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Abstract
The performance of particle colliders is usually quantified by the beam energy and the
luminosity. In fact, the integrated value of the latter is found to be proportional tothe data collected by the detectors. A more efficient collection of physics events is ob-tained through maximisation of the integrated luminosity over the time allocated forphysics. An increased efficiency has a direct impact on the physics discovery potentialof a collider. In the context of the luminosity upgrade of the CERN Large Hadron Col-lider, HL-LHC (High Luminosity-LHC), the thesis work aims to implement a strategy todescribe and maximise the integrated luminosity in a circular collider in the presenceof luminosity levelling. The assessment of the proposed approach is performed using aMonte Carlo simulation of a year-long physics run, which generates a sequence of fills.Then, an optimisation strategy is applied to the same set of fills, and the integrated lu-minosity for the two configurations is compared, determining the potential gain of theproposed strategy.
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1 INTRODUCTION TO ACCELERATOR PHYSICS

1 Introduction to Accelerator Physics
To state the relevant role of particle accelerators, it is useful to highlight how elemen-tary particles’ understanding increased concurrently with the evolution of high energyparticle accelerators and adequate detectors, particularly from the late ’60s of the lastcentury.
1.1 Brief history of accelerator physics
During the first few years of the XX century, Ernst Rutherford used natural decay ofradioactive sources to conduct experiments with alpha particles on hydrogen targets.The concept of using accelerated particles between two high-voltage ends was takeninto account but was not chosen because the energy of the naturally emitted particlesin the decay would have easily exceeded that of the accelerated particles.The first evidence of the birth of accelerator physics emerged only in the second andthird decade of the past century, thanks to Cockroft and Walton and the invention ofthe voltage multiplication electrostatic accelerator to artificially accelerate alpha parti-cles, and in the same years the Van der Graaff electrostatic generator [1]. Another wayto accelerate particles was found to be the use of a time-varying magnetic field, as ifthere was a current in the secondary circuit of a transformer. In this case, two were thepossibilities: the circular accelerator, conceived by the electrical engineer Rolf Wideröein 1923-25, and the linear accelerator, also developed by Wideröe starting from an ideaby the Swede Gustav Ising in 1924 [2].

Figure 1: M. S. Livingston and E. Lawrence beside the 27 inch cyclotron, built in 1934,Donald Cooksey [3].
Higher energies than approximately 10MeV are not obtainable through electro-static means. The cyclotron (see Fig. 1), invented by Ernest Lawrence in 1930, was thefirst accelerator to overcome this limit[2, 4]. It used a magnetic field to make particles
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1 INTRODUCTION TO ACCELERATOR PHYSICS

curved; it was based on the well-known principle that the period of the orbit of non-relativistic charged particles, when forced to follow a circular path in the presence of auniform magnetic field, is independent of energy. If an oscillating electromagnetic field,synchronous with the revolution frequency, is applied in a small region of space (a gapor interval) within the field, the particles gain energy every time they cross the inter-val and move in a spiral path, exiting the magnet. This happens because the magneticfield in cyclotrons remains constant. In the following years, larger and larger cyclotronswere built and used from the beginning for medical purposes, providing radioactive iso-topes for hospitals and biological tracers for clinical investigations. Even today, thesemachines are used all over the world, mainly for applications in medical, industrial, andnuclear physics [2].However, when particles become relativistic, their orbital frequency decreases, whichalso limits the maximum energy that can be reached. A new breakthrough was madeduring the war when D. W. Kerst and R. Serber built the betatron [5], an electron accel-erator whose principle had already been outlined by Wideröe. Its topology was similarto that of the cyclotron, but the particle beam was kept in a circular orbit of constant ra-dius instead of moving along a spiral. The cyclotron principle failed for electrons, whosemotion becomes relativistic even at moderate energies. By the mid-1940s, betatronswere a significant competitor to cyclotrons, surpassing them in energy and becomingincreasingly larger. Nevertheless, even the largest cyclotrons and betatrons were stillinadequate for research in the field of particle physics. The maximum energy of a be-tatron is sharply limited by synchrotron radiation, emitted by the accelerated electronsin their circular orbit. At that time, cosmic rays were still the privileged source of high-energy events and continued to play a fundamental role until the early 1950s, revealingthe existence of a large number of new particles and testing the interpretive abilities oftheoretical physicists for years.The discovery of the synchrotron principle by Australian physicist M. Oliphant in1943 opened the way for a new series of circular accelerators. The use of a magnetic ringwith a variable field could force particles to move along an orbit of constant curvatureradius, as their energy increased during successive accelerations, imparted by an alter-nating electric field applied between coaxial hollow electrodes [2]. The first attemptsto overcome the relativistic barrier of cyclotrons immediately followed the discoveryof phase stability. The synchrocyclotrons, which went into operation between the late1940s and early 1950s in the United States, Europe (see fig 2), and Russia, allowed fora significant leap forward in fundamental research. At that time, particle acceleratorswere beginning to take over investigations on cosmic rays, conducted with differenttechniques [6].The first synchrotrons were machines for electrons, but towards the end of the1940s, large proton synchrotrons were being planned in the United States, such asthe Bevatron (5GeV - 6GeV) at Berkeley and the Cosmotron (2.5GeV - 3GeV) at
2



1 INTRODUCTION TO ACCELERATOR PHYSICS

Figure 2: The machine room of the synchro-cyclotron [6].
Brookhaven, placing Americans at the forefront of high-energy physics.The principle of strong focusing, independently discovered by N. Christofilos and bythe group of E. D. Courant, M. S. Livingston, and H. S. Snyder in 1952, represented a newmethod for focusing the particles’ beam through an alternating sequence of convergingand diverging magnetic lenses. This greatly extended the range of energies obtainablewithout significant economic expenditure. The principle was immediately applied tothe large 10GeV Proton Synchrotron (PS) under construction at the newly foundedCERN in Geneva, resulting in a 25GeV machine for the same cost [7].Italian research was also making a great contribution. In 1959, for example, E. Segréreceived the Nobel Prize in Physics for the discovery of the antiproton, made possible bythe 6.5GeV accelerator called the Bevatron in Berkeley, California. In that same year,the first Italian high-energy accelerator dedicated to fundamental research, a 1.1GeVelectrosynchrotron, began operation at the INFN’s Frascati National Laboratories. Oneof the main contributions from the Frascati laboratories was the construction in 1961 ofa revolutionary machine. On the initiative of physicist B. Touschek, who had presentedthe project the year before, a vacuum chamber was built to collide beams of particlesand antiparticles circulating in opposite directions, thus summing the energy of both.It was the world’s first collider. It was called AdA (Anello di Accumulazione, see Fig. 3)and was a small accelerator just under two metres in diameter capable of acceleratingbeams to an energy of 250MeV. Inside it, the first artificial collisions of electrons andpositrons in history took place [2, 8].In the following years in Frascati, ADONE followed, with a vacuum chamber about105 metres long and an energy of 3GeV. and then DAΦNE,with an energy of about
1GeV. DAΦNE was particularly high-performing in terms of luminosity and specialisesin the production of kaons.In the years following the introduction of AdA at Frascati, accelerator physics en-tered a new phase, characterised by international competition and the development ofincreasingly powerful machines. While rings like ADONE and DAΦNE were being builtin Italy, globally the focus shifted to colliders, which made it possible to achieve ener-

3



1 INTRODUCTION TO ACCELERATOR PHYSICS

Figure 3: AdA on its support [2].
gies much higher than those of fixed-target accelerators. CERN in Geneva led the wayin 1971 with the Intersecting Storage Rings (ISR), the world’s first proton-proton col-lider. During the same period, major research centres emerged in the United States.At SLAC (Stanford Linear Accelerator Center), the electron-positron collider SPEAR ledto the discovery of the charm quark and the J/Ψ particle, a result that earned a No-bel Prize in 1976. Meanwhile, Fermilab, near Chicago, became a key player with its
Tevatron, a 6.3 km synchrotron that for years held the energy record by acceleratingprotons and antiprotons to approximately 1TeV. Its greatest success was the discov-ery of the top quark in 1995, the last of the six quarks predicted by the Standard Model[2]. Germany’s DESY (Deutsches Elektronen-SYnchrotron) in Hamburg also made sig-nificant contributions. Operational since 1965, it became famous for its storage rings,such as HERA, where electrons and protons were collided, allowing for in-depth stud-ies of the proton’s structure [9]. The end of the 20th century was marked by CERN’s
Large Electron-Positron Collider (LEP), active from 1989 to 2000 and dedicated to high-precision measurements, confirming the properties of the Standard Model and estab-lishing that there are only three families of neutrinos [10]. These detailed investigationsprepared the ground for the machine that would dominate the 21st century: the Large
Hadron Collider (LHC). The LHC, which came into operation in 2008 in the same cir-cular tunnel as the LEP, is not only the largest and most powerful accelerator in theworld, but also the heir to a global scientific tradition. Its most famous achievementwas the discovery of the Higgs boson in 2012, which completed the framework of the

4



1 INTRODUCTION TO ACCELERATOR PHYSICS

Standard Model. Although the LHC holds the energy record, other projects focus onanother fundamental quantity: luminosity. A prime example comes from Japan, wherethe KEK laboratory built KEKB, a ”B-factory” that, starting in 1998, became a pioneer inthe study of CP violation in B mesons, a phenomenon that explains why the universeis made of matter and not antimatter. The research conducted with KEKB led to theNobel Prize in Physics in 2008 [11, 12]. The legacy of this machine continues with Su-
perKEKB, its upgrade, which is designed to achieve a luminosity about 40 times higher
8× 1035 cm−2Hz [13].
1.2 LHC and Run 3
The main focus of this work will be on the LHC Run 3 (2022-2025/6). If Run 2 (2016-2018) represented the exploit of the nominal construction of LHC, during LS2 (Long ShutDown 2, 2019-2021) and thanks to the LHC Injectors Upgrade (LIU) programme [14], twomain changes have been applied, making Run 3 the game changer run and preparingLHC for its HL-LHC upgrade. In particular, the centre of mass energy has increased by4.5%, from 13TeV to 13.6TeV, giving scientists a boost in their search for new physicsand rare phenomena. The second main change is a 50% increase in the collision ratecombined with luminosity levelling, a process in which the crossing angles and size ofthe beam are continually adjusted to maintain a steady stream of collisions for around10 to 15 hours [15].

Figure 4: The LHC ring [16].
The LHC represents the latest addition to CERN’s accelerator complex, being in-stalled in the LEP tunnel, 100m underground the French-Swiss border, and operatingsince 10 September 2008. The LHC consists of a 27-kilometre ring of superconductingmagnets with a number of accelerating structures to boost the energy of the particlesalong the way (see Fig. 4). The collider works mainly with proton beams, but ions, pri-marily lead (Pb), are also used in the latest part of the annual collision run. The LHC
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1 INTRODUCTION TO ACCELERATOR PHYSICS

geometry basically adapts to the LEP tunnel in which it has been placed (see Fig. 5). Itis made of eight straight sections and arcs. Each straight section is 529m long and cancarry out different tasks, experimental or utility insertion. The ATLAS and CMS high-luminosity experiments (reaching a peak luminosity of about 1 × 1034 cm−2Hz) arelocated at interaction points 1 and 5, in two diametrically opposite experimental inser-tions. The remaining two main experiments, Alice and LHCb, are located, respectively,at IP 2 and IP8, containing also the injection system for Beam 1 and Beam 2, respectively.The remaining four straight sections do not house beam crossing points, but collimationsystems (IP3 and IP7), RF systems (IP4) and beam dump insertions (IP6). The LHC arcs,instead, each contain 23 regular arc cells, 106.9m long, made of two 53.45m long halfcells, each of which contains a quadrupole magnet and three dipoles. Additional mag-netic systems, comprising trim quadrupoles and lattice skew quadrupoles, normal andskew sextupoles, lattice octupoles, spool piece sextupoles, and spool piece octupolesand decapoles complete the LHC lattice scheme [17].

Figure 5: The LHC structure, with octants subdivision and their purposes [18]
LHC was designed to reach a centre-of-mass Energy of 14TeV and a luminosity of

1× 1034 cm−2Hz.To operate the LHC, particles travel through a chain of accelerators before being in-jected into the LHC (see Fig. 6). As happened in Run 2 operations, the proton source wasobtained by subjecting hydrogen to a very intense electrical field, ionising the gas. Thefree protons are injected into a new H− Linear Accelerator (Linac4), replacing Linac2,which injected protons into the Proton Synchrotron Booster (PSB), until 2018. In the
6



1 INTRODUCTION TO ACCELERATOR PHYSICS

Figure 6: The acceleration complex of CERN, upgraded for Run 3 operations [19].
PSB, a new injection region had to be installed to allow the H− charge-exchange injec-tion at 160MeV instead of the 50MeV multi-turn proton injection from Linac2. Thetotal beam energy at PSB extraction could be increased from 1.4GeV to 2GeV forthe beams sent to the PS. The protons injected at 2GeV into the PS allowed brighterbeams for the same space-charge tune shift. This required an upgrade of the injectionregion in the PS. The PS accelerates the beams to total energies ranging from 14GeVto 26GeV, the energy of the beams for the LHC, and determines the structure of thebunch train of the beams to be compatible with the LHC RF system. The largest ma-chine in the injector complex is the Super Proton Synchrotron (SPS), which acceleratesthe beams coming from PS up to 450GeV. The SPS main RF system (200MHz) under-went a massive upgrade in power and controls. The beam sent to LHC preserves thesame time structure as before (4 trains of 72 bunches with 25 ns between bunches and
200 ns between trains), but will have double intensity and brightness [19]. At the endof the accelerating stages, the LHC ring accelerates each beam to about 7TeV.
1.3 Particle in a collider
To describe particles travelling in an accelerator, a co-moving coordinate system maybe introduced and defined with respect to the nominal design orbit, which describes

7



1 INTRODUCTION TO ACCELERATOR PHYSICS

the closed trajectory of an ideal particle in the machine (see Fig. 7). The transverse axesare denoted by the symbols x and y and describe the radial (horizontal) plane and theperpendicular (vertical) plane, respectively. The global coordinate s defines the zeroposition of the co-moving coordinate system along the design orbit with respect to anarbitrary location in the global reference frame.

