustering statistics use either 2PCF or power
spectrum measurements to constrain a combination of the linear growth rate and the
clustering amplitude smoothed over scales of 8 h='Mpc, i.c., they constrain the product
fog down to some redshift z associated with the surveys measured statistic. We report
the fog(z) values obtained from BOSS data at redshifts z = 0.38 and z = 0.61, using
constraints from the og-free analysis of the 2PCF+3PCF. However, since we constrain f
and og separately, we must apply error propagation:

5(fos) = /(086 )2 + (foos)? + 2fos Cov(f,08) (4.7.1)

This is not standard practice; in fact, most studies directly measure the fog product. The
results are shown in Fig. 4.12, and are compared with other surveys and BOSS results.
In our analysis, we obtain a 12— 13% uncertainty on fog(z) at both redshifts, in line with
other BOSS studies like Satpathy et al. (2017), which reaches a 11 — 13% uncertainty.

The real power of our analysis comes from having a separate estimate of both f and
0g. This has only been done once for BOSS DR12, on the joint power spectrum and
bispectrum (Gil-Marin et al. 2016), and in general, a small number of separate measure-
ments are present in the literature. We report a 11 — 14% uncertainty on og (low-z to
high-z) and a 13 — 15% uncertainty on f (low-z to high-z). Our og estimate is roughly
20 away from the Planck prediction at z = 0.38 and 1.20 at z = 0.61. This shift from
the fiducial values may, however, be attributed to a residual degeneracy with b;, whose
best-fit value likewise moves toward higher values relative to the og-fixed case.

Our f estimate is within 1o from the Planck 2018 model prediction. Uncertainty
regions are slightly larger than the other BOSS measurement (Gil-Marin et al. 2016) that
was only made on the CMASS sample. This small difference can be attributed to the
larger volume on CMASS rather than any of the single bins we are using. The other study
that separates f and og, using the joint 2- and 3-point correlation functions, comes from
Veropalumbo et al. (2021). They measure the 2PCF and 3PCF of the VIPERS catalogue
but exploit only a small number of triangle configurations from 7,,;, = 15 h~*Mpc to
Tmaz = 40 h~'Mpec, due to limitations in survey volume and modelling systematics. They
provide an estimate for og at ~ 20% uncertainty and f at 65 — 75% uncertainty. We also
report the SDSS DR estimates of f and og down to redshift z = 0.1, obtained by Shi
et al. (2018), which combines measurements of the 2PCF with galaxy-galaxy weak lensing
on the same set of SDSS galaxies. Using this method, they break the b; — f —og degeneracy
and report an estimate of f with a 9% uncertainty and og with a 13% uncertainty. Another
measurement of og is provided by Marin et al. (2013), which measures the 3PCF of the
WiggleZ survey. To obtain a reliable result, they marginalize over bias parameters by
measuring them in a separate set of N-body simulations calibrated to match the survey
properties. They estimate og at redshift 2 = 0.35, z = 0.55, z = 0.68 with an uncertainty
of ~ 10 — 20%.
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Figure 4.12: Comparison of our estimate (red circles) of the growth rate of structure, param-
eterised by the product fog(z), with previous measurements (using two-point statistics) from
the literature: 6dFGS (Beutler et al. 2012, Huterer et al. 2017,Adams and Blake 2017); WiggleZ
(Blake et al. 2012); "C3 - Cluster clustering cosmology” (Marulli et al. 2021); VIPERS (Pezzotta
et al. 2017); BOSS (Satpathy et al. 2017). The black solid line shows the ACDM + GR Planck
Collaboration: Aghanim et al. (2020) model prediction.
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Figure 4.13: Values for f(z) (left panel) and og(z) (right panel), as estimated from our joint
2PCF and 3PCF analysis (red circles), again compared to other measurements. BOSS: (blue)
Gil-Marin et al. (2016) using a joint power spectrum and bispectrum measurement. VIPERS:
Veropalumbo et al. (2021) with a joint 2PCF and 3PCF analysis. SDSS DR7: Shi et al. (2018)
with a 2PCF+lensing measurment. WiggleZ: Marin et al. (2013) with a joint 2PCF and 3PCF
analysis. The black dashed line shows the ACDM + GR Planck Collaboration: Aghanim et al.
(2020) model prediction.
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4. Clustering analysis of the BOSS data

