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Abstract
This thesis explores spin correlations and quantum information observables in top
quark pair production at the LHC, treating the tt̄ system as an ideal two-qubit
laboratory. A flexible framework is implemented to reconstruct the spin density
matrix in tt̄ events in multiple channels at parton level, with extension to particle-
level studies for semileptonic final states. From the spin density matrix, quantum
observables related to the tt̄ system are reconstructed. The framework is then
applied to investigate the sensitivity of kinematic, spin and quantum observables
to toponium formation near threshold, using both event-averaged and per-event
variables. Bound-state effects are found to modify the spin correlation matrix, en-
hancing entanglement measures while reducing quantum magic. Among per-event
observables, kinematic variables provide the strongest discrimination, with the top
quark momentum in the tt̄ rest frame emerging as the most sensitive to toponium
effects. A BDT combining kinematic and quantum-information-inspired variables
further improves separation compared to any single observable, with QI-inspired
variables providing a mild but non-negligible improvement to the separation per-
formance. Detector-level-like cuts have been applied to the events to obtain a more
realistic analysis, resulting in only a modest reduction of performance. Overall,
this work establishes a solid foundation for future ATLAS and CMS measurements
of quantum properties and bound-state effects in tt̄ production.
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Introduction
The top quark is the heaviest known fundamental particle. It was discovered
in 1995 at Fermilab [1, 2], completing the third quark generation as the weak
isospin partner of the bottom quark. With a mass of approximately 172.5 GeV,
close to the electroweak symmetry breaking scale, it occupies a unique position in
the Standard Model, serving as powerful probe of its internal consistency and of
possible new physics. Unlike lighter quarks, it has an extremely short lifetime of
about 5 · 10−25 s, causing it to decay before hadronizing and ensuring that its spin
information is preserved and directly encoded in the angular distributions of its
decay products. This exceptional feature offers a unique opportunity to study the
properties of a ”bare” quark and has enabled precise measurements of top quark
spin polarization and spin correlations in tt̄ production by the ATLAS and CMS
collaborations [3–7].

Most notably, these efforts recently led to the observation of quantum entan-
glement in top-antitop pairs at threshold by ATLAS and CMS at the LHC [8,
9], marking the highest-energy observation of entanglement to date and the first
among a pair of quarks. This breakthrough establishes the tt̄ system as an ideal
two-qubit laboratory at the TeV scale and demonstrates that high-energy collid-
ers provide a unique relativistic environment for probing fundamental aspects of
quantum mechanics, opening a new research frontier at the intersection of high-
energy physics (HEP) and quantum information (QI) science. This result has
therefore paved the way for exploring quantum observables at colliders. Among
these, quantum magic, a property of quantum states used in quantum computing
to quantify the advantage of representing a state on a quantum computer rather
than a classical one, has recently been measured for the first time in top quark
pairs by the CMS collaboration [10].

The threshold region has received considerable attention recently in the context
of quantum entanglement and has simultaneously gained renewed interest due to
experimental hints [11, 12] of toponium, a tt̄ quasi-bound state predicted by QCD.
Although long thought unobservable due to the top quark’s rapid decay, remnants
of bound-state behaviour can still produce tiny threshold enhancements in tt̄ spec-
tra, which can be described using non-relativistic QCD. While the modeling of the
threshold region has improved significantly [13], achieving the sensitivity needed
to confirm such a state has remained challenging. This has inspired the idea of ex-
ploiting spin correlations and quantum observables to enhance sensitivity to such
excesses, with theoretical studies exploring this possibility [14]. Recent measure-
ments by the CMS [15] and ATLAS [16] collaborations, using angular observables
sensitive to spin correlations and entanglement, have observed enhancements com-
patible with toponium, suggesting to go in this direction.
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This thesis is set in this context, focusing on the study of spin correlation coef-
ficients, entanglement and quantum magic in top quark pairs, and exploring how
these observables can be used to distinguish between conventional tt̄ production
and toponium bound states. The work is structured as follows:

• Chapter 1 provides an overview of the theoretical framework and experimen-
tal context underlying this thesis work, introducing the Standard Model of
particle physics and deepening the discussion for the top quark properties, its
production and decay mechanisms and toponium formation, along with the
main features of the LHC and the ATLAS detector relevant for the analysis.

• Chapter 2 introduces the basic concepts of quantum information relevant
to this work, with a particular focus on two-qubit systems and quantum
observables such as entanglement and magic in the tt̄ context. It describes
the quantum state tomography approach used to reconstruct the spin density
matrix of tt̄ pairs from their decay products and reviews the current status of
spin correlations, entanglement and magic measurements in top quark pairs,
including recent results on toponium.

• Chapter 3 presents the implementation of an analysis routine to reconstruct
spin correlation coefficients in tt̄ pairs from their decay products in the
semileptonic and dileptonic channels, both at parton and particle level. The
resulting spin density matrix is then employed to compute the quantum
magic observable.

• Chapter 4 investigates whether spin and quantum observables can discrimi-
nate between standard tt̄ production and toponium formation near thresh-
old, building on the reconstruction of tt̄ spin density matrix in the dilep-
ton channel at parton level developed in Chapter 4. Both event-averaged
and per-event observables are studied. The distributions of the latter are
evaluated for their separation power and subsequently added to kinematic
variables in a BDT to enhance sensitivity. The single variables and BDT
performance is assessed using standard metrics both on the full event sam-
ple and after applying realistic event selections. The work presented in this
chapter forms the core of the paper Extracting a Toponium Signal at the
LHC with Spin and Quantum Information Tools now published on arXiv
https://arxiv.org/abs/2602.23426v1.
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1 TOP QUARK PHYSICS AT COLLIDERS

1 Top quark physics at colliders
Over the course of the twentieth century, the observation of an increasing number of
particles, the so-called particle zoo, highlighted the need for a unifying theoretical
framework, ultimately leading to the formulation of the Standard Model (SM). The
SM is a gauge theory that describes the electromagnetic, weak and strong inter-
actions among elementary particles, and whose predictions have been extensively
confirmed by experiments, most notably with the discovery of the Higgs boson in
2012 [17]. Within the SM, the top quark is the heaviest known elementary parti-
cle, with a mass close to the electroweak symmetry-breaking scale. Its extremely
short lifetime causes it to decay before hadronization, allowing direct access to
its bare-quark properties and making it a unique probe of the SM and potential
physics beyond it. For this reason, precise measurements of top quark production
and decay at high-energy colliders, including searches for tt̄ bound-states, repre-
sent a central component of the current experimental program in particle physics.
In this section, a brief overview of the theoretical framework and experimental
context is provided, including a description of the ATLAS detector at the Large
Hadron Collider (LHC) at CERN.

1.1 The Standard Model of particle physics

The SM of particle physics provides a comprehensive theoretical framework de-
scribing the fundamental constituents of matter and their interactions. Since its
development, it has successfully explained numerous phenomena and has been re-
peatedly confirmed by precise experimental evidence. In the following, a brief
introduction is presented.

1.1.1 Fundamental particles

The development of particle physics traces back to the discovery of the electron
by Thomson in 1897, marking the beginning of a progressive exploration of the
fundamental constituents of matter. The foundations of the quark model were
established in 1964, when Murray Gell-Mann and George Zweig independently
proposed that hadrons are composed of more fundamental spin-1/2 constituents,
called quarks [18, 19]. Experimental evidence for the existence of point-like con-
stituents inside nucleons was later provided by deep inelastic scattering experi-
ments at SLAC in 1968 [20]. At that time, only three quark flavors, namely up
(u), down (d) and strange (s), were known. The remaining quarks were discovered
experimentally in the following years: the charm quark (c) in 1974 [21, 22], the
bottom quark (b) in 1977 [23] and finally the top quark (t) in 1995 at Tevatron at

3
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Fermilab (see Section 1.2), confirming the theoretical predictions.
Subsequent discoveries also in the lepton sector led to the actual SM classifica-

tion, which divides all known particles into two main categories according to their
spin: fermions, which have spin-1/2 and obey Fermi–Dirac statistics, and bosons,
which have integer spin and obey Bose–Einstein statistics. These two classes differ
fundamentally in their quantum behavior: fermions are subject to the Pauli exclu-
sion principle, which prevents identical fermions from occupying the same quantum
state, while multiple bosons can occupy the same quantum state. Fermions com-
pose ordinary matter and are organized into two groups, quarks and leptons, both
divided in three generations (or families) and grouped in doublets. For quarks,(

u
d

) (
c
s

) (
t
b

)
(1.1.1)

whereas for leptons (
νe
e

) (
νµ
µ

) (
ντ
τ

)
. (1.1.2)

For both sectors, the corresponding antiparticles have same mass but opposite
electric charge. Quarks carry fractional electric charge, either +2/3e for the up-
type quarks (u, c, t), or −1/3e for the down-type ones, where e= −1.60217662 ·1019

C. In addition to electric charge, quarks possess two other internal charges: flavor,
which distinguishes the six quark types (u, d, c, s, t, b) and color charge (red, green,
blue and anti-red, anti-green, anti-blue for the anti-particles), which is responsible
for the strong interaction. Leptons include three charged particles, the electron
(e), muon (µ) and tau (τ), and their corresponding neutrinos (νe, νµ, ντ ). Charged
leptons have electric charge −1, while neutrinos are electrically neutral.

In addition to fermions, the SM includes several bosons which mediate the
fundamental interactions: the photon (γ), 8 gluons (g) and the W+,W−, Z bosons
act as carriers of the electromagnetic, strong and weak interactions, respectively,
and are all spin-1 particles. The Higgs boson ϕ, instead, is a fundamental scalar
particle (spin-0) associated with the mechanism responsible for the generation of
particle masses, as briefly discussed in the next section. Among these, the only
massive bosons are W±, Z, ϕ, with masses mW ≈ 80.35 GeV, mZ ≈ 91.19 GeV and
mϕ = 125.1 GeV, expressed in natural units (ℏ = c = 1). The complete particle
picture is illustrated in Figure 1.1.1.
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Figure 1.1.1: Scheme of the SM fundamental particles.

1.1.2 Interactions

The SM describes three of the four fundamental interactions existing in nature:
strong, electromagnetic and weak, each mediated by spin-1 bosons as discussed in
the previous section. Formally, it is a Quantum Field Theory (QFT) based on the
gauge symmetry group

SU(3)C ⊗ SU(2)L ⊗ U(1)Y ,

where each group is associated with a fundamental interaction and its correspond-
ing conserved charge. SU(3)C is a non-Abelian1 symmetry group associated with
the strong interaction, formulated in the framework of Quantum Chromodynamics
(QCD). This interaction is exerted among color charges, which are carried only by
quarks and gluons, and its eight generators correspond to the eight gluon fields that
mediate the force. The electromagnetic and weak interactions, identified by U(1)Y
and SU(2)L, were unified in the 1960s by Glashow, Weinberg and Salam in the elec-
troweak (EW) theory [24–26], based on the symmetry subgroup SU(2)L ⊗U(1)Y .
The Abelian group U(1)Y is associated with the weak hypercharge Y , while the
non-Abelian group SU(2)L is associated with weak isospin, whose generators are

given by Ii = σi

2
(i = 1, 2, 3), with σi being the Pauli matrices. In this framework,

the electric charge Q is related to the weak isospin and hypercharge through the
Gell-Mann–Nishijima relation:

Q = I3 +
Y

2
.

A fundamental feature of the weak interaction is that it couples exclusively to
left-handed fermions and right-handed antifermions. These terms are related to

1An Abelian group is a group with a commutative group operation. In contrast, non-Abelian
groups have non-commuting generators, leading to self-interacting gauge bosons.
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chirality, an intrinsic property of fermion fields defined by the projection operators

PL =
1 − γ5

2
, PR =

1 + γ5

2
, (1.1.3)

where γ5 is a Dirac matrix. These operators allow the decomposition of a fermion
field ψ into its left-handed and right-handed components, as ψ = ψL + ψR, with
ψL,R = PL,R ψ. A related concept is helicity, defined as the projection of the par-

ticle spin S⃗ along its direction of motion p⃗, h = S⃗ · p⃗/|p⃗|. For massless particles,
chirality and helicity coincide, while for massive particles they are distinct quan-
tities, since helicity depends on the reference frame. The subscript L in SU(2)L
reflects this chiral structure: in the SM, fermions are organised into left-handed
doublets and right-handed singlets. For each generation i = 1, 2, 3, the quark and
lepton fields are arranged as

QL,i =

(
ui
di

)
L

, uR,i , dR,i ,

LL,i =

(
νi
ℓi

)
L

, νR,i, ℓR,i.

(1.1.4)

Here, ui and di denote the up-type and down-type quarks of the i-th generation,
while νi and ℓi represent the corresponding neutrino and charged lepton. Right-
handed neutrinos are not included in the SM, as they have not been experimentally
observed.

The three generations of quarks and leptons, presented in Eq. 1.1.1 and Eq. 1.1.2,
have identical transformation properties under the gauge symmetry group: they
only differ in their masses, which arise from the Brout-Englert-Higgs (BEH) mech-
anism [27]. Through spontaneous breaking of the SU(2)L⊗U(1)Y symmetry down
to U(1)em, which represents the residual gauge symmetry of electromagnetism as-
sociated with the electric charge Q, the Higgs field acquires a vacuum expectation
value v ≈ 246 GeV, generating masses for fermions via Yukawa couplings,

mf =
yf v√

2
, (1.1.5)

where yf is the Yukawa coupling constant specific to each fermion. The W± and
Z boson masses are generated through the same mechanism, giving

mW =
g v

2
, mZ =

√
g2 + g′2 v

2
, (1.1.6)

where g and g′ are the SU(2)L and U(1)Y gauge coupling constants, respectively.
The photon and gluons remain massless, as required by the unbroken U(1)em and
SU(3)C symmetries.
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Among the SM particles, quarks interact via all forces, charged leptons via
weak and electromagnetic interactions, while neutrinos only weakly. The relative
strength and range of each force is illustrated in Table 1.

Interaction Relative strength Range (m) Mediator
Strong 1 10−13 gluons (8)
Electromagnetic 10−2 ∞ photon (1)
Weak 10−5 < 10−15 W±, Z (3)

Table 1: Relative strength and range of the Standard Model interactions.

For the purpose of this thesis, the strong and weak interactions are the most
relevant ones, playing a central role in the production and decay of the top quark
at colliders. Their dynamics are encoded in the corresponding terms of the SM
Lagrangian. Specifically, the QCD Lagrangian reduced to quark terms is given by

LQCD =
∑
q

ψ̄q,a(iγ
µDµ −mq)ψq,b (1.1.7)

where ψq,a is a quark field spinor of color index a and Dµ = ∂µ + igST
aGa

µ is
the covariant derivative, with Ga

µ being the gluon fields and T a the generators of
SU(3)C . The gauge coupling between the quarks and gluons is given by gS, which
is related to the strong coupling constant αS by gS = 4παS. An important feature
of this parameter is its scale dependence, which determines the main characteristics
of the strong interaction. In particular, αS depends on the squared momentum
transfer Q2 of the process, leading to two opposite regimes:

• asymptotic freedom: at large momentum transfer (Q2 ≫ ΛQCD, where ΛQCD ∼
102 MeV denotes the QCD scale parameter), αS(Q2) tends to zero and
the quarks behave as quasi-free particles. This property allows QCD to
be treated perturbatively at high energies, as in hadron collider processes;

• confinement : at low exchanged momentum (Q2 → 0 ⇒ αS → ∞), the
strong interaction becomes non-perturbative. Quarks and gluons cannot
exist as free asymptotic states, but are confined into color-neutral combina-
tions (color singlets), called hadrons, which are classified as baryons (qqq)
and mesons (qq̄). As a consequence, direct observation of isolated colored
particles is not possible. In high-energy scattering processes, the formation
of colorless hadrons from colored quark constituents is called hadronization.

This behavior of the strong coupling constant is due to the non-Abelian nature of
the SU(3)C symmetry group, which implies the presence of self-interaction among
the gluons.
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Considering now the weak interaction part, the relevant term is given by the
charged current (CC) interaction Lagrangian

LCC = − g√
2

(ūiLV
ij
CKMd

j
L)W+

µ + h.c. (1.1.8)

where ui = (u, c, t) and dj = (d, s, b). Here, g is the weak coupling constant and
VCKM is the 3 × 3 Cabibbo–Kobayashi–Maskawa (CKM) unitary matrix [28, 29]
describing the mixing between quark families in CC interactions, defined as

VCKM =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 (1.1.9)

Specifically, the quantity |Vij|2 is proportional to the probability (or branching
fraction) for a flavour-ui quark to decay into a flavour-dj quark via a W± boson.

In QFT, interactions are conveniently described through Feynman diagrams,
which provide a systematic way to compute the transition probability between
initial and final states. In these diagrams, time flows along the horizontal axis,
straight lines represent fermions and wavy or curly lines represent bosons; arrows
pointing in the positive (negative) time direction denote fermions (antifermions).
Each vertex corresponds to an interaction, and contributes a factor

√
α ∝ g to

the amplitude, where g is the coupling constant of the interaction. The transi-
tion probability is proportional to the square of the total amplitude, obtained by
summing over all diagrams contributing to a given process. Since each additional
vertex introduces a further power of α, diagrams with more vertices or loops are
suppressed with respect to simpler ones. In perturbation theory, where α < 1, one
therefore truncates this expansion at a given order: including only the lowest-order
diagrams defines the leading-order (LO) approximation, with higher-order correc-
tions improving the precision of the calculation. Examples of Feynman diagrams
specific to the top quark will be given in Section 1.2.2.
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1.2 Top quark physics

The top quark belongs to the third generation of quarks, whose existence was
predicted by Kobayashi and Maskawa in 1973 [29] to account for CP violation in
weak interactions. The top quark was discovered in 1995 at the Fermilab Tevatron
collider by the CDF and DØ collaborations, thereby completing the quark sector
of the Standard Model. At the Tevatron, protons and antiprotons were collided
at a center of mass energy

√
s = 1.8 TeV, with the two experiments searching

for top–antitop pair production and their subsequent decays. The reconstructed
invariant mass of the top candidates, obtained independently by CDF and DØ,
showed clear excesses consistent with a heavy quark, with measured masses of
176 ± 8(stat)±10(syst) GeV [2] and 199+19

−21(stat)±22(syst) GeV [1] respectively.
These results constituted the first top quark mass measurement in history. In the
following sections, top quark properties, together with its production and decay
mechanisms, are presented.

1.2.1 Top quark properties

The top quark is the heaviest known fundamental particle in the SM. Its mass has
been measured with high precision to be

mt = 172.52 ± 0.14 (stat) ± 0.30 (syst) GeV

according to the most recent combined results from the ATLAS and CMS measure-
ments [30]. This exceptionally large mass determines to a large extent the unique
phenomenology of this quark. Because its mass exceeds that of the W boson, the
top quark is the only quark that decays via weak interaction into an on-shell W
boson and a down-type quark. The dominant mode is t → Wb, with a branching
fraction for this process given by

BtW =
|Vtb|2

|Vtb|2 + |Vts|2 + |Vtd|2
(1.2.1)

where Vtq(q = d, s, b) denote the relevant elements of the CKM matrix (Eq.1.1.9).
Given that |Vtb| ≈ 0.998 ≫ |Vts|, |Vtd|, this branching fraction is close to unity,
making t → Wb essentially the exclusive decay channel of the top quark. As a
consequence, this particle has an extremely short lifetime τ ≈ 5 · 10−25 s, corre-
sponding to a decay width of Γt = 1.42+0.19

−0.15 GeV [30] ( with τ = ℏ/Γ). This lifetime
is significantly shorter than two characteristic timescales: the timescale of hadroni-
sation (∼ 10−23 s) and the one of spin-decorrelation (mt/Λ

2
QCD ∼ 10−21). The first

property implies that the top quark decays before forming bound hadronic states,
although non-relativistic QCD interactions near the tt̄ production threshold can
give rise to toponium-like effects (see Section 1.2.4). The second one determines
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that it decays well before the strong interaction could alter its spin properties,
ensuring that the spin information of the top quark is directly transferred to its
decay products. As a result of these unique features and thanks to its abundant
production at the LHC, the top quark provides direct access to its fundamental
properties with unprecedented experimental precision.

In addition, the top quark mass mt is a fundamental parameter of the SM. From
Eq. 1.1.5, its large value implies a Yukawa coupling to the Higgs boson close to
unity (yt ≈ 1), suggesting a deep connection between this particle and electroweak
symmetry breaking and offering sensitivity to possible effects of physics beyond
the Standard Model. Furthermore, through radiative corrections, mt affects the
theoretical prediction of the W boson mass and a combined measurement of mW

and mt allows to constrain the Higgs boson mass and, after its discovery, to test the
global consistency of the SM. Moreover, the stability of the electroweak vacuum
is highly sensitive to the precise value of mt, as it determines whether the SM
vacuum is stable, metastable or unstable up to the Planck scale.

Given the central role of the top quark mass in both its phenomenology and
the internal consistency of the SM, its precise determination has been a primary
objective of the experimental programs of the ATLAS and CMS collaborations.

1.2.2 Top quark production in hadron colliders

In hadron colliders, protons (and antiprotons), which are composite objects made
of quarks and gluons, are accelerated to very high energies and brought into col-
lision. At these scales, asymptotic freedom ensures that collisions do not occur
between the hadrons as a whole, but rather between their constituents partons,
which behave as quasi-free particles. These partons undergo a hard scattering
process, which is defined as a short-distance interaction at large momentum trans-
fer Q2 ≫ Λ2

QCD and can be calculated using perturbative QCD. Given that the
timescale of the hard interaction is well separated from the subsequent hadroniza-
tion timescale, the total cross section of the process pp→ X can be factorised into
a perturbatively calculable partonic cross section σ̂ab→X and the non-perturbative
Parton Distribution Functions (PDFs) [31], as

σpA pB→X =
∑
a,b

∫
dxa dxb fa/A(xa, Q

2) fb/B(xb, Q
2) σ̂ab→X , (1.2.2)

where fa/A(xa, Q
2) gives the probability of finding parton a carrying a momentum

fraction xa of the proton pA at a scale Q2. This process is illustrated in Figure
1.2.1, which also reports the gluon and valence quark (u, d for the proton) PDFs
obtained by measurements at different colliders. The PDFs reflect the underlying
dynamic structure of the proton, where gluons and sea quarks are continuously
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generated through QCD processes. In particular, QCD interactions among valence
quarks lead to the emission of gluons, typically softer than the emitting quark,
which can further split into qq̄ pairs populating the proton with a dense sea of
partons carrying small momentum fractions, thus increasing the probability of
finding a parton at low x. This is evident from Figure 1.2.1 (right panel), where
gluon and sea quarks contribution dominates at low x, while the valence quarks
peak around x ≈ 1/3. When increasing the energy scale, the gluon and sea quark
distributions grow significantly at small x due to enhanced parton radiation and
gluon splitting processes. The PDFs are extracted from experimental data and
are process-independent.

Figure 1.2.1: Illustration of an hard scattering process (left). Quark and gluon PDFs of
the proton at two different energy scales, obtained by the NNPDF collaboration using
measurements performed at several collider experiments [32] (right).

Following the hard scattering, outgoing and incoming partons radiate gluons
via bremsstrahlung, which in turn emit further radiation, generating parton show-
ers. These showers represent higher-order corrections to the hard process, pri-
marily associated with soft and collinear gluon emissions, and can occur both in
the initial and final state. As the shower evolves and the energy scale decreases,
perturbative calculations are no longer applicable and the system enters the non-
perturbative regime of hadronization.