Figure 7: The co-rotating coordinate system of a particle in an accelerator ring, x and yrepresent the transverse horizontal and vertical coordinates [20].
Generally speaking, the key concept of physics used to manipulate and guide parti-cles in a particle accelerator is the Lorentz force

F⃗ = q(E⃗ + v⃗ × B⃗) . (1.1)
As may be evident, the electric field E⃗ accelerates the particles in the longitudinal di-rection, whereas the magnetic field B⃗ is generally used to bend and focus the particlesaround the transverse plane. For nominal values of v ≈ c and B⃗ = 1T, the value ofthe acting force is about 3 × 108N/q. In high-energy accelerators (v ≈ c), bendingmagnets are used to steer the particle beam along the desired trajectory, whereas inlow energy accelerators (v ≪ c) electric bending and focusing are also possible.
1.4 Transverse beam dynamics
Consider a particle moving in a fixed Cartesian reference system (x, y, s) at speed v =
(ẋ, ẏ, ṡ) in the presence of a magnetic field B⃗ = (0, B, 0). Its position along the trajec-tory is defined by the derivatives with respect to the trajectory-coordinate s, leadingto

y′′ =
q

m

1

ṡ
(x′Bs − (1 + y′2)Bx + y′x′By) (1.2)

x′′ = − q

m

1

ṡ
(y′Bs − (1 + x′2)By + y′x′Bx) , (1.3)
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1 INTRODUCTION TO ACCELERATOR PHYSICS

that in the specific case of B⃗ = (0, B, 0) corresponds to

y′′ =
q

m

1

ṡ
(y′x′By) (1.4)

x′′ =
q

m

1

ṡ
(1 + x′2)By . (1.5)

So, in the horizontal plane
x′′

(1 + x′2)
3
2

=
q

mv
By =

q

p
By =

1

ρ
, (1.6)

where ρ is the radius of the circular trajectory and p is the momentum of the particle.The quantity p
q
= Byρ is defined as beam rigidity. Increasing the momentum of theparticle, the magnetic field must be increased to keep the beam on the same radius.This means that technological limitation on the intensity of the beam, reducing themaximal value desired, leads to the necessity of larger circumference accelerators ringand staged accelerators chain. Generally, the behaviour of the trajectory of a chargedparticle in an accelerator can be controlled using different types of magnets:

• a dipole generates a constant magnetic field across the poles (By = B0) and isused mainly for beam deflection.
• a quadrupole generates a linear magnetic field across the poles (Bx = gy and
By = −gx), with g the quadrupole gradient, and is used mainly for beam focus-ing.

Figure 8: Most common magnets and the magnetic field generated [21].
In general, the magnetic field can be expanded around the nominal closed orbitusing a multipolar expansion

9



1 INTRODUCTION TO ACCELERATOR PHYSICS

By + iBx =
p

e

∑
n

(ian + bn)(x+ iy)n−1 , (1.7)
where the coefficient an represents the skew magnetic component and bn the normalmagnetic component. The magnetic field around the beam is then described by thesuperposition of multipoles (see Fig. 8), each with a specific effect on the particle’s dy-namic: b0 represents the dipolar field bending the beam and b1 the quadrupolar field fo-cusing the beam. Not considering higher-order contributions, the beam dynamic turnsout to be linear. So, for a particle feeling the effects of dipole and quadrupole

By = −B0 − gx

Bx = +gy

Bs = 0 .

(1.8)
This implies that

x′′ +
s̈

ṡ2
x′ − 1

ρ

(
1 +

x

ρ

)
=
q

p

v

ṡ

(
1 +

x

ρ

)
(−B0 − gx) . (1.9)

Taking into account some assumptions, in particular that particles move with constantspeed (s̈ ≈ 0) and the angle of their trajectories is small with respect to the trajectoriesthemselves (v
ṡ
≈ 1 + x

ρ
, paraxial approximation), it is possible to consider that

p ≈ p0 + δp (1.10)
1

p
≈ 1

p0
− δp

p0
=

1

p0

(
1− δp

p0

)
. (1.11)

Under these hypotheses, the previous equation of motion may be rewritten as
x′′ − 1

ρ

(
1 +

x

ρ

)
=

q

p0

(
1− δp

p0

)(
1 +

x

ρ

)2

(−B0 − gx) (1.12)
and further

x′′ − 1

ρ
+
x

ρ2
=

(
1− δp

p0

)(
1 +

x

ρ

)2(
−1

ρ
− k1x

)
=

1

ρ

dp

p0
− k1x−

1

ρ
. (1.13)

So, in the horizontal plane, the equation of motion is as follows
x′′ +

(
k1 +

1

ρ2

)
x = x′′ + kxx =

1

ρ

dp

p0
, (1.14)

10



1 INTRODUCTION TO ACCELERATOR PHYSICS

where kx = k1 + 1
ρ2

. Analysing the vertical plane under the same hypotheses, theequation of motion turns out to be
y′′ =

q

p0

(
1− δp

p0

)(
1 +

x

ρ

)2

gy =
qgy

p0
= k1y (1.15)

so that
y′′ − kyy = 0 . (1.16)

Hence, the motion of a particle is described by Eq.(1.14) and Eq.(1.16), known as Hill’s
equations. The Hill’s equations have a solution and it is possible to analyse two differentcases: the homogeneous case and the inhomogeneous one, with the introduction of adispersion term. In the homogeneous case

x′′(s) + k(s)x(s) = 0 (1.17)
the general solution is a combination of sine-like and cosine-like functions, S(s) and
C(s), also known as principal trajectories

x(s) = C(s)x0 + S(s)x′0 (1.18)
x′(s) = C ′(s)x0 + S ′(s)x′0 , (1.19)

so that the transfer matrixM is defined as[
x
x′

]
=

[
C(s) S(s)
C ′(s) S ′(s)

] [
x0
x′0

]
. (1.20)

In the inhomogeneous case, a dispersion term must be included
x′′(s) + k(s)x(s) =

1

ρ

dp

p0
(1.21)

requiring the solution to include a particular solution of the form
D(s) = S(s)

∫ s

0

1

ρ(σ)
C(σ)dσ − C(s)

∫ s

0

1

ρ(σ)
S(σ)dσ (1.22)

that satisfies Hill’s equations and M can be expressed as xx′
δp
p

 =

C(s) S(s) D(s)
C ′(s) S ′(s) D′(s)
0 0 1

x0x′0
δp
p0

 . (1.23)

11



1 INTRODUCTION TO ACCELERATOR PHYSICS

With these concepts at hand, it is possible to derive the form of M for various config-urations of the magnetic field. A particle simply drifting in a reference system (x, y; s)without magnetic field behaves like
x′′ = 0

x′(s) = x′0
x(s) = x0

, (1.24)
so {

x′(s) = x′0
x(s) = x0 + x′0L

(1.25)
and D(s) = D′(s) = 0, meaning that the transfer matrix will be like

Mx,y =

1 L 0
0 1 0
0 1 1

 . (1.26)
Instead, we analyse the behaviour of a particle passing through a focussing quadrupole
of length L (1

ρ
→ 0 and kx > 0

)

x′′(s) + kxx(s) = 0

x′(s = 0) = x′0
x(s = 0) = x0

, (1.27)
so that {

x′(s) = −x′0 sin(
√
kxL)

√
kx + x′0 cos(

√
kx)L

x(s) = x0 cos(
√
kxL) + x′0

1√
kx

sin(
√
kx)L

. (1.28)
The transfer map takes the following form: cos(

√
kxL)

1√
kx

sin(
√
kxL) 0

− sin(
√
kxL) cos(

√
kxL) 0

0 0 1

 . (1.29)
As a last example, let us consider a particle in a magnetic sector bend, allowing for apure rotation of the particle’s trajectory. In this setting, 1

ρ
̸= 0 and k = 0. By defining

ϕ = L
ρ

the transfer map will take the following form: cos(ϕ) ρ sin(ϕ) ρ(1− cos(ϕ))
−1

ρ
sin(ϕ) cos(ϕ) sin(ϕ)

0 0 1

 . (1.30)
12



1 INTRODUCTION TO ACCELERATOR PHYSICS

The solution of the homogeneous Hill’s equation for both planes can also be found usingthe Floquet theorem, as a linear combination of harmonic functions:
u(s) =

√
2Jβ(s) cos(ψ(s) + ψ0) , (1.31)

where J and ψ0 are constants given by the initial conditions, β(s) is one of the Twissfunctions, known as the beta-function or amplitude function, defined by the envelopeequation 2ββ′ − β′2 + 4β2K = 4, and ψ(s) = ∫
1

β(σ)
dσ is the betatron phase. For aparticle in an accelerator ring, it is also possible to define the betatron tune, the numberof betatron oscillations that a particle undergoes each turn around the ideal trajectory.The betatron tune is associated with the quadrupole arrangement and strength aroundthe machine. It is defined as the quantity

Qx,y =
number of oscillation periods

accelerator circumference
=

1

2π

∮
1

βx,y
ds =

νx,y
2π

. (1.32)
The position of the tunes in a diagram with horizontal versus vertical tunes gives theworking point of the machine. It is possible to rewrite the general solution of Hill’sequations as a functions of β(s), to introduce the Courant-Snyder invariant. As{

u(s) =
√

2Jβu(s) cos(ψu(s) + ψu,0)

u′(s) =
√

2J
βu(s)

sin(ψu(s) + ψu,0) .
(1.33)

It is worth noting that by squaring the general solutions of the Hill’s equations, oneobtains
2Ju = ϵu = γu(s)u

2(s) + 2αu(s)u
′(s) + βu(s)u

′2(s) , (1.34)
an invariant of motion representing the action of the initial conditions, the Courant-Snyder invariant or emittance ϵ, being J the action. Equation (1.34) represents an el-lipse in the phase-space (u, u′), whose area is 2πJu = πϵu. Moreover, the phase-spacecoordinates of a single particle at a given location s of the machine lie on the phasespace ellipse when plotted for several turns. The values of the Twiss parameters andthe orientation of the phase space ellipse depend on the s location of the machine.The Twiss parameters are periodic with the machine circumference and their valuesare derived from the transfer matrix and are uniquely defined at any point in the ma-chine. Generally, in phase space the particle distributions are Gaussian and this can bedescribed using a covariance matrix Σ called the beam matrix and defined as[

σ2
u σuu′

σu′u σ2
u′

]
. (1.35)

It is interesting to note that the square root of the determinant of the covariance matrixis proportional to the area of the distribution in the phase space. In fact, defining Σu =
13



1 INTRODUCTION TO ACCELERATOR PHYSICS

ϵuΩu, where Ωu is the Twiss matrix Ωu =

[
βu −αu

−αu γu

]
, it turns out that det(Ωu) = 1

and so det(ϵuΩu) = ϵ2u and so ϵu =
√
det(Σu). The geometric emittance is a constantof motion only if the beam energy is preserved in the case of p = constant or in the ab-sence of dissipative forces. Otherwise, ifPz → Pz+∆Pz, then x′ = Px

Pz
→ x′ = Px

Pz+∆Pzand the area of the phase space shrinks. It is also possible to define a normalised emit-tance as ϵn = βrefγrefϵgeom, which turns out to be a constant of motion even in the ac-celerated case. The beam size and beam divergence are, respectively, σx =
√
ϵgeomβx

and σx′ =
√

ϵgeom
βx

1.5 Longitudinal beam dynamics

Generally, in the presence of a constant electric field E⃗ such that
dp⃗

dt
= −eE⃗ , (1.36)

the direction of the force is always parallel to the field, and the trajectory and velocityof the particle can be modified, so that both the energy and the momentum can bemodified. This force is suitable for being used to accelerate and decelerate particles. Inthe case of constant B⃗ field, so that
dp⃗

dt
= −e(v⃗ × B⃗) , (1.37)

the direction is always perpendicular to the velocity, and only the direction can be modi-fied, so that the energy of the particle stays constant. Taking into account a time varying
E⃗ defined as

E(s, r, t) = E1(s, r)E2(t) , (1.38)
where the time component turns out to be a sinusoidal time dependent functionE2(t) =
E0 sinΦ(t)withΦ(t) =

∫ t

t0
ωRFdt+Φ0, it is possible to describe the behaviour of a par-ticle crossing an acceleration cavity known as RF (Radio Frequency) Cavity. Let VRF bethe amplitude of the RF voltage across the gap g, so that the particle crosses the gap ata distance r. The energy gain is
∆E = e

∫ g/2

−g/2

E(s, r, t)ds . (1.39)
In a circular accelerator, the origin of time is taken at the zero crossing of the RF voltagewith positive slope, whereas, in a linear accelerator, the origin of time is taken at thepositive maximum of the RF voltage. Accounting for a more simple model, defined as{

E1(s, r) =
VRF

g
= constant

E2(t) = sin(ωRFt+ Φ0)
(1.40)

14



1 INTRODUCTION TO ACCELERATOR PHYSICS

and for t = 0, s = 0, and v ̸=0 parallel to the electric field, the energy variation is equalto
∆E = eVRFTa sinΦ0 (1.41)

and the transit time factor, related to the time required to fill the cavity with the electricfield, equals to
Ta =

sin ωRFg
2V

ωRFg
2V

, (1.42)
such that Ta → 1 for g → 1 . It is clear that longitudinal motion is deeply connectedwith synchronisation between the particles and the accelerating system, by creating anelectric field in the direction of the desired acceleration. To fulfil these requirements,the condition

Trev = hTRF =⇒ frev = hfRF (1.43)
must be fulfilled, where h is defined as the harmonic number, indicating the maximumnumber of beam bunches it is possible to load into the accelerator. In a generic particletransport system, a nominal trajectory is defined for the nominal momentum p. For aparticle with a momentum distribution p + ∆p, the trajectory length may differ fromthe nominal one, L.The momentum compaction factor is defined as

αc =
dL/L

dp/p
, (1.44)

and it can be proven that
αc =

1

L

∫ L

0

Dx(s)

r(s)
ds , (1.45)

where Dx(s) represents the dispersion term, r the radius of the trajectory of the par-ticle. For small momentum deviation, taken at first order,
∆L

L
= αc

∆p

p
. (1.46)

This rule simply states that, if the particle’s momentum is greater than the nominalone, the trajectory results to be longer. In the specific case of a ring collider, given thatthe trajectory circumference is C = 2πr and the radius r is strongly affected by themagnitude of the momentum p of the particle, increasing the latter without increasingthe magnetic field strength, leads to
∆C

C
= αc

∆p

p
. (1.47)
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1 INTRODUCTION TO ACCELERATOR PHYSICS

The momentum compaction with respect to the energy of the particle and with respectto the magnetic field strength, turns out to obey, respectively, the following laws:
αc = β2

dR
R
dE
E

(1.48)

αc = 1−
d<B>
<B>
dp
p

. (1.49)
The momentum compaction value for the ion and proton machines is positive, meaningthat an increase in the nominal momentum would lead to a grater radius. However,there exists an energy at which the velocity variation is compensated by the trajectoryvariation, called the transition energy

γtr =

√
1

αc

. (1.50)
Below the transition value, higher energy leads to higher revolution frequency, whereasabove the transition, higher energy leads to lower revolution frequency. Taking a simplecase of constant magnetic field and γ < γtr, a particle is defined synchronous if itis always in phase with the RF phase, as in ω = ωRF/h. To maintain the resonantcondition, the particle energy must be kept constant and the phase must be ϕ1 = 0. Ifthe particle’s phase is negative (ϕ3 in Fig. 9), then VRF < 0, and the particle deceleratesand decreases in energy. This leads to a decrease in the revolution frequency and thephase tends to zero. However, when the phase is positive and VRF > 0, (ϕ2 in Fig. 9),the particle is accelerated and an increase in energy leads to an increase in revolutionfrequency, so that its phase again tends to zero.

