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Abstract

Generalized symmetries have become a powerful tool for understanding quantum field
theory. In particular, two-dimensional conformal field theories provide an ideal setting
for exploring these ideas, thanks to their solvability and rich defect algebras. This the-
sis precisely investigates non-invertible duality symmetries in compact boson models.
After reviewing the ¢ = 1 theory and the construction of duality symmetries via dis-
crete gauging, we analyze their action on Dp-branes through their definition in terms
of Ishibashi states. We then turn to the ¢ = 2 compact boson, whose moduli space
and O(2,2;7Z) duality group exhibit a significantly richer structure. The central result
of this work is the introduction of a systematic method for constructing non-invertible
duality symmetries at rational points by exploiting the crystallographic symmetries of
the underlying lattice to the compactification torus. This approach reveals a clear geo-
metric origin for these defects. Finally, we analyze the action of duality symmetries on
Dp-branes, showing that, unlike in the ¢ = 1 case, they can induce genuinely non-trivial
transformations on boundary conditions.
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1 INTRODUCTION

1 Introduction

Symmetries as a guiding principle in physics

Symmetries have always played a central role in our understanding of the physical world.
From the earliest formulations of classical mechanics to the modern framework of quan-
tum field theory, the notion of symmetry has been fundamental in understanding the
laws of nature. In its most basic formulation, a symmetry expresses the invariance of a
physical system under a specific class of transformations; it corresponds to a change of
perspective that leaves the physical content of the theory unchanged. Mathematically,
the set of all such transformations forms a group, encoding how successive symmetry
operations combine and how they can be undone. This interplay between symmetries
and group theory provides a powerful algebraic framework for classifying physical sys-
tems and constraining their possible behaviors. Indeed, much of modern theoretical
physics can be understood as the study of how the symmetries of a system, expressed
through their underlying group structure, restrict its dynamics and observable quanti-
ties. This relatively simple idea underlies some of the most fundamental developments
in physics: it connects conservation laws to invariance principles, organizes the possible
interactions between fundamental fields, and even constrains the geometry of space-
time itself.

The relation between continuous symmetries and conservation laws was first estab-
lished by Emmy Noether in 1918 [1]. Noether’s theorem shows that every continuous
symmetry of the action of a physical system corresponds to a conserved current and an
associated conserved charge. This insight explains why, for example, the conservation
of energy, momentum, and angular momentum in classical mechanics is not an em-
pirical coincidence, but rather a direct consequence of the invariance of physical laws
under time translations, spatial translations, and spatial rotations, respectively [2]. This
connection between symmetries and conservation laws is so fundamental and power-
ful that it has become one of the conceptual bases of modern theoretical physics.

During the 20th century, then, the concept of symmetry evolved from a useful
mathematical tool to a guiding principle in the formulation of physical theories. One
of the most peculiar examples is given by Einstein’s special relativity [3, 4], which was
built on the invariance of physical laws under Lorentz transformations, and its general-
ization to general relativity, which elevated this principle to full local covariance under
arbitrary coordinate transformations [5,6]]. Similarly, in quantum mechanics, symme-
tries controlled the structure of the Hilbert space and the degeneracies in the energy
spectrum [7]. With the subsequent development of quantum field theory, then, sym-
metry principles became even more central [8, 9]; in this framework, they acquired a
structural relevance, dictating the form of the interactions allowed by the theory. Gauge
symmetries, in particular, play afundamental role. The requirement of invariance under
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local, spacetime-dependent, transformations, necessitates the introduction of gauge
fields that mediate interactions and fixes the allowed couplings between matter and
interaction mediators. The Standard Model of particle physics is the culmination of this
symmetry-based construction: an SU(3)¢ x SU(2), x U(1)y gauge theory whose in-
teraction structure is completely determined by the requirement of local gauge invari-
ance [10]. In this sense, the dynamics of the fundamental interactions are not arbitrarily
postulated but emerge as a direct consequence of symmetry principles.

Despite their central role, however, the traditional notion of symmetry as a group
of transformations acting on local fields eventually proved to be too restrictive. As the-
oretical physics evolved, particularly in the study of strongly coupled gauge theories,
topological phases of matter, and conformal field theories, new types of symmetries
began to appear that could not be described by the usual group theory formalism.

Beyond groups: higher-form and non-invertible symmetries

As we said, while ordinary symmetries have long provided a foundational organizing
principle in theoretical physics, the last decade has revealed that they represent only a
small subset of a much richer class of transformations. An important step in this gener-
alization came with the development of higher-form symmetries [11413], which extend
the notion of symmetry from transformations acting on point-like operators to trans-
formations acting on extended objects. In a theory with a p-form global symmetry, the
charged operators are p-dimensional: rather than local objects, the natural probes of
the symmetry are extended operators supported on p-dimensional submanifolds.

A simple and important illustration is provided by Wilson lines in gauge theories.
Given a gauge field A valued in the Lie algebra of some gauge group (=, a Wilson oper-
ator is defined along a one-dimensional curve v by

Wgr(y) = Trg Pexp (z/A> : (1.0.1)
v

where Ris a representation of G and P denotes normal ordering. Such operators are in-
trinsically extended, as their support is the one dimensional submanifold ~. In Maxwell
theory, these Wilson lines are charged under an electric 1-form symmetry whose sym-
metry operators are topological codimension-two surfaces that can be linked with the
Wilson line. Likewise, 't Hooft lines are charged under the magnetic 1-form symmetry,
and the interplay between the two forms the familiar electric-magnetic duality struc-
ture of abelian gauge theories [14-16].

Pure Yang-Mills theory offers another example. When the gauge group is SU(N),
the theory possesses a Z 1-form center symmetry. This symmetry acts on Wilson lines
in representations that transform non-trivially under the center of SU(N'), and the way
these line operators transform under the center symmetry carries direct physical infor-
mation about confinement.For instance, in the confining phase, the area law for Wilson
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loops is precisely a consequence of the unbroken Z  1-form symmetry, whereas in the
deconfined or Higgs phases this symmetry is explicitly or spontaneously broken. Thus,
the phase structure of Yang-Mills theory can be reinterpreted in terms of symmetry
breaking of higher-form symmetries [11,[17-19].

These examples illustrate a fundamental change in perspective. Higher-form sym-
metries are still global symmetries, but their action is no longer on point-like operators.
Instead, they determine how extended operators, such as lines, surfaces, and higher-
dimensional defects, behave and transform. In practice, this means that they control
the allowed correlation functions of such operators and often dictate the phase struc-
ture of gauge theories, including whether a theory confines or supports topological
order. They therefore provide the natural language for situations in which the basic
probes of the theory are extended geometric objects.

