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Abstract

Feynman loop integrals represent a fundamental topic in the study of scattering ampli-
tudes within quantum field theory. In this dissertation we present an approach for the
analysis of multi-loop Feynman integrals properties, employing syzygy equations within
the loop-by-loop Baikov representation. By identifying propagators as integration vari-
ables and performing the parametrization iteratively, this framework generates a more
compact system of Integration-by-Parts identities, an essential tool to perform the so
called integral reduction of an integral family. Furthermore, our analysis includes the
derivation of the differential equations for both families using polynomial decomposition
techniques, which further optimize the reduction process. The results are successfully
validated by applying our algorithm to two two-loop cases: the massless box-triangle
and double-box families.
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Chapter 1

Introduction

Scattering amplitudes are the central objects of study in quantum field theory, rep-
resenting a fundamental connection between theoretical frameworks and experimental
observations. In the context of modern particle physics, particularly for experiments
at the Large Hadron Collider (LHC), these amplitudes are essential for translating the
underlying Lagrangian of the Standard Model into observable quantities, such as cross-
sections and decay rates.

To achieve the level of precision required by current experimental data—often reaching
the per-cent level for many observables—theoretical predictions must be computed beyond
the tree-level approximation. This necessitates the evaluation of higher-order terms in
the perturbative expansion, which are represented by Feynman loop integrals. As the
number of loops and external legs increases, these integrals become difficult to evaluate,
forming a primary computational bottleneck in high-energy physics.

Traditionally, Feynman integrals are formulated in momentum space. While this
representation is useful for understanding the analytic structure of Green functions, it
is often cumbersome for direct multi-loop evaluations. This has led to the development
of alternative parametrizations, such as the Schwinger representation [1-3] and the Lee-
Pomeransky representation [4]. A further shift in perspective is provided by the Baikov
representation [5-7]. In particular, the Baikov parametrization—and its loop-by-loop
variant[8]—is specifically designed to exploit the algebraic properties of the integrals. In
this framework, the integration variables are identified with the propagators themselves.

Indeed, Feynman integrals within the same family are not independent; they are
related by a vast system of linear relations, most notably Integration-by-Parts (IBP)
identities [9, 10]. In particular, IBPs are highly employed in the so called integral re-
duction, whose objective is to identify a set of independent integrals, known as master
integrals, through which any other integral in the family can be expressed.

However, as the complexity of the process grows, the system of IBP identities leads
to significant algebraic challenges. To optimize this process, modern techniques employ
syzygy equations within the Baikov framework [11-14]. This synergy allows for the gen-
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eration of IBP identities that are more efficient, specifically by avoiding the appearance
of higher powers in the propagators —a major source of complexity in standard reduction
schemes. The latter is particularly important for multi-scale, multi-loop computations,
where the system of generated IBPs grows rapidly. In this context, reducing both the
scattering amplitude and the derivatives of the master integrals (needed for constructing
differential equations |15} |16]) becomes highly challenging, if not impossible.

The primary objective of this work is to present and implement an efficient framework
for the integral reduction of multi-loop families. Specifically, we aim to:

e Develop a reduction scheme within the loop-by-loop Baikov representation, inte-
grated with syzygy techniques, to highlight the advantages of this approach over
traditional methods.

e Extend the analysis to the derivation of the differential equations obeyed by the
master integrals, employing a polynomial decomposition approach.

e Validate the proposed methodology through concrete two-loop examples, such as
the massless box-triangle and double-box families, comparing the correctness of
the results against established Laporta-based algorithms.

This thesis is organized as follows. In Chapter [2] we review fundamental concepts to
the study of Feynman loop integrals such as IBP relations and their role in the inte-
gral reduction to find a set of master integrals. Moreover we review the method of
differential equations to find the master integrals and analyze their properties. In Chap-
ter |3l we review the Baikov representation and its loop-by-loop variant, highlighting their
advantages and drawbacks, providing examples for two multi-loop cases: the massless
box-triangle and the massless double-box families. Furthermore, we review the theory
of syzygy equations and how it is employed in the construction of IBPs in the standard
Baikov representation. In Chapter |4 we present the algorithm built to perform a proper
integral reduction in the loop-by-loop Baikov framework, using syzygy equations. We ap-
ply our algorithm to the box-triangle and double-box families. In Chapter |5 we broaden
our analysis to the study of the system of differential equations obeyed by the master
integrals obtained from the reduction of the box-traingle and double-box families. In
order to do so, we employ a polynomial decomposition method. Finally, Chapter [6] we
summarize our findings.

The thesis is complemented by three appendices: Appendix [A] provides an additional
example of differential equations for the one-loop box family; Appendix [B| contains a
detailed derivation of the various forms of the Baikov representation; and Appendix [C]
describes the numerical methods implemented in the FiniteFlow framework [17], which
served as the computational backbone for all the calculations presented in this work.



Chapter 2

Loop Integrals and Feynman
Representation

In this chapter we review Feynman integrals and their fundamental properties, with
particular emphasis on their singularity structure and the role of IBP identities 9} |10].
Furthermore, we introduce the essential tools for their evaluation, ranging from the Feyn-
man parametric representation to the systematic organization of integrals into families.
Finally, we discuss the reduction to a basis of master integrals [18] and the derivation
of the associated system of differential equations |15, [16], which constitute the backbone
of modern multi-loop calculations. The discussion in this chapter follows the treatment
provided in [19], which serves as our primary reference. Representative examples are
included for each of the introduced concepts.

2.1 Introduction to Feynman Integrals

Feynman integrals (FIs) constitute the fundamental framework for performing perturba-
tive predictions in quantum field theory. Beyond their historical role in particle physics,
they have emerged as indispensable tools for computing physical observables across di-
verse research areas, including general relativity and the study of gravitational waves.
We can associate a Feynman graph to a FI (and vice-versa), defined as a directed graph
with external half-edges (external legs) and internal edges (propagators), connected via
points named vertices respecting momentum conservation.

A graph can have independent cycles inside, each of them called loop, with an as-
sociated arbitrary loop momentum. Moreover, external legs’” momenta are linear com-
binations of the momenta associated to the external particles of the process, while the
propagators are defined by a mass and a momentum which is a combination of both the
loop and external momenta.

Divergences naturally arise in FIs as a consequence of the integration over loop mo-
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menta. Given that physical observables must be finite, these singularities are handled
through a regularization procedure, ensuring they cancel at later stages of the calculation
or through renormalization. The most widely adopted method is dimensional regular-
ization, where the spacetime dimension is analytically continued from 4 to D = 4 — 2e.
Within this framework, ultraviolet and infrared singularities manifest as Laurent poles
in the regulator e.

Furthermore, the analytic study of the integrands allows us to characterize the func-
tional space to which loop integrals belong. While many integrals can be expressed in
terms of well known functions such as logarithms and multiple polylogarithms, more
complicated structures often are involved, e.g. elliptic integrals. Further details and a
more in-depth analysis are available in standard literature [20], [21].

2.2 Notation and Conventions

We start our analysis by setting the stage for (one-loop) Feynman integral computations,
defining our notation and conventions. First of all, we always work in Minkowski flat
space-time

N = diag(+1, -1, -1, -1). (2.1)
Considering the D-dimensional extension, we get
N = diag(+1, -1, -1,..., —1). (2.2)

-~

D—-1

The integrands of FIs are built through D-dimensional propagators which, for a particle
of mass m and momentum p, read as
1

p? —m?2 + i€’ (23)
where € — 07 is the well known Feynman prescription i.e. a small, positive imaginary
part that moves the poles of the propagator off the real axis. Here we used a compact
notation for the squared momentum p? = 7,,p"p” = p,p". We use the convention that
external momenta are labeled p;, with ¢ = 1,2, ..., E/ and loop momenta are denoted £;,
with 7 = 1,2,..., L, where E is the number of external legs in the graph and L is the
number of loops.

In order to explain how Fls look at loop level, we present the following example:

D
L= [ - [ 8 e S CE)
imP/2 (k2 — m2 — ie)® imD/2 —m? — i€)®
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where k = (ko, k) and a is an arbitrary integer. We will see later that there are specific
values for D and a that guarantee the convergence of the integral. Firstly, we integrate
over kg, performing a Wick rotation. In fact, we notice that we encounter two poles in
the kg complex plane:

k¥ =+VKk2 +m2Fi0". (2.5)

We can rotate the integration contour without crossing the poles, so that the new contour
is parallel to the imaginary axis:

k’o - ikO,E‘- (26)
We can rewrite eq. (2.4) as follows:
1 d” kg 1
I.p= 2.

in which we defined a Euclidean D-dimensional vector kg = (ko g, k). Now, in order to
solve eq. (2.7) we use Schwinger parametrisation

1 1 o
a—1 —ax 2.
_:L’a = _(CL) /0 daa (& ( 8)

In our case, r = (k% + m?). We can use Gaussian integration to compute

D —ak? m b

Last step consists in applying again Schwinger parametrisation, to get the final result

1 T(a—DJ2) 1
(=D T(a) (m? — ie)a=P/2’
Notice that, assumed D and a to be integers, the convergence conditions are a > 0 and

a— D/2 > 0. We will see in next section, the motivations and the meaning of defining
non-integer D.

I, =

(2.10)

2.2.1 UV and IR Divergences

In quantum field theory one often has to deal with divergences. In particular, there are
two cases:

e Ultraviolet (UV) divergences: they are related to renormalisation of couplings,
wavefunctions and masses in quantum field theory. They can be handled via di-
mensional reqularisation i.e. by setting D = 4 — 2¢, with e — 07.
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e Infrared (IR) divergences: they arise when massless particles are involved in on-
shell processes. We can have soft divergences (when the loop momenta are close to
zero) and collinear divergences (when a loop momentum is collinear to an external
on-shell momentum). They can be treated with dimensional regularisation, but
with e = 07.

A detailed discussion of the renormalization procedure and the treatment of infrared
singularities lies beyond the scope of this work. For a complete review of these topics,
the reader is referred to [20], [21].

2.3 Feynman Representation

In the previous section we have seen how to compute the simplest case of Feynman
integral. Now our purpose extends to the computation of more complex integrals, with
arbitrary number of loops and external particles. In general, a FI depends on parameters
such as external momenta p; (which can be on-shell or not) and masses m;. The most
generic expression for an L-loop Feynman Integral, in D dimensions is

I(piymj; D) = /dD ky...dP krl(pi; kj;my). (2.11)

Let us analyze now an explicit example, consider a generic n-point massive one loop
scalar FI:

D
1
Il teop :/ ™k (2.12)

al,...,Qn i7TD/2 Diu Dan7

where the propagators are defined as

D; =q; —m}, (2.13)
and the momenta ¢; are linear combination of the loop momentum k and the external
momenta p;.

In order to evaluate [ ;;lo‘g’n it is convenient to introduce a set of integration variables,

the so called Feynman parameters «;. Firstly, we consider the following identity

GL(l) (@1D1 + OéQDQ + 4 OénDn)(ﬂ

(2.14)
with @ = >"7" | a;. The term GL(1) signals that the r.h.s. is invariant under arbitrary
rescalings of ay, ..., «, (i.e. general linear transformations). For example, if n = 2, one
can fix a; + ap = 1 so that the GL(1) term has the effect of inserting a Dirac d-function

H?:l D?i - (al — 1)!...(an — 1)!

1 (a—1)! /oodozldozg...dozn i tagTt L aont
0
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of the form d(a; + g — 1) in the integrand. The proof of the formula above can be found
in standard literature such as [20].
Finally, using the properties of the Euler Gamma function we can generalize eq.