Figure 9: Synchronous (ϕ1) and out-of-phase particles (ϕ2 and ϕ3).
16



1 INTRODUCTION TO ACCELERATOR PHYSICS

In the phase-space portrait, the orbits of the asynchronous particles rotate aroundthe synchronous particle.
1.6 Non-linear beam dynamics
Thus far, the particle dynamic explored was strictly related to linear behaviours, in par-ticular the transverse dynamic was described by the Hill’s equations Eqs. (1.14)(1.16).However, such an ideal scheme does not apply in real accelerators or colliders. As amatter of fact, non-linear phenomena should be included in the description of the par-ticles’ behaviours, being incorporated in the accelerator lattice by design purpose ordue to intrinsic lattice imperfections.Non-linearities are caused by several factors, including the presence of higher-ordermagnetic fields from multipole magnets (such as sextupoles and octupoles), which arefundamental for chromatic aberration correction or Landau damping, respectively. Fur-thermore, beam-beameffects, as colliding particle bunches exert electromagnetic forceson each other, and space-charge forces within a bunch are significant sources of non-linearity, especially for high-intensity beams. The consequences of these effects areprofound, as they can excite resonances that cause particle loss and lead to a reduc-tion in the dynamic aperture, the extent of the region in phase space where boundedmotions occur [22].The beam-beam interaction turns out to be of particular interest for the followinganalysis. In fact, It leads to emittance blow-up, beam losses, and reduction of the beamlifetime, generating non-linear electromagnetic potentials affecting the machine’s lu-minosity production. Assume a bunch with a Gaussian charge distribution

ρ(x, y, z) =
nq

4πϵ0
e
−
(

x2

2σ2
x
+ y2

2σ2
y
+ z2

2σ2
z

)
(1.51)

generating an electric potential

ϕ(x, y, z) =
nq√
π

∫ ∞

0

dt
e
−
(

x2

2σ2
x+t

+ y2

2σ2
y+t

+ z2

2σ2
z+t

)
√

(2σ2
x + t)(2σ2

y + t)(2σ2
z + t)

. (1.52)
The transverse electric field is given by

E⃗(x, y, z) = −∇ϕ(x, y, z) . (1.53)
In the simplified assumption of infinitely long round beams, with σ = σx = σy, theradial electric field may be computed by the Gauss theorem, so that

2πrEr =
1

ϵ0

∫ r

0

dt
nqt

σ2
e−

t2

2σ2 =
nq

ϵ0

(
1− e−

r2

2σ2

)
(1.54)
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Calculating also the magnetic component in the same way, namely
2πBϕ = µ0

∫ r

0

dt2πtβcρ(t) , (1.55)
the beam-beam force is

F⃗ = q(E⃗ + v⃗ × B⃗) = q(Er + βcBϕ)× r̂ , (1.56)
corresponding to

Fr =
nq2(1 + β2)

4πϵ0σ2r

(
1− e−

r2

2σ2

)
. (1.57)

For particles near the centre of the beam, r ≪ σ,
Fr =

nq2(1 + β2)

4πϵ0σ2
r (1.58)

the radial force is linear in the radial direction, and a linear focusing (respectively, de-focusing) effect arises for positive (respectively, negative) values of the ratio r/σ, witha gradient
kx = ky =

nq2(1 + β2)

4πϵ0σ2
. (1.59)

In this regime, a quadrupole-like kick is generated, which induces a linear tune shift.Instead, for a particle far from the centre, r ≫ σ,
Fr =

nq2(1 + β2)

2πϵ0r
, (1.60)

with dFr

dr
= −nq2(1+β2)

2πϵ0r2
. This means that the induced tune spread is amplitude depen-dent and of opposite sign with respect to the one of particles near the centre of thebunch, a highly non-linear scenario. The beam-beam force function and the two be-haviours described here have been reported in Fig. 10
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Figure 10: The figure shows the plot of the beam-beam force as a function of the ratio
r/σ: linear and non-linear regions are highlighted
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2 LUMINOSITY OF A COLLIDER

2 Luminosity of a collider
Luminosity represents, together with the energy at the centre ofmass, a key concept forevaluating the performance of a particle collider. Although the concept of collision rateshad been implicit in earlier fixed-target experiments, the formal definition of luminos-ity as a figure of merit for comparing collider performance became essential with thedevelopment of storage rings and beam-beam collision experiments in the late 1950sand early 1960s.Among the papers of Bruno Touschek preserved in the archive of the Physics Depart-ment at “La Sapienza” University of Rome, a notebook labelled “Q. L. AdA (laboratory
notebook)” with the acronym “SR”, Storage Ring, written in red pencil, turns out to beextremely precious for our aims. It is therefore evident that this notebook, which ex-tends at least until February 25, constitutes the first explicit testimony of Touschek’sreflections and the first concrete exploration of his theoretical intuitions. On the firstpage, where he immediately notes “State of affairs. Discussed plan with Ghigo” theformula for the luminosity of the ring (“Basic formula”) appears, defined as the pro-portionality factor between the beam intensities and the number of relevant eventsproduced per unit of time. Touschek shows that the available parameters are plausiblefor obtaining the desired results at AdA [2, 23].

Figure 11: First page of the personal notebook of Bruno Touschek [2].
Moreover, the results reported in the paper Measurements of the Rate of Interac-

tion between Stored Electrons and Positrons [23] may represent one of the first traceof the concept of luminosity. In particular, analysing the paper, a formula describing
20
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the rate of events and comprehending what we nowadays call luminosity is reported.In particular, the authors define the target volume through the overlap integral of theparticle densities:
N+N−

V
=

∫
ϱ+(x) ϱ−(x) d

3x , (2.1)
where ϱ+(x) and ϱ−(x) represent the spatial density distributions of positrons andelectrons, respectively, N+ and N− are the total numbers of positrons and electrons,and V is the target volume. The interaction rate is then expressed as:

ṅ = frevσN+N−
Lη

V
, (2.2)

where frev is the revolution frequency of the particles in the beam of AdA (frev =
7.451 07Hz) and σ is the cross-section of the monitoring reaction. L is the total lengthof the beam path monitored by the detector, and η is the total efficiency that accountsfor counter arrangement and geometric factors. IfL is very small compared to the r.m.slength of the bunches, no correction needs to be made for the density distribution inthe bunches: in this case η is the efficiency of the counter arrangement. In fact, theterm

L̃ = frevN+N−
Lη

V
(2.3)

represents instantaneous luminosity.The concept of luminosity has evolved significantly since these early measurements.Instead of calculating collision rates directly using formulas like Eq. 2.2, which com-bined beam properties, detector geometry, and cross-sections in a single expression,the modern notion of luminosity emerged as a cleaner way to separate machine char-acteristics from physics processes. This abstraction, where the event rate is simply ex-pressed as Ṅ = σL̃, made it easier to compare different colliders and experimentsindependently of the specific reactions being studied, establishing luminosity as thestandard figure of merit for collider performance.Taking into account two colliding particles of mass m1 and m2, the total centre-of-mass energy Ecm is defined as
(p1 + p2)

2 = E2
cm = (E1 + E2)

2 − (p⃗1 + p⃗2)
2 , (2.4)

where pi = (Ei, p⃗i). For a collider experiment, p⃗1 = −p⃗2, and so
Ecm = E1 + E2 . (2.5)

The energy of the centre of mass is fundamental in defining the mass of the productsof a collision. The luminosity, instead, determines the number of events generated in
21
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a period of time, taking into account the probability that each happens. Generally, theluminosity can be defined as
L =

1

σp

dR

dt

[
cm−2Hz

] (2.6)
where dR/dt is the rate of events, σp the cross section of events considered. Thetotal number of events collected in a certain time interval would then be defined as

Ntot = σpLint =

∫ t2

t1

L(t)dt (2.7)
where Lint represents the integrated luminosity, usually measured in fb−1. To increasethe value of Ntot, due to the small cross section values (< nb), the luminosity must bemaximised.To provide context for typical luminosity values achieved in modern colliders, it isinstructive to examine the progression across different facilities and operating periods.The Large Electron-Positron Collider (LEP) at CERN achieved an instantaneous luminos-ity of 1.6 × 1031 cm−2Hz during its initial phase (LEP1), subsequently reaching peakvalues of 1.0× 1032 cm−2Hz in the higher-energy LEP2 phase [24, 25].The B-factory accelerators demonstrated significantly improved performance, withKEKB achieving a record instantaneous luminosity of 2.11× 1034 cm−2Hz during its op-erational period from 1999 to 2010 [26], and PEP-II at SLAC reaching 1.21×1034 cm−2Hz[27], substantially exceeding their design specifications of 3× 1033 cm−2Hz.The Large Hadron Collider (LHC) has achieved remarkable luminosity performanceduring its operational periods. During Run 2 (2015-2018), the LHC surpassed its nominaldesign luminosity of 1.0×1034 cm−2Hz by more than a factor of two, with a peak instan-taneous luminosity reaching approximately 2.1× 1034 cm−2Hz for the ATLAS and CMSexperiments [28]. This exceptional performance enabled the delivery of approximately
160 fb−1 of integrated luminosity per experiment over the four-year period, providingunprecedented statistical samples for precision measurements and searches for newphysics phenomena. The main focus of the thesis work would be on the LHC case andits forthcoming luminosity upgrade, the High-Luminosity LHC (HL-LHC) [17].The luminosity can be formally derived from first principles by considering the col-lider’s operational parameters and beam dynamics. For bunched beams that collidealong the longitudinal coordinate s, with a temporal evolution characterised by s0 = ct,and assuming perfect overlap at the interaction point, the luminosity is expressed as

L = N1N2K

∫
x

∫
y

∫
s

∫
s0

dxdydsds0ρ1(x, y, s,−s0)ρ2(x, y, s, s0) (2.8)
whereN1 andN2 are the populations of the bunch, whileK is the kinematic factor,

a constant defined as √(v1 − v2)2 − (v1×v2)2
c2

[29], related to the speed of the collid-
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ing particles and the crossing angle by the vectorial product, equal to 2c in the caseof symmetric beams; ρ1(x, y, s,−s0) and ρ2(x, y, s, s0) are the density distribution ofthe particles, normalised to 1, respectively for the counter-clockwise and clockwise ro-tating bunches, integrated over x and y, the transverse coordinates, s the longitudinalcoordinate, and s0 the time variable. Assuming:
• head-on collisions between bunches
• v1 = −v2

• uncorrelated Gaussian densities in all planes as ρu = 1
σu

√
2π
e
− (u−u0)

2

2σ2
u

• beams circulating in the machine ring frev times per second (storage ring)
• kb colliding bunch pairs per beam
• σs the r.m.s bunch length
• σ∗

x,σ∗
y , transverse beam size at the collision point

then the definition of luminosity becomes
L =

2frevkbN1N2

(
√
2π)6σ2

sσ
∗2
x σ

∗2
y

∫
x

∫
y

∫
s

∫
s0

dxdydsds0e
− x2

σ∗2
x e

− y2

σ∗2
y e

− s2

σ2
s e

− s20
σ2
s (2.9)

and, by solving the Gaussian integrals, one obtains
L =

N1N2frevkb
4πσ∗

xσ
∗
y

. (2.10)
The definition can be rewritten in a more explicit form, including the emittance function,the relativistic gamma factor, and the amplitude function at the interaction point β∗

associated to the collider
σ∗
x = σ∗

y =

√
β∗ϵ

γr
, (2.11)

so
L =

kbN1N2frevγr
4πβ∗ϵ

. (2.12)
In light of this definition, the luminosity optimisation can be performed in differentways: increasing the relativistic gamma factor, thus increasing the energy of the collider;increasing the number of bunches circulating in the collider,thus changing the harmonicnumber of the system; reducing β∗.
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It should be noted that Eq. (2.12) represents the maximum achievable luminosityunder ideal conditions. In practice, several physical effects contribute to the reductionin luminosity, including transverse beam offsets, crossing angles, the hourglass effect,non-Gaussian beam profiles, non-zero dispersion at the interaction point, and varia-tions in the beta function (δβ∗/δs ̸= 0).Crossing angles, commonly employed in high-intensity machines such as the LHC,CESR, and KEKB to prevent parasitic bunch collisions, introduce a geometric reductionin the effective volume overlap. This reduction can be partially compensated for bycrab cavities, which rotate bunches to achieve head-on collisions in the centre-of-massframe. Transverse offsets between the colliding beams—whether intentional (for lumi-nosity control or calibration purposes) or arising from beam-beam interactions—furtherdiminish the overlap integral and hence the luminosity.The hourglass effect manifests itself as a longitudinal variation in the transversebeam size when the bunch length becomes comparable to the beta function at theinteraction point. This violates the assumption of constant beam size throughout thecollision region, necessitating a geometric correction factor to evaluate the actual valueof the luminosity. Similarly, non-Gaussian beam profiles and non-zero dispersion at theinteraction point increase effective beam sizes, while optical aberrations that displacethe collision point from the betatron function minimum introduce additional penalties[30].For the current analysis, we focus primarily on the effects of transverse offsets,crossing angles, and the hourglass effect, as these represent the dominant luminosityreduction mechanisms in modern collider operations.
2.1 Reduction factors

2.1.1 Crossing angles and crab cavities

As mentioned above, this effect may be desired or not. Assuming the angle of collision
Φ lies in the horizontal plane, the overlap integrals between the two distributions mustbe computed considering the x and y coordinates, applying then a transformation ofcoordinates in the x−s reference system. In particular, in the rotated reference system,for Beam 1 and Beam 2, respectively,

{
x1 = x cosΦ/2− s sinΦ/2

s1 = s cosΦ/2 + x sinΦ/2

{
x2 = x cosΦ/2 + s sinΦ/2

s2 = s cosΦ/2− x sinΦ/2
(2.13)

and the overlap integral can be written as
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L = 2 cos2Φ/2N1N2frevkb

×
∫ ∫ ∫ ∫

dxdydsds0ρ1x(x1)ρ1y(y1)ρs1(s1 − s0)

× ρ2x(x2)ρ2y(y2)ρs2(s2 + s0)

(2.14)

where cos2Φ/2 is the kinematic term for non-collinear bunches. Integrating over yand s0 using ∫ +∞

−∞
due−(au2+bu+c) =

√
π

a
e

b2−ac
a , (2.15)

L =
N1N2frevkb
8π2σsσ2

xσ
2
y

2 cos2
Φ

2

∫∫
e
−x2 cos2(Φ/2)+s2 sin2(Φ/2)

σ2
x e

−x2 sin2(Φ/2)+s2 cos2(Φ/2)

σ2
s dxds .

(2.16)As both x and sinΦ/2 are small, terms proportional to σk
x sin

l Φ/2 and xk sinl Φ/2 for
k + 1 > 4 can be neglected and approximated as sinΦ/2 ≈ tanΦ/2 so that

L =
N1N2kbfrev
4πσxσy

C (2.17)
whereC ≈ 1√

1+(σsΦ
σz2

)2
represents the reduction term and σsΦ

σz2
is the Piwinski angle [30].