4.7.1 Bias parameters

Bias parameters are a key ingredient of clustering statistics models, and it is therefore
worthwhile to discuss our results in the context of other surveys and theoretical expecta-
tions. Figure 4.14 shows the linear bias as a function of redshift from this work, together
with several measurements from the literature. The measurements of b; are compared
to theoretical expectations computed numerically using the CosmoBolognaLib library
(Marulli et al. 2016).

We compute the effective large-scale bias of dark matter haloes as
Jarm= AM b(M, z) ®(M, 2)

o dM ®(M, 2)

min

bei(2) = (4.7.2)

where ®(M, z) is the halo mass function (Tinker et al. 2008), and b(M, z) is the bias of
haloes of mass M at redshift z, computed using the prescription of Tinker et al. (2010).

Since different surveys probe different galaxy populations, we do not expect measure-
ments of the linear bias to match across surveys. Nevertheless, all measurements show
the same overall trend: an increase of bias with redshift. This behaviour is consistent
with expectations for the evolution of haloes of fixed mass: massive objects are rarer at
earlier cosmic times. They are therefore more strongly biased tracers of the underlying
matter distribution.

All bias parameters reported here are derived from measurements of the 3PCF, or
from joint analyses of the 2PCF and 3PCF in the respective surveys. Marin et al. (2013)
show that the WiggleZ emission-line galaxies (ELGs) constitute a clearly less biased galaxy
population. Veropalumbo et al. (2022) measures the linear bias of VIPERS galaxies,
which do not correspond to a well-defined galaxy population, as the sample is selected
through a magnitude cut applied to bright galaxies in the intermediate redshift range
0.5 < z < 1.2, Marin (2011) measures the bias of the DR7 SDSS Luminous Red
Galaxies, which represent a highly biased galaxy population.

Slepian et al. (2017)  use the 3PCF alone to constrain the linear bias of BOSS
DR12 CMASS galaxies (z = 0.57). Fixing og to a fiducial ACDM model, similarly to our
analysis, they find a ~ 4% uncertainty on b;. The scale cuts adopted in these surveys
typically reach minimum separations of rp, = 15 — 20 h~'Mpc. In contrast, we adopt
more conservative scale cuts of 7 = 30 — 40 h~*Mpc, while still achieving an excellent
precision in the measurement of the linear bias of BOSS galaxies.
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Figure 4.14: Linear bias as a function of redshift. Red markers are extracted from our 1D
marginalized posteriors of the BOSS joint 2PCF and 3PCF, with the associated error bars
representing the 16th to 84th percentiles. Other works are included for comparison: BOSS
DR12-3PCF, Slepian et al. (2017); VIPERS, Veropalumbo et al. (2021); WiggleZ, Marin
et al. (2013); SDSS, Marin (2011). The colored curves are linear bias relations, obtained from
different mass ranges and computed with the Tinker mass function and bias prescription.

It is important to relate measurements to theoretical predictions to refine the physical
models that describe bias. Adding the 3PCF to LSS analysis helps break degeneracy
between bias parameters, and being able to achieve larger precision will help investigate
these models.