A second, possibly even more surprising, development was the discovery of non-
invertible symmetries. These arise most naturally in two-dimensional conformal field
theories and in topological phases of matter, where one encounters topological line or
surface defects that can be freely deformed without modifying correlation functions,
but whose composition laws fail to form a group structure. A paradigmatic example
is the Kramers-Wannier (KW) duality [20-22] of the two-dimensional Ising model. The
KW transformation exchanges the high-temperature (disordered) and low-temperature
(ordered) phases of the model and acts non-trivially on the spin and disorder operators.
In the CFT description, this duality is implemented by a topological line defect [23,24].
The peculiarity is that this defect is non-invertible: fusing it with itself does not repro-
duce the identity defect, but instead yields a direct sum of defects corresponding to the
identity and to the Z, spin-flip symmetry. This is encoded in the fusion rule

DKW X DKW =1 ag, (102)

where o denotes the Z, symmetry defect [25-28].

More modern examples arise in four-dimensional gauge theories at strong cou-
pling [29-32], where duality walls, which are codimension-one interfaces implementing
electric-magnetic duality, act as non-invertible symmetries mixing Wilson and 't Hooft
operators in a manner incompatible with a group-like composition law [33-35]. In all
these cases, the transformations act consistently on the operator algebra and on the
Hilbert space, constrain the dynamics of the theory, and define selection rules, despite
lacking inverses in the usual sense.

The topological defects point of view also provides a unified framework for describ-
ing 't Hooft anomalies. In this language, anomalies are encoded in the categorical data
appearing in the fusion and associativity relations of symmetry defects. Since these fu-
sion rules are part of the RG-invariant topological data of the theory, they persist along
the RG flow, provided the symmetry is not broken in the infrared. In particular, this
perspective applies uniformly to ordinary, higher-form, and non-invertible symmetries,
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for which, in all cases, the anomaly is captured by the categorical structure of the sym-
metry defects fusion algebra.

These developments made it clear that the traditional definition of symmetry, as a
set of transformations forming a group structure and acting on local fields, is too re-
strictive. The modern perspective, initiated in [11], describes symmetries as topological
defect operators of codimension (p+1), whose insertion in correlation functions can
be freely deformed without affecting physical observables. Ordinary symmetries cor-
respond to the case p = 0, higher-form symmetries arise for p > 0, and non-invertible
symmetries appear when the corresponding topological defects do not admit inverses
under fusion [36]. This unified framework, known as generalized global symmetries,
is able to describe dualities, topological defects, extended operators, and higher-form
transformations in the same way. In this way, generalized symmetries extend rather
than replace the conventional notion of symmetry, providing a deeper and more flexi-
ble language for describing the global structure of quantum field theories [37,/12,13].

Two-dimensional conformal field theories as a testing ground

To explore generalized symmetries concretely, two-dimensional conformal field theo-
ries (2d CFTs) provide an ideal setting. Indeed, these theories are central in theoretical
physics; they are simple enough to be exactly solvable, but at the same time rich enough
to exhibit highly non-trivial algebraic and geometric structures. In addition, in two di-
mensions, the infinite-dimensional extension of the conformal group, that is to say, the
Virasoro algebra, provides these theories with an exceptional degree of symmetry, al-
lowing for exact calculations of correlation functions, partition functions, and operator
spectra [[38-40].

Moreover, 2-dimensional CFTs naturally admit a description in terms of extended
operators and topological defects [22,41], making them a perfect laboratory for study-
ing generalized and non-invertible symmetries. The operator content of a 2d CFT can
be organized into representations of the chiral algebra, and its topological defects can
be classified by the modular properties of the theory. In particular, rational confor-
mal field theories (RCFTs), which possess a finite number of primary operators and
well-defined modular S and 1" matrices, allow one to construct explicit examples of
non-invertible topological lines satisfying categorical fusion rules, such as those of Tam-
bara-Yamagami [42]] or more general fusion categories. These same structures appear
in condensed matter systems, topological quantum field theories, and string compact-
ifications.

String theory and the role of non-linear sigma models

Beyond their intrinsic interest, two-dimensional conformal field theories play a central
role in string theory. In this framework, the fundamental object is a one-dimensional
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string whose worldsheet sweeps out a two-dimensional surface as it propagates through
spacetime. The dynamic of the string is governed by a two-dimensional quantum field
theory defined on the worldsheet, known as a non-linear sigma model. The fields
X%(o,7) of this theory describe maps from the worldsheet X into a target manifold
M, which represents the spacetime in which the string moves.

The action of such a sigma model takes the general form

1

4o

l

S

o'

/E Gij(X) 9, X' 0" X7 + I /E Bi;(X) e 9,X'0,X7 +---, (1.0.3)
where G; is the target-space metric and B;; is the antisymmetric Kalb-Ramond two-
form field [43,/44]. Consistency conditions of the worldsheet theory impose severe
constraints on the background fields G;; and B;;; in particular, the requirement of con-
formal invariance translates into the Einstein equations in the target space [45]. In this
way, spacetime geometry emerges as a condition for the quantum consistency of the
two-dimensional worldsheet theory.

Non-linear sigma models thus serve as toy models for string theory, allowing the
study of the interplay between geometry and quantum field theory. They encode the
symmetries of the target space as global or local symmetries of the worldsheet, and
their dualities, such as T-duality or mirror symmetry, are encoded by transformations
acting on the worldsheet fields [46,47]. An important example is T-duality: a sigma
model describing strings propagating on a circle of radius R is equivalent, as a CFT, to
one on a circle of radius 1/ R, with momentum modes exchanged with winding modes.
This duality acts non-trivially on worldsheet operators, mapping vertex operators to
one another and exchanging Neumann and Dirichlet boundary conditions, thereby re-
lating different D-brane configurations. Because of this structure, 2d CFT techniques al-
low one to analyze D-branes, moduli spaces of string compactifications, orbifolds, and
other phenomena in a mathematically precise way.

In summary, two-dimensional CFTs, in particular sigma models, are the basis of per-
turbative string theory: they encode the geometry and topology of the target space,
determine which backgrounds are consistent, and capture the rich set of dualities and
extended symmetries that characterize string dynamics.

Generalized symmetries in non-linear sigma models and string theory

The framework of non-linear sigma models provides, then, a natural setting for the
appearance of generalized symmetries. Since the worldsheet fields X(c, 7) describe
maps from the two-dimensional surface ¥ into a target manifold M, extended oper-
ators arise very naturally. For instance, vertex operators create point-like excitations
on the worldsheet, but their target-space counterparts can represent extended objects
and involve momentum and winding modes. These extended objects transform non-
trivially under generalized global symmetries acting on the worldsheet theory. For ex-

10
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ample, already in the simplest settings, such as strings propagating on a circle or torus,
the momentum and winding sectors get exchanged under the action of T-duality, which
is implemented by a codimension-one topological defect on the worldsheet. These
topological defects act as higher-form or even non-invertible symmetries, depending
on the transformation implemented [48].

