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Abstract

The main drawback of using generative AI models for advanced mathematics is that
they are not deterministic logical reasoning engines. Because neural models are prob-
abilistic, they can produce outputs that look convincing while still containing subtle
errors that are hard to detect without careful algorithmic verification.

Symbolic methods can largely address this issue by performing exact, determin-
istic calculations through code execution. However, solving a full problem typically
requires an explicit plan: the correct sequence of tool invocations and the dependen-
cies between intermediate results must be specified, and this often requires human
intervention. Our premise is that this planning burden can be reduced by using neural
models to orchestrate tool use, while symbolic solvers provide the exact computation.

In this thesis, we demonstrate an end-to-end workflow that combines neural models
with symbolic solvers to solve linear algebra problems through tool-use interactions, in
a controlled, verifiable setting with a small, audited tool library. Our results show that,
starting from a small pre-trained base model (Qwen2.5-3B), it is possible to achieve
90% test-set accuracy (verifier-checked on a fixed held-out evaluation set) on problem
traces requiring up to three tool interactions.

The pipeline includes synthetic dataset generation, distillation, supervised fine-
tuning (SFT), and reinforcement learning via Group Sequence Policy Optimization
(GSPO). Using parameter-efficient fine-tuning (LoRA) and on-demand cloud GPUs,
the full pipeline is reproducible within a $75 budget. This provides a concrete recipe
for practitioners to train self-hostable tool-using models, and a pedagogical blueprint
for students learning to build tool-calling agents beyond prompt engineering. Code
and configs are available at https://github.com/atomwalk12/linalg-zero.

https://github.com/atomwalk12/linalg-zero
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Chapter 1

Introduction

1.1 Overview

”The hardest problems we have to face do not come from philosophical questions about whether
brains are machines or not. There is not the slightest reason to doubt that brains are anything
other than machines with enormous numbers of parts that work in perfect accord with physical
laws. As far as anyone can tell, our minds are merely complex processes. The serious problems
come from our having had so little experience with machines of such complexity that we are not
yet prepared to think effectively about them. Our present-day technology does not yet allow us
to study the brain cells of higher animals while they’re actually working and learning.”

— Marvin Minsky, The Society of Mind (1986)

Epigraph. Minsky’s observation motivates the design philosophy of this thesis: the
core difficulty is not that complex learning machines are mysterious in principle, but
that they are hard to study systematically. Therefore, we focus on a controlled, verifi-
able setting where the model must interact with tools under a strict interface contract,
so failure modes are observable as parse, execution, or correctness errors rather than
hidden in the semantics of the model’s natural language output. Consequently, the
pipeline in this report is built to turn “reasoning” into an auditable interaction trace.

Moreover, we treat this pipeline as a testbed for studying how a complex learning
system can evolve into reliable, tool-mediated problem-solving, because linear algebra
is narrow enough to be verifiable while still rich enough to require multi-step decisions.
Therefore, what was difficult in Minsky’s era – assessing learning dynamics inside a
complex machine systematically – becomes feasible here through controlled interfaces
and replayable traces.

Thesis Aim. This thesis studies how to train a small pretrained language model –
Qwen2.5-3B [55] – to solve a controlled set of linear-algebra problems by producing
executable tool-use trajectories rather than unverified free-form text. Therefore, unlike
traditional answer-only evaluation that checks only the final generated result, we treat
format adherence and tool-call validity as first-class constraints: the trace must remain
executable turn-by-turn, and its final answer must match a deterministic verifier.
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User: A = [[1, 2], [3, 4]]. Compute det(AˆT).
Assistant: <tool_call>{

"name": "transpose",

"arguments": {"matrix": [[1, 2], [3, 4]]}

}</tool_call>

Tool: [[1, 3], [2, 4]]

Assistant: <tool_call>{

"name": "determinant",

"arguments": {"matrix": [[1, 3], [2, 4]]}

}</tool_call>

Tool: -2

Assistant: <answer>-2</answer>

Figure 1.1: A minimal multi-turn tool-use trajectory for computing det(A⊤) by calling
transpose and then determinant.

Motivation (Verifiable Domain). Linear algebra is a useful domain because its inter-
mediate computations are concrete objects – like a matrix of size N ×M represented as
a Python list-of-lists – and its final answers can be checked automatically. Moreover,
when the model is allowed to call a small tool library, numeric correctness becomes
deterministic execution, which lets us measure progress without human graders.

Concrete Anchor. To make the setting tangible, consider the task “compute det(A⊤)”

for A =
[
1 2
3 4

]
. In Figure 1.1, initially, the model must emit a syntactically valid tool

call. Moreover, it must incorporate the tool output into its next action. Only then can it
terminate with a verifier-checkable answer. Consequently, evaluation is not “does the
model sound right?”, but “does the trajectory remain executable until the final answer
matches the ground truth?”.

The Bottleneck. Tool use shfits errors from “wrong number” to “invalid interface”.
Paradoxically, although the underlying computations are trivial once delegated to a
deterministic library, the model must still plan and execute a multi-step interaction.
Because of this, long-horizon tool use becomes probabilistic: if a single-turn format
adherence rate is p, then a trajectory requiring N consecutive valid turns has an upper-
bound success rate near pN. Therefore, we treat tool use as four coupled phases –
planning, selection, invocation, and response integration – and we track interface
adherence as a core constraint alongside correctness.

Pipeline Overview. We address the tool-use bottleneck with an end-to-end pipeline
summarized in Figure 1.2. Moreover, each panel in the diagram maps directly onto
the method chapters (Generation: Chapter 3; Distillation: Chapter 4; Supervised Fine-
Tuning (SFT): Chapter 5; Group Relative Policy Optimization (GRPO): Chapter 6).
Therefore, the figure is best read as a sequence of produced artifacts – datasets, traces,
and checkpoints – where each stage produces the object consumed by the next.

2
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Figure 1.2: End-to-end process pipeline. Artifacts flow from verified synthetic problems to
executable traces, to an interface-compliant SFT checkpoint, and finally to GRPO training.

• Main Workflow (M.1 - M.10). The central diagram is the end-to-end workflow
that connects Generation, Distillation, SFT, and GRPO. Moreover, all phases
measure progress under a single parse→ execute→ verify loop.

• Generation (G.1 - G.5). Firstly, we define the task categories and constraints.
Then, entropy-based sampling controls numeric diversity, cross-component com-
position builds multi-step tool chains, curriculum validation optimises entropy
ranges to ensure a stable distribution, and split generation produces the final
verified dataset.

• Distillation (D.1 - D.4). Secondly, verified problems are converted into multi-
turn trajectories and executed. Because of this, malformed tags or non-replayable
tool calls are rejected immediately, yielding a clean reasoning dataset.

• SFT (S.1 - S.5). Thirdly, we make the tool interface learnable by registering the
control delimiters (i.e. <think>, <tool_call> and <answer>) as special tokens,
training adapters, and compiling a standalone checkpoint via Merge-Repair-
Freeze. The result is a vLLM-compatible model, used during the GRPO phase.

• GRPO (R.1 - R.4). Finally, we optimize correctness under the same parse-execute-
verify protocol. Then, rewards are defined over success metrics (correctness,
format and executability), stability parameters are tuned, a curriculum is applied
to stabilize learning, and checkpoints are selected under deterministic evaluation.
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Research Questions. This thesis is organized around four questions anchored in the
pipeline artifacts:

• How can we generate a verified synthetic linear-algebra curriculum with con-
trollable difficulty and coverage? (Chapter 3)

• How can we distill verified problems into multi-turn, executable tool-use trajec-
tories under a strict format contract? (Chapter 4)

• What does SFT contribute beyond correctness – in particular, how does it stabilize
interface reliability under a strict tool-calling contract? (Chapter 5)

• Can GRPO improve correctness beyond SFT while preserving format stability,
and what learning dynamics emerge under this trade-off? (Chapter 6)

Evaluation. We evaluate models in the same way they are used: parse a turn, execute
a tool call if present, append the tool output, and continue until a final answer is
produced. Therefore, we report both outcomes (verifier-checked correctness) and
constraints (format validity, tool-call validity), because a correct plan is useless if it
cannot be expressed as an executable trace. Moreover, accuracy is reported on a fixed
held-out test split under greedy decoding, so it reflects interface stability rather than
sampling luck. On the other hand, sampling is reserved for training-time rollouts
during reinforcement learning.

Scope and Limits. This work does not target open-domain mathematics, proof gener-
ation, or tool frameworks. On the other hand, it makes a deliberate trade: by restricting
the setting to synthetic, verifiable linear algebra with bounded matrix sizes and a small
tool vocabulary, we can study tool-use learning dynamics systematically and report
results using deterministic, executable checks without relying on subjective grading.

1.2 Related Work

Tool-Augmented Reasoning. Tool use makes reasoning an action-selection problem
under a fixed interface format: the model must decide what to compute and also how
to encode the computation as structured output. Therefore, this thesis is inspired
by recent tool-use surveys that argue the literature remains fragmented and lacks a
unified tool-calling framework [76]; accordingly, we align with program-aided [19] and
tool-interaction [81] approaches, but emphasize multi-turn execution as an evaluation
constraint rather than assessing final-answer generation alone.

Synthetic Curriculum. Synthetic datasets are especially useful in verifiable domains
because generators can produce ground truth at scale and can enforce difficulty via
composition. Firstly, we investigate synthetic data generation by following the survey
analysis in [43]. Moreover, we find it necessary to build an explicit difficulty curriculum
to enable small models to learn effectively. Because of this, we control difficulty in two
ways: entropy-controlled sampling constrains the generator’s distributions, and we
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construct problems that require 1, 2, or 3 tool calls to solve. Consequently, these
constraints keep numeric ranges fixed within predefined bounds, as in [58]. On the
other hand, our work extends existing work on symbolic tasks from other domains
(e.g. arithmetic, calculus, probability) to a tool-mediated linear algebra curriculum.

Distillation. Distillation provides a direct bridge from verified problems to chain-of-
thought solutions. Because of this, we distill not only answers but structured multi-turn
traces, and we treat verification as a filter rather than a post-hoc cleanup step, which
ensures that the resulting trajectories are valid inputs for downstream supervised fine-
tuning (SFT) [50]. Moreover, our implementation uses the distilabel [90] library to
orchestrate and validate the distillation pipeline at scale.

RLVR and Prior Work. Reinforcement Learning from Verifiable Rewards [75] (RLVR)
is well-suited to domains where correctness can be checked automatically. Moreover,
recent open-source reasoning releases have made this training approach practically
accessible to a wider research community [12]. Furthermore, our end-to-end pipeline
follows reproducible open implementations that emphasize practical training recipes,
such as TinyZero [51], Nano Aha! Moment [34], and Open R1 [30].

GRPO and the SFT Prerequisite. Finally, replication surveys of the DeepSeek-R1
pipeline emphasize that the original recipe starts from a base model rather than an
instruction-tuned model [84]; therefore, we adopt the same starting point and use
GRPO-style group-relative rewards with PPO-style stabilization to preserve the train-
ing dynamics [60, 64]. Nonetheless, because base models do not reliably follow in-
struction formats, we introduce an a priori SFT phase to make the tool-calling interface
learnable; in practice, producing multi-turn, schema-valid tool calls is a more challeng-
ing task than single-turn responses. Consequently, the ablation in Chapter 5 shows
that SFT is a prerequisite for effective tool learning in our approach.

1.3 Contributions and Outline

Released Artifacts. The pipeline produces concrete, reproducible artifacts in the form
of datasets and checkpoints. Therefore, Appendix A lists the Hugging Face Hub
releases (Table A.1).

Contributions. The main contributions of this thesis are:

• An end-to-end, reproducible tool-use pipeline, where every stage is evaluated
under the same interface contract (parse→ execute→ verify), making multi-turn
executability a primary evaluation constraint across all stages (Chapters 1 – 6).

• An entropy-controlled synthetic linear-algebra generator that produces verifiable
problems with controlled compositional depth (Chapter 3).

• A distillation pipeline that converts problems into multi-turn tool-use conversa-
tions under a strict tag format (Chapter 4).
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• An SFT stage that instruction-tunes theQwen2.5-3Bbase model [55] for tool use by
introducing special format tokens, together with a format-preserving checkpoint
that produces a GRPO-compatible standalone checkpoint (Chapter 5).

• A GRPO training setup that improves verifier-checked correctness beyond SFT
while analyzing stability limits induced by extended, multi-turn tool-use rollouts
(Chapter 6).

Outline. The remainder of this thesis is organized as follows. Chapter 2 introduces
the background needed for tool-using language models and verifier-based evaluation.
Chapters 3 and 4 describe dataset generation and distillation. Chapter 5 presents
the SFT stage and associated format constraints. Chapter 6 presents GRPO experi-
ments and stability considerations. Finally, Chapter 7 summarizes limitations, ethical
considerations, and future work.
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Chapter 2

Definitions and Background

Overview. This chapter reviews the background needed for this thesis: LLMs and
tokenization, tool-calling, and post-training methods. For a practical introduction to
Transformers (including tokenization and fine-tuning), see Natural Language Processing
with Transformers [69]. For terminology and post-training objectives, see Lambert’s
Reinforcement Learning from Human Feedback [38] (RLHF).

2.1 Large Language Models and Tokenization

2.1.1 LMs as Conditional Sequence Models

Overview. This subsection defines a decoder-only Transformer as an autoregressive
policy under causal masking. Because this thesis studies multi-turn tool-use trajectories
(parse → execute → verify), this section clarifies why tool calls are generated token-
by-token and why format validity compounds across turns.

Definition 2.1.1 (Autoregressive Factorization). An autoregressive language model
represents a joint distribution over a token sequence by factorizing it into next-token
conditionals:

pθ(x1:T) =
T∏

t=1

pθ(xt | x<t). (2.1)

Definition 2.1.2 (Transformer (Decoder-Only)). A Transformer maps a token sequence
into contextualized hidden states by alternating self-attention and position-wise feed-
forward layers [70]. In a decoder-only model, self-attention is causal, implying that
hidden state at time t depends only on the prefix x≤t.

Definition 2.1.3 (Causal Masking). Causal masking enforces autoregressive generation
by preventing attention from reading future tokens [70]. Concretely, when computing
attention at position t, the model is restricted to attend only to positions ≤ t.

Definition 2.1.4 (Teacher Forcing). Teacher forcing trains a language model by always
feeding it the correct previous tokens during training. Concretely, when predicting
token xt, the model conditions on the true prefix x<t; however, at inference time it
produces text based on its own generated prefix instead [5].
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Link to distillation. Therefore, even when our training sequences come from
distillation (Section 2.2.2), we still apply teacher forcing within each sequence during
SFT.

Definition 2.1.5 (Next-token negative Log-Likelihood (NLL)). Given a tokenized se-
quence x1:T, decoder-only pre-training minimizes the negative log-likelihood of the
next token:

LNLL(θ) = −
T∑

t=1

log pθ(xt | x<t). (2.2)

Definition 2.1.6 (Tool-Use Trajectory). A tool-using solution can be modeled as a tra-
jectory of turns:

prompt→ tool call→ tool output→ · · · → final answer.

Unlike single-shot question answering, intermediate actions must be valid, because
later steps depend on the tool outputs they produce [81, 59].

Definition 2.1.7 (ReAct (Reasoning + Acting)). ReAct is a tool-use prompting pattern
where the model alternates between brief reasoning and explicit actions, treating each
tool output as an observation for the next step [81]. Concretely, for a linear-algebra
task, the model can call SymPy to compute a determinant, then use that returned scalar
to select the next operation.

Definition 2.1.8 (Executable Trace). An executable trace is a serialized multi-turn out-
put whose tool-call blocks can be parsed and replayed end-to-end (e.g. tags plus JSON
arguments). Therefore, this makes evaluation reliable and separates errors into parsing
failures, tool-execution errors, or verifier mismatches.

2.1.2 Tokenization and Structured Outputs

Overview. This subsection explains how tokenization maps text to token IDs and
how generation is constrained by the vocabulary via embed tokens and the lm head.
Therefore, it shows that emitting exact control tags (e.g. <tool_call>) is necessary for
structured outputs to remain parseable.

Definition 2.1.9 (Tokenizer and Tokenization). Tokenization converts raw text into
token IDs from a fixed vocabulary V [62] (typically learned via Byte-Pair Encoding
(BPE) [73] or SentencePiece [35]), so the model operates on discrete symbols; for
example, a delimiter like <tool_call> may be a single token or split across multiple
tokens.

Therefore, tokenization is a format constraint: if a delimiter like <tool_call> is
split across multiple tokens, the model must emit the full sequence correctly every
time, and multi-turn errors compound. It is possible to overcome this limitation by
registering special tokens.

Definition 2.1.10 (Input Embeddings – embed tokens). The token embedding layer
maps each vocabulary item to a learnable vector. Concretely, embed tokens is an
embedding matrix E ∈ RV×H that converts a token ID i ∈ {1, . . . ,V} into a hidden vector
Ei ∈ RH.
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Definition 2.1.11 (LM Head (Output Projection)). The model’s final hidden state has
dimension H, but the output space is the vocabulary of size V = |V|. The lm head is a
learned linear map inRH×V that converts hidden states into logits overV, constraining
generation to the current vocabulary.

Definition 2.1.12 (Vocabulary Expansion & Special Tokens). Vocabulary expansion
adds new symbols to the vocabularyV, including control delimiters such as <think>,
<too_call>, and <answer>. Registering these delimiters as special tokens prevents
subword splitting and improves format reliability for tool calling.

However, adding tokens requires resizing embed tokens and the lm head, which
can temporarily perturb the model’s output distribution until the new parameters are
realigned during fine-tuning.

Definition 2.1.13 (Control Tags). Control delimiters are special tokens (e.g. <think>,
<answer>, <tool_call>) that mark the boundaries of structured blocks within the
model output, so an external parser can extract text reliably.

Definition 2.1.14 (Vocabulary Resize and Realignment). Vocabulary realignment refers
to the engineering steps required after adding special tokens. Because vocabulary ex-
pansion modifies both embed tokens and the lm head, the new parameters can modify
the model’s output distribution until they are realigned.

Example 2.1.15 (Vocabulary Resize and Realignment). Consider a base model with a
tokenizer vocabulary of size V and hidden size H, so embed tokens has shape V × H
and the lm head has shape H × V. Therefore, generation can only assign probabilities
to the existing V token IDs, that is, choosing one entry from a length-V list of logits.

Now suppose we add K new special tokens (e.g. <tool_call>, <answer>) and
the tokenizer does not already contain K unused slots reserved for expansion. Be-
cause of this, we must resize the embedding and head to match the new vocabulary
size V′ = V + K, which introduces new rows/columns that are typically randomly
initialized. Consequently, even if all other model weights are unchanged, the altered
embed tokens/lm head can perturb the output distribution and degrade formatting.

The purpose of SFT is to tune the newly introduced, randomly initialized parame-
ters associated with the special tokens, so they align with their intended semantics.

Definition 2.1.16 (Chat Template). A chat template is a procedure that converts a multi-
turn conversation (roles +messages) into a single token sequence for the model [69]. It
defines the role markers and separators, so the model can distinguish user queries, its
own responses, and tool-call or tool-output instructions during training and inference.

Example 2.1.17 (Chat template serialization). Suppose a conversation contains the
following turns:

• user: Compute A−1 for A=[[2,1], [1,1]].

• assistant: <tool_call>{...}</tool_call>

• tool: [[1,-1], [-1,2]]

• assistant: Here is A−1: [[1,-1], [-1,2]].
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A chat template merges these turns into a single string by inserting role markers
and separators, e.g.

<|user|> Compute A−1 for A=[[2,1], [1,1]].

<|assistant|> <tool call>{...}</tool call>

<|tool|> [[1,-1], [-1,2]]

<|assistant|> Here is A−1: [[1,-1], [-1,2]].

The tokenizer then maps this string into token IDs (and embed tokens maps IDs
into vectors), so the model receives one unified sequence with explicit role boundaries
rather than separate messages.

Definition 2.1.18 (Format Contract). The format contract [69] is the requirement that the
model’s output matches the system’s expected schema (delimiters, tags, and argument
structure). For tool use, this typically means emitting valid JSON arguments.

Definition 2.1.19 (Stop Conditions). Stop conditions [69] are termination rules applied
during decoding, such as emitting an end-of-sequence token, reaching a maximum
response length, or matching an explicit stop sequence. In tool-using settings, carefully
chosen stop strings (i.e. </tool_call>, </answer>) prevent the model from generating
extra tokens beyond the end-of-turn tokens, keeping outputs parseable.

2.1.3 Decoding and Trajectory Reliability

Overview. This subsection defines decoding choices (the trade-off between exploration
and validity), and explains how failure probability compounds with trajectory length.

Note (Setup). At inference time, the lm head maps the current hidden state to logits
over the vocabulary. These logits define a probability distribution, and decoding spec-
ifies how the next token is chosen – either deterministically (greedy) or stochastically
(sampling).

Definition 2.1.20 (Greedy Decoding). Greedy decoding is a deterministic inference
strategy that selects the most probable token at each step, i.e., xt = arg maxv pθ(v |
x<t) [69]. It is often effective for maintaining rigid syntax (e.g. valid JSON), but it can
reduce exploration by repeatedly choosing locally likely tokens.

Definition 2.1.21 (Temperature Sampling). Temperature sampling introduces stochas-
ticity by sampling from a softened token distribution [69]. For temperature τ > 0,
larger τmakes the distribution more uniform (wider), increasing exploration, but also
increasing the likelihood of sampling a syntax-breaking token.

Definition 2.1.22 (Top-p (Nucleus) Sampling). Top-p sampling restricts sampling to
the smallest set of tokens whose cumulative probability is at least p, then renormalizes
and samples from that set. Therefore, p = 1 applies no truncation.
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Note (Exploration–Format Trade-off). The exploration-format trade-off is a tension
between exploration and format stability. Stochastic decoding can help discover correct
multi-step strategies, but it also increases the probability of emitting a schema-breaking
token, which can terminate a tool-use trajectory before correctness is evaluated.

