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Abstract

In this thesis we study the Confluent Heun equation (CHE) with quantum integrability methods, with
particular focus on the relevant wronskians solving it’s monodromy problem. It is known that CHE is in
correspondence with the quantization of Seiberg-Witten (SW) differential for ' = 2 Super-Yang-Mills (SYM)
with number of flavours Ny = 3 in the Nekrasov-Shatashvili (NS) background. Besides, the same equation is
crucial in black hole perturbation of Schwarzschild and Kerr geometry theory. In this context, the wronskians
between the Floquet functions are computed in a new way, for both Ny = 0 and Ny = 3 theories and compared
with results in the literature. By using them, we compute the wronskians between regular solutions, as well,
which are their connection coefficients and play the role of the so called Q-functions in quantum integrability. To
reach this goal, we built a new algorithmic way to compute the quantum momentum of the Floquet and regular
solutions by means of some special polynomials that can be computed in a recursive way and enjoy interesting
properties.
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1 Introduction

Both Seiberg-Witten (SW) differential for A" = 2 Super-Yang- Mills (SYM) with number of flavours Ny = 3 in the
Nekrasov-Shatashvili (NS) background and Teukolsky equation for Schwarzschild background (in its homogeneous
version, with spin s = 2) are in correspondence with Confluent Heun equation (CHE).

Ordinary DIfferential Equations/Integrable Models (ODE/IM) prescribes an integrable model correspondent to the
CHE as established in [7][1], this specific mo is associated to CHE with specific functionals and integral equations.
In particular, the connection coefficients of the ode correspond to special integrability quantities and also to quantum
cycles of the gauge theories[9][4].

Using ODE/IM methods applied to CHE|7] [5] we compute quantities useful for both gauge and gravity theories in
correspondence.

The method is first tested for the simpler Ny = 0 that corresponds to the Mathieu equation and then applied to
the more complicated (CHE).

For the gauge side, we compute the antisymmetrized acquired phase ®(k) that is in correspondence with the dual
gauge period, Ap, as given by the Nekrasov instanton function.

We also compute Q-functions Q;() as instantonic series and match them with ones obtained with the different
approach of [8].

In addition, we compute exactly the wavefunctions ¥_ o(y), ¥0,0(y) and ¥4 ¢(y) that are the regular solutions at
the singularities, both directly and in the Floquet basis.

These functions correspond to the solutions of the Teukolsky equation with certain boundary conditions needed to
compute gravitational waveforms emitted by a particle moving in a Schwarzschild geometry [1] [9] .

In the process we found a systematical way to compute the solution of the Riccati equation of the Heun type
equations in the istantonic expansion through a recursion relation. This method leads to interesting resummation
formulae that are in turn used to compute the wronskian of the Floquet solutions Wty 4,1_] in an innovative way
through a matching of regular solutions.

Moreover, this technology is also used to match and justify some results found in [1] [9] .

An interesting mathematical formula is also found for any smooth function f(y)

() - B (jylnf(y), W) Z;lnf(y)) - i) (L.1)

The thesis is organized as follows

e In chapter 2 a presentation of Quantum Seiberg-Witten theory introduces the gauge theory involved and the
key quantities.

e In chapter 3 is a brief introduction of the integrability tools needed for the specific case of the Heun type
equations.

e In chapter 4 we show how our construction to build the wavefunctions, wronskian and Q-functions works for
the simpler Ny = 0 theory

e In chapter 5 the construction is applied to the more complicated Ny = 3 case and is the core part of the thesis
e Chapter 6 introduces briefly the Black hole perturbation theory and his connection with CHE

e The Appendices contain some heavier calculations needed for computational view and deeper understanding



2  Quantum Seiberg-Witten theory

Supersymmetry is a conjectured symmetry of the nature that put in correspondence fermions and bosons.
It can be expressed it terms of the action of supersymmetric charges QQ;, that satisfy the graded algebra

{Qia, @)} = 2810 P, (2.1)
[Qia; Pu] =0 (2.2)
[Qia, Pu] =0 (2.3)
[Qia, M*] = (0")0Qip (2.4)
[Q, M ] = (5“”)§Qf (2.5)

An N =1 chiral superfield ¢ is denoted in terms of spin components (0, %) and is made of a scalar z, a fermion v

and an auxiliary field f.
Under SUSY transformations, his components vary as

0z =\ 2er) (2.6)
§¢ = V200,20 — V2 fe (2.7)
Sf = V2id,pote (2.8)

A N =1 vector superfield V has spin components (%, 1) and can be expanded in terms of components fields as (in
the Wes-Zumino gauge)

V = 008, () + 10007 () — i000A () + %eaééD(x) (2.9)

The N = 2 vector superfield is defined as the sum of a chiral and a vector superfield in N’ = 1.
The exact Lagrangian for the Yang-Mills theory N' = 2 SUSY is

1

L TT( = PP = iAo D\ — ipo” D, + (D,2) D2 + 397 G*F F*+ (2.10)
s

1 _

# D%+ 11 + VB ) Vg, B): + gDl (2.11)
With
Do = -2 4ioh g0 (2.12)
“T 90 T Tas” TH '

And )

F[U/ = 8;ﬂjz/ - 8uvu - i['U;MUV] (213)

2

Instanton corrections break U(1) symmetry group to Zg, if the equations of motion auxiliary fields are inserted in
the Lagrangian £ produce the scalar potential

V(z,2") = %Tr([&zT])Z (2.14)

Unbroken SUSY requires V(z, z) = 0, for SU(2) we have the expectation value
1
<z >= a0y (2.15)
However gauge transformations can take a — —a and therefore we have to be label gauge inequivalent vacua (the

moduli space M) through
u=<trz*> (2.16)

We focus now on the low energy description via the Wilsonian effective action Sy that for U(1) is

Sy = w%]m / d'e (; / POF" ()W W, + / d20d20¢*f’(¢)> (2.17)



With the prepotential F and the kinetic term for the vector field
1 - -
Wy = —ZDDDQV (2.18)

One can also define the dual field and the dual prepotential as

_ 0F(9) ~ 0Fp(¢p)
¢p = 90 o= 9o (2.19)
o OF OF,
ap =5~ a:—aa;’ (2.20)

a and ap are also called Seiberg-Witten cycles or Seiberg-Witten periods, in [14] the authors calculated them
exactly as integrals of the SW differential

Asw = V2u —2A2% cos z (2.21)

1 4 U 11 2
a(u, A) = %/_ﬂ Aswdz_A,m(p +1)2F1 (—2,2,1, 1+,§g) (2.22)

1 arccos(u/./\2)—i0+ 1— % 11 1 - %
A)=— Aswdz =iN—220F (-, 2,2, —2 2.2
ap (U, ) o7 _/arccos(u/AQ)i0+ swaz ? 2 2471 <27 97 2 ) ( 3)

One can then invert a(u) and use the relation ap(a) = %—f to obtain the prepotential F of the theory.
Seiberg-Witten theory can be deformed to the QSW theory with the spacetime deformation called 2 background,
introducing the supergravity parameters €; and es [13].
We are just interested in the Nekrasov-Shatashvili (NS) limit where e — 0 and €; plays the role of the Planck
constant.
In this framework, the quantum SW period a(ey, u, A) can still be computed and is found to correspond also to the
Floquet exponent for the Mathieu equation, which is just the Seiberg-Witten curve
i d 2

W] (z) + (A’ cosz —u) ¥(2) =0 (2.24)

We will see that this is just an aspect of the general ODE/IM correspondence between this two theories.

We can also define a new quantity

_ OFns
Ap = da

Where Fyg is our deformed prepotential, this new quantity Ap differs from the dual deformed cycle period ap,
but will be useful later on.

The Seiberg-Witten curve for N’ = 2 SU(2) is studied also with Ny fundamental matter flavour hypermultiplets
and a correspondence with Ordinary differential equation (ODE) is found for some of them.

For example Ny = 0 correspond to the Mathieu equation as we already said, Ny = 2 correspond to the doubly
confluent Heun equation, Ny = 3 correspond to the confluent Heun equation (CHE) and finally N; = 4 correspond
to the Heun equation (HE). In this work we will focus mainly on CHE since it also enjoys a correspondence with
the Teukolsky equation that governs black hole perturbations and in gauge variables reads

(2.25)

d2
— szdiy2 (y) + <e2yA3 (4(m1 — m2)2) +4eY+/ A3 (—2h2 + 8mims + Asms — Su) +

L =0 (2.26)

+ (A2 — 24A3m3 + 64u) + de Y/ A5 (8ms3 — A: +4Are_2y>
( 3 3ms ) 3 (8ms 3) 3 16(\//\736?/—2)



3 Integrability

3.1 Mathieu equation
The Mathieu equation (2.24) can be written in the ”integrability form” [5]

2
(_ij + €% coshy + PQ) P(y) =0 (3.1)

That is in the Schrodinger-like equation form

d2
(<4 + V@) vt =0 (32)
Y
This equation has two irregular singular points at y — 400 and two subdominant asymptotic solutions
1 0 y
Uy ~ 7 exp (—2 - Z) exp (—26‘9"’7) Yy — +oo (3.3)
1 by o—4
Voz—Qexp —5—1—1 exp (—26 2) Yy — —00 (3.4)

Other solutions can be generated by applying on these the following discrete symmetries of ((3.1))
A:0%0+%r gy ytin Q:0%0+%T Y=y —im (3.5)

Concisely Uy = AUj is invariant under 2 and V; = QV} is invariant under A.

We may interpret this phenomenon as spontaneous symmetry breaking for ODE.

Now, following the ODE /IM prescription, one can define a Q-function as the connection coefficient between the two
singularities, that is

Q(0) = Wlo, Vo] (3.6)

Acting with the symmetries, one gets
WU, VolUp — WUo, Vo]Ur = WUz, Up| Vo (3.7)

If we use W[Uy, Vo] = Q(0 + im), WUy, Vo] = Q(0) and WUy, Uy = i, we get

iVo(y) = QO + im)Uo(y) — Q(O)Ur(y) (3.8)
In the same way, one can also find
= (045 ) Volw) - QW) (39)
From that, one can also find the QQ-relation
1407 (9 + Z;) — QO)Q(0 + i) (3.10)

Also Baxter’s TQ relations and Liouville Y-system can be find [5], however, we will not use them, we will just need
to use

U, y -4
Q(e) = —1 yEI_IlOO 7? = \/ieg yl];IEloo 6_1_269 ’ UO (311)
And
y
Qo) = —i yl}r-‘,liloo 72 — \/2e3 yETwez—%“? Vo(y) (3.12)

Obtained through the limits of (3.8)) and(3.9).