&) to

1 ~ TI(a) /Oodaldaz...dozn o tapTt L aont

n a; n n 5 2].5
I D Il T(a) GL(1) (a1 Dy 4+ agDy + -+ - 4+ Dy )@ ( )

~~~~~~

[1 loop __ 1 F(CL — D/2 Hz 1 d o Ua_D
----- = (0TI T(w) 0 <v+Uz;;1 mia; — 0%y D2
(2.16)
In particular,
U= Z g,
i=1 (2.17)
V= Zaia]( xfj)
i<j
where z;; = x; — x; are related to the dual coordinates x; defined as
k= x¢— x1,
oo (2.18)

Di = Tip1 — Ty

U and V are called Symanzik polinomials, for more details about the structure and the
definition of these polynomials see [22]. Furthermore, one may fix the GL(1) freedom in
many ways, for example by setting U = 1i.e. Y . ; ; = 1. Before presenting a one-loop
example, let us mention the generalisation of the master formula for L loops.

In particular, considering a generic n-point massive L-loops scalar FI:

1
L—loops __
] ~~~~~ p /H m.D/2 (D?lDSQ L D?L">' (2'19)

IL loops __ 1 a - LD/2 / Hz 1 daz a;—1 Ua—LD
""" o (=) Hz 1 Das) L(1) (V+U", mia; —i0F)eLD/2’

(2.20)
where U and V have the same definition of the 1-loop case.
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N—
k+p

Figure 2.1: Bubble diagram with double external lines representing massive particles.

2.3.1 Example: The Massless Bubble Integral

In this section we present an example of the application of the general formula (2.16|) to
a simple one loop scalar case: the massless bubble integral, shown in fig.

We aim to write down the Feynman parametrisation and evaluate the bubble diagram
in fig. Firstly, its corresponding Feynman integral is

T D) /de 1
ubble\ @1, A2; = - ; ; .
pubbteATh 72 imP/2 (k2 —i0%)@ ((k + p)2 — i0+)e
Now, applying the identity (2.15) with n = 2, D; = k?, Dy = (k + p)?, we obtain

(a1 + a) /qu day / dP k ot tagr ! (2.22)

(2.21)

I ubble — - .
PNe T Dlay)D(ag) | GL(1) ) iwP/? [agk? + ay(k + p)2|arte
2 — 1.2 2c a 2 :
If we define M~ = k* + —aﬁigk P+ 55;P°, We can rewrite

(2.23)

I _ (a1 +a) / daydag / APk o e oy + ap) e
T T an)T (az) GL(1) imD/2 (M?2)ar+as :

We can complete squares in the M? definition and define a shifted momentum k

Qg

k=k+ : 2.24
o1 + Ckzp ( )
yielding
I ~ I'(ay +a9) / dajdasad 'aP oy + ay) o / dP k 1

bubble — F(al)F(ag) GL(l) imD/2 []%2 + (zliéip;]m—l-ag.

(2.25)
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We can use eq. (2.10) to integrate over k and obtain

D(ay+as — D/2) [dajdaaf a8 (ag + ag)mte—P
Tyubbie = CIv— YL (2.26)
['(a1)T(az) GL(1) (—oqagp?)nta=D/
from which we can read off
U=a;+as, V =—ajap’ (2.27)

Now that we have wrote the Feynman parametrisation for the bubble integral, we are
ready to evaluate it. Next step consists in employing the GL(1) invariance to insert in
the integrand a Dirac d-function of the form d(a; + ae — 1), so that

r - D/2) [! gy
Luppie = (—p?)~ @240/ (a1 +a> = D/J2) / daya??72 71 = a)P/2 el (2.28)
0

['(a1)l(a2) !

Using the Euler Beta function definition we get the final result

I'(a1 +ay — D/2)I(D/2 —a1) I'(D/2 — as)
(—1)ate2I'(ay) I'(ag) ['(D — a1 — a2)

Tpupble(ar, ag; D) = (—p?)P/2mm=a2 - (2.99)

2.4 Integral Families, IBPs and Master Integrals

In this section we discuss how to group Fls in sets, according to their propagator structure
and kinematics, defined as integral families. In order to study their properties we will
analyze how to write IBPs in order to find the master integrals (MIs) of a given family.

Firstly, we define the set of integrals in eq. as an integral family. In particular,
ai,...a, are arbitrary integers, thus this definition describes an infinite number of Fls
with different values of a;. Let us recall that, when the integer a; > 0, D; represents a
usual propagator; conversely, when a; < 0, D; moves to the numerator, representing a
propagator-like object called irreducible scalar product (ISP).

Now, an integral family contains infinitely many elements, which are a linear combi-
nation of a finite subset {Gy} of objects called master integrals. In other words, we can
define a finite-dimensional basis in this space and its elements are the MIs. Thus we can
write [j = Zj Cjka, with {Gk} C {Ik}

For example, massive bubble integrals of mass m, loop momentum k, external mo-
mentum p and arbitrary integer powers (a1, as) in the propagators, belong to the family

dP k 1
]a as — . . 2.
1,02 /mD/z k2 — m2a[(k + p)2 — m2]e (2.30)



CHAPTER 2. LOOP INTEGRALS AND FEYNMAN REPRESENTATION 13

In order to find the MIs, the most useful tools are IBPs [9, [10]. They arise from the
fact that, in dimensional regularisation, total derivatives vanish. We can write IBPs for
integrals within a family

d’k; 0 vH
=0 2.31
/ H imP/2 Ok;, DS ... Dan ’ (2.31)

where v* = . (ayp} + Bi;k%) and {k;,}, {a;} are arbitrarily chosen.

2.4.1 Example: The Massive Bubble Family

Let us review explicitly the massive bubble integral family example (2.30]), following the
treatment presented in [23]. The IBPs are obtained by

/H d:DIZ 82 { k2 — m2]a1[(k1_|_ D2 — m2]a } =0. (2.32)

If we choose v* = k* and we set p* = s, we get the IBP relation

(D — 2&1 — ag)]ahcw — 2m2a1[a1+1,a2 + (8 - 2m2)a21~a17a2+1 - a21a1,17a2+1 =0. (233)
Whereas, choosing v* = p*, we obtain the identity
(a1 —a2)lay 0y — a1lay 41,091 + @2lay 10941 + SA110y 410y — SA210, ay41 = 0. (2.34)

as. (2-33), are IBPs for arbitrary values of the propagators powers {a;}; these
kind of identities are called template equations. We can find an additional identity obeyed
by this family, which arises from the following symmetry relation. In fact, if we perform
a shift k* — k= k# + p*, we obtain D <> Do, i.e.

Loy oy = Loy, (2.35)

Notice that this result could have been computed in the same way, if we chose v* = k*+p#
in eq. . As we stated earlier, we recall that IBPs can be used to reduce the integrals
of a given family to a finite number of MIs, this process is called integral reduction. The
general strategy to perform the reduction consists in two combined steps:

e Simplify the template equations, keeping {a;} symbolic.

e Replace a; with integer values to get explicit equations.
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The most famous technique for performing an integral reduction is Laporta algorithm [18].
Within this algorithm, the integrals are assigned a weight according to their complexity.
The weight choice is completely arbitrary, for example one can assign the lower weight
to integrals that have fewer propagators. Then, for the provided integrals, IBPs are
generated and solved using Gaussian elimination, expressing higher-weight integrals in
terms of lower-weight ones.

The MIs are chosen to be those integrals that remain undetermined from this protocol.
It is important to highlight that the choice of MIs is not unique, as one can provide a
lower index for specific integrals in this procedure, and a convenient choice may help in
the reduction. There exist several publicly-available packages that implement Laporta’s
algorithm, such as Blade [24], AIR [25], FIRE [26], KIRA[27|, REDUZE [28], Azurite [29],
NeatIBP [13] etc.

Going back to our example, we can perform the calculation explicitly. First of all, in
order to better organise the reduction, we divide the family into sectors, defined as

Slassa] = Slar, - an] = {0(@1 - %),e(@ - %)Q(an - %)} (2.36)

where 6(z) is the Heaviside function. For example, S[1,2] = S[1,1] = {1,1} and S[0,2] =
S[—1,1] = {0,1}. As stated before, we proceed from sectors with fewer denominators to
higher.

e {0,0} <+ a; <0,ay, <0. For this sector we have I,, o, = 0, since scaleless integrals
vanish in dimensional regularisation.

e {1,0} <> a; > 0,as < 0. For this sector, we substitute in eq. (2.33)) suitable values
for (ay,as) such as (a1, as) = (1,0), obtaining

5 Do (2.37)

If we substitute (a1, az) = (1,0) in eq. (2.34) we get

D -2
127_1 = [170 + 8_[2,0 = (]_ +s 2m2 )Il,O' (238)
Moreover, using (aq,as) = (1,—1) in both template equations, we find
11,—1 = 31170,
D -2 2.39
127_2 =s(4 + ]170. ( )
2m?

e {0,1} + {1,0} due to the symmetry relation (2.35)).
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o {1,1} <3 a; > 0,a2 > 0. We choose (a1,a2) = (1,1) in eq. (2.33)), obtaining

D -2 D -3
Lo+

= —— 22 2
2 2m?2(dm? —s) 7 4m? —s

Iy (2.40)

In this case, we have chosen the MIs to be {G;} = {10, [11}. Notice that we could have
picked any other two independent integrals to be MIs. For example, we can arbitrarily

choose {G;} = {111, I} so that each integral of the family can be written in terms of
the MIs

(
2m
Lo = D ]207
1
= (gt o)
1 D -3
Iy = R 812,0 t 311’1’

2.5 Differential Equations for Feynman Integrals

In the previous section we have seen that we can find the Mls of a given family through
an integral reduction. In this section we review a method to evaluate the Mls either
analitically or numerically [15, |16], especially when their expression is complicated. This
approach is based on differential equations for the MIs of an integral family. We present
differential equations (DEs) starting from the massive bubble integral we computed be-
fore, then we will write down the general strategy, reviewing the following references |19
30].

In order to write DEs for MIs we have to identify the variables with respect to which
we differentiate, taking into account that FIs are analytic functions of invariants such
as masses m; and kinematic quantities (e.g. Mandelstam invariants). If we define x to
be one of these invariants, using the fact that derivatives of Mls are integrals within the
same family, we can write

=Y " nJr, (2.42)
k

for some matrix coefficients hg.:,?. Now, since {I; } are reduced to {Gy}, i.e. Iy =), cuG,
we get

0,G; =Y AY)Gy, (2.43)
k
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where Aﬁ) =Y, hg.f)clk.

To be clearer, we write down the DEs for the massive bubble integral example, recall-
ing the family definition and its MIs {10, [11}. In this case, our integrals depend
only on two invariants, namely I, o, = o, a5(m?, s). We can compute straightforward
derivatives with respect to m?

8m2[a1,a2 = a1[a1+17a2 + a2[a17a2+1. (244)

Lo\ [ Iz
Oy ( [> - (2 [> | (2.45)

If we use eq. (2.37)), we can write

I ot 0 I I
e e L) = Ay (A1) 2.46
()= (Lo ) (i ) e

Analogously, using 0; = %p“apu , we get the DE for the invariant s

]1 0 0 0 Il 0 Il 0
o, | 1) = _ _ V) =A@ (710 2.47
( 11,1) (—(4/32_25)5 =35+t as) ) \ I1a (247)

2.5.1 Mass Dimension and Integrability

Thus, for the two MIs, we get

Before proceeding in the computation of the DEs, let us make some observations on
what we have computed so far. Firstly, we notice that, from eq. (2.30)), ,, 4, has mass
dimension [/, o,] = D — 2a; — 2as, so that, for some adimensional function g¢:

Lo, 0, (m?, 5; D) = mP~2172024(5 /m?: D). (2.48)

1,02

Thus we can write the following DE

(805 + MOz ) Ly 0 = (D)2 — a1 — a2) L4, 4,- (2.49)
So, if we apply this to our MIs, using eqs. ([2.46)),(2.47), we obtain a DE in diagonal

form:
9 Lo\ l D -2 0 I
(s0s + m*0p2) (11,1 =3 o p-4)\1,) (2.50)

The second observation consists in verifying the integrability of our system. This is
achieved by checking the commutativity of partial derivatives, i.e. 050,,2 — 9,205 = 0.
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In our case,

[0,AT) — 9,0 A®) 4 AT AG) — A A7) (I L”) = 0. (2.51)

One can substitute the explicit expressions obtained in eqgs. ([2.46)), (2.47) for A™*) and
A®) and verify that the resulting matrix vanishes. However, when eq. (2.51)) fails, it
could signal that the reduction is incomplete.

2.6 Canonical Form

In this section we review the concept of the canonical form (or e-form) [31]. Although
the specific reduction procedures discussed in Chapters 4| and 5| do not strictly rely on
this framework, the canonical form represents a natural and significant development in
the theory of DEs for FIs. As such, it is included here to provide a complete theoretical
background, though it is not required for the understanding of the subsequent original
results in Chapters [4] and [5]

Intuitively, the idea behind the concept of e-form tells us that, when we choose a
basis of MIs such that the ¢ dependence is fully factorized

AD (e, ) = €AY (), (2.52)

integrating order by order in € is easier. In other words, e-form is convenient since, if we
Laurent expand a vector of MIs

G = emin 3 G0k (2.53)
k=1

we can write

4 —

0,GV =0 = GV = (,

0,6V = A(2)GO = GV = / A(x)Co + Ci, (2.54)

\
and we can integrate order by order in e.

To begin with, we have to understand deeply the meaning of the parameter €. In
order to do this we recall that, in general, in FIs computations we encounter trascendental
numbers and functions, such as powers of 7 in the integral measure or logarithms in the
result of a scattering amplitude. We can study, from a systemic point of view, the
importance of what trascendental functions give rise to.

Thus, we define a parameter, the so called trascendental weight |32], which keeps
count of the ”trascendentality” of a given expression. For example, rational numbers
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or polynomials will have weight zero, while 7 and log will have weight one. Another
example is the n-th polylogarithm 1i,(x) defined as

k

Liy (2) EZ% n=1,2,... (2.55)

k>1

which has trascendental weight n. If we focus on the dilogarithm Lis, recurrent in Fls
computations, we see that it has an equivalent definition:

" dt
Lin(a) =~ [ Glog(1 - 1), (2.56)
0
from which
. 1
0, Lig(z) = ——log(1 — x),
x

1

— X

(2.57)

20, Lig(1l — ) = 1 log(z).

In general we can write
20, Lip(z) = Lip_1(z), n>2. (2.58)

This definition for Li,(x) can be viewed as an iteration of integrals over specific logarith-
mic integration kernels, namely d?'” and %. Thus we can interpret the trascendental
weight as the number of integrations we have to perform in this integral representation.
Now, we can view these functions under a DEs approach, by defining a weight-counting
parameter € (for the moment consider it unrelated to the dimensional regularisation

parameter) with assigned weight -1. Thus we can define a zero weight vector

€2 Lig(7)
G(x;e) = | elog(z) | . (2.59)
1

In particular, §(x;€) satisfies the following DE:

4 Ao A\
re) = e 2 : 2.
ougtaie) = (204 2 Vi) (2.60)
with
000 0 -1 0
Ay=(0 0 1], A=[0o 0o of. (2.61)
000 0 0 O

We can rewrite eq. (2.60) in differential form as

dg(z; €) = €[ Ao dlog(z) + A dlog(1 — z)] g(x; €). (2.62)
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Notice that g(z;e€) has weight zero. In fact, € and d = dx0d, have weight -1, while log