In fig. 4.15 we show the tidal bias parameters as a function of linear bias as extracted
from 1D marginalized posteriors of the BOSS 2PCF+3PCF with og fixed. These results
are compared with theoretical relations. Namely, the Lagrangian Local In Matter density
relations (see Eq. 3.4.3 and 3.4.4) and the quadratic fit obtained by Eggemeier et al.
(2020)  to the excursion-set predictions of Sheth et al. (2013)

o5°" = 0.524 — 0.547 by + 0.046 b7, (4.7.3)

where the equivalent brs prediction is obtained by plugging the quadratic fit into Eq.
3.4.4. The LLIMD approximation is known to be in tension with high-precision simulation
results, which provide clear evidence for the presence of tidal Lagrangian bias (Lazeyras
and Schmidt 2018, Abidi and Baldauf 2018). This discrepancy arises because LLIMD
relies on the spherical collapse model and therefore neglects tidal fields at the time of
halo formation, but gravitational evolution induces a non-zero tidal field even if it is not
present at the time of halo formation. This relation has been used in this work to limit the
parameter space of the og free 2PCF+3PCF fit, to ensure its convergence. The error bars
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4. Clustering analysis of the BOSS data

for brs show a within 1o agreement with our measurement, while bg, is almost ~ 20 away
from LLIMD. Our measurements suggest the presence of a large Lagrangian tidal bias.
However, these results have been obtained with og fixed to the Planck 2018 cosmology
and are therefore underestimating confidence intervals. At the level of precision of BOSS
data, significant deviations from LLIMD cannot be detected (Philcox and Ivanov 2022),
though this will likely change with the advent of DESI and FEuclid.
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Figure 4.15: Tidal biases as a function of linear bias, extracted from 1D marginalized posteriors
of the BOSS 2PCF+3PCF with og fixed. The associated error bars represent the 16th to 84th
percentiles. The purple curves represent the LLIMD relation, and the dashed yellow line is the
excursion-set prediction of Sheth et al. 2013.
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Chapter 5

Conclusions and future prospects

The current cosmological paradigm, the ACDM model, while being extremely successful
in describing many observables in the Universe, still presents open and pressing questions
regarding the physical origin of its most prominent components, dark matter and dark
energy. With the advent of Stage IV surveys (Euclid Euclid Collaboration et al. 2025,
DESI DESI Collaboration et al. 2016, Nancy Grace Roman Space Telescope Doré et al.
2019) and the prospect of Stage V surveys (e.g., WST Mainieri et al. 2024), the Universe
will be mapped over an unprecedented volume with unparalleled statistical power, pro-
viding a significant increase of precision in the determination of cosmological parameters
that will test the assumptions of this model. One of the biggest revolutions in cosmology
has been the observation that the expansion of the Universe is accelerating (Riess et al.
1998, Perlmutter et al. 1999, Eisenstein et al. 2005). Whether this acceleration is caused
by a cosmological constant, a dynamical process or a modification to the laws of General
Relativity remains to be seen.

A measurement of the expansion history via the distance-redshift relation provides
a direct constraint on the equation of state of dark energy. In parallel, a detailed mea-
surement of the growth rate as a function of redshift, f(z), can also shed light on the
nature of dark energy and the underlying theory of gravity. Both can be constrained by
LSS statistics such as the two-point correlation function or its Fourier counterpart, the
power spectrum, by means of geometric distortions, quantified by the Alcock Pacinsky
(AP) test, and Redshift Space Distortions (RSD), respectively. While 2-point statistics
have been widely used in the literature, higher-order correlation functions, starting from
the 3-point correlation function and bispectrum, have been far less used. These statis-
tics are sensitive to the non-Gaussianity that develops as a consequence of gravitational
instability. Furthermore, they are sensitive to galaxy biasing in a complementary way to
2-point statistics and can thus be used to break degeneracies between them.

Measuring the 3PCF and bispectrum in conjunction with the 2PCF and power spec-
trum can probe both, and adds significantly to the constraints by breaking the degeneracy
between f and og (Marin et al. 2013, Gil-Marin et al. 2016). Also, the 3PCF has recently
seen detections of BAO features (Slepian et al. 2017, Moresco et al. 2021) usable as a
standard ruler. While in practice, density field reconstruction is already used to push
back information from higher-order correlations to 2-point statistics, the 3PCF remains
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a complementary probe of BAO as it is methodologically independent.