Therefore, tool calling is challenging because autoregressive errors compound:
small per-token error increases can cause large drops in end-to-end trajectory validity.
The following two theorems, reproduced from [15], summarize this effect for sequential
and compositional dependence.

Theorem 2.1.23 (Depth (sequential dependence [15])). Suppose each step has a nonzero
probability ϵ > 0 of deviating from the correct intermediate state, and suppose the
probability of “spontaneous recovery” from an incorrect state is small. Then the
probability of producing the correct final state decreases rapidly as the required depth
grows, because every token is conditioned on the (possibly incorrect) prefix.

Theorem 2.1.24 (Width (compositional dependence [15])). Similarly, if a task requires
combining n sub-computations (e.g. producing many correct entries of a matrix prod-
uct), and the probability of an accidental collision (i.e., matching the verifier by guess-
ing) is negligible, then the probability of full correctness is bounded by a term that
decays approximately like (1 − ϵ)n, where ϵ > 0 is the per sub-computation error
probability.

Therefore, extended tool use interactions are limited by a compounded risk: if
the per-turn probability of emitting an executable (schema-valid) tool step is p, then a
trajectory that requires N tool turns is executable with probability at most pN. Moreover,
non-zero-temperature decoding typically lowers format reliability (reducing p), so the
compounded bound worsens. Therefore, long tool-call trajectories are challenging
because validity constraints compound across turns.

Definition 2.1.25 (Program-Aided Language). Program-Aided Language (PAL) [19] is
the tool-use paradigm where the model predicts an executable action rather than a
final answer directly.

Therefore, we use PAL for linear algebra, so intermediate computations run de-
terministically in Python/SymPy and can be verified, instead of being produced in
free-form text.

Example 2.1.26 (PAL-style tool use). Table 2.1 contrasts standard CoT with PAL-style
tool use for linear algebra, illustrating how tool calls turn intermediate results into an
executable, verifiable output.

2.2 Data Generation and Distillation

Overview. This section defines the data pipeline that is used throughout later training
stages. We describe how verified synthetic linear-algebra problems are constructed
via controllable generation and code execution. Then, we define the distillation and
filtering terms that convert these problems into replayable trajectories and retain only
those traces that pass correctness checks.

11



Standard Chain-of-Thought (CoT)
Step 1: calculate the transpose of matrix A = [[3, -4], [2, 1]].
Step 2: what is ||B||F for B = the result from step 1?

Thought: I need to solve this step-by-step. First, I will calculate
the transpose of Matrix A. The transpose involves swapping
rows and columns.

A =
[
3 −4
2 1

]
Step 1: Transposing A to get B. Row 1 of A becomes Col 1 of B:
[3,−4]→ [3, 2]. Row 2 of A becomes Col 2 of B: [2, 1]→ [−4, 1].

B =
[

3 2
−4 1

]
Step 2: Calculating Frobenius Norm. The formula is the
square root of the sum of the absolute squares of its elements:√∑
|bi j|2.

Calculation: (3)2 = 9 (2)2 = 4 (−4)2 = 16 (Negative becomes
positive) (1)2 = 1
Summing these up: 9 + 4 + 16 + 1. 13 + 16 + 1 = 30. Total Sum
= 30.
Now, take the square root:

√
30. I know 52 = 25 and 62 = 36.

It is halfway between 5 and 6. Let’s estimate ≈ 5.48.

Answer. 1. The transpose B is [[3, 2], [-4, 1]]. 2. The Frobenius
norm is approximately 5.48.

Tool-Integrated Reasoning (Tool Use)
Step 1: calculate the transpose of matrix A = [[3, -4], [2, 1]].
Step 2: what is ||B||F for B = the result from step 1?

Thought: I need to perform matrix operations. I will use the
tool to ensure the calculation is precise.
Tool call: matrix transpose
Arguments (JSON): {"matrix": [[3, -4], [2, 1]]}

Tool Output. [[ 3 2] [-4 1]]

Thought: Now I have the transpose B. I need to calculate its
Frobenius norm.
Tool call: frobenius norm
Arguments (JSON): {"matrix": [[3, 2], [-4, 1]]}

Tool Output. 5.477225575

Answer. Step 1: The transpose matrix B is:

[
3 2
−4 1

]

Step 2: The Frobenius norm ||B||F is 5.4772.

Table 2.1: Comparison of Standard CoT vs. tool-integrated reasoning. CoT spends tokens on
explicit arithmetic and approximations (e.g.

√
30 ≈ 5.48); tool-integrated reasoning instead

makes schema-valid calls (e.g. frobenius.norm) and uses returned values.

2.2.1 Synthetic Dataset Generation

Definition 2.2.1 (Procedural Generation). Procedural generation constructs problems
programmatically by sampling from controlled probability distributions (e.g. using
an entropy range to tune diversity). Concretely, a generator can sample a matrix
A ∈ RN×N from bounded integer ranges, then assemble a prompt whose ground truth
is computed by an external tool.

Definition 2.2.2 (Verifier). An executable ground truth is a deterministic function that
can run and validate a solution trace end-to-end. Therefore, we accept an instance only
if each intermediate tool call executes (e.g. in SymPy) and the final result matches the
computed ground truth.

Definition 2.2.3 (Entropy). Entropy controls how diverse the sampled numeric values
are within a fixed range. Therefore, higher entropy yields more varied values, while
lower entropy yields more repeated values. Consequently, we tune entropy to avoid
overly repetitive data and to prevent sampled values from being excessively large.
Chapter 3 calibrates this setting empirically before generating the final dataset.

Definition 2.2.4 (Uniform Distribution). A (continuous) uniform distribution [6] is a
model for a bounded random variable with no preference within an interval. Concretely,
if X ∼ Uniform(a, b), then X is equally likely to take any value between a and b.
Therefore, it assigns constant density on [a, b] and zero density outside:

p(x) =

 1
b−a if a ≤ x ≤ b,
0 otherwise.

12



Usage. In Chapter 3, we use uniform sampling to draw entropy budgets within
specified ranges (e.g. Ei ∼ Uniform(ai, bi) for each sub-component of a generator).
Therefore, the generator explores the full range of allowed budgets and avoids a fixed
allocation pattern, which produces stable numerical distributions that improve training
stability.

Definition 2.2.5 (Dirichlet Distribution). A Dirichlet distribution [6] samples random
proportions over K options. Concretely, it returns a vector π = (π1, . . . , πK) where πi ≥ 0
and

∑
i πi = 1. Therefore, π can be used as weights to split a fixed budget across K

parts.
The Dirichlet concentration hyperparameter α ∈ RK

>0 controls how even or spiky
the proportions are. If α is symmetric (all entries equal), then no option is preferred
a priori; moreover, larger values yield more even splits, while values below 1 tend to
produce more extreme splits where one part dominates.

Usage. In our implementation, Dirichlet is only used within a single component to
split that component’s entropy between at most two constituent parts. Consequently,
we use K = 2 with α = c · (1, 1) for a tunable concentration c (by default c is 1.0).

Example 2.2.6 (Internal Dirichlet split). Suppose a component has entropy budget
E = 1.0 and needs to split it between two internal parts (e.g. sampling a matrix
versus sampling a vector). We draw π ∼ Dir(c · (1, 1)) which might yield π = (0.7, 0.3).
Therefore, the component allocates 0.7E to the first part and 0.3E to the second part,
while the total remains fixed (0.7E + 0.3E = E).

2.2.2 Knowledge Distillation and Rejection Sampling

Definition 2.2.7 (Knowledge Distillation). Knowledge Distillation (KD) is effectively
a form of knowledge transfer between a large teacher model to a small student
model [25]. The primary forms of knowledge distillation include offline distillation,
online distillation, and self-distillation [20].

Definition 2.2.8 (Offline Distillation). Offline distillation is a two-phase process in
which a pre-trained teacher model transfers its knowledge to a student model while the
teacher’s weights remain frozen [25]. This is the distillation scheme used throughout
this thesis.

Other schemes. Online distillation updates student and teacher-like peers simul-
taneously (e.g. mutual-learning variants) [87], while self-distillation uses the same
architecture as its own teacher across training stages [17].

Note (Why Offline Distillation). Offline distillation is commonly used because it is
simple, decouples generation from training, and allows the teacher to be deployed
independently. In our setting, this separation is particularly useful: we can mine and
filter tool-use traces with a large teacher, then train the student on the resulting data
using reduced compute.

Definition 2.2.9 (Chain of Thought Traces [77]). Distillation data can include interme-
diate reasoning steps alongside final predictions. In this thesis, these steps are included
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in the tool-use trace, so the student is trained to reproduce the same reasoning structure,
and the traces are replayable rather than treated as free-form text.

Definition 2.2.10 (Rejection Sampling). Rejection sampling is a filtering procedure that
repeatedly samples candidate trajectories and retains only those that pass a validation
test. The validation test is end-to-end executability: a trace is accepted only if it can
be parsed under the tool-call schema, replayed without execution errors, and verified
against the ground truth.

2.3 Fine-Tuning and Alignment

Overview. This section introduces the post-training objectives: SFT with Low-Rank
Adaptation (LoRA) [27] and GRPO.

Definition 2.3.1 (Pre-Training). Pre-training optimizes a Transformer language model
for next-token prediction on large, general dataset, yielding broad language compe-
tence but not guaranteeing instruction-following or valid tool-call syntax.

Because of this, we apply LoRA-based SFT to stabilize the tool-use interface. Then,
GRPO further improves multi-turn correctness using reinforcement learning with ver-
ifiable rewards.

Definition 2.3.2 (Full-Parameter Fine-Tuning). Full-parameter fine-tuning adapts a
pre-trained language model to a target task by updating all parameters on task-specific
data.

Formally, given an autoregressive model PΦ(y|x) initialized at Φ0 and a dataset
Z = {(xi, yi)}Ni=1, fine-tuning solves

Φ∗ = arg max
Φ

∑
(x,y)∈Z

|y|∑
t=1

log PΦ(yt | x, y<t).

However, because all weights are updated, compute and memory cost scales with
|Φ|; moreover, large updates can increase the risk of catastrophic forgetting. Therefore,
we use parameter-efficient updates (LoRA) rather than full-parameter training.

Definition 2.3.3 (Low-Rank Adaptation (LoRA) [27]). Low-Rank Adaptation (LoRA)
is a parameter-efficient fine-tuning method that freezes the pre-trained weights and
learns a low-rank update for selected weight matrices.

To be concrete, for a dense weight matrix W0 ∈ Rd×k, LoRA parameterizes the
adapted weight as

W =W0 + BA,

where B ∈ Rd×r and A ∈ Rr×k with r≪ min(d, k). Consequently, the number of trainable
parameters scales as r(d + k) rather than dk.

Moreover, training updates only the LoRA matrices {A,B} under the standard
language-model loss, while the base parameters Φ0 remain fixed.

Therefore, LoRA reduces memory and optimizer state, making SFT feasible on
limited hardware; in this thesis, we apply it to projection matrices commonly used in
attention.
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2.3.1 Supervised Fine-Tuning (SFT)

Definition 2.3.4 (Supervised Fine-Tuning (SFT)). Given a dataset DSFT ≜
{
(qi, ci)

}|DSFT|

i=1
where each sample (qi, ci) pairs a question qi with a reference completion ci (a multi-turn
trajectory containing reasoning text and tool calls, terminating in a final answer), su-
pervised fine-tuning updates the policy πθ by minimizing the negative log-likelihood:

LSFT(θ) ≜ −E(q,c)∼DSFT

[
logπθ(c | q)

]
,

where πθ(c | q) denotes the probability assigned by the model πθ to the trajectory
c conditioned on the question q. Therefore, this objective encourages the model to
imitate the supervised demonstrations by maximizing the likelihood of the reference
completions.

Suppose that each sample is equally likely to be chosen, then the above expectation
objective (E) can be calculated by averaging the negative log-likelihood loss across all
training examples in the dataset:

LSFT(θ) = −
1
|DSFT|

|DSFT|∑
i=1

logπθ(ci | qi)

2.3.2 Reinforcement Learning (GSPO)

Algorithm 2.3.5 (GSPO – GRPO variant). A language model policy πθ assigns proba-
bilities to complete trajectories τ given a prompt. Therefore, in contrast to SFT (which
fits a fixed reference completion from a supervised dataset), reinforcement learning
updates θ to increase the probability of high-reward sampled trajectories.

Figure 2.1 summarizes the critic-free, group-relative loop used in this thesis. Be-
cause tool-use rewards are trajectory-wide over many turns, GRPO [64] can be high-
variance and unstable; therefore, we use Group Sequence Policy Optimization’s [89]
(GSPO) sequence-level ratio and Proximal Policy Optimization (PPO) [61] style clip-
ping (the objective G.8 in Figure 2.1) to stabilize long-horizon updates. Consequently,
we decompose the update into the following steps:

1. Generating completions (G.1-G.3). Firstly, for each prompt q we sample a group
of G trajectories {τ1, . . . , τG} from the rollout policy πθold , where each trajectory
corresponds to a token completion oi = (oi,1, . . . , oi,|oi|).

2. Computing the advantage (G.4-G.5). Secondly, we assign scalar rewards ri =
R(τi) and compute a group-relative advantage by normalizing within the group:

Âi =
ri −mean(r)

std(r)
, r = (r1, . . . , rG),

then use Âi as a trajectory-level weight for the policy update. Moreover, imple-
mentations may disable std(r) scaling or compute the standard deviation at the
batch level to reduce difficulty-dependent bias (nonetheless we preserve it).
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Prompt
q

Rollout policy
πθold

Group samples
{oi}

G
i=1

Reward
ri = R(oi)

Group-normalized
advantage
Âi =

ri−µ
σ

Clipped
surrogate
objective

Update
θ ← θ − η∇L

G.1 G.2 G.3 G.4
G.5 G.9

G.10

Same group sampling + rewards

µ = mean(r), σ = std(r)

Current policy
πθ

Sequence ratio
si(θ)

Sequence clip
clip(si, 1− ϵlow, 1+ ϵhigh)

G.6 G.7 G.8

Evaluate log-probs
under πθ

si = exp
(

1
|oi |

∑
t log πθ(oi,t |q,oi,<t)

πθold (oi,t |q,oi,<t)

)
GSPO: sequence-level ratio + clipping

Figure 2.1: GSPO training loop. G.1--G.5 sample and score a group under the old policy,
G.6--G.8 compute the sequence-level ratio and clipping used by GSPO, and G.9--G.10 apply
the clipped surrogate update.

3. Computing the sequence ratio (G.6-G.7). Thirdly, we evaluate the sampled
group under the current policy and form a length-normalized sequence likelihood
ratio [89]:

si(θ) = exp

 1
|oi|

|oi|∑
t=1

log
πθ(oi,t | q, oi,<t)
πθold(oi,t | q, oi,<t)

 .
4. Clipping (G.8). Fourthly, we clip the sequence ratio to prevent large updates:

s̄i(θ) = clip
(
si(θ), 1 − ϵlow, 1 + ϵhigh

)
.

5. Computing the loss and update (G.9-G.10). Finally, we optimize a PPO-style
clipped surrogate objective at the sequence level [60, 89]:

LGSPO(θ) = −
1
G

G∑
i=1

min
(
si(θ)Âi, s̄i(θ)Âi

)
.

2.4 Evaluation Methodology

The following definitions are referenced when reporting the results in Chapters 5 and 6.

Definition 2.4.1 (Verifier-Based Evaluation). Verifier-based evaluation deterministi-
cally executes the model’s proposed trajectory: (1) parse and validate the structured
output under the format contract; (2) execute tool calls in order; and (3), compare the
final answer against ground truth produced by the same verifier. Therefore, a trajec-
tory can fail either because it is not executable (format, or tool error) or because it is
incorrect.

Definition 2.4.2 (Optimal Trajectory). Optimal trajectory measures whether a rollout
achieves the maximum composite success reward (correctness, format validity, tool
success, and no extra tool calls); it is reported as the mean of this binary indicator over
evaluation tasks.
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Definition 2.4.3 (Correctness). Correctness measures whether the verifier confirms the
final answer matches the ground truth for the task.

Definition 2.4.4 (Format Validity). Format validity measures whether the model output
satisfies the required serialization schema and is parseable into a well-formed trajectory
(e.g. well-formed tags and well-formed JSON arguments for tool calls). Moreover, this
check is applied before any tool execution.

Definition 2.4.5 (Tool Success). Tool success measures whether each parsed tool call
executes without runtime error in the external environment.

Definition 2.4.6 (Trajectory Validity). Trajectory validity measures whether the full
multi-turn solution is correctly formed and follows the expected tool-use format, mean-
ing that the generated trajectory contains no structural errors.

Definition 2.4.7 (Training Stability). Training stability means that optimization does
not diverge: losses remain finite, gradient norms stay bounded, and update statistics
(e.g. importance ratios or sequence ratios prior to clipping) stay within a controlled
range over time. Therefore, stability is assessed through these signals and by checking
that constraint metrics (format validity, tool success) do not collapse abruptly.

Note (Compounding risk). Because a tool-using trajectory is a chain of dependent
events, constraint satisfaction compounds multiplicatively. For example, if per-turn
format validity is pt and a task requires N tool turns, then an upper bound on valid
trajectories is pN

t .
Moreover, this compounding is amplified when training with exploration param-

eters (temperature/top-p 1.0): if the policy’s next-token distribution is high-entropy
(as in a pre-trained base model before SFT), stochastic decoding is more likely to drift
away from the small set of format control tokens, and the per-turn failure probability
compounds across the trajectory.

Note (Evaluation approach). Therefore, when reporting headline numbers, our ap-
proach fixes the evaluation split and the decoding configuration, so results are compa-
rable across phases. This means that evaluation uses greedy decoding (argmax at each
step), while training uses stochastic sampling with temperature=1.0 and top-p=1.0.

2.5 Summary

This chapter defined the shared vocabulary needed to follow the end-to-end pipeline.
Firstly, it framed decoder-only Transformers as autoregressive sequence models and
motivated tool use as generating executable, multi-turn trajectories rather than single-
shot answers.

Moreover, it characterized tokenization, chat templates, structured outputs, and
stop conditions as concrete constraints on what a model can emit. Therefore, it moti-
vates special tokens and strict serialization as practical requirements for reliable tool
use.

Finally, it defined the data terms that bridge verified synthetic problems to distilled
and rejection-filtered traces, introduced the post-training objectives used later (SFT
with LoRA and GSPO as a GRPO variant), and specified verifier-based evaluation
metrics under a fixed decoding protocol, so results remain comparable across phases.
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Chapter 3

Dataset Generation

3.1 Related Work

Generation Paradigms. Our goal is to build a linear algebra tool dataset that allows
deterministic verification. In this context, synthetic data pipelines are typically divided
into two families [40]: (i) bootstrapping [82] methods that rewrite existing problems into
more rephrased variants, and (ii) procedural generators [58] that sample fresh instances
from controlled distributions and compute ground truth by code execution. We mainly
use procedural generation, but also apply light rephrasing to increase data diversity.

Furthermore, several recent works argue that synthetic data is most useful for post-
training when each instance is uniquely verifiable, especially when the same data will
later be used in reinforcement learning [2]. Consequently, our pipeline ensures this
constraint by following a generate → execute → verify → accept loop, where input
data (e.g. a sampled matrix A ∈ RN×M) is paired with a unique final answer.

Dataset Formats. Math datasets span multiple formats and subdomains, from short
word problems and formal proofs to visual questions. Common ways to compile such
datasets are by curating public forums and open educational resources [67, 3, 49, 4].

However, most math datasets are single-turn question–answer pairs, whereas our
setting requires interactive tool use. Because of this, conventional data collection makes
it challenging to obtain the multi-step tool-interaction traces required by the ReAct
paradigm [81]. Therefore, synthetic generation is optimal in this scenario because it
scales multi-step trajectories, controls step count, and deterministically verifies results.
Consequently, it supports step-based curriculum training that stabilizes RL [22, 78].

Tool Learning. Following the tool-learning survey in [76], we treat a tool as an external
program the model can call by generating structured arguments. Therefore, tool use
is typically framed as a loop: plan, select a tool, call it, and use the result [53].

Tool calling is studied in single-shot and iterative settings. In this setting, a one-step
workflow is often described as planning without feedback, while a multi-step workflow is
planning with feedback, because each tool output becomes new context that constrains the
next decision [74]. Our generation pipeline, illustrated in Figure 3.1, targets planning
with feedback by generating problems that require repeated tool interactions.
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Figure 3.1: Dataset generation workflow schematic (G.1–G.5). Defines the task taxonomy and
constraints, samples values under entropy control, composes multi-step tool chains, verifies
executability and bounds, and produces fixed-seed train/validation/test splits.

3.2 Overview

Motivation. High-quality linear algebra tool-use data with deterministic verification
is scarce in publicly available sources [53]. Therefore, open sources pose two practical
constraints: they rarely provide a uniform, tool-executable format with reliable cor-
rectness, and they are difficult to curate at the scale required for modern post-training.

One limitation is that open-source math data is heterogeneous, so collecting it from
forums or textbooks tends to produce inconsistent solution structure and weak guar-
antees of correctness. Therefore, even widely used benchmarks such as GSM8k [8] and
MATH [23] do not enforce a single executable format that can be replayed for deter-
ministic verification. Because of this, they are an awkward fit for tool-use supervision,
where intermediate steps must follow a strict format contract.

A second limitation is that curation is costly and hard to verify end-to-end, and
early math datasets were too small for modern post-training [29, 39]. For instance,
aggregated datasets are still small (GSM8K at 8k; MATH at 12k) [83]. Consequently,
because full fine-tuning benefits from > 100k examples [31], synthetic generation is the
practical way to scale data while preserving a uniform, verifiable format for full fine-
tuning and LoRA, with peak LoRA performance reachable at around 8k examples [7].

Solution. Therefore, we use procedural generation to produce linear-algebra tool-
use examples in a uniform, executable schema with a single verified solution. Conse-
quently, the final dataset contains 10,560 examples spanning 13 problem types, which is
sufficient for LoRA-based SFT and LoRA-based GRPO under the dataset-size guidance
of [63]. For concrete samples from the released dataset, see Appendix C.