has weight +1. Given eq. (2.59)), we can also express § as a series in powers of €

lzie) = g™ (x). (2.63)

Plugging this ansatz in eq.(2.60) we can read, for the first few orders in e:

83357'(0) (x) =0,
02" (x) = A(z)g", (2.64)
0.5 (x) = A(x)g".

Thus we have seen how to obtain eq. ([2.54)) for a basis of MIs by introducing the concept
of trascendental weight.

2.6.1 Gauge Invariance of Differential Equations

When we study DEs of the form

— —

Opf(z,€) = Ax,€) f(x,€), (2.65)

we may ask if they have a unique solution. To examine that, we consider an invertible
matrix T'(z, €) such that, performing a change of basis yields

f=1Tg. (2.66)
In the new basis, we have a similar DE
0,G(x,€) = B(a,)ii(x, o), (2.67)
where
B=T"'AT -T7'0,T. (2.68)

We have just proved the non-uniqueness, in a ” gauge dependent” way. In fact, the matrix
A(z, €) tranforms to B(x,€) under a gauge transformation. Therefore, we are allowed to
write the solution of eq. (2.65)) as a path ordered exponential

Fla) = Pexp l /C A(:c’)dx’} Flwo), (2.69)

where P stands for the path ordering along the path C connecting the base point xq
to x. In particular, the operator P emerges as the time ordering operator in quantum
mechanics. It can also be interpreted, in advanced quantum field theory, as a Wilson
line |33] connecting two points xo and x along a contour C.
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Finally, another important property introduces the concept of discontinuity. In par-
ticular, let us assume that there exists another path C’ that differs from C by a contour
encircling a pole of A and it is still a solution of eq. . Thus, the path associated to
the difference between C and C’, which corresponds to taking a discontinuity of f, will be
a solution too. For example, if we consider the DE and define two contours {C, C'}
such that C’ crosses the branch cut starting from z = 0, we get, for {z € C | z < 0}:

—log(1 — z)

Disc,_o f(x) = {Pexp [ /C A(x’)dx’} _ P[ / /A(x’)dx’} } Flwo) = 2ri 1

This property of discontinuities will be useful in further FIs analysis.

(2.70)

2.6.2 Symbols, Letters and Alphabets

As we stated in previous subsections, we often have to deal with special functions like
logarithms or dilogarithms. We introduce a method to study important properties of
special functions, called symbol method [34]. The idea behind this is the following:
symbols preserves the information on the integration kernels, disregarding integration
constants. Moreover, we define letters the integration kernels and their ensemble is
called alphabet. For example, recall eq. , in this case the associated alphabet has
two letters: {x,1 — x}. Intuitively, given the dilogarithm

Lig(z) = — /Ox dlog(y) /y dlog(1 — z), (2.71)

0
we group the arguments of the logarithmic integration kernels in the symbol

S(Lis(z)) = —[1 — 2, z]. (2.72)

An alternative notation is

S(Lig(z)) =—-(1—2) @ . (2.73)

Notice that, inside the symbol, the order of integration kernels is opposite with respect to
the one in the integral representation. We are now ready to give a formal definition for a
generic symbol S. Let f(*) be a uniform weight function (of weight w) whose derivative
is given by

df® = Z i /7Y dlog o, (2.74)

)
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where ¢; are kinematic-independent constants, fi(wfl) are uniform weight-(w—1) functions
and «; are kinematic-dependent algebraic expressions. We define the symbol S of f(*)
to be

S(f) = Z@-[S(f(“"”), o). (2.75)

In particular, at weight 0, we define the empty symbol

[ ]1=81). (2.76)

As a simple example one could write S(log z) = [z] and for the dilogarithm: S(Lis(x)) =
— [1 —x, :L’], as we wrote above. The symbol satisfies the following properties:

[...,ab,...]=[..;a,...]+]..,b...],
[,z =cl..;z,...], (2.77)
[...,¢,...] =0, if ¢ = constant.

Another interesting property regards differentiation and discontinuities. Specifically, if
we take the discontinuity across the negative real axis of logx, whose symbol is [z], it
corresponds to set [x] — 1. In general:

dlay, ..., an_1,a,] = dlog(ay)las, ..., an 1], (2.78)
Disclay, ag, . . ., a,] = Disc(log ay)[as, . . . , ay)]. '

Thus, the symbol makes the branch cut structure and derivatives of a function manifest.

2.6.3 Generalization of the Canonical DEs Concept

In previous subsections we have seen how to build DEs for the massive bubble family. If
we aim to extend this formalism to Fls, we have to take into account that FIs depend
on kinematic variables and masses, thus a generalisation is needed. To begin with, we
focus on the matrix A appearing in

— —

Opf(x,€) = A(x,€) f(x,¢€). (2.79)

In general, we can choose a basis of MIs of the integral family so that the system is
expressed in the so-called canonical form:

d f(Z,¢) = ed A(D) f(T). (2.80)

In common cases, the connection matrix d A can be written in terms of dlog-type
integration kernels:
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— —

d f(Z €)= e ) Ay dloglag(D)]f(Z, e), (2.81)

where 7 is a set of variables and the set of letters {a(Z)} is the alphabet of the prob-
lem. We call eq. canonical form of the DEs for logarithmic integration kernels.
Furthermore, it is crucial to highlight that Aj are purely numerical matrices, thus all
the kinematic dependence is encoded in the letters oy (Z). Finally, we can even define a
more general canonical form, in which the connection matrix A(x) is not written as sum
of logarithms:

Now, recall that the exact expression of the matrix A(z,€) depends on the basis
choice and in general it will have singularities. Let us consider the single-variable case
and suppose that the system has a singularity at certain point xj. It has been shown
that a gauge transformation often exists such that the connection has only simple poles.
In a single-variable case, this results in:

Alw)=>" A (2.82)

r— Tk
k k

Correspondingly, the differential (2.81)) simplifies to:

d f(z,e) = e[z Ay, dlog(z — m} flz,e). (2.83)

However, FIs often involve more intricate arguments. For instance, in the massive bubble
integral, the alphabet involves square roots of the kinematics, such as:

a:\/1—4m2/s—1 (2.84)
V1—4dm?/s+1 '

Such expressions suggest that the ”"canonical” variables are not always the physical in-
variants, but rather transcendental maps of them.

In conclusion, before proceeding with the massive bubble integral example, we can
understand now that the weight counting parameter is precisely the € in dimensional reg-
ularisation, with trascendental weight -1. In fact, in quantum field theory computations
we encounter poles of the form 1/e, which can be rewritten as log A for some cutoff A,
hence we can naturally identify them.

2.6.4 Canonical DEs for the Massive Bubble

In previous subsections we have derived formally and generally all the necessary tools
to analyze our example (2.30). In particular, we wrote down the DEs for the massive
bubble integral with respect to m? and s respectively (see egs. (2.46)), (2.47)). We can
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assume, only for this case, that D = 2 — 2e. We also review in [A] another example of
derivation and solution of the system of DEs of the one-loop massless box integral family,
presented in [19, 30].

It is easy to notice that these equations are not in canonical form (they contain e
terms). In order to put them in e-form we need to get rid of the unwanted €°. Firstly,
we define a vector containing our chosen MIs

7= Gw) . (2.85)
1,1

Then we perform a change of basis, for a suitable matrix 7"

0

f=T13. (2.86)

If we require that the A®) matrix is free of €® terms (with 2 = m?, s), employing also

eqs. (2.65), (2.68), we get

0 0
0,.T=-1(° % ), or=-_1 e (2.87)
0 — 0
4m2—s s(4m?2—s)

This leads to

=0 =) (25

f= <\/(—5)(4]717:LO2 - 8)11,1) ‘ (2.89)

For m? > 0 and s < 0 we find

y — o\ . 0 0\ .
Om2f =¢| 9 4 f, Osf=c¢€ ) ) f. (2.90)
m2\/(1_4m2/s) 4m?2—s s(dmZ—s) 4mZ—s
Basically we have two canonical DEs of the form
Opf = €AW f, (2.91)
which can be combined as
df =edAf, (2.92)

where d = dm?9,,2 + d 59, and A is defined such that 9,4 = A®. We find the solution
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—log(m?) 0

A= /1—4m? [s—1 9 : (2.93)

The equation above is a specific case of eq. (2.81]). We identify three alphabet letters:

V1—4m?/s—1
m?, m/s Am?* — s 5. (2.94)
V1—4m?/s+1

We are now ready to solve the DE for f: based on eq. (2.69):

—

g, = Pesp e [ 04| i o) (2.95)

where Z = (m?,s), A is given by eq. and [ (20, €) is a boundary vector at a given
base point zp. Thus, in order to solve eq. we need to fix the boundary conditions,
which will consist in physical consistence requirements. The idea is to identify singular
points from the alphabet letters , in order to study the behavior of f near these
singularities, i.e. when the letters go to zero or infinity. From eq. we easily see
that the singularities are s = {0,00}, m = {0,00} and s = m? We can choose s = 0
as boundary condition. We know that physically this limit is non singular, since it is

equivalent to set p = 0 in eq. (2.30). Hence, eq. (2.89)) becomes a tadpole integral solved
using eq. (2.10) with a =1 and D =2 — 2e:

Il,O = F(E)(m2)76. (296)
So, the boundary condition reads as
o 2\—e¢
fls=0,m*D=2—2) = <F(E)(6” ) ) . (2.97)

We rewrite the alphabet (2.94) with the change of variables s = —m?(1 — z)?/x:
1 2
{mZ,x,mzﬂ}, (2.98)

Xz

which can be written in terms of the independent variables only

{mQ,x,l —I—x}. (2.99)

In addition, we can get rid of the m? dependence, as it correndponds to an overall scale.
Therefore we can either set m? = 1 or multiply all integrals by m~2¢. We make the final
basis choice, with normalisation consistent with the selected boundary condition above
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7 1 I
€)= : . 2.100
flwie) I(e)m=> (\/(—S)(4m2 - 8)11,1) (2100
Thus the final differential equation reads as
dFwe =eal O 0 Fla: 2.101
f(l',E) =€ _QIng IOg (1f$)2 f(l',ﬁ). ( . )
The boundary condition s = 0 is realised when x = 1:
> 1
flx=1;¢) = (0) : (2.102)
Now, eq. (|2.101]) is equivalent to
> 170 0 1 0 0 =
axf<£€, 6) =€ |:; (_2 1) + H—x <O _2> :|f(.%‘, 6). (2.103)
We can solve this order by order in € if we write
flzye) = Zekf(k)(:v). (2.104)
k>0

We also notice that eq. (2.101)) decouple order by order in ¢ and we can find explicit
expressions for the first few orders

FI0 = Ly ) (2.105)
> 0

@) () =
Fo ) (4 Liy(—2) + 4log xlog(1 + ) — log® = + 772/3> '
In conclusion, if we plug this in eq. (2.100) we obtain

Tnubble(5,m?*; D = 2 — 2¢) = \/r(‘(_lS;L(iZZ__ES) [—210g (\/7‘1:122;2; 1) + O(e)] :

(2.106)

2.6.5 Unitarity Cuts

In the previous subsection we presented an instructive method to solve DEs for Fls,
focusing on the massive bubble diagram example (2.100). However, the construction
of a canonical basis is not a unique process and often necessitates the combination of
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various methodologies. The approach reviewed here regards unitarity cuts, which can be
used also in the context of IBP relations [35].

In order to introduce this concept, we focus on the definition of a generic propagator,
whose imaginary part reads as

1 1 1 1
Im|—— | = — — — — . (2.107)
p? —m? +ie 20\ p?> —m?+ie p?>—m? —ie
One can verify that the equation above vanishes when € — 0, except for p> — m?. Thus,
we report the general result

Im{;] = —7(p® — m?), (2.108)

P2 —m?2 + e

which says that the propagator is real except for when the particle goes on-shell. In
addition, eq. (2.107) highlights that the propagator has a discontinuty

. 1 :
Disc (m) = 27rz/dp5(p2 —m?). (2.109)

One can easily see that, from the equations above we can write

1 1

. 2 2
P _mitic pP_mitic —2mid(p” —m”). (2.110)

This relation can be rewritten equivalently as

1

—m?2

= — §(p* —m?). (2.111)

The act of substituting the propagator with a J-function as above is known as cutting
that propagator. In other words, cutting a propagator means putting it on-shell as in
eq. (2.108).

Furthermore, in a scattering amplitude we generally have more than one propagator
and when we want to cut one of them we must apply Cutkosky rules [36, 37]. In
particular, we define a maximal cut of an amplitude the act of putting the highest
number of propagators on-shell.

We observe that, applying eq. to a FI implies that the IBP structure is
not affected by cuts, making the unitarity cut framework suitable in the context of an
integral reduction. In particular the +ie prescription is irrelevant for the differentiation,
as presented in [35], thus making the IBPs for the propagators in eq. unchanged
with respect to the original propagator without the cut.

Let us review an other important consequence of unitarity cuts in the context of DEs,
by analyzing again the bubble integral family and their MIs {I;, 11} Setting
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D = 2 and applying an s-channel unitarity cut we obtain

/ _/ko 1 .
) i R = m[(k 4 p)? = m?)

(2.112)
— /d2 kS(K* —m*)d((k +p)* —m?) =

1
Ve —s)

This is an example of performing a maximal cut, since we put on-shell all the internal
lines. Analogously, for the remaining MI I; 5, we can write

k1 4 ko (k> —m?
I o :/7m — / (k* —m*) = £1. (2.113)
This results are precisely the constant prefactor that we introduced in eq. to write
the DE in canonical from.

In conclusion, in this section we have briefly reviewed that the theory of unitarity
cuts can play an important role in the context of integral reduction, both for the IBP
computation and for the properties of DEs in their canonical basis.



Chapter 3

Baikov Representation and Syzygy
Equations

In this chapter we discuss an alternative representation for loop integrals: the Baikov
representation [5-7]. We will see that its main objective is to analyze integrals properties
rather than evaluating them (which was the main purpose of Feynman representation).
We will present also two different approaches to this new representation, namely the
standard Baikov representation and the loop-by-loop Baikov representation [§], showing
their benefits and drawbacks. The main difference between these two sub-representation
is that in the standard one, the whole integral is parametrized simultaneously. Instead, in
the loop-by-loop one, the integral is parametrized one loop at a time. The definitions and
theoretical features of the Baikov representation presented in this chapter rely primarily
on the framework developed in [38].