2.1.2 Transverse offset

The transverse offset reduction factor is generally associated with the presence of anon-head-on bunch collision. Assuming a displacement d1 for Beam 1 and d2 for Beam 2with respect to the nominal trajectories, the coordinates of the colliding bunches turnout to be
{
x1 = d1 + x cosΦ/2− s sinΦ/2

s1 = s cosΦ/2 + x sinΦ/2

{
x2 = d2 + x cosΦ/2 + s sinΦ/2

s2 = s cosΦ/2− x sinΦ/2
(2.18)

Using the same calculations performed in Eqs. (2.14) and (2.16) with the new set ofcoordinates, the luminosity turns out to be
L =

N1N2frevkb
4π3/2σs

cosΦ/2

∫
ds

W

σxσy
e−(As2+2Bs) (2.19)

where
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A =
sin2 Φ

2

σ2
x

+
cos2 Φ

2

σ2
s

, B =
(d2 − d1) sin(Φ/2)

2σ2
x

, W = e
− 1

4σ2
x
(d2−d1)2

. (2.20)
The luminosity equation, including both reduction factors analysed until now, turns outto be

L =
N1N2frevkb
4πσxσy

·W · e
B2

A · S , (2.21)
whereW accounts for the offset, S for the crossing angle, eB2

A for the presence of botheffects simultaneously [30] .
2.1.3 Hourglass effect

The model introduced up to this point assumes constant transverse beam sizes over allthe collision region. However, since the β function is a function of s,
β(s) = β∗

(
1 +

(
s

β∗

)2
)

(2.22)
with a minimum at the collision point, the assumption may be incorrect. It is also evi-dent that the beam size increases approximately linearly with the distance to the col-lision point as σ =

√
β(s)ε. Due to the shape of the function β, the name hourglasseffect is given. The effect is particularly relevant whenever β∗ ≈ σs. The formula forthe luminosity accounting for this reduction term is
L =

N1N2frevkb
4πσ∗

xσ
∗
y

cos Φ
2√

πσs

∫ +∞

−∞

e−s2A

1 +
(

s
β∗

)2ds (2.23)

A =
sin2 Φ

2

σ∗
x
2

[
1 +

(
s
β∗

)2] +
cos2 ϕ

2

σ2
s

. (2.24)

The integral is hardly solvable by analytical means, and numerical approaches are to bepreferred.
2.2 Beam-beam effect
Taking into account what has been described in 1.6, particles that experience the linearpart of the beam-beam force are subjected to a quadrupole-like kick, which can be
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evaluated to find the radial deflection. Considering the two-dimensional force and thelongitudinal distribution, the beam beam kick for a test particle becomes
γβmc∆r′ =

∫ ∞

−∞
dtFr(r, s, t) (2.25)

as
Fr(r, s, t) =

Nq2(1 + β2)

2πϵ0rσs

(
1− e−

r2

2σ2

)(
e
− (s+vt)2

2σ2
s

)
, (2.26)

and, by integration,
∆r′ =

1

mcβγ

∫ +∞

−∞
dtF (r, s, t) =

2nr0
γr

(
1− e−

r2

2σ2

)
, (2.27)

with r0 = e2

4πϵ0mc2
the classical particle radius, n the charge line density in the lab frame.In the asymptotic limit for r → 0

∆r′ =
nr0
γσ2

r = kr , (2.28)
being k the gradient induced by the beam-beam force, equivalent to the action of athin lens element of gradient k, causing the change of tune of a quantity

∆Q =
1

4π

β∗nr0
γσ2

=
1

4π

nr0
γε

= ξ . (2.29)
The luminosity can be defined using the beam-beam parameter, as

L =
kfrevn

r0β∗ ξγ , (2.30)
with ξ ≪ 0.5.Whenever the beam-beam interaction acts coherently on the entire bunch, if op-posite bunches interact at a certain distance, each of them experiences a dipolar kickgenerated by the other bunch.
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2.3 Luminosity with DA model
With the goal of generating a model describing reality in the most efficient way, the sim-plest ideal description of luminosity evolution, related only to collision-induced burn-off, must be modified to include non-linear beam dynamics behaviours.A key concept that must be introduced to describe the evolution of beam losses incircular colliders, and so the luminosity lifetime, is that of dynamic aperture (DA) andits time evolution.The DA is a metric that describes the extent of the stable phase-space region occu-pied by particles moving within the beam envelope, where bounded motion occurs.Non-linear effects reduce the DA, shrinking the volume available for stable motion.Since the 1990s, different models have been proposed to describe the evolution of DAas a function of the number of turns, highlighting the profound relations between DA,beam stability, and luminosity. In [31] different models have been tested and, for thepurpose of this work, the so called Model 2 is of particular relevance as an effectivescaling law tied to the luminosity evolution:

D(N) = ρ
( κ
2e

)κ 1

logκ N
N0

, (2.31)
where ρ and κ are free parameters, N0 is assumed equal to 1. The defined DA showsan inverse logarithmic decay as N increases. A luminosity evolution model has beendeveloped in [32, 33, 34], as a function of turns including both effects from the burn-offlosses and pseudo-diffusive effects from DA evolution. Assume the luminosity to be de-scribed by Eq. 2.12 and an additional term F (θc, σs, σ

∗) that accounts for the reductionin volume overlap (hour-glass effect excluded), the function of the half crossing angle
θc/2 and RMS dimensions σs and σ∗

F (θc, σs, σ
∗) =

1√
1 + ( θcσs

2σ∗ )2
. (2.32)

Assuming an ideal collider and excluding levelling or dynamic-beta effects, only emit-tances and bunch intensities may change over time, and luminosity burn-off stands outas the main mechanism driving beam losses during collisions. The evolution of the peakluminosity would then be driven by its own value and the beam intensity, derived from
N ′(t) = −σintncL (t) = −σintncΞN

2(t) , (2.33)
where Ξ = γrfrevF (θc,σs,σ∗)

4πϵ∗β∗kb
,admitting solution

N(t) =
Ni

(1 + σintncΞNit)2
. (2.34)

The luminosity decrease turns out to be well described by
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L(t) =
ΞN2

i

(1 + σintncΞNit)2
. (2.35)

In the most general case, N1(t) and N2(t) are different. Introducing a time variable
τ = 1 + frevt corresponding to the number of turn a particle completed in the ring,their behaviours with respect to the defined variable and due only to the burn-off effectcan be described by {

Nbo
1 (τ) = Nbo

2 (τ) + ξ

Ṅbo
2 (τ) = −εNbo

2 (τ)[Nbo
2 (τ) + ξ] ,

(2.36)
where ε = σintncΞ/frev. Under the assumption of equal intensities and beam lossesrelated only to the burn-off effect, the luminosity would be described as

Lbo(τ) =
Li

[1 + εNi(τ − 1)]2
, (2.37)

being Li the initial peak luminosity, decreasing with the number of turns τ and theintensity of the beam Ni. Accounting for diffusive effects, a more refined model is in-troduced
L(τ) = Lbo(τ)[1 + ζ(τ)f(DA(τ))] (2.38)

where ζ describes the pseudo-diffusive effects and f(DA(τ))maps the evolution of theDA over turns. As burn-off effects target the core of the bunch distributions, whereasdiffusive effects affect the bunches’ tails, their effects can be considered to be indepen-dent. Redefining the initial intensities by introducing the pseudo-diffusive term Di, theevolution of the luminosity would be

L(τ) =
Li

[1 + εNi(τ − 1)]2
− [1 +D2(τ)]e−D2(τ)[2− (1 +D2(τ))e−D2(τ)/2] . (2.39)

2.4 Luminosity levelling
A fundamental consideration in collider design concerns the distinction between peakand integrated luminosity. Although peak instantaneous luminosity serves as the tradi-tional figure of merit for collider performance, from an experimental perspective, theintegrated luminosity—representing the total accumulated collision statistics—is thequantity of primary interest. Several strategies exist to maximise integrated luminosity:increasing peak performance, extending the duration of physics fills, or exploring alter-native operational schemes. However, these approaches must be balanced against the
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fundamental constraints imposed by the detector technology and the failure probabil-ity of the accelerator.Modern particle detectors face intrinsic limitations on event processing capabilities,including restrictions on the number of simultaneous interactions per bunch crossing(pile-up), longitudinal event density, and total event rate. These constraints arise fromcharge collection times, trigger bandwidth, data acquisition throughput, and event re-construction complexity. Equally important is the luminosity stability: prolonged oper-ation at constant luminosity simplifies systematic uncertainty evaluation and optimisesdetector performance, as many subsystems are calibrated for specific pile-up condi-tions.Within this framework, luminosity levelling emerges as an optimal operational strat-egy. Rather than allowing the luminosity to follow its natural exponential decay due tobeam degradation and particle losses, levelling deliberately maintains a constant lumi-nosity plateau over extended periods. This is achieved by initially operating the ma-chine below its maximum potential—effectively ”spoiling” the peak luminosity—andprogressively relaxing these constraints as the beam quality naturally deteriorates. Themachine is thus designed to achieve a virtual peak luminosity substantially exceedingthe maximum value tolerable by detector pile-up limitations, with active control mech-anisms reducing this peak to sustainable operational levels. The efficacy of luminositylevelling depends critically on the maximisation ofthe initial beam quality and the vir-tual peak luminosity, as this determines the duration over which constant luminositycan be maintained [35, 36]. By sacrificing peak instantaneous performance in favourof operational stability and extended data-taking periods, levelling schemes can signif-icantly enhance integrated luminosity delivery while respecting detector constraints.Different types of technique can be used to approach the levelling purpose:
• separation offset,
• crossing angle variation,
• crab cavity RF voltage modulation,
• dynamic β∗ squeeze .

In each case, a collision-related beam parameter is varied as a function of storage time,so as to lower the actual luminosity compared with the maximal achievable one at thebeginning of the physics collisions and increase the luminosity value during the fill. Asa result, the luminosity is roughly constant during the data collection. In the following,the main techniques are described, evaluating both advantages and disadvantages. Fig-ure 12 provides a schematic illustration of these levelling methodologies.Among the most relevant levelling techniques, beam separation through transverse
offsets offers several practical advantages.
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Figure 12: Visual representations of luminous regions for different levelling approaches
This technique is based on the controlled reduction of the overlap area betweenthe two beams at the interaction point. At the beginning of the fill, when the beamintensity is maximum, a transverse separation ∆x is introduced between the trajecto-ries of the two beams. This separation reduces the overlap integral of the transverseprofiles, consequently decreasing the instantaneous luminosity to a predefined targetvalue Ltarget.The instantaneous luminosity in the presence of an offset can be expressed as:

L =
N1N2frevkb
4πσ∗

xσ
∗
y

exp

(
−∆x2

4σ∗2
x

)
(2.40)

where N1 and N2 represent the bunch populations, frev the revolution frequency, kbthe number of bunches, σ∗
x and σ∗

y the transverse beam sizes and ∆x the applied trans-verse separation. During the fill, the beams undergo natural degradation as a result ofbeam-beam collisions, interactions with residual gas, and other loss mechanisms. Tocompensate for this intensity reduction and maintain constant luminosity, the offset isprogressively reduced according to a time-dependent function ∆x(t), thus increasingthe effective overlap area as the bunch populations decrease.This method is straightforward to implement, provides rapid response, and can beapplied independently at each interaction point using local orbit bumps. Furthermore,it enables precise control of pile-up, maintaining a constant average number of colli-sions per bunch crossing—a critical requirement for optimal detector performance andevent reconstruction.However, this approach introduces significant operational challenges. The beamseparation generates a position-dependent beam-beam force that modifies the tune
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spread and potentially reduces the beam stability region. Studies indicate the exis-tence of a critical separation value that minimises the tune footprint, beyond whichbeam stability deteriorates considerably. This constraint poses serious complicationsfor maintaining stable conditions in all circulating bunches.At hadron colliders, another parameter may be dynamically adjusted during a fillto control instantaneous luminosity: the crossing angle between colliding beams. Inthis scheme, the crossing angle is progressively reduced during the fill to counteractthe natural luminosity degradation caused by beam burn-off, thus recovering instan-taneous luminosity and maximising the integrated luminosity delivered over the fullduration of the fill. In the LHC, crossing angles are a crucial operational parameter, de-signed to provide sufficient beam separation and mitigate long-range beam-beam in-teractions at points adjacent to the main collision regions [37]. However, larger crossingangles impose a luminosity penalty, with experimental measurements indicating thathigh-luminosity experiments observe approximately 60% of the theoretical luminosityachievable in the absence of crossing angles, due to the geometric luminosity reductionfactor that depends on the crossing angle, bunch length, and beam size [37]. To opti-mise integrated luminosity delivery, an anti-levelling strategy based on dynamic cross-angle reduction has been operationally implemented at the LHC [38]. This techniqueexploits the natural decrease in beam intensity during fills due to luminosity burn-off:as bunch populations diminish over time, the long-range beam-beam effects becomeless severe, allowing for a stepwise reduction of the crossing angle while maintainingacceptable beam separation [38].The beam-beam constraints that limit the crossing angle reduction in anti-levellingschemes can be overcome through the use of crab cavities, introducing a technolog-ically advanced levelling mechanism that exploits RF-induced bunch rotations to dy-namically control the luminosity. These specialised cavities impart a longitudinally-dependent transverse kick to the particles within each bunch, effectively rotating thebunch in the transverse-longitudinal phase space and allowing precise modulation ofthe beam overlap at the interaction point. In modern colliders, the beams cross at anangle θc necessary to separate the beams outside the interaction point and avoid un-wanted parasitic collisions. Due to the elongated longitudinal structure of the bunches(σs ≫ σ∗
x, σ

∗
y), the crossing angle significantly reduces the effective overlap betweenthe bunches during collision, introducing a geometric luminosity reduction factor. Crabcavities compensate for this effect by applying an oscillating transverse electromagneticfield that varies along the bunch length. For a bunch traversing a crab cavity, the im-parted transverse deflection is given by:

∆x′(s) =
eVcrab
pc

sin
(ωRFs

c

)
, (2.41)

where Vcrab is the crab-cavity voltage, ωRF the angular frequency of the RF, and z thelongitudinal coordinate within the bunch. This s-dependent deflection induces a ro-
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tation of the bunch in the (x, s) plane, allowing the bunches to present themselveshead-on at the interaction point despite the crossing angle. The luminosity with fullyactivated crab cavities recovers the maximum geometric value:
Lcrab =

N1N2frevkb
4πσ∗

xσ
∗
y

· Fcrossing (2.42)
whereFcrossing is the geometric reduction factor that can be arbitrarily close to unity byvarying the crabbing amplitude. For luminosity levelling, the amplitude of the voltageof the crab cavity Vcrab(t) is modulated over time. By reducing the crabbing, the effec-tive overlap between bunches is decreased in a controlled manner, allowing constantluminosity to be maintained at the target value while beam intensities decay. This tech-nique offers the advantage of keeping the beams perfectly centred at the interactionpoint, eliminating the need for transverse separations and preserving the geometricoptimality of the collisions.Although successfully deployed in electron-positron colliders, their application tohadron machines for luminosity levelling remains novel. This technique offers severalcompelling features: independent luminosity control at each interaction point, opera-tional flexibility through simple voltage adjustments, and the ability to maintain con-stant luminosity by progressively compensating for natural beam degradation.Nevertheless, several concerns must be addressed. The limited operational experi-ence with crab cavities in proton beams introduces uncertainties regarding long-termstability and beam dynamics. In addition, the system imposes stringent requirementson the longitudinal distribution of the vertex and the position of the beam, potentiallyincreasing the susceptibility to collective instabilities. Perhaps most critically, the tech-nique demands exceptional precision: cavity jitter—manifested as phase or timing fluc-tuations—can cause beam misalignment at the interaction point, degrading luminosity,or even preventing collisions completely [39, 35].In the context of this work, the dynamic squeeze β∗ would be the levelling schemechosen to perform the desired analysis.This method starts with a beam that has a larger-than-nominal cross-section. Asthe luminosity naturally decays, the beam is progressively ”squeezed” to maintain aconstant luminosity. The fundamental principle is that the stability of the beam is en-sured by a tune spread, which is achieved through non-linearities like those from thebeam-beam effect or from octupole magnets. The procedure has different advantagesto be considered:

• Stable event density: Experiments benefit from a constant longitudinal vertexdensity, which is critical for event detection;
• Consistent tunes: The beam tunes remain constant throughout the fill, whichimproves operational stability;
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• Enhanced stability: This method offers a larger and more stable region of Landaudamping, especially when the squeeze is performed while the beams are alreadyin head-on collision. This avoids the negative effects associated with octupolemagnets, such as a reduction in DA;
• Constant stability diagram: Unlike levelling with an offset, the stability diagramremains constant during the procedure because the tune spread from head-onbeam-beam interactions does not depend on the beam size.