3.2 Confluent Heun equation

Similarly, equation (2.26) has an irregular singularity at y — —oc and 2 regular singularities at y — 400 and at

y —In \/3\73
It is convenient to change independent variables and use the ”integrability parameters”, defined analogously to
lower Ny theories as

oA A e
y 2 h? 4h ) h QkH h2

Through this map, we arrive at the ”integrability form”

= P% (3.13)

d? 1 1
- ﬁﬂ)(t) + <4€2t((J1 — @) +e (—2 +2q1g0 + €%q3 — 2P2>

B _ 1
+(629—669q3+4P2)+e t(860q3—4629)—|—46 2t€29>(6t2)2 (t)=0 (3.14)

In [8] the authors found that the CHE (3.14) enjoys the following discrete symmetries

Q_: O0—=0+im, t—t, @ —+q, @ —+¢@, @G — —gs,
Qi 020, t—=1t, ¢ ——q, ¢@——q@, ¢+, (3.15)
E: 00, t—=1t q—+q@, ¢@—+qa, g3— +g

Using these on the solutions with the following regular behavior at the singular points

Yo oly) m e (@20 exp (—ef ) y— —o0 (3.16)
1 3(1+q1+92)
Yo0(y) & —= (e¥ —2)2(1Tate y — In(2) (3.17)
’ V2
Yy 0(y) = exp (_m;%y) Yy — +00 (3.18)

From these solutions, using the symmetries, we can also obtain new independent solutions (typically irregular).

Yo,1 = Q1o (3.19)
Y1 =0-1_p (3.20)
$in =Ey o (3.21)

It was found in [8] that one can define, following the ODE/IM prescription, some integrability ¢ functions E| as
CHE connection coefficients, meaning as wrosnkians between the regular solutions

Q1(0) = Wtho,0,¥— o] (3.22)
Q2(0) = W40, %o,0] (3.23)
Q3(0) = Wby 0,7 o] (3.24)

Upon acting on the @Q-functions with the symmetries (3.15) and using properties of the wronskians we can write
the following linear relations

je~im® ie~imas

Yoo = — 3 Q10+ im, —q1, —q2, —q3)V—0 + 5 Q1(0,q1,q2,93)0—1 (3.25)
b0 = Q{0 a2, ~a1, @500 + —— Qa0 0 (3.26)
+,0 = T+ 2V, —q2, —q1,43)%0,0 @+ 2(V,4q1,492,43)%0,1 .

1 ~
Yoo =— Qs3(0,92,q1,93)0+,0 + Q3(0,q1,92,93)0+ 1 (3.27)
q1 — q2 q1 — q2

1We don’t specify which integrable model for the moment.



Doing the limits to the singularities, we can also find the following forms for the () functions

Q1(0) = —2ie'™e ygr_mOo wL’[l = 2™ ygr_nOo e_i”(‘”_%)e(%_%)(y_e)e_e%y1/J0,0 (3.28)
Q2(0) = (a1 +2) lim 20— (g 4gp) lim VE(er —2) 0Ty (3.29)
y—In(2) 0,1 y—in(2)
. . w,70 . . _aaz,
Qs(0) = (q1 — %)ygl}rﬂm Ior (1 — q2) ygrllooe TV (3.30)

In [§] it was also shown that these Q-functions satisfy some functional relations, also called QQ-relations, which we
report here

Q1 (0 +im,q1,q2, —q3) Q1 (0, —q1, —q2,q3) — Q1 (0,41, 92, 93) Q1 (0 + i, —q1, —q2, —q3)

=2i(q1 + q2) '™ (3.31)
Q2 (0, —q2, —q1,43) Q2 (0. 42, 1. q3) — Q2 (6, 41,42, 43) Q2 (6, —q1, —q2, 43, P) = 4§ — @5 (3.32)
Q3 (0,q2.q1,43) Q3 (0 +im, q1, 02, —q3) — Q3 (0,q1, 02, q3) Q3 (0 + im, g2, q1, —q3) = —2i (q1 — q2) €% (3.33)

This QQ-system allows us to work only on ()7 and @2, since Q3 can be obtained by

1
Q1+ q2

Q3 (eaQMQQ,C]s) = [Ql (9, _C]1a—QQ7Q3)Q2 (97q17qQ7q3) - Ql (07Q1an7Q3) QQ (07_q27_Q17Q3)} (334)

Q-functions are objects that reveal a lot about the structure of the equation and consequently about the properties
of the correspondent theories.
For this reason, we will work on them starting from the easier case Ny =0

4 Q-function for N; =0

In this chapter, we will follow mainly [7] with the eyes on the generalization for the more complicated Ny = 3.
From (3.2) the Riccati equation is found through the eikonal ansatz II(y) = d% In (¢(y)):

H@V+%H@=V@> (4.1)

The behaviors at the singularities are

y 1 4P?—1 , 4P?-1 3
_ 1440 ¥ 51
M) = 2720 3+ T« ~ e ' T O (1.2

For y — —o0 and

1 4P?2 -1 _y 4P? —1

4 T Ty -3y
4:t 3500 ¢ + 61020 ¢ + O(e™2Y) (4.3)

M(y) = +e2 ™t —

for y — 400
We look now at the Floquet solutions, that are functions that diverge at both singular points and follow the
property '
Yo (y + 2mi) = 2 (y) (4.4)

Where k is the Floquet exponent that will be proportional to the gauge period

y+2me
Lomik = / dy'TL (1)) (4.5)
Yy

The quantum momentum of the Floquet solutions I14(y) to be divegrent need to behave as



y 1 4P?-1 4P% —1 3
st0 _— &= - eV 4+ Ofe2Y 4.6
17 320 T ggem ¢ T OE) (4.6)
1 4P?2—-1 , 4P?-1
II — e 5t0 4~ _ 3 _
sW) =t T T ¢ T e
The fact that the two Floquet solutions behave in the same way at the singularities will be crucial.

The wave functions are then constructed in this way

_y¥
rly) = e Tetexp (/

— 00

€

Nfe

e’ + O(e%y) (4.7)

Y

o (metf) + ¥ - 1)) (48)

Here c* is a constant of the integration and we have added a regulator in the exponent.

This clearly behaves as
2e¢%e” 5

i(y) ~ e efe y = —o0 (4.9)

If we want to catch the behavior at y = +0o0 we have to manipulate the integral as follows

v y 1 0 y 1
/ dy' (Hi(y’) +ele T — 4> :/ dy <Hi(y’) +ele T — 4> +
Yy o' 1
+/ dy’ <Hi(y’) —efer + > _Y (4.10)

It is not easy to read, since it is highly symmetric, but the procedure is

e We divide the integration region in two (the middle point is conveniently set to zero, but could be any finite
number)

e we leave the regulator for —oo for the left region
e we add and subtract the regulator for +oo for the right region

At the end, the behavior of the wavefunction at y = +oo will look like this

y Yy
Yaly) e e HeRe e T o (R (4.11)

Where we have defined the acquired phase

0 , +o0 ,

o) = [y (et = ) [y (e - eF 4 ) = et bR (112)
o 0

In [7] is showed how one can one get the the acquired phase of a Floquet solution from the on of the other solution

with the change k — —k. This can also be done using the parity symmetry y — —y or his generalization for higher

Ny but we will stick with the first one since can be easily applied to all flavours. For Ny = 3, however, isn’t that

easy, so we prefer to use the sign change of the Floquet exponent.

The acquired phase plays an important role for the theory.

Since the Floquet solutions form a basis, we can write

Uo(y) = - (= e ¥ (y) — = e Hy_(y)) (113)
S+
Vow) = — (e v )~ e v () (114)

With s, and s_ coefficients to find. From the definition (3.6 and this expansion, we can write
e —c —pt—p”

QO) = Wy, Vo] = ——————— (e#®) = # D) Wiy | (4.15)

S4S5—

10



Using then the alternative forms (3.11)) and (3.12) we can fix s; and s_.

e—ct—c —pt—p~
S5+ = TWWﬁiﬁf] (4.16)
efc+7c’
S = — \/ie% WW-ﬁ-ﬂﬁ—] (417)
That eventually gives us
2elec e(k) _ Lo(—k)

4.1 Large § - —©

It is interesting to look at the limit § — —oo and, for finite y, we can safely do it, since the term e2? cosh y is always
smaller than P2.
So we suppose the expansion

“+oo
Ma(y) = Y I (y) (4.19)
n=0
Plugging this ansatz into the Riccati equation, we have the set of equations
= m n—m d n n
> I () + 1 ) = V() (4.20)
m=0

Where VO (y) = P2, VIV (y) = 2coshy and V™) (y) = 0 for n > 2. H(f)(y) is a sum from —n to n of powers of ¥
with the same parity of n

) =r (4.21)
-y Yy
() = < ¢ 4.22
+ W =51 ap 1 (4.22)
e~ 1 ey
Hf)(y) _ _ _ (4.23)

(2P —1)2(2—2P) P(4P>—1) (2P +1)2(2+2P)

We recall that we have

y+2mi
2mik :/ dy'TL (') (4.24)
Y
We can also obtain k by means of integration in the complex plane z on a circumference of unitary radius.
. ey , -, dz 1
2mik =1 dylly(y=dy) = ¢ —Ii(z=¢Y) = Reg —II, (2) (4.25)
0 y4 z= z
Now, since k receives contributions only from constant terms, then only even n terms contribute, and we have
+oo 1 (2m)
_ 4n6 - n
k(6, P) = Z;)e Res (ZH+ (z)> (4.26)
For the first orders, we have
46 86 ( P4 P2 -9
kO, P) = P— — ¢ (0P + 3557 = 2) | 120 (4.27)

P(4P?—1) ' 4(4P? —1)3(PZ —1)P3

This relation can also be inverted

et +0(e) (4.28)

+oo
2 _ (n) 4nb _ 1.2
P—nz_op0 (k)e'™ =k T

From now on, we will use this expression for P2

11



4.2 The kink trick

However, for y — 400, the term %e%)ey is ambiguous, so we can do the shift y — y — 26, inspired by the "kink

trick” of TBA.
The Riccati equation now becomes

d
T () o T () = ¢ 4 PP o e (4.29)

Where IIs (y) = II(y — 26). Now we can safely do the limit y — 400 that is present, for example, in - (k).
Again we can solve this equation with the ansatz Il (y) = Z+ el ")( ), that plugged into (4.29)) leads to

m nm d n n
ZH” >@+@mﬂw=%%m (4.30)

Where V>(O)( ) =eY + k2, (1)( y=eY —&-pgl)(k) and V>(n)(y) = pé )(k:) for n > 2. The solution for I )( ) is
0 d .y y
H(>)(y) = o In <a+J2k (2265) +a_InJ o <2wg>> (4.31)
We can state that @/Jg)) (y) = Jxok (22'6%) this is because we have

1/1(0) (y + 2mi) = J1ok <2i€% e”) = 2R T o, (2i6%> = eﬂk”w(ioi (y) (4.32)

Where we used the following property of the Bessel function that works for m € Z

Jy (ze™™) = ™™ ], (2) (4.33)
So we have
0 d .y
Hii(y) = Iy In Jog, (2262) (4.34)
1 (y) = dily InJ_ (21'@%) (4.35)