In hadron colliders, top quarks are produced either in tt̄ pairs via the strong
interaction or as single top quarks via electroweak interactions. Among these
mechanisms, top quark pair production represents the dominant mode at both
the Tevatron and the LHC. At leading order (LO) in perturbative QCD, tt̄ pairs
can be produced either via quark-antiquark annihilation (qq̄ → tt̄) or gluon-gluon
fusion (gg → tt̄). The corresponding Feynman diagrams for these processes are
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shown in Figure 1.2.2.
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Figure 1.2.2: Representative LO diagrams for the tt̄ pair production at the LHC. From
left to right: qq̄ annihilation, gluon fusion in the u, t, s-channels.

The relative contribution of the tt̄ production modes is governed by the PDFs
inside the colliding hadrons and therefore depends both on the collider type and
the center-of-mass energy. At the Tevatron, a proton-antiproton (pp̄) collider op-
erating at

√
s = 1.96 GeV, valence quark-antiquark annihilation accounts for ap-

proximately 85% of tt̄ production cross section. In contrast, at the LHC, where
pp collisions take place at significantly higher energies, most of the production in-
volves sea partons and the dominant contribution arises from gluon-gluon fusion.
In particular, gluon-induced processes produce about 90% tt̄ pairs at

√
s = 13

TeV.

Accurate predictions of the tt̄ production cross section require the inclusion of
higher-order corrections in perturbative QCD, beyond the LO diagrams. Table 2
reports the theoretical prediction at next-to-next leading order (NNLO) of the tt̄
pair production cross-section and the measured value for various center-of-mass
energies, as obtained by the ATLAS and CMS collaborations in different analyses.

√
s Predicted σtt̄ [pb] Measured σtt̄ [pb]

7 TeV 179.6+9.5
−10.2 178.5 ± 4.7 (combined)

8 TeV 256+12.9
−14.0 243.3+6.0

−5.9 (combined)

13 TeV 832+37.4
−43.0 830 ± 0.4 (stat) ± 36 (syst) ± 14 (lumi)

Table 2: Summary of selected tt̄ production cross section measurements by ATLAS and
CMS compared with theoretical predictions at NNLO, including soft-gluon resummation
to next-to-next-to-leading-log order [33], obtained assuming mtop = 172.5 GeV. Uncer-
tainties on the predictions include scale, PDF and mass contributions. Combined refers
to the legacy combined cross section measured by ATLAS and CMS [34]. The measure-
ment at 13 TeV is performed by ATLAS and uses a Run 2 dataset corresponding to an
integrated luminosity of 139 fb−1 [35].
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A detailed summary of ATLAS and CMS tt̄ cross section measurements at√
s = 13 TeV using different decay channels (see Section 1.2.3) is illustrated in

Figure 1.2.3.
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Figure 1.2.3: Summary of measurements of the tt̄ production cross section at 13 TeV
compared to the exact NNLO QCD calculation complemented with NNLL resumma-
tion [33], with the gray band representing theoretical uncertainties. The calculations
assume mt = 172.5 GeV [36].

Compared to tt̄ pair production, single top quark production occurs at a lower
rate because it is governed by the smaller electroweak coupling (αEW ≪ αS),
resulting in an overall suppression of roughly a factor of three. It proceeds via
the exchange of virtual W bosons in the s- and t-channels, or via W -associated
production (Wt). The corresponding Feynman diagrams at LO are shown in
Figure 1.2.4.
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Figure 1.2.4: Representative LO diagrams for single top quark production at the LHC.
From left to right: t-channel, s-channel and tW associated production.

Among these processes, the t-channel is kinematically favored and provides the
largest cross section at both the Tevatron and the LHC. At LHC energies, the tW -
channel represents the second most significant contribution. However, this process
also constitutes an important background in measurements of the tt̄ cross section,
as its final state closely mimics that of tt̄ events. This is worsened by the fact that
the NLO diagrams for tW production are identical to the LO tt̄ production ones.
Several methods have been developed to correctly account for the overlap between
these diagrams in NLO σtW calculation [37].

1.2.3 Top quark pair decay

The dominant decay mode of the top quark is into a W boson and a bottom quark
(t→ Wb), with a branching fraction BRtW very close to unity (see Section 1.2.1).
Therefore, tt̄ decay events can be classified according to the decay modes of the
two W bosons from the top and antitop quarks:

• Di-leptonic (BR: 10.5%): both W bosons decay leptonically into a charged
lepton and a neutrino (tt̄→ W+bW−b̄→ l+νbl−ν̄b̄). The detector signature
of this channel consists of two high-pT isolated leptons, two jets originating
from b-quark hadronization and significant missing transverse energy due to
the presence of two neutrinos, which escape detection. Owing to the presence
of two charged leptons, this channel offers a clean experimental signature and
allows for efficient discrimination of the signal from background processes.

• All-hadronic (BR: 45.7%): bothW bosons decay hadronically into quark–antiquark
pairs (tt̄ → W+bW−b̄ → qq̄′bqq̄′b̄), producing only jets in the final state.
Therefore, the detector signature of this channel consists of six jets aris-
ing from the hadronization of the quarks, including two b-tagged jets. De-
spite having the largest branching fraction, this channel suffers from a poor
signal-to-background ratio due to the overwhelming contribution from mul-
tijet QCD background, making the discrimination of tt̄ events particularly
challenging.
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• Semi-leptonic (BR: 43.8%): one W boson decays leptonically, the other de-
cays hadronically (tt̄ → W+bW−b̄ → qq̄′bl−ν̄b̄ or l+νbqq̄′b̄). The detector
signature of this channel consists of one high-pT , isolated lepton, significant
missing transverse energy due to the neutrino and four jets originating from
quark hadronization, including two b-tagged jets. This is often referred to as
the golden channel, since the presence of a charged lepton allows for efficient
event triggering and effective discrimination of the signal from the multi-
jet background, while maintaining a high event statisics. Furthermore, the
presence of a single neutrino enables a full reconstruction of the event kine-
matics by imposing the W -boson mass constraint on the lepton-neutrino
system. The branching ratio of this channel is reducedy by ∼ 15% when
considering only final states with µ or e.

The dileptonic and semileptonic decay modes are illustrated in Figure 1.2.5.
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Figure 1.2.5: Feynman diagrams at LO for the dileptonic (a) and semileptonic (b)
channels after tt̄ production via gg fusion.

1.2.4 Toponium

The formation of toponium, a quasi-bound state of a top and an antitop quark, was
predicted by Fadin and Khoze [38] long before the top quark discovery, studying
tt̄ pair production near the energy threshold in e+e− collisions.

The concept of quarkonia, bound states of a heavy quark and its antiquark
held together by the strong force, has played a central role in establishing QCD
as the theory of the strong interaction, with the discoveries of charmonium (cc̄,
the J/Ψ) in 1974 [21, 22] and of bottomonium (bb̄, the Υ) in 1977 [23] providing
some of the earliest and most compelling confirmations of its predictions, revealing
the existence of the fundamental particles c and b. These states appear as sharp,
narrow resonances in the invariant mass spectrum of their decay products, with
well-defined masses, quantum numbers and decay widths that can be predicted by
QCD. By analogy, a tt̄ bound state was expected to be the heavy counterpart of
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these systems, classified as any other meson (qq̄) through a specific set of quantum
numbers. Since both the top quark and the antitop quark have spin 1/2, their
spins can combine either into a singlet configuration with S = 0 (anti-aligned
spins) or into a triplet configuration with S = 1 (aligned spins). Combined with
the orbital angular momentum L, the state is characterized by the total angular
momentum J = L+S, parity P = (−1)L+1 and charge conjugation C = (−1)L+S,
collectively denoted as JPC . In particular, for S-wave states (L = 0), one simply
has J = S and the possible toponium states can be classified as:

• ηt: the spin-singlet 1S0 state (S = 0, J = 0), with JPC = 0−+, corresponding
to a pseudoscalar meson;

• Θt: the spin-triplet 3S1 state (S = 1, J = 1), with JPC = 1−−, corresponding
to a vector meson, analogous to the J/Ψ and the Υ.

In addition to the spin quantum numbers, the tt̄ system can also exist in different
color configurations. In analogy with the spin singlet and triplet, the two quarks
can form either a color-singlet state, carrying no net color charge, or a color-
octet state. At the LHC, tt̄ production proceeds predominantly via gluon fusion.
Near the production threshold, the lowest-energy configuration (L = 0) dominates,
making the pseudoscalar color-singlet ηt state the most relevant in this region, as
can be seen by Figure 1.2.6.

The top quark, however, differs fundamentally from the charm and bottom
quarks. Owing to its very large mass, its extremely short lifetime causes it to
weakly decay (t→ Wb) well before the strong interaction has time to form a sta-
ble bound state (Section 1.2.1). The corresponding large decay width, Γt ∼ 1 GeV,
acts as a natural smearing of the would-be sharp toponium resonance, preventing
the formation of narrow resonances as observed in charmonium and bottomo-
nium systems. Nevertheless, it has been recognized that near-threshold dynamics
remain governed by non-relativistic QCD (NRQCD) [13, 40, 41], and remnants
of the bound-state behavior, such as threshold enhancements and quasi-resonant
structures, can persist even in the presence of the top quark’s rapid decay. An
excess of events in the near-threshold region with respect to fixed-order pertur-
bative QCD predictions would therefore constitute the experimental signature of
toponium. For a long time, these effects have been considered unobservable at
hadron colliders, with expected contributions to the tt̄ production cross section
accounting for less than 1% [13], as shown in Table 3, and a width well below the
current achievable resolution. Moreover, the difficult modeling of the threshold
region has made their experimental observation even more challenging.
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Figure 1.2.6: Differential tt̄ production cross section as a function of the invariant mass
M near threshold at the LHC at

√
s = 14 TeV. Shown are the color-singlet gluon fusion

contribution gg → 1S
[1]
0 (blue), the color-octet gluon fusion contribution gg → 1S

[8]
0

(dark green), and the qq̄ → 3S
[8]
1 contribution (light green) [39].

√
s σηt (pb) σtt̄ (pb) σηt/σtt̄

7 TeV 1.55 172 0.0090
8 TeV 2.19 246 0.0089
13 TeV 6.43 810 0.0079
14 TeV 7.54 954 0.0079

Table 3: Cross sections for ηt and tt̄ production at different LHC center-of-mass energies√
s [42].

However, in the last years, excesses at threshold in several distribution of tt̄
events by have been observed by the ATLAS and CMS collaborations, which could
be consistent with toponium formation. Representative distributions are shown
in Figure 1.2.7. Recently, observations by the same collaborations have provided
the first indications of cross section enhancements compatible with the production
of a color-singlet pseudoscalar toponium state. These results will be discussed in
Section 2.5.7, as they are associated to the spin correlations of the top and anti-
top quarks at threshold. Moreover, recent theoretical developments in modeling
tt̄ production near threshold, including NRQCD-based calculations [13], offer a
more accurate description of bound-state effects than previous simplified models,
improving the prospects for experimentally observing toponium resonances.
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Figure 1.2.7: Normalised differential cross-sections as a function of the invariant mass
meµ and mtt̄ as measured, respectively, by the ATLAS [12] (left) and CMS [11] (right)
collaborations. It presents the evidence for excesses at threshold.
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1.3 The LHC

The Large Hadron Collider (LHC) is the world’s largest and most powerful par-
ticle accelerator, built at CERN (European Organization for Nuclear Research),
the international laboratory for particle physics founded in 1954 and located on
the Franco-Swiss border near Geneva. The LHC is installed in the 26.7 km cir-
cumference tunnel previously hosting the Large Electron Positron collider (LEP),
approximately 100 m underground.

The LHC is a two-ring hadron collider in which two proton beams circulate
in opposite directions, designed to reach center-of-mass energies of

√
s = 14 TeV,

with a peak instantaneous luminosity of L = 1034 cm−2s−1 (Eq.1.3.1). First oper-
ational in November 2009, it ran at

√
s = 7 and 8 TeV until 2012. After a major

upgrade, it resumed operation in 2015 at
√
s = 13 TeV, with the highest energy

achieved to date being 13.6 TeV during Run 3. The acceleration of protons to
full energy is performed in stages. In particular, before entering the LHC pipes,
the beams are accelerated up to 450 GeV by a chain of injectors, illustrated in
Figure 1.3.1: the Linear accelerator 4 (Linac4), the Proton Synchrotron Booster
(PSB), the Proton Synchrotron (PS) and the Super Proton Synchrotron (SPS).
The LHC acceleration system consists of of 16 superconducting radiofrequency cav-

Figure 1.3.1: Illustration of the CERN complex, showing the LHC accelerator injection
chain and experiments.

ities providing a maximum electric field of 5.5 MV/m. Given an effective bending
radius of approximately 2.7 Km, the nominal LHC operation requires a magnetic
field of about 8.5 T to keep the proton beams on their circular trajectory. This is
provided by 1232 superconducting dipole magnets, each 15 m long and operating
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at 1.9 K, while beam focusing is performed by 392 superconducting quadrupole
magnets, 5 − 7 m long and producing a field of 6.8 T.

The two colliding beams are brought into collision at four interaction points
(IPs), each hosting a major experiment: ATLAS (A Toroidal LHC ApparatuS)
and CMS (Compact Muon Solenoid) are general-purpose detectors designed to
perform precise SM measurements and search for new physics; LHCb (Large
Hadron Collider beauty) is optimised for flavour physics and CP-violation studies
in b- and c-hadron decays; ALICE (A Large Ion Collider Experiment) is dedicated
to the study of the quark-gluon plasma in heavy-ion collisions.

At each IP, the two beams collide inside special X-shaped beam pipes, with a
crossing angle of approximately 1.5◦. The number of events per second generated
in the collision is given by the rate R = Lσ, where σ is the cross section of the
process under study and L is the instantaneous luminosity. The latter depends
only on the beam parameters and is given by

L =
N2

b nb frev γ

4π ϵ β∗ F , (1.3.1)

where Nb is the number of particles per bunch (≈ 1011 protons), nb the number of
bunches per beam, frev = 11.25 kHz the LHC revolution frequency, γ the relativis-
tic factor, ϵ the normalised transverse beam emittance, β∗ the beta function at
the collision point and F a geometric reduction factor accounting for the crossing
angle between the two beams. In particular, the emittance is related to the beam
quality, while β∗ is a beam optics quantity that characterizes how strongly the
quadrupole magnets focus the beam at the IP. Together with γr, they are related
to the beam width σb at the IP by σb = β∗ϵ/γ. The total amount of data collected
over a period of time is quantified by the integrated luminosity L =

∫
L dt, which

determines the total number of events produced for a process with cross section σ
via N = Lσ.

1.3.1 The ATLAS Detector

This section presents the ATLAS a general-purpose particle detector, designed
to reconstruct a wide variety of physics processes generated from pp collisions,
performing precise SM measurements and searching for new physics. It is described
as the analysis-like selections applied to tt̄ final states in Chapter 3 are designed
to match the acceptance requirement of this detector.

With a total length of 42 m, a radius of 11 m and a weight of approximately
7000 tons, ATLAS is the largest experiment at the LHC. It features a forward-
backward symmetric cylindrical geometry, nearly full 4π coverage in solid angle,
and is designed to operate under the high pile-up and luminosity conditions of the
LHC.
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Coordinate system To describe the detector geometry and define selection
criteria used in analyses, a right-handed coordinate system {x, y, z} is adopted,
with its origin at the pp interaction point. The z-axis is oriented along the beam
direction, while (x, y) plane defines the transverse plane with respect to the beam.
The component of the particle’s momentum p⃗ within the (x, y) plane is called
transverse momentum pT , defined as pT =

√
p2x + p2y. The angle between p⃗ and

the beam direction is the polar angle θ, with 0 ≤ θ ≤ π. The azimuthal angle ϕ is
instead defined as the angle between pT and the x axis within the transverse plane.
Instead of the polar angle, analyses commonly use the pseudorapidity, defined as

η = − ln tan

(
θ

2

)
. (1.3.2)

Small variations in θ near the beam axis correspond to large changes in η, making
pseudorapidity a convenient variable for describing particle production at small
polar angles. A schematic representation of the coordinate system used in the
ATLAS detector, together with pseudorapidity for various polar angles, is shown in
Figure 1.3.2. Finally, ∆R represents the angular separation between two particles

Figure 1.3.2: Illustration of the coordinate system used in the ATLAS detector (left)
and pseudorapidity values shown on a polar plot (right).

in the (η − ϕ) plane. It is defined as ∆R =
√

(∆η)2 + (∆ϕ)2, where ∆η and ∆ϕ
denote the differences in pseudorapidity and azimuthal angle, respectively. The
quantity ∆R is commonly used to define clustering cones in jet reconstruction
algorithms.

As shown in Figure 1.3.3, ATLAS consists of several sub-detectors [43], each
designed to perform specific functions in reconstructing the different particles that
pass through the detector. Moving radially outward from the interaction point,
the following components are encountered:
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Figure 1.3.3: Overview of the ATLAS detector.

• The inner tracking detector (ID), immersed in a 2 T axial magnetic field pro-
vided by a thin superconducting solenoid, covers the pseudorapidity range
|η| < 2.5 and is composed of a silicon pixel detector, a silicon microstrip
tracker and a transition radiation tracker. The magnetic field bends the tra-
jectories of charged particles, allowing precise determination of their momen-
tum from the measured curvature. The fine spatial granularity of the silicon
detectors provides impact parameter resolutions at the level of ∼ 10µm,
enabling precise reconstruction of charged-particle tracks and primary and
secondary vertices. This feature is essential for identifying displaced decay
vertices from heavy-flavour hadrons. The fiducial region |η| < 2.5 therefore
defines the optimal acceptance for precise reconstruction of charged parti-
cles, motivating the pseudorapidity requirements applied to the final-state
objects described in Section 4.1.1;

• the calorimeter system covers |η| < 4.9 and measures the energy deposited
by particles through electromagnetic and hadronic showers. It is essential for
reconstructing electrons, photons and jets, as well as for measuring missing
transverse energy Emiss

T , which provides indirect evidence for neutrinos. It
is divided into two subsystems, both sampling detectors composed of alter-
nating absorber and active layers, optimised for the two distinct types of
particle showers:

– The electromagnetic calorimeter (ECal) is designed to contain EM show-
ers, initiated by electrons and photons, characterised by a compact lon-
gitudinal and transverse profile. It uses lead absorber and liquid-argon
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(LAr) active medium, covering |η| < 3.2 over the full azimuth, comple-
mented by a presampler up to |η| < 1.8 to recover energy lost upstream.
It achieves a sampling term of ∼ 10%/

√
E2 and a constant term well

below 1%, providing excellent resolution for charged leptons and pho-
tons.

– The hadronic calorimeter (HCal) consists of three subsystems: the cen-
tral tile calorimeter (|η| < 1.7, steel/scintillator), the hadronic end-cap
calorimeter (HEC, |η| < 3.2, copper/LAr) and the forward calorimeter
(FCal, 3.1 < |η| < 4.9, copper and tungsten absorbers). It is designed to
contain hadronic showers, which develop over much larger distances and
involve more complex interactions, allowing the HCal to achieve a signif-
icantly worse jet energy resolution of σE/E = 40%/

√
E⊕2.5%⊕5%/E.

Jets are reconstructed by combining ECal and HCal deposits, but they suffer
from limited resolution with respect to charged leptons and photons; flavor
tagging exploits ID tracking to identify b- and c-quark jets via displaced
vertices. Up to date, no flavor-tagging algorithms exist for light quarks (u,
d, s), whose jets remain experimentally indistinguishable.

• The muon spectrometer (MS), based on superconducting air-core toroidal
magnets providing a field integral of 2.0-6.0 T·m, with precision tracking up
to |η| < 2.7 and triggering up to |η| < 2.4. Combined with the ID, it enables
highly accurate reconstruction of muons, which traverse the calorimeters
with minimal energy loss.

Finally, a two-level trigger system selects events. Triggers are systems or algo-
rithms designed to rapidly assess the basic content and properties of each collision
event in real time: events satisfying some predefined criteria are accepted by the
trigger and recorded for subsequent analysis. Specifically, a hardware-based first-
level trigger reduces the 40 MHz bunch crossing rate to below 100 kHz, after which
a software-based high-level trigger further reduces the rate to approximately 1 kHz
for permanent storage. The actual lepton transverse momentum criteria used in
ATLAS motivates the transverse momentum requirements applied to final-state
objects in the analysis (Section 4.1.1), which mimics the trigger selection, thus
reducing the event rate to limit storage.

2The energy resolution of a calorimeter follows σ(E)
E = a√

E
⊕ b

E ⊕ c, where a is the sampling

term, b the noise term and c the constant term accounting for local non-uniformities in the
calorimeter response.
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2 Quantum information in top
quark physics

Quantum Information (QI) studies how information is encoded, manipulated and
measured in physical systems governed by the principles of quantum mechanics
[44]. The fundamental unit is the qubit, which is the quantum version of the clas-
sical binary bit. Within this framework, elementary particles can act as carriers
of quantum information via their intrinsic degrees of freedom, such as spin or
polarization. In this context, the spin states of tt̄ pairs produced at colliders con-
stitute a two-qubit system, providing a unique laboratory to investigate quantum
observables in high-energy processes.

2.1 The Qubit

In classical information theory, the fundamental unit is the bit, which can assume
one of two mutually exclusive values, 0 or 1. The quantum analogue of the class-
cical bit is the quantum bit, or qubit, which constitutes the basic unit of quantum
information and describes the simplest non-trivial quantum system.

According to the first postulate of quantum mechanics, any isolated physical
system S is associated with a complex Hilbert space HS and is completely described
by a state vector |ψs⟩, represented by a unit vector in HS. The dimension of the
Hilbert space depends on the physical system under consideration and may be
either finite or infinite.

The simplest qubit corresponds to a two-dimensional complex Hilbert space
H ∼= C2. By choosing an orthonormal basis {|0⟩ , |1⟩}, commonly referred to as
the computational basis, the most general state of a qubit can be expressed as a
linear combination

|ψ⟩ = α |0⟩ + β |1⟩ , α, β ∈ C (2.1.1)

with H = span(|0⟩ , |1⟩). The normalisation condition ⟨ψ|ψ⟩ = |α|2 + |β|2 = 1
must be satisfied. Similarly, a qudit is defined as a d-level system with H =
span(|0⟩ , |1⟩ , ..., |d− 1⟩). Unlike the classical bit, which can only take one of two
values, the qubit exists in a superposition of both basis states. When a measure-
ment is performed in the computational basis, the qubit state |ψ⟩ collapses to one
of the basis states |0⟩ or |1⟩ with probability |α|2 or |β|2. After the measurement,
the qubit is no longer in the initial superposition but is found in the specific state
corresponding to the measurement outcome. This property is another key distinc-
tion between classical and quantum information: while reading a classical bit leaves
its value unchanged, measuring a qubit collapses its wavefunction, fundamentally
altering its state.
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Figure 2.1.1 compares a classical bit with a qubit and introduces the Bloch
sphere, an intuitive geometric representation of single-qubit states. Any qubit
state can be parameterized, up to an global phase, as

|ψ⟩ = cos
θ

2
|0⟩ + eiϕ cos

θ

2
|1⟩ (2.1.2)

where θ ∈ [0, π] and ϕ ∈ [0, 2π) are spherical coordinates on the Bloch sphere. This
geometric interpretation arises from the normalization condition |α|2 + |β|2 = 1,
which constrains the state vector to the surface of a unit sphere. As will be
discussed in Section 2.2, pure qubit states correspond to points on the surface,
while points in the interior of the sphere are mixed.