3.2.1 Taxonomy & Constraints

G.1 Taxonomy & Constraints. This phase defines the task taxonomy, tool interface,
and validity constraints for generated samples. One key constraint is the format
contract that each dataset record must satisfy (see Figure 3.2), which standardizes tags
and tool-call structure for deterministic execution and later training.
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Question: Given matrix A =
[[-120, -2], [-22, -35]], find ||A||F.

Final Answer: 126.94

Difficulty: Easy

Topic: Linear Algebra, Frobe-
nius Norm, Single Turn.

Template: <think>The user wants me to find the Frobenius
norm of matrix A, which is given as [[−120,−2], [−22,−35]]
[...]. I shouldn’t do the calculations manually. The user pro-
vided a tool called frobenius norm that does exactly this.
So I should use that tool.</think>
<tool call>

frobenius norm([[-120, -2], [-22, -35]])
</tool call>

<tool response>126.94</tool response>
<think>Now I need to provide the final answer.</think>
<answer>126.94</answer>

Figure 3.2: Example synthetic dataset record illustrating only the tool-execution contract (struc-
tured tags and tool calls); the shown solution is included only to demonstrate tag usage.

Interface Contract. The interface contract specifies the dataset format expected by
later training phases. Concretely, it instantiates the format contract and verifier vocab-
ulary from Chapter 2: each example includes a natural-language query, a sequence
of tool-call inputs, and a ground-truth final answer. Figure 3.2 illustrates this format,
including a tool-grounded solution and the required special tags. Therefore, we accept
an example only if executing the full tool-call sequence reproduces the stored final
answer exactly.

Tools and Reproducibility. Furthermore, because tool use is only as effective as the
function signatures it targets, we explicitly list the supported operations and their ar-
gument/return formats. Consequently, Table 3.1 enumerates the atomic tool operations
that the generator composes into 1-step, 2-step, and 3-step problems. Finally, we fix
both the generator seed and the split seed to make data generation and train/valida-
tion/test partitioning reproducible.

Curriculum Primitives: Atomic Operations

Atomic operations. Firstly, we define a small set of atomic operations that make diffi-
culty controllable and facilitate validation for both single-step and composed instances.
Because of this, each primitive is paired with a deterministic tool implementation (e.g.
rank, determinant, cofactor), so every sub-result can be executed and checked. Conse-
quently, we define difficulty by restricting traces to N ∈ (1, 2, 3) tool calls while keeping
the operator vocabulary fixed.

Compositionality. Because of this fixed primitive set, we generate problems bottom-
up by composing atomic linear algebra operations into longer tool-call chains. This
compositional approach increases diversity while keeping every intermediate step
executable.

Primitive list. Table 3.1 defines the generator’s core operations: transpose, trace,
determinant, frobenius norm, rank, and cofactor. For precise definitions and simple
examples, see Appendix A.
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Function Name Description Input Constraint Return

matrix transpose Computes the transpose. Any Matrix Matrix
matrix cofactor Calculates the matrix of cofactors. Square Matrix Matrix
determinant Computes the determinant of a matrix. Square Matrix Float
frobenius norm Calculates the Frobenius norm. Any Matrix Float
matrix rank Determines the rank of a matrix. Any Matrix Integer
matrix trace Calculates the trace of a matrix. Square Matrix Float

Table 3.1: The Linear Algebra Tools Available to the Agent. Complete description of operations
is available in Appendix A.

Problem classification. Moreover, we define 13 problem types as operator compo-
sitions over the tool vocabulary (6 single-step, 4 two-step, and 3 three-step chains).
Therefore, the full taxonomy is reported in Appendix B. A representative record is
shown below, while additional samples appear in Appendix C.

Problem type. two transpose frobenius.
Query.
Step 1: find the transpose of matrix A = [[-35, -6], [43, 20]].
Step 2: find the Frobenius norm of matrix B = the result from step 1.

Ground truth. 59.25.
Stepwise ground truth.

[
{"matrix_transpose": [[-35, 43], [-6, 20]]},
{"frobenius_norm": 59.25}

]

3.3 Optimizations/Analysis

3.3.1 Design patterns

Core patterns. We use a small set of design patterns to structure the dataset generator,
drawing primarily on the Gang of Four catalog [18] and Python-focused guidance
from [52]. Therefore, we use these patterns to make the generator easier to maintain,
extend, and understand as the curriculum grows:

• Factory + Registry. Encapsulates task creation and centralizes problem genera-
tion; consequently, new problem types can be added without editing the problem
generation code.

• Template Method. Enforces the generation lifecycle (generate→ render→ ver-
ify); therefore, every task shares the same rendering and validation mechanism
via TemplateEngine.

• Composite + Strategy. Builds 2-step and 3-step problems by composing atomic
components under a given dependence policy (i.e. sequential dependence);
because of this, it is simple to change composition rules without extensive local
modifications.
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• Adapter + Builder. Adapts single-step generators into composable components
and assembles a final artefact from intermediate tool outputs; consequently,
multi-step queries are composed based on the specific atomic types.

Figure 3.3 illustrates the dataset generation pipeline and highlights each design
pattern. Firstly, the orchestration layer uses the CLI entrypoint to select tasks via the
factory registry and instantiate them through a task factory. Then, the generation layer
branches into single-step and multi-step generation, where multi-step problems are
built by composing components under a sequential composition policy and assembling
intermediate outputs into a single query. Finally, both paths converge in the export
layer, where rendering, verification, and dataset export produce user queries, tool-call
traces, and splits.

3.3.2 Entropy Based Generation

G.2 Entropy Based Generation. Procedural generation raises an important question:
how do we avoid trivial or excessively large numbers while keeping the dataset di-
verse and solvable? Because linear algebra operations can amplify values nonlinearly

CLI entrypoint generate.py
(orchestration)

Factory registry FactoryRegistry
(Registry)

Dataset orchestration DatasetGenerator
(uses Factory)

Task factory (callable closure)
(Factory)

Single-step generator SympyProblemGenerator
(Template Method)

Multi-step generator CompositeProblem
(Composite)

Composition policy
CompositionStrategy

(Strategy)

Wrapped components
ProblemComponent

(Adapter)

Result assembly
CompositeResultBuilder

(Builder)

Rendering + verification
TemplateEngine

(shared)

Dataset artefacts
questions, traces, splits

Orchestration layer

Generation layer

Export layer

Figure 3.3: Conceptual workflow of the dataset generation pipeline and the locations of the
design patterns discussed in Section 3.3.1.
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(e.g. determinants), naive sampling can also cause value explosion and unstable dis-
tributions. Therefore, we parameterize sampling with an entropy range that stabilizes
the distribution of generated values. Algorithm 3.1 summarizes how this budget is
allocated across components for multi-step problems. For single-step problems see
Appendix D.

Per-component budgets. We adapt an entropy-controlled sampling mechanism, in-
spired by [58], to keep generated values within stable bounds while still spanning
easy-to-hard instances. Therefore, rather than splitting a single fixed entropy bud-
get via a normalized partition (e.g. in a way that the constituents sum to 1), each
component i ∈ {1, . . . ,K} is assigned its own entropy range [ai, bi]. For each instance,
we independently sample a per-component budget Ei from this range – typically
Ei ∼ Uniform(ai, bi) – and execute component i with entropy budget Ei. As a result,
the overall entropy of the composite instance is E =

∑K
i=1 Ei, so variability arises from

per-component sampling rather than from a single normalized split; this reduces the
risk of concentrating difficulty in the same component across instances.

Example 3.3.1 (Entropy-controlled sampling). A matrix-based generator first samples
a shape (n,m) from a bounded set (e.g. n,m ∈ {2, 3}). Next, it samples an entropy
value E from a configured range, typically E ∼ Uniform(a, b), and uses E to control
the magnitude of sampled integers: entries are drawn by sampling uniformly from a
symmetric integer interval whose width scales on the order of 10E, while enforcing a
minimum absolute value (rejecting samples with |x| < min element abs). If additional
structural constraints are required – e.g. the matrix must be invertible – the generator
applies rejection sampling, resampling until the constraint holds (such as det(A) , 0).
Thus, larger E tends to produce larger and more diverse numerical instances while

1: procedure GenerateQuestionComposite(problemType, components[1..k])
2: baseCtx ← CompositionContext(entropy=0)
3: baseCtx.constraints ← {}
4: results ← [ ]
5: for i← 1 to k do
6: E ← SampleEntropy(components[i].entropyRange)
7: if components[i].entropyWeight = 0 then
8: E ← 0 ▷ pure transform
9: end if

10: ctx ← CompositionContext(entropy=E)
11: ctx.constraints ← Copy(baseCtx.constraints) ▷ preserve constraints
12: ctx.componentResults ← results ▷ enforce step deps.
13: result ← RunComponent(components[i], ctx)
14: results.append(result)

15: baseCtx ← Merge(baseCtx, ctx) ▷ ground truth + constraints
16: end for
17: finalTemplate ← BuildCompositeTemplate(results)
18: return (finalTemplate, baseCtx.stepwiseGroundTruths)
19: end procedure

Algorithm 3.1. Entropy-controlled composite (multi-step) generation. Allocates per-
component entropy budget, allocates step dependencies, and records the user query.
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keeping matrix dimensions within fixed bounds.

Two-level entropy allocation. Figure 3.4 illustrates how random numbers are
generated on a per-component basis. Firstly, we use uniform sampling to draw an
absolute entropy budget from a configured range and assign it to a single component
(e.g. Ei ∼ Uniform(ai, bi)). On the other hand, some generators instantiate more than
one entity and must allocate that component budget internally rather than resampling
unrelated scales. Therefore, we use a Dirichlet distribution [1] to sample relative pro-
portions and split the budget across entities; for example, a linear system generator
requires both a matrix A ∈ Rn×n and a vector b ∈ Rn, so we draw (pA, pb) ∼ Dirichlet(1)
and set (EA,Eb) = (pAEi, pbEi). Consequently, uniform sampling controls global diffi-
culty at the component level while Dirichlet controls within-component balance, and
this way the generator avoids both value explosion and trivial cases where one entity
dominates the instance.

G.3 Cross-Component Interaction. Lastly, multi-step problems are created by se-
quentially composing atomic operations rather than by hardcoding complex templates.

Problem: Ax = b

Matrix Generator A Vector Generator b

Matrix A
(e.g., Large values, Dense)

Vector b
(e.g., Small values, Sparse)

Dirichlet
Dist.

Allocation A:
3.15

Allocation B:
1.35

Draw 1: High Bias
(e.g., 70%)

Draw 2: Low Bias
(e.g., 30%)

1. Difficulty Definition

Total Entropy Budget
(e.g., 4.5)

High Complexity Low Complexity

2. Stochastic
Allocation

4. Combined
Problem

3. Component
Construction

Figure 3.4: Entropy-controlled sampling strategy. Varies numeric scale across components to
ensure values within a predefined range.
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Because of this, 2-step and 3-step questions explicitly consume the output of prior steps
during replay, and the dataset can record step dependencies alongside the tool-call in-
puts. Figure E.1 from Appendix E illustrates this composition mechanism.

3.4 Experiments

3.4.1 Curriculum Validation

G.4 Curriculum Validation. This phase enforces the generator’s guarantees about
distribution stability by executing candidate tool-call traces, rejecting failed traces, and
calibrating entropy ranges to stay within configured numeric bounds.

Verification. Each candidate instance is validated before it is commited in the
dataset. Therefore, we execute the tool-call sequence, and we reject an instance if any
step fails to execute or if the final result disagrees with the stored ground truth. This is
the generation-stage analogue of verifier-based evaluation from Chapter 2. Figure D.1
summarizes this “generate→ execute→ verify→ accept” loop.

Example 3.4.1 (Verification Failure Example). Consider the composite task Transpose
→ Det., which first constructs A⊤ and then computes det(A⊤). Firstly, the determinant
is only defined for square matrices. Therefore, if a component samples a non-square
matrix such as:

A =
[
1 2 3
4 5 6

]
∈ R2×3,

then A⊤ ∈ R3×2, and consequently the Det. tool call is undefined and will fail during
execution.

The composite generator initializes each component with constraints derived from
downstream requirements. Because the downstream Det. step requires a square input,
composite initialization passes a flag (i.e. requires square=true) into Transpose,
constraining it to sample A ∈ Rn×n so that A⊤ remains square.

Concretely, Transpose overrides the abstract GenerateMathContent method from
the base component class; it consumes the propagated constraints and adjusts sampling
accordingly. As shown in Algorithm 3.2, Transpose.GenerateMathContent retries
until the square-matrix requirement is satisfied.

1: procedure Transpose.GenerateMathContent(entropyBounds, constraints)
2: assume constraints.requires square = true ▷ set by composite init
3: repeat
4: A← SampleMatrix(entropyBounds, constraints)
5: ok← IsSquare(A) ▷ shape verifier
6: until ok
7: return A
8: end procedure

Algorithm 3.2. Verification failure for Transpose → Det. and the resampling loop used to
enforce the square-matrix contract.
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Nonlinear scaling. Defining the complexity of linear algebra problems is non-
trivial; analytical bounds are often insufficient because operations like determinants
and matrix multiplications exhibit non-linear value scaling. A matrix with small integer
elements can yield an excessively large determinant, and therefore naive sampling can
break the verifier contract by producing unstable values. Therefore, we use a Monte
Carlo calibration phase to tune the sampler’s entropy ranges, so outputs stay within
the bounds defined in Table 3.2.

Calibration loop. To apply these bounds, we implement a Monte Carlo calibration
loop (Figure 3.5). Before the final dataset is generated, the system performs an offline
grid search over the entropy parameter space (in the Chapter 2 sense of controlling
numeric diversity under fixed bounds). For every candidate entropy value (e.g. E =
1.2), the system generates N = 8, 000 synthetic samples and profiles their output
distributions. Therefore, if an entropy value produces outputs outside the declared
bounds, we drop that entropy setting and keep only settings that satisfy the constraints.

Bounded diversity. Consequently, we can maximize dataset diversity while strictly
adhering to safety bounds. These calibrated entropy settings show that the entropy-
controlled generator is effective in practice, which makes the downstream results in
Chapters 4–6 more reliable, leading to fewer out-of-range failures and stable output
distributions.

Compliance. Therefore, calibration provides two complementary artifacts: the loop
description (Figure 3.5) and the empirical min/max compliance summary (Table 3.2).
We log these observed ranges during calibration and generation to confirm that the
chosen entropy settings stay within the declared bounds. In practice, we pick the
highest-entropy setting that still satisfies the bounds, so we keep as much numeric
diversity as possible without violating the constraints.

Task Type Steps Optimized Entropy Target Range Observed Min Observed Max Samples
Determinant 1 0.9 [−500, 500] −417.00 410.00 8000
Matrix Trace 1 2.1 [−200, 200] −164.00 166.00 8000
Frobenius Norm 1 2.6 [0, 600] 18.57 460.79 8000
Matrix Rank 1 2.5 [1, 3] 1.00 3.00 8000
Transpose 1 3.2 [−800, 800] −790.00 787.00 8000
Cofactor 1 1.6 [−800, 800] −735.00 779.00 8000
Transpose→ Det. 2 [0.7, 0.0] [−400, 400] −216.00 224.00 8000
Cofactor→ Trace 2 [1.4, 0.0] [−800, 800] −469.00 604.00 8000
Cofactor→ Rank 2 [1.5, 0.0] [−800, 800] −480.00 480.00 8000
Transpose→ Frob. 2 [2.8, 0.0] [−800, 800] −315.00 768.88 8000
Transp. → Cof. → Rank 3 [3.2, 0.0, 0.0] [−800, 800] −790.00 791.00 8000
Cof. → Transp. → Trace 3 [2.9, 0.0, 0.0] [−800, 800] −765.00 774.00 8000
Transp. → Cof. → Frob. 3 [2.9, 0.0, 0.0] [−800, 800] −395.00 699.58 8000

Table 3.2: Entropy Calibration Results. The table displays the maximum entropy settings
found via grid search that satisfy the target numerical bounds, together with observed output
ranges across 8,000 Monte Carlo samples per task. The configuration file is available here.
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Figure 3.5: Entropy calibration loop. Offline grid search selects settings that keep outputs
within target numeric bounds across Monte Carlo samples.

3.4.2 Generate Splits

G.5 Generate Splits. For reproducibility, we fix the dataset schema and difficulty
definition, then generate stratified train/validation/test splits using a fixed seed.

Schema and difficulty. Difficulty is defined as the number of tool calls (1, 2, or 3),
where matrices and scalars are serialized using JSON. This design keeps the interface
parseable and replayable under a unified format contract, as defined in Figure 3.2.
Moreover, because format validity compounds across a multi-turn tool-use trajectory,
limiting difficulty to N ∈ {1, 2, 3} keeps the executable-trace requirement tractable for
later phases.

Limitations. Nonetheless, the dataset is intentionally constrained: it covers only the
linear algebra operators implemented in the tool library and restricts numeric ranges
to keep instances stable and replayable. Consequently, the results primarily measure
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the model’s ability to plan and execute tool-call trajectories (and to preserve syntactic
validity across turns), while reducing errors caused by excessively large arithmetic that
could otherwise account for most failures.

Dataset composition. Figure 3.6 shows the dataset (spanning 13 problem types) split
into 1-step, 2-step, and 3-step difficulty tiers, defined by the number of tool calls
required to solve each problem. We fixed counts for each category (1/2/3 tool calls)
and run generation under a fixed seed until those thresholds are met. Finally, we split
the dataset into train/validation/test (80/10/10) using a fixed seed and stratify by the
difficulty column (i.e., # tool calls), so each split preserves the same tier proportions.

0 200 400 600 800 1000
Number of Samples

Determinant (1-step)

Frobenius Norm (1-step)

Matrix Cofactor (1-step)

Matrix Rank (1-step)
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Transpose Frobenius (2-step)

Cofactor Transpose Trace (3-step)

Transpose Cofactor Frobenius (3-step)

Transpose Cofactor Rank (3-step)
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3-step: 1,980

Dataset Difficulty Balance

(b) Tier composition (1/2/3-step).

Figure 3.6: Dataset composition by difficulty tier (1/2/3 tool calls). Plots summarize per-tier
operation mix and the stratified curriculum; deliverables are in Appendix A.

3.5 Conclusion

Acceptance criteria. Each example includes an executable tool-call sequence and a
final-answer ground truth; therefore, we accept it only if deterministic replay repro-
duces the stored answer. Moreover, we bound difficulty by limiting traces to 1/2/3 tool
calls and calibrate numeric sampling so values stay within declared ranges.

Reproducibility. As a result, we fix and report the tool vocabulary, generation
configuration, and generation/split seeds, so downstream comparisons are attributable
to learning dynamics rather than dataset noise. Finally, Chapter 4 distills this dataset
into executable reasoning traces, and Chapter 6 optimizes verifier-checked correctness
via GRPO.
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Chapter 4

Distillation

4.1 Related Work

Positioning. Post-training for mathematical reasoning is commonly described as ei-
ther (i) supervision on demonstrations from a stronger teacher (via distillation), or (ii)
reinforcement learning with verifiable rewards (RLVR). In practice, pipelines combine
both: distillation and SFT provide a stable “cold start” policy, and RLVR then im-
proves verifier-checked correctness via exploration and reward assignment [12, 79, 84].
Therefore, this chapter treats distillation as data production: it converts the verified
linear-algebra problems from Chapter 3 into multi-turn tool-use trajectories for SFT.

Main Purpose. Distillation is motivated by computational efficiency and capability
transfer. DeepSeek-R1 reports that large-scale RL can elicit behaviors such as self-
verification, reflection, and long reasoning traces, but smaller models struggle to redis-
cover these behaviors from scratch; consequently, distillation is used to transfer such
patterns into smaller student models [12, 84]. Furthermore, Qwen3 argues that distil-
lation can recover much of the benefit of multi-stage post-training at a fraction of the
compute budget, which makes it a practical prerequisite when RLVR is unstable [79].

Format Objective. Because a single schema violation can block parsing, execution,
and verification, we follow prior work that makes structure explicit. Firstly, ReAct
frames tool use as an interleaving of reasoning and actions [81]; moreover, Toolformer
shows this structure can be learned by inserting tool invocations directly into the
training sequence [59]. Consequently, recent systems wrap generated text in explicit
tags to keep generations parseable and verifiable at scale [12, 84]. Therefore, we specify
a strict prompt contract (explicit tags and JSON tool calls) to maintain syntactic stability.

Rejection Sampling. Modern distillation increasingly relies on verification and fil-
tering, retaining only traces that pass automatic checks [88]. Therefore, the dominant
mechanism is rejection sampling [41] (as defined in Chapter 2). In addition, DeepSeek-
Math [64] shows that RL can improve correctness under repeated sampling, and as
a result we apply the same core idea in distillation by sampling multiple candidate
trajectories per problem and retaining only those that are correct.
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4.2 Overview

Motivation. In this thesis, distillation is used to compile executable supervision for
tool-mediated linear algebra, rather than to match logits or hidden states (Defini-
tions 2.1.11 and 2.1.2) [26, 20, 45]. Because downstream training consumes multi-turn
tool-use traces, each example must include executed observations (e.g. matrix outputs)
that the model can condition on in later turns. Therefore, a training example is treated
as a replayable program over a fixed tool library.

Interface Contract. Therefore, we enforce a concrete interface contract for every re-
tained trace: well-formed control tags, a schema-valid JSON <tool call> with ar-
guments, and tool outputs recorded as separate tool-role messages. Consequently,
distillation acts as filtering under verification: we retain only traces that satisfy this
contract and replay end-to-end, so the remaining non-correct cases reduce to verifier
mismatches (or termination without a final answer).

Solution. We generate distillation data by running a teacher model inside a Read-
Eval-Print Loop (REPL) tool environment, recording each tool call and tool output as a
structured message trace. We sample multiple trajectories under stochastic decoding,
producing a dataset of executable tool-use demonstrations. Figure 4.1 summarizes this
process as a D.1 – D.4 loop (load→ generate→ execute/verify→ publish).