For y — —oo we have the same issue, so we do the shift y — y + 20. The same procedure leads to

d
) (y) = - (21'6*%) (4.36)
e (y) = d% In Joy (22'6*%) (4.37)

With Z::B 64”‘9H(<") (y) =T (y) = U(y + 20), in we found H(<n) (y) and H(>") (y) to be

n d n
™ (y )—d< P +ZP(

@@) (4.38)

n d n n i
HQ@@<ﬂ) +Zﬂ) 1@@> (4.39)

12



4.3 Computing ¢(k)

We can now compute ¢(k)

0 ¥’ 1 ¥ 1
(k) :/ dy’ (H+(y’) +elem 7 - 4) +/ (H-s-(?/) —eleT + 4> =
—oo 0
—20 ’ y/ 1 ’ v 1
=/ dy <H<+( 1 +/ <H>+(y)—e2+4> =
e 8) _9.%_Y ieb) — 2% 1+ Y
— {111 J_ok <2Z€ ) 2e 4]1/:700 + {1n Jok (216 ) 2ez + 4}y:+oo +
0 0
+1nJ_op, (2ie?) — 2¢% + 5 — oy (2ie?) + 2¢% — 5 +55(0,k) + S<(0,k) (4.40)

We have defined

<(0,k) Z 4nf / dy'ni(" () (4.41)

+
k) = Z ein? / dy'ni" () (4.42)
n=1 20
Now if we use the following expansion
y
oy eizwke—ZeQe 2
Jok (2ze ) S -— Yy — +00 (4.43)
We arrive to
o(k) = (irk —In2y/7) — (—irk — In2y/7) + In J_gy, (2ie?) — In Joy, (2i€?) + 5= (0, k) + S< (0, k) (4.44)
This finally becomes
p(k) = 2imk +1In J_oy, (2i€?) — In Joy, (2ie?) + S~ (0, k) + S< (6, k) (4.45)
We also have that
M2 (y, k) = —T1C7 (—y, k) (4.46)

This tells us that
+oo “+o0
— Z e4710/' dy/HE:g (yl) —
n=1 20
+oo 400
== [yl (y) -
n=1 20

+00 29
==Y [ aynly) = -s<(6,-h) (4.47)
n=1 -
So we have
55(0,k) = =S<(0,—k) (4.48)
And thus
p(k) = 2imk +1nJ_o (2i€?) — In Joy, (2i€?) + S=(0, k) — S=.(0, —k) (4.49)

Both the Bessel functions and the functions S(6, k) are series in powers of €2?, expanding both functions, and using
the explicit form of HS@ (y) that we give in we get

T(1+ 2k) 8k
T(1—2k) (1 —4k2)?

This can be recognized to be Ap for Seiberg-Witten theory for N' =2 SU(2) Ny =0

o(k) = 2irk + —40k + In et +0(e) (4.50)
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4.4 Wronskian from decaying solution matching

We constructed wfi (y) from the equation

j; Oly) = v () (4.51)
With the 2 solutions that both diverge at y — —oo
W (y) = Jran(2ie %) (4.52)
From that we can construct another solution
62 () = by (y) — by () (4.53)

We can choose the two constants so that this wavefunction decays at y — —oo.
For example, we choose

T e:tiﬂk
by = — 4.54
7 2 sin2rk (4:54)
In that way we have
itk g —imk . —¥

), \_ me™J g(2ie”2) —e Jo(2ie”2) Ko (90— % 455
Yo<() = 5 sin(27k) = Kor(2e72) (455)

And from that we can construct the momentum

gy 4o d ~y

o2 (y) = dy Iy (y) = @an%(Qe ) (4.56)

that is solution of the Riccati equation at the first order.
Now from this last function we can construct the total wavefunction in this way

_ ,Co 2,07 % Y Y / AN —%/-&-0 _1
Vol(y) = e“e e exp dy' (o(y') —e 1
Ly y—20 o 1
— 02" o4 exp (/ dy’ <H0<(y’) —e T - 4)) (4.57)

With the definition Iy« (y) = Z+ 4”‘91'1 )( ). H(()Z) (y) are created with the usual formula

n d n - n
2w = 4, <P< W+ P )
=1

Polynomials are the same, since the two solutions satisfy the same set of equations.

d —1
e Hfﬂ@)) (4.58)

e

[SEY

We can take the y — —oo limit and match it with the limit for V5 (y), this will set e®© =

™)

We can then manipulate the wavefunction as follows

y—20 o 1
Vo(y) =ee 2" F ¥ exp (/ dy' <H0<(y’) —eT T - 4>> -

2073 ¥ S R y 1
=e®e ™ *® “elexp / dy Ze e (y) —e” 7 — 1]~
e n=0

9
ez

2ec0 n n di—1
==K (271 ) exp <Ze4”9 <P0 (=20 + 3 Py~ 20 [d 2 ’ﬂ )) =
y'=y—20

n=1 i=1

2e%es _3 = n0 p(n X[ dit = nd p(n
= N Ko, (26 2+9) exp <Z el LGP(E )(y — 29)) exp Z {dy/jlngg(y/)} 264 LQPJ-( )(y —20)

n=1 j=1 y'=y—20 n—;

9

(4.59)
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Now we can use the following (A.23]) and

X L mY
Zmij(xla" Ln— k-‘rl) ﬁ (ann'> (460)

To write
d]_ +oo . ) +oo '_ 6 (1) J
/ 4n n / 4n n
)} P [ )} P (y — 20)

Now, we can substitute the explicit form of the momentum to get

+o0

. J
2e%es = n a’ v n
Woly) = exp 264”035 )(y —20) | exp Z Ll T In Ko (2e~ )] Z 4”‘QP( ) —20)
v n=1 j=0 y'=y—26 J
(4.62)
This reconstructs a taylor series at the exponent
+o00
) (4.63)
j=0
With the definitions
xg =1y — 20 (4.64)
+oo
x— a9 = Z 64”9P1(") (y —26) (4.65)
f(z) =In Ky, (2¢72) (4.66)
That means that we have
266062 4n6 p(n) Y410 +0° 4n0 p(n)
Voly) = BV exp Z Py (y—20) | exp | In Ko | 2e7 27 exp Z " P (y — 20) =
™
n=1 n:l
_2eeb 4n0 p(n) — 440 LS 4o i)
= exp Z e Py (y—20) | Kop [ 27> exp | —2 Z e P (y — 20) (4.67)
f n=1 2 n=1
We can also define N
Liy—20)=y—20+ Y e P (y - 20) (4.68)
n=1
In this way, we have
2 Co Q +oo n
Voly) = = f exp (Z 0Py (y - 29)) Koy (2¢7400-20)) (4.69)
™
n=1
On the other hand, we recall the relation
1 —ct —c~
Vo= — (e vu) - o) (4.70)

With the definition

ct 2e eflﬁ v=26 / / _y 1
bi(y) =e e e exp / dy \Uer(y) He = =) | =

oo i—1
ct g im . -4 n n n d
= e 2y/me2ei™ exp <ln J_op(2ie” 29 + E etn? (Pé )y —26) + E Pi( )(y — 20) [dy/i_lﬂfl(y’)} 29))
; y'=y

n=1

(4.71)
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Now, if we follow the same steps as before, we get

+oo
Yy(y) = ec+e%2ﬁe”k exp (Z 64”9Pé") (y — 29)) J_ag (22'@*%“?/*29)) (4.72)
n=1
And for the other Floquet we have
b (y) = e 32T ™ exp (Z etnf pi) 9)) o, (21'@*%“@/*29)) (4.73)
That leads to
V2e5ec e + -
V e - —e ¢ _ —
o) =~ (e e e )
= ,M exp <+§ et pim) (y — 29)) (6iﬂkj_2k (215%(1}*29)) —eimk g, (zie*%L(y*%))) =
W[w+’w7] n=1
e92y/2mec  +e” 2sin(2mk) n T
= ] Z 40 P (4 — 20) | Ko (2e 5L(y 29)) (4.74)

If we compare it with (4.69)), we get

Wy, ] = —ec+ = 4e% sin(2rk) (4.75)

4.5 Computing Q(6)
We have all the ingredients to compute Q(0) (4.18)), in addition, using the symmetry (4.48]) we can write

e?®) _ e (=k) — 25inh (k) (4.76)
This ultimately leads to
sinh (k)
)= ——= 4.
Q) sin(2mk) (477)

This coincides with the result obtain in [7]

5 Q-function for N; =3

5.1 Floquet basis and the acquired phases

We now do the same steps for the Ny = 3 theory.
We take the Riccati solution of the CHE ([3.14]) with the following divergent behaviors

1
II(y) ~ —efe v 4 5 for Yy — -0 (5.1)
1—
I(y) ~ L= (o +42) for y—In2 (5.2)
ey —2
q1 — g2
I(y) ~ 5 for Yy — +00 (5.3)
In this way we can construct the Floquet solutions, that satisfy the quasi-periodic condition ¥4 (y + 2mi) =
eiszkwi (y)
These are constructed as follows

Ya(y) = e e TETR) ey (/_: dy’ (Hﬂ:(i‘//> +ele v — (; - %))) (5.4)
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with ¢t constants.
The Floquet exponent k is given by

y+2me
L omik — / dy'TL (1)) (5.5)
Y
The wavefunction at the irregular singularity behaves as we want

wi(y) ~ €Ci6597y+(%_q3)y Y — —00 (5.6)

In order to catch the behavior at the other singularities, we need to manipulate the integrand as follows

Y / 1 B / 1
/ dy’ (Hi(y’) +el v — (2 - q3>) =/ dy’ (Hi(y’) +ef Y — (2 - q3>) +
Y 1— (g1 +¢q2) Y 1— (g1 +¢q2) —y 1
dy [T (y)) — — L T H42) dy' [ — L T H2) -y _ [ Z _ )
+/a y( +(y') 3 +/a Y=g te 5 3 (5.7)
where —oco < a < In2, moreover, the last integral can be computed to be

Y 1—((11 +Q2) 0—y’ 1 - 1 1—(Q1 +QQ)
rf 3L T A2 v _ [ Z g — v _ [ Z_ -l v H2) y_9| _
/a dy ( T +e 5 43 e 5 U3 y+ 5 (InleY =2|—y)+  (5.8)

- Q3> a— w (In]e® — 2| —a) (5.9)

The behavior at y = In2 is then
bily) ~ et (ef — 2) T E R erER) g9 (5.10)

Where (k) is the acquired phase from —co to In2

o = [ ()4 - o) + "y () + 20

o ev' —2
-1 l-q—q 1 -1
tate g”LqQ In2 + (q; L +2—q3>a+69_“++ g”LqQ Ine® — 2| (5.11)

As shown in [7], when sending k — —k one gets II; (y) — II_(y).
We can also define the acquired phase from In2 to +o00, given by