However, some drawbacks should be analysed, first of all the operational complexity,related to the beam orbit: the orbit must be kept perfectly constant during the squeezeto ensure the beams remain in collision, requiring a robust feed-forward system, whichdeviates from standard operational procedures. In addiction, while this method is gen-erally more stable than the offset method, its reliance on precise orbit control and non-linear effects introduces the potential for complications if not managed carefully [35].
2.5 β∗ levelling: model 1
The starting point for a rigorous theoretical description of β∗ levelling is the fundamen-tal equation

dN

dt
= −σintncL(t) (2.43)

describing the time variation of the intensity of the beam. Assuming the luminosity tobe kept constant in time, as happens during the levelling process, L(t) = Lℓ, Eq. (2.43)has a simple solution:
N(t) = Ni − σintncLℓt . (2.44)

Taking into account the equation describing the evolution of intensity over time andthe definition of luminosity with time-dependent β∗

L(t) =
frevγrN(t)2

4πϵ∗β(t)∗kb
F (2.45)

where
F (θc, σs, σ

∗) =
1√

1 +
(
θcσs

2σ∗

)2 . (2.46)
It is evident how the dependence on β∗(t) is both explicit and implicit in the definitionof luminosity, by the term F, as
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σ∗ =

√
ϵ∗β∗

γr
. (2.47)

The luminosity definition in Eq. (2.45) can be rewritten as
L(t) =

λ1
β∗(t)

N(t)2
1√

1 + λ2

β∗(t)

(2.48)
where

λ1 =
γrfrev
4πϵ∗kb

, λ2 =
θ2cσ

2
sγr

4ϵ∗
. (2.49)

As the levelling process takes place whenever β∗(t) is varied, an analytical rule may bederived connecting β∗(t) andN(t), so that the time-evolution required for the levellingof β∗ can be computed.

β∗(t) =
−λ2 +

√
λ22 + 4

(
λ1

Lℓ

)2
N4

i

(
1− σintncLℓ

Ni

)2
2

. (2.50)
The levelling process ends when β∗(t) = β∗(tmax) = β∗

min, so after a time
tℓ =

Ni

σintncLℓ

(
1−

√
Lℓ

L̂

)
. (2.51)

The introduced parameter L̂, defined as L̂ = ΞmaxN
2
i = Ξ̃

β∗
min
N2

i represents the vir-
tual instantaneous peak luminosity of the collider at the beginning of the fill, i.e. theluminosity obtained using the initial beam parameters and assuming β∗(t = 0) = β∗

minand we have Lℓ < L̂. This definition of L̂ is the natural way to compare the virtual per-formance of a collider designed with an optics that achieves β∗
min at the collision pointwith the case where levelling is performed. In particular, it is evident that for Lℓ → L̂,the levelling time tℓ → 0 and the levelling process results are erased. The levelling timemodel of Eq. (2.51) seems to agree with the one presented by [36]. However, comparingthe model with the data for tℓ and β∗(t) from the LHC Run 3, the model seems not toperfectly adapt.

2.6 Limits of the levelling model 1
When analysing the levelling model in 2.5, a key point should be taken into account. Theintegrated luminosity of a single fill without luminosity levelling, using the luminositymodel in Eq. (2.35) reads as
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Lint(tfill) =

∫ tfill

0

dtL(t) =
ΞN2

i tfill
1 + σintncΞNitfill

(2.52)
The assumption that naturally arises is that the case of levelling should leave invariantthe integral luminosity, and it is required then that

Lint(tfill) = Lℓtℓ +

∫ tend

0

dtL(t) , (2.53)
where Lℓ and tℓ are, respectively, the levelled luminosity and the levelling time, tendthe time interval for the luminosity decay andL(t) the model describing the luminositydecay after the levelling ends.However, it is possible to show that, using the levelling time defined in Eq. (2.51), theintegrated luminosity shows a decrease in the levelling case, invalidating the expectedEq. (2.53). In particular,

Lint(tfill) ≈ L̂tfill tfill ≪ 1 (2.54)
lim

tfill→∞
Lint(tfill) =

Ni

σintnc

(2.55)
and

Lint(tℓ, tfill − tℓ) = Lℓtℓ +

∫ tfill−tℓ

0

dt L(t)

=
Ni

ncσint

(
1−

√
Lℓ

L̂

)
1− 2 L̂

Lℓ

(
1−

√
Lℓ

L̂

)2
+ 2 L̂

Ni

(
1−

√
Lℓ

L̂

)
σintnctfill

1− L̂
Lℓ

(
1−

√
Lℓ

L̂

)2
+ L̂

Ni

(
1−

√
Lℓ

L̂

)
σintnctfill

,

(2.56)
from which one derives

Lint(tℓ, tfill − tℓ) ≈ Lℓtfill tfill ≪ 1 (2.57)
and

lim
tfill→∞

Lint(tℓ, tfill − tℓ) =
2Ni

σintnc

(
1−

√
Lℓ

L̂

)
(2.58)

The integrated luminosity is a monotonically increasing function and it can be verifiedthat if
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√
Lℓ

L̂
<

1

2
(2.59)

then the limit of L(tℓ, tfill − tℓ) is greater than the limit of L(tfill).One can also evaluate the value of tfill for which the levelling of luminosity accumu-lates luminosity in the same way as in the case without levelling. A quadratic equationprovides the answer to this question, namely
at2fill + btfill + c = 0 , (2.60)

where 
a =

LℓL̂σ
2
intn

2
c

2Ni

(√
Lℓ
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− 1
)(√

Lℓ

L̂
− 1

2

)
b = 2σintncL̂
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Lℓ

L̂

√
Lℓ
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+ 1
)(√
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− 1
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)
c = Ni

(√
Lℓ

L̂
− 1
)(

Lℓ

L̂
− 4
√

Lℓ

L̂
+ 2
) (2.61)

2.7 β∗ levelling: model 2
The model presented in 2.5 can be improved taking into account the DA model, as pre-sented in 2.3. In particular, the model considering only burn-off information has theadvantage of being analytically handled, but can not include losses due to non lineari-ties. This means that the luminosity may be described as

L(t)

L(0)
=

Li

[1 + εNi

frev
(t− 1)]2

− [1 +D2(t)]e−D2(t)
[
2− (1 +D2(t))e−D2(t)/2

]
= F(t)− G(t) . (2.62)

This definition of the luminosity model may be used to redefine Eq. (2.43) as
dN

dt
=

−σintnc

frev
L(t) =

−σintnc

frev
F(t) +

σintnc

frev
G(t). (2.63)

Keeping then the luminosity value constant at L(t) = Lℓ, the solution of Eq. (2.63) isthe same as Eq. (2.44). However, It should be noted that the beta variation with respectto time is different and is given by the positive solution of the

β∗2(t) + λ2β
∗(t)−

(
L̂

Lℓ

)2(
β∗
min

Fmin

)2
(

1

1− L(0)
Lℓ

G(t)

)2(
1− σintncLℓ

frevNi

)4

= 0 ,

(2.64)
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so that

β∗(t) =

−λ2 +

√
λ22 + 4

(
L̂
Lℓ

)2 (
β∗
min

Fmin

)2(
1

1−L(0)
Lℓ

G(t)

)2 (
1− σintncLℓ

frevNi

)4
2

. (2.65)
The levelling time tℓ is defined for β∗(tℓ) = β∗

min, so
σintncLℓ

frevNi

tℓ +

√
Lℓ

L̂

√
1− L(0)

Lℓ

G(tℓ)− 1 = 0 . (2.66)

2.8 HL-LHC
The analysis of the optimal levelling scheme represents a fundamental point for the op-timisation of the integrated luminosity of the successor to the LHC,High Luminosity LHC,or, briefly, HL-LHC [17].HL-LHC represents the luminosity upgrade of the LHC, which will remain the world’shighest-energy accelerator for decades. This upgrade is a top priority of the EuropeanStrategy for Particle Physics Update with the primary goals being a fivefold increase inthe instantaneous collision rate and a tenfold increase in integrated luminosity com-pared to the nominal design. Achieving this requires substantial research and devel-opment, including advanced technologies like: 11T to 12T superconducting magnets,superconducting crab cavities for beam rotation, advanced beam collimation technolo-gies, high-current superconducting links. The major upgrades are resumed in Fig. 13

38



2 LUMINOSITY OF A COLLIDER

Figure 13: The HL-LHC designed upgrades [40]
The project is a global effort, with contributions from institutions and universitiesin CERN non-member states such as the USA, Japan, China, Canada, and Russia, as wellas leading institutions from member states like INFN (Italy), CIEMAT (Spain), and STFC(UK).Different elements of the existing LHC would undergo a drastic change and improve-ment, as they would become either vulnerable to breakdown and accelerated ageingor because they may become a bottleneck for operation at higher performance levelsand in a higher radiation environment. In particular, the upgrades will affect mainly thetriplet magnets and the associated correctors, which fail above 300 fb−1, cryogenics,collimation, dispersion suppression (DS) region and superconducting (CS) links.The HL-LHC upgrade aims to achieve high performance in a wide range of parame-ters. The intensity of the bunch will increase from 1.15×1011 to 2.2×1011 protons. Thebeam emittance will be reduced from 3.75 µm to 2.50 µm. The baseline operation will
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be a 25 ns bunch spacing. One of the main challenges is reducing the β∗ value at theinteraction point. This reduces the transverse beam size, increasing luminosity. How-ever, a smaller β∗ requires larger and more powerful triplet quadrupoles to compen-sate for aberrations and increase acceptance and a larger crossing angle, which reducesthe geometric overlap of the beams and consequently luminosity. This effect is quan-tified by the reduction factor F . The most elegant solution to this problem is the useof crab cavities, which tilt the bunches to make them collide head-on, neutralising theeffect of the crossing angle. With crab cavities, the reduction factor F increases from0.34 to 0.72. This allows the full potential of low β∗ values, such as 15 cm, to be ex-ploited. Peak luminosity is also limited by factors such as heat deposited from collisiondebris and the cooling limits of superconducting magnets. To mitigate these effects,the HL-LHC project is exploring new strategies, such as increasing engineering marginsfor magnet power and using a dynamic β∗ “squeeze” scheme to optimise the eventpile-up density throughout the beam fill. The design performance of the upgraded ma-chine is still evolving, but some forecasts and predictions have been made: the peakluminosity value would be kept at 5 × 1034 cm−2Hz during all the working periods ofthe machine, including and initial phase of “luminosity learning”, when the peak lu-minosity value would be lowered to gain familiarity with the new framework. If theperformance could go beyond the designed ones and the upgraded detectors accepteda higher pile-up, the performance would reach a higher peak luminosity value, of about
7.5 × 1034 cm−2Hz with levelling. This would lead to about 350 fb−1/year, for a totalof 4000 fb−1 at the end of the last year of operational run, 2041 [41, 42].

Figure 14: On the left, forecast for peak luminosity (red dots) and integrated luminos-ity (violetline) of the HL-LHC era with nominal HL-LHC parameters; on the right, peakluminosity (red dots) and integrated luminosity (violetline) as an overview of the LHCoperations and HL-LHC nominal and ultimate trends [42].

40



3 LHC RUN 3 ANALYSIS

3 LHC Run 3 analysis
To evaluate the performance of the optimization scheme described in Section 4, MonteCarlo simulations are employed (see Section 5). This chapter presents a discussion ofthe LHC Run 3 data used to construct the distributions for the Monte Carlo simulationframework.
3.1 Run 3 Data analysis
Before introducing the implemented optimisation strategy, the data analysis performedon LHC-Run 3 parameters will be presented and discussed in detail. The purpose of thisanalysis is to characterise the distributions of key parameters in the three years of theongoing Run 3 (2022, 2023, and 2024). The resulting distributions will serve as inputfor Monte Carlo simulations, which are used to evaluate the feasibility of the proposedoptimisation process. The analysed data have been collected by the ATLAS collaborationat IP1, even though the beam separation data are from IP1 and IP5.For each physical parameter under investigation, a curated collection of LHC fill datawas preprocessed and stored in serialised Python pickle format. The selection criterionadopted for the fills consisted in choosing those characterized by the highest instanta-neous luminosity values. These datasets, prepared by PhD candidate Maria Aquilina,were subsequently analysed using custom Python scripts developed for this work.For clarity, the operational scheme investigated and the key terminology used insubsequent sections are here defined. An LHC fill is a complete operational cycle of theaccelerator, from the moment particle beams are injected until they are safely disposedof. One single fill is composed by different steps: the process begins with injection,where particle beams are delivered from the pre-accelerators into the main LHC ring.Next, the beams undergo an energy ramp phase, being gradually accelerated to theirfinal collision energy. This process takes a significant amount of time (about 20 min-utes), but is critical for reaching the energy required for groundbreaking physics. Afteracceleration, the beams are squeezed at the interaction points, increasing their densityto maximise the chances of particle-on-particle collisions. This leads to the most im-portant part of the fill: the collision and data-taking phase. For many hours, the beamscollide in the centre of the detectors, and experiments collect collision data. As thebeams lose particles over time, the luminosity gradually decreases. Finally, when theluminosity drops below a useful level, or if a technical issue occurs, the fill is brought toan end by dumping the beams into a safe absorber. The time interval between the endof a fill and the start of the next is called turnaround time.Different types of fills exist, e.g. proton physics, ions physics, special run, intensityramp-up, etc.. However, the interest of this work focuses only on the high-luminosityproton physics fills.
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The analysis characterises the entire operational cycle of an LHC fill, which includesboth the zero-luminosity setup phase and the non-zero luminosity collision phase. Thegoal is to provide a complete description of the fill, highlighting the importance of con-sidering the entire process and not just the data-taking period.The most important LHC and beam characteristics to be analysed are:
1. Instantaneous luminosity, L(t) [µb−1Hz] (or [cm−2Hz]), it will be analysed witha strong focus on the levelling value Lℓ, kept constant during the levelling time;
2. Levelling time, tℓ [h] (or [s]) and thedecay time, tdec, [h] (or [s]), the time durationof the levelling and the time interval between the end of the levelling and the endof the fill, respectively;
3. Beam intensity [charge] as a function of time, N(t), with a special emphasis onthe value measured at the start of levelling (Ni) and that at the end of the levelling(N(tℓ));
4. The beta function value at the interaction point β∗ [cm] as a function of time
β∗(t), in particular its value at the start of stable beams (β∗