The information content of the 3PCF is formally equivalent to that of its Fourier-space
counterpart, the bispectrum. However, being defined in configuration space, the 3PCF
accounts more naturally for survey geometric effects. Its physical interpretation is also
more straightforward, as it probes correlation over distances rather than Fourier modes.
Despite this potential, a very limited number of studies have been carried out so far, and
these have focused only on the bispectrum (in BOSS: Gil-Marin et al. 2016, Philcox and
Ivanov 2022). On the other hand, measuring and modelling the 3PCF is significantly more
computationally expensive. Estimating the 3PCF requires direct triplet-counting and
theoretical models are first evaluated in Fourier space, requiring an anti-Fourier transform
of the bispectrum model.

In this thesis, we have studied for the first time the full potential of the 3PCF ( and
reduced 3PCF @ on the BOSS DR12 catalogue. The number of triangle configurations
used is unprecedented. We have used measures, taken by Guidi et al. (including L.
Cavazzini) (2026, in prep.), of the isotropic 3PCF multipoles up to ¢,,,, = 10 and 2PCF
monopole, quadrupole and hexadecapole, of the BOSS catalogue and for a set of 2 000
MD-Patchy mock catalogues (Kitaura et al. 2016). The measures were taken for the op-
timally binned BOSS samples constructed for the DR12 in two spatially separate redshift
bins at zeg = 0.38 (low-z) and zeg = 0.61 (high-z). These samples have similar effective
volumes (~ 4 Gpc) and are made to provide uniform constraints across the two redshift
bins (Alam et al. 2017). The measures were taken with the novel code MeasCorr (Farina
et al. 2026) which implements the SHD algorithm (Slepian and Eisenstein 2015) for fast
computation of the 3PCF multipoles. We combined the measured 2PCF and 3PCF to
construct the reduced 3PCF and derived its associated covariance matrix for all available
triangles.

We computed theoretical predictions of correlation functions with ME1Corr (Guidi et
al. (including [.. Cavazzini) 2026, in prep.) which implements an emulator for the 2PCF,
required for the fast evaluation of £ templates when AP parameters are free to vary. Soon,
this code will implement an emulator for the 3PCF allowing for AP parameterization and
full-shape analyses. Once again, we combine theoretical predictions of the 2PCF and
3PCF to construct a model of the reduced 3PCF. This work focuses on the template
fitting approach in which the power spectrum shape parameters are fixed to a fiducial
cosmology (Planck Collaboration: Aghanim et al. 2020) and cosmological information is
extracted by means of RSD and AP parameters. In practice, the terms that make up the
3PCF are a linear combination of pre-computed templates and fitting parameters.

Results

A fundamental step was the development of a robust and versatile Bayesian framework to
fit the BOSS correlation functions that includes different features. Within this framework,
it is possible to analyze the BOSS correlation functions, combining different datasets and
adopting different parameter combinations as described in Sec. 3.1. This code allows to
analyze either separately or jointly 2PCF and 3PCF, estimating the models for the derived
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reduced 3PCF, creating synthetic data vectors, and sampling the posterior considering
different parameters and priors. We used this framework to fit the 2PCF multipoles and all
scales 3PCF with synthetic data to validate the robustness of the code and the validity of
results, and also to explore possible parameter degeneracies. We have found that the most
effective strategy to deal with the by — f — og degeneracy is to fix tidal bias parameters
(bga, brs) to theoretical relations. We also run an extensive campaign of analyses to
assess the ranges of validity of models in the 2PCF and 3PCF that would minimize
modelling systematics while preserving the most signal-to-noise ratio. We find that a good
compromise between the two is for the 2PCF 7., = 30 h='Mpc, Tmer = 150 A~ Mpc;
for the all-scales 3PCF 7,,;, = 40 h~*Mpc, "mae = 130 b~ Mpc; for the reduced all-scales
3PCF 7pin = 40 h™*Mpec, Tmes = 120 A~ *Mpc. We used the same scale cuts for the joint
2PCF+3PCF as the individual analyses. These results are consistent with methodological
analyses of the 3PCF (Veropalumbo et al. 2022, Guidi et al. 2023).