This perspective highlights why non-linear sigma models and two-dimensional con-
formal field theories are so useful in the study of generalized symmetries. On the one
hand, they provide a fully controlled and exactly solvable framework in which gener-
alized symmetries can be realized explicitly, allowing one to identify their symmetry
operators, fusion rules, and categorical structures. On the other hand, these theories
underlie perturbative string theory, so the generalized symmetries that appear on the
worldsheet have a direct interpretation in spacetime. In particular, the topological de-
fects of the worldsheet CFT encode target-space dualities and non-trivial transforma-
tions of D-branes and string states. From this point of view, generalized symmetries
of two-dimensional sigma models, at the same time, offer insight into the mathemat-
ical structure of fusion categories and defect algebras and allow the study of the rich
symmetry structure of string theory itself.

Aim and structure of the thesis

The aim of this thesis is, then, to investigate the emergence, structure, and geomet-
ric interpretation of generalized global symmetries, in particular non-invertible ones,
in two-dimensional non-linear sigma models. These theories, especially the compact
boson models, provide a powerful testing ground for studying generalized symmetries.
At the same time, these models arise naturally as worldsheet non-linear sigma mod-
els in perturbative string theory, meaning that the generalized symmetries emerging in
two dimensions have a direct interpretation in terms of string dualities, D-brane trans-
formations, and target-space geometric symmetries. The goal of this work is, there-
fore, to clarify the mathematical mechanisms through which non-invertible symmetries
emerge in 2d CFTs and to understand their connection with the geometric symmetries
of non-linear sigma model’s target spaces. The structure of the thesis is as follows.

In chapter 2 we provide a broad introduction to generalized symmetries in quantum
field theory and string theory. We begin by reviewing the traditional notion of symme-
try, the associated Noether currents and conserved charges, and the modern reformu-
lation of O-form symmetries in terms of codimension-one topological defect operators.
We then introduce higher-form symmetries, explaining how their action on extended
operators naturally arises from conserved p-form currents and how their topological
nature constrains the operator content of a theory. After this, we proceed with the
introduction of the framework of fusion categories, which extends the mathematical
structure of symmetry defects beyond the ordinary notion of groups and allows for
the emergence of non-invertible symmetries. The role of quantum dimensions and fu-

11
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sion rules is discussed in detail, including explicit examples such as the gauging of finite
groups and the emergence of Rep(G) fusion categories. We then conclude with a brief
phenomenological discussion. We show how generalized symmetries have concrete
physical implications and are not merely a reformulation of ordinary symmetries, but
instead play an active role in constraining the dynamics, consistency conditions, and
observable features of quantum field theories, with direct consequences for physical
phenomena.

In chapter 3, then, we turn to the ¢ = 1 compact boson. We present the basic struc-
ture of the theory, including its operator content, target space geometry, chiral algebra,
and modular properties. The rationality condition is discussed in detail, identifying the
points in moduli space where the theory becomes an RCFT with a finite number of
primary fields. At these rational points, we analyze the emergence of non-invertible
symmetries through gauging, self-duality, and half-space gauging constructions, with
special emphasis on the emergence of the so-called Tambara-Yamagami fusion cate-
gories. The chapter also examines the interplay between duality symmetries and Dp-
branes: we review the construction of Cardy and Ishibashi boundary states, describe
how T-duality acts on Neumann and Dirichlet branes, and show how non-invertible de-
fects implement transformations between different brane configurations. The ¢ = 1
case thus serves as a testing ground to illustrate many of the categorical and geometric
mechanisms that will be central in the study of the ¢ = 2 theory.

In chapter 4, finally, we present the main novel results of the thesis. In this section
we consider the ¢ = 2 compact boson, realized as a non-linear sigma model with target-
space a two dimensional torus. After reviewing its construction, the structure of the
moduli space, and the action of the duality group O(2, 2; Z), we analyze the rationality
condition and identify the RCFT points where the chiral algebra gets enhanced, provid-
ing the natural setting in which non-invertible symmetries emerge. The main contribu-
tion of this work is to show that worldsheet duality symmetries can be directly related
to the geometry of the target space. In particular, we introduce a systematic procedure
to construct duality defects by studying the geometric symmetries of the two dimen-
sional non-degenerate lattice underlying the target space torus, which yields a clear and
unified method for generating non-invertible duality symmetries in the ¢ = 2 theory.
Finally, we investigate the action of these duality symmetries on Dp-branes; unlike the
¢ = 1 case, where duality symmetries simply exchange DO- and D1-branes, here the ac-
tion is significantly richer. Indeed, we find that the total number of Dp-branes need not
be preserved, revealing a more intricate action on the boundary states of the theory.

12



2 GENERALIZED SYMMETRIES IN QUANTUM FIELD THEORY AND STRING THEORY

2 Generalized Symmetries in Quantum
Field Theory and String Theory

In this chapter, we explore the concept of generalized symmetries, which extends the
traditional notion of symmetry to include both higher-form and non-invertible cases.
We first begin by reviewing the ordinary notion of symmetry and how the concepts of
conserved currents and charges naturally arise. We then introduce the modern defini-
tion of symmetries in terms of topological defects, showing how this perspective nat-
urally leads to the inclusion of higher-form and non-invertible symmetries. Finally, we
conclude the chapter with the discussion of a phenomenological application that high-
lights the physical relevance of generalized symmetries beyond the formal framework.

2.1 The concept of symmetry in physics

From classical mechanics to quantum field theory, symmetries have always played a
central role in physics, working as a guiding principle in formulating physical laws. For
example, in QFT, and more specifically in gauge theories, symmetries themselves are
responsible for dictating the possible interactions between the fields and for the orga-
nization of the spectrum of the theory. In this section, we will revise some of the funda-
mental aspects of symmetries in QFT. For a comprehensive review, we refer to [8,49,10].

A first, naive, definition of symmetry can be given by the following statement: a
symmetry is a transformation of the system’s degrees of freedom such that the physi-
cal observables of the theory are left invariant. To make this statement more precise,
let us start by considering a field theory given by an action S|¢], where ¢ denotes all the
dynamical fields of the theory. Now, a transformation g : ¢ — ¢- ¢ is a symmetry of the
theory if the action S[¢] is left invariant, thatis to say S[¢] — S’[¢] = S[g-¢] = S[¢]. In
particular, the set of all such transformations naturally forms a group, usually denoted
by G. Indeed, given two symmetries of the system, g; and g, the composition of the
two will naturally lead to a new symmetry, defined as g3 = g5 - g;. Moreover, the set of
transformations contains also the identity element e which acts trivially on the fields,
e - ¢ = ¢; finally, given a symmetry transformation g, there always exists an inverse
element ¢! such that ¢! - ¢ = e. These properties naturally define a group structure
over the set of such transformations.