Moreover, we will also provide examples of the Baikov representation of two-loop
diagrams. We also review the concept of syzygy equations [39] and discuss their role in
the context of IBPs in Baikov representation.

3.1 Baikov Representation

In this section we review the Baikov representation and its variants. Their derivation can
be found in [8, 40-43] and in [B| The defining characteristics of this representation is that
the integration variables are the propagators of the Feynman integral. We immediately
notice that this representation has the advantage that performing unitarity cuts becomes
a trivial operation. We recall that a unitarity cut, according to Cutkosky rules , requires
the replacement of the cut propagator with a delta function [36]. Hence, a generalized cut
becomes a residue operation, since in Baikov representation the propagators themselves
are the integration variables.

An other useful feature of Baikov representation is the investigation of linear relations

28
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between Fls, such as IBP identities, which turned out to be more transparent in this
representation rather than in the Feynman one. Finally, before writing explicitly the
representation, we should keep in mind that the main objective of Baikov representation
is not to evaluate FIs. The reason for this is that, compared to Feynman parametrisation,
the Baikov one usually has higher number of integration variables, more complicated
defining polynomials and integration region.

3.1.1 Standard Baikov Representation

As we mentioned before, the standard Baikov representation consists in parametrizing
the whole integral all at once. Let us recall the definition of an L-loop integral family in

ca. (219).

We define the standard Baikov representation of I,, . ,,, the integral

77777

dn z, (3.1)

std

j(_,L')Lﬂ_(L—n)/Qg(—D-&-E-&-l)ﬂ/B(D—E—L—l)/?
T T(D+1-E-1)/2) Je
where {z;}"_,, called Baikov variables, represent the propagators of the family. In par-

ticular, the total number n (denoted as ngy in this case) of Baikov variables is defined
as

20t 280

L(L+1
mm——Léil+EL (3.2)

where F is the number of independent external momenta p;. The number of Baikov
variables ngq counts how many scalar products involving loop momenta k; (of the form ;-
kj or k;-p;) we can write down. Then, £ and B are called the ezternal Baikov polynomial
and the Baikov polynomial respectively. They are defined as the Gram determinants

E =det|G(p1,...,pr)], B=det|G(ki,...,kL,p1,-..,PE)], (3.3)

where the Gram matrix G = G(q1, ..., ¢,) has elements G;; = ¢; - ¢; To simplify the
notation we define

D—-E—-L-1
5 .

Furthermore, the jacobian J of the change of variable from the independent scalar
products to the Baikov variables is J = +2"". Hence, we can absorb all the prefactors
in an overall constant

(3.4)

’y:

j(—i)LW(L_n)/2
[IoT(D+1—-E—-1)/2)
We can rewrite eq. (3.1)) more compactly as

C=C(D,L,E,n)= (3.5)



CHAPTER 3. BAIKOV REPRESENTATION AND SYZYGY EQUATIONS 30

- 1 BY
[yg=CE 5 / =" (3.6)
c 1 Zn"
Finally, the integration contour C for the one-loop case is defined as
B
C:{xeR”:%)>0}. (3.7)

We also observe that, if we define as P the number of actual (physical) propagators
we have that it could be smaller than n, i.e. P < n. Thus, the set of propagators must

incorporate a number
Neztra =n — P (3.8)

of extra propagators, so that the total number of propagator-like objects is equal to n.

3.1.2 Loop-By-Loop Baikov Representation

Let us consider standard Baikov representation. Since n grows quadratically with L (see
eq. ), the number of integration variables will be much larger than the number of
physical propagators. This motivates the search for an alternative method for Baikov
representation, the loop-by-loop Baikov representation, whose purpose is to keep Negtra
smaller.

The key idea behind this representation is to apply the standard one in eq. to
one loop at a time. The loop-by-loop representation is independent of the loop ordering,
meaning we can choose any loop to start the parametrization. For the one-loop case we
can directly substitute L =1 in eq. (3.1):

I 1o0p = jl(_i)W_E/zg(_D+E+l)/2 / BO-U2 E+1
I'(D—-E)/2) c

Applying the equation above recursively, we get

_A\L_(L—n)/2 1 L —D+E;+1
I = g( )T / @ a (Hgl : Blw) d"z. (3.10)
[LL DD = Ey/2) Je 2020 Ny

The structure of eq. is similar to the standard case with L loops and n Baikov
variables. However there are substantial differences, E; is now the number of independent
momenta external to the [-th loop, after having integrated out lower loops. Moreover,
each loop will have its external Baikov polynomial and its Baikov polynomial & and B;

z. (3.9)

al ap4+1
21 e ZE'+1

51 :det[G(ql,...,qu)], Bl :det[G(kl,ql,...,qu)}. (311)



CHAPTER 3. BAIKOV REPRESENTATION AND SYZYGY EQUATIONS 31

In particular, the E; momenta ¢;, external to loop [, can be identified with the external
momenta p;, other loops momenta k; or combinations of them. Moreover, for the L-
th loop, the external polynomial £ is always independent of Baikov variables, since it
depends only on scalar products between the external momenta p; - p;, thus it is taken
out from the integral sign. In addition, note that B; has

_D—-E -2
"= 5

as exponent. As in the standard case, we can define a constant C’ absorbing all the
prefactors

(3.12)

j(_i)LW(L—n)/2€£*D+EL+1)/2

C'=C'(D,L,E,n)= 7 , (3.13)
[ DD = E1)/2)
where the Jacobian J is J = +2F—7.
Thus, we can express the parametrized integral as
1 L—1 L
Iy = C' / — [[& "2 ] Byrar=. (3.14)
c Rz 2hm P 1

The integration contour C is defined as

"B
_ n. l
C= {a; cR": 1[21] 5 0}. (3.15)

In other words, the integration region consists in the part of Baikov variables space
corresponding to the integration regions of the L individual loops. In conclusion, the
number n of integration variables is

L
Nipr = L -+ Z El- (316)
1=1
It is natural to confront ny and ngg, defined in eq. (3.2)). Let us discuss the case for
which F; = E+ L — [, i.e. when all loops have dependence on all external momenta and
all loop momenta of higher loops. If we plug this expression of E; in eq. (3.16)), we get

Mipt = Mstd.- (3.17)

In this case, the standard and loop-by-loop representations are equivalent. There is no
advantage in parametrizing the integral using the loop-by-loop method, as the number of
extra propagators required is identical to that of the standard representation. Whereas,
for all other cases we have
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N < Ngid, (318)

which implies that, in general, it is more convenient to parametrize loop-by-loop, since
our aim is to keep Negyq (see eq. (3.8) smaller.

3.1.3 The Box-Triangle Diagram

In this subsection, we discuss an example of the strategy used to determine the loop
ordering in a multi-loop diagram for writing the loop-by-loop Baikov representation.
Specifically, we will focus on the different number of extra propagators that result from
choosing one loop over another as the initial loop. Let us consider the massless two-
loop box-triangle diagram in fig. [3.1, with loop momenta k;, ks and external on-shell
incoming momenta py, pa, p3, thus, p = p2 = 0.

Moreover, due to momentum conservation we have p; + ps + p3 = 0. To simplify the
notation from now on we will write p;; = p; + p;. We also define the only Mandelstam
invariant for this diagram s = p%, = 2p; - po.

D2
-
_
b3
D1
ko <

ki

Figure 3.1: Box-triangle diagram with loop momenta ki, k5 and external legs pq, po, ps3.

We identify six propagators

Dl — k%’ D2 = k%)
D3 = (k1 +p12)2, Dy = (ky + kz)Q, (3.19)
Ds = (ks — p12)*, Ds = (k1 +p1)*.

This suggests that, in order to decrease the number of integration variables, we must
pick ko as starting loop in the loop-by-loop representation. In fact, if we associate the
loop [ = 1 to the loop momentum k, we see that

L
L+ZE1

=1

— 6. (3.20)

L=2,E,=2,E=2

Nl =
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Notice that, if we parametrize starting from the ks-loop, we do not need to add extra
propagators, making it a more convenient representation, compared to the standard one.
We discuss in detail this choice of loop ordering in Chapter [4] when we will present the
integral reduction of the box-triangle family.

In order to highlight the advantages of the loop-by-loop representation, let us examine
the other possible choice of loop ordering, for which the starting loop is the ki-loop.
Basically, we want to compute the Baikov polynomials {&, B;} for [ = 1,2, where the
loop [ =1 is associated to the loop momentum k;. We can compute ny,; from eq. ,
in order to see how many extra propagators we should add to the six already found. In
this case: L =2, By =3, Ey = 2, thus

Ny = 7. (321)

It is straightforward to understand that we must add only one propagator. We identify
it by rewriting all the D; in the form k; - k; or k; - p; and look for the missing scalar
product. However, in this case we can use symmetries to find the missing propagator.
In this context, these missing propagators correspond to the ISPs we defined before. In
fact, the set of propagators {D;} is invariant under the symmetry k; <> —ko if we add a
propagator

D7 = (ko — p1)*. (3.22)

We are now ready to compute our polynomials, by using the free package BaikovPackage|3§],
available in Mathematica.
The first polynomial is

&1 = det[G(p1, p2, k2)], (3.23)

since the external momenta to the kj-loop are Ey = {p1,p2, k2}. Explicitly, with the
change of notation D; — z;, we obtain

51 = —2(222’5 + Szy — zozy — 2527 + Z?) (324)
Then, B, is defined as
81 = det[G(kl,pl,pQ, kg)] (325)

Now, the k; is solved, there is still the ks-loop to take care of, as we see in fig. [3.2]
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P2
-
—_—
—P12
P
-

Figure 3.2: Box-triangle diagram after having integrated out the ki-loop.

In this case, Ey = {p1,p2} and the Baikov polynomials are straightforward:

2

52 = det[G(pl,pg)] = —Sz, 82 = det[G(pl,pg, kQ)] = 51- (326)

Note that, if we parametrized the diagram with the standard Baikov representation, we
would have obtained

L(L+1
Ngtd = LL+Y | gy =7. (3.27)
2 L=2,E=2
We immediately notice that, if we start the loop-by-loop parametrization with the k-
loop, we get ng = ngg, i.e. the number of Baikov variables is the same for both
representations.

Finally, we can read off the general approach: in order to minimize N_.,,, the optimal
strategy consists in starting the loop-by-loop parametrization with the loop containing
the fewest propagators and then proceed in increasing order. In fact in the box-triangle
example, we have seen that Ney. = 0 if we start from the triangle-loop (see fig. [3.1).
Whereas Negirq = 1 if we start from the box-loop.

3.1.4 The Double-Box Diagram

We present another example of loop-by-loop Baikov representation: the massless scalar
double-box diagram with four external legs, showed in fig. [3.3] We denote the two loop
momenta as ki, ky and the external on-shell incoming momenta as p;, with ¢ = 1,2, 3,4.

Moreover, our loops have the same shape, since they are both boxes. In this case,
the choice of the starting loop is completely arbitrary.
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D1 P4
0 -
ky ko
N -
D2 D3

Figure 3.3: Double-box diagram with loop momenta k1, k5.

We see that the propagators are

Dy = k3, Dy = (k1 + ),
D5 = (k1 + p12)?, Dy = k3, (3.28)
D5 = (ks + p12)?, Dg = (kg + p123)°, .
Dy = (ky — ky)?.
Let us start with the ky-loop. We compute the total number of propagators
L
—1 L=2,E1=3,E>2=3
Thus, we have to introduce only one ISP in the form of the extra propagator
Dg = (ky + pis)*. (3.30)

Hence, the Baikov polynomials &, B; will be functions of the Baikov variables {z;}5_,
and of the Mandelstam invariants (s,t) defined as

S t s+t

pl'p2:§> p2'p3=§7 P1-P3 = — 5

(3.31)

keeping in mind that we have three independent external momenta, due to momentum
conservation. Thus we find expressions for the Baikov polynomials for ks loop (I = 1)
Ei(s,t,2zi), Bi(s, t,z;).

After simplifying the k2 loop we remain with the diagram in fig. [3.4]
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b1 —P123
—_— -~
ps3
DL
—_—
D2

Figure 3.4: Double-box diagram after having integrated out loop momentum k.

Thus we can compute the Baikov polynomials for the k; loop (I = 2): &(s,t),
Bs(s,t,2z;). One can note that in general, we always have one external Baikov polynomial
(specifically, the one computed once we are left with the one-loop form of the starting
multi-loop diagram ) which is independent from the Baikov variables z;. In fact, when we
parametrize loop-by-loop a given integral, the last loop reduction will have as external
momenta only the ones external to the whole diagram, in fact

Ex(s,1) = det|G(p1, pa, ps)] = —ist(s +1). (3.32)

Therefore, we can generalize this observation by stating that, if we consider a generic
L-loop diagram, we will have 2. — 1 Baikov and external Baikov polynomials depending
on the variables z;. This observation will be useful when we will combine the concepts
of IBPs (seen in section and syzygy equations in next section.
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3.2 Syzygy Equations

In this section we discuss syzygy equations, a special kind of equations involving poly-
nomials. They play a fundamental role in the determination of IBP relations for FIs,
formulated using the Baikov representation. This review is based on the following refer-
ences |13} 39} 44].

In general, let us consider a n-dimensional list of known polynomials

—

f(z) ={/i(2),..., [n(2)}, (3.33)

and a n-dimensional list of unknown polynomials

9(2z) ={91(2), .., 9a(2)}. (3.34)

—

We define a syzygy equation for f(z), the equation

f(z)-5(z) =3 [i(#)g;(2) = 0, (3:35)

where ¢(z) corresponds to the syzygy module @ mentioned above, constituting a set of
solutions for the syzygy equation.
Furthermore, if we consider a set of solutions

{7V(2),....,7 MV (=)}, (3.36)

we can write any other solution as

g(z) = ij(z)g’(j) (2), (3.37)

where py(z) are arbitrary polynomials. In general, we want to find a minimal set of gen-
erators {g G )}j, i.e. that they are independent of each other with respect to combination
of the form in eq. . However, it is often unnecessary to find all the generators.
Thus, we need to find only a subset of them, up to a maximum degree, depending on
the problem we are analyzing.

We present briefly a way of finding solutions to syzygy equations, precisely via linear