Y 1+ + +00 _
p2(k) :+/ dy (e(y) + — T8 +/ dy (T (y) — B2 ) +
n2 ey -2 Yk 2
- -1
Q . ©@, 4 +gl + ¢ (yo — Inle¥ — 2| — In2) (5.12)

where In2 < y, < 400. This gives us the behavior

Yi(y) =~ e P CORICED y — 400 (5.13)

Since the Floquet solutions ¢4 (y) form a basis, we can expand the regular solutions in terms of the Floquet basis

Yooly) = — (e b ly) — e v () (5.14)

o) = o (77 e I (g) — e By (y)) (515)

Yroly) = - (7 e WIeaOy (y) o= e RImea Ry () (516)
+
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+ _ _ e(Ek)

We can fix the normalization constants as c =5 so we have

e(=k)

Vool = - () - " o)

p(—k)

Yooly) = — (e F v () — ey ()
50

_p(=k)
Z

1 _ok) _
Yioly) = — (e z 2k (y) —e
S+

—e2(=k)y_ (y))

In order to find s; we use the definitions @Q;(#) given in (3.22) (3.23]) (3.24).
For example, we can explicitly write Q1(0) using (5.17)) and (5.18])

_ )
Qu(8) = —————— (#® = X Wy, v

S0S—

Using the form (3.28)) and the definition (5.18) we can also write

1

26_(‘13—5)9

Q1(0) = _E k) eme(=k) (ew(k) . ew(—k))
S0
If we compare it with ([5.20), we get
1 7267((137%)967@67M
o= - W[’(/Lhz/)f]

This procedure can also be done for Q2 and Q3 to find all s;. One finds

Q:1(0) = m‘lﬂ(ﬂh + Q2)€_(q3_%)9 sinh(®)

k) te(—k)tea(k)t+pa(—k)
2

Q2(0) = — Wioe o] 2v2(q1 + q2)(q1 — q2) sinh(®y)
w2 (k)t+pa(—k)
Qs(0) = —W‘le*(qr%)g(fh — qz2) sinh(®s)

with

By = O+ By

(5.17)
(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

We want to point out that we could have found the formula (5.25) for Q3 by inserting the formulae for @; and Q4

inside the (|3.34]).
Lastly, we can write

2e—(@=3)0 4
= p}

Y_o(y) = We (V-(y) — vy (y))
bo,0(y) = W@wgﬂ (V-(y) — e *Yi(y))
—gy)e S et (k)
o) = L CT () — e )
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5.2 Large § - —o0

It is interesting to look at the limit & — —oo and for finite y we can safely do it.
We suppose the expansion

+oo
y) = e (y) (5.32)
n=0

Plugging this ansatz into the Riccati equation generates the set of equations

= n— d n
> e ) + o 1) = ) (5.33)
m=0
This can be solved order by order after the substitution
=k + Z "'pS” (k, q1. g2, 43) (5.34)

The coefficients p3 )(k 1,42, q3) can be found similarly to the Ny = 0 case by inverting (5.5 , expanding (5 we
have

(1)

d (g5 — 25" (K))e¥ — 63 + 8gze ¥ + 4pS") —2py’ —4de Vg3
QH(O) H(l) 71‘[(1) — (1) — 3 _ .
+ (y) + (y) + dy + (y) V3 (ey . 2) (ey _ 2) (5 35)
d 2P (k)e¥ + 1+ 4pS? (k) — de™¥ + de=2
211 (P ) + 1D )] + 1 ) = v = 2L 2()2) (5.36)
n-1 (n) y (n)
(0) (n) d _(n) (m) (n—m), \ _ 1,(n) _ —2P3 €’ +4p;
2107 (y) I (y) + o (y) + mzz:l IV (I (y) = Vs @—22 o "2 3 (5.37)
At zeroth order, we have the solution
d 1-qy— 1 1 Y
H(io)(y):—ln (e —2) SRRy, Py f:I:k—ql,f:I:k;—qg;lzf:Qk;e— (5.38)
dy 2 2 2
This indeed satisfies the Floquet condition, we notice that doing k& — —k leads to H$ ) (y) as we know.
For higher order we can use the following non trivial ansatz like we did in previous section
0 d ( pmnyy PO () 4o
Loy = ay )+ Z W + () (5.39)

P""(y) turns out to be polynomials like in Ny = 0 (A]).

When we cannot do # — —oo when y — —o0, this is important when we compute (k) for example.

Inspired by the "kink method” for solving TBA equations, we shift y — y + 6 and we call it the ”kink shift”, in
this way we can do the y — —oo limit, we have

I (y) = TI(y +0) Z "1 (y (5.40)
and

Ve(y) = Va(y+96) = Ze”9v<")

(5.41)
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where we have

V<(0) =k +2¢ze Y +e W (5.42)
1
v =2 [(_1 + 4k + dq1g2)e? + 4(qs + 2p§,1)(k))} (5.43)
v = L [(Carar? 1 g2 16 2)e + 4(gz + 205" (k))e¥ + 16p57 (k 5.4
< =16 |C2 AT 4 i+ 6q1g2 + g2)e™ + 4(gs + 2p3 7 (K))e” + 16p57 (k) (5.44)
1
VE = = (844K + 207 + 80102 + 263)€™ + (s + 25" (1)) + 16"pS7) (k) + 32p57) (k) (5.45)
1
VI = = (44 4K + 307 + 10012 + 3a3)e™ + (s + 25 ()€™ + 16¢2pS (k) + 32¢7p” (k) + 645 (k)|

The n-th order Riccati becomes

n
m n—m d n n
S nt () + d—yni ‘() = Vi (y)
m=0

Again at zeroth order we find the two solutions

d - 1
Hgi(y) oy In {eikyee /1F1(§ Fk+gqs,1F2k, 26y)]

that again are the Floquet solutions.
For higher order, we can use the following ansatz, as we did above

d y - y d=t o
new = (Pé” )+ 2P ) =1 W)
i=1
Polynomials Pj("’l) and Pj(”’r) are computed in detail in

5.3 Wronskian from decaying solution matching

We start from the 2 wavefunctions that both diverge at y — —oo

—y 1
OO (y) = Ve ' Ry (2 Fk+ g5, 1 2k, 2€_y>

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

From that we can construct another wavefunction with the two constants so that this wavefunction decays at

Yy — =
00 v) = a- (R0 $L(w) = a- (- (w)
We choose a_(+k) such that we have

a_(xk)
That explicitly is
I (l —k+ q:),) 1
_(k) = —2 22 ks
o) = —Fa—an 2

In this way, we get

. 1 1 in(2k
WO (y) m e " elztn)vg-2ar (2 —k+ q3> r (2 kAt CI3> L(ﬂ Ty

From that we can construct the momentum

d
% (y) = W %) (y)
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that is solution of the Riccati equation at the first order.
Now from this last function we can construct the total wavefunction in this way

-y 1 y /
val) = e ey (7 ay (o) -0~ (G a))

— 00

)
— oo " (3+a)y oy ( [ 19 dy/ <H_70<(y’) —eV — (; + q3>>> (5.56)

With the definition I o< (y) = 3,72 ¢TI _(y).
™)

0<(y) are created with the usual formula

yzl

OE dy<P<” §jP<” )2 H@L4w> (5.57)

We can take the y — —oo limit and match it with (3.16]), this set e = e—(3+a)o
Using the explicit form ((5.57)) and (5.54]) we can rearrange 9_ o(y) in this way

qp O(y) = 7T22q3w80<) (y B 0)675‘_ exp Z enGP(n l) y 9 exp Z hl’@/J(O y 6 4) Z enHP(n 1) (y 9)
_ (3 —k+qs)T (3 +k+qs)sin(2km) —~ = =
(5.58)

Where

g% (y—0)D = [ lw@ <ﬂ (5.59)

dy'i
y'=y—0

And

Zene <P(n l) + ZP(R Y d /z 7/}(0 ( /)>] (5'60)

y'=—o0

Now we can use (A.23) and the known mathematical relation

+o0o o 1 +oo J
Z ﬁBn’j(ml’ ceey Tp— k+1 ? (Z Ty — > (561)

n=j
to write
= 0) J IR l) 0) y 1 = ! ’
S gy - )P e P Z %) _(y - 6)¥ T (Z e P (y — 9)) (5.62)
J=0 n=j " \n=1
This reconstructs a Taylor series at the exponent
f J) xo .
Z — z) (5.63)
With the definitions
ro=y—0 (5.64)
+oo
T — T = Z e”ePl(n) (y—10) (5.65)
— Iy 5.66
f@) =Ty (x) (5.66)
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That means that we have

71_22q3€—5',

Y_o(y) = T (3 —k+g3)T (% +k+gs)sin(2kr) P <

n=1

ff e PS" D (y — e>> - (Lly — 6)) (5.67)

With the definition N
L(z) =z + Y e"P™)(x) (5.68)

n=1

On the other hand, we recall that we can write ¢_ ¢(y) in the Floquet basis, we can follow the same procedure for
the Floquet solutions

—y y—0 , 1
baly) = e eI exp (/ dy (Hi<<y'>+ey +g5— 2)) )

+oo
— e (1—3)0—5- a_(+k)exp (Z e"gPén’l)(y — 9)) z/Jfl (L(y —0)) (5.69)
n=1
Where we defined N
= [Z e’ ( 0 +ZP D) m ey (y ))1 (5.70)
n=1 y'=—o00
We notice how the combination (5.51) is in this way reconstructed.
This leads to
— 2+ - e 2(43—3)0g=5- = nd p(n) (0)
bmal) = =i o LA =0 | o (L =) (571)
It can be shown that (see (C)) ~
S_=-S_ (5.72)

If we use this and compare the latter expression for ¢_ o(y) with (5.67) we get the wronskian

Wiibs, b ] = e w(k)+2v>(—k)22(%—‘13)672(%*%)06725‘71—\ (; —k+ qg) T (; +k4+ qg) M (5.73)
71'

5.4 Computing ¢(k) and ¢

To compute the acquired phase p(k), we just need the left kink, since it’s valid up to In2.
Starting from the definition (5.11) we can send ¢ — In2 and get

w(k)=/ln2 t9<iy ( O ) +e (;—%)) (—q3>ln2+e9 1“2+Z ""/m ' >(y')):

— 00

1 1 1
= (kln?—k:@ R <1F1(2 —k+q3,1—2k,2e_1“269)> —6_1n2€9—|—(§ —q3)0 — (5 —q3)1n2) -

+ {ky —e Y+In <1F1(; —k+qs3,1 -2k, Qey)) —e Y- (% - qg)y} + <; - q3> In2+efm24
In2—6
”9/ ay (1)) = (5.74)
In2—-6 ()
= O (k) + Ze“’ / dy’ (H+<(y’)) (5.75)

n=1
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Where (9 (k) is the part of (k) that doesn’t contain Hfi (y') with n > 0.
Using the expansion of the Generalized Hypergeometric function we get

1 (1 — 2k) 203 4
O (Y= (= —ga )0 — kO =1 - 6—1In2 20 .
¢ (k) (2 %) YT hrg) -1 +0(e™) (5.76)

If we also include the first instanton contribution we find

1 1 (1 + 2k)T T(L—k 1
gp(@,k)(Q3k>9+<2q;;>ln2+lnr((+ T T a)0(a —ktas) | —Ataite, ,,

2 1=2k)0 (3 +k+q)T (3 +k+q) 2
8kq1q2qs o | €193 T 4243 — Q1G24 20
77
@e ot T oToae ¢ o) (5.77)
If we define W 110203
_ o0
inst — 1— 4]{,‘2 (578)
We can also write the last line as @ " @
8‘/l—."L'rLst a‘anst a‘/T-"Lnst _ 8]:7,nst (579)
ok 8q1 8612 aQS

The quantity ]—"l(nit coincides with the first instantonic correction of the prepotential written in [§].