Figure 2.1.1: Geometric representation of information units. The classical bit (left) is
restricted to the discrete poles of the z-axis (0 or 1). The qubit is visualized via the
Bloch sphere, which considers all possible superpositions between |0⟩ and |1⟩ as points
on the surface.

The abstract concept of the qubit admits many physical representations, al-
lowing the same theoretical framework to be applied across different experimental
systems. In particle physics, mediators and fundamental particles can be seen
indeed as physical realizations of qubits, because some of their intrinsic proper-
ties naturally form two-level quantum systems. For example, photons admit two
orthogonal polarization states, while spin-1/2 fermions have two possible spin pro-
jections along a given quantization axis. Instead, spin-1 bosons have three possible
spin projections and can be represented as qutrits, which are quantum superpo-
sitions of three orthonormal states. In this framework, the quantum information
carried by the particles is encoded in their spin degrees of freedom. This motivates
the study of quantum observables at colliders, where the central experimental chal-
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lenge is the reconstruction of particle spin states from their decay products. In
this thesis, the focus is on the top quark.

2.2 The density operator

In collider experiments, quantum systems are typically produced in statistical
mixtures rather than in well-defined pure states. An example is given by top quark
production at the LHC, which occurs through two indistinguishable mechanisms:
gg fusion and qq̄ annihilation (Section 1.2.2). As a consequence, the resulting
quantum state must be treated as a statistical mixture, naturally described by a
density operator.

Before defining this operator, it is useful to recall how expectation values of
observables are computed in quantum mechanics, as well as how a state changes
after a measurement. The expectation value represents the statistical average of
measurement outcomes obtained from many identical preparations of the same
quantum state. It therefore provides the physically accessible quantity that con-
nects the mathematical operator formalism to experimental observations. Consider
a quantum system described by a state |ψ⟩ in a Hilbert space H, which is assumed
to have finite dimension d. Observables are represented by Hermitian operators
A = A†, which admit spectral decomposition

A =
d∑

i=1

λi |ei⟩ ⟨ei| (2.2.1)

where {ei}di=1 is an orthogonal basis of H and λi ∈ R are the corresponding eigen-
values. In the presence of degeneracies, it is convenient to group eigenstates as-
sociated with the same eigenvalue. Denoting by aj the distinct eigenvalues, the
operator A can be written as

A =
∑
j

ajPaj , (2.2.2)

where Paj =
∑

k:λk=aj
|ek⟩ ⟨ek| is the projector onto the eigenspace corresponding

to aj. The expectation value of A in the state |ψ⟩ is then given by

⟨A⟩ ≡ ⟨ψ|A |ψ⟩ =
∑
j

aj ⟨ψ|Paj |ψ⟩ . (2.2.3)

The measurement of the observable on the state |ψ⟩ causes the state to collapse
onto the eigenspace associated with the eigenvalue aj (projective measurement),

|ψ⟩ → |ψ′⟩ =
Paj |ψ⟩√
⟨ψ|Paj |ψ⟩

(2.2.4)
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where ⟨ψ|Paj |ψ⟩ is the probability associated with the outcome aj.
Now suppose the system is prepared in a state |ψi⟩ with probability pi and that the
procedure is repeated many times. This produces a statistical ensemble {pi, |ψi⟩},
representing the possible states of the system and their classical probabilities. The
expectation value for the observable becomes

⟨A⟩ =
∑
i

pi ⟨ψi|A |ψi⟩ := tr[ρA] (2.2.5)

where
ρ :=

∑
i

pi |ψi⟩ ⟨ψi| ,
∑
i

pi = 1, pi ≥ 0. (2.2.6)

The quantity ρ is called density operator and fully describes the statistical state
of the system. It is a linear operator on H and satisfies the following properties:

ρ = ρ†, tr[ρ] = 1, ρ ≥ 0

where the positivity requirement means that ⟨ϕ| ρ |ϕ⟩ ≥ 0 ∀ |ϕ⟩ ∈ H. In this case,
the post-measurement state can be expressed as

ρ→ ρ′ =
PajρPaj

tr[ρPaj ]
(2.2.7)

where the denominator represents the probability of obtaining the measurement
outcome aj. Using the density matrix formalism, quantum states can be classified
as pure or mixed:

• for a pure state, the density operator has the form ρ = |ψ⟩ ⟨ψ| for some
|ψ⟩ ∈ H (e.g., pi = 1, pj ̸=i = 0) and it satisfies tr[ρ2] = 1,

• for a mixed state, ρ is expressed as in Eq. 2.2.6, with 0 < pi < 1 for at least
two states, and it satisfies tr[ρ2] < 1.

The quantity tr[ρ2] indeed provides a measure of the purity of the state. For a
Hilbert space of dimension d,

1

d
≤ tr[ρ2] ≤ 1 (2.2.8)

where the lower bound corresponds to a maximally mixed state. In the case of a
qubit (d = 2), the maximally mixed state is given by

ρmix =
1

2
I2. (2.2.9)
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It is relevant to notice that pure states are uniquely associated to the ensemble
{pi, |ψi⟩}, while mixed states can be represented with different statistical ensem-
bles.

Any qubit can be parametrized using the Bloch-sphere representation, which
was introduced for pure states in Section 2.1. In general,

ρ =
1

2

(
I2 +

3∑
i=1

Biσ
i

)
(2.2.10)

whereBi ∈ R are the components of the Bloch vector B⃗ = k(sin θ cosϕ, sin θ sinϕ, cos θ),
with k ≤ 1, and σi are the Pauli matrices, defined as

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (2.2.11)

The set {I2, σx, σy, σz} forms a basis of linear operators for C2. Pure states are

characterized by |B⃗| = 1, thus corresponding to points on the surface of the sphere.

Mixed states correspond to |B⃗| < 1 and live inside the sphere.
In general, a density operator acting on a d-dimensional Hilbert space is char-

acterized by d2 − 1 real parameters. Consequently, for a qubit (d = 2) the three
coefficients Bi completely determine the quantum state of the system. For a spin-1

2

particle, such as the top quark, these coefficients represent the spin polarizations.

2.3 Two-qubit systems

Two-qubit systems play a central role in quantum information theory, as they con-
stitute the simplest scenario in which non-classical correlations, such as quantum
entanglement, can appear.

A two-qubit system is a bipartite quantum system, described by the tensor
product of the Hilbert spaces of the individual qubits, H = HA ⊗ HB

∼= C4. A
standard basis choice for this space is the computational set {|00⟩ , |01⟩ , |10⟩ , |11⟩},
where |ij⟩ = |i⟩ ⊗ |j⟩ with i, j ∈ {0, 1}. Consequently, any two-qubit state can be
expressed as the linear combination

|ψ⟩ =
1∑

i,j=0

cij |ij⟩ ,
∑
i,j

|cij|2 = 1 (2.3.1)

where |cij|2 represents the probability of observing the system in the state |ij⟩
upon measurement. An important set of two-qubit states arising from particular
values of the coefficients cij is given by the Bell basis, defined as
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∣∣Φ0
〉

=
|00⟩ + |11⟩√

2

∣∣Φ1
〉

=
|00⟩ − |11⟩√

2∣∣Ψ2
〉

=
|01⟩ + |10⟩√

2

∣∣Ψ3
〉

=
|01⟩ − |10⟩√

2

(2.3.2)

where |Φα⟩ ∈ C2 ⊗ C2, |Φα⟩ = (σα ⊗ I2) |Φ0⟩ and ⟨Φα|Φβ⟩ = δαβ. As will be seen
in Section 2.3.1, these states constitute an example of maximally entangled states.

Generalizing the Eq. 2.2.10 for a single qubit, the density matrix ρ of a pair of
qubits A and B can be can be decomposed in the spaces of the individual qubits
as

ρ =
I4 +

∑
i(B

A
i σ

i ⊗ I2 +BB
i I2 ⊗ σi) +

∑
i,j Cijσ

i ⊗ σj

4
(2.3.3)

where i, j = 1, 2, 3 and σi are the Pauli matrices. Given that the dimension of the
composite Hilbert space is four, this matrix depends on 42−1 = 15 real independent
parameters: 3 from BA

i , 3 from BB
i and 9 from the 3 × 3 correlation matrix Cij,

which encodes the correlations between the two qubits. This parametrization is
referred to as the Pauli (or Fano-Bloch) expansion and is chosen for its transparent
physical interpretation. In fact, for spin-1

2
particles, these coefficients represent

their spin polarizations (BA
i , B

B
i ) and their spin correlations (Cij).

This formalism can be extended to bipartite systems with arbitrary Hilbert-
space dimensions [45]. It is used, for example, to study qutrit systems, such as
massive bosons at colliders.

In this thesis, the focus is on tt̄ pairs, whose spins provide an effective realization
of a two-qubit system, enabling direct access to spin correlations and the study of
quantum observables in high-energy processes.

2.3.1 Entanglement

Quantum entanglement is a fundamental feature of quantum mechanics in which
the joint quantum state of two or more particles cannot be factorized into inde-
pendent states for each particle, even when the particles are spatially separated.
In an entangled system, measurements performed on one particle are correlated
with measurements performed on the other in a way that cannot be explained
classically.

The existence of such correlations implies a violation of the principle of local
realism, which is based on two assumptions: locality, meaning that a measure-
ment performed on one system cannot produce an instantaneous effect on another
spatially separated system, and realism, meaning that physical properties have
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definite values prior to measurement. In 1964, John Bell demonstrated that any
theory based on local realism must satisfy certain mathematical constraints, known
as Bell inequalities [46]. Quantum mechanics predicts scenarios in which these in-
equalities are violated. Such violations have been experimentally confirmed, most
notably by Alain Aspect and collaborators [47], establishing entanglement as a
physical phenomenon fully consistent with quantum mechanics.

The correlations observed in entangled systems can be rigorously described
using the density matrix formalism. In this framework, the state of a bipartite
system is represented by a density operator ρ belonging to the set of states S(HA⊗
HB) ⊂ L(HA ⊗ HB), where L(HA ⊗HB) denotes the linear operators acting on
on the composite Hilbert space of the two qubits. The reduced density operators
of the subsystems A and B are obtained by taking the partial trace over the
complementary subsystem,

ρA = trB[ρ], ρB = trA[ρ] (2.3.4)

where ρA ∈ S(HA) and ρB ∈ S(HB). Within this framework, a state ρ is called
separable if and only if it can be written as a convex sum of product states

ρ =
∑
n

pnρ
A
n ⊗ ρBn ,

∑
n

pn = 1, pn ≥ 0 (2.3.5)

where ρAn ∈ S(HA) and ρBn ∈ S(HB) are density operators associated with subsys-
tems A and B, respectively. Any state that cannot be decomposed as a classical
mixture of product states is called entangled. In particular, a two-qubit state is
maximally entangled if and only if the reduced density matrix of each subsystem
is maximally mixed, which occurs as in Eq. 2.2.9 when

ρA = ρB =
1

2
I2 ⇒ tr[ρA

2
] = tr[ρB

2
] =

1

2
. (2.3.6)

This means that tracing out one of the two subsystems causes the loss of informa-
tion about the global state, implying that the two partial systems are correlated.
An example of maximally entangled states is given by the Bell basis of Eq. 2.3.2,
since for any state |Φ⟩ of the set

ρA = trB[|Φ⟩ ⟨Φ|] =
1

2
I2, ρB = trA[|Φ⟩ ⟨Φ|] =

1

2
I2. (2.3.7)

It is relevant to note that the Bell states are globally pure, tr[|Φ⟩ ⟨Φ|] = 1, which
means that the total state is completely known. Nevertheless, due to entanglement,
information about the subsystems is encoded in the correlations between them, so
each subsystem is in a mixed state and cannot be fully described on its own. In
general, a state can be pure while its parts appear mixed.
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There are several theoretical criteria that can be used to detect entanglement
in two-qubit states. The most widely used is the Peres-Horodecki criterion [48–50],
which provides a necessary condition for a given quantum system to be separable.
It states that, if a state ρ is separable, then its partial transpose with respect to
the second subsystem, defined as

ρTB =
∑
n

pnρ
A
n ⊗ (ρBn )T (2.3.8)

must remain a positive semi-definite operator, namely ρTB ≥0. Conversely, if
ρTB has at least one negative eigenvalue the state is entangled. The statement
equivalently holds for the partial transpose of the first subsystem. For two-qubit
(2 × 2) and qubit-qutrit (2 × 3) systems, the Peres-Horodecki criterion is both a
necessary and sufficient condition for separability and it’s possible to completely
characterize entanglement.

Another sufficient condition for entanglement [51] can be derived by expanding
Eq. 2.3.3 and applying the Peres–Horodecki criterion. It is given in terms of the
elements of the correlation matrix C, specifically

∆ ≡ −C33 + |C11 + C22| − 1 > 0. (2.3.9)

As a consequence, also −tr[C] > 1 provides a sufficient condition for entanglement.
While the previous criteria provide tests to determine whether a state is entangled,
they do not quantify the amount of entanglement present. A quantitative measure
of entanglement is given by the concurrence, defined as

C[ρ] = max(0, λ1 − λ2 − λ3 − λ4) (2.3.10)

where λi are the eigenvalues, from the biggest to the smallest, of the matrix√√
ρ(σ2 ⊗ σ2)ρ∗(σ2 ⊗ σ2)

√
ρ (2.3.11)

where ρ∗ is the complex-conjugate of the density matrix ρ. For a pair of qubits,
0 ≤ C[ρ] ≤ 1 and the necessary and sufficient condition for entanglement is given
by C[ρ] > 0. This implies that ρ is maximally entangled if C[ρ] = 1.

2.3.2 Magic

Quantum magic is a quantity that is introduced in the context of quantum compu-
tation. In this field, fundamental processing units are quantum circuits, which are
structured as sequences of unitary operations U , acting on an initial state |ψin⟩ of
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n input qubits as U |ψin⟩ = |ψin⟩. This multi-qubit state |ψin⟩ is defined in a 2n-
dimensional Hilbert space and built from the tensor product of individual qubits
|ψi⟩ as

|Ψin⟩ = |ψ1⟩ ⊗ |ψ2⟩ ⊗ · · · ⊗ |ψn⟩. (2.3.12)

The unitaries U , commonly referred to as quantum gates, are the building blocks
of any quantum algorithm, which is a sequence of operations designed to solve
computational problems encoded within the input qubits. The key feature of such
an algorithm is to exploit quantum superposition and entanglement, which are
manipulated to generate correlations that cannot be reproduced classically and
may lead to a computational advantage. An example is the Shor’s algorithm
[52], which provides an exponential speedup for integer factorization compared to
classical supercomputers.

However, it has been observed that entanglement alone is not sufficient to
guarantee a computational advantage. In fact, according to the Gottesman-Knill
theorem [53], certain maximally entangled states, known as stabiliser states, can
be efficiently simulated classically and therefore do not provide any improvement
in computational efficiency. Stabiliser states are multi-qubit states |ψ⟩ that give
a simple spectrum for a restricted set of operators, known as Pauli strings3 and
defined as

Pn = P1 ⊗ P2 ⊗ · · · ⊗ Pn, Pi ∈ {I2, σ1, σ2, σ3} (2.3.13)

where each Pi acts on a qubit. For a n-qubit state, the number of Pauli strings is
4n. The Pauli spectrum for a generic multi-qubit state |ϕ⟩ is given by

spec(|ϕ⟩) ≡ {⟨ϕ|P |ϕ⟩ , P ∈ Pn} (2.3.14)

with 4n total elements. For a stabiliser state |ψ⟩, the expectation values ⟨ψ|P |ψ⟩
are restricted to the discrete set {0,±1}, with 2n non-zero values.

The ”extra” ingredient needed for efficient quantum computing has been re-
ferred to as magic and quantifies the non-stabiliserness of a quantum state, thereby
quantifying the potential computational advantage over classical states. One
widely used definition is given by the Stabiliser Rényi Entropies (SREs) [54], de-
fined as

Mq ≡
1

1 − q
log2(ζq), ζq ≡

∑
P∈Pn

⟨ψ|P |ψ⟩2q

2n
(2.3.15)

where q ≥ 2 is an integer that indicates the specific Rényi entropy of the set. For a
stabiliser state, ζq = 1, which implies Mq = 0. In Section 2.5.6, the focus will be on
the Second Stabiliser Rényi Entropiy M2, which is sufficient to quantify non-zero

3Formally, a Pauli string is an element of the Pauli group, which includes the phase factors
{±1,±i}.
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magic. Given that ⟨ψ|P |ψ⟩ = tr[Pρ], it can be expressed for a mixed two-qubit
state (n = 2) as

M2(ρ) = − log2

(∑
P∈P2

tr4[Pρ]∑
P∈P2

tr2[Pρ]

)
, (2.3.16)

where the set of Pauli strings P2 contains 42 = 16 elements and is defined as

P2 = {I2 ⊗ I2, I2 ⊗ σi, σj ⊗ I2, σi ⊗ σj | i, j = 1, 2, 3}. (2.3.17)

The quantity M2 is bounded by 0 ≤ M2(ρ) ≤ log2(2
n + 1)|n=2 = 1.32 [55], where

M2 = 0 if ρ is a stabiliser state.

2.4 Quantum state tomography

The evaluation of expectation values of arbitrary quantum observables generally
requires complete knowledge of the quantum state.

In classical information, the output of a measurement corresponds to a definite
value and the information is stored in bits, which represent well-defined states.
In contrast, quantum information is encoded in the coefficients of the linear su-
perposition appearing in Eq. 2.1.1. Given that the act of measurement causes
the state to collapse to one of the basis states, as discussed in Section 2.2, the
output is obtained only probabilistically. As a consequence, the coefficients of the
superposition, which fully characterize the state, cannot be assessed in a single
measurement, but must be inferred from repeated measurement on an ensemble
of identically prepared states.

This reconstruction procedure is known as quantum state tomography and relies
on a carefully chosen set of observables, whose measurement statistics provide
sufficient information to determine all the independent parameters of the density
matrix. The concept is first introduced here through a general formalism for a
single qubit, followed by the two-qubit case using the specific parametrization of
the Fano-Bloch expansion.

For a single qubit, Eq. 2.2.10 can be rewritten as

ρ =
3∑

α=0

cασ
α (2.4.1)

where the set {σα}3α=0, with σ0 = I2, forms a complete basis of operators for C2.
The Pauli matrices satisfy the orthogonality relation tr[σασβ] = δαβ, which allows
the coefficients cα to be expressed in terms of the expectation value ⟨σα⟩ of the
basis operators, which from Eq. 2.2.5 is given by tr[ρσα]. Indeed

tr[ρσα] = tr

[ 3∑
β=0

cβσ
βσα

]
= 2cα ⇒ cα =

tr[ρσα]

2
. (2.4.2)
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In practice, the expectation values ⟨σα⟩ can be estimated as statistical averages of
the measurements outcomes of the observables σα, where the measurements are
performed on an ensemble of identically prepared copies of the state ρ. In this way,
the coefficients cα can be determined, allowing for the complete reconstruction of
the density matrix ρ. In particular, the Bloch vector components in Eq. 2.2.10
are given by Bi = ⟨σi⟩ = tr[ρσi] and, for a spin-1

2
particle, represent the spin

polarizations and completely define the quantum state.
This idea can be easily generalized for the case of two qubits. Starting from

Eq. 2.3.3, the coefficients BA
i , BB

i and Cij are directly measured as expectation
values of local and bilocal Pauli operators. The corresponding expressions are
given by

BA
i = ⟨σi ⊗ I2⟩ = tr[(σi ⊗ I2)ρ]

BB
i = ⟨I2 ⊗ σi⟩ = tr[(I2 ⊗ σi)ρ]

Cij = ⟨σi ⊗ σj⟩ = tr[(σi ⊗ σj)ρ]

(2.4.3)

where the set of observables of interest is {σi ⊗ I2, I2 ⊗ σi, σi ⊗ σj}. Measuring
these observables on identically prepared two-qubit states, and averaging over the
outcomes, enables the reconstruction of the density matrix ρ. In the context of
the tt̄ system, as discussed in Section 2.3, the Bi terms represent the individual
spin polarizations of top and antitop quarks, while the Cij are the spin correlation
coefficients. Specifically, the spin operators for qubit states are defined as

S1 =
1

2
σ1, S2 =

1

2
σ2, S3 =

1

2
σ3, (2.4.4)

which means that

⟨SA⟩ =
1

2
BA, ⟨SB⟩ =

1

2
BB, ⟨SASB⟩ =

1

4
C, (2.4.5)

where ⟨S⟩ ≡ ⟨S ⊗ I2⟩ and SA, SB are the spin operators of the qubits A,B respec-
tively.

2.5 Quantum tomography applied to the tt̄ system

The top quark, being a spin-1/2 particle, can be described as a qubit (Section 2.1).
Its unique properties, presented in Section 1.2, allow direct experimental access
to its spin information, making the tt̄ system an ideal two-qubit system to study
at the TeV scale. This section presents the theoretical framework of the tt̄ spin
density matrix and its reconstruction from the angular distributions of the decay
products using the quantum tomography technique discussed in Section 2.4. Spin
correlation coefficients are then used to construct entanglement measures for the
tt̄ system and related quantum observables.
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2.5.1 Top quark polarization and tt̄ spin correlations

One of the unique features of the top quark is that it decays before its spin prop-
erties can be altered by QCD interactions, so that spin information is preserved
and encoded in the angular distributions of its decay products. In this section, the
spin polarization and spin correlations quantities are introduced, as these concepts
will be used throughout the following parts.

The polarization of the top quark describes the average orientation of its spin
along a chosen quantization axis and is defined as

P =
N↑ −N↓

N↑ +N↓
(2.5.1)

where N↑,↓ denotes the number of events with spin aligned and anti-aligned with
the reference axis, respectively. At the LHC, top quarks produced via QCD interac-
tions are essentially unpolarized at leading order in the Standard Model, although
polarization can arise in some new physics scenarios.

Any observable sensitive to the top quark polarization is referred to as a po-
larimeter. Experimentally, the polarization of the top quark is accessed through
the angular distribution its daughter particles, as will be explained more deeply in
Section 2.5.3. In this context, the decay products of the top quark serve as nat-
ural polarimeters, as their emission directions are correlated with the spin of the
parent quark. The strength of this correlation is quantified by a parameter known
as spin analyzing power α, which ranges from −1 to +1, corresponding to maxi-
mal anti-alignment and maximal alignment with the spin direction, respectively.
Charged leptons arising from t → Wb → ℓνb are perfect polarimeters, as their
spin analyzing power is given by (αℓ± ≈ ±1). The same holds for the d, s quarks
from hadronic W decay. The spin analyzing power for different decay products of
the top quark are summarized in Table 4.

Particle α
b −0.3925
W+ 0.3925
ℓ+ 0.999
d̄, s̄ 0.9664
u, c −0.3167

Table 4: Spin analyzing power α for different decay products of the top quark. The
sign of α flips for the respective antiparticles.