To give an example of such a symmetry group, let us consider the theory of a free
complex scalar field ¢ with mass m in 4-dimensions. The action takes the form

Slo| = /d%ﬁ(m) = /d4x (0,00"¢ — m*99) , (2.1.1)

13



2 GENERALIZED SYMMETRIES IN QUANTUM FIELD THEORY AND STRING THEORY

and it is easy to notice that it is invariant under the global field transformation given by

i0
{d) 70 rp e [0,2m), (21.2)
¢rre o
which implies that the theory presents a U(1) global symmetry.

Now, the existence of a continuous global symmetry has an important physical con-
sequence, that is the existence of a conserved current. The latter can be obtained fol-
lowing Noether’s theorem. To derive it, let us consider a field theory with Lagrangian
density £(z) = L(¢(x), 0,¢(x)), where ¢(z) represents any dynamical field of the the-
ory. Now, under the action of an infinitesimal symmetry transformation ¢ — ¢+ aA¢,
where « is the parameter of the transformation, the Lagrangian will be invariant up to
a total derivative:

L(z) = L(x) + «d,T"(z), (2.1.3)

for a given 7#(x). Similarly, we can also consider the explicit variation of the Lagrangian
by varying the field:

oc oc
aAL = a—(b(OéA¢) + m@M<QA¢)
oc oc oc
-0 (g,a%0) o 56 0 (5m) | 2 @9

Comparing the two expressions (2.1.3) and (2.1.4) we get:

o|(sge) ][ e

From the classical Euler-Lagrange equations, we easily see that the right-hand side of
the above expression vanishes when considering an extremal field configuration, that
is to say when the equations of motion are satisfied, which clearly implies the conser-
vation of Noether’s current defined as:

7= (Gaae) -7 = oo e
i

The conservation law just derived can also be expressed in terms of a conserved charge,
where Noether’s charge is defined as:

Q= /ddlx 3°, (2.1.7)

14



2 GENERALIZED SYMMETRIES IN QUANTUM FIELD THEORY AND STRING THEORY

that is, the integral of the Noether current over a spatial slice of the d-dimensional
spacetimdﬂ Indeed, if we assume that the fields vanish fast enough at infinity, we get:

dQ

da0

= [ d®20,5° = —/d?’xaiji =0, i=1,...,3, (2.1.9)

implying that the charge () is conserved in time.

We can now consider again our previous example, and work out the Noether’s cur-
rent and the conserved charge for this specific theory. In this case, the infinitesimal
transformation induced by the U (1) global symmetry over the fields ¢ and o is

Ao =iagp, AP = —iag, (2.1.10)
and from equation we get:
5L 66 0L 60

==

5(0,0) 3 | 3(8,5) da
= —i[(0"p)p — pO" ). (2.1.11)

This is the conserved current under the U(1) global symmetry, and it is possible to
check that 9,j# = 0 when the field configuration satisfies the equations of motion.
Moreover, we can also derive the conserved charge under this symmetry, that is:
[ s (00 - 0¢

Q=1 | dz <8$0¢ ¢85L‘0) . (2.1.12)
We will not show it here, but it is possible to check that this conserved charge is related
to the number operators as () = N, — N, and it implies the conservation of the total
number of particles in the theory (with sign). For a more detailed discussion, we refer
to [49].

So, why is it important to define Noether’s current and charge? Because the charge
operator is needed in order to define the action of the symmetry on the Hilbert space.
Indeed, the symmetry is represented in the Hilbert space by a unitary operator U(g) =
e'*@, where o parametrizes the group element ¢ € G. In particular, the action of the
symmetry on a local operator O(z) is given by the conjugation

U Hg9)O(2)U(g) = O'(z), (2.1.13)

"More in general, for a symmetry group G with elements g = e Ta where T, are the genera-
tors of the associated Lie algebra g, there will be a Noether’s current for each generator 7, j*, and a
corresponding charge @, such that they satisfy:

[Qa7 Qb] = Z‘fab CQC7 (218)

where f, © are the structure constants of g
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which, for an infinitesimal transformation, takes the form
00(z) = —ie[Q, O(x)], (2.1.14)

showing that the conserved charge precisely acts as the generator of the symmetry
transformation on operators.

2.2 Symmetries as topological operators

In the previous section we reviewed the notion of symmetry in physics, how it is natu-
rally associated to the concept of group, and how we can derive the conserved quanti-
ties given a symmetry of a theory. In this section we will instead introduce the modern
formulation of symmetry, which will naturally lead us to the concept of generalized sym-
metry.

As we saw above, given a continuous global symmetry G of a field theory, Noether’s
theorem implies the existence of a conserved current j* and a conserved charge Q.
However, in modern physics, it is more convenient to recast these results in terms of
differential forms. Indeed, it is possible to notice that this current can be associated to
a 1-form current defined as 3 = j,dz* for which the conservation of the current can be
expressed as the fact that the 1-form is co-closed:

9" =0 = dxj =0, (2.2.1)

where x is the Hodge star operato In this framework, to obtain the conserved charge
we need to integrate xj over a co-dimension 1 manifold (M;_+)

Q(Mg—1) = / *7, (2.2.5)

Mg

2Let (M, g) be a d-dimensional pseudo-Riemannian manifold with metric g. Then, the Hodge star
operator is a map between the space of k-forms and the one of (d — k)-forms defined as:

* 2 QF (M) — Q=R ()

& *E st (n, &) = / n A€, ¥y € QF (M) (2.2.2)
M
where (—, —) is the Hodge inner product naturally induced by g on Q¥ (M). In local coordinates, given
a k-form 1
&= Hgmauz 77777 e dett Adatt A A datE (2.2.3)
the Hodge dual is defined as:
«& = T V|_~C’|k)!gﬂl~~~ﬂkem,,.W1.._yd,C dz”' A ... A dz"i-* (2.2.4)

where e, . ., isthe Levi-Civita symbol.

.....
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and the conservation of the charge is guaranteed by the Stokes-Cartan theorem.