The acquired phase (k) agrees with the one found in [7] with the confluence limit of Heun theory. The anti-
symmetrised phase is then given by

o PR —p(=k) o TO4+2k) 1 T(5—kta)T (5 —k+a)T (5 —F+a)

- O’ (5.80
: “Hio TR TR TG k) ) O

We used the non trivial formula (C.11)), ® coincides with the perturbative contribution of the dual gauge period
Ap of Ny =3 [8] [7].
One can also check the first instanton contribution:

PA+2k) 1, T(G-k+a)TG-k+a)TG-F+ae)  Shngpss

d=—-kf4+In —-— <
+nr(1—2k) 2 T(3+k+ag) P (3+k+q) D (3+k+q) (462 -1)2

69 + 0(629)

and again it coincides with Ap.
However, this procedure forces us to resum all the contributions to get the n-th instanton contribution.
In order to avoid this one can compute (k) keeping a generic, this, however, forces us to compute the integral

present in (5.11))
In2
—14+q +
a

where we have to use the non-kinked function. In this way we get

O = _kf+1n In

7_’_,
F(1—-2k) 2 TE+k+q)T(5+kE+@)0(5 +k+gs)

(L_—k (i -k 't —k
r(1+2k) 1 (3 +a)I'(3 + @)l —k+¢s) (5.82)
2 2

and
+o00 1 0 B 1 N .
(s -k 1—2k,2 Fi(z+k— Sy S 1+ 2k;
@:Zq)(n)zllnl 1(% + g3, , 2e 6)_1111 2 1(§+ ql,?—k g2; 1+ a)
"0 2 1F1(*+k+q3,1+2k,26*a60) 2\ (A kgt —k—gul-2k9)
+oo n9/1n2 H(n k)_nf)(y/’_k)‘|

2
We notice how we recover the perturbative result with just the contribution from ®(® without resumming infinite
terms at all orders.

'y k) -1y, -
2

+Z”‘)/

(5.83)
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Nevertheless, we need infinite terms resummations to cancel some terms that depend on a.
2F1 (3 +k—q1, 3 +k—qo;1+2k;5)
2F1(%—k—qu%—k—qwl—mﬁ%)

In fact, if we look at ® one can think that the term —% In ( ) should contribute to 1-loop,

B () 1 g 1p(n) (s
however, using (C.11)) one can show that it is completely canceled by some terms coming from Z:zi e’ [ fooe dy’ M

1F1 (% —k+gs,1-2k,2¢"%e%)
1F1(3+k+qs,142k,2e~2€?)

With the same idea, we can also show that %ln is canceled by terms that come from

S0 ond ;n2 dy' Hi’”(y’,m;n(f’(y',—k) .

This leads us to a result independent of a, that matches with the dual gauge period Ap of Ny = 3 at least up to
2-instantons.

We can also compute (k) in another way, using the techniques of the previous section:

1 UL (La=0)) XX oo (pin
(k) = (2—q3>0+1na(k)—lna0(k)—5+So+1n (W + 3 e (P (a - 0) - B""(a))

n=1
(5.84)
Where we used (5.68) and defined
+oo n dl
n n,r n,r 0
So = lZe ! (Pé (ORI >(y>diln¢;><y>>] (5.85)
n=1 i=1 4 y=In2
And
o0
Ry)=y+ > e P"(y) (5.86)
n=1
We also used used 1
(0) ~ y_ o 1-q1—qz In 2
Vi (y) pE (e =2)"> y—In (5.87)
with X )
I'(s+k I'(s+k
ao(k) — (2 + + ql) (2 + + q2) 27](5 (588)

I'(1+2k) D + g2)
This can be expanded to

1 +Oo n n,r
o(k) = (2 _ q3> 0+ Ina_(k) —Inag(k) — S_ + 5o+ > e (pg D —g)— P™ >(a)) n

n=1

0—a)
en( _ too _no p(n,l),
' e nY e Py (a 9)+

“+o0 +oo
n 71 —a — +oo ens (n,l) a—
FhO£EY P (a—0) — Pl i 0m0) E_an(j:k) -

n=1

+00 iy
n.r 1— — oo n n,T na oo n n,r
F£Y P (a) - %m(e‘”ziﬂe P (@) _ 2) - Rn(ik)%e”ﬂzle P (@) (5.89)
n=1 ’

n=1

The symmetric sum is

k —k 1 1 1
AURE B (2 - q3> 0+ 5 In(a_(K)a_(~k)) — 5 In(ao(kao(—k) ~ S_ + S + A, (0) (5.90)
While the antisymmetric sum @ is

P :% In(a_(k)ao(—k)) — %(m ao(k)a_(—k)) — kO + A_(6) (5.91)

We try to compute the quantities A4 (6) in , but we already know that they can’t depend on a
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5.5 Computing (k) and P
We now compute the acquired phase ¢o(k) (5.12]). We need to consider the behavior

(0) ~ 1 II1—<Z2y 2
with 1
F(3+k+q)T(3+k- 1z
a+(k‘) _ (2 Q1) (2 Q2) <_) (593)
Since the integral in (5.12)) cancels out in y* we can write
nag(k) — lna+(k) So+ S+
(g1 — q2)T +/€+(12) lah—gial_
+In((=1)"2fth-ngz—n) G, 4+ G 5.94
( PR —— (-1 )=S0+ Sy (5.94)
with (5.85)) and
P ~ )y 4 o)
= Z e | B (y) + ZPi ’ (y>dT/i Inyy’(y) (5.95)
n=1 i=1 y=to00

This leads interestingly at
cos(m(k — q2))

$y=—kIn(-1)+1 5.96
2 n(=1)+1n cos(m(k + q2)) (5.96)
That means
sin(27k)\/JT(2 =k —@) T (3 —k+q)T(E +k—@) (3 +k+q)
sinh(®,) = \/ 2 & : TG (3 )e”qz (5.97)
2m
5.6 Computing Q;(0)
We now have all the ingredients to compute @;(6), we recall that we have
1 1
Q1(0) = ————4V2(q1 + q2)e” (72 ginh(® 5.98
1(6) Wior o] (¢ + g2) (®) (5.98)
If we substitute the formula for the Wronksian (5.73)), we have
p(k)+e(—k) (q37;)0 . h(q))
Te 2 eld3—3 1 sin
0) = — 22(45=3) 4v/2(gy + go)eS - L 5.99
Qi) =¢ (3 —k+a)T (3 +k+as) (¥ )™ & k) (5.99)

Now we can also use the symmetrized phase (5.90) to obtain

A+ (0)9(93—3)4,/21(1 h(®
Q1(0) = — e V2I(1+ ¢ + g2) _S-+5 sinh(®) (5.100)

{Hle r (% +k+ qz) (% —k+ qz)] z sin(27k)

Using A (0) computed in and (B.25) (B.24) we get a match with the hypothesized result found in [g]

3 .
OFinst . OFpert sinh ®
=2 101
Ql(e) Texp ]z:; ( 8q]~ + 8qj sin 27k (5 0 )

We can also compute Q2(8), but it is easier to follow another path and we will do it in the next section; in any case
the result in both ways is

F'l4+ g +@)T(1+aq —q) 92 S0+
F(A-k+q)r(3 +k:+q1)

Q2(0) = (5.102)
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This is consistent with the known result [8]

o afpert afinst o ai
Q2(0) = exp [2 ( o0 + o0 )] = exp [26(]1] (5.103)

with

o (28]-"pm> _ T+ g+ @)1+ a1 —a) (5.104)

op ) T(HR-k+a)T(E+k+a)
To get Q3(#) one could just use the QQ-system (3.34)

5.7 Alternative path to compute ()

We want now to construct the Floquet basis starting from +oo instead of —oo, in this way, when we calculate Qo,
we don’t have to do any kink. We consider the Floquet solutions

g =~ g1 —492 +oo —
Pi(y) =eFe = Yexp </ dy’ <Hi(y’) _a 5 lh)) (5.105)
y

with ¢4+ constant. The wavefunction at +o0o behaves as

a1

Di(y) mefEe™ 20y oo (5.106)

The Floquet solutions ¥ (y) and @Zi(y) are the same apart from a normalization

b (y) = Cpx(y) (5.107)

In order to catch the behavior at the other singularities, we need to manipulate the integrand as we did in the
previous section

/ Sy (e - 252) - / Ty (e - 252) + / "y R A

X ey —2

— 1— « 1-—
Lo qQ(y—y*)—i—M(lnky _2|—y*)—M(ln|ey—2|—y)

2 2 2
(5.109)
The behavior at y = In2 is then
a(y) ~ e (e¥ — Z)Me_”“ik) y—In2 (5.110)
We can do the same procedure for —oo finding
Vi (y) ~ €= e V(@ =)y o= pa (k) — o (£k) Yy — —00 (5.111)

Since the Floquet solutions &i (y) form a basis, we can expand the regular solutions in terms of the Floquet basis:

Y_o(y) = gi (675+e”2(k)e“0(k)1;+(y) — et ep2 (TR ee(=R)y, (y)) (5.112)

Po.0(y) = % (e’5+e“"2(’“)¢+(y) —e o e“"z"k)z/l(y)) (5.113)
1 .~ -~

Vo) = 5 (7 dsly) — - (v) (5.114)