Although tt̄ pairs produced in hadron collisions at the LHC are unpolarized,
the spins of the top and antitop are correlated. Near production threshold, QCD
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predicts that qq̄ annihilation produces a spin-triplet 3S1 state with aligned spins,
while gg fusion yields a spin-singlet 1S0 state with opposite spin alignment. At
the LHC, where gg fusion is the dominant production mechanism, antiparallel
configurations prevail near threshold. These spin correlations are also relevant in
the context of toponium for which, as discussed in Section 1.2.4, the spin-singlet
ηt is expected to be the dominant tt̄ bound state in this region. At large tt̄
invariant masses at the LHC, however, production is mainly driven by gluons with
opposite helicities, giving rise to spin-aligned top pairs analogous to those from qq̄
annihilation [56].

The spins of the top and antitop quarks are correlated with a strength depend-
ing on the spin quantisation axis. The spin correlation coefficients Cij are defined
as

Cij =
N↑↑ +N↓↓ −N↑↓ −N↓↑

N↑↑ +N↓↓ +N↑↓ +N↓↑
(2.5.2)

where the first arrow represents the alignment (↑) or disalignment (↓) of the top
quark spin along a chosen quantization axis (such as i), and the second arrow
represents the same for the antitop quark. Therefore, they quantify the correlation
between the i-th component of the top spin and the j-th component of the antitop
spin and are bounded by −1 ≤ Cij ≤ 1. They are fully encoded in a 3 × 3 matrix
C, which depends on the tt̄ production mechanism, on mtt̄ and on the top quark
scattering angle, as will be seen in Section 2.5.2.

2.5.2 Spin density matrix

The quantum state of the tt̄ pair produced at hadron colliders depends on the
kinematics of the system. The production is fully characterized by the invariant
mass mtt̄ and the direction k̂ of the top quark in the tt̄ rest frame. Momentum
conservation implies that the top and antitop four-momenta can be written as

kµt = (Et, k⃗) , kµt̄ = (Et,−k⃗). (2.5.3)

Both particles satisfy the on-shell condition k2t = k2t̄ = m2
t , where k2 ≡ kµkµ. The

invariant mass of the pair in the tt̄ rest frame is given by

m2
tt̄ = (kµt + kµt̄ )2 = 4E2

t = 4(m2
t + k⃗2) . (2.5.4)

By relating the top quark momentum to its velocity β through

|⃗k| =
mtβ√
1 − β2

, (2.5.5)

it is possible to obtain

β =

√
1 − 4m2

t

m2
tt̄

, (2.5.6)
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where β = 0 (mtt̄ = 2mt) corresponds to the production at threshold.
For fixed (mtt̄, k̂) kinematics, the spin density matrix of tt̄ production can be

decomposed into the corresponding top and antitop subspaces as

R(mtt̄, k̂) = Ã I4 +
∑
i

(
B̃+

i σ
i ⊗ I2 + B̃−

i I2 ⊗ σi

)
+
∑
i,j

C̃ij σ
i ⊗ σj (2.5.7)

where the i, j indices represent the axes with respect to the projection of the spin
is evaluated and {Ã, B̃±

i , C̃ij} are called Fano coefficients, which depend on the
kinematics of the process and on the choice of the spin quantization basis. This
form is clearly similar to the two-qubit state ρ in Eq. 2.3.3. However, while ρ
depends on 15 independent parameters, the production matrix R is characterized
by 16 parameters since the normalization condition is not satisfied. Indeed, tr[R] =
4Ã, where Ã is the additional coefficient. Specifically, it determines the differential
cross section for a given energy and top quark direction,

dσ

dΩk̂dmtt̄

=
α2
sβ

m2
tt̄

Ã(mtt̄, k̂) (2.5.8)

where Ωk̂ is the solid angle associated to k̂ direction and αS the strong coupling

constant. Upon normalization, the properly defined density matrix ρ(mtt̄, k̂) is
recovered, together with the correct spin polarization and correlation coefficients:

ρ(mtt̄, k̂) =
R

tr(R)
=

R

4Ã
, B±

i =
B̃±

i

Ã
, Cij =

C̃ij

Ã
. (2.5.9)

In this form, the density matrix is directly related to measurable quantities:
B±

i , Cij. Here, B±
i represents the spin polarization along the axis i, while the

ij-entry of the matrix C represents the spin correlation between the i-th compo-
nent of the top quark spin and the j-th component of the antitop quark spin.

At hadron colliders, tt̄ production proceeds through different initial partonic
channels. Consequently, even for fixed kinematics (mtt̄, k̂), the spin state of the tt̄
system is a statistical mixture of the contributions from these channels,

ρ(mtt̄, k̂) =
∑

I=qq̄,gg

wI(mtt̄, k̂) ρI(mtt̄, k̂) (2.5.10)

where the weights wI encode the information on the parton distribution functions
and are determined by the corresponding partonic luminosities [51]. The total
quantum state in a finite region Π of phase-space can be reconstructed as

ρ =

∫
Π

dmtt̄ dΩ p(mtt̄, k̂) ρ(mtt̄, k̂) (2.5.11)
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where p(mtt̄, k̂) is the is normalized differential production cross section, defined
as

p(mtt̄, k̂) =
1

σΠ

dσ

dΩdmtt̄

, σΠ ≡
∫
dΩdmtt̄

dσ

dΩdmtt̄

. (2.5.12)

2.5.3 Reconstruction of the spin density matrix from decay products

This section establishes the connection between the spin quantum state of the
tt̄ system and measurable kinematic distributions, together with the extraction
of the spin correlation coefficients. Experimentally, although the spin of the top
quark cannot be directly measured, its extremely short lifetime ensures that it
decays before hadronizing and well before QCD effects can alter its spin state
(Section 1.2). Consequently, its spin information is immediately transferred to the
decay products and can be inferred from their angular distributions, in which it is
encoded.

As discussed in the previous sections, a quantum measurement of a single event
does not provide sufficient information to determine the underlying spin state.
Therefore, to fully reconstruct the two-qubit spin density matrix of the tt̄ system,
a statistical analysis over many pp collision events is required. This reconstruction
is performed using quantum tomography (Section 2.4), which allows the matrix
elements to be extracted as expectation values of angular observables defined in
the top quark rest frame.

To relate the production spin density matrix to measurable quantities, it must
be combined with the decay spin density matrices of the top and antitop quarks. In
the narrow-width approximation (Γt ∼ 1 GeV ≪ mt) and at a fixed center-of-mass
energy

√
s, the differential cross section for the full process

pp→ tt̄→ FF̄

can be factorized into production and decay contributions as [57, 58]

dσFF̄ ∼
∑

αα′,ββ′

Rαβ,α′β′(mtt̄, k̂)ΓF
α′αΓ̄F̄

β′β = tr

[(
ΓF ⊗ Γ̄F̄

)
R(mtt̄, k̂)

]
. (2.5.13)

Here, ΓF
α′α and Γ̄F̄

β′β denote the decay spin density matrices of the top and anti-
top quarks, evaluated in the respective rest frames. The indices α(α′) and β(β′)
label the respective spin in the production (decay) state, while F (F̄ ) represents
the specific final state of the top (antitop) decay. The information contained in
R(mtt̄, k̂) (Eq. 2.5.7) is therefore encoded in the joint angular distributions of the
decay products. If all final-state degrees of freedom are integrated out except for
the direction of a selected daughter particle, denoted with a for the top and with
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b for the antitop, the decay density matrices can be expressed as [56]

ΓF → Γa =
1

2

(
I2 + αa

∑
i

q̂iaσ
i

)

Γ̄F̄ → Γ̄b =
1

2

(
I2 + αb

∑
i

q̂ibσ
i

) (2.5.14)

where σi are the Pauli matrices, q̂a,b are the unit vectors specifying the direc-
tions of the decay products in the respective parent rest frames and αa,b are the
corresponding spin analyzing powers defined in Section 2.5.1. In this form, once
inserted into the full factorized cross section, the decay matrices project the top
and antitop spin states onto the directions q̂a and q̂b, thereby translating the spin
information into measurable angular observables. For fixed kinematics (dmtt̄, dΩk̂),
the differential cross section describing the joint angular distribution of a and b
can indeed be written as

dσ

dΩadΩbdmtt̄dΩk̂

∼ α2
Sβ

m2
tt̄

tr

[(
Γa ⊗ Γ̄b

)
R(mtt̄, k̂)

]

∼ α2
Sβ

m2
tt̄

[Ã+ αaB̃
+ · q̂a + αbB̃

− · q̂b + αaαbq̂a · C̃ · q̂b]

(2.5.15)

where Ωa,b,Ωk̂ denote the solid angles associated with the directions q̂a,b, k̂, re-
spectively. Finally, integrating over all possible top directions and center-of-mass
energies yields the normalized total differential cross section

1

σ

dσ

dΩadΩb

=
1 + αaB

+ · q̂a + αbB
− · q̂b + αaαbq̂a · C · q̂b

(4π)2
(2.5.16)

which describes the angular distribution of the tt̄ decay products. The vectors
B± and the matrix C represent the kinematically averaged counterparts of the
quantities B̃± and C̃ introduced at fixed (mtt̄, k̂) and correspond to the physically
observable polarization vectors and spin correlations matrix of the top and antitop
quarks. This expression makes explicit how these coefficients can be extracted from
measured angular distributions, thereby enabling the reconstruction of the tt̄ spin
density matrix from experimental data.

The solid angle element dΩa,b is defined as dΩx = d cos θx dϕx (with x = a, b),
where θx is the polar angle of the decay product x in the parent rest frame, defined
with respect to a certain direction î through

cos θix ≡ q̂x · î (2.5.17)
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while dϕx is the corresponding azimuthal angle. By integrating over the azimuthal
angle, one obtains the relation

1

σ

d2σ

d(cos θia)d(cos θjb)
=

1

4
(1 + αaB

+
i cos θia + αbB

−
j cos θjb + αaαbCij cos θia cos θjb).

(2.5.18)
Further integration over one of the angles yields the single-differential cross sections
with respect to cos θia, cos θib and the product cos θia cos θjb :

1

σ

dσ

d(cos θia)
=

1

2
(1 + αaB

+
i cos θia)

1

σ

dσ

d(cos θib)
=

1

2
(1 + αbB

+
i cos θib)

1

σ

dσ

d(cos θia cos θjb)
= −1

2
(1 + αaαbCij cos θia cos θjb) log | cos θia cos θjb |.

(2.5.19)

Finally, the coefficients B±
i , Cij can be extracted from the angular distributions of

Eq. 2.5.19 through suitable expectation values. Defining the expectation value of
a variable x as

⟨x⟩ =

∫ 1

−1

dx
1

σ

dσ

dx
x (2.5.20)

the polarization coefficients for the top and antitop quarks are obtained as

B+
i =

3

αa

⟨cos θia⟩, B−
i =

3

αb

⟨cos θib⟩, (2.5.21)

where −1 ≤ B±
i ≤ 1. Similarly, the spin correlation coefficients for the tt̄ pair are

given by

Cij =
9

αaαb

⟨cos θia cos θjb⟩ (2.5.22)

where −1 ≤ Cij ≤ 1. Therefore, through the kinematic reconstruction of the tt̄
system, the angular observables cos θix can be measured, allowing the extraction
of the coefficients B±

i , Cij and thus the determination of the spin properties of the
tt̄ system. The use of this technique is well-established and has been employed by
the ATLAS, CMS and previous collaborations to perform the measurement of the
coefficients, as shown in Section 2.5.1.

2.5.4 The helicity basis

In 2.5.7 the indices i, j label the spatial directions along which the spin projections
are defined. The explicit determination of the spin polarization and correlation
coefficients, B±

i and Cij, requires the choice of a specific spin quantization basis.
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Figure 2.5.1: Geometry of tt̄ production in the pair’s rest frame. The helicity basis is
shown: k̂ lies along the top quark momentum, n̂ is normal to the production plane (k̂, p̂)
and r̂ is orthogonal to k̂ within the (k̂, p̂) plane. The angle θ denotes the scattering angle
relative to the beam axis p̂.

A natural and convenient choice is the orthonormal helicity basis, defined in
the tt̄ rest frame co-moving with the top quark. It is a right-handed coordinate
system given by the set of unit vectors {k̂, r̂, n̂}, defined as

k̂ = direction of the top quark in the tt̄ rest frame

r̂ =
1

r
(p̂− y k̂)

n̂ = k̂ × r̂

(2.5.23)

where p̂ is the direction of one of the proton beams, r = sgn(y)
√

1 − y2 and

y = k̂ · p̂ = cos θ gives the top scattering angle with respect to the beam. A
schematic representation of this basis is provided in Figure 2.5.1. This choice
simplifies the spin density matrix R(mtt̄, k̂), whose dependence is reduced to θ and
β only, where the latter is the velocity of the top quark in the tt̄ rest frame.

The advantage of the helicity basis lies in its invariance under boosts along the
particle momentum directions. Although top and antitop spins are strictly defined
in their rest frames, they can be related to those in the tt̄ center-of-mass frame
via a Lorentz boost along the top momentum direction k̂, which preserves the
orientation of the helicity axis. This is very useful when computing the angular
observables of Eq. 2.5.17, defined in the top rest frame. For this reason, it is
adopted in this thesis, as discussed in Section 3.2.3.

2.5.5 Entanglement in tt̄ production

In pair production, top and antitop quarks exhibit spin correlation patterns. Al-
though correlations can in principle be explained by classical physics, certain
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stronger forms of correlations, specifically entanglement, cannot. These quan-
tum correlations can be investigated through the spin density matrix defined in
Eq. 2.5.9 and they are entirely encoded in the matrix C, which is used to compute
the quantum observables of interest. It is relevant to note that, according to the
separability condition in Eq. 2.3.5, if all substates ρ(mtt̄, k̂) are separable, then the
total quantum state defined in Eq. 2.5.11 is also separable.

The spin density matrix can be simplified at LO as already discussed in Section
2.5.1. First, the top and antitop quarks at LO are produced unpolarized, namely
B±

i = 0, reducing the structure to

ρ =
1

4

(
I4 +

3∑
i,j=1

Cij σ
i ⊗ σj

)
. (2.5.24)

Then, C is symmetric at LO, namely Cij = Cji. Hence by means of local rotations
in spin space, it can be diagonalized without affecting entanglement properties.
Under these assumptions, the number of independent parameters is reduced from
15 to 6. Furthermore, at the LHC, it is a good approximation to consider only
the diagonal elements and one off-diagonal (C12 = C21, even though of ∼ O(10)
smaller) as non-zero, which reduces the number of relevant parameters even further
to 4 [59]. The diagonal elements of the spin correlation matrix, evaluated in the
helicity basis, are illustrated in the (mtt̄, cos θ) plane in Figure 2.5.2. As evident,
spin correlations are stronger in two regions: at threshold and at very high invariant
masses for | cos θ| ≲ 0.4.
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Figure 2.5.2: Parton-level distributions of the spin correlation coefficients Ckk (left),
Crr (center) and Cnn (right) in the helicity frame as functions of (mtt̄, cos θCM ≡ cos θ)
[60].

With the simplified structure of the tt̄ spin density matrix, Eq.2.3.9 becomes
a sufficient and necessary criterion for entanglement. In the helicity basis it is
expressed as

∆ ≡ −Cnn + |Ckk + Crr| − 1 > 0 (2.5.25)
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with the concurrence (2.3.10) simply given by

C[ρ] =
max(∆, 0)

2
. (2.5.26)

Two quantities similar to Eq. 2.5.25 can be derived for the initial partonic sub-
states ρI(mtt̄, k̂). For gg fusion [51],

∆gg =


2 − 4β2(1 + sin2 θ) + 2β4(1 + sin4 θ)

1 + 2β2 sin2 θ − β4(1 + sin4 θ)
, if β2(1 + sin2 θ) < 1

2β4(1 + sin4 θ) − 2

1 + 2β2 sin2 θ − β4(1 + sin4 θ)
, if β2(1 + sin2 θ) ≥ 1

(2.5.27)

This condition defines two boundaries in phase space that separate the regions
of separability and entanglement. As a result, ρgg(mtt̄, k̂) is separable in a finite
region of phase space, while entanglement is present at tt̄ production threshold
and at very high energies, as shown in the first plot (a) in Figure 2.5.3. The origin

Figure 2.5.3: Entanglement as a function of mtt̄ and the production angle θ in the
tt̄ rest frame, quantified by the concurrence (Eq. (2.5.26)) of the spin density matrix
ρI(mtt̄, k̂) for a) gg fusion and b) qq̄ annihilation. Concurrence of the spin density
matrix ρ(mtt̄, k̂) with both partonic contributions is shown in c). Black lines represent
the boundaries between separability and entanglement. All plots are symmetric under
the transformation θ → π − θ [51].

of this behavior lies in the spin polarizations of the initial gluon pair, that can
align in different directions, thereby producing the tt̄ pairs in distinct spin states:

• spin-singlet states at threshold, maximally entangled:

ρgg(2mt, k̂) = |ϕ0⟩ ⟨ϕ0| , |ϕ0⟩ =
|↑↓⟩ − |↓↑⟩√

2

• spin-triplet states at very high energies, maximally entangled:

ρgg(∞, n̂× p̂) = |ϕ∞⟩ ⟨ϕ∞| , |ϕ∞⟩ =
|↑↓⟩ + |↓↑⟩√

2
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where the ↑, ↓ indicate the alignment or anti-alignment of the spin with respect to
n̂ direction. For qq̄ annihilation, a similar condition ∆qq̄ is obtained,

∆qq̄ =
β2 sin2 θ

2 − β2 sin2 θ
≥ 0 (2.5.28)

In this case, entanglement is found in the very high energy regime, as shown in
the second plot (b) in Figure 2.5.3, together with plot (c) studying entanglement
for the spin density matrix ρ(mtt̄, k̂) (see Eq. (2.5.10)), where both contributions
are considered. Given the dominance of gg fusion in tt̄ production at the LHC,
namely wgg(mtt̄, k̂) ≫ wqq̄(mtt̄, k̂), plots (a) and (c) are very similar.

The application of the Peres-Horodecki separability criterion (Eq. (2.3.8)) to
the tt̄ spin density matrix leads to four sufficient conditions for entanglement in-
volving the diagonal spin correlation coefficients [59]. Specifically, four entangle-
ment markers can be defined accordingly as in Ref. [14]

D(1) =
1

3
(Ckk + Crr + Cnn) (2.5.29)

D(k) =
1

3
(Ckk − Crr − Cnn) (2.5.30)

D(r) =
1

3
(−Ckk + Crr − Cnn) (2.5.31)

D(n) =
1

3
(−Ckk − Crr + Cnn) (2.5.32)

where D(1) and D(n) are optimal entanglement markers at threshold and in the
high-energy regime, respectively. From Eq. 2.3.10, the concurrence can be ex-
pressed as

C[ρ] =
max(0,−1 − 3Dmin)

2
(2.5.33)

with Dmin being the smallest coefficient of the four. Entanglement is present if
any of the markers satisfies D < −1

3
. The conditions for entanglement involving

D(1) and D(n) are equivalent to Eq. (2.5.25).
The quantities D(1) and D(n) can be probed in an alternative way rather than

from the spin correlation coefficients. In particular, they can be directly measured
from the differential cross section characterizing the angular separation between
the decay products of the tt̄ pair as

1

σ

dσ

d cos θab
=

1

2
(1 + αaαbD

(1) cos θab) (2.5.34)

1

σ

dσ

d cos θ′ab
=

1

2
(1 + αaαbD

(n) cos θ′ab). (2.5.35)
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Here, θab is the opening angle between the directions of the daughter particles
(cos θab = q̂a · q̂b), each defined in the respective parent rest frame. The variable θ′ab
represents, instead, the opening angle between the direction q̂a and a reflection of q̂b
in (k̂, r̂) plane, defined as Pn̂ = diag(−1,−1, 1). It is therefore given by cos θ′ab =
q̂a · Pn̂q̂b and implies that D(n) = Pn̂D

(1). Experimentally, both entanglement
measures can be obtained as averages over the corresponding angular distributions,
namely

D(1) =
3

αaαb

⟨cos θab⟩, D(n) =
3

αaαb

⟨cos θ′ab⟩ (2.5.36)

following the quantum state tomography approach used for B± and C in Sec-
tion 2.5.3.

2.5.6 Magic in tt̄ production

In this section, the quantum magic observable presented in Section 2.3.2 is consid-
ered in the context of tt̄ pair production. To quantify the non-stabilizerness of the
tt̄ system spin state, M2 for two-qubit mixed states (see Eq. (2.3.16)) is adopted.
It is relevant to recall that this quantity is bounded by 0 ≤ M2(ρ) ≤ 1.32 and
that M2 = 0 if ρ is a stabiliser state. Starting from the tt̄ spin density matrix of
Eq. (2.5.9) and using the Pauli strings defined above, the numerator of Eq. 2.3.16
is computed as

∑
P∈P2

tr4[Pρ] = tr4[ρ] +
3∑

i=1

tr4[(σi ⊗ I2)ρ] +
3∑

j=1

tr4[(I2 ⊗ σj)ρ] +
3∑

i,j=1

tr4[(σi ⊗ σj)ρ],

(2.5.37)
which using the identities in Eq.2.4.3 becomes

∑
P∈P2

tr4[Pρ] = 1 +
3∑

i=1

(
(B+

i )4 + (B−
i )4
)

+
3∑

i,j=1

(Cij)
4. (2.5.38)

The denominator is derived using the same procedure, yielding the final expression
for magic as

M2(ρ) = − log2

(
1 +

∑3
i=1

[
(B+

i )4 + (B−
i )4
]

+
∑3

i,j=1(Cij)
4

1 +
∑3

i=1

[
(B+

i )2 + (B−
i )2
]

+
∑3

i,j=1(Cij)2

)
. (2.5.39)

At LO in QCD, the same assumptions on the polarization vectors of Section 2.5.5
can be taken, reducing the previous expression to

M2(ρ) = − log2

(
1 +

∑3
i,j=1(Cij)

4

1 +
∑3

i,j=1(Cij)2

)
. (2.5.40)
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Since the tt̄ spin density matrix is constructed from the additive contributions
of the underlying partonic production mechanisms (2.5.10), the magic observable
M2(ρ) of Eq. 2.5.39 can be evaluated for each initial state I ∈ {gg, qq̄} indepen-
dently, as previously done for entanglement. This makes it possible to see how
each specific interaction contributes to the non-stabilizerness of the system, recall-
ing that at the LHC the dominant contribution is from gg fusion. The distribution
of M2 in the (cos θ, β) plane for both production modes is shown in Figure 2.5.4.
In both cases, the distribution of magic across the phase space differs significantly

Figure 2.5.4: Magic as a function of β and z = cos θ, with θ being the production angle,
in the tt̄ rest frame for gg fusion (left), qq̄ annihilation (middle) and both partonic
contributions (right) [61].

from that of concurrence, shown in Figure 2.5.3. Specifically, magic is concen-
trated away from extreme kinematic limits, such as threshold and high-energy
regions. This behavior reflects the tendency of the tt̄ final state to approach sta-
bilizer states, which are either separable or maximally entangled. Consequently,
regions of high magic often correspond to low concurrence, expressing the neces-
sity of both quantities for quantum computational advantage. Given that magic
is a non-linear quantity, its distribution across phase space for the combined gg
and qq̄ initial states (Figure 2.5.4, right panel) cannot be obtained as a simple
weighted sum of the individual contributions, unlike concurrence or other linear
measures of entanglement. The combined pattern indicates that the final state is
non-stabiliser, and thus has non-zero magic, although this quantity still vanishing
in the region of high-invariant mass and forward production, similar to the gg
channel result.