What we want to do now is to derive the action of symmetries on local operators
in this new setting. To do so, let us recall that in QFT we can insert conserved currents
into correlation functions in order to obtain Ward identities; in particular, for a single
operator O inserted at a point p we have:

0z — p)(8.0(p)) = (d* ju(2)O(p)). (2.2.6)

where d,, is the infinitesimal transformation induced by the generator T, of the symme-
try. Now, let us consider a d-dimensional manifold N; with boundary M,;_; surrounding
the operator O, and let us integrate the Ward identity over this manifold:

/N 156D (@ — p)(5.0(p)) = / (d% 3u(2)O(p))

Ny

- [ (@0m) = (QuMa)Op). (2:27)

It is important to notice that this expression is non-zero only if the point p is inside
the volume enclosed in M,;_;. This has a rigorous mathematical definition in terms of
the linking numberﬂ which is a topological property, and in the case of a point p and a
(d — 1)-dimensional manifold is defined as:

1, if N\ My
Link(My_y,p) =4 " " P < a\Ma-, (2.2.9)
0, pr ¢ Nd\Md—l-
In this way, equation becomes:
Link(Ma—1,p)(3.0(p)) = (Qa(Ma-1)O(p)), (2.2.10)

and, thanks to the topological property of the linking number, the charge Q(M,_1) is
independent of M,_; as long as p is contained in it.
At this point, it is natural to define a symmetry generator in terms of a topological

3Let M be a d-dimensional manifold. Let U, and V;. be two oriented submanifolds of dimensions ¢
and r such that ¢ + » = d — 1. Moreover, assume that the two manifolds do not intersect and that are
homotopically trivial, that is to say both U, and V;. are boundaries of manifolds of one higher dimension.
Let W,+1 C M be such that V;. = 0W,.11; then, in general, W, N U, # (), and they will intersect in a
finite number of points p; (with sign). Then, the linking number of U, and V;. is defined as:

Link(Ug, V) = Zsign(pi). (2.2.8)

Note that this is a topological property, independent of the choice of W,.; and invariant under homo-
topic deformations of the two submanifolds U, and V;., as long as they do not intersect each other under
deformation. For a detailed discussion on linking numbers in QFT see [50].
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operator of dimension d — 1 (co-dimension 1). Indeed, given a continuous symmetry G,
with associated conserved currents and charges j,(x) and Q,, we can define a topo-
logical operator that implements the action of the symmetry on the operators. To do
so, let M, be a (d — 1)-dimensional submanifold in spacetime, and g = el'la ¢ @@
an element of the symmetry group; then, we can define the topological operator

DY (My_y) = exp [i0*Qu(My_1)] (2.2.11)
which acts on local operators as:
DY), (My_1)O(x) = R(g)O(x), (2.212)

where R(g) is the group element g in the operator O representation. For a visual rep-
resentation of how topological defects act on local operators, see Fig. Moreover,
from equation (2.1.8), it is possible to check that the insertion of two such topological
operators associated with two elements of the symmetry group, g, h € G, is equivalent
to the insertion of a single topological operator associated with the product of the two
elements, gh € G, leading to:
DY DY, = DY, (2.2.13)

The topological operator Dflg_)l(Md_l) is called a symmetry defect operator (SDO).

The fundamental aspect of this reformulation of symmetries is that the operators
we construct are topological. Thisis due to the conservation of Noether’s current, which
implies that any deformation of M,_; on which the symmetry defect is supported, if
the operator insertion is not crossed, has no physical effect. Moreover, because the
action of SDOs on operators is controlled by the linking number, any SDO supported
on a co-dimension 1 manifold will act on local operators O(z), that is to say operators
supported on a point x € My, where M, is the manifold on which we define our QFT
(the space-time). For this reason, co-dimension 1 operators ij’_)l(Md_l) are identified
as generators of O-form symmetries, that we call G(9). In particular, by reversing the
process, and from the identification of O-form symmetries with SDOs, it is also possible
to construct topological operators associated with finite symmetries, for which it is not
possible to define a conserved current.

2.3 Higher-form symmetries

In the previous section we saw how symmetry operators are naturally associated to
topological operators of co-dimension 1 that act on local operators. In this section
we will instead see how it is possible to generalize this construction in order to ob-
tain higher-form symmetries.
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Figure 1: We present a visual representation of a co-dimension 1 topological operator
Dggjl(Md_l) surrounding a local operator O(z). In particular, continuous deformations of the
symmetry defect that do not cross the local operator insertion have no physical effect, implying
that the SDO is topological, and the action on O(z) is obtained by shrinking Dég_)l (My—_1)upto
a point.

In equation we defined symmetry defect operators supported on submani-
folds of co-dimension 1. What we can do now is to relax the requirement on the dimen-
sion of the support and allow for defects supported on submanifolds of co-dimension
(p + 1). What we get is a so-called G?)form symmetry, which is generated by co-
dimension p + 1 topological defects D} | (My_,—1), g € G®, that satisfy the usual
group law (2.2.13). As in the 0-form symmetry case, these topological operators can be
constructed starting from a conserved current (if there exists one, that is to say for con-
tinuous symmetries), which corresponds to a (p+1)-form j,,,; satisfying the co-closure
condition:

Oy gt r-trtl(z) =0 = d* gpui(z) = 0. (2.3.1)

As we saw above, 0-form symmetries naturally act on local operators, which are
the charged objects under the symmetry; what are instead the corresponding charged
operators in the case of a p-form symmetry? As discussed earlier (see Footnote[3), the
linking of an operator supported on a d— (p+1)-dimensional manifold can be non-trivial
only with an operator supported on a p-dimensional one. This clearly implies that the
only operators that can be charged under a p-form symmetry are p-dimensional opera-
tors O,(W,), where W, is the world-volume submanifold, for which Link(A;—,—1, W),)
can be different from zero. See Fig. [2/for a visual representation of how p-form symme-
tries act on p-dimensional operators.

However, we have a substantial difference between 0-form symmetries and p-form
ones. Indeed, if we consider a non-abelian symmetry group, in order to have a well-
defined action of the symmetry, we need a well-defined ordering of the symmetry ele-
ments acting on the operators; indeed, if a symmetry G is non-abelian, given g, h € G
we have [g, h] # 0 in general. This implies that the ordering of the defect insertions
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D(g) M.
P ( P 1) top. deform.

~ ey

Op Op 44(Op) x O,

Figure 2: We show the action of a p-form symmetry operator D;(,g)(M_p_l), supported on a
co-dimension p + 1 submanifold, on a p-dimensional operator O,,. The charge of the enclosed
operator ¢4(O),) is obtained by shrinking the surrounding topological operator.

is important for the resulting action on the operators. Now, in the 0-form symmetries
case, since the topological defects are (d — 1)-dimensional, we only have a single trans-
verse direction to them, which implies that we have a well-defined ordering of the
defect insertions. This is clearly understandable in the 3-dimensional case, in which
0-form symmetries are supported on 2-dimensional submanifolds; in this setup, given
2 SDOs surrounding a point = (we can consider 2 concentric spheres), it is not possi-
ble to continuously deform them in order to change their order (see Fig. [3 for a visual
representation).