We summarize below the key results obtained from fitting the four BOSS data sets in
a combined Bayesian analysis.

Measurement of distance with the 2-point correlation function. The results from
fitting the 2PCF multipoles yield constraints for the AP parameters that are used
for the measurement of distance. We derived constraints on Dy, (2)(rq/rasq) and
H(z)(ra/rasa) and find a good agreement with flat ACDM, preferring CMB-related
constraints rather than local ones. We also compared our results with the BOSS
BAO consensus, which, by means of reconstruction of the density field, was able to
get to the 1 — 2% precision goal. We also achieved a 1 — 2% uncertainity on Dy (z)
with values closely centered on the BOSS BAO consensus; our values of H(z) have
a ~ 3 — 4% uncertainty.

Fit of the joint 2- and 3-point correlation functions with og fixed. We constrained
bias and cosmological parameters for the 2PCF multipoles, all scales 3PCF and the
joint 2PCF+3PCF with oy fixed to fiducial Planck 2018 values. While the 2PCF
alone constrains b; and f with good accuracy, the higher-order bias parameters are
wildly unconstrained. We find that combining the 3PCF with the 2PCF success-
fully breaks the degeneracy among higher-order bias parameters and that overall
leads to tighter constraints on b; and f. The marginalized posterior on b; shrinks
by about 40 — 70% while f shrinks by 17 — 40% (low-z to high-z) from the 2PCF
to the joint 2PCF+3PCF. In Fig. 5.1, the constraints for b; and f from the four
main posteriors made for the BOSS combined likelihoods are summarized.

Fit of the joint 2- and 3-point correlation functions with og free. We conducted
a Bayesian analysis of the joint 2- and 3-point correlation of the BOSS combined
samples with a uniform prior on og. By fixing tidal bias parameters to theoretical re-
lations, we successfully broke the degeneracy among b; — f — og. This is not possible
with the use of the 2PCF alone since it constrains the product b;og. Standard anal-
yses model the 2PCF with parameters multiplied by og, thus constraining the fog
product. We report a 11 — 14% uncertainty on og (low-z to high-z) and a 13 — 15%
uncertainty on f (low-z to high-z). Our og estimate is roughly 20 away from the
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Planck prediction at z = 0.38 and 1.30 at z = 0.61. Our f estimate is within 1o
from the Planck 2018 model prediction. We have shown that the quadratic bias by
is essentially decoupled from the other parameters in the joint 2PCF+3PCF. We
have adopted the Local In Matter Density (LLIMD) theoretical relation to link the
linear bias to tidal parameters bgy, brs. These parameters are not fully decoupled in
the joint 2PCF+3PCF, and their presence in the fit results in large volume effects.
We have shown that uncertainties for these parameters are too large to detect any
meaningful departure from the LLIMD theoretical relations. Future surveys that
achieve larger volumes will better characterize theoretical relations of bias.

Analysis of the reduced 3-point correlation function. We find that at the current
level of precision, the all-scales reduced 3PCF Q" is too noisy to get any reliable
constraints. A large degeneracy between by and f persists even when fixing the tidal
biases to theoretical relations. Theoretical models of () are particularly insensitive
to changes of by (since @ oc by'); this dependency is responsible for the shift of b
posterior to extremely high values (b; ~ 8). This behaviour is enhanced by a power
excess at large scales that is typical of BOSS correlation functions.
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Figure 5.1: Summary of expectation values for the parameters by (top) and f (bottom) from
four different marginalized posterior distributions. The black dashed line indicates the value of
f for Planck 2018 cosmology (Planck Collaboration: Aghanim et al. 2020) at redshift zeg = 0.38
low-z and ze = 0.61 high-z.
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Future Prospects

Building on the analysis presented in this Thesis, several future directions can be pursued.
We outline below the potential extensions of this study.