0 ) and that evaluatedat tℓ, β∗(tℓ);
5. Turnaround time tta [h], defined as the time interval between the end of a filland the start of the next fill;
6. Time between FailureTBF [h], a metric used in reliability engineering and repre-senting the average time a system or a repairable component operates correctlybefore a failure occurs; for an accelerator like the LHC, a “failure” is not neces-sarily a catastrophic event. Instead, it is any unexpected issue that forces an LHCfill—the complete operational cycle from injection to beam dump—to end pre-maturely.
7. The characteristic of the DA model as presented in 2.3, in particular the decaypart of the luminosity was analysed to obtain the value of ρ, κ and ε.
Data analysis was performed for each year of LHC Run 3, looking for the distributionsof the various physical parameters.In Fig. 15, three examples of real LHC fills, one for each year, have been reported. Inparticular, the reader may appreciate the evolution of luminosity over time (blue line),the evolution of the beam intensity (red line) and the evolution of the β∗ (green line).
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Figure 15: From left to right, examples of fills of 2022, 2023, 2024
The instantaneous luminosity data inevitably contain irregularities arising from var-ious sources, primarily beam repositioning operations performed to re-optimise the lu-minosity. The main irregularities were preprocessed and removed from the raw Massifiles [43] prior to analysis, ensuring that the dataset under examination was free of suchartefacts.For each fill, the values of Lℓ, tℓ, tdec have been extracted by analysing the dataof L(t). Knowing these characteristic times, it was possible to extract the value of Ni,

N(tℓ), β∗
i and β∗(tℓ) from theN(t) and β∗(t) data. By analysis of the decay part ofL(t),it has been possible to fit the DA model 2.3, to extract the ρ, κ, ε values. In particular,in Fig. 16, the fitting process of the DA model on the Fill 9687 of 2024 reported in Fig. 15is presented. tta and MTBF data were also analysed.The most stable, coherent, and reliable data were found to be those of the 2024 LHCrun. In particular, the 2022 data exhibited a lack of consistency between parameter val-ues. This may be attributed to the fact that 2022 marked the first year of Run 3, duringwhich operational parameters were still being established and optimised. The 2023dataset, instead, suffered from reduced reliability due to operational difficulties en-countered during that year. Multiple faults requiring extended repair and recovery pe-riods significantly reduced the data-taking period , including a vacuum leak that causedapproximately 50 days of downtime and RF finger module problems that limited beamintensity. All of these factors led to the choice of 2024 data to feed the Monte Carlosimulator.The values extracted from each year will be reported in table 1. The parameteranalysis for year 2024 is reported in the following.Regarding the values ofLℓ, the data have been modelled with a uniform distributed,as shown in Fig. 17, with a mean value of 19 945 µb−1/Hz and a standard deviation of

σ = ±575 µb−1/Hz. In the right part of 17, the values of Lℓ are reported as a functionof the number of fills, so as a function of time: in fact, the number of each fill is assignedsequentially, making each assignment a chronological mirror of fill production. In par-ticular, the plot shows a tendency to explore different values for theLℓ parameter, with
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Figure 16: the decay part of the luminosity has been fitted using the DA model. Luminos-ity data were normalised over the maximum value (Lℓ = L0) and time was expressedin units of turns
a trend of exploring higher values rather than lower ones.

Figure 17: On the left, the histogram of the Lℓ values, on the right Lℓ as a function ofthe fill number
The Lℓ acted as a descriptive measure to characterise the luminosity-levelling partof the fill, the decay time tdec was used as one of the descriptors for the decay part ofthe fill. The decay time of each fill was extracted by the definition of the interval be-tween the end time of the fill and the end time of levelling, that is, tend−tℓ. As one mayappreciate in Fig. 18, the distribution of tdec for 2024 was found to be a Gaussian dis-tribution with mean value 5.75 h and σ = 2.26 h. The scatter plot showed a tendency,
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over the year, to explore a region between 4 h and 8 h. In particular, a truncation at
1.5 h is visible, whereas tdec values above 8 h are rare.

Figure 18: On the left, the histogram of tdec values, on the right tdec as a function of fillnumber
Each fill was also described by the intensity value of the beam at t = 0 (Ni) and thebeta function values at the interaction point β∗, both at t = 0 and t = tℓ.In 2024, as shown in Fig. 19, the initial intensity was normally distributed, with a cutat 3.85 × 1014 p, a mean value of 3.75 × 1014 p and σ = 0.07 × 1014 p. As shown inFig. 20, for each fill the initial value of β∗ was 120 cm, while the value at tℓ was 36 cmfor the first part of the year and 30 cm for the remaining part.

Figure 19: On the left, the distribution of theNi parameter, on the rightNi as a functionof fill number
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Figure 20: Two symbols describe, for each fill, the values of the β∗ at the start of the fill(blue dot) and at the end (orange square)
The decay part of the luminosity, occurring at tdec, was further examined by fittingthe DA model described in 2.3, to evaluate the distribution of the fundamental param-eters ρ and ε. A preliminary analysis was performed on the selected fills, scanning allpossible values of the κ parameter (in a range between 0.5 and 1.5, found to be the typ-ical range of this parameter) to evaluate which was related to the minimum chi-squaredvalue (as shown in Fig. 21). The determined value of κ = 0.92 is valid for the year.

Figure 21: The value of the chi-squared as a function of the k value
The fitting process was then performed setting the parameter κ to the value foundand then fitting Eq. (2.39) to the data (as shown in Fig. 16), and the distributions of
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ε and ρ are reported, respectively, in Figs. 22 and 23. It was decided to model bothdistributions with uniform distributions. The mean value of the εwas found to be 3.66×
10−24, with a standard deviation of 0.26 × 10−24; the mean value of the ρ parameterwas found to be 210.4 with a standard deviation of 15.2.

Figure 22: on the left, the distribution of the ε parameter, on the right, ε as a functionof fill number

Figure 23: on the left, the distribution of the ρ parameter, on the right, ρ as a functionof fill number
The analysis of the LHC 2024 run was completed with the evaluation of the turnaroundtime (tta) distribution, and the distribution of the time between failure (TBF). In par-ticular, the tta distribution was found to be a decaying exponential, namely

ρ(tta) = µtae
−µtatta , (3.1)

with mean value ⟨tta⟩ = 1/µta = 2.52 h, as shown in Fig. 24
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Figure 24: tta distribution for 2024
The TBF distribution was instead found to be a Weibull distribution,namely

ρ(tfail) = µfκ(µftfail)
κ−1e−(µf tfail)

κ

, (3.2)
as reported in Fig. 25, described by parameters ⟨MTBF⟩ = 1/µf = 12.69 h and κ =
1.06.

Figure 25: Distribution of MTBF

All the values discussed up to now are summarised in table 1, but the values of β∗,which is an external parameter set by the operators, which does not fluctuate statisti-cally. Some other features of the 2024 fills are reported in 7, but they will not be usedfor the Monte Carlo simulation.In 7, a table is reported that recaptures all the values for the data analysis of thethree years of Run 3.
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Table 1: Statistical analysis of each parameter for year 2024
Parameter Mean Standard deviation

Lℓ [µb−1Hz] 19945 575

tdec [h] 5.75 2.26

Ni [p] 3.75× 1014 0.067× 1014

ε 3.66× 10−24 0.26× 10−24

ρ 210 15

tta [h] 2.52 0.18

MTBF [h] 12.69 1.24

An additional analysis required for the Monte Carlo simulation was the correlationbetween the chosen parameters. The correlation matrix generated for the Monte Carlosimulation is described in 5 . In Fig. 26, all the correlations studied and their values arereported.

49



3 LHC RUN 3 ANALYSIS

Figure 26: Plots of correlations for year 2024
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4 Optimisation strategy
Maximising the number of recorded physics events is a fundamental goal in colliderexperiments looking for new physics. Although detector and data acquisition upgradescan increase event rates, the most direct approach to accumulating more events is tomaximise the integrated luminosity delivered to the experiments. Integrated luminosityoptimisation schemes are therefore essential for achieving experimental objectives.Recent work by Capoani et al. [43] has demonstrated the potential of such opti-misation strategies for LHC Run 2, providing encouraging results that warrant furtherinvestigation. A natural extension of this approach is the development and implemen-tation of optimisation schemes specifically tailored for luminosity levelling operations.Such developments would benefit not only the final year of LHC operation, but also pro-vide valuable insights for the upcoming High-Luminosity LHC (HL-LHC) upgrade, wherelevelling techniques will play a central role in luminosity delivery.Having defined the data that will be used to test the optimisation scheme, one ofthe cores of this work lies on the definition of the optimisation scheme. In particular,different approaches have been evaluated, trying to generalise the model to be appliedand considering problems rising from the functioning of the machine.
4.1 The simplest case
The integrated luminosity in the presence of luminosity levelling reads as

L(tℓ, tdec) = Lℓtℓ +

∫ tdec

0

dtL(t) , (4.1)
where Lℓ represents the levelled luminosity value, tℓ the levelling time, strictly relatedto Lℓ according to Eq. (2.51), tdec the luminosity L(t) decay interval. The levelling partand the decay part are treated separately as independent, taking into account that re-lations shown in Eqs. (2.50) and (2.51) define the crossing from one regime to the next.The first step to be considered in the maximisation process is the pure deterministicone, considering then Lℓ (and consequently tℓ) a given parameter. The equation to bemaximised is

Ltot(tfill) = NfillL(tℓ, tdec) =
T + tta

tta + tℓ + tdec

(
Lℓtℓ +

∫ tdec

0

dtL(t)

)
, (4.2)

where Nfill represents the total number of fills produced during time T , total time forphysics, and tta represents the turn-around time, time, the total time required to pre-pare the accelerator for a new collision run, or “fill”, after the previous one has ended,comprehending different steps (beam dump, preparation, injection, ramping, squeeze
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and alignment, stability checks). Under these assumptions, the optimisation is per-formed by evaluating the expression
dLtot

dtdec
= 0 . (4.3)

Using the calculations of [43] for pure burn-off and beams of equal intensity, the optimalfill time tdec is the solution of the equation

εNi

1 +(1−√Lℓ

L̂

)
t2dec + 2

√
L̂

Lℓ

(
1−

√
Lℓ

L̂

)− tta = 0 . (4.4)
The Equation (4.4) allows for two real solutions of opposite signs and at least for onereal and positive solution. Solutions for the optimal decay part are given by

t̂dec =
−
√

L̂
Lℓ

(
1−

√
Lℓ

L̂

)
±
√

L̂
Lℓ

(
1−

√
Lℓ

L̂

)2
+ εNitta

[
1 +

(
1−

√
Lℓ

L̂

)]
εNi

[
1 +

(
1−

√
Lℓ

L̂

)] . (4.5)

It is evident how takingLℓ = L̂ and tℓ = 0, so no levelling, the solutions are those foundin [43] for the LHC Run 2 case. The solutions of Eq. (4.5) have been evaluated, and plotsof them are reported here. In particular, these simulations have been obtained using
T = 3121 h, ε = 3.6×10−24, L̂ = 2.691×1038m−2Hz,Ni = 3.5×1014 p, tta = 3h. Inparticular, it should be noted that the optimisation procedure exhibits a tendency to ex-tend the decay time proportionally to the ratio Lℓ/L̂, whilst simultaneously increasing
t̂dec in response to higher turnaround time values (see Fig. 4.1). A remarkable observa-tion emerges when considering the total fill time, defined as the sum of the optimiseddecay time t̂dec and the levelling time tℓ (computed using Eq. (2.51)). The solution ex-hibits singular behaviour below a critical threshold of the ratioLℓ/L̂, whereby the totaltime diverges. This divergence can be attributed to the levelling time that assumessubstantially large values in the regime of intensive levelling schemes, characterised by
Lℓ ≪ L̂ (see 4.1).The evaluation of the optimisation procedure is completed by analysing the totalintegrated luminosity obtained through this scheme and the behaviour of the instan-taneous luminosity, both the levelled value Lℓ and the virtual value L̂, at the end ofthe fill. The total integrated luminosity, computed over the physics time T during Run 3and plotted as a function of the levelling ratio Lℓ/L̂, exhibits a monotonic increase asthe levelling ratio approaches unity. This behaviour indicates that more intensive lev-elling schemes impose a constraint on the maximum achievable integrated luminosity,thereby suggesting that minimisation of the levelling procedure is beneficial for lumi-nosity accumulation.
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Figure 27: On the left, solutions of Eq. (4.5); on the right, solutions of Eq. (4.5) summedwith the tℓ calculated for each Lℓ/L̂

Figure 28: On the right, the behaviour of the optimised Ltot with respect to the ratio
Lℓ/L̂, with the maximum values circled in red; on the left, the derivative of the Ltot

Figure 29: On the left, the behaviour of the ratio of L(tfill)/Lℓ with respect to the ratio
Lℓ/L̂; on the right, the behaviour of L(tfill)/L̂ with respect to the ratio Lℓ/L̂
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4.2 Two-parameter model
It is essential to note that the model presented in Eq. (4.2) has an intrinsic limitation.In fact, the turnaround time cannot be considered fixed, as it varies from fill to fill. Themodel in Eq. (4.2) represents just an indicative behaviour of the system, but cannot betaken as the final one to be used for the optimisation process.Then a new model should be introduced, modifying, for the levelling case, the oneproposed in [43]. In particular, the global function to be optimised turns out to be

Ltot(Lℓ, tdec,c, tdec,f) =
i−1∑
j=1

Lint(Ll, t̂dec,j) + Lℓ,ctℓ,c +

∫ tdec,c

0

L(t) dt

+
T −

[∑i−1
j=1(tta,j + t̂dec,j + tℓ,j) + tta,i + tℓ,c + tdec,c

]
1
i

∑i
j=1 tta,j + tℓ,f + tdec,f

×
(
Lℓtℓ,f +

∫ tdec,f

0

Lmp(t) dt

)

=
i−1∑
j=1

Lint(Lℓ, t̂dec,j) + Lc(Lℓ, tdec,c) + Lf(Lℓ, tdec,c, tdec,f) ,

(4.6)where the three terms of the sum refer, respectively, to the past i − 1 fills, to the cur-rent fill, the i-th one, and to the future fill. tta,j (1 ≤ j ≤ i) and t̂dec,j (1 ≤ j ≤ i − 1),represent, respectively, the optimal turnaround and fill-decay times for all fills from 1to i. For fills 1 to i−1, Lint represents the integrated luminosity of a single fill, includingalso the levelling part. The fill i is the current one, associated with the integrated lumi-nosity Lc. The model also includes an estimate of the integrated luminosity collectedin future fills, which is globally indicated as Lf and built using estimates of future fills.
Lmp(t) represents the most probable value of the function representing the evolutionof the luminosity after levelling. When the luminosity function is Gaussian distributed,the most probable value corresponds to the average value. It is clear that the knowl-edge about this function comes, when data are available, from the past fills. The valueof tℓ,f is defined through the most probable value of L̂. With respect to the model dis-cussed in Eq. (4.2), the one presented in Eq. (4.6) introduces one additional parameterto be optimised, tdec,f , representing the optimal fill-decay time for all future fills: thethird term in Eq. (4.6) introduces a relationship between tdec,c and tdec,f . Furthermore,Eq. (4.6) assumes that the target value of the levelled luminosity is constant for all fillsand is defined as a parameter not to be optimised. As a consequence, the values ofthe levelling time for future and current fills, tℓ,f and tℓ,c, are generally different. Theoptimisation strategy focusses on tdec,c and tdec,f as free parameters, determining the
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values that set the gradient of Ltot to zero, namely,