Dégl) D§92)

Ks s top. deform. .

. 2 .

Figure 3: We show that, given two 0-form symmetry generators surrounding a local operator,
their order cannot be exchanged by continuous deformations. In particular, in three dimensions
two concentric spherical symmetry surfaces cannot be topologically deformed into each other,
as the inner and outer spheres cannot be inverted continuously. This establishes that there is a
well-defined notion of ordering for 0-form symmetry operators, and therefore 0-form symme-
tries can be non-abelian.
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However, given a p-form symmetry, the topological operators implementing the
symmetry are now d — (p + 1)-dimensional, implying that the transverse space is a
p + 1 dimensional plane. In particular, this higher dimensionality allows for continuous
transformations of the topological defects that reverse their order, and for this reason,
there is no well-defined notion of ordering:

top deform

(g1) (92)
D -D 2p+1)

(92) (g1)
d—(p+1) D"y Diipi): (2.3.2)

d—(p+1)

This is easily understandable in the 3-dimensional case again, by considering a 1-form
symmetry supported on a 1-dimensional submanifold. In this case, given 2 SDOs sur-
rounding a line v (we can consider 2 concentric circles), we are always able to change
their order via continuous transformations (see Fig. [4). The possibility of reversing the
insertion order of topological operators clearly implies that p-form symmetries G®, for
p > 1, must be abelian.

top. deform.
~

~

v v

pl m D\#) plov) [\ D)

Figure 4: Given two p-form symmetry operators acting on a p-dimensional charged operator,
their order can be continuously exchanged. Indeed, since p-form symmetry operators are sup-
ported on submanifolds of co-dimension p+ 1, the transverse space has dimension greater than
one, allowing us to smoothly deform one defect around the other without intersecting them.
As a result, the action of the two generators commutes.
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2.3.1 An example: the 4-dimensional Maxwell theory

We can now illustrate an example of a p-form symmetry. To do so, let us consider the
4d Maxwell theory, that is a U (1) gauge theory, with gauge field A and coupling g. The
action takes the form

1 1 )
S:@/FA*F:—@/FHVFu, (233)

where F' = dA is the 2-form field strength. It is easy to check that the equations of
motion are
dxF =0. (2.3.4)

In particular, this equation can be identified with the conservation of a 2-form current
35 = gi?F, where the prefactor g% comes from normalization conditions. The conserva-
tion of this current corresponds to a U(1) 1-form symmetry called electric (or central)
1-form symmetry (that we call Uél) (1)). To obtain the corresponding symmetry defect
operator, we can follow what we did around equation (2.2.11). We take the exponen-
tial of the Hodge dual current integrated over a 2-cycle, which is the support of the
topological defect, since we are integrating a 2-current, and we get:

DY (M,) = exp (z’a?{ *jg), (2.3.5)
Mo

where g € U such that ¢ = ei®, o € [0,27). In particular, $,s, *35 mMeasures the
charge enclosed in the 2-dimensional manifold M. Moreover, since F'is a U(1) gauge
field strength, the symmetry defect operators will satisfy the U (1) group multiplication
law and, for this reason, we say that this corresponds to a U(1) 1-form symmetry.

We can now look at the charged operators. From the above discussion, since we are
considering a 1-form symmetry, the charged object will be line operators. In particular,
the charged line operators are the Wilson lines W, (M) defined as

We. (My) = exp (iqe / A), (2.3.6)
My

which couple with the symmetry defect operators as:
DY (Mp) W, (My) = erosetimM MOy, (M), (2.37)

where Link(M,, M) is the linking number between the support of the defect A/, and
the support of the line operator M;.

Let us now look more closely to the physical meaning of equation (2.3.7). A Wil-
son line can be thought of as the world-line of a heavy probe particle carrying elec-
tric charge, and, as we know from Maxwell’s equations, an electrically charged particle
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acts as a source of electromagnetic field. To see this, let us consider a Wilson line sup-
ported on a 1-dimensional submanifold A;; the effect of this charged line operator on
Maxwell’s equations can be obtained by inserting the Wilson line in the path integral
as:

/ [dA] e Jary Aeﬁ Jag, FARF / [dA] efm (iqe(s?’(Ml)/\A—&-ﬁF/\*F)’ (2.3.8)
Where §3(M; ) is a 3-form delta function such that

(M) =1 (2.3.9)

T
Z3

where zg is a 3d submanifold transverse to M; and intersecting it exactly once. In
this way, it is easy to see that the Wilson line acts as an electric source and Maxwell’s
equations are modified as:

d* F = q.g°6*(M,). (2.3.10)

At this point, integrating this equation over a 3-manifold >3 with boundary 033, we
get:

/ dx F = *xF = q.g°Link(0%3, M) (2.3.11)
Y3 0%3

which can be identified with the electric flux generated by the Wilson line insertion at
the boundary 9X5. This clearly implies that the charge probed by the symmetry defect
operator insertion around a Wilson line precisely measures the electrical charge carried
by the Wilson line itself.

Moreover, d x F' = 0 is only one of the two differential form equations that control
the dynamics of the electromagnetic field. The second one comes instead from the
Bianchi identity and takes the form:

dF = 0. (2.3.12)

It is easy to see that this is a conservation equation for a 2-form current too, namely
35 = % x F, and is associated to the U(1) 1-form magnetic symmetry, the dual sym-
metry of the electric 1-form symmetry. Again, we can define the 2-dimensional sym-
metry defect operators, D,(;‘Z) (M), as before, but this time the charged operator under

this symmetry are the so-called 't Hooft lines, defined as

T,, (M) = ™) eana? (2.3.13)

where AP is defined as the 1-form such that xF = d AP, that is to say the dual field of
the 1-form field A. We will not go into details in this case, since the resulting symmetry
is equivalent to the previous one, simply associated with magnetic charges.

For a more detailed discussion on higher-form symmetries and on the 4d Maxwell’s
theory we refer to [13,/12].
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2.4 Non-invertible symmetries

In the previous section, we showed how the notion of symmetry can be extended to a
broader class of transformations acting on higher-dimensional operators. This general-
ization was made possible by reformulating the action of symmetry groups in terms of
topological operators that act on the physical, charged operators of the theory. Within
this framework, the emergence of higher-form symmetries appeared as a natural, ge-
ometrically motivated extension of ordinary global symmetries. In the present sec-
tion, instead, we turn to a second class of generalized symmetries, the so-called non-
invertible symmetries.