The study of magic in tt̄ production proves that magic top quarks can be
produced at colliders. Although stabiliser states, and consequently magic, do not
have a clear meaning for particle physics yet, the LHC offers a unique laboratory to
investigate this quantity at high energies and, in general, to explore fundamental
properties of quantum mechanics that play a crucial role in quantum computation.
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2.5.7 Current status of spin and quantum measurements

Spin correlation coefficients Measurements of tt̄ spin correlations have been
performed at both the Tevatron and the LHC over the past decade, extracting the
spin information from the angular distribution of the decay products as discussed
in Section 2.5.3. At the Tevatron, the D0 and CDF collaborations provided the
first evidence for non-zero spin correlations in pp̄ collisions [62–65]. At the LHC,
the ATLAS and CMS collaborations have performed increasingly precise measure-
ments in pp collisions in both dileptonic [3–5, 7, 66, 67] and semileptonic channels,
confirming the Standard Model predictions up to next-to-leading order (NLO) in
QCD. The lepton+jets channel has been explored only recently by CMS [6], using
the full Run 2 dataset at

√
s = 13 TeV with and integrated luminosity of 138 fb−1.

The analysis has been performed both inclusively and differentially as a function of
the tt̄ invariant mass, the scattering angle | cos θ| and the transverse momentum of
the top quark pT . These observables, with appropriate selections, allow targeting
phase-space regions sensitive to entanglement and quantum magic (Figures 2.5.3,
2.5.4). The results in the inclusive case are shown in Figure 2.5.5 as compared to
SM predictions at NLO using different Monte Carlo generators.
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nP  ± 0.0036 0.0062

kP  ± 0.0143 0.0067
rrC  ± 0.028 0.017

nnC  ± 0.330 0.010

kkC  ± 0.305 0.020
+
nrC  ± 0.014 0.019
+
rkC  ± -0.208 0.035
+
nkC  ± 0.009 0.026
-
nrC  ± -0.016 0.017
-
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-
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(data, Powheg+P8)∆

 (13 TeV)-1138 fb

Figure 2.5.5: CMS results of the inclusive full spin density matrix measurement in the
semileptonic channel, compared to predictions from various Monte Carlo SM predictions
[6].

Magic The previous results have also been recently interpreted by the CMS
collaboration to derive the first measurement of magic in tt̄ pairs at colliders [10].
The results, in different kinematic regions defined by mtt̄ and | cos θ|, are shown in
Figure 2.5.6. Considering only the binning in mtt̄, the highest M2 is observed at
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Figure 2.5.6: First observations of magic M2 ≡ M̃2 2.5.39 in top quark pairs by the
CMS collaboration [10]. Results of M2 in bins of mtt̄ (left) and in bins of mtt̄ with
| cos θ| < 0.4 (right) are shown together with predictions from different MC generators.

the tt̄ production threshold and gradually decreases for higher invariant masses.
When imposing also | cos θ| < 0.4, the highest M2 is found in the boosted region.

Entanglement Spin correlations alone do not necessarily imply the presence
of quantum entanglement, as correlations may also arise from classical statistical
mixtures. Only recently has it been recognized that the same observables used to
measure spin correlations can be interpreted within the framework of quantum in-
formation theory, allowing direct tests of entanglement in the tt̄ system. The first
observation of quantum entanglement between top and antitop quarks at the LHC
was reported by the ATLAS collaboration, using dilepton final states from pp colli-
sions at

√
s = 13 TeV with 140 fb−1 of integrated luminosity [8]. The measurement,

probing the D(1) observable (Eq. 2.5.34), was performed in a narrow interval of
the tt̄ invariant mass near the production threshold, 340 < mtt̄ < 380 GeV, where
entanglement is predicted to be maximal (Figure 2.5.3). This restriction was nec-
essary to enhance the sensitivity to entanglement effects since previous inclusive
measurements of the CMS collaboration, averaged over all the phase space, yielded
values well above the entanglement limit, namely D(1) = −0.237 ± 0.011 > −1/3
[7]. Figure 2.5.7 (left panel) shows the ATLAS results for D(1) at particle level for
three kinematic regions, together with the SM predictions calculated with different
MC generators. The entanglement limit shown is a conversion from its parton-
level value of D = −1/3 to the corresponding value at particle level, in which the
cos θab angle (2.5.34) is modified by hadronization and showering effects. In the
threshold region, the measured value is

D(1) = −0.537 ± 0.002 (stat) ± 0.019 (stat)
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lying well below the separability bound and indicating entanglement with a very
high significance, exceeding 5σ. The regions 380 < mtt̄ < 500 GeV and mtt̄ < 500
GeV serve as validation regions to test the MC modeling of signal and background
and to test the analysis method to remove detector effects and reconstruct the sys-
tem. As expected, they do not signal entanglement. Regarding the high-boosted
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Figure 2.5.7: First observation of entanglement in tt̄ pairs by the ATLAS collaboration,
showing particle-level results for D(1) compared to SM predictions (left) [8]. Measured
entanglement D(1) values compared to MC predictions with and without the inclusion
of tt̄ bound-state (toponium) effects, performed by the CMS collaboration (right) [9].

region (mtt̄ > 800 GeV), it was the CMS collaboration that performed the first
measurement of quantum entanglement in tt̄ pairs [6], completing the picture in
both kinematic extremes.

Near threshold, the ATLAS results exhibits a discrepancy between the two
generators, as well as a tension between the data and SM predictions that is not
present at higher invariant masses, indicating stronger correlations than expected.
This suggests that the current modeling does not fully capture the dynamics of
tt̄ production in this region, requiring a more complete theoretical description at
threshold (Section 1.2.4). Building on this, CMS performed a measurement of
entanglement for mtt̄ < 340 GeV using tt̄ dileptonic events accounting for tt̄ quasi-
bound state effects in this region, modeled as a pseudoscalar resonance ηt [9].
The corresponding results are displayed in Figure 2.5.7 (right panel), showing the
measured values of D(1) and the predictions with and without the ηt contribution.
In both cases, entanglement is observed with a significance exceeding 5σ, but
agreement between data and predictions improves when the bound-state effects
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are included.
Building on the CMS results of Figure 2.5.7 and the excesses observed at thresh-

old in the differential cross section measurements by ATLAS and CMS (Section
1.2.4), dedicated studies of the tt̄ system in this region have been performed by the
two collaborations searching for evidences compatible with toponium formation.
These analyses exploit angular observables sensitive to the spin correlations and
quantum entanglement of the tt̄ system. In particular, the observables used are
chel and chan, which correspond to cos θab defined in Eq. 2.5.34 and cos θ′ab defined
Eq. 2.5.35, respectively. The chel distribution has a maximum slope for spin-singlet
states, being therefore useful to separate pseudoscalar effects from other contri-
butions. By contrast, chan has a maximum slope for a spin-triplet state. Both
collaborations have focused on dileptonic final states.

The CMS collaboration reported the observation of a cross section enhancement
near threshold compatible with the production of a colour-singlet pseudoscalar
state, as predicted by non-relativistic QCD [15]. The measured production cross
section is σ(ηt) = 8.8+1.2

−1.4 pb, corresponding to a significance exceeding 5σ. Figure
2.5.8 reports the observed mtt̄ distributions in three representative (chel, chan) bins
out of the nine considered in the analysis, showing agreement between data and
fixed-order perturbative QCD (FO pQCD) prediction of tt̄ that includes the ηt
signal model.
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Figure 2.5.8: Reconstructed mtt̄ distributions in three representative (chel, chan) bins,
as measured by the CMS collaboration. The data are shown as points with statistical
uncertainties, while the histograms represent the predicted contributions from tt̄ pro-
duction and background processes after the fit. The lower panels show the ratio of the
data to the prediction, with the fitted ηt signal contribution overlaid (red line). The
gray band indicates the post-fit uncertainty [15].

More recently, the ATLAS collaboration has reported consistent results, observ-
ing a similar threshold enhancement compatible with the formation of the same
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bound state [16]. The ATLAS analysis focuses on the region 300 < mtt̄ < 500 GeV
and uses a more complete model from NRQCD calculation. The corresponding
post-fit results are reported in Figure 2.5.9, showing the mtt̄ distribution in 9 bins
of (chel,chan), with an excess of observed events in the lowest mtt̄ bins, particu-
larly at large values of the angular variable chel. In this case, ATLAS measured
a cross section σ(ηt) = 9.3+1.4

−1.3 pb, with a significance exceeding 8σ. The results
from the two collaborations are in good agreement with each other and with theo-
retical predictions, providing strong evidence for the formation of a colour-singlet
pseudoscalar toponium state near the production threshold.
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Figure 2.5.9: Post-fit distributions of the reconstructed mtt̄ invariant mass in the nine
signal regions. The data are compared with the signal and background predictions. The
lower panels show the data-background difference and the data-to-prediction ratio [16].

All these results highlight the potential of collider experiments as a unique
testing ground for fundamental properties of quantum mechanics, connecting high-
energy physics with quantum information and computation fields and motivating
further studies to refine measurements and explore other aspects.

51



3 ANALYSIS OF SPIN CORRELATIONS IN THE tt̄ SYSTEM

3 Analysis of Spin Correlations in
the tt̄ system

This chapter presents the analysis performed for the first part of the thesis. This
stage focuses on the implementation of an analysis routine to reconstruct top and
antitop quarks from their decay products in the semileptonic and dileptonic chan-
nels, both at parton and particle level. The analysis is applied to simulated tt̄
Monte Carlo events. From the reconstructed events, the spin correlation coeffi-
cients of the tt̄ system are extracted and the quantum magic observable is built
from them.

3.1 Monte Carlo simulation

The dataset used in this analysis is generated using Monte Carlo (MC) simula-
tion, a computational method used to generate particle collision events according
to theoretical predictions. Detector smearing effects are not included in the simu-
lation.

The tt̄ sample is simulated at NLO in QCD using the POWHEG BOX v2 gener-
ator [68–70], a versatile software for simulating hard-scattering processes within
both the Standard Model and Beyond Standard Model (BSM) phenomenology.
The generated events are subsequently interfaced with Pythia [71], a program for
the simulation of parton showering, hadronisation processes and decay of unstable
particles. This stage is essential for obtaining a realistic description of the final
state as observed in real experiments. Pythia models both gluon emission and
electroweak radiation. The emission of virtual gluon from the coloured partons
involved in the hard scattering initiates parton showers, where each gluon can
subsequently radiate further gluons or split into qq̄ pairs. Electroweak radiation is
simulated by modelling photon emission from charged particles, which may gener-
ate additional leptons or quark pairs. The partons produced after the showering
stage are then bound into colourless hadrons through the hadronisation process.
The full event record is passed to the Rivet framework [72], as described in Section
3.2, which processes the events and computes observables at generator level.

The generated sample used in this study consists of approximately 110 000
events of hard scattered tt̄ pairs produced from pp collisions at the LHC with
a center-of-mass energy of

√
s = 13 TeV. These tt̄ pairs in turn decay in either

semileptonic or dileptonic final states (see Section 1.2.3). An additional tt̄ sample
including 690 000 dileptonic-only final states is generated with the same method, to
have more statistics in the dileptonic channel. For all samples, the top and antitop
quarks considered during the analysis are the last ones in the Phytia event record,
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taken after gluon radiation and right before their decay.

3.2 Rivet analysis implementation

This section describes the event selection and reconstruction strategy implemented
within the Rivet framework [72]. Rivet is a C++ framework that reads Monte Carlo
event records in the HEPMC format and provides the tools required to define
physics objects and apply analysis-level selection criteria.

The analysis workflow implemented in Rivet can be summarised as follows.
Events are first selected and classified based on their decay topology and according
to kinematic and fiducial requirements. The tt̄ system is then reconstructed at
parton or particle levels (see below). All relevant quantities of the top, antitop
and tt̄ system are finally written to ROOT [73] files, to be used in subsequent stages
of the tt̄ analysis. For example, distributions of angular observables related to the
spin properties of the top and antitop quarks are employed for the extraction of
spin correlation coefficients and the computation of quantum observables, such as
magic and entanglement.

The analysis is performed at two levels of Monte Carlo simulation: parton
level and particle level. At parton level, observables are directly reconstructed
from the top quarks and and their decay products taken from the generator event
record, after showering, without acceptance requirements on the final states, thus
allowing the full phase space to be explored. At particle level, the top quarks, and
consequently the observables, are built from semi-stable final-state particles after
hadronisation but prior to detector simulation. Physics objects, such as leptons
and jets, are reconstructed within a fiducial phase space using selection criteria
that closely mimic those applied in the experimental analysis (Section 3.2.1). This
ensures that particle-level results incorporate the effects of event selection and
reconstruction, while remaining directly comparable with parton-level predictions.
A comparison of the invariant mass of the tt̄ system between the parton and
particle level is shown in Figure 3.2.1.

In the analysis, semileptonic tt̄ final states are reconstructed both at parton
and particle level, while dileptonic final states are considered only at parton level.
For the semileptonic channel, the analysis is further split between the boosted and
resolved topologies that will be defined below.

3.2.1 Particle-level object definition

At particle level, physics objects, such as electrons, muons, jets and missing trans-
verse energy, are defined using semi-stable final-state particles from the Monte
Carlo event record. Kinematic acceptance requirements are chosen to reflect the
typical fiducial coverage of general-purpose LHC detectors, specifically ATLAS,
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Figure 3.2.1: Distribution of the invariant mass of the tt̄ system at parton and particle
level.

imposing selection criteria on the transverse momentum pT , the pseudorapidity η
and the angular separation ∆R between two particles in a detector (see Section
1.3.1).

Electrons and muons are reconstructed using the PromptFinalState projection
in Rivet, which selects leptons originating from the hard scattering process and
excludes those from hadron decays. Selected leptons are required to have a trans-
verse momentum pT > 27 GeV and lie within a pseudorapidity range of |η| < 2.5.
To account for final-state QED radiation, leptons are dressed by adding the four-
momentum of nearby prompt photons within a radius ∆R = 0.1. This provides a
more accurate representation of the lepton kinematics at particle level.

Jets are reconstructed by clustering all stable final-state particles using the
anti-kT algorithm [74] with a radius parameter of R = 0.4 and are required to
have pT > 26 GeV and |η| ≤ 2.5. Jets originating from b-quarks are identified via
b-tagging, requiring the presence of a b-hadron with pT > 5 GeV.

For high-momentum (boosted) hadronic top quarks, the decay products are
collimated and cannot be fully resolved using small-R jets. The angular separa-
tion ∆R of the decay products of a heavy particle with mass m and transverse
momentum pT can be approximated as

∆R ≈ 2m

pT
.

This implies that, for top quarks with pT ≳ 300 GeV, the decay products can be
contained within a single jet of radius R = 1.0. To reconstruct such large-R jets,
small-R jets (with pT > 30 GeV) are reclustered into R = 1.0 jets using the anti-kT
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algorithm. The b-tagging information from the small-R constituents is transferred
to the large-R jet.

To emulate the overlap removal procedure applied at detector level, leptons
found within ∆R of a jet with pT > 25 GeV are removed, ensuring a unique
identification of each object as either a jet or a lepton.

The missing transverse energy Emiss
T is computed from all visible particles in

the event and represents the momentum carried away by neutrinos, which escape
the detection. It is defined as

Emiss
T = −

∑
i

pT,i

where pT,i is the transverse momentum of the i-th detected particle. This quan-
tity is essential for reconstructing leptonic W boson decays and for estimating the
neutrino’s longitudinal momentum, which in turn is crucial for accurately recon-
structing the leptonic top quark kinematics, as discussed in Section 3.2.2.

3.2.2 Event selection and reconstruction of the tt̄ system

At parton level, events are required to contain exactly two top quarks (one t,
one t̄) and are classified into three decay topologies according to the number of
prompt leptons nlep among the decay products: all-hadronic if nlep = 0, semilep-
tonic if nlep = 1 and dileptonic if nlep = 2. All-hadronic events are rejected and
not considered in the analysis. These prompt leptons are identified directly in the
generator-level event record, which tracks the life of the top quark from its produc-
tion through various stages of radiation and decay. This ensures an unambiguous
assignment to the parent top or antitop. In semileptonic events, the top quark
whose decay contains the charged lepton is identified as the leptonic top, while
the other top quark is taken to be the hadronic one. Once the final states have
been classified, the four-momenta of the top and antitop quarks are then taken
from the parton-level record and the tt̄ system is reconstructed as the sum of their
four-momenta.

At particle level, the classification of the decay mode is taken from the parton
level and the physics objects defined in Section 3.2.1 are used to identify and recon-
struct the tt̄ system. The analysis is implemented for the semileptonic channel with
two selection strategies, which correspond to different kinematic regimes. The first
is optimized for the boosted topology (or merged topology), where high-momentum
top quarks produce collimated hadronic decay products that merge into a single
large-R jet (see Section 3.2.1). The second is designed for the resolved topology,
in which the three (or four) jets originating from the hadronic top quark decay are
sufficiently separated to be individually reconstructed. This strategy maximizes
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the reconstruction efficiency of tt̄ events across the full kinematic range. This is
also relevant for quantum entanglement studies: in tt̄ production, entanglement
is indeed expected to be present both near threshold and at high energies (see
Figure 2.5.3), making both the resolved and boosted topologies essential for its
observation. The two topologies are illustrated in Figure 3.2.2.

Figure 3.2.2: Resolved and boosted topologies in the hadronic top quark decay.

Firstly, a common pre-selection is applied. On the hadronic side, there must
be at least two small-R jets with pT > 26 GeV and |η| < 2.5. On the leptonic side,
all events are required to contain exactly one isolated charged lepton ℓ and satisfy
the following criteria:

• Emiss
T > 20 GeV;

• Emiss
T +mT (ℓ, Emiss

T ) > 60 GeV;

• m(ℓ, blep) < 180 GeV

where blep is the b-tagged jet closest in ∆R to the lepton and mT is the transverse

mass of the lepton-neutrino system, given bymT =
√

2pℓTE
miss
T (1 − cos ∆ϕ(ℓ, Emiss

T )).

After this preliminary selection, the reconstruction of the tt̄ system proceeds
by checking if the event meets the boosted topology, which targets events with
one small-R, b-tagged jet close to the lepton and at least one large-R jet. The
latter jet must satisfy all boosted top-tagging criteria: pT > 350 GeV, |η| < 2.0,
120 < mjet < 220 GeV and it must contain at least one b-tagged subjet. A
separation requirement of ∆R(large-R jet , ℓ) > 1.0 is imposed to avoid overlap
with the leptonically decaying top quark. The four-momentum of the large-R jet
reconstructs the hadronic top candidate in this topology.

Events failing the boosted selection criteria are evaluated using the resolved
topology, which requires explicit reconstruction of the hadronic W boson and top

56



3 ANALYSIS OF SPIN CORRELATIONS IN THE tt̄ SYSTEM

quark from individual jets. In this case, each event must contain at least four
small-R jets, of which exactly two must be b-tagged: the one closest to the lepton
is assigned to the leptonic side (blep) and the other to the hadronic side (bhad). The
hadronic W boson is reconstructed from light jets (not b-tagged) using either two-
or three-jets combinations:

• Two-jets case: for each pair of light jets {j1, j2}, the four-momenta of the
W boson and top quark candidates are found as pW = pj1 + pj2 and pthad =
pW + pbhad , respectively. From these, the masses mW and mt are computed.
The optimal combination is selected by minimizing the quantity

∆ = |mW − 80.4 GeV| + |mt − 172.5 GeV|

where each mass difference is evaluated with respect to the nominal mass
value.

• Three-jets case: for each triplet of light jets {j1, j2, j3}, the compatibility
with a hadronic W boson decay is checked by considering all possible two-jet
combinations among the three jets, including the full three-jet combination,
with invariant masses in the W mass window, 60 < mcomb < 100 GeV.
The top quark candidate is then reconstructed by combining the W boson
candidate with bhad, namely pthad = pW + pbhad . The optimal combination is
selected by minimizing only the top quark mass difference

∆t =
∣∣∣m(3)

t − 172.5 GeV
∣∣∣ ,

since in the three-jet combination the third jet might be associated with
gluon radiation and may distort the reconstructed W boson mass.

The overall optimal combination is then selected as the one yielding the smallest
mass difference, either ∆ or ∆t, over all possible two- and three-jet configurations.
The hadronic top candidate is then required to satisfy 120 < mthad < 220 GeV.
Events in which the best combination involves three light jets are subsequently
rejected, as the hadronic polarimeter reconstruction requires exactly two distinct
quark directions (Section 3.2.4).

The leptonic top quark candidate is reconstructed identically in both the boosted
and resolved topologies, by summing the four-momenta of the W boson and the
blep-jet. However, since only the transverse momentum of the neutrino is accessible
through the missing transverse energy Emiss

T , its longitudinal component pνz must
be inferred. This is achieved by exploiting the four-momentum conservation of the
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process W → ℓν and imposing the W boson mass constraint (mW = 80.385 GeV)
on the lepton-neutrino system:

m2
W = (p2ℓ + p2ν) = m2

ℓ +m2
ν + 2(EℓEν − p⃗ℓp⃗ν)

where mν ≈ 0. This leads to a quadratic equation that can be solved for pνz ,
allowing for the reconstruction of the W candidate. Finally, the leptonic top
quark four-momentum is obtained as

ptlep = pℓ + pν + pblep

3.2.3 Angular observables reconstruction

The analysis reconstructs the relevant angular observables required for the mea-
surement of spin correlation coefficients. Each observable is defined as the cosine
of the angle θ between the momentum of a selected decay product a of the top
(or antitop) quark and a chosen spin-quantization axis i of the parent particle,
cos θia (Eq. 2.5.17). The decay angles are naturally evaluated in the respective top
and antitop rest frames, but the spin axes must be defined in a common reference
system in order to allow for meaningful correlation measurements.

In this analysis, a two-stage Lorentz boost procedure is employed. First, the
full event is boosted into the tt̄ rest frame using

β⃗tt̄ = − p⃗t + p⃗t̄
Et + Et̄

where (p⃗t, Et) and (p⃗t̄, Et̄) denote the four-momenta of the top and antitop quarks
in the laboratory frame. In the new frame, the pair is produced back-to-back with
equal and opposite momenta, p⃗∗t = −p⃗∗t̄ = p⃗∗. The magnitude |p⃗∗| ≡ p∗ is stored
as a kinematic variable and will be used in the second stage of the analysis. The tt̄
rest frame provides a natural common basis for defining the spin axes: the helicity
basis {k̂, r̂, n̂} (Section 2.5.4) is adopted, with the k̂ axis defined by the top quark
momentum. The same basis is used for both the top and antitop. Then, a second
boost is performed from the tt̄ rest frame to the individual parent rest frame. It
is given by

β⃗t = − p⃗∗

E∗
t

, β⃗t̄ =
p⃗∗

E∗
t̄

where E∗
t and E∗

t̄ are the respective energies of the top and antitop quarks in the
tt̄ rest frame. With the helicity basis choice, this boost is performed along the
particle momentum direction and therefore does not induce a Wigner rotation of
the spin quantization axis, but rather preserves its orientation. This allows the
momenta of the decay products to be consistently projected onto the spin axes,
yielding the observables cos θa

k̂
, cos θar̂ and cos θan̂ required for the spin correlation

coefficients computation.
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3.2.4 Optimal hadronic polarimeter

The remaining issue is how to select the top quark spin polarimeter among its
daughter particles. As stated in Section 2.5.1, the spin analysing power is maximal
for charged leptons and down quarks, αℓ+,d̄ = 1. Although these particles are
perfectly correlated with the spin of the top quark, their experimental observation
in top quark decays presents very different challenges. In semileptonic events,
the leptonic side provides a well-defined lepton direction, while the hadronic is
more challenging: after parton showering and hadronisation, the two quarks from
the W boson decay, and in particular the down-type quark of interest, cannot be
unambiguously identified.