constraints a strategy successfully employed within the context of loop integrals [39]. In
other words, we make an ansatz for §(z) up to a maximum degree: let us define a list of
exponents o = (o, ..., ®,) so that a polynomial z* = (2",...,20") and |a| = >, o,
then

§(z) =) cjaze (3.38)

J o |al<d



CHAPTER 3. BAIKOV REPRESENTATION AND SYZYGY EQUATIONS 38

will be a syzygy solution, with maximum degree d and with ¢; being the unit vector in
the j-th direction.

Now if we insert the ansatz in eq. we basically obtain a linear system for
the coefficients cj,, since we are imposing that the coefficient of each monomial in z
vanishes. Since the linear system is homogeneous in cj,, we could have a non-trivial
solution compatible with the ansatz. Roughly speaking, this solution constrains a subset
of ¢j, to be a linear combination of another subset called independent coefficients. In
other words, we can write explicitly

Cia = ) UyhapChp; (3.39)
¥

where the dummy indices £, 3 identify the independent coefficients cxs and ajrap are
rational functions depending on the specific problem we are dealing with. If we substitute
eq. (3.39) in eq. , we obtain a list of syzygy solutions,by setting all independent
coefficients but one to zero and the remaining one to an arbitrary non-zero value, for all
possible choice of the independent coefficients.

Now, the obtained syzygy might not be all linear independent, especially when the
polynomials p; in eq. (3.37)) are not constants. This means that we can map each known
syzygy solution to a linear equation (with a one-to-one correspondence)

Z cjazaéj < Z CialYaj = O, (340)
Jrex Jre

where y,; are the unknowns of these equations. We solve these equations (e.g., via
Gaussian elimination), effectively removing any linear dependencies between syzygies.

3.2.1 1IBPs in Standard Baikov Representation

In section we have seen how to write IBPs between integrals in the momentum
representation. We discuss now, how to generate them in Baikov representation, showing
why it is more convenient to use this parametrization. That happens because, given a
generic IBP for a multi-loop integral family as in eq. , the derivative term often
produces integrals with increasing denominator powers a;. These integrals, irrelevant for
the integral reduction, drastically increase the size and complexity of our IBP system,
making it a major computational bottleneck, in case of complicated multi-loop topologies.
A solution to this problem is to approach IBPs from the viewpoint syzygy equations in
the Baikov representation for the family [13, |45], since in this parametrisation the variable
with respect to we differentiate are the propagator themeselves.

Recall the standard Baikov representation in eq. ([3.6). Let us simplify the notation
by setting
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—D+E+1

K=C&8 2 (3.41)
thus eq. (3.6) becomes
Lvoan = K / e (3.42)

In standard Baikov representation, IBPs read as

LA B
0= K/d ZZ%(QZ(Z)Z{”—Z“”), (343)
i=1 ' n

where g;(z) are chosen polynomials of z. We obtain

n 99: 7 85 9i B
0= K/d Z ( aiz—i)m. (344)

We notice that the term proportional to 2 7 introduces a shift in the dimension D, in
fact

B—-B"'" = D-—=D-2 (3.45)

Moreover, the term proportional to —a; increases the powers of the propagators z;, signif-
icantly expanding the IBP system and thus making the reduction more computationally
demanding.

In order to solve these problems, we can interpret the polynomials ¢;(z) in the IBP
relations as syzygy solutions. Specifically, let us suppose we can find polynomials g;(z)
such that there exist polynomials h;(z), ho(z) satisfying the following syzygy equations

ho)8 =3 (st ) =0 (3.46)

gi(z) = hi(z)z, for i€ {jla; > 0}. (3.47)

In particular, eq. has a closed form solution [46], whereas eq. ([3.47)) is already
solved.

If we substitute the two equations above in eq. , using Leibniz rule for the
derivative, we obtain

) 1 1
0= K/dn |: (ag — (Zlg—> — h0:| B’yal—‘ (348)
0z; 2 27t .. 28

The equation above generates IBPs via Baikov representation, avoiding both dimensional
shift and higher power denominators. In other words, the ho-term in eq. (3.48)) absorbs
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the B in the denominator of eq. (3.44)), thanks to eqgs. (3.46). Moreover, eq. (3.47)) en-

sures that the term proportional to —a; does not contain higher powers of denominators.
Let us make another observation, eqs. (13.46|) are syzygy equations for the set of
generators

oB oB
—_— Y= . 4
{Bw e azn} (3.49)

In particular, their solutions will be the following vectors of polynomials

{h07gla"'7gn}' (350)

It is important to state that these solutions are not unique. In fact, as we have seen
earlier, linear combinations of syzygies produce valid syzygy solutions.

3.2.2 The Massive Bubble Family

Before discussing the implementation of syzygy equations in the IBPs framework for the
loop-by-loop representation, we review an instructive example of the standard Baikov
case: the one-loop scalar massive bubble integral family, following the treatement pre-
sented in [23].

We follow two different paths to obtain the template equation: the first one is more
pedagogical and uses an ansatz to find explicit syzygy solutions. The second approach,
which will be used for further applications, is more general: it involves solving the syzygy
equations for the polynomials h; = g¢;/z; rather than for g¢;, following the intuition
presented in [11]. We recall the massive bubble integral family

a’k 1
Ial,aQ = / Z7TD/2 D?ng’Q Pl (3-51)
whose propagators Dy, D, have the following expression (with p* = m?):

Dy =k*—m? Dy=(k+p) (3.52)

where, as usual, k£ is the loop momentum and p is the external one. We delimit our
analysis, recalling eq. (2.36)), to the sector s = {1,0}, i.e. we restrict the family to

d” k Dy
Ial7a2’a2<0:/7;7rT/2D—?17 (353)

in order to reduce the family avoiding higher power denominators. The first step, as
always, consists in computing the Baikov polynomial

B = det(G(k,p)) = k*p* — (k- p)?, (3.54)
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writing it in terms of the Baikov variables D; — z;. We get

1 1
B = —Z(zf +23) + 54172 + m?z,. (3.55)
Looking at the syzygy condition in eq. (3.46]), we have to impose

oB oB
918_ + 925 9% = hoB. (3.56)

Next step consists in proposing an ansatz for the syzygy solutions

i = Cip T Ci121 + Cip2o

3.57
ho = Co0- ( )

Imposing the condition above, fixes all ¢;; except two of them. This means that we have
two independent solutions, found by setting two free parameters, e.g. ci2, o9 to arbitrary
values:

e cio — 0, coo — 1 leads to

(1)

1) _ (% 221 4 2m?*\ o . R
’ (g;l)) ( stz ) (221 +2m7)er + (21 + 22) 8. (3.58)

® cio — 1, coo leads to

(2) 2
— - - 2 5 2
7% = (g@) (22 — ) = (22— 21— 2m°)é1 + (2 — 21)é2. (3.59)

92 272

Now, in order to implement the other condition (see eq. (3.47))), it is useful to collect the
coefficients of the syzygy solutions § M, §?), 2,6 ) (recall that if we multiply a solution
by a monomial, it is still a syzygy solution), into the following matrix

él legél Zlél legég Z%ég Zlég Zgég
D1 0 2m?> 0 0 2 0 0o 1 1
@ 0 -1 0 0 -1 1
2 0 1 1 0 0

(3.60)

If we focus on the term proportional to —a;g;/z; in eq. (3.43]), we realize that we have
to solve the syzygy equations via Gaussian elimination, removing z,é; and é; terms,
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which would increase denominator powers in the sector s = {1,0}. Thus, we remove the
unwanted terms by finding a valid linear combination

Cig W+ Cog @ + C209 W = 0. (3.61)
By solving this system, setting Cs = 1, we find C; = Cy = —2m?, so that the new syzygy
solution is

(3.62)

2
g(new) _ 225(1) . 2m2§(1) _ 2m2§»(2) _ ( 22122 —2m 21 ) ‘

22+ 2129 — 4m229

Therefore, since the condition is valid for each solution g;, we can compute explic-
itly ho for the new syzygy solutlon g g (mew)

2
1 0
_+ (new)
f=3 Z, 5y

Finally, plugging the expressions of hg and g ) we just computed in the master formula
(3.43), we obtain the template equation

B
= 2z — 4m?. (3.63)
Zq

(1 — ag)]al,lm -+ (1 + D — 2@1 — a2)1a17a2,1 - 2m2(D — a1 — 2@2)[611#2 =0. (364)

In particular, the equation above is a template IBP identity that does not generate
increased-power propagators for the sector s = {1,0}. One can substitute specific values
for (a1, az) to find additional IBPs and the MIs for the integral family /,, q4,.

As mentioned before, we could obtain eq. by solving the syzygy equations for
h;. In particular, we have to solve the equation

z)B — Zz] 762 = 0. (3.65)
J

The IBPs master formula (3.43)), in terms of h;(z), becomes

2
0=K / d"z ) % <zjhj(z)67ﬁ> (3.66)
g=1 "

1 %2
Solving eq. (3.46)) where g(z) is replaced with eq. (3.47)) yields:

ho = (3 — D)(2m?* — z)
hi = —2(m* — z) (3.67)
hg = —4m2 + z1 + 29,

where v = (D — 3)/2. Now, substituting eq. (3.67)) in eq. (3.66]) we obtain the template
equation ((3.64)).
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3.3 Setup for an Integral Reduction

In this section we recall the necessary definitions to better structure an integral reduction,
following the notation of [47]. As we stated in section [2.4] we divide the integral family
into sectors, identified by the integers a;. It is clear that integrals within the same sector
share identical proper denominators, differing only in their exponents or numerators.

Among all the integrals in a given sector, we define the corner integral to be the only
integral of the sector, whose exponents {a;}! ; satisfy

a; € {0,1},Vi. (3.68)

From now on, we will identify a sector with the list of integers of its corner integral.
Moreover, given an integral family Iz = I,, _,,, if we denote a sector of this family as
S[1z] we can define a subsector S[Iy] if its set of non-vanishing integers b is a subset of @
in the first sector. Thus, S[[;] is a subsector of S[I3] if they are not the same sector and
if b; < a;, Vi. Equivalently, we say that S[/z] is a parent sector of S[I].

Since we focus exclusively on sectors within a given amplitude or form factor—specifically
those satisfying a particular linear combination of proper denominators—it is practical
to identify one or more top sectors for each family. Thus, the sector list for a family
is restricted to these top sectors and their respective subsectors. We will consider only
families with one top sector.

Moreover, we should also consider symmetries of the integrals, typically obtained via
shifts of the loop momenta, which map integrals of different sectors into each other, this
procedure is called sector mapping, and is crucial for the reduction. We can represent all
the sectors contributing to an amplitude through a Feynman diagram. More in detail,
we can draw the diagram of a scalar theory which is proportional to its corner integral.

Now, let us recall that the reduction to MIs consists in rewriting more complex
integrals in the family as linear combinations of simpler ones, using the linear relations
they satisfy. The definition of this complexity (weight) is not unique, we will use one of
the most common conventions, namely we will focus on the following integers, that can
be associated to a given Feynman diagram:

e the number ¢ of proper denominators

t=> "1, (3.69)

ila; >0

e the total power r of proper denominators

r= Z a;, (3.70)
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e the total power s of ISPs
5= — Z a;, (3.71)
ila;<0
e the number u of higher power denominators, also known as number of dots

u=r—t. (3.72)



Chapter 4

Integral Reduction in Loop-by-Loop
Baikov Representation

In this chapter we discuss the main algorithm behind the integral reduction of two-loop
diagrams and its results. In particular, we apply the theoretical tools acquired in the
previous chapters, in order to compute explicitly the MIs of two-loop scalar integral
families. Specifically, we focus on the massless box-triangle family and the massless
double-box family, introduced in |3.1.3] and [3.1.4] respectively. We recall that we always
work in the loop-by-loop Baikov frame, since it is a suitable and convenient representation
for the studying of Fls properties.

Moreover, we embed our IBP systems with the syzygy structure, in order to show
how this method of performing the reduction lets us obtain the correct results for the
MIs. We will compute the integral reduction with the syzygy method for two distinct
cases:

e Solve the IBP system considering the no dimensional shift term in eq. (4.5)).

e Take into account also the term in eq. (4.6) that avoids higher powers of denom-
inators. We will see that in this case we need to compute the syzygy equations
individually for each non-zero sector of the family.

Furthermore, we will follow two different paths to obtain the MIs:

e Compute the reduction with FiniteFlow |17, |48, implementing the identities via
solving the syzygy equations using the CALICO package [44].

e Subsequently, the system is re-evaluated using the Laporta algorithm [18] as im-
plemented in the FFIntRed[] package.

L An in-house Mathematica package by Tiziano Peraro

45
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The latter serves as an independent consistency check for the primary computation.

In the next section, we will present all the necessary tools to build the setup of an
integral reduction, while in [C] we will explain in detail how the reduction is accomplished
with FiniteFlow.

4.1 1IBPs in Loop-by-Loop Baikov Representation

In this section we present the algorithm to be implemented in order to build IBPs in loop-
by-loop Baikov representation. The structure of the problem is similar to the standard
Baikov representation approach in, the main difference is that we have more Baikov
polynomials to be differentiated with respect to the Baikov variables z;. Let us consider
a multi-loop integral family I,, . .., its loop-by-loop representation is written as

-----

2L—-1

Bﬂ’k
Lo, = K’ /d”z H - (4.1)
Zy ... 20

In this notation, we denote by By those Baikov polynomials and external Baikov poly-
nomials that depend explicitly on z;. We also denote by v their respective exponents.
The external polynomial which depend only on the kinematics or other variables are
absorbed in the constant prefactor K’. Except for that, the IBP relations are written
following the standard Baikov steps. Hence,

201

O_K’/d” Z ( li[l%) (4.2)