2.41 Anintroduction to fusion categories

In order to make this generalization, as we did with the introduction of symmetry defect
operators to allow for the definition of higher-form symmetries, we need to introduce a
new framework in which non-invertible symmetries are possible, the one of the fusion
categories. To do so, let us start by recasting the well-known case of a 0-form symmetry
G© in 2d within this new framework (we refer to [12] for a more detailed discussion);
the category is defined in terms of a set of objects, morphisms and a fusion product:

e The simple objects of the category are the topological defect lines (TDLs) D@,

g € GO, representing distinct isomorphism classes. Moreover, topological de-
fect lines have a natural direct sum structure (we denote it by @) that is defined
as:

(D @ D)) = (Do) + (D), (2.41)

and we can define the semisimple objects of the category (that we denote with
L) as a finite direct sum of simple objects.

e The morphisms are topological local operators D, called topological junctions,
that act as homomorphism between two TDLs and form a vector space over C,
Hom (L;, £;). In particular, given two simple objects, we have:

idif h—
Hom (D@, DY”) D (2.4.2)
(if h+# g,

where Id is the identity morphism.
e The fusion of the 0-form symmetry TDLs is:
DY @ D™ = plh), (2.4.3)

where g, h € G, The fusion of two TDLs can also be written in terms of a local
operator D" € Hom(D' @ D DY) as:
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Dggh)

In particular, the fusion category we just defined is characterized by the fact that TDLs
fuse according to a group multiplication; this is the fusion category of a (G-graded vec-
tor space Vecg.

What we just showed is simply a reformulation of a standard 0-form symmetry in
terms of a fusion category characterized by a group-like fusion rule; so, why is this
new framework useful in order to introduce non-invertible symmetries? This is due
to the fact that, in general, fusion categories are characterized by more involved fusion
rules. Indeed, let C be a fusion category and let the set of simple objects be denoted
by {L;}icz, where T = {i, j, k,...}; then, given two TDLs, the fusion rule takes the
general form:

Li®L;=EPNiLk, (2.4.4)

kel

where N} € Z, are non-negative integers and are called fusion coefficients. These
are defined as the dimension of the trivalent junction vector space

N}; = dimcHom(L; ® L;, Ly). (2.4.5)

Indeed, as we said above, Hom(L; ® L;, L) is a vector space, and we can denote the
basis vectors of this vector space as vff, where§d = 1,..., Ni’j-, and these represent
the local operators responsible for the trivalent junction. Moreover, in a generic fusion
category, the tensor product ® is associative up to an isomorphism, called the associa-
tor. Indeed, given X, Y, Z objects in C (not necessarily simple), the associator axy 7 is

an isomorphism:
axyz € HOI’T]((X@Y)@Z, X@(Y@Z)), (2.4.6)

and, given three simple objects, we denote it by o, with ¢, 5,k € Z. In particular,
given a fixed basis of the trivalent junctions, the matrix element of the associators are
called F'-symbols, and are defined in such a way that:
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q ¢
Ny Nyg

=222 [Fé’“} (P A6) (

P 4,0,0)

The F-symbols can be regarded as the basis transformation matrix elements of Hom(£,;®
L; ® Ly, Ly) which relate two inequivalent ways of decomposing the four-point junc-
tion into two trivalent junctions, and such a basis transformation is called an F-move.
The F-symbols must also satisfy an algebraic constraint, called the pentagon identity,
coming from the consistency condition under consecutive changes of basis in the five-
point junction vector space. This algebraic constraint guarantees that different ways of

performing F'-moves give rise to the same correlation function. The pentagon identity
can be represented as

b4 L
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and the algebraic consistency condition can be written as:

Nbo
Zl [Fgm} (17,6,2)(g,1,0) [kal] (m.p,0) (r,,€)
—

Nje N3 Nj,

- Z Z Z Z [Fﬁd] (m,\,0)(s,v,7) [Fﬁl](n,zi,f)(r,w,ﬁ) [F;Zk} (s,w,v)(q,m,m) (247)

s€Z v=1 =1 w=1

In particular, the data ({ L }iez, NE, [FF,.] . p)), namely the set of simple objects,
the fusion coefficients and the F'-symbols are what define a fusion category C (For a

more detailed discussion on fusion categories we refer to [23,/51-453]).

2.4.2 Non-invertibility from the fusion rules

In the previous section we introduced the framework of fusion categories, which allows
for the description of non-invertible symmetries. In this section, we explain what we
mean by a non-invertible symmetry and how to determine whether a symmetry is non-
invertible, given the associated fusion category.

In order to discuss invertibility, we first need to introduce the notion of quantum
dimension, which is defined in terms of the Perron-Frobenius eigenvalue of the fusion
matrices of the category. Indeed, for every simple object £;, we can define the fusion
matrix

(Ni)je = N

£, suchthat L@ L; = @D N Lk, (2.4.8)
k

where the entries N, € Z, are the fusion coefficients. Each N; is therefore a non-

negative integer matrix that encodes the action of fusing £; with any other object of the

category. By the Perron-Frobenius theorem, any non-negative, irreducible matrix V;

admits a unique largest real positive eigenvalue d;, called the Perron-Frobenius eigen-

value, whose associated eigenvector d= (d;) jez has strictly positive entries:

In the context of fusion categories, this eigenvalue d; is called the quantum dimension
of the simple object £;. It provides a measure of the “size” of an object, or equivalently,
of the number of fusion channels it generates when fused with other lines. In particular,
the quantum dimension satisfies a multiplicative property:

and d; = 1 for the trivial object 1. We refer to [54] for a comprehensive exposition on
the quantum dimension of fusion categories.
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With the notion of quantum dimension, we are finally able to define invertibility for

a TDL. A simple object £; is said to be invertible if there exists another simple object
L;-1 such that

L;RLi-1 =1, Li-1®L; =1, (2.4.1)

where 1 is the identity SDO that acts trivially on the charged operators. In terms of
fusion coefficients, this means

N.]'?;71 - 1

)

N —

) ii—1 )

(2.4.12)

so that the fusion of £; with the inverse defect line yields exactly one object, the iden-
tity 1. However, this condition has an important consequence; this is the fact that,
since there exists an inverse defect line that gives the identity operator when fused
with £;, then the fusion of £; with any other simple object must yield exactly one sim-
ple object, in such a way that it can be uniquely undone. In particular, this implies
that the corresponding fusion matrix V; is thus a permutation matrix, since each of its
columns contains exactly one nonzero entry, which, moreover, must be equal to one.
For a permutation matrix, all eigenvalues have unit modulus, and the Perron-Frobenius
eigenvalue is

d; = 1. (2.4.13)

Hence, invertibility implies that the quantum dimension equals one.
Conversely, suppose that d; > 1. Then N; cannot be a permutation matrix: there
must exist at least one object £; such that

Li®L; =N Ly, (2.4.14)
k

with at least two nonzero fusion coefficients Ni’; (or at least one fusion coefficient sz; >
1). Fusion with £; therefore produces a direct sum of multiple simple objects rather
than a single one. Now assume, for contradiction, that £,-1 exists and satisfies £; ®
L;-1 = 1. Applying the multiplicativity of the quantum dimension gives

d(ﬁl ® ‘Ci_l) = dl di—l = d]_ == 1, (2415)

which immediately implies d; = d;,-1 = 1 (since d; > 1 for any fusion category; we
refer to [55] for the proof). This contradicts the assumption d; > 1, and therefore no
inverse can exist.