Protocol. For reproducibility, we fix the input dataset split from Chapter 3, the teacher
checkpoint (Qwen/Qwen3-32B-FP8) and decoding policy (including temperature, stop
conditions, and a fixed turn/token budget), and the tool library. We then apply hard
filter gates in order: the trace must be format-valid under the tag + JSON contract,
executable under tool replay, and verifier-correct against the problem’s ground truth.
Finally, we enforce a semantic constraint: the final <answer> must be consistent with
the last tool output, so the model cannot call a tool and then ignore its result.

Distilled
Dataset

D.1
Load Verified

Problems

D.2
Sample Raw

Trace

D.3
Replay &
Verify

D.4
Publish
Dataset

Filter Results
(format, tool, verif)

SFT
Dataset

yes

Retry

Pass Gates?

Candidate
Traces

Input
Dataset

Problem split
(8.45k samples)

Teacher rollout
T>0

Figure 4.1: Distillation workflow schematic. Shows how verified synthetic problems are
converted into multi-turn tool-use conversations and filtered by verifier checks.
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4.3 Model Architecture

Per-Turn Workflow. Figure 4.2 summarizes the per-turn tool-use cycle enforced by
our distillation process. Standard distillation treats the teacher as a text generator;
however, we run the teacher inside a REPL that executes the linear-algebra tools from
Chapter 3. Consequently, each retained trajectory stores executable state that can be
replayed during training and evaluation.

Chat Roles. We serialize each trajectory as an OpenAI-style message list with explicit
roles: system, user, assistant, and tool. Tool outputs are stored as separate tool-role
messages rather than being embedded in assistant text. The assistant-role messages
correspond to the model-generated turns; moreover, during training and inference, the
full message list is rendered into a single input string by applying the chat template
(Definition 2.1.16).

Four-Phase Turn. Each tool-use turn follows a four-stage cycle that maps a natural-
language query into actions and observations:

1. Plan. The model decomposes the query into a short sequence of subgoals.

2. Select. It chooses the appropriate tool for the next subgoal.

3. Invoke. It emits a <tool call>with JSON arguments.

4. Integrate. It conditions on the tool output to produce the next <tool call> or
the final <answer>.

Task PlanningStage 1

Linear Algebra
Question

Step 2Step 1 Step 3

Multi-step Plan

Task Decomposition

Tool Call Format:
<tool_call>{"name": "cofactor", "arguments": {"matrix": [[1, 2], [3, 4]]}}</tool_call>

Tool Learning With Multi-Turn Rollouts

Tool SelectionStage 2

Tools

Output Tool Server

Weights

Tool Response is appended to the prompt:
<tool_response>[[4, -3], [-2, 1]]</tool_response>

Tool CallingStage 3

Response GenerationStage 4

Iterative

What is the
determinant of
[[1,4], [6, 7]]

Tools

Tool SelectionStage 2Task PlanningStage 1 Tool CallingStage 2 Response GenerationStage 2

Steps 1-N

Tool Result

Query

<answer>-22</answer>

Steps 1-N

Figure 4.2: Four-phase tool-use turn: plan→ select→ invoke→ integrate. The same strict tag
and JSON schema contract is enforced in training and evaluation.
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Delimited Turns. We enforce a strict per-turn contract via a fixed system prompt,
reproduced in Appendix A, that specifies the tool set and required tags. Each assistant
turn contains exactly one <think> block followed by either a single <tool call> or
a single <answer>. Moreover, we restrict trajectories to one tool call per turn so, tool
replay remains simple and errors can be easily attributed (format violation vs. tool
error vs. verifier mismatch).

Worked Example. Table 4.1 shows how these roles are applied in practice in a com-
plete two-step example with two tool calls: the assistant emits <tool call> actions,
the tool role returns executed observations, and the final <answer> is taken directly
from the last tool output. More examples are shown in Appendix B.

Table 4.1 also illustrates the behavioral constraints that make traces suitable for
training. Firstly, the model avoids mental arithmetic by delegating each computation
to a tool and, the <think> block is used only for planning and brief validation, while
the tool interaction is expressed via a single <tool call> per turn.

This structure is suitable for training in two ways: for SFT, the student can directly
imitate the serialized assistant turns conditioned on the preceding tool observations.
For GRPO, the system prompt enables the model to follow the format contract reliably.

Role Message content

Example A (two-step; train[1268]).
system [System prompt excerpt: Use <think> then either <tool_call> or <answer>. Tool calls must be

JSON with a declared tool name and arguments. Avoid manual computation; ground the final

<answer> in the last tool output.]

user Step 1: what is the transpose of A = [[2, 4, -2], [-3, 2, 4], [-4, 2, -3]]?

Step 2: given matrix B = the result from step 1, find det(B).

assistant <think>Okay, let’s see. The user has a two-step problem. First, they need the transpose of

matrix A, and then they need the determinant of that transposed matrix.

So step 1 is to find the transpose of A. Matrix A is a 3x3 matrix. The transpose of a matrix

is formed by swapping its rows and columns. The matrix_transpose tool should handle this.

I’ll call that tool with the given matrix A.

Once I get the transposed matrix B, step 2 is to find its determinant. The determinant

function requires a square matrix, which B should be since transposing a square matrix keeps

it square. The determinant tool can compute that. So after getting B from step 1, I’ll use

the determinant tool on B to get the final answer.</think>

tool call name=matrix_transpose

arguments={"matrix": [[2, 4, -2], [-3, 2, 4], [-4, 2, -3]]}

tool [[2, -3, -4], [4, 2, 2], [-2, 4, -3]]

assistant <think>Okay, I need to find the determinant of the transposed matrix B, which is [[2, -3, -4],

[4, 2, 2], [-2, 4, -3]]. The determinant tool can compute this. Since B is a 3x3 square

matrix, the determinant function is applicable here. I’ll call the determinant tool with

matrix B as the argument.</think>

tool call name=determinant

arguments={"matrix": [[2, -3, -4], [4, 2, 2], [-2, 4, -3]]}

tool -132.0

assistant <think>Okay, so the user asked for two steps. First, transpose matrix A, then find the

determinant of that transposed matrix. I used the matrix_transpose tool on A and got matrix

B. Then, I applied the determinant tool on B and got -132.0. Since the determinant of the

transpose is the same as the determinant of the original matrix, but the user wanted the

determinant of B, which is the transpose, the answer is -132.0. No more steps needed, so I’ll

present that as the final answer.</think>

<answer>-132.0</answer>

Table 4.1: A two-step tool-use trace illustrating the thought–action–observation structure,
sequential tool chaining through intermediate observations, and a brief self-verification check.
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4.4 Optimizations/Analysis

Figure 4.3 presents the distillation loop at a high level, illustrating the system compo-
nents (teacher, tool execution environment, and verifier) and the verification filter that
decides whether a trace is kept or discarded. In addition, Algorithm 4.1 illustrates the
fine-grained step-by-step process for trajectory generation.

Rejection Sampling. Figure 4.3 summarizes distillation as a verification filter. Firstly,
each problem provides hidden symbolic ground truth that is never shown to the
teacher. The teacher is sampled stochastically (T > 0) to propose a trace, and the
environment executes each <tool call> to produce observations. Consequently, we
keep a trajectory only if it satisfies the format contract, executes without tool errors,
and matches the ground truth; otherwise we discard it and resample.

Distillation Algorithm. Two approaches were evaluated for handling malformed
teacher outputs: self-correction via diagnostic messages, and rejection sampling that
discards invalid trajectories and resamples.

In practice, diagnostic messages polluted the conversation, because the model
sometimes referenced them in later turns. For example, when a turn omitted a required
tag, we appended a diagnostic user message such as “Format error: emit exactly one
<tool call> or <answer> after <think>” and prompted the teacher to retry; however,
the subsequent assistant messages could sometimes reference these diagnostic artifacts.
Therefore, we use rejection sampling rather than in-context repair.

Algorithm 4.1 provides the fine-grained control flow used to mine trajectories under
the verification filter from Figure 4.3.

Probabilistic Trajectory Mining. We rely on probabilistic trajectory mining: by rais-
ing the sampling temperature to T = 0.6 and top p = 0.95, we treat the teacher model

Symbolic
Consistency

Check

Discard TrajectoryMismatch / Malformed

Match Verified

Reasoning...

Tool Execution Environment - NumPy/SciPy

Parse & Exec

Teacher Model - Qwen 2.5-32B

Sampling Config:
Temp = 0.6, Top_P = 0.95Problem InstanceGround Truth

Generate Token
Stream

Return Result

Final Answer

Re-sample

Committed to
Distiset

4. Verification Step

1. Synthetic Dataset
2. Stochastic Generation

3. The Trajectory Loop

Figure 4.3: Rejection-sampling distillation loop. Only verifier-correct, schema-valid teacher
trajectories are kept as supervision.
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1: procedure DistillWithToolUse(Dproblems, πθ, T , Tmax, B)
2: Ddistill ← [ ] ▷ accepted trajectories
3: while HasNextBatch(Dproblems) do
4: B ← NextBatch(Dproblems,B)
5: for all query ∈ B in parallel do
6: ctx← InitializeState(query) ▷ system prompt + tool schema + user query
7: for t← 1 to Tmax do
8: resp← πθ(ctx) ▷model output: tool call or final answer
9: if IsToolCall(resp) then

10: (obs, ok)← ExecuteTool(T , resp) ▷ observation + success flag
11: if ok then
12: ctx← UpdateState(ctx, resp, obs)
13: end if
14: else
15: ctx← UpdateState(ctx, resp) ▷ record final answer
16: break
17: end if
18: end for
19: τ← ExtractTrajectory(ctx) ▷ interaction trajectory
20: is correct← Validate(query, τ) ▷ binary correctness label
21: Append(Ddistill, (τ, is correct))
22: end for
23: end while
24: returnDdistill
25: end procedure

Algorithm 4.1. Distillation with multi-turn tool use: sample problems, generate multi-turn
tool-use trajectories (up to Tmax), validate, and retain accepted traces.

as a stochastic generator under temperature sampling (Chapter 2/Section 2.1.3). There-
fore, we roll out trajectories until the teacher naturally converges on a schema-valid
path. Because validity constraints compound across turns, this rejection-sampling
strategy replaces in-context repair with repeated sampling, retaining only trajectories
that are already format-valid for downstream SFT.

Parallel Mining. To make large-scale trajectory mining practical, we batch problems
and generate assistant turns in parallel using a vLLM-backed inference server. More-
over, we use the distilabel library [90] to orchestrate concurrent rollouts, improving
throughput via Ray-based parallel scheduling across available GPUs [46].

4.5 Experiments

Experimental Overview. This section validates the distilled tool-use traces for down-
stream SFT by analyzing context-window constraints, length-based filtering, and post-
hoc curation effects on the final SFT-ready dataset. All experiments were executed on
Runpod [56], an on-demand GPU platform for renting GPU instances; we detail the
instance configuration and software environment later in this section.
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4.5.1 Dataset Cleaning and Filtering

Failure Breakdown. Table 4.2 summarizes dataset retention across two stages: (i) fail-
ures during trajectory mining and verification, and (ii) post-hoc curation that removes
remaining data-quality issues.

The mining run stores 8,376 traces, of which 8,325 are verifier-correct; the remaining
51 traces are non-correct (termination without a final answer or a verifier mismatch)
and are excluded from the SFT subset. Because format validity and tool replay are
enforced as validation gates during distillation, format and tool-runtime failures are
not present in the generated dataset.

The post-hoc filters then remove 677 traces (union of issues) for interface incon-
sistencies and long-context outliers, yielding a cleaned dataset of 7,648 examples. We
enforce an upper bound of 800 tokens per turn; empirically, above this threshold the
model frequently begins to perform mental arithmetic, which is undesirable because
it can introduce avoidable errors.

Context Window Pressure. Figure 4.4 shows token-length histograms at both the per-
turn (assistant) and full-conversation levels. During manual inspection, we observed
that the model frequently performs mental arithmetic in a subset of traces, and this
behavior is strongly correlated with unusually long assistant turns.

Therefore, we remove any conversation in which at least one assistant turn exceeds
800 tokens (Qwen2.5-3B tokenizer), removing 536 conversations. This filtering im-
proves the downstream SFT signal by discouraging undesirable reasoning patterns;
moreover, it removes extreme length outliers (e.g. > 7000 tokens), reducing VRAM
pressure and enabling local SFT runs rather than cloud-only training.

Outcome category Count Rate (%)

Mining outcomes (stored distiset, n=8376)
Format violation (malformed turn) 0 0.00
Tool runtime error 0 0.00
No final answer (did not terminate) 17 0.20
Verifier mismatch (answered, but incorrect) 34 0.41

Post-hoc validation filters (verifier-correct subset, n=8325)
Answer–tool mismatch 63 0.76
Repeated tool calls 33 0.40
Tool-sequence mismatch 64 0.77
Message-count mismatch 36 0.43
Token threshold exceeded 536 6.44
Duplicate <think> blocks 65 0.78

Stage retention
Retained after mining (excluded: 51; out of n=8376) 8325 99.39
Retained after post-hoc (excluded: 677; out of n=8325) 7648 91.87
Total excluded (mining+post-hoc) 728 8.69
Final retained (global; out of n=8376) 7648 91.31

Table 4.2: Distillation quality breakdown: mining outcomes from the stored distiset, post-hoc
validation filters, and final retention rates.
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Figure 4.4: Trace length distributions (raw vs. filtered). Filtering removes long-context outliers
to fit within the training context window.

4.5.2 Infrastructure and Scalability

Limitations. Local development on consumer hardware (NVIDIA RTX 4090, 24GB
VRAM) revealed significant limitations. The GPU could not load the teacher model
(Qwen2.5- 32B) at a useful quantization level without offloading layers to the CPU;
because of this, inference slowed to minutes per generation and became impractical to
use. Consequently, we resorted to a cloud infrastructure to run the experiments.

Cloud Architecture. Figure 4.5 illustrates the core design of the RunPod [56] in-
frastructure. We ran the distillation pipeline on a single NVIDIA H100 (80GB PCIe)
GPU, which allowed us to load Qwen/Qwen3-32B-FP8 entirely into GPU memory. By
using FP8, we retained sufficient numerical precision while staying within the mem-
ory budget. Moreover, vLLM [36] enabled high-throughput inference by leveraging
Flash Attention 2 [11]. In contrast to local inference (minutes per trajectory), the cloud
setup processed one batch of 24 requests in approximately 2 minutes and 30 seconds.
The pipeline starts the inference server as a separate process, and it supports both
vLLM [36] and llama.cpp [42].

Key Hyperparameters. The main mining run uses Qwen/Qwen3-32B-FP8 [54] as the
teacher with stochastic decoding at temperature=0.6 and top p=0.95. We cap each
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Figure 4.5: RunPod compute infrastructure for distillation. For failure tolerance, intermediate
artifacts are checkpointed to local disk, enabling the run to resume after interruptions. The run
completed in 14 hours and produced 8,376 verified trajectories.

trajectory at n turns=5 turns and max new tokens=4096 tokens per turn, while en-
forcing a trajectory-wide context limit of max model len=24576. Moreover, we use
explicit stop tokens (i.e. </answer>, </tool call>) to terminate generations cleanly
once the final answer is produced, ensuring reliable output boundaries for parsing and
execution. To maximize throughput, we mine in parallel with input batch size=24
requests via vLLM.

Operational Costs. The experiment ran for approximately 14 hours, costing ≈$25.
We used the distilabel framework for fault tolerance: in the event of failures, inter-
mediate artifacts were persisted to local disk, allowing the run to resume from the last
completed step. Furthermore, the REPL and inference engine ran on the same host, so
tool execution did not require any network communication.

4.6 Conclusion

This chapter connects the problem curriculum from Chapter 3 to the training data used
in Chapter 5. By pairing a Python REPL with a strict tool-use schema, we turn the
teacher from a text generator into an agent whose intermediate steps are grounded in
executed tool outputs. Moreover, by preferring rejection sampling over in-context self-
correction, we avoid training on failed or context-polluting conversations and instead
mine trajectories that are valid under repeated sampling.

In the final analysis, each retained example is a structured conversation (messages)
with tool definitions and a ground-truth correctness label. Lastly, the conversations
are executable under the tool library and verifier-correct, yielding a clean supervision
dataset for fine-tuning.
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Chapter 5

SFT

5.1 Related Work

Positioning. SFT converts a general-purpose model into a policy that can reliably
operate under a fixed format contract [86]. DeepSeek-R1 [12] and Qwen3 [79] therefore
recommend a cold-start SFT phase before RL, because it increases the rate of valid tool
calls and, consequently, improves format adherence – a hard constraint for effective
tool use. Therefore, distillation-driven instruction tuning provides a mechanism for
transferring teacher tool-calling behavior into smaller models via SFT [68, 85].

Format Bottleneck. Tool calling is a multi-turn protocol, so format failures compound
across steps rather than affecting only a single-turn answer. Definition 2.1.24 formalizes
this: a per-turn validity rate p implies at most pN probability of an executable N-
turn trajectory [15]. Consequently, malformed rollouts yield sparse rewards under
exploration [12, 79]. Therefore, cold-start SFT is needed to teach the tool-call template
before RL, because it raises p and keeps a non-trivial fraction of rollouts executable.

Solution. Tokenization defines the discrete symbols a model can emit. However,
standard subword tokenizers such as BPE [62] and SentencePiece [35] can fragment
structural delimiters into multi-token sequences. Because of this, tool calling becomes
brittle: a single token-level error can invalidate an entire turn and prevent tool ex-
ecution. Recent work therefore argues for tokenizer–model adaptation in domains
where structured control tags define the interface format [16, 33, 65]. We address this
bottleneck by introducing atomic special tokens for interface tags.

Format Drift. We merge LoRA weights into the base model to obtain a standalone
checkpoint for downstream GRPO serving. This merge is also operationally required:
vLLM assumes a single base model with fixed tensor shapes, and adapters that modify
embed tokens or lm head (e.g. via vocabulary expansion) break this assumption [71].
One critical problem is that merging after vocabulary resize can disturb the output
distribution in the resized lm head, reducing the emission probability of newly added
control tokens and degrading format adherence [21, 62]. Therefore, this motivates the
use of a post-merge repair step to re-calibrate the I/O layers before running GRPO [9].
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5.2 Overview

Motivation. This chapter uses SFT to align the model with the tool-use format con-
tract (Appendix A), producing a checkpoint that reliably emits tool-call traces from the
distilled dataset in Chapter 4. Because the base model only predicts next tokens and
does not follow instructions, this stage aims for interface adherence. Consequently,
given that format compliance is already high (approx. 96% – see Table 6.2), Chapter 6
treats this checkpoint as a strong baseline for RL and tests for incremental reasoning
improvements without re-learning syntax.

Solution. Figure 5.1 outlines the end-to-end workflow. Firstly, S.1 adds special
tokens and resizes the vocabulary so the format tags are learnable. Secondly, S.2
performs LoRA-based SFT on the distilled traces to learn multi-turn tool use. By
capping each trajectory to 8,000 tokens, training becomes feasible locally, on a 24GB
memory GPU. Thirdly, S.3 merges the adapters to produce a standalone checkpoint,
which is a requirement for the RL phase. Fourthly, S.4 repairs the input/output
layers so the resized token embeddings remain optimized after merging. Finally, S.5
evaluates the resulting checkpoint on a held-out test set.

Evaluation. We evaluate with greedy decoding on a fixed test dataset and treat end-
to-end correctness (strict parsing, tool execution, and ground-truth verification) as the
primary metric, using training loss only as a diagnostic to guide optimization progress.
We run evaluation in parallel with vLLM for throughput; minor nondeterminism can
still appear even under greedy decoding due to parallel execution, so we report the
mean of 5 evaluation runs. Therefore, we select the checkpoint that maximizes format
validity and report the paired correctness result in Section 5.5.3.

Dataset
from M.4

End
SFT

S.3
Merge

Adapters

S.5
Evaluate

S.4
Repair I/O

Layers
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Optimised
Instruct Model

Figure 5.1: SFT workflow schematic. Illustrates how supervised fine-tuning aligns the model
to the tool-use format contract to be used for downstream RL.
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5.3 Model Architecture

The core motivation for this pipeline is to satisfy the model constraints required by the
RL phase. We outline below the rationale around each decision.

Format Contract. Each assistant turn must output exactly one planning block (i.e.
<think>...</think>), followed by exactly one action: either a single <tool_call>
containing one JSON object, or a single final <answer>. Any tokens outside these
boundaries represent a contract violation.

Control Tags. We implement the control tags as special tokens rather than plain text,
so <think>, <tool_call>, and <answer> are emitted as single tokens instead of a
sequence of fragments such as <, tool, _call, >. As a consequence, using single-token
tags reduces syntax fragility under greedy and sampled decoding, which is especially
important for the Qwen2.5-3B model as it uses a byte-level BPE tokenizer [55]. One
additional benefit to using tags is to enforce delineation so the model learns to separate
internal reasoning from tool interactions and the final answer, which simplifies parsing
and supports robust RL.

In addition, stop strings ensure decoding halts immediately once the model emits
a closing tag (typically </ tool_call> or </answer>). This enables reliable parsing;
otherwise the model may overrun the boundary and emit extra tokens that break the
contract.

SFT with LoRA. We begin from the Qwen2.5-3B base model and perform SFT with
LoRA adapters attached to a subset of the linear layers. This enables single-GPU
training, since full-parameter fine-tuning would otherwise be impractical on one GPU.
The SFT with LoRA setup uses Unsloth [10] and TRL [72] for single-GPU end-to-end
training.

Merged Adapters. GRPO rollouts are served with vLLM, which can only load a
checkpoint with fixed tensor shapes (as discussed in [71]). After we expand the vocab-
ulary, embed tokens and lm head change shape, and vLLM does not support adapters
that override these modules at runtime (through modules to save). Therefore, we
merge the LoRA deltas into the base model and use a standard merged checkpoint for
RL.

Repair I/O Layers. Merging after vocabulary resize shifts the lm head logits, reducing
the probability of the newly added control tokens. Moreover, since modules to save is
used, the trained I/O layers are not merged and must be re-trained. Therefore, we run
a short repair epoch that freezes the transformer body and trains only embed tokens
and lm head to re-align the interface.
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5.4 Analysis

Chat Template. As noted in Chapter 2, the chat template fixes how the message list is
serialized into a single token string for training and decoding. We therefore treat it as a
fixed part of the model specification and use the same template, without modification,
across all training phases, evaluation, and deployment.