Thus we can write the syzygy equations, supposing that there exists polynomials h;(z),
ho(z) such that

21 2L—1 n OB, 2!
LB+ Y Y (o kns) (4.3
k=1 k=1 i=1 “
and
gi(z) = hi(z)z, for i€ {jla; > 0}. (4.4)

Substituting in eq. (4.2)) we obtain the master formula

g gi 2L—-1 B»yk
! n 1 (3 k
O = K /d ( a ho E a;— ) | | W (45)

The equation above can be written in terms of h; (z):
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i=1 %

In particular, generates identities both avoiding dimensional and higher powers in
the denominators.

The decision to employ the loop-by-loop Baikov representation, rather than sticking
to the standard approach, is motivated by the search of an alternative framework to
extend the already existing method to perform an integral reduction in Baikov repre-
sentation with syzygy equations. The standard parametrisation does not scale well: as
the loop order increases, the number of Baikov variables grows, leading to an algebraic
complexity that often makes reductions computationally demanding. Whereas, the loop-
by-loop method can offer an improvement to this algorithm. By processing the family
one loop at a time, we have a smaller number of ISPs with respect to the standard case,
leading to a more compact IBP system, and to fewer integrals to be reduced. Combined
with the use of syzygies, this strategy proved essential in bypassing the bottlenecks that
usually make complex multi-loop calculations unmanageable.

The only drawback of this framework lies in the fact that we can not reduce integrals
with more than one ISP. In order to overcome this issue one could apply transverse
integration methods [47] or an alternative approach based on deriving the standard
Baikov representation starting from the loop-by-loop one, by integrating the extra ISPs
one by one, as presented in [38, 49, [50].

2L-1

B}
—_—. 4.
I+ (4.6)

k=1 "1 n

4.2 Integral Reduction of the Box-Triangle Family

In this section we present the integral reduction of the scalar two-loop massless box-
triangle diagram, in the loop-by-loop Baikov representation. We aim to find the MIs by
using IBP identities in the syzygy framework, using the master formulas and ([4.6).

We introduced the box-triangle diagram in section [3.1.3] we recall how it is drawn,

in fig.
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Figure 4.1: Box-triangle diagram with loop momenta k1, k».

The six propagators are

Dy = k2, Dy = k2,
D3 = (k1 + p12)*, Dy = (ki + ky)?, (4.7)
Ds = (k2 — p12)°, Dg = (ki + p1)°.

To begin with, we perform the loop-by-loop parametrisation, starting by the triangle
loop (ko-loop). It is crucial to highlight that with this representation we do not have
extra propagators to be added, in other words, we do not have ISPs entering the game
for the top sector.
We compute the Baikov polynomials, using BaikovPackage [38], obtaining:
s

& = _4_1(2123 — 2326 — 2176 + 26 + 24, (4.8)

1
B, = Z< — 82123 + Sz923 + 212023 — Z%Zg — zgzg — %2+ 5212
2 2 (4 9)
+ S29Z4 — 212924 + SZ324 + 292324 — SZ; + SZ125 — 21 %5 .

2
— 82925 + 212225 + 212325 + 222325 1 S2425 + 212425 — 232425 — 2125>,

s
1
By = ~(—s® + 252 — 23 + 2523 + 22123 — 23). (4.11)

4

After the polynomials computation, we are ready to write our syzygy equations, in order
to build the IBP system. As we mentioned at the beginning of the chapter, we distinguish
two cases of the syzygies computation: the no dimensional shift and the avoiding of higher
powers of denominators.
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4.2.1 No Dimensional Shift IBPs

We begin our analysis with the dimensional shift case. First of all, we have to solve
the syzygy equation ({.3)), in which the Baikov polynomials are {B;.};%," = {&1, Bi, Bo}-.
Note that we have excluded the external polynomial &, since it does not depend on any
Baikov variable.

Moreover, since in the no dimesional shift case the syzygy solutions does not depend
on the choice of the sector we are analyzing, we compute them only for the top sector of
the family.

In order to find the solutions {hg, g;}, we use the CALICO package [44], specifically
the function CATSyz, which returns the generators of syzygy solutions of eq. (3.35). It
is expressed as

g = CATSyz[{f1(2),... fu(Zz)}, {21, - 20}, dimaz), (4.12)

where d, 4, is the maximum degree of the solutions. The output ¢ is a list containing at
position d + 1 all the found generators of degree d. In our case, according to eq. (4.3)),
we obtain the syzygy generators g(z) by substituting

2L-1 2L-1 OB 2L-1 2L-1 OB 2L-1

flz) =4 — =k . i .

foo={- 1T 8 S I8 g IT8)
- — Gk k=1 j#k

g(Z) = {h(]ugla <o 7gn}'

Obviously the variables {z;}! ; are the box-triangle propagators, thus n = 6. Lastly, we
choose dy.x = 3, since no additional generators are found for higher degrees.

After finding the syzygy solutions, we implement eq. to store our formal IBP
relations, so that the integers a; are kept symbolic. Moreover, by fixing the seed integrals
to be all the integrals in the box-triangle family having maximum one dot and two ISPs,
we store also explicit identities.

Now that we have generated and stored the identities, next step consists in solving
them using FFIntRed and FiniteFlow, to find the MIs of the box-triangle family. In this
framework, each integral is defined by the exponents a; assigned to the correspondent
propagator. For example, the complete diagram in fig. represents the top sector

Siep = {1,1,1,1,1,1,0}. (4.14)

Notice that the last entry in Si,, must always be zero, since in this loop-by-loop rep-
resentation we do not have the ISP needed in the standard representation. After the
FFIntRed reduction we obtain the following three MIs:

GTBOX = {Gk}izl = {{L 17 17 07 L 07 0}7 {07 17 L 17 07 07 O}a {Oa 17 07 17 1’ 17 0}} (415)
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We can draw the corresponding diagrams in fig. [4.2] considering that when we encounter
a 0-entry, its associated propagator collapses to a point, i.e. it is pinched. For more details
regarding the Pinch Technique (PT) see [51].

D3 P11+ P2

—_— «

Gl = {17 1> 1707 170’ 0}

p3 p1+ p2
- 7

N

Gy ={0,1,1,1,0,0,0}

o

RN

G3 = {07 1> 07 17 17 1’ 0}

Figure 4.2: Box-triangle MIs and their corresponding configurations.

Another important observation is that we must include mapping relations in our
program, in fact, if we do not consider them we would get an additional master integral

Gy = {1,0,0,1,1,0,0}, (4.16)
whose corresponding diagram is depicted in fig. [4.3]
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3 mpl + po
_ 9 gERC

Figure 4.3: G4, ={1,0,0,1,1,0,0}

However, we can see that (G, is symmetric to the corresponding diagram of G5, for
some momenta shifting.

Furthermore, we verified, by generating the IBP equations explicitly with FFIntRed
and solving them that the MIs are the ones of eq. (£.15). We can conclude that imple-
menting syzygy equations with no dimensional shift in the construction of IBPs leads
successfully to consistent results in the integral reduction obtained by Laporta algorithm.

4.2.2 No Higher Powers Denominators IBPs

In the following analysis we present the implementation of the integral reduction for the
box-triangle family for the no higher powers in the propagators case. We will see that
we have to treat the IBPs construction more carefully, since in this case we have to be
sure that all the non-zero sectors of the family follow this condition. In other words, we
need to find the syzygy solutions and generate the identities for each sector.

In order to do this, we notice that each corner integral in the sectors contains either
actual propagators (active propagators) or ISPs (inactive propagators). For example, the

sector S[l1101100] in fig. is characterized by

{active propagators = {Zl, 29, 24, 25}, (4 17)

inactive propagators = {z3, z6}.

Pl%

Ps3

Figure 4.4: Feynman graph of the sector S[I1101100] = {1,1,0,1,1,0,0}



CHAPTER 4. INTEGRAL REDUCTION IN LOOP-BY-LOOP BAIKOV
REPRESENTATION 52

We implement the IBP construction by rewriting the syzygy conditions ,
in a convenient way, highlighting the difference between the active propagators and the
ISPs. Specifically, if we define ny as the number of active propagators in a given sector,
we can split eq. in two terms

na 2L—1
OzK’/dnz{zl 821 ZBk iZ; i_aihz’]

1=

2.

Jj#na

(4.18)

2L-1

201
‘99]+Z OB 95| ULy B
By J@z jzj 21t ..

We can see that for the active propagators we use the syzygy solution h;, whereas for
the ISPs we use the solution g;. The physical meaning behind this choice lies in the fact
that we want to avoid higher powers in the denominators only for the actual propagators
of the diagram.

We can further simplify eq. by rewriting the syzygy equation (4.3)) as

25:1 {i hi Zﬂk + D9 } 11 B~ (4.19)

k=1 i=1 JjFEnA m#£k

Then, eq. (4.18) becomes

nA 2L—1
. . B’Yk
0= /an{ E |:a<g;ZZ) - alh{| + E [—gij - —'Z]:| +h0}—za’i 1 ~a . (420)
i j "

i=1 j#na J 1 " *n

Thus, following the equation above we can generate and store the IBPs to find the MIs
as the previous case. We perform the reduction on the integrals with at most rank two
and zero dots, setting the seed integrals to have maximum rank three and zero dots.
This setup yields consistent outcomes with the previous case in eq. .

We can summarize in the steps below, the strategy to be followed in order to perform
the reduction:

e Define the integral family.

Parametrize loop-by-loop the family and compute the Baikov polynomials.

Identify the non-zero sectors of the family.

For each sector, after selecting the active propagators build the IBP identities using
the syzygy solutions h;.

Generate the IBPs for the inactive ones, using the syzygy solutions g;.
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e Store the identities and find the MIs.

However, a natural question arises concerning if solving the syzygy equations for every
individual sector is strictly necessary, given the associated computational cost. To ex-
amine this, we test whether employing the syzygy solutions h; solely for the top sector
represents an effective shortcut strategy.

It turns out that this approach remains consistent and successful, as the reduction
still yields the complete set of Mls in eq. without requiring the explicit solution
of syzygies for the lower-level sub-sectors.

4.3 Integral Reduction of the Double-Box Family

In this section we present the integral reduction of the scalar two-loop massless double-
box integral family, in the loop-by-loop Baikov representation framework, with four ex-
ternal momenta. We will follow analogous steps as in the box-triangle diagram, expecting
a higher number of Mls, due to the fact that the double-box family has a more complex
topology.

We recall the double-box structure cf. [3.1.4] pictured in fig

b1 2
2 7 6
b3
—_— 3 5
D2

Figure 4.5: Double-box diagram with loop momenta k1, ks.

The propagators are

D, = k2, Dy = (k1 + p1)*,
Dy = (ky + p1a)°. D, = k2,

3 ( 1 p12)2 4 2 ) (4‘21)
Ds5 = (ka + p12)7, D¢ = (ko + p123)°,

We choose to start the loop-by-loop parametrisation with the ks-loop, so that the only
ISP we have to add is
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Dg = (k?l +p123)2. (422)

As in the box-triangle diagram, the first step of the reduction consists in computing the
Baikov polynomials 38|, which are functions of the propagators (D; — z;) and of the
kinematic invariants (s, t).
We obtain
S 2
81 = —1(2123 -+ SZg — Z1%8 — 2328 + 2’8),
1
B, = 16 (zgzz — 221232425 + zfzg — 48212326 + 28232426 + 221232425
— 2z§z426 + 28212526 — 22%2526 + 221232526 + 522(25 — 23,212(25
+ zfzg — 23z3z§ — 22123z§ + Zgzg — 28232427 — 28212527
— 2522627 + 28212677 + 25232627 + 5223 + 28232428 — 2,232228
4 28z12528 — 482425728 + 221242578 + 223242578 — 2212328
— 2522625 + 25212628 + 25232678 + 25242678 — 221242628
(4.23)
+ 223242628 + 25252678 + 221252678 — 223252628 — 2522728
4 28242728 + 28252728 — 45262728 + s2z§ — 2324z§
+ 2325 — 282522 — 2242525 + z§z§>,
1
Ey = —=st(s+1),
4
1
By = T <52t2 — 25tz + 1727 — 25%tzy + 2stzy 2y + 5725 — 25tz
— Astzyz3 — 222123 + 28t2o23 + t22’§ — 252124
+ 25tz 28 — 2522928 — Astzozs + 25t2328 + 52282>.

It is evident that the polynomial expressions for the double-box is significantly more
tangled than that of the box-triangle case, reflecting the higher structure complexity of
the double-box configuration.

We proceed with the reduction following a similar procedure to the box-triangle case
(cf. 4.2.1] and 4.2.2)), in order to perform the reduction both in the no dimensional shift
and no higher powers in the denominators cases. Analogously to the box-triangle case,
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the reduction is implemented by accounting for the increased number of Baikov variables,
which in this configuration is n = 8.
Furthermore, we identify the top sector of the family as

Sop = {1,1,1,1,1,1,1,0,0}. (4.24)

The last two entries of eq. (4.24) correspond to the ISPs, in particular the last position
represent the additional ISP required in the standard Baikov representation:

29 = (ky +p1)2 (4.25)

However, had we performed the loop-by-loop parametrization starting from the £-loop,
z9 would have been the only ISP added, effectively ignoring zg. We are now ready to
perform the integral reductions for both cases comparing the results with the FFIntRed
ones.

We choose to reduce all the integrals appearing in the IBPs with rank two and zero
dots, we also fixed the seed integrals to have rank three and one dot. If we do not
consider symmetries and mappings between the non-zero sectors of the family we obtain
30 MIs.

In any case, if we generate mapping identities between sectors and we add them to
the IBP system solver, the number of MlIs drops to a total number of 8, for both the no
dimensional shift and no higher powers in the denominators cases, as expected from the
Laporta reduction and from [52].

The MIs are

{1,1,1,1,1,1,1,-1,0}, {1,1,1,1,1,1,1,0,0}, {0,1,0,1,1,1,1,0,0},
Gpeox = ¢ {0,1,1,1,0,1,1,0,0}, {0,1,0,1,1,0,1,0,0}, {1,0,1,1,1,0,0,0,0},
{0,0,1,1,0,0,1,0,0}, {0,1,0,0,0,1,1,0,0}
(4.26)
We immediately notice that the top sector

Lop = {1,1,1,1,1,1,1,0,0} (4.27)

is a master integral. All the corresponding graphs to MIs except for the top sector, are
drawn in fig. [4.0]

In conclusion, the analysis performed in this chapter shows that the syzygy procedure
significantly optimizes the reduction process by overcoming the traditional computational