Again we do the change of basis that we did in previous sections

s = po(k)+ea(—k)
e “te e 2

Q2(0) =

e (e m(k)—;az(—k) e 502(k‘)*2v’2(*k')) W[’(/Lu 12}7] (5.115)
505+
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Using the form (3.29) and the definition (5.19) we have
. 1 1 .-
Q2(0) = (a1 + ) lim V2(er —2) 207070 — (5 () — e (y) ) =

y—In(2) 3+
_ _\@qlg— g2 = <p2(k)+2«02(7k) (ew2<k)*;’2(*k) B 7&02(’@*2«&2(*’6)) (5116)
+
If we compare it with ((5.115]), we get
i _ _\/§(q1 _|_ q2)eé+eéf 6_502(1‘3)6_‘?2(_]‘5) (5 117)
§0 W[erv QZ}*] .
We do the same thing for Q3(6)
€T (o tpa(k) _ (—k)+pa(—
e i C ‘ 9) Wb ] (5.118)
a1—az, 1 . ~ -
Qs3(0) = (g1 — ¢2) hrfooe - 2?/? (e—c++so(lc)+<pz(k)1/}+(y) _ eme-Fe(=k)tea(=k) ] (y ))
_ L (ewk)wz(k) _ es@(*k)er(*k)) (5.119)
5
That leads to _
1 _(@—mere (5.120)
S+ [1/)+?1/) }
This finally gives us Q2(6)
eé"' 66_ _wz(k)Jr;z(*k)
Q2(0) = — — 2v2(q1 + @2)(q1 — g2) sinh(Py) (5.121)
W[me Qﬁ,]
q1 — ¢ efre- —éy 7 —é_ 7
Vroly) = BRI (e () — () (5122)
[1/)+7¢ ]
Fixing ¢4 = “azT(k) we get
2v/2 —
Qs(0) = — V2061 + 42) (@~ ¢2) sinh(®,) (5.123)
WW}—H l/f—]
We do the same procedure for the wronskian, but now we need to use
—a1-q 1 1 Y
P Oy) = (¥ —2) " F e, p (S Lk —qy, - £k — o1+ 2% = 5.124
* 2 2 2

From that we can construct another solution

W) = as ()0 W) — ar (k) (y) (5.125)
With the definition (5.93)), in this way we have

(0) N " Ne-—q) (TGE+k+a)TG+Ek-—0) TGE-k+a)T(G-k—q))\ e,
Vo) = —3 1 1 T /1 1 e 2 Yy — 400
2 Dl —q) \F(3+k—q)T(3+k+q) T(3-k—q)l(3—k+aq)
(5.126)
q2—q1 .
(0) 1 sin 27k 1 1 1 1 ar—a;
—= I'(=+k I'(=+k—q|T(=-—k —— k- T Y
1/} () ( 2> WF(Q1—QQ)2((12—(11) (2+ Jrlh 2+ q2 2 +Q1 r 2 k q2 | € y*>+OO
(5.127)
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From that we can construct the momentum

1) = 1) (5.128)
and we know it is a solution of the Riccati equation at the first order.
Now from this last function we can construct the total wavefunction in this way
a-az too N Q1 — Q2
VYyo(y) =e®e = Yexp —/ dy' | o(y) + 3 (5.129)
y
with the definition I ¢(y) = Z+°° 4”01_[(") o(y) and with Hf%(y) created with the usual formula
n d n,r n,r ‘ 0
) = — [ P () + Z P ()< 1Hi)o(y) (5.130)
dy dy
We can take the y — 400 limit and match it with (3.18) and this set e® = 1.
Again, we can get
(—2)2" 9T (g1 — 42)%(q2 — q1)e ™S+ 0 p(n,r) (o
Yioy) = e"" Py VY
o) = T T e T B4 k- TGk a) T E —F—a) o Z o (R(v)
(5.131)
Where
+o00
o n n,r n,r) 0
Sy = [Ze ’ ( 'y ZP‘ ~In wi?o@/))] =-S5 (5.132)
n=1 y' =00
And we used (5.86]), on the other hand, we recall the relation
@ —@)ete’ (o - e
Vroly) = BB (e () b)) (5.133)
[w+7 w*]
And we can follow the same procedure for the Floquet solutions
- 5. a1—az oo , / q1 — q2
Yi(y) = e*e 7 Vexp —/ dy’ (L (y) — — =
y
~ +w
= P Stq, (+k) exp (Z enepgnﬂ(y)) 9 (R(y)) (5.134)
n=1
that leads to
(1 — q)e“+ef—e 5+ o 0 p(n.r) (0)
Yro(y) = — exp e Py (y) | Yo (R(y)) (5.135)
W[w-ﬂ ’L/)—] nz::l
If we compare it with ((5.131)), we get a formula for the Wronskian of the Floquet solutions
W[z/; & ]__65+e&,e—25+(_2)q1—qzr 1+k+ r 14—]@— r l—k—|— r l—k— sin 27k
+y ¥—=] = F(ql _ q2)2 2 ql 2 q2 2 ql 2 q2 -
(5.136)
Fixing ¢4 = “"22(’“) we get
po(k)tea(—k) _29 _ :
~ - 2 e+ (—2) 1 1 1 1 sin 27k
w _]=- ri-+k% ri-+%k- ri--k% N(=-—-k-
[V, 9] T(q — )2 (2 + +Q1> (2 + Q2) (2 +Q1> (2 QQ>
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In this way, we have all the ingredients to compute Q2(6)

Q2(0) = —WQ\[(% + ¢2)(q1 — ¢2) sinh(®2) (5.138)

Putting everything together, we obtain

F'1+q1+¢)T'(1+q —g) 982 o So+S5+

Q2(9)ZF(%—I€+Q1) T (L+k+aq)

(5.139)

which coincides with the formula (5.102)) found before using different Floquet solutions. The advantage of this
method is that we have considered only the interval In2 < y < 400 which allowed to compute the Wronskian and
2 (k) without any kink transformation.

5.8 Alternative path starting from In2

The last way to construct the Floquet basis is if we start from y = In 2. This is interesting since g ¢(y) is interesting
in black hole physics. We consider the Floquet solutions

In2
~ ~ 1—(g91+q 1—(q1+q 1 -
¢i(y) — b+ (ey _ 2) ( ;* 2) e ( ;Jr 2)(1n2*y) exp (_/ dy/ (Hi(y/) _ (;]1_;(12)>> (5140)
ey —
Yy
with ¢4 constant. The wavefunction at In 2 behaves as
Dely) m e (¥ —2) " FF g2 (5.141)

In order to catch the behavior at the other singularities, we need to manipulate the integrand as we did in the
previous section, we get

77[;:‘: (y) ~ eéi 6697y+(%_QB)ye_¢(ik) Yy — —00 (5142)
hi(y) mefte 2 Ve ER) g oo (5.143)
Since the Floquet solutions 1[& (y) form a basis, we can expand the regular solutions in terms of the Floquet basis:
1/ . . .

Y_o(y) = o (e Ere?® (y) — e el k)w,(y)) (5.144)

1 e s S
Yo,0(y) = % (6 Ti(y) —e *w—(y)) (5.145)

1 N A R A
Yio(y) = (e’”e’“‘”(k)m(y) - e’c‘e’“‘”(’k)ib—(y)) (5.146)
+

Again we can do the usual techniques to find

1 —\/2 Cq G
1 V2a +gz)ere (5.147)
S0 W[¢+, ¢—]
That leads to
—V2(q1 + go)e+ e~ A o_ 7
Goo(y) = SBEE (e () - e b)) (5.148)
Ww-i-, w—]
We do the same procedure for the wronskian, but now we need to use
(0) 1-q1—q2 +k 1 1 ey
Vi'(y) = (e’ —2)7 7 "eTo §ik*Q1,§ik*QQ;1i2k;§ (5.149)
From that we can construct another solution
0 0 0
b0 (y) = ao(k)” () — ao (k)2 () (5.150)
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With the definition (5.88)), in this way we have

14+q1+4q2
(0) 1 ) 5 sin 27rk r ( ) < 1 ) Y 1tqi+ag
~|—= + ok + 'l =+0ck+ ey —2 2 —1n2
Yo.0(Y) ( 5 T+ )20 £ 0) | | T 5 a2 ) ( ) Y

(5.151)
From that we can construct the momentum
0 d 0
Mo) = 2, M v6a () (5.152)
We know that it is a solution of the Riccati equation at the first order.
Now, from this last function we can construct the total wavefunction in this way
) 1+(g1+g2) 1+(a1+92) (), 9 In2 1+ (1 +¢2)
naly) = e (e = 2) A W ey (- [y (Ho,o<y’> - 2> (3:153)
ey —
y
with the definition Iy o(y) = > 4”91_[(")( ) and with H((ffg (y) created with the usual formula
n d n,r) n,r) dz 1
R OR (Po )+ ZP< ¥) gy ga<y>) (5.154)

. . . . . _ 1
We can take the y — In2 limit and match it with (| and this set e = ok

i)

If we now insert the expansion Tlgo(y) = 32,70 64"91'[ n)( ) we arrive to

Yo,0(y) = Gw(O)( y) exp (Z end (P(n r) )+ Zp(n ) -1 é%(y))) (5.155)

n=1
With
G- (_2)1+q1+q2 V2r D(q1 + q2)%(q1 + q2)e (5.156)
dsin27k [ _ T (5 +0k+q)T (5 +0k+q)
We used the definition ([5.85)
We can rearrange the double sum at the exponent in this way
0 = ' 0 =2
Yooly) = Guay)exp | Y- e B (y) + Z —1 o) Y "' P 7 (y) (5.157)
n=1 n=j
we use the following relations _
+0o ,n 1 +o00 m J
Z B j (41, s Tn 1) = i <Z xnn'> (5.158)
n=j n=1
and
n,r 1 N N . n—j+1,r .
P (y) = =B (UP7 W), 2P (), (= + DIPTI)) 1< <n (5.159)
1
= HB"J(P” (5.160)
We created a shortcut in the writing for later use, in this way we can write
0) “+o0 “+oo d 0 1 “+o0
Yo,0(y) = Gi/)( o(y) exp <Z e"ePén’r)(y)> exp —1 @ZJ( ) j— <Z e"eP(n T) ) (5.161)
n=1 j= 1
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Now we can use the following mathematical formula

+oo +oo
tn n
exp (Z xnn'> = Z EBn(ml’ ey T) (5.162)
n=1 ’ n=0

to express the 2 exponentials as 2 series using the complete Bell polynomials

+o00 9 00 J
e n,r
too(y) = G () (Z ) ZB (me) ] (Ze"ePf | ><y>> (5.163)
n=0 n=1
We again used the two shortcuts
B,(Py) = B, (1!P0(1”") W), 2P (), ..., (n — j + 1)1P) (y)) (5.164)
And p o
B, (nv{3(y)) = Ba (- In wé?3<y> g ) (5.165)
dy T dyn
Now we again use (5.158) (in the inverse direction) to write
© = e = tn
doo(y) = Go(v) (Z — ) ZB (nw60w) Y- = Bus(Pr) (5.166)
n=0 n=j n!