System Prompt Standardization. The system prompt is the reference definition of
the interface contract, documented in Appendix A. As a result, we standardize it during
dataset preparation, ensuring every conversation begins with the same tool-use rules
and tag constraints. The only difference across phases is that distillation uses chain-
of-thought examples to teach explicit format compliance, while SFT and GRPO do not
strictly require them because the standardized prompt already fixes the interface and
the objective loss function reinforces adherence.

Qualitative Analysis. The primary focus of this phase was to teach instruction-
following and contract adherence. Before SFT, the Qwen-2.5-3B base model mainly
treats the prompt as a textual prefix and generates textbook-like problems or incoherent
LATEX fragments1. Consequently, after fine-tuning, the model adheres to the format
contract, emits parseable tool calls and final answers, and solves queries through step-
by-step tool invocations.

Plain-Text Inefficiency. Learning the interface as plain text is inefficient because the
loss is spread across the full conversation instead of focusing on the core format tags
that enable tool use. Because of this, a 3B model is more likely to miss the small set
of schema-valid trajectories under sampling during RL, making rewards very sparse.
The ablation study in Section 5.5.2 supports this claim, showing that plain-text tags
fail to produce valid tool calls and confirming that special tokens are necessary for
effective tool use.

Trade-off. The frozen-output-layer checkpoint is a deliberate compromise: it locks
the resized input/output layers so the tool-use tags remain stable under vLLM, but it
also caps the accuracy ceiling because the head cannot keep improving beyond the
SFT checkpoint. Because of this, the model gets a reliable format contract for RL while
sacrificing some output flexibility. In consequence, the base model learns to reliably
emit executable tool calls under sampling, so reward signals remain usable for RL even
though reasoning improvements must pass through a fixed head.

1For examples of malformed base model outputs see this link.
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5.5 Experiments

5.5.1 Experimental Setup

Dataset Format and Configuration. We transform the distilled traces from Chapter 4
into a tool-calling SFT format by following [14], and we train on the resulting dataset
which includes 7,648 trajectories. The dataset explicitly requires the model to emit the
new special tokens (<think>, <tool_call>, <answer>) introduced by the vocabulary
expansion. For reference, we summarize the training hyperparameters in Table 5.1.

Evaluation Protocol. We evaluate SFT end-to-end by following the same approach
from Figure 4.2: generate a turn, parse it, execute a tool call if present, and continue
until a final answer is produced. During evaluation we use greedy decoding to ensure
that the generated data reflects interface stability rather than sampling noise. Therefore,
a trajectory only counts as successful if it stays parseable across turns and terminates
in a verifier-checkable <answer>.

Metrics. We decompose performance into interface and outcome metrics, following
Section 2.4. Therefore, we report (i) format validity via format accuracy, answer-tag
accuracy, and tool-call-tag accuracy, and (ii) outcome accuracy via answer accuracy.
This separation makes it easier to identify failures: the model must learn the format
interface before it can improve answer correctness.

Checkpoint Selection. For model selection, we choose the checkpoint with highest
format validity on the validation set and report the paired correctness under the same
(greedy) decoding protocol. We also report correctness alongside format.

Hyperparameter Value

Base Model Qwen/Qwen2.5-3B
Precision bfloat16 (Flash Attention 2)
LoRA Rank (r) 32
LoRA Alpha (α) 64
LoRA Dropout 0.1
Target Modules All Linear Layers (q, k, v, o, gate, up, down)

Batch Size 16 (Gradient Accumulation)
Learning Rate 2 × 10−5

LR Scheduler Cosine with Minimum LR (2 × 10−6)
Warmup Ratio 0.03
Optimizer AdamW (Fused)
Epochs 1
Max Sequence Length 8192

Table 5.1: Hyperparameters used during the SFT phase.
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5.5.2 Ablation: No Special Tokens for Interface Tags

Plain-Text Tags. In this experiment, we tested whether the tool-use interface can
be learned without extending the tokenizer vocabulary, by performing a run where
<think>, <tool_call>, and <answer> remain ordinary plain-text strings rather than
atomic special tokens. In this context, the model must reproduce these delimiters as
multi-token sequences, which makes exact tag emission a more challenging objective
for a 3B model.

Evidence. Table 5.2 reports the interface and outcome metrics for the no-special-token
run, with the full trace available in W&B (sft-ablation-nst). Figure 5.2 shows that
both training and evaluation loss decrease over the training steps. However, tool-call
tag accuracy remains 0% across the entire epoch, so tool execution never occurs and
end-to-end correctness does not improve. This ablation therefore indicates that special
tokens are necessary for effective tool use because they stabilize the format contract.

Possible Failure Cause. When interface tags are plain text, the model must emit
multi-token delimiters exactly, and a single token error breaks parsing. The tokenizer
also fragments tags, so several sub-tokens are required to produce a valid <tool_call>
block. As a result, loss can decrease while format validity remains near zero, because
near-miss strings are rewarded even though they never trigger tool execution.
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Figure 5.2: NST ablation loss curves during SFT: training loss (left) and evaluation loss (right).

Evaluation Answer Format Answer Tag Tool-call Tag

Step 110 2.31% 1.39% 3.85% 0.00%
Step 220 3.08% 3.06% 8.46% 0.00%
Step 330 3.46% 2.92% 8.08% 0.00%
Step 440 3.46% 3.06% 8.46% 0.00%

Table 5.2: Ablation results when the interface tags are not added as special tokens and must
be produced as plain text. All evaluation steps use 260 samples.
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5.5.3 SFT Loss and Accuracy Trends

SFT Results. We report final evaluation results for the produced model: Figures 5.3a
and 5.3b show loss convergence, while Table 5.3 summarizes the merged checkpoint.
Learning is not uniform. Format adherence (Figure 5.3c) rises sharply in the first 100
steps, enabling the pre-trained model to rapidly learn to use the tool-use protocol;
once tags are stable, correctness (Figure 5.3d) rises in parallel and the validation curve
improves simultaneously. Sample SFT vs RL tool-use traces are shown in Appendix B.

Note that the learning curves for the LoRA and merged checkpoints are very similar.
For brevity, we report only the LoRA metrics; merged checkpoint results are linked in
Appendix A together with corresponding W&B runs. In practice, one epoch suffices:
by step 400 the best checkpoint reaches near-optimal performance with 95% answer
accuracy and 97% format accuracy. On the held-out test set, end-to-end correctness is
89.87%. The final test-set results appear in Table 6.2.

Compounding risk. As already noted, multi-turn tool use compounds per-turn for-
mat failures [15]: even a 95% per-turn format accuracy drops to about 81% over four
turns (0.954

≈ 0.81). Under GRPO sampling, this bound can fall further. Nonethe-
less, these results indicate that format accuracy remains high enough to work with
the fixed-head architecture, resulting in an interface that is stable enough to support
effective GRPO training.
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Figure 5.3: SFT training dynamics across loss, format adherence, and correctness. All evalua-
tion steps use 520 samples.
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Evaluation Answer Format Answer Tag Tool-call Tag

Step 0 0.00% 0.07% 0.00% 0.11%
Step 100 0.38% 37.57% 0.38% 58.59%
Step 200 90.96% 95.21% 90.96% 97.61%
Step 300 95.00% 97.57% 95.00% 99.02%
Step 400 95.38% 97.64% 95.77% 98.70%

Table 5.3: Merged checkpoint evaluation metrics across format validity and correctness. All
evaluation steps use 520 samples.

5.6 Conclusion

Result. The key result is that the format contract can be compiled into a generic
text model: training on the distilled multi-turn traces from Chapter 4 converts the
Qwen-2.5-3B base model into a policy that emits parseable tool calls and a final answer.
Therefore, the injected special tokens act as stable tool-use delimiters, and the merge-
repair workflow yields a standalone checkpoint that preserves those tokens while
re-calibrating the resized I/O layers. In the final analysis, this stabilizes the output
interface so downstream training does not need to rediscover basic syntax.

Bridge. With a reliable format-compliant baseline, the next phase asks whether GRPO
can add measurable reasoning gains beyond an already strong SFT checkpoint. Be-
cause SFT reaches near-ceiling accuracy, headroom is limited, so we frame GRPO as a
robustness and stress test, especially since exploration noise can degrade format sta-
bility. In conclusion, Chapter 6 applies GRPO under the same end-to-end tool-format
protocol to assess deviations from the SFT baseline.
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Chapter 6

Group Sequence Policy Optimization

6.1 Related Work

Reinforcement Learning. GRPO was introduced in DeepSeekMath [64] and later
reused in DeepSeek-V3 [13] and DeepSeek-R1 [12]. Unlike actor – critic methods such
as PPO [61], GRPO estimates advantages by comparing multiple rollouts from the
same prompt, removing the need to train a separate value model. In PPO, the value
model serves as a learned baseline for advantage estimation. Consequently, recent
research [84] shows that GRPO is often used in constrained settings because it reduces
memory usage while retaining PPO-style stabilization mechanisms such as clipping.

GRPO Instability. A common critique of token-level importance weighting in vanilla
GRPO is that verifier rewards are often sparse, which can lead to instability. When
a single terminal reward is assigned across many tokens, the resulting gradients can
have high variance. Consequently, sequence-level variants such as GSPO [89] compute
importance ratios from the likelihood of the full sampled sequence and apply clipping
to improve reward granularity and stabilize long-horizon rollouts. Therefore, we use
GSPO because our rewards are trajectory-level over many turns.

Verifier-Based Rewards. RLVR replaces subjective preference judgments with deter-
ministic reward signals derived from a verifier, which is especially suitable in domains
such as mathematics and code where correctness can be checked automatically [64, 12].
The verifier replays tool calls and checks the final answer, tying rewards to execution
outcomes rather than a learned preference model. This provides an objective signal for
scaling multi-turn agents. Nonetheless, verifier-based rewards remain vulnerable to
reward hacking, where the policy optimizes the signal without the intended behaviour.

Tau-Bench. Tau-bench [80] frames tool use as a multi-turn interaction loop where
success is judged by a deterministic end state rather than a free-form explanation. It also
proposes passk to measure stability over repeated trials, which motivates evaluating
tool agents under multiple rollouts rather than relying on a single greedy trajectory.
Consequently, we mirror Tau-bench’s setup by using an end-state verifier to score
multi-turn tool trajectories, implemented on top of the Art library [24].
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6.2 Overview

Motivation. Chapter 5 shows that distillation and SFT can compile the tool-format
contract into a standalone checkpoint that reliably solves linear algebra problems.
Because the reward is only defined for executable trajectories, GSPO is only meaningful
once this format-compliant baseline exists. Therefore, this stage asks whether GSPO
can add measurable verifier-checked reasoning gains beyond a near-ceiling SFT policy
while stress-testing format stability under stochastic exploration.

Challenges. Most challenges were engineering rather than conceptual. Because tool-
calling RL frameworks are still maturing and end-to-end GSPO-with-LoRA support is
limited, framework selection was difficult1. In addition, stable long-horizon training
required tuning sensitive hyperparameters, so we needed a library that implements
GSPO.

Solution. Nonetheless, we adopted the Art library [24], which satisfied these require-
ments. It supports multi-turn rollout training with LoRA and implements GSPO as
a GRPO variant that applies sequence-level stabilization [89]. Therefore, we run RL
in a closed linear-algebra tool environment and summarize the loop in Figure 6.1 as
four control points: tuning stability hyperparameters, defining the reward function,
scheduling a difficulty curriculum, and selecting the best checkpoint over 3 epochs.

Protocol. GSPO rollouts are sampled stochastically to create within-group diversity
(necessary for effective learning), while evaluation uses greedy decoding on a fixed
held-out set. Because concurrent execution introduces run stochasticity, we report
each evaluation point as the mean over three repeated runs. We treat held-out greedy
end-to-end correctness as the primary performance metric and track format validity,
tool success, and reward allocation as auxiliary diagnostics.

1For example, our initial attempt to use verl [66] was blocked because its current implementation
did not support LoRA adapters.
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Figure 6.1: Highlights GSPO training: define rewards, tune stability, run curriculum, and select
the best checkpoint under a deterministic parse→ execute→ verify loop.
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6.3 Architecture

Architecture Goal. This section explains how we generate and score multi-turn roll-
outs, and then how we convert grouped trajectories into GSPO updates under stochas-
tic sampling. We start from the 3B checkpoint compiled in Chapter 5; because the
tool interface must remain vLLM-usable, we keep the resized input/output layers
(embed tokens and lm head) frozen and route learning through LoRA adapters. There-
fore, we treat the SFT checkpoint as the stability baseline and test whether GSPO can
improve evaluation accuracy by stress-testing the frozen-head architecture.

Rollout Generation. Figure 6.2 illustrates rollout generation. On the left, a linear-
algebra environment, a tool-calling agent, and an LLM execute multi-turn episodes and
log traces, tool interactions, and verifier rewards as grouped rollouts. To keep rollout
throughput high, we parallelize environment execution in Python and run decoding
through vLLM [36] with FlashAttention [11]. On the right, the loop collects trajectory
groups and handles evaluation and checkpointing.

The output of rollout generation is a set of trajectory groups, where each group

get_env() →
LinearAlgebraEnv

agent_factory() →
ToolCallingRLAgent

Trajectory
(messages + metrics +

reward)

train()

LocalBackend
(start inference server)

Model.register()

Task sampler
(iterate_dataset /

curriculum)

Collect trajectory groups
(gather_trajectory_groups)

Model.train(groups)

evaluate_model()

archive_checkpoint()
+ prune checkpoints

OpenPipe/W&B report

every eval_steps

Generate task rollout

ToolCallingAgent

env.reset() →
set system prompt

LLM completion
using tools schema

env.step(tool) →
invoke tool→
add tool obs

env.step(respond)→
calculate reward

tool_call respond

Figure 6.2: Rollout generation loop: an environment, a tool-calling agent, and an LLM interact
to produce multi-turn rollouts, which are then scored to compute advantages for GSPO updates.
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contains G sampled responses to the same unique prompt; the group becomes the
basic unit for computing advantages in GSPO, which determines the learning signal.

Training Pipeline. Figure 6.3 illustrates an overview of GSPO training using the
trajectory groups gathered during the rollout phase. Firstly, the application calls
model.train, which tokenizes trajectories, computes group-relative advantages, and
packs tensors for training. Then, the training service enters training mode, pauses
vLLM to free GPU memory, and runs multiple optimization steps. Finally, it resumes
vLLM, reloads the updated weights, and reports the training metrics.

Compute Rationale. Reinforcement learning fine-tuning is often memory-bound.
One optimization is to omit the KL-divergence term, since recent work shows GSPO
remains effective without this regularizer [28]; consequently, we do not keep a sep-
arate reference policy in memory, which further reduces memory usage. On top of
this, training uses LoRA adapters, so only the adapter parameters are trainable; con-
sequently, optimizer state and gradient buffers are stored only for the adapters, which
substantially reduces GPU memory and makes single-GPU training feasible.

Application

Application

TrainableModel Backend

Backend

tokenize_trajectory_
groups

tokenize_trajectory_
groups

UnslothService

UnslothService

GRPOTrainer

GRPOTrainer

vLLMState

vLLMState

adv = (reward -
mean) / std

Pause vLLM
engine

Free GPU
memory

GRPO loss
calculation:
policy_loss

Resume vLLM
engine

Load updated
weights

model.train
(trajectory_groups)

train()
tokenize
groups

Result[]

service.train(packed_tensors)

vllm.train_mode().__enter__()

trainer.train()

_prepare_inputs()

TrainInputs
(packed_tensors)

training complete

vllm.train_mode().__exit__()

training metrics

success

training complete

[Training Steps]loop

loss.
backward()

compute.
loss()

optimizer.
step()

TrainableModel

Figure 6.3: GSPO training loop. Samples grouped rollouts, computes group-relative advan-
tages, and applies clipped policy updates. We purposely omit the kl divergence term [28].
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6.4 Optimizations/Analysis

6.4.1 Training Stability

Algorithm. Algorithm 6.1 shows the GSPO loop that links rollout sampling to policy
updates, including our choice to omit the KL-divergence regularizer. For each batch
of prompts, we sample a group of G trajectories per prompt from the rollout policy
πθold , score each trajectory with the verifier, and compute group-relative advantages
by normalizing rewards within the group. We then update the policy using a clipped,
sequence-level importance ratio, which improves stability when rewards are assigned
to entire multi-turn trajectories. Here, πθold(· | x) denotes the full response distribution
conditioned on prompt x, so sampling yields {yi}

G
i=1.

Stability. RL fine-tuning can become unstable, leading to exploding gradients and
rapid policy drift that degrades both correctness and format compliance. We stabilized
training by tuning the learning rate and clipping hyperparameters (ϵ), and by monitor-
ing training diagnostics such as gradient norms and reward variance. We also shaped
rewards to bias sampling toward valid, executable trajectories, with components: cor-
rectness (1.0), format validity (0.1), tool success (0.1), and an inefficiency penalty (-0.1),
normalized by 1.2. The reward function definition is available in Appendix A.

Input initial policy model πθinit ; task promptsD; hyperparameters ϵ, µ; group size G
1: policy model πθ ← πθinit

2: for iteration = 1, . . . , I do
3: for step = 1, . . . , M do
4: Sample a batchDb fromD
5: Rollout policy πθold ← πθ

6: # Rollout generation (Fig. 6.2).
7: For each prompt x ∈ Db, sample a group {yi}

G
i=1 ∼ πθold(· | x)

8: # Training pipeline (Fig. 6.3).

9: Compute rewards {ri}
G
i=1 and advantages Âi ←

ri−mean({r j}
G
j=1)

std({r j}
G
j=1)

10: for GSPO epoch = 1, . . . , µ do

11: Compute si(θ)←
(
πθ(yi|x)
πθold (yi|x)

)1/|yi|

12: Compute L← 1
G
∑G

i=1 min(si(θ)Âi, clip(si(θ), 1 − ϵ, 1 + ϵ)Âi)
13: Update πθ by maximizing L
14: end for
15: end for
16: end for
Output πθ

Algorithm 6.1. Optimized GSPO. We omit the KL term from Chapter 2, following evidence this
improves results [28]. Combines rollout generation (Figure 6.2) and training loop (Figure 6.3).

50



6.5 Experiments

Setup. We train GSPO for three epochs with learning rate 10−6, sequence-level clipping
ϵ ∈ [3× 10−4, 4× 10−4], and no KL-to-reference regularization (β = 0). For each prompt,
we sample G = 8 trajectories and process 16 groups per update step, yielding an
effective batch size of 128 samples. Trajectories are decoded with T = 1.0. We update
only LoRA adapters (r = 32, α = 64) on top of the Chapter 5 checkpoint.

6.5.1 Curriculum

Curriculum. We adjust training difficulty over time by changing the sampling distri-
bution over tool-call tiers, where a tier is the number of tool invocations in a problem
sample (between 1 and 3 tool calls). Each additional tool call adds another multi-turn
step that must retain format validity. This curriculum increases difficulty over time,
which stabilizes training by preventing the reward signal from being too sparse early
on.

Early in training, the sampler draws mostly 1-tool-call problems; at fixed intervals,
probability mass shifts to the 2-tool-call tier and later to the 3-tool-call tier. This staged
schedule gives the model time to adapt to longer-horizon traces, avoiding the case
where problems are too difficult early on. Figure 6.4 reports tier usage over time and
shows that mean steps increase as the curriculum shifts toward higher tiers.
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(a) 1 tool call tier
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(b) 2 tool call tier
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(c) 3 tool call tier
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Figure 6.4: Curriculum scheduling during GRPO. Tracks the training-time distribution of
sampled tool-call tiers (1–3 tool calls) and the resulting mean trajectory length (total steps).
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6.5.2 Results

Protocol. Following the evaluation methodology in Section 2.4, evaluation fixes a
520-sample held-out split and uses greedy decoding, while GSPO rollouts are sampled
stochastically during training. Because concurrent execution introduces noise due to
non-determinism, we report each evaluation point as the mean over three independent
runs. We refer to Section 2.4 for the definitions of all evaluation metrics.

Evaluation Results. Figure 6.5 reports GSPO evaluation metrics. For checkpoint
selection, we choose the model with maximum optimal trajectory (Step 1000), and
then report correctness and format validity; total reward is optimized during training
but not used for selection because it includes auxiliary components beyond end-to-end
correctness (such as the turn deviation penalty). At Step 1000, correctness improves
but format validity remains near the SFT ceiling, which limits optimal trajectory,
because the frozen input/output layers likely limit direct format gains2.

At the selected Step 1000 checkpoint (peak optimal trajectory), verifier-checked
correctness improves by about 1.4% absolute on the 520-sample evaluation set (roughly
7 additional solved problems). Format validity holds steady at the SFT ceiling, so end-
to-end success remains capped. Appendix B compares SFT vs GRPO traces.

2In our setup, these layers are frozen due to serving/training constraints discussed in Chapter 5.
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Figure 6.5: GSPO training dynamics under a frozen head. Shows held-out greedy metrics over
a 3-epoch training run.
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Operational Costs. We run GSPO on a single RTX 6000 Ada GPU (48GB VRAM) for
approximately 2 days and 9 hours (57 hours). At an on-demand rate of $0.77/hour, the
GPU time totals approximately $44; in practice, we used $50 overall.

Stability Diagnostics. Figure 6.6a shows that rollouts get longer during training,
which is consistent with the model producing longer traces before giving the final
answer. In addition, Figure 6.6b illustrates advantage diversity at each step: the
advantage distribution must remain diverse to avoid spiky updates that can destabilize
previously learned behavior. The non-zero group reward standard deviation indicates
that rollouts vary in quality, providing a usable learning signal.

Furthermore, Figure 6.6c shows occasional spikes, indicating higher-variance up-
dates. Nonetheless, after gradient clipping, training remains stable: although the
maximum unclipped gradient norm peaks at 12.53, the validation metrics in Figure 6.5
do not degrade.