Anisotropic 3PCF. In this thesis, we have considered the isotropic part of the 3PCF.
In redshift space, the 3PCF also has an anisotropic component, because the action
of RSDs depends on the orientation of triplets with respect to the line of sight.
An extension of this work aiming to maximize the extraction of information in
redshift space would therefore naturally include the measurement of the anisotropic
multipoles of the 3PCF. The code MeasCorr provides an implementation of the
algorithm for estimating the anisotropic 3PCF multipoles presented in Slepian
and Eisenstein (2018), which generalizes the isotropic case while retaining the same
O(N?) scaling. Methodological analysis of the anisotropic 3PCF (Farina et al. 2025)
has shown that including anisotropic components tightens constraints on the growth
rate f, with the largest improvement achieved by including AP parameters.

Full AP analysis of the 3PCF. In the thesis, we provide a measurement of distance
by the inclusion of AP parameters in the 2PCF model. The scale dependence of
the theoretical model must be rescaled to compare the theoretical model calculated
using the true cosmological parameters with the measurement using the 'fiducial’
cosmological parameters. This fact makes it unsuitable for the template fitting
approach which involves pre-building a table of the results of the 2PCF calculation.
We have mitigated this problem by the use of an emulator, ME1Corr, which allows
for the fast estimation of theoretical predictions even on a few CPUs. A natural
progression of this work would be to allow AP parameterisation of the 3PCF model.
Sugiyama et al. (2021) come up with an approximate method for rescaling the
wavevectors of the anisotropic bispectrum templates. However, the method still has
a high computational cost for the evaluation of configuration space templates and
the most promising results ultimately come from emulators (Euclid Collaboration:
Guidi et al. 2025).

Full-shape analysis of the BOSS 3PCF. The complementary work to this thesis is
Guidi et al. (including L. Cavazzini) (2026, in prep.) which makes the first full-
shape study of the isotropic 3PCF on the BOSS catalogue. We have already outlined
the challenges involved in the modelling of the 3PCF and the need of emulation.
The first full-shape study of the 3PCF in real space has been made on numerical
simulations by FEuclid Collaboration: Guidi et al. (2025) were it was found that
using the 3PCF complementarily to the 2PCF improves the constraints on shape
parameters and breaks the degeneracy between A, and b;.

Beyond ACDM analysis. Configuration space studies of higher-order statistics can be
used to improve understanding of a variety of phenomena. BAO studies that ex-
ploit complementary information on the 3PCF can be used to discard dynamical
dark energy models (Aubourg et al. 2015) or modified gravity models. The depar-
ture from Gaussianity in the primordial field of fluctuations, often referred to as
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Primordial Non-Gaussianity (PNG) is a phenomenon particularly well suited for
higher order statistics and studies in configuration space are still lacking. The same
can be said regarding neutrino mass constraints; their free streaming manifests as
a loss of power at small scales, but this signal is degenerate with galaxy bias and
the amplitude of perturbations. Adding 3-point statistics helps remove degeneracies
and therefore enhances neutrino mass constraints. So far, most studies have been
made in Fourier space, focusing on the bispectrum (Kamalinejad and Slepian 2025b,
Kamalinejad and Slepian 2025a) while the 3PCF is still catching up (Labate et al.
2025).

As a final remark, the 10-fold increase in volume that Fuclid and DESI provide makes
higher-order statistics a crucial ingredient to be included, since so far, their usefulness
has been hampered by the limited volume of past surveys. This work demonstrates the
importance of their implementation in pipelines for cosmological analysis as a comple-
mentary probe of the newly incoming data. Of particular interest will be the study of
the reduced 3PCF, which has been severely limited by the estimation of the covariance
matrix. Furthermore, future surveys (Stage V) will map an even greater volume: WST
(Mainieri et al. 2024) will obtain medium to high resolution spectroscopic data up to very
high redshift (z ~ 7) and will provide a plethora of data in an era of the universe that
has so far been unexplored.
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Appendix A

Perturbation theory
diagrammatics

Perturbation Theory (PT) provides a natural way of drawing the contributions of
clustering statistics in a similar way of Feynman diagrams in quantum field theory.
In this approach, contributions to N —point cumulants of the density contrast J(k)
(or any other cosmic field) come from connected diagrams with N external (solid)
lines and 7 = N — 1, N ... internal (dashed) lines. The r index defines the order
that is being adopted and goes from:

« leading order, called tree-level (TL)
« next to leading order, called one-loop (1L)
 next to one loop, called two-loop (2L ), and so on.