The analysis explores three methods for constructing a hadronic spin analyzer
by combining the directions of q and q̄′ in the W → qq̄′ decay: the optimal hadronic
polarimeter method (chosen for the analysis), the soft jet method and the down-
type quark method.

The optimal hadronic polarimeter construction requires an additional boost,
other than the two presented in Section 3.2.3, to the W boson rest frame, where
the angle between the reversed b-quark direction (ẑ = −b̂) and one of the two light
quarks (or jets) is computed. This angle is denoted as the W boson helicity angle
θW and is illustrated for clarity in Figure 3.2.3.

Figure 3.2.3: The three-quark top decay system (t → Wb → qq̄′b, with q = u-type and
q̄′ = d̄-type) as viewed in the W rest frame (left) and boosted back into the parent top
rest frame (right). The angle θWhel

, defined as the direction of the d-quark with respect
to −b̂, is shown in the picture.

In the W boson rest frame, the decay is not symmetric because of the V –A
structure of the weak interaction. The distribution of cos θW indeed depends on
the W boson’s polarization, as follows:

1

Γ

dΓ

d cos θW
=

3

8
fR(1 + cos θW )2 +

3

8
fL(1 − cos θW )2 +

3

4
f0(1 − cos θ2W ).

The quantities fR ≃ 0, fL ≃ 0.30 and f0 ≃ 0.7 [75] represent the right-handed,
left-handed and longitudinal helicity fractions of the W boson in the top quark
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frame. For a given measured value of cos θW , this distribution is evaluated at both
±| cos θW |, corresponding to the two possible assignments of the down-type quark
to the harder or softer jet. The resulting values are then normalized to obtain the
probabilities phard and psoft, which quantify the likelihood that the harder or softer
jet originates from the down-type quark. After boosting back to the top quark rest
frame, the two light jets are ordered by momentum and combined into a weighted
polarimeter vector, which represents the optimal hadronic polarimeter:

q⃗opt = phardq̂leading + psoftq̂subleading.

Here, q̂leading and q̂subleading are the unit vectors of the leading and subleading
quarks’s three-momenta. The lenght of q⃗opt is a measure of the spin analyzing
power of this polarimeter, which is evaluated at LO to be αopt = 0.64 [76, 77].

In the soft-jet method, the down-type quark is approximated by selecting the
softer of the two light jets in the top rest frame. In this case, the spin analyzing
power is αsoft ≃ 0.5.

Finally, the down-quark method selects the down-type quark from W → ud̄
or W → cs̄ based on event record. While this would provide maximal analyzing
power (αd = 1), it requires explicit identification of the down quark, making
this technique very hard to replicate at detector level, given the current status
of flavor tagging. In contrast, the implemented analysis framework is designed to
operate on generic light jets rather than flavor-tagged quarks. By using the optimal
hadronic polarimeter, the analysis mimics what is experimentally accessible and
avoids relying on truth labels.

3.3 Measurement of the spin correlation coefficients

As discussed in Section 2.5.3, the reconstruction of the top quark pair spin density
matrix relies on quantum tomography using many similar pp collision events yield-
ing tt̄ pairs. The Rivet routine described in Section 3.2 indeed runs over many
simulated tt̄ events. It enables the reconstruction of the events in both semilep-
tonic and dileptonic decay channels but, most importantly, it stores the relevant
angular observables needed to compute the elements of the spin density matrix, as
discussed in Section 3.2.3. These observables are saved as ROOT outputs and later
processed with a Python script to extract the spin correlation coefficients Cij as in
Eq. 2.5.22. The chosen spin quantization basis for this computation is the helicity
basis (Section 2.5.4). For each decay channel, the final state particle is selected as
discussed in Section 3.2.4, which determines the spin analysing power used in the
determination of Cij coefficients.

The measurement of the spin density matrix components has been performed
for both semileptonic and dileptonic channels (see next sections). A more detailed
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study is presented for the semileptonic case, where both parton and particle levels
are analyzed. Results are finally compared with the latest CMS measurements.

3.3.1 Extraction of Cij coefficients using semileptonic events

The measurement of the spin correlation coefficients Cij is performed at both
parton and particle level for semileptonic tt̄ decays. For this decay channel,
αaαb = −0.64. It is carried out inclusively, which means without further require-
ments on the kinematic properties of the event, and in kinematic regions defined
by selections on two observables: the invariant mass of the tt̄ system and the top
quark scattering angle θ in tt̄ rest frame. In particular, the binning used to define
the mtt̄ regions is {0, 400, 600, 800, 1000} GeV, while for | cos θ| it is {0, 0.4, 1}. The
choice of these observables is motivated by their direct connection to the entan-
glement properties of the tt̄ system, as they define the phase-space regions where
correlations are stronger (Fig. 2.5.2) and entanglement is expected (Fig. 2.5.3). In
particular, regions with | cos θ| < 0.4, especially at large invariant mass, exhibit
enhanced entanglement. Optimizing these observables for the measurement of
the spin correlation coefficients therefore enables their study in the most sensitive
regions.
All results are reported with their statistical uncertainty, obtained via error prop-
agation.

At parton level, inclusive results are shown in Figure 3.3.1. Figures 3.3.2 and
3.3.3 report the values obtained by selecting different mtt̄ regions first without cuts
on cos θ and imposing | cos θ| < 0.4, respectively. The results with | cos θ| > 0.4
are reported in Appendix A.
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Figure 3.3.1: Results of the inclusive spin correlation coefficients Cij at parton level for
the semileptonic decay channel.
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The binning of mtt̄ and | cos θ| is chosen also to replicate the one employed
in the latest CMS measurement of the Cij coefficients [6], allowing for a direct
comparison and validation of the obtained results. Good consistency is observed,
except for an overall sign difference in the matrix elements. This discrepancy arises
from the choice of helicity basis: in this analysis, the helicity axis is defined by
the top quark direction and used for both top and antitop, whereas CMS defines
the helicity basis separately for the two particles. In general, the small differences
observed with respect to the CMS measurements are consistent with statistical
fluctuations.
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Figure 3.3.2: Results of the spin correlation coefficients Cij at parton level for the
semileptonic decay channel for different mtt̄ regimes.
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Figure 3.3.3: Results of the spin correlation coefficients Cij at parton level for the
semileptonic decay channel for different mtt̄ regimes and | cos θ| < 0.4.

Notably, the near-threshold (mtt̄ < 400 GeV) and high-boosted (mtt̄ > 800
GeV with | cos θ < 0.4|) regions exhibit the largest spin correlations between top
and antitop quarks in the tt̄ system, as expected in literature from Figure 2.5.2.
These enhanced correlations are reflected in the entanglement and concurrence
measures, which are found to be particularly high in these regions [51].

At particle level, spin correlation coefficients are computed for both resolved
and boosted decay topologies. For each topology, the same selections on mtt̄

and cos θ applied at parton level are considered. Representative results for the
resolved selection are illustrated in Figure 3.2.1. The boosted topology is defined
in the high-invariant-mass region, mtt̄ ≳ 600−800 GeV. Unfortunately, due to the
pT > 350 GeV requirement and the additional analysis cuts, only 2% of the events
survive the boosted selection (see Figure 3.2.1).
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Figure 3.3.4: Results of the spin correlation coefficients Cij at particle level for the
semileptonic decay channel in the resolved topology. Different kinematic selections are
considered: inclusive, mtt̄ < 400 GeV (with and without | cos θ| < 0.4 cut), 400 < mtt̄ <
600 GeV (with and without | cos θ| < 0.4 cut) and 600 < mtt̄ < 800 GeV.
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Consequently, the results obtained for the boosted case are affected by large
statistical uncertainties and are less reliable. For this topology, the results corre-
sponding to the inclusive, 600 < mtt̄ < 800 GeV and mtt̄ > 800 GeV selections are
reported in Figure 3.3.5. The values found for the correlation coefficients in the
mtt̄ > 800 GeV region with | cos θ| < 0.4 can be found in the Appendix A.
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Figure 3.3.5: Results of the spin correlation coefficients Cij at parton level for the
semileptonic decay channel for different mtt̄ regimes and | cos θ| < 0.4.

Considering the Cij results for these two topology regimes with respect to the
parton level case, it is possible to observe that the reconstruction and event selec-
tion significantly distort the spin density matrix at particle level. Consequently, a
statistical analysis will be required to remove these effects and recover the parton-
level results. Since the resolved and boosted topologies have been explicitly im-
plemented to target the enhanced spin correlations expected in the near-threshold
and high-energy regimes, further improvements in the reconstruction and selection
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strategy could be developed to better preserve the spin information and enhance
sensitivity to entanglement observables at particle level.

3.3.2 Extraction of Cij coefficients using dileptonic decays

In the dileptonic decay channel of the tt̄ system, both top quarks decay leptonically,
resulting in a final state containing two charged leptons, two neutrinos and two
b quarks. In this analysis, the final state is reconstructed only at parton level,
with the two leptons as spin analyzers. Therefore, αaαb = −1. The correlation
coefficients are computed according to the same selections used in Section 3.3.1,
namely the inclusive selection and in regions defined by cuts applied on mtt̄ and
| cos θ|. Representative results for the dileptonic channel are shown in Figure 3.3.6
and are consistent with the measurements reported by the CMS collaboration [7].
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Figure 3.3.6: Results of the spin correlation coefficients Cij at parton level for the
dileptonic decay channel for different mtt̄ regimes and | cos θ| < 0.4. The measurements
are shown with their statistical uncertainty, obtained via error propagration.
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Since the Cij coefficients describe intrinsic properties of the tt̄ spin density
matrix, they are independent of the decay mode and are therefore expected to
be consistent across different final states. Indeed, the results obtained in the
dileptonic channel are compatible, within statistical uncertainties, with those from
the semileptonic channel. The combined parton-level results from both decay
channels are presented in Appendix A.

The precision of the measurements, however, differs between the two chan-
nels. The dileptonic mode is affected by reduced event statistics due to its smaller
branching fraction, resulting in larger statistical uncertainties. To investigate this
effect, a dedicated study was performed using an extended sample of 690,000 dilep-
tonic events. The significant reduction in uncertainties, reported in Table 5, con-
firms that the observed limitations are primarily driven by statistical constraints
rather than by intrinsic reconstruction effects.

Table 5: Inclusive spin correlation coefficients Cij obtained at parton level for the
dileptonic channel, using a sample of 690k dileptonic-only events. The measured values
are shown with the corresponding statistical uncertainties.

Cij Dileptonic Channel
k r n

k −0.313 ± 0.004 0.105 ± 0.004 0.000 ± 0.004
r 0.102 ± 0.004 −0.049 ± 0.004 −0.007 ± 0.004
n 0.003 ± 0.004 0.001 ± 0.004 −0.315 ± 0.004

The results presented in this section, as well as the previous one, exhibit good
agreement with the latest CMS measurements [6, 7], validating the Rivet routine
described in Section 3.2.

3.4 Computation of quantum magic for the tt̄ system

In this section, a study of quantum magic in the tt̄ system is presented. This
observable is computed directly from the measured spin correlation coefficients
reported in Section 3.3, according to Eq. 2.5.40. It is then evaluated in various
kinematic regions of the tt̄ system, following the same binning in mtt̄ and | cos θ|
used in the spin correlations measurement.

At parton level, the computation is performed for both dileptonic and semilep-
tonic decay channels, with the corresponding results shown in Figure 3.4.1 and
Figure 3.4.2. Without the cut on | cos θ|, the highest value of M2 is observed at
the production threshold of the tt̄ pair, for both final states. When the scattering
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Figure 3.4.1: Results for M2 in bins of mtt̄, obtained using the spin correlation co-
efficients measured at parton level in the dileptonic channel, shown without (left) and
with (right) | cos θ| < 0.4 cut applied. The measured values are are displayed with their
statistical uncertainties (error bars).
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Figure 3.4.2: Results for M2 in bins of mtt̄, obtained using the spin correlation coef-
ficients measured at parton level in the semileptonic channel, shown without (left) and
with (right) | cos θ| < 0.4 cut applied. The measured values are are displayed with their
statistical uncertainties (error bars).

angle is restricted to | cos θ| < 0.4, the observed M2 behavior seems to be inverted.
These results are found to be in agreement with recent CMS measurement, pre-
sented in Section 2.5.7, providing further validation of the Rivet analysis routine.
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The mtt̄ > 800 GeV region, especially with the additional cos θ cut, suffers from
low statistics, explaining the large error bar.

At particle level, magic values are extracted in the semileptonic channel for
both resolved and boosted topologies. However, as discussed in Section 3.3.1, the
boosted topology suffers from limited statistics, making the magic measurement
unreliable. For this reason, only the results obtained for the resolved case are
considered and reported in Figure 3.4.3. The mtt̄ > 800 GeV bin is not reported,
since it is related to the boosted regime.
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Figure 3.4.3: Results of M2 in bins of mtt̄ in the semileptonic channel for the resolved
topology, without (left) and with (right) | cos θ| < 0.4 cut. Statistical error bars are
displayed.
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4 Discriminating Toponium For-
mation in tt̄ events

This chapter presents the analysis performed for the second part of the thesis,
which has been carried out as part of an Erasmus traineeship in collaboration
with CEA Paris-Saclay, France. This work constitutes the central contribution of
the study published on arXiv as Extracting a Toponium Signal at the LHC with
Spin and Quantum Information Tools https://arxiv.org/abs/2602.23426v1.
This stage investigates whether spin and quantum observables can be used to dis-
criminate between standard tt̄ production and tt̄ events which include toponium
formation effects at threshold. This restricts the analysis to the invariant mass
region mtt̄ < 355 GeV. The same Rivet framework presented in Section 3.2 is
applied to the respective Monte Carlo samples, generated only in the dileptonic
channel. This final state is chosen for its clean signature and direct sensitivity
to top and antitop spins, suitable for this preliminary study. The analysis is
performed at parton level and begins with the reconstruction of the spin density
matrix for both systems, followed by the computation of some quantum observ-
ables. Then a detailed study of the separation power of kinematic, angular and
quantum information-inspired observables is conducted. Finally, a Boosted Deci-
sion Tree (BDT) is trained and tested to combine these observables and enhance
the separation between toponium signal and conventional tt̄ background.

4.1 Monte Carlo simulation and event reconstruction

The datasets used in this analysis are generated using Monte Carlo simulations
without including detector effects and are studied at parton level. For the purpose
of the analysis, two samples are required: one for conventional SM tt̄ events and
an additional sample that reproduces toponium effects in the threshold region of
tt̄ production. Both are simulated at a center-of-mass energy of

√
s = 13 TeV,

with tt̄ pairs decaying in the dileptonic final state:

tt̄→W+bW−b̄→ l+νbl−ν̄b̄.

The standard tt̄ sample is generated as described in Section 3.1. For the toponium
sample, the hard-scattering process pp→ tt̄ and the subsequent decays are gener-
ated using MG5 aMC@NLO [78]. Toponium formation effects are incorporated at LO
through a recently developed event-reweighting procedure applied to the standard
Monte Carlo events [13]. This is applied exclusively in the near-threshold region of
the tt̄ invariant mass, where non-relativistic dynamics dominate and bound-state
effects are expected to appear. The kinematic distributions of the system and
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spin correlations are modified only in this region. The events from both samples
are subsequently passed to Pythia for parton showering and hadronisation (see
Section 3.1) and the full event records are stored in HEPMC format [79] for pro-
cessing with the Rivet routine described in Section 3.2. The reconstruction of the
tt̄ system is performed at parton level and final-state particles, namely leptons and
b-quarks used for the selection cuts described in Section 4.1.1, are assigned to their
parent top or antitop quarks using truth-level decay information from the event
record.

As in the previous analysis, the top and antitop quarks are the last ones in
the event record, taken after gluon radiation and right before their decay. Their
momenta therefore include the effects of final-state radiation (FSR), although this
has no significant impact on the observables considered in the analysis. All the
decay products are instead before FSR at born level, so photons close to leptons
are not considered.

The number of events for each sample is reported in Table 6. To enable a
meaningful comparison between the two systems, the analysis is restricted to the
region close to the tt̄ production threshold, where toponium effects are present.
The tt̄ sample is generated in a broader invariant mass range and its statistics
is significantly reduced after this selection. It should be noted that, in the topo-
nium generation, MG5 aMC@NLO does not populate the invariant mass region above
350 GeV. However, parton shower effects induce a smearing of the mtt̄ distribution,
leading to a partial repopulation of the phase space at slightly larger mtt̄ values.
For this reason, events with mtt̄ < 355 GeV are selected, which also allows the
recovery of additional events in the reduced tt̄-only sample.

tt̄ Toponium
Total 3.15 million 292 327

After mtt̄ cut 93 048 292 327

Table 6: Number of events before and after mtt̄ < 355 GeV selection cut, for conven-
tional tt̄ and toponium samples.

4.1.1 Normalization and final-state analysis cuts

The event samples obtained via MC generation are not scaled to physical cross
sections and luminosities. To obtain realistic expected event yields, the samples
are normalized using the production cross sections σtt̄ = 833.9 pb and σtoponium =
6.43 pb, an integrated luminosity of 140 fb−1 and a dileptonic branching ratio of
BR = 0.105. These cross section values correspond to NNLO computation for
standard tt̄ [33] and LO for toponium [42]. Each event is assigned an individual
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generator-level weight4 ωi in the Rivet analysis, representing the probability of that
event in the simulated sample and accounting for effects such as PDF variations
or scale choices, and scaled by the normalization factor N , defined as

N =
σ · L ·BR∑

i ωi

The normalized contribution of each event is therefore given by Nωi. This pro-
cedure is applied throughout the analysis to construct the distributions of the
relevant observables and to compute the performance metrics. Figure 4.1.1 shows
a comparison of the mtt̄ distributions for the tt̄ and toponium samples correctly
normalized, before and after the mtt̄ < 355 GeV cut.

Figure 4.1.1: Distribution of the invariant mass mtt̄ for both tt̄ and toponium samples
before and after applying the mtt̄ < 355 GeV cut. The simulated number of events, after
the mtt̄ cut and weighted by the physical normalization, can be found in Table 8, under
Total.

The analysis also applies selection criteria similar to those used in collider ex-
periments analyzing real data in the dilepton final state. The lepton requirements
are either:

1. both with |η| < 2.5 and at least one with pT > 25 GeV;

2. both with |η| < 2.5 and pT > 20 GeV.

4It corresponds to the relative probability of producing a specific event according to the
theoretical model used in the simulation as a function of the matrix element, scale and PDF
choices.
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The first selection is used to simulate a single lepton trigger requirement adopted
during the 2022-2025 Run3 data taking by the ATLAS experiment [80], while the
second one mimics a dilepton trigger.

These lepton selections are combined with criteria on the b-quarks. In a tt̄
event, at least two b-quarks are generated. The requirements on these objects
are pT > 25 GeV and |η| < 2.5. The pseudorapidity range reflects the practical
limitation of b-tagging algorithms, which are typically applied only within the
central region of the detector. Table 7 reports the number of events from the MC
samples in the invariant mass region mtt̄ < 355 GeV for the standard tt̄ sample and
for the toponium sample. Table 8 presents the expected number of events after
normalisation. The event counts are shown both before and after the application
of the previously described lepton and b-quark selection cuts.

tt̄ Toponium εtt̄c εtopoc

Total 93048 292327 2.95% 100%
Selection (1) 74020 239965 2.35% (79.6%) 82.1%
Selection (a) 54085 190574 1.72% (58.1%) 65.2%
Selection (2) 58298 189154 1.85% (62.7%) 64.7%
Selection (b) 42395 149385 1.35% (45.6%) 51.1%

Table 7: Number of events from the MC samples inmtt̄ < 355 GeV region, before (Total)
and after applying different final-state selection cuts: (1) |η| < 2.5 for both leptons and
pT > 25 GeV for at least one lepton; (a) same as (1) with additional |η| < 2.5 and
pT > 25 GeV requirements for both b-quarks; (2) |η| < 2.5 and pT > 20 GeV for both
leptons; (b) same as (2) with additional |η| < 2.5 and pT > 25 GeV requirements for both
b-quarks. The corresponding cut efficiency for tt̄ (εtt̄c ) and toponium (εtopoc ) is reported
in the table, including both the mtt̄ and final-state cuts. The values in parentheses are
computed with respect to the tt̄ count after mtt̄ cut.

tt̄ Toponium
Total 364083.6 94520.5

Selection (a) 211992.8 61619.9
Selection (b) 166174.4 48301.9

Table 8: Event yields in mtt̄ < 355 GeV region, after normalization and different final-
state selection cuts: (a) |η| < 2.5 for both leptons and pT > 25 GeV for at least one
lepton, |η| < 2.5 and pT > 25 GeV for both b-quarks; (b) |η| < 2.5 and pT > 20 GeV for
both leptons, same requirements of (a) for the b-quarks.

As will be shown in Section 4.4, the final-state selection cuts do not distort the
distributions of the observables under study, as their effect is limited to a reduction
in statistics.
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4.2 Measurement of spin correlations for tt̄ and toponium
systems

This section and the following one investigate whether spin correlations, together
with quantum observables, can be used to discriminate between standard tt̄ pro-
duction and tt̄ production in the presence of toponium effects. The underlying idea
is that the formation of a toponium bound state near threshold inevitably modifies
the spin structure of the tt̄ system and, consequently, the quantum information
encoded in the final state. The strategy adopted for the measurement of the cor-
relation coefficients follows that used in Section 3.3. The analysis is restricted to
the mtt̄ < 355 GeV region without requirements cos θ.

The spin density matrix has been reconstructed for the tt̄ sample, for the to-
ponium sample and for their weighted combination using the corresponding cross
section values reported in Section 4.1.1. The weighted combination provides a
realistic representation of actual collision events, in which the toponium signal
is superimposed on a significant tt̄ background. The results for the spin correla-
tion coefficients are shown in Table 9. As can be seen from the table, the spin

Table 9: Spin correlation coefficients Cij for dileptonic tt̄ production near threshold
(mtt̄ < 355 GeV), shown for the standard tt̄ sample, the toponium sample and their
weighted combination (Combined). The values are shown with the corresponding sta-
tistical uncertainty, computed via error propagation.

tt̄ Toponium Combined
Ckk −0.5003 ± 0.0097 −0.9594 ± 0.0053 −0.5954 ± 0.0077
Ckr 0.0635 ± 0.0098 0.0113 ± 0.0056 0.0527 ± 0.0079
Ckn −0.0034 ± 0.0099 0.0027 ± 0.0055 −0.0021 ± 0.0079
Crk 0.0766 ± 0.0098 0.0094 ± 0.0056 0.0626 ± 0.0079
Crr −0.3903 ± 0.0098 −0.8965 ± 0.0053 −0.4951 ± 0.0078
Crn −0.0145 ± 0.0098 −0.0040 ± 0.0055 −0.0123 ± 0.0079
Cnk 0.0133 ± 0.0098 −0.0030 ± 0.0056 0.0100 ± 0.0078
Cnr 0.0007 ± 0.0098 0.0030 ± 0.0055 0.0012 ± 0.0079
Cnn −0.5547 ± 0.0097 −0.9224 ± 0.0053 −0.6308 ± 0.0077

correlation coefficients yields very different values for the tt̄ and toponium sam-
ples, especially for the diagonal terms, which vary by nearly a factor of two. This
highlights the distinct spin structure of the two systems. For the toponium sam-
ple, the C-matrix approaches −I3, reflecting the bound-state nature of toponium
formation near threshold, where the spin correlations of the top and antitop are
strongly enhanced. For continuum tt̄ production, the correlations between top and
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antitop spins are weaker, reflecting a more independent production of the two par-
ticles. The combined results illustrate the overall enhancement of spin correlations
induced by toponium, as would be observed in a real measurement.