The training reward in Figure 6.6d trends downward and remains noisy in part
because the curriculum shifts the training distribution: later batches are systematically
harder and tend to require longer trajectories (Figure 6.6a). Consequently, step and in-
efficiency penalties can pull the mean train/reward down even if held-out correctness
improves.
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(c) Gradient norm (y-axis clipped to the 2nd–98th
percentile; max unclipped value = 12.53).
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Figure 6.6: GSPO training-time curves are reported as diagnostic signals for stability. Full
W&B traces available in Appendix A.
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Performance Ceiling. The dominant limitation in this phase is the frozen output
projection (lm head) under stochastic rollouts. Because vLLM does not support LoRA
training with learnable input/output embeddings via modules to save, these layers
remain fixed; consequently, the policy cannot increase the logit gap that makes required
control tokens (e.g., <tool call>) reliably beat nearby alternatives.

Therefore, format adherence acts as a ceiling on end-to-end tool use (Figure 6.5d)
even if adapters may learn better decisions as response length increases. Under this
constraint, the observed ∼96% format-validity rate appears to be a practical limit
for the 3B model in this setup; consequently, it upper-bounds optimal trajectory.
Nonetheless, larger models or an unfrozen head may raise overall performance even
further.

Error Breakdown. Table 6.1 summarizes the model’s failure categories on the test set
and complements the accuracy metrics in Table 6.2. Because of minor non-determinism
from parallelism and vLLM, we report the mean (N = 1,560; 3 runs × 520 samples).
To handle samples with multiple failure reasons, we apply a priority order, as listed
top-to-bottom in Table 6.1, to assign a failure category to each trace. Consequently,
each failed sample is counted once and totals remain comparable across the two tables.

Errors are dominated by answer-tag failures and format-bad cases in both models,
while forced stops and invalid trajectories are rare. In particular, GSPO reduces error
rates for missing or unparseable <answer> tags. On the other hand, format-bad and
turn-deviation rise slightly; therefore, the bottleneck remains format control (tag struc-
ture and tool-call count), not tool execution. In the final analysis, there are no exclusive
tool-fail or incorrect samples. The evaluation traces and the script used to generate
Table 6.1 are available under “Failure Breakdown” in Appendix A.1. The final test-set
metrics for SFT and GSPO are summarized in Table 6.2.

SFT GSPO Example

Error category Count Rate (%) Count Rate (%) Failure Reason

Exclusive failure reasons (priority order, top = higher priority)
Forced stop 3 0.19 3 0.19 Reached maximum allowed tool calls
Valid trajectory = 0 16 1.03 16 1.03 Trace invalid after parsing (e.g. truncated tags)
Answer tag missing 60 3.85 43 2.76 Final missing <answer> tag
Answer unparseable 20 1.28 14 0.90 Final <answer> not parseable as a value
Format bad 47 3.01 58 3.72 Malformed <tool call>/<answer> tags
Tool fail 0 0.00 0 0.00 Tool execution fails
Incorrect 0 0.00 0 0.00 Answer provided but wrong
Turn deviation 12 0.77 18 1.15 Tool-call count: expected N, got N ± 1

Total errors 158 10.13 152 9.74 Sum of exclusive categories

Table 6.1: Error breakdown (SFT vs GSPO). Failure breakdown for SFT vs GSPO on the same
520-sample split, aggregated across three runs (N = 1,560). A single failure reason is assigned
when optimal trajectory = 0 using the fixed priority order; rates use error counts divided
by 1,560, so the total error rate equals 1−optimal trajectory. Examples for each failure mode
are available in Appendix C.
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Metric LinAlgZero-SFT LinAlgZero-GRPO

Optimal Trajectory 89.87% 90.26%
Correctness 91.86% 92.63%
Format Validity 96.15% 96.66%
Tool Success 100.00% 100.00%

Table 6.2: Evaluation metrics for the test set (Definitions 2.4.2–2.4.5 in Chapter 2).

6.6 Conclusion

Outcome. This chapter shows that GSPO improves optimal trajectory over an
already strong SFT baseline. We select the Step 1000 checkpoint by maximal held-out
optimal trajectory; on the test set, the selected model reaches optimal trajectory
= 90.26% (+0.39%) and verifier-checked correctness = 92.63% (+0.77%). Nonetheless,
format validity remains near the SFT ceiling, which caps overall gains, because the
frozen output head limits direct improvements in format adherence.

Ceilings And Next Steps. The remaining headroom is primarily architectural: with
a frozen input/output interface3, GSPO has limited ability to improve tool-call syntax
under sampling. Consequently, format validity saturates near∼96% in this setup, even
as adapters learn better decisions and rollouts become longer. The next step is to scale
to a larger model or use an unfrozen-head configuration so policy improvements could
potentially translate into higher test-set accuracy.

3In our setup, we freeze these layers because vLLM does not support LoRA training with
modules to save.
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Chapter 7

Conclusion

7.1 Ethical Considerations

Loss of learning. LLM assistance in mathematics can undermine learning when it
replaces, rather than supports, the student’s own problem-solving. On the one hand,
free-form explanations can expose intermediate decisions and therefore provide some
assurance about how an answer was reached. On the other hand, tool-using agents
often reduce transparency: because key operations are delegated to external tools and
the model mainly schedules calls, the fine-grained reasoning behind each choice can
be hard to infer. Consequently, heavy reliance on automatically generated solutions
can discourage active engagement and harm long-term learning.

To mitigate this risk, prior work [37] recommends using such systems only with
practices that support active learning, including additional verification, algorithmic
literacy, and human-in-the-loop workflows. Concretely, verification can use deter-
ministic libraries (e.g. SymPy) or formal proof assistants to check the work, while
human-in-the-loop workflows keep a user engaged by guiding the resolution process.
Crucially, algorithmic literacy provides the mathematical competence needed to verify
the trajectory rather than accepting it at face value. Therefore, users are encouraged to
treat the system as an assistant rather than an authority, which helps preserve learning
through active engagement.

Compute Footprint. Beyond pretraining, post-training stages such as SFT and rein-
forcement learning can add significant compute overhead. However, satisfying these
requirements is not always feasible outside well-resourced labs. Because of this, ex-
perimentation can be constrained by hardware budgets and time constraints, which
can in turn limit iteration speed and broader participation.

We delegate exact linear algebra computations to a Python runtime, so the model
learns tool use rather than long free-form reasoning. To make this feasible under
tight compute and memory constraints, we use parameter-efficient fine-tuning (LoRA)
for both SFT and RL, and lower-precision distillation (e.g., FP8), which together re-
duce training memory and overall cost. These optimizations allow the pipeline to fit
within single-machine GPU budgets. Nonetheless, further efficiency improvements
suggested by prior work include power capping [44], model compression [57], and
quantization [32], which can often reduce cost with limited quality loss.
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Solution Hacking. A recurring risk when granting LLMs agency is solution hacking:
the model reaches a rewardable output by exploiting the system rather than following
the intended workflow [47]. For example, during tool use, an agent may ignore tool re-
sults and instead iterate against verifier feedback to “guess” an answer. Consequently,
outputs can look correct even when the underlying process is wrong.

Deterministic symbolic solvers (e.g. SymPy) make arithmetic correctness a charac-
teristic of the tool, which localizes failures to planning errors or tool misuse. However,
this does not eliminate the risk of optimizing against the reward signal in unintended
ways. One partial mitigation is to add process-level checks or rewards (e.g., validating
intermediate tool inputs/outputs and enforcing invariants), which can make reward
hacking harder by tying reward to verifiable intermediate steps; nonetheless, these
signals must be designed carefully because they can introduce new failure modes.
Consequently, users still need enough algorithmic literacy to verify the trajectory, es-
pecially when using such systems for important decisions.

7.2 Future Work & Limitations

Synthetic Dataset Generation. Future work could extend the curriculum with prob-
lems that require verified intermediate steps and deeper composition. For example, it
could add SVD-derived tasks and least-squares problems, where correctness depends
on intermediate values and precondition checks (e.g. full-rank inputs). Furthermore,
the generator could introduce branching dependencies so that later checks depend on
multiple earlier values, which diversifies the tool-use trajectories.

Human preferences alignment. This extension could collect pairwise preferences
over distilled transcripts by sampling multiple trajectories for the same prompt and
labeling a chosen vs rejected completion, then training with DPO [38]. Concretely,
these preferences can target tool-use attributes such as interaction style (e.g. when to
call tools and how many calls per turn), helpfulness (clear explanations that support
learning), and correctness – not only the final answer.

Process-level rewards. This extension adds verifiable intermediate states that enable
dense, stepwise rewards during tool-use trajectories. Firstly, the reward can target
concrete sub-steps such as valid tool-call syntax and explicit precondition checks (e.g.
input dimensions, rank conditions) before an operation is executed. Consequently,
these dense signals give finer control over the behavior being encouraged, rather than
relying only on the final answer outcome.

7.3 Conclusions

Thesis Question. This thesis asked whether a compact Qwen2.5-3B base model can
solve linear algebra problems by producing executable tool-use trajectories rather
than free-form responses. We show that this is feasible and yields strong post-SFT
performance on end-to-end tool-use metrics.
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Contributions. The central contribution is methodological: we build and validate
an end-to-end pipeline for linear algebra tool-use. Taken together, these contributions
answer the four research questions in Section 1.1. The main contributions are:

• A reproducible pipeline that unifies generation, distillation, SFT, and GSPO under
a single tool-use protocol (Chapters 3–6).

• An entropy-controlled synthetic linear-algebra generator that produces arbitrar-
ily many problems with controlled compositional depth (Chapter 3).

• A distillation pipeline that converts verified problems into multi-turn, executable
tool-use traces, yielding trajectories that serve as SFT supervision (Chapter 4).

• An SFT baseline for Qwen2.5-3B that stabilizes the special-token interface (format
validity and tool-call execution) in a standalone checkpoint (Chapter 5).

• A GSPO stress test on a near-ceiling SFT checkpoint showing stable RL fine-tuning
under the tool-use protocol (Chapter 6).

Results. In the final analysis, the best test metrics are: optimal-trajectory accuracy
90.26%, verifier-checked correctness 92.63%, and format accuracy 96.66% (Table 6.2).

Lessons Learned. The main practical lessons from this project are:

• Familiarity with the end-to-end workflow required to teach a base model to
plan and reason using tools, which gives insight into reproducing established
post-training workflows.

• Experience running distillation and RL experiments in a cloud environment,
including reproducibility, cost, and fault tolerance, which teaches iteration under
compute constraints.

• Logging and inspection of generated traces using tools such as OpenPipe [48] and
distilabel [90] to identify data-quality issues, which is a prerequisite for stable,
effective training.

• Writing and maintaining a large technical document that reports the end-to-end
workflow, which supports reproducibility, reflection, and long-term learning.

Closing. Our main difference from prior work is that we study tool-use learning in a
closed linear-algebra domain with a strict parse – execute – verify loop. For engineers,
the implication is practical: we provide a reproducible recipe for training a small,
self-hostable tool-using model with good performance, rather than relying on closed-
source large-model APIs. For students, the takeaway is pedagocial: it shows how a
pretrained base model can be adapted into a full tool-calling agent through dataset
design, distillation, SFT, and RL, rather than only prompt engineering.

Moreover, our results suggest that strong end-to-end tool-use performance is achiev-
able with modest resources; in our setup, distillation and GSPO fit within a∼ $75 cloud
budget. Nonetheless, extending these results to broader mathematical domains, longer
tool chains, and more complex problem dependency dynamics remains future work.
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Appendices

A.1 Released Artifacts

A Deliverables

Artifact Phase Contents / traces

Model checkpoints
SFT Checkpoint SFT Standalone SFT checkpoint (wandb run).
SFT LoRA Checkpoint SFT Model with LoRA adapters (wandb run).
GRPO Checkpoint GRPO GRPO with LoRA adapters (wandb run).

Datasets
Base Dataset Generation Verified synthetic linear-algebra problems.
Raw Distilled Dataset Distillation Generated multi-turn traces before filtering.
Distilled Dataset Distillation Dataset used during SFT.
Distilled Dataset Failures Distillation Rejected distillation traces.
SFT Dataset SFT Derived from the distillation phase.
GRPO Dataset GRPO Derived from the base dataset.

Evaluation
Evaluation Results Evaluation Aggregated evaluation metrics and runs.
Failure Breakdown Evaluation Failure analysis reproducibility data.

Traces
Base Model Traces Base Model Base model traces (prior to training).

Table A.1: Project deliverables and reproducibility links. All generated traces are available
from each individual wandb run (see Evaluation tab).
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A.2 Generation

A Linear Algebra Primitives

Definition A.1 (Matrix transpose). The transpose operation flips a matrix over its main
diagonal, switching the row and column indices of the matrix. Formally, for a matrix
A, the element at position (i, j) in AT is the element at ( j, i) in A.

Example (Transpose of a 2 × 2 matrix).

A =
[
1 2
3 4

]
=⇒ AT =

[
1 3
2 4

]
Definition A.2 (Matrix trace). The trace is defined only for square matrices (n × n).
It is the sum of the elements on the main diagonal (from the upper left to the lower
right). This metric is invariant under cyclic permutations, making it a critical property
for verifying similarity transformations.

Example (Trace of a 2 × 2 matrix).

A =
[
5 2
1 3

]
=⇒ tr(A) = 5 + 3 = 8

Definition A.3 (Determinant). The determinant is a scalar value that characterizes the
scaling factor of the linear transformation described by the matrix. Crucially, it acts as
a solvability check: if det(A) = 0, the matrix is singular (non-invertible).

Example (Determinant of a 2 × 2 matrix).

det
[
a b
c d

]
= ad − bc

Definition A.4 (Frobenius norm). This operation measures the size (magnitude) of a
matrix in Euclidean space. It is calculated as the square root of the sum of the absolute
squares of its elements. In our dataset, this operation serves as a test of the model’s
ability to handle floating-point accumulation.

Example (Frobenius norm of a 2 × 2 matrix).

A =
[
2 −1
0 2

]
=⇒ ||A||F =

√
22 + (−1)2 + 02 + 22 =

√

9 = 3

Definition A.5 (Matrix rank). The rank represents the maximum number of linearly
independent rows (or columns) in the matrix. It is a measure of the information content
of the matrix. A system of linear equations Ax = b has a unique solution only if A is
full rank.

Example (A rank-1 matrix).

A =
[
1 0
2 0

]
Here, the second row is simply 2× the first row. They are dependent. Therefore,
rank(A) = 1.
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Definition A.6 (Matrix cofactor). The cofactor is an intermediate step required for
calculating the matrix inverse. For a given element ai j, the cofactor Ci j is the signed
determinant of the sub-matrix left behind when row i and column j are removed.

Example (Computing a cofactor). For A =
[
1 4
3 5

]
, to find C12 (row 1, col 2):

1. Remove row 1 and column 2. Remaining element: 3.

2. Apply sign (−1)1+2 = −1.

3. Result: C12 = −3.

B Problem-Type Taxonomy

Tool-call chain # tool-calls

determinant 1
frobenius norm 1
matrix cofactor 1
matrix rank 1
matrix trace 1
matrix transpose 1

matrix cofactor→ matrix rank 2
matrix cofactor→ matrix trace 2
matrix transpose→ determinant 2
matrix transpose→ frobenius norm 2

matrix cofactor→ matrix transpose→ matrix trace 3
matrix transpose→ matrix cofactor→ frobenius norm 3
matrix transpose→ matrix cofactor→ matrix rank 3

Table B.1: Problem-type taxonomy for dataset generation. Each type is defined by an ordered
tool-call chain, and difficulty is the number of tool calls required (1/2/3).
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C Representative Generated Examples

In this section, we list the dataset schema and a few query strings as representative
dataset entries.

Single-step example

Problem type. one matrix rank.
Query.

Find rank(A) for A = [[-44, -122, 88], [-108, 83, -43], [87, -84, -92]].

Ground truth. 3.
Stepwise ground truth.

[{"matrix_rank": 3}]

Two-step example

Problem type. two transpose determinant.
Query.

Step 1: find AˆT for A = [[4, 2, 2], [-3, 4, -2], [3, -2, 3]].
Step 2: evaluate the determinant of matrix B, where B = the result from step 1.

Ground truth. 26.0.
Stepwise ground truth.

[
{"matrix_transpose": [[4, -3, 3], [2, 4, -2], [2, -2, 3]]},
{"determinant": 26.0}

]

Three-step example

Problem type. three cofactor transpose trace.
Query.

Step 1: what is the matrix of cofactors for A = [[-132, -116], [211, -239]]?
Step 2: find BˆT for B = the result from step 1.

Step 3: determine the trace of matrix C = the result from step 2.

Ground truth. −371.0.
Stepwise ground truth.

[
{"matrix_cofactor": [[-239, -211], [116, -132]]},
{"matrix_transpose": [[-239, 116], [-211, -132]]},
{"matrix_trace": -371.0}

]
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D Generation Algorithm

1: procedure GenerateQuestionSingleStep(task, entropyBounds, constraints)
2: E ← SampleEntropy(entropyBounds)
3: context ← ProblemContext(entropy=E)
4: instance ← GenerateMathContent(task, context, constraints)
5: question ← FormatQuestion(instance)
6: answer ← FormatAnswer(instance)
7: Verify(instance) ▷ reject if verification fails
8: trace ← context.stepwiseTrace
9: return (question, answer, trace)

10: end procedure

Algorithm D.1. This algorithm generates a verified single-step linear algebra instance.

Phase 4: Synthesis

Template Engine

Natural Language
Injection

Valid Question Object

Select Template

Phase 3: The Verification

Validity
Check

Discard Sample

Mismatch
(Precision/Logic

Error)

Phase 1: Entropy-Controlled Construction

SymPyProblemGenerator

Entropy Controller

Generate Math Objects
(Matrix A, Vector b)

Request Randomness

Budget (e.g., 2.5)

DatasetGenerator Request

Factory Registry

Instantiate

Path A: Symbolic Path B: Numeric

Retry

Match Verified

Phase 2: Resolution

SymPy Engine
(Exact Solution)

Reference Lib
(Simulated Tool

Output)

Figure D.1: Generation pipeline for synthetic problems. Each instance is accepted only if
independent executions agree under deterministic replay.
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E Generation Schematics

CompositeResultBuilder

Final Multi-Turn
Question Template

2. Sequential Execution Strategy

CompositeProblem
Instance

SequentialComposition
.compose()

Wrapper: Transpose

Wrapper: Determinant

CompositionContext
(Shared Memory Bus)

Step 1

Step 2

1. Generate A
2. Compute A^T
3. Push Result

Pull Result (A^T)

1. Definition Phase

Factory Registry

Configuration:
[Transpose -> Determinant]

Define Chain

Template & Vars

Template & Vars

Total Entropy/Tools

3. Synthesis
Phase

Figure E.1: Problem construction for multi-step questions. Later steps consume exact outputs
of earlier tool calls via a shared context.
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A.3 Distillation

A System Prompt

Role Message content

system You are an expert in composing functions. You are given a math problem from a

user and a set of possible functions. Based on the question, you will need to

make one function/tool call at a time to complete the task.

For each step:

1. Start: Begin each turn with a brief plan inside <think> </think> tags.

The plan should identify WHICH tool to call and WHY, not perform calculations.

Focus on: (a) what information you need, (b) which tool provides it, (c) how

it connects to the next step.

2. Tool Usage: Always use tools for computation--never perform manual

calculations, arithmetic, or matrix operations in your reasoning. When a step

requires computation, emit exactly ONE tool call by writing a JSON command

inside <tool_call> </tool_call> tags with name and arguments keys.

Example: <tool_call> {{"name": "matrix_transpose", "arguments": {{"matrix":

[[1, 2], [3, 4]]}}}} </tool_call>

Tools expect specific JSON input formats. Follow the examples carefully. Do

not make up tools or arguments that aren’t listed.

3. Tool Response: After you use a tool, you will see the tool output inside

<tool_response> <tool_response> tags from the system. Use this result to

inform your next step (either another tool call or, if complete, your final

answer).

4. Error Recovery: If a tool result seems unexpected, you may call a

different tool to cross-check, but do not manually verify or recompute results.

The tools are your computational engine--your role is orchestration, not

calculation.

5. Structure: The <think> </think> block must contain only planning--no

nested tags, no arithmetic. Each turn must contain exactly one thinking block

followed by either an answer block OR a tool call block (but never both).

6. Mutual Exclusion: Never output <answer> and <tool_call> in the same turn.

Only output <answer> after receiving the final <tool_response> and when no

further tool calls are necessary.

7. Final Answer: Your final answer must be taken directly from the result in

the final <tool_response> </tool_response> tags -- not from intermediate tool

calls. When the task is fully solved, output the final answer inside the

<answer> </answer> block. The answer must contain ONLY the mathematical result

(numeric, vector, or matrix) from the final tool response in its simplest form,

with no descriptive text or intermediate values.

Table A.1: System prompt defining the strict tool-use contract used during distillation and
downstream training.
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B Tool-Use Trace Examples

Role Message content

Example A (single-step; train[1500]).
system [System prompt excerpt: Use <think> then either <tool_call> or <answer>. Tool calls must be

JSON with a declared tool name and arguments. Avoid manual computation; ground the final

<answer> in the last tool output.]

user Evaluate the determinant of matrix A, where A = [[-5, -2, -4], [-5, 3, -2], [-5, -4, 3]].

assistant <think>Okay, I need to find the determinant of matrix A. The matrix is 3x3, so I can use the

determinant tool directly. The tool takes the matrix as input and returns the determinant. I

don’t need to do any manual calculations here. Let me call the determinant function with the

given matrix.</think>

tool call name=determinant

arguments={"matrix": [[-5, -2, -4], [-5, 3, -2], [-5, -4, 3]]}

tool -195.0

assistant <think>Okay, the user asked for the determinant of matrix A. I used the determinant tool with

the provided matrix, and the result was -195.0. Since the determinant is calculated directly by

the tool, and there are no further steps needed, the answer should be -195.0. I just need to

confirm that the tool’s output is correct and then present it as the final answer.</think>

<answer>-195.0</answer>

Example B (three-step tool use; train[3522]).
user Step 1: evaluate the transpose of matrix A = [[545, 170], [677, -526]].