drawbacks. In other words, the integral reduction via a syzygy-based IBP generation
within the loop-by-loop Baikov framework constitutes an effective alternative approach
to the Laporta algorithm. Specifically, the implementation of syzygy constraints to
suppress higher-order denominators allows us to bypass the computational bottlenecks
typically encountered during the generation and solution of traditional IBP identities.
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REPRESENTATION
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D2 ps3
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Figure 4.6: Massless double-box family MIs and their corresponding configurations.
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N
N

Gg ={0,1,0,0,0,1,1,0,0}



Chapter 5

Differential Equations via
Polynomial Decomposition

In this chapter, we discuss an alternative method for deriving DEs for the MIs of a given
family. As previously established (cf. Section , DEs provide a powerful framework
to characterize the fundamental properties and analytic features of Feynman integral
families.

Our objective is to derive these DEs by adopting the polynomial decomposition frame-
work introduced in [44], adapting the procedure to our specific cases. Furthermore, the
consistency of the outcomes is verified via the FFIntRed package, which yields a reliable
environment for the derivation of DEs for MlIs.

Specifically, the analysis focuses on the two families discussed in Chapter [} the
massless scalar box-triangle and the massless scalar double-box. Finally, in [A] we apply
this method to derive DEs for a one loop case, namely the box family. This specific
example is also treated from different persepective in [53|, where the system of DEs is
obtained without the needing of an integral reduction and avoiding higher powers in the
propagators.

5.1 Differential Equations in Baikov Representation

In this section we discuss the procedure to follow in order to write DEs for FIs in loop-
by-loop Baikov representation. Let us recall that, given an integral family, with MlIs
{G; ;ﬁ%s and a free parameter x the integrals depend on, we can reduce the derivative
of the MIs with respect to x and write a system of DEs satisfied by {G,}:

0,G; =Y AYG. (5.1)

keMlIs

57
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Since we work in the loop-by-loop Baikov representation, a generic integral has the
following form

2L

Vk
Iz _K”/d” H 5; e (5.2)

" __ j(_Z>L (L=n)/2
= — )
[Lo DD = E)/2)
Notice that, in the constant prefactor K” we have not included the external polynomial
&r, due to the fact that the external Baikov polynomial depends on the kinematic in-
variants. This term is essential since DEs are derived with respect to the parameter x,

which can be identified with any such invariant.
Now, since the only term depending on z in the integrand is By, we can write

Vi
/d" Z Tk (9,By) B—’fza, (5.4)

where we dropped the constant prefactor K’ to simplify the notation.
Moreover, we can arbitrarily add or subtract from this equation the total derivative

in eq. (L2):

where we defined
(5.3)

2L
n Vk n sz
/d z§: (0,80) - E:/d ( 1) (5.5)

for some suitable polynomials g;(z,z). If we apply Leibniz rule to the total derivative,
we obtain

n - n (09 '7k aBk 9i Hm;ék By
8[_Z/d aBk z“" ;kl/d (322 8zi alzi)zfl...zg"'
(5.6)
The structure of the expression above is closely related to the IBP identities in the
loop-by-loop Baikov representation in eq. . However, it presents an additional
contribution—the first term on the right-hand side—arising from the explicit dependence
of the Baikov polynomials on the kinematic parameter x.
Furthermore, we can write an equation which has a form similar to syzygy equations,
except that it has a non vanishing right-hand side, namely a polynomial decomposition
equation:



CHAPTER 5. DIFFERENTIAL EQUATIONS VIA POLYNOMIAL
DECOMPOSITION 29

f(2) - §(z) = h(z), (5.7)
where f(z) and g(z) are lists of known and unknown polynomials respectively and h(z)
is also a known polynomial. Hence, defining B = HZil By, we can write

2L n

hoB = Z {%(8 Bi) — Zgz%agk} HB (5.8)

k=1 jF#k

In particular, we can identify

( 2L 2L
{B Z%%’knsj,.. aBkHB}

q 9(z) = {91, _ >9n,ho} (5.9)
Z% 0. By) HB
. Jj#k

If we plug the equation above in eq. . we obtain the master formula

2L B%

I. = " — Aok=lh 1
01z /d zlgﬂ { azl- +h] IR (5.10)

Alternatively, in order to avoid that the right-handed side generates higher powers in
the denominators, we can rewrite the equation above using the syzygy solution (4.4)),
obtaining

2L B’Yk

8[—/d” Z[ —|— h+ho}—zan
1 *n

In summary, this section has demonstrated how the derivation of DEs for FIs can
be implemented through a polynomial decomposition-based approach. This framework
allows for the explicit construction of the differential system—regardless of whether the
parameter x represents a particle mass or a Mandelstam invariant—leading to the sys-
tematic reconstruction of the matrix Aﬁ) in eq. .

(5.11)

5.2 The Box-Triangle Case

In this section we discuss the derivation of the system of DEs for the box-triangle family
showed in fig. [4.I] Since we are considering the massless case, with three external
momenta, the only kinematic variable with respect to which we can differentiate our
integrals is the Mandelstam invariant
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S

Notice that, since the box-triangle family depends only on one energy scale, deriving
the DEs is quite trivial. In fact, we can rewrite a generic integral belonging to the family,
highlighting the s-dependence as

Iz ~ sV, (5.13)
Hence,
N
0 0; = —1I. (5.14)
S

Since we know from the integral reduction performed in Chapter |4| that the MIs are

GTBOX = {Gk}zzl = {{17 17 17 07 17 07 0}7 {07 17 17 17 07 07 0}7 {07 17 07 17 17 17 0}}7 (515)
we expect to obtain a system of the form

Moo o0 G4

s

OsGreox = | 0 22 0 Gy |, (5.16)

s

0 0 2/ \Gs

where N; is the dimensional coefficient for the i-th master integral G;. Note that the
matrix in the system of DEs is diagonal, due to eq. . We could compute directly
the coefficients NV; via dimensional analysis. In particular, the mass dimension N; is
given by

Nactive

N, =[G =n+ ka[Bk] - Z a;. (5.17)

i=1
Now, in order to write the DEs via a polynomial decomposition, we employ the
CALICO function CATPolyDec [44]:

g = CATPolyDec[{ f1(2),..., fx(z)},{P1(2), ..., hn(2)}, dmax], (5.18)

which returns a m-dimensional list, whose i-th entry is a solution of eq. (5.7)) for h(z) =
hl<Z)
In our case, according to eq. (5.9, we have m = 1. We find the following solutions

Gi=—2 Wi=1,...6
S
6D (5.19)
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where D = 4 —2¢. We implement eq. (5.10]) and apply it to each master integral. Firstly,
we obtain DEs of the form

3
0.G; =>_ hiI, (5.20)
k=1

where the equations are expressed in terms of unreduced integrals I. By performing
the reduction via the syzygy approach presented in Chapter [4] we obtain the following
system of DEs:

-2 0 0 Gy
OsGreox=| 0 =% 0 Gy | . (5.21)
0 0 =/ \G;

S
We observe that the DEs for the massless box-triangle family, completely decouple, since
the matrix A®) takes a diagonal form, reflecting the lesser complexity of the family.
Furthermore, we perform the same computation but in the case of suppression of
higher powers in the denominators of the unreduced integrals [, by considering the

syzygy solutions (4.4)). Hence,

goh=9 -1 (5.22)
Zi S

leads identically to the same result, confirming the consistency of the reduction scheme.
Finally, we verify the consistency of the result by generating and reducing the deriva-
tives of the MIs via FFIntRed, yielding the expected outcome . Furthermore,
we observe that the number of integrals requiring reduction within the DEs depends
significantly on the chosen reduction strategy. As summarized in tab. [5.1], using the
decomposition constraint without dimensional shift results in a slightly larger set of
unreduced integrals compared to the FFIntRed ones. Furthermore, if we also exclude
from the start integrals without higher power in the denominators , the system of DEs

is already reduced.

Method Number of unreduced FIs in the derivatives
FFIntRed (Standard differentiation) 7
PD + No Dimension Shift 9
PD + No Higher Powers 0

Table 5.1: Number of unreduced FIs generated during the derivation of the DEs for the
box-triangle family. We compare standard differentiation with polynomial decomposition
(PD) methods.
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5.3 The Double-Box Case

In this section we present the derivation of the system of DEs for the massless double-box
family as in fig. In this case, the analysis involves two distinct systems of equa-
tions, corresponding to the two independent Mandelstam invariants that characterize

the kinematics of the process

S t

2= ~ = Dy - Pa. 5.23
5 P1 - P2, 9 P2 - D3 ( )

We follow the same procedure of the previous case, which can be summarized as:

e Identify the MIs of the family.

Reconstruct the solutions {g;, ho} of the polynomial decomposition.

Implement the system of DEs in eq. (5.10) and reduce the obtained integrals.

Reconstruct the matrix Aﬁ) and verify its consistency with FFIntRed.

Repeat the calculation for the set of solutions {h;, ho}, in order to avoid higher
powers in the propagators of the unreduced derivatives.

Following this prescription, we proceed to derive the DEs for the double-box family with
respect to both kinematic invariants s and ¢.
Let us recall the MIs expressions for the double-box family

{1,1,1,1,1,1,1,—-1,0}, {1,1,1,1,1,1,1,0,0}, {0,1,0,1,1,1,1,0,0},
Gopox = ¢ {0,1,1,1,0,1,1,0,0},  {0,1,0,1,1,0,1,0,0}, {1,0,1,1,1,0,0,0,0},
{0,0,1,1,0,0,1,0,0},  {0,1,0,0,0,1,1,0,0}
(5.24)

After reconstructing the solutions {g;, ho} and reducing the system of DEs with respect
to s and t we obtain the following matrices:

_2(14e€) e et 124 18 158 A2(s42t) 6A(9¢2—9¢42) 9C
s s+t s+t s(s+t) 52 QESQ(S-H? es3(s+t) €253 (s+t) €252¢(s+t)
2 _ 2s+ttet) 124 12¢ 3B(2s+t) 242 6C(s—t) 6C
s(s+t) s(s+t) st(s+t) 2t esBt(s+t) es3(s+t) e2stt(s+t) €252t2(s+t)
0 0 _ stttet O 3e—1 0 0 962—96—‘,-2
s(s+t) s(s+t) (—1349¢(3-2) est(g—f—t)
+2¢t 2+4€(— e(3—2¢
A(S) = 0 0 0 - ss(s—i-t) 0 0 €252 (s+t) €?st(s+t)
0 0 0 0 -5 0 0 0
0 0 0 0 0 —2Z 0 0
0 0 0 0 0 0 —4 0
0 0 0 0 0 0 0 0
(5.25)
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where we introduced the following polynomial factors:

A= A(e) =2¢ -1,
B=DB(e)=1+¢(6e —5), (5.26)
C=0C(e) = A(e)(3¢ — 2)(3e — 1).

In contrast to the previous case, the presence of off-diagonal entries signals that the
system of DEs is coupled. The first two rows, which correspond to the top sector, are
consistent with the hierarchical structure of FIs: as the highest sectors in the family,
their derivatives naturally depend on the MIs of the lower sectors. Accordingly, the
matrix is predominantly upper triangular, reflecting the fact that lower integrals do not
receive contributions from higher sectors.

Regarding the t-matrix, we obtain

€s _ es 124 18¢ ____15B _ A2(s+2t)  6A(9€2—9e+2) ___9C
t(s+t) s+t t(s+t) st 2est(s+t) €s2t(s+t) €2s2t(s+t) €2st2(s+t)
2 s+td+2es 124 12¢ _ 3B(2s+t) 242 __6C(s—t) 6(2+¢(—1349¢(3—2¢)))
t(s+t) t(s+t) t2(s+t) st? es?t?(s+t)  es?t(s+t) €253t2 (s+t) €2st3(s+t)
1 2 1-3 9¢2—9¢+2
0 0 stz — ¢ 0 t(s-i—te) 0 0 - <—:€t2(s—f-j$_)
t) _ 2es+t c 24-e(—134+9¢(3—2¢))
AW = 0 0 0 _t(fss-:s) 0 0 e2st(s+t) - e2t2(sit) -
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 —4
(5.27)

The matrix A® exhibits a structure consistent with the previous findings. Note that, the
null entries in rows 5, 6, and 7 indicate that the corresponding MIs are independent of the
t-channel kinematics, a feature expected from the topology of the massless double-box
family:.

To ensure the mathematical consistency of the entire system, we verified that the two
matrices satisfy the integrability condition (2.51)):

A — 9,A1 4 (A A1) =0, (5.28)

Finally, we verified the consistency of our calculation via FFIntRed, considering also
the avoidance of higher powers denominators case. The outcomes of this computation
match perfectly the results in eqgs. and . Thus, deriving DEs systems
for the MIs of a given integral family in the loop-by-loop Baikov representation via a
polynomial decomposion-based approach represents a valid and successfull alternative
method to study FIs properties.

In conclusion, tab. summarizes the number of unreduced integrals for each ap-
proach. Similar to the box-triangle family, we observe a consistent pattern: when in-
tegrals with higher-power propagators are excluded, deriving the system of DEs via
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polynomial decomposition is more efficient than the standard Laporta-based reduction,
as it results in a smaller set of unreduced integrals.

Method Number of unreduced FIs in the derivatives
FFIntRed (standard differentiation) 41
PD + No Dimension Shift 45
PD + No Higher Powers 32

Table 5.2: Number of unreduced FIs generated during the derivation of the DEs for the
double-box family. We compare standard differentiation with polynomial decomposition

(PD) methods.



Chapter 6

Conclusions

In this thesis, we have presented and implemented a syzygy-based approach for the
reduction of Feynman integral families within the loop-by-loop Baikov representation.
After establishing the theoretical foundations in the Feynman parametric representation,
discussing the concept of Mls, the derivation of IBP identities, and the construction of
DEs in canonical form, we specialized this formalism to modern multi-loop calculation
requirements.

We provided a detailed analysis of the Baikov representation, comparing the standard
and loop-by-loop parametrisations. By employing the theory of syzygy equations, we
adapted the IBP generation to the loop-by-loop framework, significantly reducing the
algebraic complexity typically associated with multi-loop topologies. The validity of this
formalism was demonstrated through two-loop case studies: the massless box-triangle
and the massless double-box families. The reduction was implemented in a Mathematica
environment using the FiniteFlow framework, and its accuracy was verified against the
FFIntRed package.

A key finding of this work is the algorithm built in the loop-by-loop Baikov repre-
sentation, combined with syzygy equations, to generate IBP identities that prevent the
appearance of increased propagator powers, thus optimizing the reduction process.