4.3 Computation of quantum observables for tt̄ and topo-
nium systems

Using the spin correlation coefficients measured in the previous section (Table 9),
it is possible to study quantum observables. The purpose of this analysis is to
examine whether the modifications in spin correlations caused by toponium for-
mation translate into measurable differences in the reconstructed quantum state.
If this is the case, then these observables may offer additional insight beyond spin
correlation measurements and could help in probing toponium effects in tt̄ pro-
duction.

The observables considered are the entanglement measure D(1) and the magic
quantity M2, computed using Eq. 2.5.29 and Eq. 2.5.40, respectively. Although
D(1) provides the optimal entanglement marker at threshold, which is the region
of interest, the additional measures D(k), D(r) and D(n) are also evaluated using
Eq. 2.5.30, Eq. 2.5.31 and Eq. 2.5.32. Their values have been determined for the
tt̄ sample, for the toponium sample and for their weighted combination, defined
in Section 4.2. The results are reported in Table 10. As shown in the table,

Table 10: Measured values of D(1), D(k), D(r), D(n) and M2 for dileptonic tt̄ produc-
tion near threshold (mtt̄ < 355 GeV), shown for the standard tt̄ sample, the toponium
sample and their weighted combination (Combined). The values are shown with the
corresponding statistical uncertainty, obtained via error propagation.

tt̄ Toponium Combined

D(1) −0.4818 ± 0.0057 −0.9261 ± 0.0031 −0.8188 ± 0.0027
D(k) 0.1482 ± 0.0056 0.2865 ± 0.0030 0.2531 ± 0.0027
D(n) 0.2216 ± 0.0056 0.3284 ± 0.0030 0.3026 ± 0.0027
D(r) 0.1120 ± 0.0056 0.3112 ± 0.0031 0.2631 ± 0.0027
M2 0.5481 ± 0.0051 0.1525 ± 0.0069 0.3537 ± 0.0047

all the observables take distinct values for the tt̄ and toponium samples. In the
presence of toponium, the entanglement measures D(i) (with i = 1, k, r, n) are
significantly enhanced with respect to the continuum tt̄ case. This behaviour
can be traced back to their dependence on the diagonal components of the spin
correlation matrix, which were found to increase by nearly a factor of two when
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toponium effects are included. By contrast, quantum magic exhibits an opposite
trend: as entanglement increases, magic is reduced when considering toponium
formation. For all quantities, the weighted combination of tt̄ and toponium remains
enhanced relative to the continuum case, showing that these quantum observables
would provide sensitivity also in more realistic experimental conditions.

Notably, for all samples the entanglement witness D(1) satisfies the condition
D(1) < −1/3, confirming that tt̄ system near threshold is indeed entangled 2.5.5.
Another ensemble-level quantity inspired by quantum magic will be introduced
and studied in Section 4.4.2.

4.4 Study of per-event discriminating observables

As discussed in Section 4.2, the formation of toponium alters the spin structure
of tt̄ compared to the continuum. While the previous sections focused on the
extraction of single integrated quantities, such as spin correlation coefficients and
quantum information measures, the present analysis adopts a per-event approach,
exploiting the characteristic distortions induced by the formation of a bound state
in the angular and kinematic distributions of the decay products.

This section presents a detailed study of a set of observables which could probe
these variations, investigating their ability to discriminate between standard tt̄
production and toponium formation. They are grouped into two main classes:
kinematics-based observables (Section 4.4.1) and quantum information-inspired
ones (Section 4.4.2). All observables are constructed on an event-by-event basis,
allowing both for individual performance studies and for their use in a multivariate
analysis. In addition, the correlations among the variables are studied.
The analysis is performed in the mtt̄ < 355 GeV region and compares the distri-
butions of the observables for the tt̄ and toponium samples, previously described
in Section 4.1. All variables are initially shown without physical normalization
and final-state selections to highlight intrinsic differences between continuum tt̄
and toponium production. Normalization and cuts are applied afterward to test
whether these effects remain visible in a more realistic scenario (see Section 4.4.4).

4.4.1 Kinematic observables

This section explores observables derived from tt̄ kinematics, investigating whether
they are modified in the presence of toponium. Standard kinematic and angular
variables are first examined. Subsequently, some observables sensitive to correla-
tions between the top and antitop momenta are studied.

The first standard observables to be considered are evaluated in the laboratory
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frame and include the magnitudes of the individual three-momenta, their trans-
verse component, their projections onto the x and z axes and the magnitude of
the total momentum of the system, p⃗tt̄. Their distributions provide an overview of
the event kinematics for both tt̄ and toponium samples and are shown in Figure
4.4.1.
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Figure 4.4.1: Probability density distributions of various kinematic variables derived
from the momenta of the top and antitop quarks in the laboratory frame, p⃗t and p⃗t̄. These
include the magnitudes of the individual momenta, their transverse component pT and
their projection onto the x and z axes. Also shown is the distribution of the magnitude
of the total momentum of the tt̄ system, where p⃗tt̄ = p⃗t + p⃗t̄. Results are presented for
conventional tt̄ events and simulated toponium-only events, for mtt̄ < 355 GeV.

This study indicates that the only significant differences between the two sys-
tems appear in the transverse momenta pT of the top and antitop quarks, which
are shifted towards higher values in continuum tt̄, and in the magnitude of the
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total momentum |p⃗tt̄|, which shows the opposite trend and suggests that toponium
is more boosted in the laboratory frame compared to conventional tt̄.

Angular separations between the top and antitop quarks in the laboratory
frame could be sensitive to toponium formation and are therefore explored. They
include ∆R, ∆ϕ and ∆η, defined in Section 3.2.1. The magnitude of the top quark
momentum in the tt̄ rest frame, denoted as p∗, is also studied. All distributions
are displayed in Figure 4.4.2 and exhibit significant differences between tt̄ and
toponium samples. In particular, ∆R and ∆ϕ are peaked towards lower values for
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Figure 4.4.2: Probability density distributions of the variables ∆R, ∆ϕ, ∆η and p∗ for
conventional tt̄ events without toponium effects and simulated toponium-only events,
for mtt̄ < 355 GeV.

toponium events, which tend to have the top quarks closer together. By contrast,
in the continuum case the top quarks tend to be produced more separately. The
combined information of ∆R and ∆ϕ, which is embedded in ∆η, does not improve
the separation compared to the individual variables. The variable p∗ is also very
sensitive to the different production regimes, as will be proved later in the analysis.
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For toponium, it peaks at ≈ 20 GeV, in agreement with the simulation results of
[13]. It must be noted that the sharp cutoff in p∗ distribution is a Monte Carlo
artifact due to modeling limitations. In particular, the simulated spectrum is
reliable only in the phase-space region where the top quarks are non-relativistic,
unless a more accurate matching prescription is implemented [13, 81]. For this
reason, events with p∗ ≳ 35 GeV will be considered unreliable in the analysis.

The second part of the kinematic study involves the so-called bi observables
(with i = 1, 2, 3, 4), which go beyond the standard kinematic quantities treated
above by providing normalized event-by-event measures of momentum correlations
between the top and antitop quarks. They are dimensionless scalar observables
built from the reconstructed three-momenta p⃗t and p⃗t̄ of the top and antitop quarks
in the laboratory frame, the beam direction p̂ and the normal to the production
plane n̂ ≡ ẑ. They are defined so as to have definite transformation properties
under discrete symmetries, such as CP , and have been shown to significantly en-
hance sensitivity to new physics in the tt̄ channel, including heavy neutral Higgs
bosons (X) in pp → tt̄X, where they enable discrimination between scalar and
pseudoscalar contributions [82, 83]. For this reason, they are well-suited to probe
tt̄ bound state signals, whose formation is expected to modify spin-dependent mo-
mentum correlations in a characteristic way, making them particularly interesting
for to this study.

Specifically, they are constructed by projecting the top and antitop three-
momenta onto the transverse plane relative to the beam (b1), the production plane
(b2), and the x̂ (b3) and ẑ (b4) directions, and normalising by the appropriate mo-
mentum magnitudes, which ensures bi ∈ [−1, 1]. Their explicit expressions are:

b1 =
(p⃗t × p̂) · (p⃗t̄ × p̂)

pTt p
T
t̄

b2 =
(p⃗t × n̂) · (p⃗t̄ × n̂)

|p⃗t| |p⃗t̄|

b3 =
pxt p

x
t̄

pTt p
T
t̄

b4 =
pzt p

z
t̄

|p⃗t| |p⃗t̄|

(4.4.1)

As a result, they probe the correlations between the top and antitop quark mo-
menta in different geometric configurations. The observable b1 is directly sensitive
to azimuthal correlations arising from the production dynamics; b2, instead, iso-
lates momentum components lying within the production plane, probing correla-
tions associated with the scattering geometry. Finally, b3 and b4 directly correlate
the x- and z-components of the three-momenta, providing complementary sensi-
tivity along the transverse and longitudinal directions.

The resulting distributions are shown in Figure 4.4.3. For all four observables,
the probability density is enhanced in some specific regions of phase space, namely
near unity for b1 and b4 and close to zero for b2 and b3. Most importantly, with the
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Figure 4.4.3: Probability density distributions of the variables b1, b2, b3, and b4 for
conventional tt̄ events without toponium effects (tt̄) and simulated toponium-only events,
for mtt̄ < 355 GeV.

exception of b4, the distributions exhibit significant differences between the two
samples, characterized by asymmetric shapes. This confirms that distinct correla-
tions between the top and antitop momenta arise in the two production regimes,
as previously observed using angular observables. A representative example is pro-
vided by b2, which by construction is positive (negative) if the top and antitop are
emitted in the same (opposite) hemiplane. Near production threshold, the limited
available phase space causes the tt̄ pair to be typically produced at rest, with b2
reasonably peaking at zero. For momentum conservation, the top and antitop
quarks are emitted back-to-back in the laboratory frame, which translates into a
distribution asymmetric towards neagative b2 values for the continuum tt̄ sample.
By contrast, b2 tends towards positive values for toponium, suggesting a boost for
this particle that brings the top and antitop quarks closer to each other in the
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same hemiplane. This tiny effect corresponds to the boost of |p⃗tt̄| for toponium in
Figure 4.4.1.

The excesses of events in specific regions of the bi distributions could provide
additional sensitivity to toponium contributions, provided that detector resolution
effects do not significantly distort their shapes. A more realistic analysis will be
presented in Section 4.4.4, where normalisation is applied to both datasets and the
weighted combination of tt̄ and toponium events is shown in the plots.

4.4.2 Quantum Information-inspired observables

Quantum Information (QI) observables are intrinsically statistical quantities, de-
fined at the ensemble level rather than on an event-by-event basis, in contrast to
standard kinematic variables. In this section, QI-inspired observables are instead
constructed from per-event spin correlation coefficients and their ability to dis-
criminate between toponium and continuum tt̄ production is studied. Although
these quantities do not correspond to genuine QI measures, they can be evalu-
ated on an event-by-event basis and used as inputs to a multivariate analysis for
signal-background discrimination, as discussed in Section 4.5.

The per-event spin correlation coefficients are built from the original definition
of Eq.2.5.22, without averaging on all the events:

Cij = −9 cos θai cos θbj (4.4.2)

where i, j are taken from the helicity basis {k̂, r̂, n̂} and a, b refer to the decay
products of the top and antitop quarks, respectively. The factor 9, coming from
the integration over the phase space in the statistical measure of Cij, is kept for
better visualisation. The factor −1 comes as usual from the product of the spin
analyzing powers of the two leptons, αaαb = −1. The distributions for the per-
event diagonal coefficients are displayed in Figure 4.4.4. As can be observed from
the plots, all observables peak at zero, while differences between the continuum tt̄
and toponium samples emerge only in the asymmetric tails of the distributions.
For toponium, the higher event density for negative coefficients values suggests
that the top quarks are preferentially emitted in the same hemiplane, as already
discussed in Section 4.4.1. Such asymmetries are not observed for the off-diagonal
coefficients, shown in Fig. 4.4.5. This behavior is consistent with the statistical
analysis presented in Section 4.2, where the diagonal coefficients were found to
exhibit the largest differences between the two samples.

Starting from the spin correlation coefficients, additional per-event quantum-
inspired observables can be constructed. These include the differences between the
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Figure 4.4.4: Probability density distributions of the per-event diagonal correlation
coefficients Ckk, Crr, Cnn for conventional tt̄ events without toponium effects (tt̄) and
simulated toponium-only events, for mtt̄ < 355 GeV.
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Figure 4.4.5: Probablity density distributions of the per-event off-diagonal correlation
coefficients Cij , with i, j ∈ {k, r, n}, i ̸= j. Results are shown for conventional tt̄ events
without toponium effects (tt̄) and simulated toponium-only events, for mtt̄ < 355 GeV.

diagonal coefficients, to investigate whether combining these quantities enhances
the asymmetries observed at the single-coefficient level, as well as observables
derived from the standard entanglement and magic measures. The distributions
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of the diagonal differences are shown in Figure 4.4.6. In this case, only the Crr−Cnn

observable appears to provide a slight discriminating power.
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Figure 4.4.6: Probability density distributions of Ckk − Crr, Ckk − Cnn and Crr − Cnn

for conventional tt̄ events without toponium effects (tt̄) and simulated toponium-only
events, for mtt̄ < 355 GeV.

Concerning the quantities related to entanglement, two variables are consid-
ered. The first, denoted as D(1)evt, is constructed exactly as D(1) in Eq. 2.5.29,
with the only difference that the correlation coefficients are evaluated per event.
The second is a kinematic quantity related to D(n), cos θ′. It appears in Eq. 2.5.35,
which expresses D(n) by averaging over the distribution of the decay products of
the tt̄ pairs. In this case, cos θ′ is not averaged but used as a per-event variable,
so that the per-event analogue of D(n) would be:

D(n)evt = −3 cos θ′ (4.4.3)

where the factor 3 plays the same role as the factor 9 in Eq. 4.4.2. An alternative
definition of D(n)evt could be given using the per-event spin spin correlation coef-
ficients. Figure 4.4.7 shows the distributions of D(1)evt and cos θ′, which exhibit
different slopes for the two samples. D(n)evt is expected to have a slope opposite
to that of D(1)evt, given the minus sign in Eq. 4.4.3.

Last, the per-event implementation of the quantum magic measure follows the
same approach adopted for D(1)evt. It is constructed indeed using the original Eq.
2.5.40, with the spin correlation coefficients defined in Eq. 4.4.2, from which the
factor 9 is removed to improve the visualisation. The distribution of the M evt

2

observable is shown in Figure 4.4.8 in the left panel. As evident from the plot,
this variable does not provide a significant separation between the two systems.
By construction, it does not preserve the tail differences observed in the per-event
distributions of the correlation coefficients, shown in Figure 4.4.4. In fact, the
Cij terms enter in the observable’s computation through even powers, causing
positive and negative contributions to compensate each other and washing out the
tail asymmetries.
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Figure 4.4.7: Probability density distributions of the variables D(1)evt and cos θ′ for
conventional tt̄ events without toponium effects (tt̄) and simulated toponium-only events,
for mtt̄ < 355 GeV.
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Figure 4.4.8: Probability density distributions of the variables M evt
2 and M̃ evt

2 for con-
ventional tt̄ events without toponium effects (tt̄) and simulated toponium-only events,

for mtt̄ < 355 GeV. M̃ evt
2 shows an improved separation power compared to M evt

2 .

To recover sensitivity to these differences, a new magic-inspired observable M̃ evt
2

is introduced by redefining the per-event magic variable in a way that preserves
the sign of the spin correlation coefficients. Its expression is given by:

M̃ evt
2 = − log2

(
1 +

∑
i,j∈{k,r,n} sgn

(
cos θai cos θbj

) (
cos θai cos θbj

)4
1 +

∑
i,j∈{k,r,n} sgn

(
cos θai cos θbj

) (
cos θai cos θbj

)2
)

(4.4.4)

The corresponding distribution is shown in Figure 4.4.8 in the right panel: the
asymmetry information is indeed preserved, yielding a slightly better sensitivity
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compared to M evt
2 .

For completeness, this new observable has been evaluated also on the ensemble,
as done for magic and entanglement in Section 4.3. This redefined quantity, M̃2,
is obtained by statistically averaging over the events, yielding the expression:

M̃2 = − log2

(
1 +

∑
i,j∈{k,r,n} sgn

(
⟨cos θai cos θbj⟩

) (
⟨cos θai cos θbj⟩

)4
1 +

∑
i,j∈{k,r,n} sgn

(
⟨cos θai cos θbj⟩

) (
⟨cos θai cos θbj⟩

)2
)
. (4.4.5)

The measured values of M2 and M̃2 for conventional tt̄, toponium and their
weighted combination are shown in Table 11. At the ensemble level, the new
variable M̃2 appears to be particularly powerful in discriminating between the
different contributions.

Table 11: Measured values of M2 and M̃2 for dileptonic tt̄ production near threshold
(mtt̄ < 355 GeV), shown for the standard tt̄ sample, the toponium sample and their
weighted combination.

tt̄ Toponium Combined
M2 0.5481 ± 0.0051 0.1525 ± 0.0069 0.3537 ± 0.0047

M̃2 −1.4524 ± 0.0658 0.3716 ± 0.0193 1.4895 ± 0.0533

4.4.3 Performance and correlations

In this section, the performance of some of the single variables studied in the
previous part (Section 4.4) is presented, together with their correlations. The
performance of each variable is evaluated using Receiver Operating Characteristic
(ROC) curves, which provide a standard method to illustrate the discriminating
power of a classifier, in this case is a single variable. These curves show the back-
ground rejection 1 − εB, where εB is the background efficiency, as a function of
the signal efficiency εS. Each point of the curve corresponds to a specific selection
cut applied to the distribution of the variable for signal and background, yield-
ing the respective efficiencies: by varying this threshold, the final ROC curve is
obtained. This method allows the classifiers to be ranked according to the Area
Under the Curve (AUC): the larger the AUC, the better the performance. Specif-
ically, an AUC of 0.5 indicates a classifier with no predictive power, equivalent
to random guessing, while an AUC of 1 represents perfect separation. The AUC
serves as a key Figure of Merit (FoM), providing a quantitative measure of the
variable’s performance. More generally, these metrics allow for the evaluation of
the discriminant according to various criteria.
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The analysis is performed without applying physical normalization, which is not
required for ROC curve evaluation, and without imposing final-state selection cuts.
In this context, the background is represented by the tt̄ events, while toponium-
only events consitute the signal contribution. Figure 4.4.9 compares the ROC
curves for some standard kinematic variables (∆R,∆ϕ, p∗), for the bi observables

(b1, b2, b3) and for QI-inspired variables (D(1)evt, M̃ evt
2 , cos θ′). The variables b4 and

M evt
2 have also been studied but, as expected from their distributions in Figures

4.4.3 and 4.4.8, are not found to be useful discriminants. In particular, both
variables yield an AUC only slightly above 0.5, indicating performance close to
that of a random classifier. They are therefore excluded from the analysis.
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Figure 4.4.9: ROC curves for the kinematic variables ∆R,∆ϕ, p∗ (top left), the bi
observables (top right) and the QI-inspired variables D(1)evt, M̃ evt

2 , cos θ′ (bottom). All
variables refer to Section 4.4 and the study of p∗ restricts to the region with p∗ < 35
GeV. The dashed line corresponds to a random guessing (AUC = 0.5).
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As evident in the plots, the kinematic variables ∆R and ∆ϕ describing the
angular separation between the two final-state leptons in the transverse plane, to-
gether with b1, exhibit the strongest discriminating power, reflecting the particular
angular correlations induced by bound-state formation. Among these, the ROC
curves of b1 an ∆ϕ are basically identical, reflecting their very high correlation as
observed in the correlation matrix in Figure 4.4.10. The kinematic variables b1, b3
and p∗ also yield good separation, confirming that kinematic variables constructed
only from reconstructed top-quark momenta retain sensitivity to the production
mechanism. It is relevant to note that the study of p∗ is restricted to the region
p∗ < 35 GeV, where the variable is reliably modeled; in this region, p∗ is found to be
the most powerful classifier among those considered. In contrast, the QI-inspired
variables display overall lower discriminating performance when considered indi-
vidually, with D(1)evt emerging as the most useful observable for distinguishing the
toponium signal from the tt̄ background.

In Figure 4.4.10, the correlations among these variables are shown. It can
be observed that b1, b2 and b3 are highly correlated with each other, meanwhile
showing relevant anti-correlations also with the angular observables ∆R and ∆ϕ.
The last two are, in turn, very correlated with each other, explained by the fact
that they probe closely related features of the dileptonic angular configuration.
By contrast, the QI-inspired observables D(1)evt, M̃ evt

2 and cos θ′ exhibit weak cor-
relations with all the above kinematic variables and moderate correlations among
themselves. This suggests that these observables encode information that is not
fully captured by the purely kinematic variables, motivating the use of a multivari-
ate approach (Section 4.5) to exploit the different correlations and combine any
complementary information.

For completeness, the correlation plots among the considered observables are
shown in Appendix C.
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Figure 4.4.10: Correlation matrix of all variables, with mtt̄ < 355 GeV and p∗ < 35
GeV. It considers all input variables that will be employed in the BDT analysis in Section
4.5.

4.4.4 Impact of normalization and final-state analysis cuts

This section presents a more realistic analysis, obtained by applying the physical
normalization and final-state selection cuts described in Section 4.1.1 to the dis-
tributions of the most sensitive variables. The focus is on evaluating the impact
of these procedures on both the observables and their performance.

Figure 4.4.11 shows the physically normalized distributions of the b1, b2, b3,
and b4 observables for standard tt̄ production, for tt̄ events including toponium
effects and for their weighted combination based on the respective cross sections.
Figure 4.4.12 displays the distributions of ∆R, ∆ϕ, p⋆, D(1)evt, cos θ′ and M̃ evt

2 .
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Figure 4.4.11: Distributions of the variables b1, b2, b3, and b4 for conventional tt̄ events
without toponium effects (tt̄), simulated toponium-only events and tt̄ events including
toponium effects (tt̄+ toponium), after normalization (see Section 4.1.1). Selection cuts
are applied: mtt̄ < 355 GeV for all events; pT > 25 GeV for at least one lepton and
|η| < 2.5 for both leptons; and pT > 25 GeV and |η| < 2.5 for both b quarks.