Step 2: what is the matrix of cofactors for B = the result from step 1?

Step 3: find the rank of matrix C = the result from step 2.

assistant <think>Okay, let’s tackle this step by step. First, the user wants the transpose of matrix A.

Matrix A is [[545, 170], [677, -526]]. The transpose swaps rows and columns, so I’ll use the

matrix_transpose tool for step 1.

Once I get the transpose (let’s call it matrix B), step 2 requires finding its cofactor matrix.

The matrix_cofactor tool is the right choice here.

After obtaining the cofactor matrix (matrix C), step 3 is to determine its rank using the

matrix_rank tool. Each step depends on the previous result, so I’ll need to perform each tool

call sequentially, using the output of one as the input for the next.</think>

tool call name=matrix_transpose

arguments={"matrix": [[545, 170], [677, -526]]}

tool [[545, 677], [170, -526]]

assistant <think>Okay, so the first step was to find the transpose of matrix A. The tool gave me the

transposed matrix B as [[545, 677], [170, -526]]. Now, I need to find the cofactor matrix of B

for step 2. The matrix_cofactor tool is the right choice here. The cofactor matrix involves

calculating minors and applying the checkerboard of signs. Since B is a 2x2 matrix, the

cofactor matrix should be straightforward. Let me call the matrix_cofactor tool with matrix B

as the input. Once I get that, I’ll move on to step 3, which is finding the rank of the

resulting cofactor matrix.</think>

tool call name=matrix_cofactor

arguments={"matrix": [[545, 677], [170, -526]]}

tool [[-526, -170], [-677, 545]]

assistant <think>Okay, so the cofactor matrix of B is [[-526, -170], [-677, 545]]. Now, step 3 requires

finding the rank of this matrix. The matrix_rank tool will determine the number of linearly

independent rows or columns. Since this is a 2x2 matrix, if the determinant is non-zero, the

rank should be 2. If the determinant is zero, the rank would be 1. Let me use the matrix_rank

tool on this cofactor matrix to get the result.</think>

tool call name=matrix_rank

arguments={"matrix": [[-526, -170], [-677, 545]]}

tool 2

assistant <think>Okay, let me go through the steps again to make sure everything is correct. First, I

transposed matrix A, which gave me matrix B. Then, I found the cofactor matrix of B, resulting

in matrix C. Finally, I determined the rank of matrix C. The tool returned a rank of 2. Since

matrix C is a 2x2 matrix and its rank is 2, that means it’s full rank, so the answer should be

2. I think that’s all. No mistakes in the steps, and the tools were used correctly each

time.</think>

<answer>2</answer>

Table B.1: Traces produced during the distillation process, illustrating stepwise planning, tool
chaining and end-of-trace self-verification. For traces of failed examples see this link.
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A.4 Reinforcement Learning

A Reward Function
async def calculate_reward(self) -> int:

"""Composite reward that combines several components:

- Correctness (primary signal)

- Formatting of thoughts/answers

- Tool-call success (to ensure executable tool-calls)

- Efficiency (penalizes over/under-using tools)

"""

# Handle structurally invalid trajectories

if not self.actions:
return -1.0

tool_calls = self.actions[:-1]

answer = self.actions[-1]

# No tool calls: treat as maximally lazy

if len(tool_calls) == 0:
return -0.3

# Final step must be a respond action

if answer.name != RESPOND_ACTION_NAME:
return -1.0

# Compute individual components

correctness = self.correctness_reward()

format_score = self.format_reward()

tool_success = self.tool_success_reward()

efficiency_penalty = self.efficiency_penalty()

# Apply weights to each component

total_reward (

1.0 * correctness

+ 0.1 * format_score

+ 0.1 * tool_success

- 0.1 * efficiency_penalty

) / 1.2

return total_reward
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B GRPO/SFT Side-by-Side Comparison

Role Message content

Matched Example (transpose→ determinant; 2 tool calls).
user Step 1: what is the transpose of A = [[2, 4, -2], [-2, -4, -3], [4, 4, -2]]?

Step 2: for B = the result from step 1, compute det(B).

SFT (task index 380).
assistant <think>Okay, let’s tackle this problem step by step. The user has two steps: first, find the

transpose of matrix A, and then compute the determinant of that transposed matrix.

Starting with Step 1: The transpose of a matrix involves swapping its rows and columns. So,

for matrix A, which is a 3x3 matrix, the transpose should also be a 3x3 matrix where the element

at position (i,j) in the original matrix becomes (j,i) in the transposed matrix. To do this, I

need to use the matrix_transpose tool. The input matrix A is [[2, 4, -2], [-2, -4, -3], [4, 4,

-2]]. Applying the transpose tool should give me the correct transposed matrix.

Once I have the transposed matrix B, Step 2 requires calculating its determinant. The

determinant of a 3x3 matrix can be computed using the determinant tool. However, I need to make

sure that the matrix is square, which it is since the transpose of a square matrix is also

square. So, after getting the transpose, I’ll pass it to the determinant function to get the

result.

I should proceed by first calling the matrix_transpose tool with matrix A. Then, take the output

and use it as the input for the determinant tool. Let’s start with the first tool call.</think>

tool call name=matrix_transpose

arguments="{\"matrix\": [[2, 4, -2], [-2, -4, -3], [4, 4, -2]]}"

tool [[2, -2, 4], [4, -4, 4], [-2, -3, -2]]

assistant <think>Okay, so the first step was to find the transpose of matrix A. The user provided matrix A

as [[2, 4, -2], [-2, -4, -3], [4, 4, -2]]. Using the matrix_transpose tool, the result is [[2,

-2, 4], [4, -4, 4], [-2, -3, -2]]. That makes sense because transposing swaps rows and columns.

Now, the next step is to compute the determinant of this transposed matrix, which is matrix B.

To find the determinant of a 3x3 matrix, I need to use the determinant tool. The determinant of

a matrix is calculated by taking the sum of each element in the first row multiplied by the

determinant of the 2x2 matrix that remains after removing that row and column. But instead of

doing the manual calculation, I should use the determinant function provided. The input matrix

B is [[2, -2, 4], [4, -4, 4], [-2, -3, -2]].

I need to pass this matrix to the determinant tool. Let me make sure the matrix is correctly

formatted as a list of rows. The tool should handle the calculation, so I just need to call it

with the transposed matrix as the argument. The result will be the determinant, which should be

a single number. Once I get that, I can present it as the final answer for step 2.</think>

tool call name=determinant

arguments="{\"matrix\": [[2, -2, 4], [4, -4, 4], [-2, -3, -2]]}"

tool -40.0

assistant <think>Okay, let’s see. The user asked for two steps. First, find the transpose of matrix A,

which they did using the matrix_transpose tool. The result was [[2, -2, 4], [4, -4, 4], [-2,

-3, -2]]. Then, step two is to compute the determinant of that transposed matrix.

So, I need to use the determinant tool on the transposed matrix. The determinant of a 3x3

matrix can be calculated using the rule of Sarrus or cofactor expansion. But since the tool is

available, I should just call it with the transposed matrix as the argument. The tool response

gave -40.0. That’s the determinant. Since the user’s final question was for the determinant of

the transposed matrix, this is the answer they’re looking for. No more steps needed.</think>

<answer>-40.0</answer>

GRPO (task index 380).
assistant <think>Okay, let’s tackle this problem step by step. The user has two steps: first, find the

transpose of matrix A, and then compute the determinant of that transposed matrix.

Starting with Step 1: The transpose of a matrix involves swapping its rows and columns. So,

for matrix A, which is a 3x3 matrix, the transpose should also be a 3x3 matrix where the element

at position (i,j) in the original matrix becomes (j,i) in the transposed matrix. To do this, I

need to use the matrix_transpose tool. The input matrix A is [[2, 4, -2], [-2, -4, -3], [4, 4,

-2]]. Applying the transpose tool should give me the correct transposed matrix.

Once I have the transposed matrix B, Step 2 requires calculating its determinant. The

determinant of a 3x3 matrix can be computed using the determinant tool. However, since the

transpose of a matrix doesn’t change its determinant, the determinant of B should be the same as

the determinant of A. But I need to confirm this by actually computing it. So, after getting

the transpose, I’ll use the determinant tool on the resulting matrix B to get the final answer.

I should make sure to use the tools correctly. First, call matrix_transpose with matrix A, then

take the result and pass it to determinant. Let’s start with the first tool call.</think>
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tool call name=matrix_transpose

arguments="{\"matrix\": [[2, 4, -2], [-2, -4, -3], [4, 4, -2]]}"

tool [[2, -2, 4], [4, -4, 4], [-2, -3, -2]]

assistant <think>Okay, so the first step was to find the transpose of matrix A. The user provided matrix A

as [[2, 4, -2], [-2, -4, -3], [4, 4, -2]]. Using the matrix_transpose tool, the result is [[2,

-2, 4], [4, -4, 4], [-2, -3, -2]]. That makes sense because transposing swaps the rows and

columns. Now, the next step is to compute the determinant of this transposed matrix, which is

matrix B.

Since the determinant of a matrix and its transpose are the same, I should use the determinant

tool on matrix B. The determinant of a 3x3 matrix can be calculated using the rule of Sarrus or

cofactor expansion. However, the tool will handle the computation, so I just need to pass the

transposed matrix to the determinant function. Let me make sure the matrix is correctly

formatted as a list of lists. The transposed matrix is [[2, -2, 4], [4, -4, 4], [-2, -3, -2]].

I’ll call the determinant tool with this matrix as the argument.</think>

tool call name=determinant

arguments="{\"matrix\": [[2, -2, 4], [4, -4, 4], [-2, -3, -2]]}"

tool -40.0

assistant <think>Okay, let’s see. The user asked for two steps. First, find the transpose of matrix A,

which they did using the matrix_transpose tool. The result was [[2, -2, 4], [4, -4, 4], [-2,

-3, -2]]. Then, step two is to compute the determinant of that transposed matrix.

So, I need to use the determinant tool on the transposed matrix. The determinant of a 3x3

matrix can be calculated using the rule of Sarrus or cofactor expansion. But since the tool is

available, I should just call it with the transposed matrix as the argument. The tool returned

-40.0. That makes sense because the determinant of a matrix and its transpose are the same. So

the final answer should be -40.0. I need to make sure there’s no mistake in the calculation,

but the tool’s result is straightforward. The answer is correct.</think>

<answer>-40.0</answer>

Table B.1: Two matched evaluation problems generated during SFT and GRPO.
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Matched Example (cofactor→ rank; 2 tool calls).
user Step 1: find the cofactor matrix for A = [[7, -8, 9], [-6, 6, -8], [5, 2, -15]].

Step 2: find rank(B) for B = the result from step 1.

SFT (task index 18).
assistant <think>Okay, let’s tackle this problem step by step. The user wants me to first find the

cofactor matrix of matrix A, and then determine the rank of that cofactor matrix (which is

matrix B in step 2).

Starting with step 1: finding the cofactor matrix of A. The matrix A is a 3x3 matrix. The

cofactor matrix involves calculating the determinant of each minor matrix and applying the

appropriate sign based on the position. Since manually calculating this can be error-prone, I

should use the matrix_cofactor tool. This tool takes the matrix as input and returns the

cofactor matrix. So I’ll call that tool with matrix A.

Once I get the cofactor matrix from the tool, step 2 requires finding its rank. The rank of a

matrix is the maximum number of linearly independent rows or columns. For a 3x3 matrix, if the

determinant is non-zero, the rank is 3. If the determinant is zero, the rank is less than 3.

However, since the cofactor matrix might have a determinant of zero, I need to use the

matrix_rank tool on the result from step 1. This tool will compute the rank directly.

I need to make sure that after getting the cofactor matrix, I pass it correctly to the

matrix_rank tool. Let’s start with the first tool call.</think>

tool call name=matrix_cofactor

arguments="{\"matrix\": [[7, -8, 9], [-6, 6, -8], [5, 2, -15]]}"

tool [[-74, -130, -42], [-102, -150, -54], [10, 2, -6]]

assistant <think>Okay, so the first step was to find the cofactor matrix of A, and the tool gave me the

result [[-74, -130, -42], [-102, -150, -54], [10, 2, -6]]. Now, step 2 is to find the rank of

this cofactor matrix, which is matrix B.

To find the rank, I need to determine the number of linearly independent rows or columns. Since

it’s a 3x3 matrix, if the determinant is non-zero, the rank should be 3. But if the determinant

is zero, the rank would be less. However, calculating the determinant manually might be

error-prone, so I should use the matrix_rank tool. The tool will handle the computation, so I

just need to pass the cofactor matrix to it. Let me make sure the matrix is correctly formatted

as a list of rows. The tool should take the matrix as input and return the rank. I’ll call the

matrix_rank function with the given cofactor matrix.</think>

tool call name=matrix_rank

arguments="{\"matrix\": [[-74, -130, -42], [-102, -150, -54], [10, 2, -6]]}"

tool 3

assistant <think>Okay, let’s see. The user asked for two steps. First, find the cofactor matrix of A,

which they did using the matrix_cofactor tool. The result was a 3x3 matrix. Then, step two is

to find the rank of that cofactor matrix. The matrix_rank tool was used, and it returned 3.

Since the rank is 3, that means the matrix is full rank, which makes sense for a 3x3 matrix.

The determinant of the cofactor matrix must be non-zero, so the rank is indeed 3. No further

steps needed here. The final answer should be 3.</think>

<answer>3</answer>

GRPO (task index 18).
assistant <think>Okay, let’s tackle this problem step by step. The user wants me to first find the

cofactor matrix of matrix A, and then determine the rank of that cofactor matrix (which is

matrix B in step 2).

Starting with step 1: finding the cofactor matrix of A. The matrix A is a 3x3 matrix. The

cofactor matrix involves calculating the determinant of each minor matrix and applying the

appropriate sign based on the position. Since manually calculating this can be error-prone, I

should use the matrix_cofactor tool provided. This tool takes the matrix as input and returns

the cofactor matrix. So I’ll call that tool with matrix A.

Once I get the cofactor matrix from step 1, step 2 requires finding its rank. The rank of a

matrix is the maximum number of linearly independent rows or columns. The matrix_rank tool can

compute this. I’ll use the result from step 1 as the input for this tool.

I need to make sure that after getting the cofactor matrix, I pass it correctly to the

matrix_rank tool. Let’s start with the first tool call.</think>

tool call name=matrix_cofactor

arguments="{\"matrix\": [[7, -8, 9], [-6, 6, -8], [5, 2, -15]]}"

tool [[-74, -130, -42], [-102, -150, -54], [10, 2, -6]]
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assistant <think>Okay, so the first step was to find the cofactor matrix of A, and the tool gave me the

result [[-74, -130, -42], [-102, -150, -54], [10, 2, -6]]. Now, step 2 is to find the rank of

this cofactor matrix, which is matrix B.

To find the rank, I need to determine the number of linearly independent rows or columns. The

matrix_rank tool should handle this. I’ll input the cofactor matrix into that tool. Let me

make sure the matrix is correctly formatted as a list of rows. The tool’s parameters require a

matrix, so I’ll pass the result from the first step. Once I get the rank from the tool, that

will be the final answer for step 2.</think>

tool call name=matrix_rank

arguments="{\"matrix\": [[-74, -130, -42], [-102, -150, -54], [10, 2, -6]]}"

tool 3

assistant <think>Okay, let’s see. The user asked for two steps. First, find the cofactor matrix of A,

which I did using the matrix_cofactor tool. The result was a 3x3 matrix. Then, step two is to

find the rank of that cofactor matrix. I used the matrix_rank tool on the cofactor matrix and

got a rank of 3. Since the matrix is 3x3 and the rank is 3, that means it’s full rank. So the

final answer should be 3. I need to make sure there’s no mistake in the calculations, but the

tools did the work, so the answer is correct.</think>

<answer>3</answer>

Table B.2: Two matched evaluation problems generated during SFT and GRPO.
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C Malformed Evaluation Examples

Role Message content (verbatim)

Exclusive failure reasons (priority order).

Forced stop (SFT eval, task index 356, pass 1).
Failure reason: Forced stop (Reached maximum allowed tool calls).
user What is the transpose of A = [[-83, -427, 704], [-408, 181, 206], [-256, -260, -358]]?

assistant <think>Okay, I need to find the transpose of matrix A. The user provided the matrix as a 3x3

array. The transpose of a matrix is obtained by swapping its rows with columns. So, the

first row becomes the first column, the second row becomes the second column, and the third

row becomes the third column.

Looking at the tools available, there’s a matrix_transpose function that takes a matrix and

returns its transpose. That’s exactly what I need here. I don’t need to calculate anything

manually; I can just call the matrix_transpose tool with the given matrix as the argument.

The tool should handle the swapping correctly. Let me make sure the input is in the correct

format. The matrix is already provided as a list of rows, which matches the required input

type. So, I’ll proceed to call the matrix_transpose tool with the given matrix.</think>

tool call name=matrix_transpose

arguments="{\"matrix\": [[-83, -427, 704], [-408, 181, 206], [-256, -260, -358]]}"

tool [[-83, -408, -256], [-427, 181, -260], [704, 206, -358]]

assistant <think>Okay, so I need to find the transpose of matrix A. The user provided the matrix as a

3x3 array. The transpose of a matrix is obtained by swapping its rows with columns. So, the

first row becomes the first column, the second row becomes the second column, and the third

row becomes the third column.

Looking at the tools available, there’s a matrix_transpose function that takes a matrix and

returns its transpose. That’s exactly what I need here. I don’t need to calculate anything

manually; I can just call the matrix_transpose tool with the given matrix as the argument.

The tool should handle the swapping correctly. Let me make sure the input is in the correct

format. The matrix is already provided as a list of rows, which matches the required input

type. So, I’ll proceed to call the matrix_transpose tool with the given matrix.</think>

tool call name=matrix_transpose

arguments="{\"matrix\": [[-83, -427, 704], [-408, 181, 206], [-256, -260, -358]]}"

tool [[-83, -408, -256], [-427, 181, -260], [704, 206, -358]]

assistant <think>Okay, so I need to find the transpose of matrix A. The user provided the matrix as a

3x3 array. The transpose of a matrix is obtained by swapping its rows with columns. So, the

first row becomes the first column, the second row becomes the second column, and the third

row becomes the third column.

Looking at the tools available, there’s a matrix_transpose function that takes a matrix and

returns its transpose. That’s exactly what I need here. I don’t need to calculate anything

manually; I can just call the matrix_transpose tool with the given matrix as the argument.

The tool should handle the swapping correctly. Let me make sure the input is in the correct

format. The matrix is already provided as a list of rows, which matches the required input

type. So, I’ll proceed to call the matrix_transpose tool with the given matrix.</think>

tool call name=matrix_transpose

arguments="{\"matrix\": [[-83, -427, 704], [-408, 181, 206], [-256, -260, -358]]}"

tool [[-83, -408, -256], [-427, 181, -260], [704, 206, -358]]

assistant <think>Okay, so I need to find the transpose of matrix A. The user provided the matrix as a

3x3 array. The transpose of a matrix is obtained by swapping its rows with columns. So, the

first row becomes the first column, the second row becomes the second column, and the third

row becomes the third column.

Looking at the tools available, there’s a matrix_transpose function that takes a matrix and

returns its transpose. That’s exactly what I need here. I don’t need to calculate anything

manually; I can just call the matrix_transpose tool with the given matrix as the argument.

The tool should handle the swapping correctly. Let me make sure the input is in the correct

format. The matrix is already provided as a list of rows, which matches the required input

type. So, I’ll proceed to call the matrix_transpose tool with the given matrix.</think>

tool call name=matrix_transpose

arguments="{\"matrix\": [[-83, -427, 704], [-408, 181, 206], [-256, -260, -358]]}"

tool [[-83, -408, -256], [-427, 181, -260], [704, 206, -358]]
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assistant <think>Okay, so I need to find the transpose of matrix A. The user provided the matrix as a

3x3 array. The transpose of a matrix is obtained by swapping its rows with columns. So, the

first row becomes the first column, the second row becomes the second column, and the third

row becomes the third column.

Looking at the tools available, there’s a matrix_transpose function that takes a matrix and

returns its transpose. That’s exactly what I need here. I don’t need to calculate anything

manually; I can just call the matrix_transpose tool with the given matrix as the argument.

The tool should handle the swapping correctly. Let me make sure the input is in the correct

format. The matrix is already provided as a list of rows, which matches the required input

type. So, I’ll proceed to call the matrix_transpose tool with the given matrix.</think>

tool call name=matrix_transpose

arguments="{\"matrix\": [[-83, -427, 704], [-408, 181, 206], [-256, -260, -358]]}"

tool [[-83, -408, -256], [-427, 181, -260], [704, 206, -358]]

GRPO success example (task index 356, pass 2).
user What is the transpose of A = [[-83, -427, 704], [-408, 181, 206], [-256, -260, -358]]?

assistant <think>Okay, I need to find the transpose of matrix A. The transpose of a matrix is formed by

swapping its rows with columns. So, the element in the first row and second column becomes

the element in the second row and first column, and so on.

Looking at the given matrix A:

Row 1: [-83, -427, 704]

Row 2: [-408, 181, 206]

Row 3: [-256, -260, -358]

To transpose this, the first column becomes the first row, the second column becomes the

second row, and the third column becomes the third row. So the transposed matrix should look

like:

First row: [-83, -408, -256]

Second row: [-427, 181, -260]

Third row: [704, 206, -358]

But instead of doing this manually, I should use the matrix_transpose tool provided. The

tool takes the matrix as input and returns the transposed matrix. So I’ll call the

matrix_transpose function with matrix A as the argument. The result from the tool will be

the correct transpose, which I can then present as the final answer.</think>

tool call name=matrix_transpose

arguments="{\"matrix\": [[-83, -427, 704], [-408, 181, 206], [-256, -260, -358]]}"

tool [[-83, -408, -256], [-427, 181, -260], [704, 206, -358]]

assistant <think>Okay, so I need to find the transpose of matrix A. The user provided the matrix as

[[-83, -427, 704], [-408, 181, 206], [-256, -260, -358]]. To transpose a matrix, I need to

swap its rows and columns.