∂Ltot

∂tdec,c
= L(tdec,c)− 1

⟨tta⟩+tℓ,f+tdec,f

(
Lℓtℓ,f +

∫ tdec,f
0

dtLmp(t)
)
= 0

∂Ltot

∂tdec,f
= Lmp(tdec,f)− 1

⟨tta⟩+tℓ,f+tdec,f

(
Lℓtℓ,f +

∫ tdec,f
0

dtLmp(t)
)
= 0

(4.7)

which gives{
L(t̂dec,c) = Lmp(t̂dec,f)

Lmp(t̂dec,f) =
1

⟨tta⟩+tℓ,f+t̂dec,f

(
Lℓtℓ,f +

∫ t̂dec,f
0

dtLmp(t)
) (4.8)

The second equation is used to determine the optimal fill decay-time value for futurefills, t̂dec,f , and the first to determine tdec,c. It is evident how the optimisation schemetakes into consideration only the levelling parameters of the future fills, which are criti-cally dependent on Lmp(t), the maximum luminosity corresponding to the parametersfor the most probable luminosity. The system of equations (4.8) is conceptually similarto the one derived in [43], even though here the levelling process has been included.The system of equations (4.8) can be solved analytically. Setting ε = σintncΞmax =
σintnc

L̂
N2

i
and α = Ni/Nmp as a description of the relationship between the current fill

and the most probable one, the model to describe the evolution of the instantaneousluminosity would be
L(t) = Lmp =

ΞmaxN
2
mp(1− ρℓ,mp)

2

[1 + εNmp(1− ρℓ,mp)t]2
, (4.9)

where
ρℓ,mp = 1−

√
Lℓ

L̂mp

= 1− α

√
Lℓ

L̂
, (4.10)

taking into account the levelling process previously applied at a value Lℓ with respectto the virtual maximum level L̂. The first equation of (4.8) implies t̂dec,c = t̂dec,f and
t̂dec,f is a solution of quadratic equation

at̂2dec,f + bt̂dec,f + c = 0 , (4.11)
where

55



4 OPTIMISATION STRATEGY

a =
εNi

α
(4.12)

b = − 2

α

(√
Lℓ

L̂
− α

Lℓ

L̂

)
(4.13)

c = ⟨tta⟩ . (4.14)
It is evident that, assuming Lℓ = L̂, the coefficients of Eq. (4.11) reduce to the formanalysed in [43]. Regarding 4.1, a qualitative analysis of the optimisation path has been
given. In particular, plots of the behaviour of the three free parameters(⟨tta⟩ , Lℓ

L̂
, Ni

Nmp

)
have been created. In Fig. 30 the different behaviours of the optimisation are plottedas a function of the parameter α for different cases of Lℓ/L̂. The logic is quite clear:the optimiser tends to increase the value of tdec whenever the intensity is low (Nmp <
Ni for α > 1). Furthermore, the optimiser tends to increase the decay part as theratio Lℓ/L̂ increases and the levelling is less strong. In Fig. 31 the behaviour has beenplotted as a function of the ratio Lℓ/L̂ for different values of ⟨tta⟩. It is evident howthe optimiser tends to increase the tdec value whenever both the ratio Lℓ/L̂ and the αvalues increase. In Fig. 32 the behaviour has been studied considering the optimal t̂decwith respect to the ratio Lℓ/L̂ for different α values. It is instructive to note that thecase for α = 1 is the same as studied for 4.1. The optimiser tends to increase the decaypart for increasing Lℓ/L̂, increasing α and increasing ⟨tta⟩
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Figure 30: In the plot, the optimal t̂dec,f has been plot as a function of the α parameter
for different values of the ratio Lℓ/L̂; simulation run using ε = 3.66× 10−24

Figure 31: In the plot, the optimal t̂dec,f has been plot as a function of the ratio Lℓ/L̂ fordifferent values of the tta; simulation run using ε = 3.66× 10−24
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Figure 32: In the plot, the optimal t̂dec,f has been plot as a function of the ratio Lℓ/L̂for different values of the α; simulation run using ε = 3.66× 10−24

4.3 Four-parameter model
The optimisation procedure discussed up to this point considers only tdec,c and tdec,fas parameters to be optimised. Therefore, it is possible to also include two additionalparameters in the scheme: the levelled luminosity value, namely Lℓ,f and Lℓ,c. Thisimplies that two additional derivatives must be taken into consideration:


∂Ltot

∂Lℓ,c
= tℓ,c + Lℓ,c

∂tℓ,c
∂Lℓ,c

− ∂tℓ,c
∂Lℓ,c

1
⟨tta⟩+tℓ,f+tdec,f

(
Lℓ,ftℓ,f +

∫ tdec,f
0

dtLmp(t)
)
= 0

∂Ltot

∂Lℓ,f
= tℓ,f + Lℓ,f

∂tℓ,f
∂Lℓ,f

− ∂tℓ,c
∂Lℓ,c

1
⟨tta⟩+tℓ,f+tdec,f

(
Lℓ,ftℓ,f +

∫ tdec,f
0

dtLmp(t)
)
= 0 .

(4.15)The complete set of equations to be solved reads

58



4 OPTIMISATION STRATEGY



∂Ltot

∂tdec,c
= L(tdec,c)− 1

⟨tta⟩+tℓ,f+tdec,f

(
Lℓtℓ,f +

∫ tdec,f
0

dtLmp(t)
)
= 0

∂Ltot

∂tdec,f
= Lmp(tdec,f)− 1

⟨tta⟩+tℓ,f+tdec,f

(
Lℓtℓ,f +

∫ tdec,f
0

dtLmp(t)
)
= 0

∂Ltot

∂Lℓ,c
= tℓ,c + Lℓ,c

∂tℓ,c
∂Lℓ,c

− ∂tℓ,c
∂Lℓ,c

1
⟨tta⟩+tℓ,f+tdec,f

(
Lℓ,ftℓ,f +

∫ tdec,f
0

dtLmp(t)
)
= 0

∂Ltot

∂Lℓ,f
= tℓ,f + Lℓ,f

∂tℓ,f
∂Lℓ,f

− ∂tℓ,c
∂Lℓ,c

1
⟨tta⟩+tℓ,f+tdec,f

(
Lℓ,ftℓ,f +

∫ tdec,f
0

dtLmp(t)
)
= 0 .

(4.16)The system above can be cast in the following form

L(tdec,c) = Lmp(tdec,f)

Lmp(tdec,f) =
1

⟨tta⟩+tℓ,f+tdec,f

(
Lℓtℓ,f +

∫ tdec,f
0

dtLmp(t)
)

L
3/2
ℓ,c + L

1/2
ℓ,c L(tdec,c)− 2L(tdec,c)L̂

1/2 = 0

L
3/2
ℓ,f + L

1/2
ℓ,f L(tdec,f)− 2L(tdec,f)L̂

1/2 = 0 .

(4.17)

The depressed cubic equations of (4.17) have a single positive solution. In particular,from the fourth equation of the system, one can determine the optimal value for Lℓ,fas a function ofLmp(tdec,f), from which the value tℓ,f can be derived. The value obtainedcan be substituted in the second equation, in order to compute the optimal decay-filltime t̂dec,f . The first equation is used to evaluate the optimal time t̂dec,c. As a last step,the optimised result should be replaced in the last two equations to determine theactual values of the levelled luminosity for the current and future fills. In this case,analytical solutions are extremely difficult to evaluate, making numerical methods themost suitable approach to be chosen. Also for this optimisation model, a plot has beencreated (see Fig. 33), which is numerically solved for (4.17). The behaviour of the opti-misation parameters has been considered with respect to the values of α and tta.
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Figure 33: The behaviour of each optimisation parameter has been plotted with respectto the α value for different ⟨tta⟩ values; simulation run using ε = 3.66× 10−24

4.4 Failure probability
In the optimisation process described in sections 4.2 and 4.3 the failure probability ofa fill has never been taken into account. An efficient optimisation strategy should alsotake this aspect into account. Assume f(t) to be the probability of failure of a fill be-tween t and t + dt and F (t) the probability of failure before t. As a consequence,
S(t) = 1 − F (t) is the survival probability. If t is the time at which a fill should beterminated, then the expected fill time would be

te(t) =

∫ ∞

0

dτ t̃(τ) , (4.18)
where the function t̃(τ) is defined as

t̃(τ) =

{
τ if τ < t

t if τ ≥ t .
(4.19)

This means that the typical duration of a fill may be defined as
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te(t) =

∫ t

0

dττf(τ) + t

∫ ∞

t

dτf(τ) (4.20)
= tF (t)−

∫ t

0

dτF (τ) + t(1− F (t)) (4.21)
=

∫ t

0

dτ S(τ) . (4.22)
This allows for the redefinition of the expected luminosity as

Le(t) =

∫ t

0

dτL(τ)f(τ) + L(t)

∫ ∞

t

dτf(τ) =

∫ t

0

dτ L(τ)S(τ) . (4.23)
The function to be optimised becomes

Lc(Lℓ,ctdec,c) = Lℓ,c

∫ tℓ,c

0

dτS(τ) +

∫ tdec,c

0

dτL(τ)S(τ + tℓ, c) (4.24)

Lf(Lℓ,f , tdec,c, tdec,f) =
T −

[∑i−1
j=1(tta,j + t̂dec,j) + tta,i +

∫ tℓ,c
0

dτ S(τ) +
∫ tdec,c
0

dτ S(τ + tℓ,c)
]

1
i

∑i
j=1 tta,j +

∫ tℓ,f
0

dτ S(τ) +
∫ tdec,f
0

dτ S(τ + tℓ,f)

×
(
Lℓ,f

∫ tℓ,f

0

dτ S(τ) +

∫ tdec,f

0

dτ Lmp(τ)S(τ + tℓ,f)

)
.

(4.25)
The optimisation of Lc + Lf , assuming only two optimisation parameters, gives thefollowing equations



L(tdec,c) =
1

⟨tta⟩+
∫ tℓ,f

0

dτ S(τ) +

∫ tdec,f

0

dτ S(τ + tℓ,f)

×

×
(
Lℓ

∫ tℓ,f

0

dτ S(τ) +

∫ tdec,f

0

dτ Lmp(τ)S(τ + tℓ,f)

)
Lmp(tdec,f) =

1

⟨tta⟩+
∫ tℓ,f

0

dτ S(τ) +

∫ tdec,f

0

dτ S(τ + tℓ,f)

×

×
(
Lℓ

∫ tℓ,f

0

dτ S(τ) +

∫ tdec,f

0

dτ Lmp(τ)S(τ + tℓ,f)

)
.

(4.26)
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The result of the optimisation scheme proposed in (4.26) will be evaluated in the MonteCarlo simulation. In addition, the four-parameter optimisation model presented in (4.17)can be recast to include the failure probability, so that


∂Ltot

∂tdec,c
= L(tdec,c)−

1

⟨tta⟩+
∫ tℓ,f

0

dτ S(τ) +

∫ tdec,f

0

dτ S(τ + tℓ,f)

×

×
(
Lℓ,f

∫ tℓ,f

0

dτ S(τ) +

∫ tdec,f

0

dτ Lmp(τ)S(τ + tℓ,f)

)
= 0

∂Ltot

∂tdec,f
= Lmp(tdec,f)−

1

⟨tta⟩+
∫ tℓ,f

0

dτ S(τ) +

∫ tdec,f

0

dτ S(τ + tℓ,f)

×

×
(
Lℓ,f

∫ tℓ,f

0

dτ S(τ) +

∫ tdec,f

0

dτ Lmp(τ)S(τ + tℓ,f)

)
= 0

∂Ltot

∂Lℓ,c

=

∫ tℓ,c

0

dτ S(τ) +
∂tℓ,c
∂Lℓ,c

Lℓ,c −
1

⟨tta⟩+
∫ tℓ,f

0

dτ S(τ) +

∫ tdec,f

0

dτ S(τ + tℓ,f)

×

×
(
Lℓ,f

∫ tℓ,f

0

dτ S(τ) +

∫ tdec,f

0

dτ Lmp(τ)S(τ + tℓ,f)

)]
= 0

∂Ltot

∂Lℓ,f

=

∫ tℓ,f

0

dτ S(τ) +
∂tℓ,f
∂Lℓ,f

Lℓ,f −
1

⟨tta⟩+
∫ tℓ,f

0

dτ S(τ) +

∫ tdec,f

0

dτ S(τ + tℓ,f)

×

×
(
Lℓ,f

∫ tℓ,f

0

dτ S(τ) +

∫ tdec,f

0

dτ Lmp(τ)S(τ + tℓ,f)

)]
= 0.

(4.27)The failure probability distribution is assumed to be a Weibull distribution, hypothesissupported also by the time between failure data analysis for LHC Run 3. In particular
S(t) = µfk(µft)

k−1e−(µf t)
k

, (4.28)
where µf is the inverse of the mean time between failures (MTBF). In particular, thefailure rate scales with time as tk−1, representing an ageing process. Another interestinganalysis would be the strategy to deal with the last part of the Run, considering the
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failure probability model. In particular, when the remaining time tr ≈ 2tfill + tta, thefunction to be optimised turns out to be

Ltot(tdec,c, tℓ, lta, Lℓ,c, Lℓ,f) =Lℓ,cte(tℓ,c) +

∫ te(tdec,c)

0

dτ L(τ)S(τ + tℓ,c)

+ Lℓ,fte(tℓ,f)

+

∫ tr−tta−te(tℓ,c)−te(tℓ,f)−te(tdec,c)

0

dτ Lmp(τ)S(τ + tℓ,c + tℓ,f) ,

(4.29)
where the optimisation parameters are Lℓ,c, Lℓ,f , tdec,c.
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5 Monte Carlo evaluation
The best tool to evaluate the performance of the optimisation strategy analysed sofar is represented by Monte Carlo simulation. This is a computational technique thatemploys repeated random sampling to obtain numerical results for complex systems,characterised by unavailable analytical solutions. The method is able to generate a largenumber of possible scenarios, each drawn from specified probability distributions, rep-resenting the system’s uncertainty parameters. Through the analysis of the simulationresults, it is possible to evaluate the probability distributions, expected values, and con-fidence intervals for the variables of interest. This approach has found a wide spectrumof applications in different fields, including quantitative finance, particle physics, andeven risk analysis. However, some limitations of the method must be considered. Theaccuracy of estimates depends critically on the number of iterations performed, re-quiring a critical evaluation of the trade-off between computational cost and statisticalprecision [44, 45].The core idea of the simulation implemented is to simulate a given large number ofyears of operations of the LHC machine, from 1 × 103 to 1 × 104. In this work, due tocomputational cost and time constraints, 1 × 103 years have been generated for eachsimulation. In the Monte Carlo framework, each fill is simulated generating each char-acterising parameter according to the parameters’ distribution described in 3. The 2024Run 3 parameters have been chosen, due to their stability and statistical consistency.It should be noted that the levelling time tℓ is not generated from a distribution, but isgenerated by using Eq. (2.51). The correlations between the parameters have also beenincluded through the correlation matrix R, defined as

R =


1.00 corr(Ni, Lℓ) corr(Ni, tdec) corr(Ni, ρ) corr(Ni, ε)

corr(Ni, Lℓ) 1.00 corr(Lℓ, tdec) corr(Lℓ, ρ) corr(Lℓ, ε)
corr(Ni, tdec) corr(Lℓ, tdec) 1.00 corr(tdec, ρ) corr(tdec, ε)
corr(Ni, ρ) corr(Lℓ, ρ) corr(tdec, ρ) 1.00 corr(ρ, ε)
corr(Ni, ε) corr(Lℓ, ε) corr(tdec, ε) corr(ρ, ε) 1.00

 .