Furthermore, we extended this approach to the derivation of the DEs system for
the MIs of using polynomial decomposition techniques. The successful verification of
these results with FFIntRed confirms that the combination of the loop-by-loop Baikov
representation and syzygy-based reductions provides an efficient alternative to traditional
Laporta algorithms.

In conclusion, the methodology presented in this thesis offers a general algorithm for
the systematic analysis of the properties of multi-loop integral families in quantum field
theory.
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A

Differential Equations of the Box
Family

In this appendix we review the derivation of the system of DEs for the one-loop massless
scalar box family, based on the treatment provided by [19,|30]. The box family is depicted
in fig. with four external momenta p;,7 = 1,2, 3,4 and loop momentum k. We also
write the system in canonical form and find the solutions of the DEs.

The box family is defined as

D
b [ LK ! (A1)
a1,02,a3,04 s D/2 D?l Dgz D§3 DZ4 ’
where the propagators are defined as
Dy =k, Dy = (k+p1)?, (A.2)
D3 = (k+p1+p2)?, Dy = (k= pa)*. .

Moreover, due to momentum conservation, p; + ps + p3 + ps = 0. We can define also the
Mandlestam invariants for the family as

§=2p1-p2, t=2p1-Dps. (A.3)
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D2 P3
e -
k

-
41 2

Figure A.1: One loop box integral family, with loop momentum k.

Our starting point in the analysis consists in finding the MIs of the family, using
the syzygy-based method presented in Chapter 4 Alternatively, one could perform the
reduction via Laporta algorithm.

The reduction yields three MIs, represented in fig. [A.2}

In 101
G(s,t;e) = | Tioa0 | - (A.4)
LIiiaa
P2 + p3 D1+ Pa p1+ D2 D3+ P4
Gi1=1I10,1 G2 =1I101p0
D2 P3
b4
<
—
b1
Gs=1I11,1,

Figure A.2: Box family MIs and their corresponding configurations.

Now, using the polynomial decomposition approached developed in Chapter [5, we
derive the system of DEs for our set of MlIs:
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05G(s,t:€) = A®q(s, t;¢),
7s1:) = A, 1:0 s
Dy(s,t;€) = ADG(s, t;e).
In particular, we find the following expression for the matrices A®), A®):
0 0 0 -5 0 0
AG) = 0 —< 0 . AW = 0 0 0
2(=142¢)  2(=142¢)  sqttet _2(=142¢)  2(=142¢) _ stest
st(s+t) s2(s+t) s(s+t) t2(s+t) st(s+t) t(s+t)
(A.6)
Furthermore, A®) and A® satisfy the integrability condition
0, A — 9,AW 4 [AG) AW] = 0. (A7)

Now, in order to write the system of DEs in canonical form we have to perform a change

of basis:
. tlp102
f(s,t;€) =cle) | sho20 |, (A.8)

6875]1,171,1

where ¢(€) = €€7® is a normalization factor, with g being the Euler-Mascheroni constant.
Moreover, we express the basis transformation as

=113, (A.9)
where
0 0 est
T7! = 0 2—1 0 (A.10)

2¢ —1 0 0
is obtained by reducing the integrals in eq. (A.8). Thus, in the new basis, the system is

in e-form: - f
0,f (st €) = eB(S)Ji(s,t; €) (A.11)
0:f(s:t.¢) = eBY f(s,1;¢).

In particular, we compute B® and B® by using eq. (2.68), yielding

__t 2t 2 s 2 2s
s(s+t) s(s+t) s+t t(s+t) s+t t(s+t)
B® = 0 -1 0|, BY= 0 0 : (A.12)
0 0 0 0 0o -1

t

noting that the alphabet of this family is composed of three letters {s,t,s + t}.
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Furthermore, let us perform a change of variable t = sx, thus

B® s o) — g . Lo
S

Y

f=sz (A.13)
B _y o) — g
t=sx
Explicitly we obtain
1 1 2 2
s 0 0 T z(l+z) 1tz z(l+o)
cO=(0 -1 o], cW= 0 0 0 . (A.14)
o o -1 0 0 -1
Thus, we can rewrite the canonical form of the system following eq. (2.80)):
d f(s,z;€) = [dA(s, 2)]f(s, z:€). (A.15)
In particular, we can express d A using eq. (2.81]) where
fan}is, = {s,2,1+ 2}, (A.16)

Moreover, we extract the matrix coefficients Ay by eq. (A.14):

-1 0 0 10 -2 12 2
Ai=(0o -1 o], 4=[0 0 0], 4=[00o0 (A.17)
0 0 -1 0 0 -1 000

Now, we compute the analytic solution of the system by factorizing the s-dependence

using dimensional analysis:

o

fls,z:€) = (—s)h(x:e). (A.18)
Moreover, we write the recursive relation
é + i
T 14+

which can be solved order by order by using eq. (2.63)).
Since ho(z, €) and hs(x, €) are bubble integrals, we can expand the result obtained in
eq. (2.29) around e = 0 up to order 3, yielding

8,h ™) (z) = R0 (), (A.19)
]

27r2 37 4
ho(z;€) = =14+ €— + ¢ §C3+(’)(6 ),

12
2 3

hs(x;€) = —1 + elog(x) + %[7‘(2 — 6log?(x)] + %[2 log® () — 72 log(x) + 28¢3] + O(Y),
(A.20)
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where (; is the Riemann zeta function defined as

=1
s = —. A.21
=3 (A.21)
n=1
Finally, we note that the integral I;;1, does not admit a u-channel, thus hi(z;e€)
must be finite in the limit # — —1. This condition fixes the solution to all orders in e,

yielding

4 2
hi(z;€) =4+ €[ — 2logz] + € {—%}

T2

1
+ € [? log x + 3 log® x — m*log(1 + z) — log® z log(1 + x) (A.22)

— 2log x Lig(—x) + 2 Lig(—x) — %C3:| + O(eh).



B

Derivation of the Baikov
Representation

In this appendix we review a detailed derivation of the Baikov representation, a fun-
damental framework utilized throughout this work for the reduction of multi-loop FIs.
While the main text focuses on the application of this representation to specific topolo-
gies, we collect here the explicit calculations and geometrical considerations required to
map loop-momenta integrals into the space of Baikov variables. We follow the derivation
provided by [38].

B.1 The One Loop Case

Let us consider a Feynman integral in momentum representation, as in eq. (2.12)). Since
we are focusing on the one-loop case, we have

1:/ 4"k ! (B.1)

_D/2 Pat ap+f17
inP/2 DI DY

where F is the number of independent external momenta of the diagram.
Firstly, we separate the integration region into a parallel and a transverse component
with respect to the external momenta {py,...pg}, i.e.

k:k’”—i-ku_, kH'kJ_:O. (B.Z)

Thus, the integration becomes

Ak =ad"k d” k. (B.3)

We can perform a change of coordinates on the part of the integrand depending on k|,
splitting it in a radial and an angular part: dPFk, = kf’E’l dk, dQp_g_1, yielding
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S /|1<:L|DE1dEk”d|kL|dQD_E_1
in D2 Dy DY ‘

The angular spherical integral is performed using

ors
/dQn = (D) (B.5)

2

Thus we can write, combining with result with the additional change of variable k; — k2 :

D—E—2
S 1 /(kﬁ) 2 dkyd(kL)? (B.6)
L(£5E)int/2 Dy Dl '

Now, we aim to rewrite the integration over k| in a convenient way, by introducing the
variables §; = k- p; = k| - p;. It is easy to realise that
d” ¢ = det(p?) d” K, (B.7)
where d¢;/ dkﬁ = p/. In particular, the matrix p;/ is related to the Gram matrix
G(p1,-..,pr) and its determinant &, in fact:
AP k= £72d¢&, ... A&, (B.8)

thus we can naturally identify

E =det|G(p1,-..,pE)] (B.9)

with the external Baikov polynomial.
Regarding the integration over (k )%, we introduce the variable §, = k* = k‘ﬁ + k2,
thus d&y/d k3 =1 and

A7 ky x d(k,)? = d" k) x d&. (B.10)

Now, in order to obtain the Baikov polynomial

B:det[G(kJ,pl,...,pE)], (B].l)

we rewrite k = ki + k| = ki + ZZE:1 Kip;, where k; is the component of the externl
momentum p; along kj. Therefore, since determinants are invariant under shifting of
rows/columns with multiples of rows/columns, we observe that a Gram determinant is
invariant under shifting of the momenta within its vector space.

Thus we can redefine

B = det[G(kzL,pl,...,pE)] (Bl?)



B. DERIVATION OF THE BAIKOV REPRESENTATION 73

and compute, using the result in [41]:

B = (k. )*det[G(p,...,pr)] = (k. )*€. (B.13)

Now, inserting eqs. (B.8), (B.10), (B.12)) in the integral, we obtain

_Zﬂ——E/ZgE D1 D =2 dE+1€
]one—loop = / Da Zﬁj’ll . (B14)

In particular, the requirement k% > 0 is mterpreted as the definition of the integration
region C in eq. .

Finally, performing the final change of variable &, — z; = D;, we obtain the one-loop
Baikov representation in eq. .

B.2 The Loop-by-Loop Baikov Case

In the L-loops case a Feynman integral in momentum representation appears as in eq.
. In order to derive the loop-by-loop parametrisation, we can follow the same steps
of the one-loop case, taking into account that we have to replace £ — E;,B — B; and
E— &, ,witht=1,..., L Thus, the polynomials & now must not be taken out of the
integration carelessly, since they could depend on the loop momenta of the remaining
loops.

Furthermore, as discussed in Chapter [3, the number of integration variables does not
match in general the number of propagators in the loop-by-loop case, we have to consider
also the irreducible scalar products (ISPs).

Thus we can write

—D+41)/2 5(D—E;—2)/2
/Hl L o5 5, d¢, (B.15)

bl = H D El @ Dan
= I

where
L L
n=Y (B+1)=L+) E. (B.16)
=1 =1

Finally, performing the change of variable & — z; = D;, we obtain

g(El D+1)/26(D E;—2)/2
Ilbl H D Ez /H ~an d" z. (Bl?)
=g "
In particular, the Jacobian J can be defined as
1 dz
J = where Y, = =i (B.18)

det Y ag;’
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For the majority of propagator types, a variable ¢; of the form &? results in a column
within Y populated by entries of 0 or +1; conversely, selecting &; in the form k - ¢ yields
values of 0 or £2. Since the system is composed of L variables of the first category and
n — L of the second, the fundamental properties of determinants lead us to expect a
Jacobian of J = 277,

Thus, the proof is completed by confronting eq. with eq. .

B.3 The Standard Baikov Case

We conclude our computations by deriving the standard Baikov representation, starting
from eq. . In particular, we assume that each individual loop depends on the full
set of momenta external to the integral, as well as on all the remaining loop momenta.

In this case, £} = E'+ L — [ and

n— @ +EL. (B.19)

Furthermore, by identifying & = By, it follows that the powers to which these poly-
nomials are raised become each other’s negatives. Consequently, these terms cancel
telescopically in pairs, leaving only By and £ as the surviving factors, which we shall
redefine as B and £ for simplicity.

Thus, performing the usual change of variables & — z; we obtain

I =

_AL._(L—n)/2c(E—d+1)/2 (d—E—L—1)/2
J(=i) = £ /B<Z) dn z, (B.20)
C

[T, T (=55)
where we have exploited the fact that £ can be factored out of the integral, as it is con-
structed exclusively from momenta external to the final loop in the integration sequence.
Consequently, it possesses no dependence on the loop momenta and, by extension, on
the Baikov variables x. By appropriately shifting the indices of the Gamma functions,
we recover the standard Baikov representation given in (3.1)).

This concludes the formal derivation of both versions of the Baikov representation,
proceeding from the initial momentum-space formulation.

al a
ARl



C

IBP Reduction with FiniteFlow

In this appendix we review and summarize the technique employed to build a dataflow
graph with FiniteFlow, following the treatment presented in [17], in order to find the
MIs for a given multi-loop integral family. Firstly, a dataflow graph is a directed graph,
representing a given numerical computation. It is composed of nodes, which represent
the numerical algorithm used in the calculation and arrows, i.e. the numerical data of
fixed length on which the algorithm acts.

Furthermore, in each graph there are two special nodes, namely the input node,
respresenting only the input numerical values of the graph, and the output node, which
can be any node chosen to be the output of the program. However, there could be
some algorithms whose output length can not be known a priori. For example, if a node
solves a linear system, we may not know how many solutions we get. This is the reason
why there is another kind of node, the learning node, which will be used in our integral
reduction program. Specifically, the length of the output of this kind of nodes, can be
learned after the learning phase, which consists in few numerical evaluations, depending
on the algorithm of the node.

As we mentioned in Chapter 4] we can use FiniteFlow framework to reduce to the
MIs of a given integral family. In practice, finding the MIs is crucial, since they can be
used to compute the scattering amplitude of a given process. In fact, consider a generic
integral family as in eq. (2.19). We can write a generic amplitude as a linear combination
of family integrals I;

A= b, (C.1)
jea
where the rational coefficients b; depend only on the kinematics and the dimensional

parameter €. Recalling that {Gx} C {I;}, where {G}} is the set of the MIs of the family,
we can write

5
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Ij = Z Cjka. (CQ)
k
As we said before, this derivation is the crucial point of the integral reduction. We can
either compute the MIs with Laporta algorithm or building a dataflow graph, whose
nodes are able to extract the coefficients

Ak = Z bjcjk7 (CB)
J
so that a generic amplitude can be written as

A=) AG (C.4)

We can sketch the computation with a four-node graph:

e The input node contains a vector {¢, #}, where & can be any number of kinematic
invariants such as masses or Mandelstam invariants.

e The node b; computes the rational coefficient in eq. (C.1), taking {e, £} as input.

e The coefficients c;; are computed by a sparse linear solver IBP node. Specifically,
this node takes {¢, Z} as input and solves numerically the IBP system. This is the
core of our program, since we do not know a priori how many MIs we get, this
node has a learning phase.

e The output node is a matrix multiplication between the node b; and the IBP node.

Notice that the MIs appear also in the r.h.s. of eq. , making the cj;, extraction in
the IBP node inconsistent. This happens because the IBP node returns a nys X Nnon-Mis
matrix, while the a; node has dimension nas + fnon-mts. We can fix this problem by
adding a trivial node which reduces the MIs to themselves. In other words, we add in
the graph a no-input node which consists of the identity matrix I,,,,,.. Then, if we chain
this extra node to the IBP node, we obtain a matrix containing the reduction for all
NMis + Nnon-Mis iNtegrals and the matrix multiplication in the output node is well defined.

Thus, instead of computing large and complex IBP systems, we can build a dataflow
graph which avoids the algebraic botteleneck computation and can reconstruct analiti-
cally the rational coefficient of the amplitude.
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