Compared to the results of Section 4.4, the normalization procedure results in
a simple rescaling of the distributions, without distorting their shapes or alter-
ing their physical interpretation. The weighted combination of tt̄ and toponium
events highlights the excesses that could emerge in experimental data and serve
as potential signatures of toponium formation. However, as previously shown in
the mtt̄ distribution in Figure 4.1.1, the toponium signal appears as a subtle en-
hancement near threshold over the large continuum tt̄ background, emphasizing
the experimental challenge of its observation. For these plots to be representative
of a more realistic analysis, selection cuts on the dileptonic final state are also ap-
plied, namely pT > 25 GeV for at least one lepton and |η| < 2.5 for both leptons,
and pT > 25 GeV and |η| < 2.5 for both b quarks.
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Figure 4.4.12: Normalized distributions for conventional tt̄ events without toponium
effects, simulated toponium-only events and their weighted combination (tt̄+toponium),

for ∆R, ∆ϕ, p∗, D(1)evt, cos θ′ and M̃ evt
2 . Selection cuts on the final states are applied,

specifically the selection (a) of Table 8.
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The impact of different cut scenarios (Section 4.1.1) on the distributions is
illustrated for b3 (for toponium) and ∆ϕ (for tt̄) in Figure 4.4.13, showing only a
reduction in event statistics without significant change in shape.
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Figure 4.4.13: Distributions of the variable b3 (for toponium-only events) and ∆R
(for conventional tt̄ events), after physical normalization (see Section 4.1.1) and for
mtt̄ < 355 GeV. Three cut scenarios are displayed: no cuts applied on leptons and
b-quarks (No cuts); pT > 25 GeV for at least one lepton, |η| < 2.5 for both leptons,
pT > 25 GeV and |η| < 2.5 for both b quarks (Single-lep + b cuts); pT > 20 GeV and
|η| < 2.5 for both leptons, pT > 25 GeV and |η| < 2.5 for both b quarks (Di-lep + b
cuts).

Finally, the effect of final-state selection requirements on the performance of
the variables in discriminating toponium signal from tt̄ background is shown for
b3 in Figure 4.4.14. As can be observed in the plot, the AUC for the b3 observable
after the cuts is not significantly reduced. Moreover, the single-lepton and dilepton
trigger requirements do not have significant impacts on the performance.

To conclude this study, the application of final-state analysis selections, also
combined with physical normalization, does not distort the distributions of the
observables, but only rescales them and reduces the available statistics, with only
a slight impact on performance. Moreover, the selection based on the dilepton
trigger leads to only a small reduction in statistics compared to the single-lepton
trigger, which is therefore adopted for the remaining part of the analysis.
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Figure 4.4.14: ROC curves for the b3 observable in the three cut scenarios: no cuts on
the final states (No cuts), selection (a) (Single-lep + b cuts) and selection (b) (Di-lep +
b cuts) of Table 8.

4.5 BDT implementation

Section 4.4 investigated the sensitivity of single variables to the presence of topo-
nium in tt̄ events. In this section, these variables are combined within a multi-
variate analysis (MVA) based on Boosted Decision Trees (BDTs), with the aim of
further enhancing the discrimination between the toponium signal and the domi-
nant tt̄ background. The BDT method is first introduced, followed by a description
of the two-BDT approach used in the analysis. Different BDT classifiers are con-
structed using various configurations of input variables. Finally, the performance
of each classifier is evaluated using multiple metrics and after applying final-state
selection cuts.

4.5.1 Multivariate Analysis

MVA refers to a class of statistical techniques employed to analyse datasets by
combining multiple variables and is widely used in high energy physics to enhance
the separation between rare signal processes and large background contributions.
These methods rely on a supervised training procedure, in which an algorithm is
exposed to simulated samples with known signal and background labels (training
sample) and learns to distinguish between the two classes. The goal is to construct
a classifier that combines several discriminating variables into a single function,
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which assigns each event a score corresponding to its probability of belonging to
the signal or background class. As the selection on one variable depends simulta-
neously on the others, the classifier is in general non-linear. Figure 4.5.1 illustrates
the difference between traditional rectangular or linear cuts and non-linear cuts
achievable with MVA techniques, like Boosted Decision Trees (BDTs) and Neural
Networks (NNs).

Figure 4.5.1: Different decision boundaries for signal (red) and background (blue) event
classification. From the left: rectangular, linear (Fisher discriminant) and non-linear
(BDT, NN) cuts.

4.5.2 Boosted Decision Trees (BDTs)

Among MVA techniques, the BDT method is the one adopted for this analysis. A
Decision Tree (DT) is a machine learning algorithm with a binary tree structure
that classifies events through a series of binary decisions on input variables. The
training process starts from the root node, where the full dataset is split into two
subsets according to a threshold condition on a selected discriminating variable.
This procedure is applied recursively: at each node, the algorithm selects a variable
xi and the corresponding cut xi > c that maximizes a separation criterion between
signal and background events. The same variable may be used at several nodes,
while others might not be used at all. Node splitting continues until some stopping
condition is reached, such as a maximum tree depth or a minimum number of
events per node specified in the configuration. The ending decisions (leaf nodes)
label the outputs according to the two classes under consideration, for example
signal (S ) and background (B), depending on the majority of events that end up
in the respective nodes. A schematic view of a decision tree is shown in Figure
4.5.2.

However, single trees are highly unstable (weak), as small statistical fluctua-
tions in training data could lead to very different trees. Moreover, they are prone
to overfitting. To improve stablity and performance, a boosting algorithm is em-
ployed. Boosted Decision Trees (BDTs) iteratively combine many weak decision
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Figure 4.5.2: Scheme of a Decision Tree (DT).

trees into a single, robust classifier, characterized by a more stable response to fluc-
tuations in the training sample and an enhanced performance with respect to the
single tree. The algorithm starts by training an initial tree and looking at where
it fails; misclassified events are given more importance, in a way that depends on
the boosting algorithm used; a new tree is then trained on the reweighted events
to fix the classification errors of the previous classifier. This procedure is repeated
iteratively, each tree learning from the previous one and providing a small correc-
tion to the overall classifier. The final output of the BDT is a single discriminant
function, which assigns each event a score reflecting its likelihood of belonging to
the signal or background class. A schematic representation of the method is shown
in Figure 4.5.3.

Figure 4.5.3: Generic scheme of a BDT algorithm.

The performance of a BDT classifier is evaluated by applying the trained model
to an independent MC sample not used during training (testing sample) and com-
paring its output distribution to that obtained on the training sample. This com-
parison allows one to assess the presence of possible overtraining, which occurs
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when the classifier learns statistical fluctuations specific to the training sample
rather than general features of the underlying physical processes. If overtraining
is observed, it can be mitigated by optimising the algorithm hyperparameters,
such as the maximum tree depth, the number of trees, or the minimum number of
events per node, or by increasing the sample statistics.

The BDT classifiers used in this work are implemented within the XGBoost

framework [84] with the gbtree booster option. Further details on the method
provided in Appendix B.

4.5.3 BDT strategy

This section presents the BDT strategy adopted in the analysis to enhance the
separation between the toponium signal and the tt̄ background. Several BDT
configurations are investigated, differing in the choice of input variables:

• the full set of observables whose performance has been studied in Section 4.4.3,
namely the kinematic variables ∆R, ∆ϕ, p∗, and b1, b2, b3, together with the
QI-related observables D(1)evt, M̃ evt

2 , and cos θ′ (All variables);

• one excluding the quantum-information-inspired variables (No QI variables);

• one excluding p∗ (No p∗);

• one restricted to the variables D(1)evt and cos θ′.

For configurations including p∗, a two-stage BDT training strategy is adopted,
since the simulated toponium p∗ spectrum is only reliable in phase-space regions
with p∗ < 35 GeV (see Section 4.4.1). In particular, events with p∗ < 35 GeV
are evaluated using a BDT trained with p∗ included as an input variable, while
events with p∗ ≥ 35 GeV are evaluated using a separate BDT trained without
p∗, ensuring a consistent treatment of events across the full p∗ spectrum. The
final discriminant score is taken from the corresponding classifier according to the
event’s p∗ value. In this procedure, all simulated events are randomly split into
equal training and testing samples.

In the following, the two-BDT implementation for the All variables configura-
tion is presented. The final-state selection (a) from Table 8 is applied to the tt̄
and toponium samples, in order to show the results in a more realistic analysis
scenario. Figure 4.5.4 shows the feature importance obtained from the two-BDT
strategy, quantifying the relative contribution of each input variable (feature) to
the model’s classification performance and highlighting the observables that carry
the most relevant information. For p∗ < 35 GeV, where it is included as a BDT
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Figure 4.5.4: Feature importance obtained from the two BDT strategies: (left) BDT
with p∗ included among the input variables, for p∗ < 35 GeV; (right) BDT with p∗

excluded from input set of variables, for p∗ ≥ 35 GeV.

input, p∗ emerges as the most important feature followed by ∆R and ∆ϕ, re-
flecting its sensitivity to near-threshold production. The observable D

(1)
evt ranks

above b1, b2 and b3, showing that spin-sensitive variables provide a non-negligible
contribution once correlations between variables are properly accounted for. In
the complementary region, defined by p∗ ≥ 35 GeV and with a BDT trained on
all input variables except for p∗, ∆R dominates the ranking, followed by b2 and
D

(1)
evt. Again, the major contribution from the QI-inspired comes from the D

(1)
evt

observable. While correlations, previously shown in Figure 4.4.10, provide useful
insight into how the variables are related to each other, they alone do not indicate
how much each variable actually contributes to separating signal and background.
The BDT approach is particularly useful in this context, as it can exploit complex
correlations and rank the variables according to their actual discriminating power
when combined in an overall classifier.

Figure 4.5.5 shows the BDT score distributions for the toponium signal and
the tt̄ background, obtained with the BDT trained including p⋆ (p⋆ < 35 GeV) and
excluding it (p⋆ ≥ 35 GeV). The combined BDT score distribution is presented
in Figure 4.5.6. In both figures, the distributions are shown separately for the
training and testing samples: the agreement between training and testing validates
the procedure and illustrates that no significant overtraining is observed. The
final distributions for all input variables configurations, across various final-state
selection scenarios, are shown in Appendix D.
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Figure 4.5.5: BDT score distributions for the toponium signal and tt̄ background for
the All variables configuration, shown for the BDT trained including p∗ (p∗ < 35 GeV)
(left) and the BDT trained without p∗ (p∗ ≥ 35 GeV) (right). The distributions are
provided for both training and testing samples.
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Figure 4.5.6: Final BDT score distribution for the All variables configuration, achieved
with the two-stage strategy. The distribution for the toponium signal and the tt̄ back-
ground is shown both for training and testing samples.

4.5.4 Performance

The performance of the BDT configurations defined in Section 4.5.3 is evaluated
using two figures of merit: the AUC of the respective ROC curves and the signal
significance at the optimal working point, as defined later.

The ROC curves for the different BDT configurations are shown in Figure 4.5.7,
alongside those obtained from each input variable individually. Both results are
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produced after applying selection (a) from Table 8 on the events. This first analysis
allows to compare the performance of the classifiers visually and by means of
their AUC values, which quantify the overall separation power between signal
and background. The multivariate approach consistently outperforms any single

Figure 4.5.7: ROC curves for the different BDT configurations (left), alongside the
ROC curves for the individual input variables (right). The corresponding AUC values
are reported in the legend. Final-state selection (a) from Table 8 is applied.

observable, demonstrating the gain achieved by combining individual contributions
within a unified classifier. Among the BDT configurations, the one trained on
the full set of observables yields the best overall performance, while progressively
reducing the input set leads to a gradual degradation in the discriminating power.
Excluding the quantum-information-inspired variables has a limited impact on the
ROC curve; however, their inclusion still yields a measurable gain, suggesting that
their contribution is complementary to the remaining observables. By contrast,
removing p∗ results in a more visible loss, in agreement with its high ranking in the
feature importance analysis (Figure 4.5.4) and its sensitivity to the near-threshold
production dynamics. The configuration based solely on D(1)evt and cos θ′ shows
the largest degradation, confirming that spin-correlation-related observables alone
do not provide sufficient separation power. The ROC curve for this configuration
exhibits a visible ”kink” at high signal efficiencies (εS ≈ 0.85), arising from the
discrete structure of the tree-based classifier when operating on a restricted feature
space (see Appendix D).

The effect of final-state selection cuts on AUC values for the different BDT
configurations is illustrated in Table 12. As evident from the table, the application
of these criteria on the events lead to a mild reduction of the overall performance.

The second part of the performance evaluation aims to quantify the achievable
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No cuts (a) (b)
(1) 0.8047 0.7923 0.7920
(2) 0.7989 0.7872 0.7869
(3) 0.7892 0.7760 0.7760
(4) 0.7409 0.7239 0.7229

Table 12: Effect of final-state selection cuts from Table 8 on AUC values associated
with the BDT configuration studied: (1)All variables, (2) No QI variables, (3) No p∗

and (4) D(1)evt and cos θ′.

statistical sensitivity in a more realistic analysis scenario. To this end, figures of
merit that translate the classifier output into experimentally meaningful quantities
are introduced. In particular, the expected significance is used to quantify the
statistical strength of the toponium signal relative to the tt̄ background. This
metric measures the number of standard deviations by which the signal exceeds
the background fluctuation, thus providing a measure of the potential for discovery
or the achievable precision of a measurement.

For each BDT configuration, the significance estimators are evaluated as a
function of the output score threshold by scanning its full range. At each step of
the scan, the expected signal and background yields are computed as:

S = σtoponium · L · BR · εS, B = σtt̄ · L · BR · εB, (4.5.1)

where εS and εB are the efficiencies at the chosen threshold (considering the events
above it), while σ, L and BR denote the cross-sections, integrated luminosity and
branching ratio, respectively, as defined in Section 4.1.1. The optimal working
point is then defined as the specific threshold that maximizes the value of a given
significance estimator. In particular, three significance estimators are employed as
figures of merit:

S√
B
,

S√
S +B

,
S√

S +B + σ2
S

. (4.5.2)

The first represents the statistical significance in the absence of systematic effects,
the second accounts for statistical fluctuations in both signal and background,
while the third further provides a more realistic scenario by incorporating a typical
20% relative systematic uncertainty on the signal normalization (σS = 0.2S). This
value is taken from the existing measurements of toponium [16] and includes also
the impact of the background normalization.

Table 13 summarizes the performance at the optimal working point for the
different BDT configurations after the application of final-state selection criteria,
using the significance above. These results confirm the trends already observed
in the ROC curves, with the best overall performance achieved by combining
kinematic and spin-sensitive observables within a global framework.
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εS εB S/
√
B S/

√
S +B S/

√
S +B + σ2

S BDT score cut
(1) 0.665 0.228 37.619 37.202 4.955 0.835
(2) 0.643 0.219 37.092 36.680 4.954 0.844
(3) 0.792 0.375 34.944 34.663 4.949 0.777
(4) 0.830 0.428 34.249 33.996 4.947 0.797

Table 13: Performance metrics at the optimal working point for various BDT config-
urations (Section 4.5.3) after selection (a) from Table 8: (1) All variables; (2) No QI
variables; (3) No p∗; (4) a configuration using only D(1)evt and cos θ′. The signal uncer-
tainty is assumed to be σS = 0.2S. The optimal BDT score cut for each configuration
is also shown.

The comparison among configurations also allows one to assess the relative
impact of kinematic and quantum-information-inspired observables on the classifier
performance. From the significance values, it is possible to quantify the gain
associated with each contribution. In particular, including p∗ among the input
variables increases the significances S/

√
B and S/

√
S +B by 7, 1% (and 9, 3% in

the no-cuts scenario) with respect to the BDT trained without it. By contrast,
the inclusion of QI-related variables leads to a milder, although still not negligible,
improvement of 1, 4% (and 3, 3% in the no-cuts scenario) relative to BDT trained
using kinematic-only variables. The third estimator, S/

√
S +B + σS, is stable

across the different input choices. For completeness, Table 14 shows the effect
of the final-state selection cuts on the different significance estimators for the All
variables BDT configuration.

εS εB S/
√
B S/

√
S +B S/

√
S +B + σ2

S BDT score cut
No cuts 0.648 0.200 39.236 38.751 4.959 0.835
(a) 0.665 0.227 37.619 37.202 4.955 0.835
(b) 0.686 0.242 37.632 37.228 4.955 0.825

Table 14: Signal and background efficiencies, significance metrics and optimal BDT
score cuts for different selection scenarios (Table 8) for the All variables BDT configu-
ration.

As a final validation step, it has been verified that variations in the BDT
hyperparameters have a negligible impact on the overall performance, confirming
the robustness of the analysis strategy and ensuring that the conclusions do not
depend on a specific tuning choice.
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Conclusions
The unique properties of the top quark, in particular its extremely short lifetime,
allow its spin information to be directly transferred to the angular distributions
of its decay products, providing direct access to its bare spin properties. The re-
cent observation of entanglement in tt̄ pairs by the ATLAS and CMS experiments
marked the birth of a new research field, based on the application of quantum
information concepts to fundamental particles at the highest achievable energies,
thus opening the door to exploring quantum observables at colliders. In this con-
text, this thesis has investigated spin correlations and quantum observables in tt̄
production at the LHC at a center-of-mass energy of

√
s = 13 TeV, interpreting

the tt̄ pair as an ideal two-qubit system.
A primary achievement of this work is the implementation of a versatile analy-

sis software within the Rivet framework, capable of reconstructing the spin density
matrix in tt̄ events in both the semileptonic and dileptonic decay channels at par-
ton level. The reconstruction has been further extended to a realistic particle-level
study for semileptonic final states, addressing both boosted and resolved topolo-
gies. Importantly, the routine is fully compatible with Monte Carlo simulations
used by the ATLAS collaboration and directly interfaced with Pythia, ensuring
that the analysis can be readily applied to realistic LHC simulation workflows and
future experimental studies. The reconstruction has been validated against CMS
measurements by comparing the extracted spin correlation coefficients and quan-
tum magic results. Good agreement is observed both inclusively and in selected
kinematic regions, confirming the expected enhancements in spin correlations near
the high-energy and threshold regimes.

The framework has been applied to study the tt̄ production threshold and the
formation of the pseudo-bound state known as toponium. The effects of toponium
formation on spin and quantum observables are investigated in dileptonic tt̄ events
at parton level, using both event-averaged and per-event variables and combining
kinematic and spin related variables. Bound-state effects significantly alter the
spin correlation matrix, with an enhancement of its diagonal elements and the
entanglement measures D(i), while reducing quantum magic, M2. Among per-
event variables, kinematic observables display the strongest discriminating power.
The angular separations ∆R and ∆ϕ between the leptons, together with b1, exhibit
the highest separation performance, reflecting the particular angular correlations
induced by bound-state formation. The variable p∗ emerges as the most powerful
single classifier in the p∗ < 35 GeV region, where it is reliably modeled. In contrast,
quantum information-inspired variables show lower individual performance, with
D

(1)
evt being the most disciminating. A new per-event observable, M̃ evt

2 , inspired by
quantum magic, is introduced to enhance the sensitivity to the difference between
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top-quark pair and toponium production in the tails of the angular distributions
employed to reconstruct the spin density matrix. Although it performs better
than M evt

2 in event-by-event discrimination, its overall separation power remains
limited.

Correlation studies reveal that kinematic variables b1, b2, b3 are highly corre-
lated with each other and anti-correlated with ∆R and ∆ϕ, while exhibiting weak
correlations with QI-inspired observables. Their combination in a BDT analysis
significantly enhances the separation power between non-resonant tt̄ and toponium
samples compared to any single observable and several input variable configura-
tions have been tested to quantify the relative impact of different sets of observ-
ables on the overall discriminating performance. It is observed that including p∗

increases standard signal significances by 9.3% compared to BDTs trained with-
out it, while QI-inspired variables bring a mild but not negligible improvement to
the separation performance, adding a 3.3% relative to the configuration using only
kinematic variables. Finally, the impact of final-state selections, chosen to emulate
a realistic ATLAS analysis in the dilepton channel, has been evaluated on both
individual observables and BDT score distributions, resulting in a global rescaling
and a reduction in statistics, with only a moderate loss of the discriminating per-
formance. The results shown for this part of the thesis constitute the core part
of the paper Extracting a Toponium Signal at the LHC with Spin and Quantum
Information Tools, published on arXiv https://arxiv.org/abs/2602.23426v1.

Overall, during the course of this thesis, a flexible and robust framework was
developed for studying spin correlations and quantum observables in tt̄ produc-
tion at the LHC and is available on GitLab. The results obtained in the study
of the top-quark pair production in the threshold region highlight the potential
of combining kinematic and quantum-information-inspired observables to probe
bound-state effects. The particle-level reconstruction in the semileptonic channel,
developed for both boosted and resolved topologies, opens the way for future ex-
tensions of the toponium analysis, which to date has been studied exclusively in
dileptonic events. Finally, this work provides a guide for future measurements by
the ATLAS and CMS collaborations, where including detector effects, systematic
uncertainties and potential BSM contributions will be essential to perform the
measurement of toponium production.
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Appendix

A Additional Cij measurements

Measurements of the spin density matrices at parton level in the semileptonic
channel are presented for different mtt̄ regions with | cos θ| > 0.4 (first and second
row). The bottom row shows the results at particle level in the boosted topology
for the boosted topology for mtt̄ > 800 GeV and | cos θ| < 0.4 (left panel) as well
as the inclusive correlation matrix obtained at parton level from the statistical
combination of semileptonic and dileptonic measurements (right panel).
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B XGBoost framework

The classifiers used in this work are implemented using the XGBoost framework [84],
which stands for eXtreme Gradient Boosting. It is based on the gradient boosting
method, which builds a strong classifier with prediction function F (x) by sequen-
tially adding weak decision trees,

F (x) =
M∑

m=1

ηfm(x; am), (B.1)

where fm(x; am) represents the m-th decision tree with internal parameters am, η
is the global learning rate and M is the total number of trees. The parameters
am are determined by minimizing a loss function L(y, F (x)), which quantifies the
deviation between the model prediction and the true label y of the training sample.
At each iteration m, a new decision tree fm(x) is trained to approximate the
negative gradient of the loss function with respect to the current model prediction
Fm−1(x). This gradient indicates the direction in which the prediction should
be modified to most effectively reduce the loss, such that each tree corrects the
residual errors of the existing ensemble and the model iteratively improves. For
the binary classification tasks in this analysis, the binary log-loss function is used:

L(yi, F (xi)) = −
[
yi log σ(F (xi)) + (1 − yi) log(1 − σ(F (xi)))

]
, (B.2)

where σ(F ) = (1 + e−F )−1 is the sigmoid function. In this context, the model
output F (x) represents the logarithm of the signal-to-background ratio. The final
output is transformed via σ(F ) into a probability-like score, where values closer
to unity correspond to more signal-like events. The term Extreme in XGBoost

refers to the inclusion of advanced features and optimizations, such as explicit
regularization to reduce overfitting.

The performance and generalization of the XGBoost classifier depend on several
hyperparameters controlling the model complexity. In particular, η and M deter-
mine the strength and number of boosting iterations, while the maximum tree
depth limits the complexity of the individual learners. Additional regularization
parameters are used to reduce overfitting and all hyperparameters are optimized
on the training dataset.
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C Single-variable correlation plots

Two-dimensional correlation plots of the single variables described in Section 4.4.
The first and third columns show the results for toponium, whereas the second
and fourth columns refer to conventional tt̄ production. Each toponium plot is
displayed alongside the corresponding tt̄ plot.
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D BDT Score Distributions with final-state cuts

The BDT score distributions for the input variable configurations from Section
4.5.3 are reported below for different final-state selection selection scenarios taken
from Table 8. From top to bottom, the plots correspond to the different input
configurations (in order, All variables, No p∗, No QI variables, D(1)evt + cos θ′),
while from left to right they represent the applied selections: no cuts, selection (a)
and selection (b).
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