Now we can invert the two sums in the second parentheses to write (one can check explicitly that the two sums can
be rearranged like this)

+00 p +o0 en n
Y0,0(y) :éwé?g(y) (Z < 0 ) Z ’ ZB (hw ) i (Pr) (5.167)

n=0
Moreover, we can use the product of series formula
X[ (n "
(nzoan — ) (Zb ) go ]:Zo (j)ajbn_j — (5.168)

In this way, we write a unique series using the binomial coefficients

Yo.0(y) = (Z D ng) (5.169)
With the definition
Dn(y)z( ) nei (P) ZB (%)) Bim(P1) (5.170)
=0

Jj=

This is hard to read, but it is easy to implement in Mathematica.
For the first terms we have,
Dy(y) =1 (5.171)

Di(y) = Bi(Py) + Br ({(v)) Br(P1) (5.172)

By <1n wé?é(y)) Bo1(Py) + By <1n wé?é(y)) Ba o (Py)
2

——— + Bi(Po) B <1n¢(()?3(y)) Bia(P1) + (5.173)
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We can also say something interesting for B, (ln w(()?g(y)>

o L)
B, (Invyg(y)) = 2 (5.174)
( o0 ) )

This identity is explicitly checked up to n = 5 for any smooth function wé?g (y), and could be a never written
property for Bell polynomials.

Substituting this we get a prettier form (counting also the term w(()?a(y) that cancels the denominator in (5.174]))

@) Doly) = v % () (5.175)
r r d
Ui () Diy) = P57 () e (v) + P ><y>@ o) (5.176)
© 1 2.7) ) (1), \ p(Lr) @) d © L2 @ o
o()D2(y) = { 510 W)+ P () ) Yooly) + (Po (y) P (y) + Py (y)) a0 (y)+§P (y) a7 o(v)
(5.177)
We already see that the Dn(y)eni,s term will be in the form
Dy B,y % 1
E:: dy] o(v) (5.178)

Where Bj(y) are just polynomials that depend on Péj’r)(y) and Pl(j’r) (y), then we can use the CHE at the first
order

d2

dy?
to write all the derivatives in terms of just 1/1(()?3( ) and d‘izﬁ(o)( ).
For example

@) = VO )iy (5.179)

d3 d

Gy Y00 = VO 6 w) + VO ) i) (5.180)
d* o) ©) (12 4 170 (7 1) © ¢y 4O
diyﬂl’o,o(y): (V (y)" + V¥ (y) )¢0,o(y)+2v (y) @ 00(y) (5.181)

And so on. This leads us to

Yooly (ZD ) o +G<ZE )dy o) (5.152)

With D,,(y) and E,(y) some polynomials in e¥.
This method can also be used to compute other solutions (Floquet included) and will lead to a similar result.

6 Black hole perturbation

The Post-Newtonian (PN) and Multipole Post-Minkowskian (MPM) approaches apply when velocities are small and
gravitational interactions are weak; black hole perturbation theory requires a small ratio between the masses of the
two components of the binary system, but it makes no assumption on the strength of the gravitational interactions
itself.

Finally, scattering amplitudes allow for finite velocities but require weak gravitational interactions and open tra-
jectories ending on asymptotic states.

Black hole perturbation theory can be applied to the study of the gravitational waves produced by a light particle
scattered in the Schwarzschild geometry.

The deformation produced by the particle motion can be viewed as a perturbation of the Schwarzschild geometry
and at linear order it is described by a confluent Heun like equation (CHE).

32



6.1 Geodetic motion

We consider the motion of a particle of mass p in the Schwarzschild metric

ds® = —f(r)dt®> + Jflg’; +7%(d6? + sin® 0d¢?) (6.1)
With oM
flry=1-== (6.2)

M is the product of the Newton constant G and the black hole mass, i.e. a length rather than a mass scale. In the
Hamiltonian formalism, the geodesic motion is governed by

2

1 1%
= - v = —
H=59""pupv 5 (6.3)

The affine parameter dr = p~'y/gu drtdz” is normalized such that the quadrivelocity u* and momentum p*
coincide

dzt  OH
[T TR 6.4
b b dr Opy, (64)
If we denote by £ = p; and J = py the conserved energy and angular momentum, the geodesic equations become
dt E do J do dr J?
— == — = — — =0 — = |E?%2 - 24— 6.5
dr  f(r) 7 dr r? 7 dr Todr \/ ) (ﬂ + r2 ) (6:5)
Without loss of generality, we can set § = /2 as the orbital plane.
The stress energy tensor generated by a particle moving along the trajectory x(7) reads
v utv” 4
TH = /dTT2 Sm05< )z — (1)) (6.6)

We are interested in the gravitational wave generated as a back reaction of the stress energy source on the geometry.
Post-Newtonian (PN) expansion: In this limit we consider scattering at small velocities and distances large compared
to the Schwarzschild radius but still small with respect to the wavelength of the emitted wave.

We denote w the frequency of the emitted wave.

To trace the PN order we introduce the bookkeeping parameter 1 and scale velocities with 1 and M with 72 in such
a way that the kinetic and potential energies scale in the same way, i.e.

p—pyp , M—-Mnp , w—wy , J—=Jnp , n—=0 (6.7)

6.2 Teukolsky equation

We consider the perturbations of the metric generated by the motion of a light particle in the Schwarzschild
geometry.

The metric perturbations can be conveniently decomposed according to their helicity s, with the physical components
hy, h related to the projection of the Weyl tensor with helicity s = 2, the so called 14 mode.

At linear order, the Einstein equation for v can be separated into a radial and an angular part via the ansatz

V00 = B (X) = [ 525 e T R (R)Y'3(6, ) (63)
Lm

with X = (T, R, ©, ®) the coordinates of the observer and Y"(©, ®) the spin weighted spherical harmonic functions.
We use capital letters for the coordinates of the observer to distinguish them from the coordinates z* = (¢, 1,6, ¢)
that will be used to describe the trajectory of the light particle.

The radial function Ry, (r) satisfies the Teukolsky equation

4 21 Ry, w?r? + diw(r — M) — Sir — B . .
g (s )+ (S Siwr = (1421 = 1) Binl) = CTinlr) (69

with T}, (r) the harmonic decomposition of the stress energy source.
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6.3 Confluent Heun equation correspondences

The confluent Heun differential equation (CHE)

1) Bt —q

() + gt 7 £)=0 6.10

9"0+d0 (T 727 )+ + ) (6.10)

is an ordinary differential equation of second order with two regular singularities at ¢t = 0,1 and an irregular one at

infinity.

A basis of solutions is given by

HeunC(q, 8,7,6,(,t) (6.11)

' HeunC((1 —7)(¢-0) + ¢, 8+ (1 = 7)¢, 2 = 7,6, 1) (6.12)

With HeunC' the confluent Heun function.
One can also bring the irregular singularity to the origin, by taking ¢t = 1/z, and introduce the parameters u, x, k;,
such that

B=—x(k1+K3) , O=kaotry , Y=1—ro+tky , (=—-x , q=u—*k3—x(k +Hr3) (6.13)

n this case the equation takes the form

261 +1 Ko+ K3 u— K2 4 (K1 + Kk2) (K1 + K3)2
G2)'+G'(2) [ G L =0 6.14
O e R e (6.14)
with 1
G(z) =2""""g(2) (6.15)
This is equivalent to the Teukolsky equation if we do the identifications
x Kotk %_N ]. 2
Rim(2) = e~ 5 (1 — 2) "5 (f) "G2) , u= <l + 2) + 10imw — 4w? M2 (6.16)
z
) . 5 x 5 ) 5 x 1 . 1 =z
H1—§+2'LMW—§+§ s Hg—i—QlMW—i—i 5 H3—§—2'LMW—§—§ (617)
With z = % and x = 4iMw.
Ultimatley one can connect the Teukolsky equation to the CHE (3.14)) with the map
Vr—2M
Ry (1) = Lw(y)7 r=4Me™ Y,
VoM
1
¢! = —4iMw, P?>=1(1+1)—8M%*w? + T
g1 =2-2iMw, ¢ =-2iMw, q3=-2-2iMw. (6.18)

6.4 Correspondence

The Teukolsky-integrability correspondence maps the singularity at y — —oo to r — +oo that is the far region,
the y — In 2 singularity is mapped at » — 2M that is the horizon of the black hole and the singularity y — 400 is
mapped at 7 — 0 the center of the black hole.

The connection coefficient Q2(6) that involves the two regular singularities is the easier to compute, since no kink
trick is needed and doesn’t contain Ap; this, however, in gravity language is computed inside of the black hole,
which is physically less relevant.

The so called far away region is when % >> wM >> 0, points away from the horizon, and corresponds in
integrability at y — —oo in the 8 — —oo regime.

The so called Near horizon zone is when % — 1, which corresponds to y — In2. The near zone is when

wM >> % >> 0, in this region Post-Newtonian approximation applies that is § — —oo while keeping y finite.
In 1], the authors find a way of writing the Floquet solutions in terms of wi) ) (y) and his first derivative in 2 different
regimes; in (5.8)) we demonstrate that is indeed possible starting from the ansatz that we choose.

Demonstrating the exponential form (5.153)) starting from the one used in [1] that is (5.182)) is not that easy.

The advantage of (5.153) is that the convergence is more under control.
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A 1M (y) terms

If we want to find terms up to nth instanton, we also have to find H(>") (y) and H(<") (y). We focus, for instance, on
H(;)(y), which is the solution of (4.30)). We explicitly write the first two differential equations.

d
Y (y)? + @H§><y> = V%) (A1)
d
2 ()1 (y) + d—yné”(y) =V (y) (A-2)
We can now use the following ansatz:
d
1) = 2 (77 + A 6n ) (A3)

We can plug this in (A.2)) and write the derivatives using

i (y) = Vi 11 (y)? (A4)
2% (y) = VI — 2 () v + 2m0 ()? (A5)

This gives
PPV + 2P )V + PO VA + (280 () + 2P )V + 2P0 ()" — 2P )V ) 1O () +

+ (2P0 = 2P ) ) 1O () + (2P () — 2P () ) TV () = ViV () (A.6)

Setting to zero the coefficient of H(>0)(y) we have the condition

28" () + PV ()" = 0 (A7)
This condition can be used in (??)to get a differential equation for Pl(l)(y)

1
—5 P )"+ 2PV )V ¢ P (VL = v (A8)

We can continue with the third equation of (4.30)), that is
d

2 ()1 (y) + 1 ()% + d—yﬂ@(y) = Vi) (A.9)
And again, we make the ansatz
d
1) = 2 (A7) + A ) + B ) (A.10)

Substituting this into (A.9) and substituting the derivatives as before we get an equation with H(>O) (y)* as the

highest non zero power of H(>O)(y). The differential equations generated by imposing each coefficient of H(>O) (y)™ to
zero are

2PV )+ RO ) -2V W) + AD WV W) V) + A"
+ PP WPV )+ 2PV )R )+ BV W)+ 42V )PP ) + PRV ) =0 (A

2P () VO () P (y) + 2P (y) P (y)' + 2P () — 2P () VE () + PP (y)" = 0 (A.12)

35



— 2P (y)2VAV () + 4P () VAV () — 2PV (y) PS () + PV (y)2 — PV ()" =0 (A.13)
—2PM ()PP () + 2P (y) =0 (A.14)
+ P (y)? — 2P (y) = 0 (A.15)

If we use the conditions that we found for (A.2]), we have that the last 3 equations are all equivalent to

P(l) y 2
PP (y) = L2 2( )

We notice is a regular equation not a differential one. If we substitute this in the other ones, and use the previous
conditions, we get another condition on the coefficient of H(>O)(y)

(A.16)

1
By (y) = —5 P )" — PV () By (o) (A.17)
Finally, using this equation, we are left with
122 () V() + PRIV () — S PP) = V) - Baly) (A.18)

with F5(y) is just a function of the potential and Pl(l)(y)

3

1 1
Fa(y) = PV () Vi () +2P ) P () V" () + P () 2 4 5 P )PV () 4+ 5 P ) P () (A19)

We can go on with the next equations, the procedure is the same:

e Use an ansatz of the type

-1
n n n 0
) = 5 (Po W)+ ZP< Hé’<y>> (A.20)
e Then we substitute the derivatives of H(>0)(y) with powers of H(>0) (y) using (A.1) and substitute it in their
equation (4.30) together with all previous ansatze.