In essence, what the diagrammatic representation does is to order the contri-
butions irrespective of the statistical quantity being considered. For example, it
is not consistent to consider the evolution of the power spectrum in second-order
PT since there is a contribution of the same order coming from third-order PT.
Instead, one should consider the evolution of the power spectrum to “one-loop”
PT. If, in fact, we consider an expansion of the density field up to second order
in PT and construct the power spectrum, it is easy to demonstrate that all odd
terms O(d"™) with n odd vanish by consequence of Wick theorem. If we want the
next-to-leading order power spectrum, we must expand the density field up to
third-order in PT, where all terms that contribute are O(§?).

114



Appendix A. Perturbation theory diagrammatics

In this approach (Goroff et al. 1986, Scoccimarro and Frieman 1996), the r-order
contribution to the N-point spectrum of the overdensity field is obtained through the
following rules:

o Draw all distinct graphs consisting of N vertices, N external lines, each labeled
{ki,...,kn}, and connected by r internal lines, in turn labeled {qi,...,¢.}. Dis-
tinct graphs are defined as diagrams that are not continuously deformable into one
another. For each of these diagrams:

1. Each internal line corresponds to an integration f (dgiP(qj), where g; is the

2m)3
relative wave vector.

2. Assign a factor (27)*0p(ki+qj+...+qj+n) Fu(g, -, @j+n) to each vertex of order
n, i.e., from which n internal lines branch, {g;,..., ¢j+n}. The convention is
to assign a positive sign to the wave vectors associated with outgoing internal
lines and a negative sign to those associated with internal lines entering the
vertex.

3. Multiply by the symmetry factor, i.e., the number of permutations of the linear

overdensities ) that leave the diagram unchanged.

N!
nl!...nQT_N_H!

4. Add over all the distinct labellings of the external lines, thus generating
diagrams, where n; denotes the number of vertices of order .

o Add the resulting expressions from each diagram.

In what follows we derive the contributions of the tree-level power spectrum, one-loop
power spectrum and tree-level bispectrum.

Tree-level power spectrum. N=2 r=N-1=1

The corresponding diagram, shown in Fig. A.1 has two external labellings {k;, ks} con-
nected by one internal line q;; the order in the expansion of d,, that is required is given
by how many internal lines join a node which for the tree-level power spectrum is only
first order in ¢ for each node.

Figure A.1l: diagrammatic representation of the tree-level power spectrum.
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d3Q1

(0(K1)0(k2))pp = /—Plz'n(%)(%)g%(kl + q1) Fi(q)(2m)6p (ks — q1) Fi(—qu)

(27)°

since F7 = 1 the expression reduces to

(5(k1)3(k)) g, = (27)5p (ks + ko) P () (A.0.1)

which is the definition of linear power spectrum obtained in Sec. 1.4.1.

One-loop power spectrum. N =2 r =2
The two topologically distinct diagrams of the one-loop power spectrum are shown in Fig.
A.2. Each of them is made with two external lines {k;, k2} and connected by two internal

lines {q1, g2}

q1

OG) L 50 (k)

S WS - N
. q1 0z
5@ (%) T ' (k2)
—_— »r———

\\ //

go

Figure A.2: diagrammatic representation of the one-loop power spectrum.