First, let me recall what a transpose is. The transpose of a matrix is obtained by turning

rows into columns and columns into rows. So, the element in the first row and second column

becomes the element in the second row and first column, and so on.

Looking at the original matrix:

- The first row is [-83, -427, 704].

- The second row is [-408, 181, 206].

- The third row is [-256, -260, -358].

To transpose this, the first column becomes the first row, the second column becomes the

second row, and the third column becomes the third row. So the transposed matrix should look

like:

First row: [-83, -408, -256]

Second row: [-427, 181, -260]

Third row: [704, 206, -358]

Wait, but the user already provided the transposed matrix as [[-83, -408, -256], [-427, 181,

-260], [704, 206, -358]]. Let me check if this matches the expected result. Yes, each

element is correctly placed in the transposed position. For example, the element at [0][1]

in the original matrix is -427, which is now at [1][0] in the transposed matrix. Similarly,

the element at [2][2] in the original is -358, which is at [2][2] in the transposed matrix.

Since the tool’s response matches the expected result, the transpose is correct. Therefore,

the final answer should be the transposed matrix provided by the tool.</think>

<answer>[[-83, -408, -256], [-427, 181, -260], [704, 206, -358]]</answer>

Valid trajectory = 0 (SFT eval, task index 110, pass 1).
Failure reason: Valid trajectory = 0 (Trace invalid after parsing – e.g. truncated tags).
user Step 1: find the cofactor matrix for A = [[100, 99], [47, -7]].

Step 2: calculate the transpose of matrix B = the result from step 1.

Step 3: what is the trace of C = the result from step 2?
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assistant <think>Okay, let’s tackle this problem step by step. First, I need to find the cofactor

matrix of matrix A. The matrix given is [[100, 99], [47, -7]]. The cofactor matrix involves

calculating the minors and applying the appropriate signs based on the position. For a 2x2

matrix, the cofactor matrix can be found by swapping the diagonal elements and changing the

signs of the off-diagonal elements. So, the cofactor of element a11 (100) is (-7), a12 (99)

becomes -47, a21 (47) becomes -99, and a22 (-7) remains 100. Wait, no, the cofactor for each

element is (-1)ˆ(i+j) multiplied by the minor. For a21, the minor is the determinant of the

submatrix obtained by removing row 2 and column 1, which is just -7. So the cofactor is

(-1)ˆ(2+1) * (-7) = -(-7) = 7. Similarly, for a12, the minor is 47, so the cofactor is

(-1)ˆ(1+2) * 47 = -47. Wait, no, the cofactor for a12 is (-1)ˆ(1+2) * (-7) = -(-7) = 7.

Wait, no, the cofactor for a12 is (-1)ˆ(1+2) * (-7) = -(-7) = 7. Wait, no, the cofactor for

a12 is (-1)ˆ(1+2) * (-7) = -(-7) = 7. Wait, no, the cofactor for a12 is (-1)ˆ(1+2) * (-7) =

-(-7) = 7. Wait, no, the cofactor for a12 is (-1)ˆ(1+2) * (-7) = -(-7) = 7. Wait, no, the

cofactor for a12 is (-1)ˆ(1+2) * (-7) = -(-7) = 7. Wait, no, the cofactor for a12 is

(-1)ˆ(1+2) * (-7) = -(-7) = 7. Wait, no, the cofactor for a12 is (-1)ˆ(1+2) * (-7) = -(-7) =

7. Wait, no, the cofactor for a12 is (-1)ˆ(1+2) * (-7) = -(-7) = 7. Wait, no, the cofactor

for a12 is (-1)ˆ(1+2) * (-7) = -(-7) = 7. Wait, no, the cofactor for a12 is (-1)ˆ(1+2) *

(-7) = -(-7) = 7. Wait, no, the cofactor for a12 is (-1)ˆ(1+2) * (-7) = -(-7) = 7. Wait,

no, the cofactor for a12 is (-1)ˆ(1+2) * (-7) = -(-7) = 7. Wait, no, the cofactor for a12 is

(-1)ˆ(1+2) * (-7) = -(-7) = 7. Wait, no, the cofactor for a12 is (-1)ˆ(1+2) * (-7) = -(-7) =

7. Wait, no, the cofactor for a12 is (-1)ˆ(1+2) * (-7) = -(-7) = 7. Wait, no, the

GRPO success example (task index 110, pass 3).
user Step 1: find the cofactor matrix for A = [[100, 99], [47, -7]].

Step 2: calculate the transpose of matrix B = the result from step 1.

Step 3: what is the trace of C = the result from step 2?

assistant <think>Okay, let’s tackle this problem step by step. First, I need to find the cofactor

matrix of matrix A. The matrix given is [[100, 99], [47, -7]]. The cofactor matrix involves

calculating the minors and applying the appropriate signs based on the position. For a 2x2

matrix, the cofactor matrix can be found by swapping the diagonal elements and changing the

signs of the off-diagonal elements. So, the cofactor of element a11 (100) is (-7), a12 (99)

becomes -47, a21 (47) becomes -99, and a22 (-7) remains 100. But wait, I should use the

matrix_cofactor tool to get the accurate result.

Next, once I have the cofactor matrix, I need to transpose it. The transpose of a matrix

swaps its rows and columns. So if the cofactor matrix is [[-7, -47], [-99, 100]], the

transpose would be [[-7, -99], [-47, 100]]. Again, I’ll use the matrix_transpose tool to

confirm this.

Finally, the trace of a matrix is the sum of its diagonal elements. For the transposed

matrix, the diagonal elements are -7 and 100. Adding them gives 93. I’ll use the

matrix_trace tool to compute this.

I need to make sure each step is done in order, using the correct tools. Let’s start with

the cofactor matrix.</think>

tool call name=matrix_cofactor

arguments="{\"matrix\": [[100, 99], [47, -7]]}"

tool [[-7, -47], [-99, 100]]

assistant <think>Okay, so the first step was to find the cofactor matrix of A, which the tool gave me

as [[-7, -47], [-99, 100]]. Now, step 2 is to calculate the transpose of this matrix. The

transpose of a matrix swaps its rows and columns. So, the element at position (1,2) becomes

(2,1) and vice versa. Let me apply the matrix_transpose tool to this result.

The original cofactor matrix is:

Row 1: -7, -47

Row 2: -99, 100

Transposing it should give:

Column 1: -7, -99

Column 2: -47, 100

So the transposed matrix should be [[-7, -99], [-47, 100]]. I’ll use the matrix_transpose

tool to confirm this. Once I have the transposed matrix, step 3 is to find its trace, which

is the sum of the diagonal elements. The diagonal elements here are -7 and 100, so their sum

is 93. But I need to use the matrix_trace tool to get the exact value. Let’s proceed with

the transpose first.</think>

tool call name=matrix_transpose

arguments="{\"matrix\": [[-7, -47], [-99, 100]]}"

tool [[-7, -99], [-47, 100]]
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assistant <think>Okay, let’s see. The user has three steps to solve. First, find the cofactor matrix

of A, which they did. Then, transpose that result, and finally, find the trace of the

transposed matrix.

So, the cofactor matrix was [[-7, -47], [-99, 100]]. Transposing that gives [[-7, -99],

[-47, 100]]. Now, the trace is the sum of the diagonal elements. The diagonal elements here

are -7 and 100. Adding them together should give 93. But I need to use the matrix_trace

tool to confirm this. Let me call that tool with the transposed matrix as input.</think>

tool call name=matrix_trace

arguments="{\"matrix\": [[-7, -99], [-47, 100]]}"

tool 93.0

assistant <think>Okay, let me go through the steps again to make sure everything is correct. The user

asked for three steps: cofactor matrix, transpose, and trace.

First, the cofactor matrix of A = [[100, 99], [47, -7]] was calculated. The cofactor matrix

for a 2x2 matrix [[a, b], [c, d]] is [[d, -c], [-b, a]]. Applying that here, the cofactor

matrix should be [[-7, -47], [-99, 100]], which matches the tool’s response. That’s correct.

Next, transposing the cofactor matrix. The transpose of [[-7, -47], [-99, 100]] is [[-7,

-99], [-47, 100]], which the tool also returned. That’s right because transposing swaps rows

and columns.

Finally, the trace of the transposed matrix. The trace is the sum of the diagonal elements.

The diagonal elements here are -7 and 100, so 93. The tool correctly returned 93.0. All

steps check out. The final answer should be 93.0.</think>

<answer>93.0</answer>

Answer tag missing (SFT eval, task index 226, pass 1).
Failure reason: Answer tag missing (final: missing <answer> tag).
user Find tr(A) for A = [[35, 10, 7], [-47, -26, 40], [-22, -7, -43]].

assistant <think>Okay, I need to find the trace of matrix A. The trace is the sum of the diagonal

elements. The matrix given is a 3x3 matrix. The diagonal elements are 35, -26, and -43.

But instead of calculating it manually, I should use the matrix_trace tool. Let me call that

tool with the provided matrix. The tool will handle the calculation, so I don’t need to do

any arithmetic myself. The result should be the sum of these three numbers.</think>

tool call name=matrix_trace

arguments="{\"matrix\": [[35, 10, 7], [-47, -26, 40], [-22, -7, -43]]}"

tool -34.0

assistant <think>Okay, so I need to find the trace of matrix A. The trace is the sum of the diagonal

elements. The matrix given is a 3x3 matrix. The diagonal elements here are 35, -26, and

-43. But instead of calculating it manually, I should use the matrix_trace tool. Let me

call that tool with the provided matrix. The tool will handle the calculation, so I don’t

need to do any arithmetic myself. The result should be the sum of these three

numbers.</think>

<|im_start|>

{"name": "matrix_trace", "arguments": "{\"matrix\": [[35, 10, 7], [-47, -26, 40], [-22,

-7, -43]]}"}

</tool_call>

GRPO success example (task index 226, pass 1).
user Find tr(A) for A = [[35, 10, 7], [-47, -26, 40], [-22, -7, -43]].

assistant <think>Okay, I need to find the trace of matrix A. The trace is the sum of the diagonal

elements. The matrix given is a 3x3 matrix. The diagonal elements are 35, -26, and -43.

But instead of calculating it manually, I should use the matrix_trace tool. Let me call that

tool with the provided matrix. The tool will handle the calculation, so I just need to pass

the matrix correctly.</think>

tool call name=matrix_trace

arguments="{\"matrix\": [[35, 10, 7], [-47, -26, 40], [-22, -7, -43]]}"

tool -34.0

assistant <think>Okay, so I need to find the trace of matrix A. The trace is the sum of the diagonal

elements. The matrix given is a 3x3 matrix. The diagonal elements here are 35, -26, and

-43. But instead of calculating it manually, I should use the matrix_trace tool. Let me

call that tool with the provided matrix. The tool will handle the calculation, so I just

need to pass the matrix correctly. The tool response should give the sum of these elements.

Let me make sure the matrix is correctly formatted. The matrix is [[35, 10, 7], [-47, -26,

40], [-22, -7, -43]]. The diagonal elements are 35, -26, and -43. Adding them up: 35 +

(-26) + (-43) = 35 -26 -43. Let me check the calculation. 35 minus 26 is 9, and 9 minus 43

is -34. So the trace should be -34.0. The tool’s response is -34.0, which matches my

calculation. So the answer is -34.0.</think>

<answer>-34.0</answer>
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Answer unparseable (SFT eval, task index 298, pass 2).
Failure reason: Answer unparseable (Final: <answer> not parseable as a value).
user Find AˆT for A = [[234, -603, -168], [-44, -47, -57], [-302, 474, 445]].

assistant <think>Okay, I need to find the transpose of matrix A. The user provided the matrix A as a

3x3 matrix. The transpose of a matrix is obtained by swapping its rows with columns. So,

the element in the first row and second column becomes the element in the second row and

first column, and so on.

Looking at the tools available, there’s a matrix_transpose function that takes a matrix and

returns its transpose. That’s exactly what I need here. I don’t need to calculate anything

manually; I can just call the matrix_transpose tool with the given matrix as the argument.

The tool should handle the swapping of rows and columns correctly. Let me make sure the

matrix is correctly formatted as a list of rows. The input matrix is [[234, -603, -168],

[-44, -47, -57], [-302, 474, 445]], which is a valid 3x3 matrix. So the correct function

call is matrix_transpose with the provided matrix. I’ll proceed to use the tool to get the

transpose.</think>

tool call name=matrix_transpose

arguments="{\"matrix\": [[234, -603, -168], [-44, -47, -57], [-302, 474, 445]]}"

tool [[234, -44, -302], [-603, -47, 474], [-168, -57, 445]]

assistant <think>Okay, so the user asked for the transpose of matrix A. I used the matrix_transpose

tool with the given matrix. The tool returned the transposed matrix. Let me check if that

makes sense.

The original matrix A is:

Row 1: [234, -603, -168]

Row 2: [-44, -47, -57]

Row 3: [-302, 474, 445]

Transposing it means swapping rows and columns. So the first column of the original becomes

the first row of the transpose. Let’s verify:

Original first column: 234, -44, -302. Transposed becomes the first row: [234, -44, -302].

Original second column: -603, -47, 474. Transposed becomes the second row: [-603, -47,

474].

Original third column: -168, -57, 445. Transposed becomes the third row: [-168, -57, 445].

Wait, the tool’s response is [[234, -44, -302], [-603, -47, 474], [-168, -57, 445]]. Hmm,

that looks correct. The first row is the original first column, the second row is the

original second column, and the third row is the original third column. So the tool’s output

is correct. No mistakes here. The user probably just wanted the transpose, so the answer is

the transposed matrix as provided by the tool.</think>

<answer>234, -44, -302

-603, -47, 474

-168, -57, 445</answer>

GRPO success example (task index 298, pass 3).
user Find AˆT for A = [[234, -603, -168], [-44, -47, -57], [-302, 474, 445]].

assistant <think>Okay, I need to find the transpose of matrix A. The user provided the matrix A as a

3x3 matrix. The transpose of a matrix is obtained by swapping its rows with columns. So,

the element in the first row and second column becomes the element in the second row and

first column, and so on for all elements.

Looking at the tools available, there’s a matrix_transpose function that takes a matrix and

returns its transpose. That’s exactly what I need here. I don’t need to calculate anything

manually; I can just call the matrix_transpose tool with the given matrix as the argument.

The tool should handle the swapping of rows and columns correctly. Let me make sure the

matrix is correctly formatted as a list of rows. The input matrix is [[234, -603, -168],

[-44, -47, -57], [-302, 474, 445]], which is a valid 3x3 matrix. So the correct function

call is matrix_transpose with the provided matrix. I’ll proceed to use the tool now.</think>

tool call name=matrix_transpose

arguments="{\"matrix\": [[234, -603, -168], [-44, -47, -57], [-302, 474, 445]]}"

tool [[234, -44, -302], [-603, -47, 474], [-168, -57, 445]]

83



Role Message content (verbatim)

assistant <think>Okay, so the user asked for the transpose of matrix A. I used the matrix_transpose

tool with the given matrix. The tool returned the transposed matrix. Let me check if that

makes sense.

The original matrix A is:

Row 1: [234, -603, -168]

Row 2: [-44, -47, -57]

Row 3: [-302, 474, 445]

Transposing it means swapping rows and columns. So the first column of the original becomes

the first row of the transpose. Let me verify:

Original first column: 234, -44, -302. Transposed becomes the first row: [234, -44, -302].

Original second column: -603, -47, 474. Transposed becomes the second row: [-603, -47,

474].

Original third column: -168, -57, 445. Transposed becomes the third row: [-168, -57, 445].

Wait, the tool’s response is [[234, -44, -302], [-603, -47, 474], [-168, -57, 445]]. Hmm,

the second row is correct, but the third column in the original is -168, -57, 445. The

tool’s third row is [-168, -57, 445], which matches. So the transposed matrix looks correct.

No errors in the tool’s output. The user probably just wanted the transpose, so the answer

should be the transposed matrix as provided by the tool.</think>

<answer>[[234, -44, -302], [-603, -47, 474], [-168, -57, 445]]</answer>

Format bad (SFT eval, task index 387, pass 3).
Failure reason: Format bad (Malformed <tool call>/<answer> tags).
user Calculate the transpose of matrix A = [[184, -592], [399, -374]].

assistant <think>Okay, I need to find the transpose of matrix A. The matrix given is [[184, -592],

[399, -374]]. Transposing a matrix means swapping its rows and columns. So, the element in

the first row, second column becomes the element in the second row, first column, and vice

versa.

Looking at the tools available, there’s a matrix_transpose function. The parameters require

the matrix as a list of rows. The input matrix here is 2x2, so it should work. I just need

to pass the matrix to the matrix_transpose tool. The result should be the transposed matrix.

Let me call the tool with the given matrix.</think>

tool call name=matrix_transpose

arguments="{\"matrix\": [[184, -592], [399, -374]]}"

tool [[184, 399], [-592, -374]]

assistant <think>Okay, so I need to find the transpose of matrix A, which is [[184, -592], [399,

-374]]. The transpose of a matrix is obtained by swapping its rows and columns. Let me

verify that.

The original matrix has rows [184, -592] and [399, -374]. The first row becomes the first

column in the transpose, and the second row becomes the second column. So the transposed

matrix should have the first column as [184, 399] and the second column as [-592, -374].

Looking at the tool’s response, it returns [[184, 399], [-592, -374]]. That matches my

expectation. The tool’s output is correct. Therefore, the answer is the transposed matrix

as provided by the tool.</think>

<answer>

{"name": "matrix_transpose", "arguments": "{\"matrix\": [[184, -592], [399, -374]]}"}

</tool_call>

GRPO success example (task index 387, pass 2).
user Calculate the transpose of matrix A = [[184, -592], [399, -374]].

assistant <think>Okay, I need to find the transpose of matrix A. The matrix given is [[184, -592],

[399, -374]]. Transposing a matrix means swapping its rows and columns. So the element in

the first row, second column becomes the element in the second row, first column, and vice

versa. The matrix_transpose tool should handle this. Let me call that tool with the given

matrix.</think>

tool call name=matrix_transpose

arguments="{\"matrix\": [[184, -592], [399, -374]]}"

tool [[184, 399], [-592, -374]]

assistant <think>Okay, so the user asked for the transpose of matrix A. I used the matrix_transpose

tool with the given matrix. The tool returned [[184, 399], [-592, -374]]. Let me check if

that’s correct. The original matrix has rows [184, -592] and [399, -374]. Transposing

should swap these rows and columns. So the first column of the original becomes the first

row of the transpose: 184 and 399. The second column becomes the second row: -592 and

-374. That matches the tool’s output. So the answer is correct. No further steps

needed.</think>

<answer>[[184, 399], [-592, -374]]</answer>
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Turn deviation (SFT eval, task index 271, pass 3).
Failure reason: Turn deviation (Tool-call count: expected N, got N ± 1).
user Find tr(A) for A = [[-23, -3], [-12, 25]].

assistant <think>Okay, I need to find the trace of matrix A. The trace is the sum of the diagonal

elements. The matrix given is [[-23, -3], [-12, 25]]. The diagonal elements here are -23

and 25. So I should add those two numbers together. But wait, the user wants me to use the

matrix_trace tool. Let me check the parameters. The tool requires the matrix as a list of

rows. The input matrix is already in that format. So I can directly call the matrix_trace

function with the given matrix. The result should be -23 + 25, which is 2. But I need to

make sure I use the tool correctly. The tool will handle the calculation, so I just need to

pass the matrix correctly. Let me structure the tool call properly.</think>

tool call name=matrix_trace

arguments="{\"matrix\": [[-23, -3], [-12, 25]]}"

tool 2.0

assistant <think>Okay, so I need to find the trace of matrix A, which is given as [[-23, -3], [-12,

25]]. The trace is the sum of the diagonal elements. The diagonal elements here are -23 and

25. Adding them together, -23 + 25 equals 2. But I should use the matrix_trace tool to

confirm this. Let me call the tool with the matrix provided. The tool will handle the

calculation, so I just need to pass the matrix correctly. The result should be 2.0. I’ll

make sure to use the correct parameters and structure the tool call properly.</think>

tool call name=matrix_trace

arguments="{\"matrix\": [[-23, -3], [-12, 25]]}"

tool 2.0

assistant <think>Okay, let me see. The user asked for the trace of matrix A, which is [[-23, -3],

[-12, 25]]. The trace is the sum of the diagonal elements. The diagonal elements here are

-23 and 25. Adding them together, -23 + 25 equals 2. The matrix_trace tool was called with

the correct matrix, and it returned 2.0. That makes sense. So the answer should be 2.0. I

need to make sure there’s no other step required, but since the trace is directly calculated,

the final answer is 2.0.</think>

<answer>2.0</answer>

GRPO success example (task index 271, pass 2).
user Find tr(A) for A = [[-23, -3], [-12, 25]].

assistant <think>Okay, I need to find the trace of matrix A. The trace is the sum of the diagonal

elements. The matrix given is [[-23, -3], [-12, 25]]. The diagonal elements here are -23

and 25. So I should add those two numbers together. But wait, the user wants me to use the

matrix_trace tool. Let me check the parameters. The tool requires the matrix as a list of

rows. The input matrix is already in that format. So I can directly call the matrix_trace

function with the given matrix. The result should be -23 + 25, which is 2. But I need to

make sure I use the tool correctly. The tool will handle the calculation, so I just need to

pass the matrix correctly. Let me structure the tool call properly.</think>

tool call name=matrix_trace

arguments="{\"matrix\": [[-23, -3], [-12, 25]]}"

tool 2.0

assistant <think>Okay, so the user asked for the trace of matrix A, which is [[-23, -3], [-12, 25]].

The trace is the sum of the diagonal elements. The diagonal elements here are -23 and 25.

Adding them together, -23 + 25 equals 2. The matrix_trace tool was used, and it returned

2.0. That matches my calculation. Since the tool’s result is correct, the answer should be

2.0. No further steps needed.</think>

<answer>2.0</answer>

Table C.1: Representative SFT failure traces paired with GRPO successes for each exclusive
error category in Table 6.1. System prompts are omitted for brevity.
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