From that we obtain a differential equation in powers of H(>O) (y), the coefficient of the highest power m gives
a condition that can be replaced in the previous ones.

e We will be left with m — 1 set of equations and the highest one will give another condition

The procedure goes on until we are left with 2 differential equations, one for Pl(n)( ) and one for P(n)( )

At all orders we will have

n li ]' n /

P (y) = *§Pf ()" + Guly) (A.21)
1 n n n n

— 3P W)+ 2P )V () + P )V ) = VIV () — Fa(y) (A.22)

With G, and F;, some functions of Pl(i) (y) with ¢ < n and of V>(O) (y) For Pi(") (y) for 1 < i < n we recognized this
pattern

n 1 . n—j .
P (y) = = Boy (WP ), 2P (), o (= i+ DIP"()) . 1< <n (A.23)

where B, ; are the ordinary partial Bell polynomials [2] that is checked up to n = 6. We stress that V(n)( ) is
invariant under & — —k since it depends only on k2. Up to this point we never used the explicit form of the
potential, so these equations are true for all the flavours and for both kinks.
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Al N;=0

In the specific case of Ny = 0 we find that Pl(n)(y) are polynomials in e™¥

This also implies

explicitly one has

The condition f111 = —pél)

P (y) = anlke_ky (A.24)
k=1
P (y) =" faore™ (A.25)
k=1
— 2 (1) A
fin = T—az = P (k) (A.26)

(k) is redundant, this will be true for each f,11 and can be used to find p( )( ) o

viceversa to find f,11. We also find interestingly

where (1 £ 2k),, are the Pochhammer symbols. This gives us

where [2]

where B, ;, are the partial Bell Polynomials and g,, are given by

From this we noticed a relation with some coefficients of the P;

and

We list some coefficients in terms of fi11

y ()i2k +ky
Teae(2ie?) = a5 ( + Z 1j: 2k) ) (A.27)
. ():t2k +ky
anizk(Qieé):ln< (£ 28) ) +1n (1—|— Z 1:|:2k ) = (A.28)
B (Z-)i2k eiky +o0 .
—1In (F(lﬂk) +mz::16 Y A, (£K) (A.29)
Am(k) = Z (_1)p_1(p - 1)!Bm,p(gl,g2a s agm—p+1) (A~30)
1<p<m
1 T(1+2k)
Im = A 2k),  T(L+ 2k + m) (A-31)
(n)( ) and Pé") (y) polynomials:
fmim = %Am(_k); Am (k) (A.32)
Fmom = Am(_k); A (k) (A.33)
5+ 4k?) f}
fa12 :(16(k2—)fll)11 (A.34)
(T4 20k f2
for1=— S(h2 — 1)(4k21111) (A.35)
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ki2
Ty (A.36)

7+ 20k2
16(1 — 5k2 + 4k%)

f202 =

Joo1 = fin (A.37)

20 + 232k2 + 144k*

fsor =50~ o — 132 5 k) 10 (A.38)
faoz :48(953 19;726i25§ki5ﬁkf6k6) fin (A.39)
faos = 25(358122/;4?44]?4) fi (A.40)
f311 :2(4k§9—+1§23(29k2—41_31;24{€|—44k4) fin (A.41)
o2 =i o 5ok i (12
fas 23 + 96k% + 16k* (A.43)

T 24(9 — 13k + k)11

A2 Ny=3
To get Hf)(y) we have to solve iteratively (5.33]). We can do that using the ansat
H(n)( )= d nT) +ZP(HT ' H(O)( ) (A.44)
+ ¥ dy dyz T+ Y :

where P{™")(y) = anke R and P (y) = Dy frrg (1= 2¢=Y)’ for j > 1. Pj("’r)(y) for j > 1 are found
using the formula
We eventually ﬁnd

) dgs _d ety Lo A45

) = s |G (7 -5 1) (A.45)

And we could go on with higher orders.
In order to get H( ) 1 (y) we have to solve iteratively (5.47)). We can do that using the ansatz:

n d n,l = n,l diil
new) = <P< ‘w+3oP ><y>dyi_1ﬂ(<°><y>) (A.46)
=1

where Pj(n’l)(@y) = e fnjne
For example we find

(1) q192 1\ d (0)
I =22 4 ") | —e¥ 4+ 2V A4

B Computing S. and S,

We recall the definition

[Zene (pw +ZP("” b Loy ))] (B.1)

y'=—00

2We will focus on I (y), knowing that TI_(y, k) = T4 (y, —k).
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Since we have

We also know that

1 —y
v (y) ~ PRE L Bmw)v o —oo
d _ 1
@lnwfi(y)%fe y+§*% Yy — —00
S S
m=1

For j = 0 and for j = 1, while for j > 1, the polynomials start with e?¥.
In this way the contribution at —oo is just given by

For S; we recall that we have

At y = +00 we have

We also have

“+oo

-3

n=1

en? (*fnn)

(P(n r) + Z Pl(n r)

91 —492
2

1
o (y) = P ES

d 0
@hwi)(y) ~

q1 — 42
2

lim P(nT)() 0

Yy—r+00

n T) anlg 1 _ 26—3/)

In this way the contribution at 400 is just given by

Last we compute

+oo
_ lz en& ( TH”) + ZP(nr
n=1

With the behavior

+oo

q1 — q2 n
S+: 9 Zee

=1

n
Z fnlj
Jj=1

Y (y’)ﬂ
y'=+o0

Y Yy — 400

Yy — +00

Y (1/))]
y'=In2

y—2 In2
W)~ (e =2 yn
d (0) l—qi—q d v
a0 Inyy’ () 5 dyl n(e’ — 2) y— 1n2
@’ Oy l-a—gd y l-a—q@, a0 ¢ ’
Sl r AR ey~ Ry o (S5 ) v

We know

+

ee] d ©
(dﬂl%)(
1

<.
Il

400 +o0 1 +oo
) S erre =54 (52

n=j j=1 I \n=1
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n,r d]
enf p™ )<y>> — g (y)

(B.2)

(B.3)

(B.4)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)



And

n,r e¥ —2
Pl( , ) anl] 1 — 9~ y anl] < = ) (B.17)

This leads to

(& (0) -~ nd p(n,r) l—qi—q [ gz 26 f1211 7
Z @mwo (v) Ze P (y) = 5 e fin +e -+ forr | | + (B.18)
=1 n=J y=In 2
1—q — 3 L . 72
+ 7(1; @ <630 <f11311 — farifiun + f311> + e*f ( flll + f111f211 - fT — 2f311f111 + f411>> + 0(669)
(B.19)
We also have
SN b plner) L o7 fin | :
Zenepo () =73 e’ fi + * —% + farr | |+ (B.20)
n=1 y=In2

2
3 (6 <f1311 f?llflll + f311> + et? ( flll + f111f211 - fT - 2f311f111 + f411>> + 0(666) (B.21)

That ultimately leads to

4 . 72 ~ f3 - .
Sp=— 2 5 EE <69f111 + e <f1211 + f211+> + e (flgn — fourfinn + f311>) + (B.22)
4 2
_a 5 © <e49 ( f1411 + fhnforn — 7221 — 2f311 f111 + f411>> +0(e*) (B.23)

These quantities are computed up to 3 istantons order and checked with the prepotential of Ny = 3 found in (8],

we find
a]:inst afinst

Sy = B.24
0 oq 9g2 ( )
afinst

= — B.25
s (B.25)

afinst afinst
g, — _ B.26
" Iq 9q2 ( )

C A.(0)

+o00 +oo —
N oo _nd p(n, Ly (k) 4 L, (—k) e~ oo n0 pln,
Ac(0) =+ 3 P (- 0) — el e TSR a0 1 n(k) + La(=k) € e EaZi e P (a=0)

2 n!
n=1 n=1
(C.1)
00 +00 na
_ né p(n,r) _ 1-— q1 — q2 +Z+7 nGP(",T‘)( ) _ Rn(k) + Rn(—k) € n Z+oc néP(" ™) (a)
2 R () 2 In(erEem T ) nz::l 2 l
(C.2)
E— Z e P (g — 0) + Z Ln(=k) €070 e enope Da-0) (C.3)
n=1 n=1 n! '
“+oo “+oo
no p(n,r) R"(k) B Rn(_k) nZJr, e"eP("’T)(a)
—k Z e P (a) — nz::l 5 g 1 1 (C.4)
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Where we have

1 _ 1,
Iny Fy (2¥k+q3,1$2k,2e y) :;Ln(ik)ae g (C.5)
n 1 1 1
1y 5Th+a),. (3Fk+as) (5 Fk+as)
= —1)77 Y = DB, ; G Lo 22 292 . 2 ngn .
Ly (k) ;( Y7 = V!B, < G20, = (), T (0FH), (9
And
1 1 e\ = 1
InoFy (2 £k a5 k= g 14 2k; 2) :;Rn(ik)me (C.7)
n N (lik—ql) (lﬂ:k—QQ) 1 (lﬂ:k—ql) (lik—qg) 1
Ry (k) => (-1) 1(;—1)!Bn,j< 2 (1i22) ST 2 (1£22) ton ] (©9)
j=1 1 n

Computing order by order we find

-1
Au(0) = =g

We check that is zero at ¢/ and we think it could be true at all istantons, we also compute

In(—2) + O(e??) (C.9)

8kq1929
A_(0) = ﬁee +0(e?) (C.10)

Some interesting cancellations are used

fain = o - (C.11)

(2" fogy = L) = LalZH) ’%L”(*k)% (C.12)

ije“@fm - i %GR"(]“) +2R”(_k) L 1- " (e~ 2) (C.13)
- n_fm = (W - 1) (C.14)
Foom = Ln(B) + Ln(=k) T (C.15)

2 n!
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