(0(k1)0(K2)) g0 _2/d3Q1dBQQle(Q1)le<QQ)5D(kl +q1 + q2)F2(q1, q2)

5D(k72 —q: — QQ)FQ(_qh _QQ) =
=0p (ki + k2) 2/dBQ1sz(Q1)sz(/€2 — ) F (q1, k2 — q2) =
:(27‘[‘)35D(k1 + kQ) ng(k’l)

the simmetry factor is equal to two.

(6(K1)d(k2)) 13

:6/dSQ1d3Q2sz(Q1)le(Q2)5D(k1 +q2)F3(q1,q92,—q1)0p (ks — q2) Fi(—q2)

=0p(k1 + ko) 6P, (ko) /dg%le(%)Fzs(Qh ks, —qq)
:(277)35D(k1 + ko) Pis(k1)
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Summing the two contributions to the tree-level one, we get the power spectrum up to
one-loop

Pip, = Piin + Pos + Pi3 (A.0.2)

Tree-level bispectrum. N=3, r =2
The bispectrum is the first statistic to have three external lines {k1, ko, k3} and at leading
order they are connected by two internal lines {q;, g2}. Its diagram is shown in Fig. A.3.

5(1)(%2)
} i _e—
5(2) (kl) ””’,f
> < ___
L, T—e———
q2 5(1)(E3)

Figure A.3: diagrammatic representation of the tree-level bispectrum.
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5D(ki2 - Q1)5D(k73 - QQ) =
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Adding up all possible permutations of external labelings, we get the full tree-level bis-
pectrum

BTL = 2F2(k31, kQ)P“n(l{?l)Phn<k2) + CyCl. (AO?))

Rule 2 (together with Rule 1) says that contributions to each external line with wave-
vector k; come from the mode coupling of the linear fields at wave vectors ¢; whose sum
is k;, as required by translation invariance.

Rule 1 is a consequence of the assumed Gaussian nature of the linear fluctuations, and
describes the fact that the ") ’s coming out from each vertex ”interact” with each other
only through two-point functions.

Rule 3 essentially counts the ways in which we can join linear contributions ¢; into two-
point correlations. In the case of Pi3 the number of ways you can couple §Y)(ky) with
5@ (k) is 3. The inverse (swapping k; with ks) is also a distinct permutation which leads
to an overall symmetry factor of 6.
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Appendix B

Parameter estimation without
covariance

One might express concern regarding the best-fit 2PCF models presented in Secs. 4.4
and 4.5, as they exhibit noticeable deviations from the data and appear inconsis-
tent with the uncertainty intervals. However, representing the uncertainties solely
through their variances neglects the bin-to-bin correlations encoded in the full
covariance matrix.

To further substantiate this point, we repeated the 2PCF+3PCF fits using
only the diagonal elements of the covariance matrix, i.e., the variances 2. In this
case, the y? estimator reduces to

v (6-6(0))

Xe=Q (B.0.1)
i=0 ¢

where éz denotes the measured data and £;(0) the model prediction evaluated at
the best-fit parameters 0 extracted from the median of the chain samples. The
corresponding reduced x? values for the four data sets are

X?/Ng.o.(low-z NGC) = 0.94,
X?/Ng.os.(low-z SGC) = 1.03,
X?/Ng.o. (high- NGC) = 0.57,
x?/Nq.oz.(high-z SGC) = 0.55,

with the number of degrees of freedom defined as Nq.of. = Npins — Nparams-

The resulting best-fit models are compared with the data and their standard
deviations in Fig. B.1. In this case, the models more closely track the amplitude of
the small-scale bins in the SGC samples, and the reduced x? values are in better
agreement with the visual impression conveyed by the figure.
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Appendix B. Parameter estimation without covariance
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Figure B.1: From top to bottom the BOSS 2PCF multipoles (monopole, quadrupole and
hexadecapole from 7, = 30~ Mpc to 7maezr = 150 h_lMpc) alongside best-fit models extracted
from median parameters of the og fixed fitting of 2PCF+3PCF with only the variance of the
data. The grey bars display the 16th to 84th percentile intervals.
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