(5.1)Each run is also defined by a maximum time, the physics time recorded in 2024,namely 2253.9 h. For each simulated run, a pool of 1 × 103 eligible fills has been cre-ated. The fill pool feeds, at the same time and with the same fills, two “Run” generators:the basic Monte Carlo generator and the Optimised Monte Carlo generator. In the fol-lowing, they will be referred to asMC andOpt, respectively. The Optimised generator isable to numerically solve the optimisation systems defined in 4.2 and 4.4. In particular,the optimisation framework tested is that described in Eqs. (4.6) and (4.26), respec-tively. This means that for each simulation performed, the optimisation parameterstaken into account were the decay times t̂dec,c and t̂dec,f . The latter was used to solve
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the second equations of (4.6), to solve the first one and obtain the value of t̂dec,c, whichrepresents the best time to end the fill. The analysed optimisation framework allows forthe selection, just for the optimised generator, of the values Lℓ, called L∗
ℓ in this workand tested for each simulation, for the values 1.6 × 104 µb−1Hz, 1.8 × 104 µb−1Hz,

2.0× 104 µb−1Hz, 2.2× 104 µb−1Hz, 2.4× 104 µb−1Hz, 2.6× 104 µb−1Hz. Here, a firstlimitation of the implemented optimisation is evident: there will not be a direct com-parison between unoptimised and optimised fills with the same Lℓ, at least not for alltheL∗
ℓ values scanned, as the unoptimised generator is based on the 2024 parameters’distributions. However, there exists a simulation for which the L∗

ℓ value chosen allowsa direct comparison with the scenario of 2024, that is, L∗
ℓ = 2.0× 104 µb−1Hz.For each year generated, both theMC and theOpt informations are stored in Python’spickle serialisation format. In particular, for both strategies the total integrated lumi-nosity Ltot and the total number of fills generated Nfills are stored. For the simulatorincluding the probability of failure, also the total number of failures is also stored,Nfail.Each fill is stored as a Python dictionary object, in each of which all fill characteristicsare stored: the initial intensity Ni, the value of the virtual peak luminosity L̂, the lev-elled luminosity value Lℓ, the value of the luminosity at the end of the fill Lend, thetime duration of levelling tℓ and of the decay part tdec, the characteristics of the DAmodel (ε, ρ, κ) and the turnaround time tta. It is clear that, for the Opt generator thatincludes the probability of failure, the dictionary will also record the failure time tfail. Inthis case, whenever tfail < tℓ, that is, a failure occurs during the levelling process, Lendis set to nan (being equal to Lℓ) and tdec = 0. In the following, the main results of thetwo approaches are described.

5.1 Monte Carlo simulation without failure
This section shows the main results of the simulations obtained using the optimisationapproach in Eq. (4.6), i.e. the model that does not include the failure probability.The optimisation approach has been compared with the unoptimised Monte Carlogenerated data. The distributions of the mean values for each year have been reportedin the following figures, which highlight the main characteristics of the unoptimisedapproach. The distributions of tdec, tℓ, ttot, Nfill, Lℓ, L̂, Lend/L̂ and Ltot are reported inFig. 34 .
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Figure 34: Distributions of tdec, tℓ, ttot, Nfill, Lℓ, L̂, Lend/L̂ and Ltot

The distributions obtained are to be compared with those generated for each anal-ysed case of the simulated optimisation process. However, it should be noted that each
Opt distribution is compared with the MC distribution, generated each time using the2024 parameter’ distributions. This means that the optimisation scheme does not havea direct comparison with its unoptimised case.
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In particular, evaluating the optimisation scheme using different values of L∗
ℓ , theresults are plotted in Fig. 35, as a function of the ratio of the fixed L∗

ℓ and the meanvalue of ⟨L̂⟩ of each simulated scenario.

Figure 35: on the left, the violin plots of each L∗
ℓ/L̂ case of the Opt, with a comparisonwith the MC case for L∗

ℓ/L̂ = 2 × 104 µb−1Hz; on the right, the violin plots of theimprovement of the Opt compared to MC for each L∗
ℓ/L̂ case.

It is evident that the optimisation scheme, in this framework, is not working asexpected. In fact, the optimiser seems to drastically reduce the value of Lint. Evensetting L∗
ℓ = 2.0 × 104 µb−1Hz, the optimiser reduces, instead of maximising, the in-tegrated luminosity value per day. In particular, it is evident how the increase in Ltotstarts only for values of L∗

ℓ > 2.0 × 104 µb−1Hz, that is, L∗
ℓ > 2.4 × 104 µb−1Hz and

L∗
ℓ > 2.6×104 µb−1Hz. The reason for this behaviour may become clearer by analysingthe distributions of the other parameters, in particular tdec, tℓ, ttot, and Nfill.
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Figure 36: The distributions of the tℓ fordifferent values of L∗
ℓ

Figure 37: The distributions of the tdec fordifferent values of L∗
ℓ

Figure 38: The distributions of the ttot for different values of L∗
ℓ

As is evident, in Fig. 36 the distributions for the levelling time in case L∗
ℓ = 2.0 ×

104 µb−1Hz are the same for the MC and the Opt. The only difference between the two
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approaches is the tdec distributions: in fact, the optimiser tends to drastically increasethe duration of the decay part (see Fig. 37), as it cannot find another clever solution.That is, setting the same tℓ (as is supposed when building the simulation framework),the optimiser’s choice is to drastically elongate the duration of a fill(see Fig. 38), as away to increase the value Ltot. In addition, the Lend/L̂ distributions shown in Fig. 39seem to confirm that the ttot is deeply elongated.

Figure 39: Lend/L̂ distributions for each
L∗
ℓ case Figure 40: The distributions of the num-ber of fills Nfill for each L∗

ℓ case
This is also evident in the remaining simulated scenarios. In particular, setting L∗

ℓ =
1.6 × 104 µb−1Hz, well below the MC value. However, increasing the duration of a fill, the number of fills to be generated in a year long run decreases. In fact, as shownin Fig. 40, the number of total fills in a physics run scenario is drastically reduced, inparticular for smaller values of L∗

ℓ . As a result, for values of L∗
ℓ < 2.4× 104 µb−1Hz theoptimisation strategy does not apply. For higher values of L∗

ℓ , the optimiser deals witha relatively short levelling time tℓ and a higher luminosity value: increasing the decaypart, the increase in Ltot is quite natural.It is also important to note that to have additional information about the behaviourof the optimiser, one may analyse how the total time for physics changes. In particular,in this scenario, the optimiser tends to increase, especially for L∗
ℓ < 2.4× 104 µb−1Hz,the total time for physics, as is evident in Fig. 41.
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Figure 41: Time for physics distributions for each case studied; the dashed line repre-sents the nominal time for physics for the LHC Run 3
5.2 Monte Carlo simulation with failure
To have a more realistic case of study, the same approach followed for the previousscenario has been implemented in the analysis of the system, including a failure prob-ability. The optimisation scheme analysed is the one presented in Eq. (4.26). Clearly,the failure probability is present both in the MC and in the Opt approaches. For the
MC, some statistics are reported as in the previous section, to set the comparison withthe optimised model. In particular, tdec, tℓ, ttot, Nfill, tfail,Nfail, Lℓ, L̂, Lend/L̂, Ltot areshown in Fig. 42. It is evident how, comparing the distributions with those of the previ-ous case (see Fig 34), some differences are present. In particular, while the distributionsforLℓ and L̂ admit the same mean value, some deviations are observed in all other dis-tributions. Indeed, the mean values of the distributions of tdec, tℓ and ttot are reducedcompared to those of Fig 34: this is attributed to the inclusion of failure probability of afill, which acts as a reducing factor of the fill duration. The distributions for the failuretime, tfail, and the number of failures, Nfail, are reported in Fig. 42. It is evident thatreducing the fill duration leads to an increase in the number of Nfill, compared to thecase without failure. Furthermore, the shorter fill duration affects the ratioLend/L̂: thelonger tdec of the no-failure scenario allows the luminosity to decrease to lower Lendvalues, resulting in a lower Lend/L̂, compared to the case with failure. Consequently,the presence of failures limits the integrated luminosity over one year,Ltot comparedto the no-failure scenario.
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Figure 42: Distributions of tdec, tℓ, ttot, Nfill, tfail,Nfail, Lℓ, L̂, Lend/L̂, Ltot

As in the previous case, the results of the application of the optimisation scheme
71



5 MONTE CARLO EVALUATION

are shown below. It is interesting to note that, introducing the failure probability, theoptimiser behaviour changes compared to the previous case. In particular, analysing theresults in Fig. 43, optimisation seems possible sinceL∗
ℓ = 2.0×104 µb−1Hz. In fact, thedistribution of theLtot for theOpt case is slightly shifted toward higher values comparedto the distribution of the MC case. Also, the mean value of the two distributions showsthis result. Looking at the right side of Fig. 43, for case L∗

ℓ = 2.0 × 104 µb−1Hz theincrease distribution is concentrated almost entirely in positive values. Furthermore,for higher values of the parameter L∗
ℓ , the gain in Ltot seems to improve.

Figure 43: In the plot, the distribution of Ltot for each L∗
ℓ analysed

In this scenario, the optimiser seems to behave in a completely different way withrespect to the previous case. In fact, as may be evident considering Fig. 45, the tdecvalues are much shorter, even considering the existing failure probability, with respectto the scenario without failure probability. Its value is still slightly elongated by theoptimiser increasing the L∗
ℓ value, but in conjunction with a shortening of the tℓ (seeFig. 44). The optimiser seems to find the best solution in creating shorter fills and in-creasing the number of fills for each year (as shown in Figs. 47 and 46). Thus, increasingthe L∗

ℓ value together with a reduction in the fill duration, the optimiser seems to beable to effectively solve the problem.
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Figure 44: Distribution of the tℓ param-eter for different L∗
ℓ

Figure 45: Distribution of the tdec pa-rameter for different L∗
ℓ

Figure 46: Distribution of the ttot parameter for different L∗
ℓ
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Figure 47: Nfill distributions for different value of the L∗
ℓ

Additional information is reported in Figs. 48 and 49, on the number of failed fills
Nfail andLend/L̂. In particular, failure was shown to affect primarily the levelled part ofthe fill for a lower value ofL∗

ℓ and the decay part of it for higher values of the parameter:forL∗
ℓ = 1.6×104 µb−1Hz, the percentage of fills that failed was≈ 64% during levellingand ≈ 35% during decay; in contrast, for L∗

ℓ = 2.6 × 104 µb−1Hz, the percentage offills that failed was ≈ 22% during levelling and ≈ 77% during decay.

Figure 48: Nfail distributions for differ-ent value of the L∗
ℓ

Figure 49: Lend/L̂ distributions for dif-ferent value of the L∗
ℓ
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Note that during all the simulations, a control of the total physics time has to beaccounted for. In fact, the optimiser must not resolve the issue by elongating the totaltime for physics. In particular, for each case analysed, It seemed that the optimiser didnot exceed the total time given, with a tendency, instead, to slightly reduce the totaltime as L∗
ℓ increases, as shown in Fig. 50.

Figure 50: Total time for physics distributions for each case studied; the dashed linerepresents the nominal time for physics for the LHC Run 3
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6 Conclusions and outlook
In this work, a model to define the levelling scheme through variation of β∗ has beendeveloped and studied (2). Furthermore, a model addressing the problem of integratedluminosity optimisation in the presence of luminosity levelling has been proposed. Itstheoretical behaviour and statistical performance have been evaluated both throughanalytical methods (4) and through numerical methods (5).The results are encouraging, as a path to solving the problem of maximising theintegrated luminosity has been traced, although some limitations must be taken intoaccount.The optimisation scheme presented in Subsection 4.3, which also incorporates Lℓ,fand Lℓ,c as optimisation parameters, should be evaluated to assess whether the opti-misation strategy would follow the same behaviour observed in the present analysis,or whether a different scenario would arise.The levelling model considered in this work is the pure variation of β∗. It is pos-sible that a more comprehensive approach to the overarching problem would involveanalysing a levelling strategy that includes additional levelling methods and exploringtheir optimal combination. Within such a framework, the problem of maximising inte-grated luminosity may find an alternative and potentially more effective solution.
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Appendix

Appendix
A. 2024 analysis: further details
Some additional parameters have been analysed during the data analysis, but they havenot been selected to perform the Monte Carlo simulation. In particular, the distributionof the levelling time tℓ and the distribution of the intensity at levelling time N(tℓ).In particular, the tℓ data were distributed according to a double gaussian distribu-tion, showing two different peaks. The analysis seems to be supported by the scatteredplot, where two main data cores seemed evident. However, the lack of data in betweenmay be related to the failure probability of a fill, or the data selected and recorded. Inthis scenario, the distribution may be reveal to be a uniform one.

Figure 51: On the left, the distribution of the tℓ data, on the right, the scattered plot
Also for the N(tℓ) values, data seemed to follow a double gaussian distribution,with two cores in the scattered plot.

Figure 52: On the left, the distribution of theN(tℓ) data, on the right, the scattered plot
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Appendix

B. Run 3 analysis: further details
All the values of the examined parameter for the three years have been reported in thefollowing table

Table 2: Statistical analysis of each parameter for years 2022, 2023 and 2024
Parameter Year Mean Standard deviation

Lℓ [µb−1Hz]
2022 1.61× 104 1.08× 103

2023 1.94× 104 2.32× 102

2024 1.99× 104 5.7× 102

tℓ [h]
2022 3.54 1.99

2023 3.77 0.75

2024 3.75 0.66

7.20 0.65

tdec [h]
2022 7.68 3.40

2023 7.31 1.62

2024 5.75 2.26

Ni [p]
2022 3.04× 1014 2.65× 1013

2023 3.56× 1014 2.00× 1013

2024 3.75× 1014 6.70× 1012

N(tℓ) [p]
2022 2.62× 1014 1.62× 1013

2023 2.83× 1014 4.10× 1012

3.01× 1014 9.96× 1012

2024 2.84× 1014 3.80× 1012

3.14× 1014 8.22× 1012

tta [h]
2022 3.16 0.45

2023 4.94 0.75

2024 2.52 0.19

TBF [h]
2022 15.57 3.17

2023 16.14 3.52

2024 12.42 1.24

In addition, the data for the DA model are presented for each year:
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Table 3: DA model parameters for Run 3
Year κ ε ρ2022 0.94 (3.39± 0.30)× 10−24 219± 132023 0.92 (3.79± 0.21)× 10−24 206± 92024 0.92 (3.66± 0.26)× 10−24 210± 15
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