To summarize, a simple object with d; > 1 cannot be invertible, and, for this reason,
if a fusion category associated to a symmetry of the theory contains such an object, we
say that the symmetry is non-invertible. Indeed, intuitively, the quantum dimension
d; measures how the number of fusion channels grows when repeatedly fusing with
L;. If d; = 1, fusion acts as a one-to-one relabeling of simple lines, corresponding
to an ordinary (invertible) symmetry. If instead d; > 1, fusion with £, increases the
dimension of the space of topological lines, and the operation cannot be inverted: £;
then represents a non-invertible symmetry generator.
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2.4.3 An example of non-invertible symmetry: Rep(G)

In this section we want to show an example of non-invertible symmetry. In particular,
one of the simplest ways in order to construct new symmetries, that, in general, turn
out to be non-invertible, is by gauging an invertible symmetry. In this example, we will
focus on a 2d theory 7 with a O-form global symmetry G.

To gauge a O-form symmetry G means to promote the global symmetry transfor-
mations of (G to local gauge redundancies by coupling the theory to a G gauge field
and summing over all possible configurations of that field. Concretely, one introduces
a background GG-bundle for the global symmetry, couples it to the fields of the theory
T, and then integrates over all gauge-inequivalent G-bundles with appropriate topo-
logical weights. The resulting path integral defines a new theory, denoted 7 /G.

Before gauging, the theory 7 admits a set of invertible topological defect lines
{D(g)}geg implementing the symmetry transformations of the group GG and generat-
ing the fusion category Vecg, as was shown in (2.4.1). Since all symmetry lines fuse
according to the group multiplication law, they are invertible, each having quantum di-
mension d, = 1.

After gauging the symmetry, the resulting theory 7 /G no longer possesses the in-
vertible group symmetry Vecg, but instead exhibits a new symmetry. The topological
defect lines of this new symmetry are the resulting Wilson lines in the irreducible rep-
resentations R of (G, given by

DgR)(Ml) = TV(R)GIM1 b, (2.4.16)

where b is the G gauge field introduced in order to gauge the theory. In particular, the
fusion rules of the Wilson lines take the form

DgRl) ® Dng) _ @NS;R2D§R3), (2.4.17)
Rs

where NE;RQ are the Clebsch-Gordan coefficients of the tensor product of the repre-
sentations:
R; ® R, = P NfR;, (2.4.18)

R3

and, in this case, the identity 1 is the trivial representation. In particular, these topologi-
cal defect lines define a new fusion category Rep(G), the category of finite-dimensional
representations of GG (see [12,/54] for a more detailed explanation on the emergence and
definition of the Rep(G) fusion category).

The crucial difference between the pre-gauged and post-gauged theories lies in the
invertibility of the symmetry lines. In Vecg, every object D9 has a unique inverse
D™, following from the group-like fusion rule. In Rep(G), by contrast, only the
one-dimensional representations remain invertible. Instead, any representation R; of
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higher dimension dim R; > 1 gives rise to a non-invertible line, since its fusion decom-
poses into a direct sum of several simple objects rather than a single one. Indeed, the
corresponding fusion matrix NV; has Perron-Frobenius eigenvalue

and hence violates the invertibility condition d; = 1. In particular, from the reletion of
the quantum dimension of the TDLs and the well-known fact from group theory that

G abelian <= dim(R) = 1 VR irreducible representation (2.4.20)

(we refer to [56] for a proof of this statement), we get that the gauging of a non-abelian
0-form symmetry results in a non-invertible fusion category Rep(G).

To give an explicit example of non-invertible symmetry arising from the gauging of a
non-abelian 0-form symmetry, we can consider the gauging of the simplest non-abelian
finite group, the symmetric group Ss. This is generated by 3 generators as

Ss = (id, a, bla® = b* = id, bab = a?). (2.4.21)

The irreducible representations of this group are the trivial one, 1., the sign represen-
tation (depending on the sign of the permutation), 1_, and the 2d representation 2
(which is the representation of the group acting as the symmetry group of the equilat-
eral triangle). The tensor product rules of these representations are:

1, ®1. =14
1 ©1 =1,
201 =2 (2.4.22)

202=1,®1_@2.

In particular, since the fusion rules of the TDLs follow from the above coefficients, we
get
D?*@ D? = D}* @ D}~ & D? (2.4.23)

which is the fusion rule of a non-invertible topological defect line.

2.4.4 Non-invertibility from non-genuine operators

As we saw in the previous section, the non-invertibility property of a topological defect
can be defined in terms of its quantum dimension. In particular, let £ be a topological
defect, then if its quantum dimension d, > 1 the defect is not invertible. However,
this is just one of the possible definitions. Indeed, the non-invertibility property of a
topological defect can also be defined in terms of its action on the operators of the
theory.
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To do so, we first need to introduce the notion of non-genuine operator. A non-
genuine p-dimensional operator is an operator that, in order to be well-defined, needs
to be attached to the end of a p + 1-dimensional operator. To better understand this
definition, we illustrate an example. Consider a d-dimensional U(1)-gauge theory, and
let A be the gauge field (as in the example in Section[2.3.1). Let ¢(z) be a matter field
with charge ¢ € 7Z under the U(1)-gauge symmetry. Now, the insertion of the field
¢(z) cannot define a local operator of the theory, since it is not gauge invariant. Indeed,
under the gauge transformation

A(z) = A(z) — db(x) (2.4.24)

¢ () would transform as:
d(x) = @ (). (2.4.25)

In order to make the insertion gauge invariant, we need to attach this local operatorto a
charge g Wilson line defined on the 1-dimensional submanifold M; such that OM; = «,
that is to say the Wilson line must end on the local operator ¢(x). Indeed, in this way,
the Wilson line transforms as

W, (M) = exp (zq/ A) — exp (—iq/ d@) W, (M) = e @W, (M)
M M,

1 (2.4.26)
and the combination of the two ¢(z)W, (M) is gauge invariant. This implies that ¢(z)
is a non-genuine operator and it must be defined as the ending point of a Wilson line
(see [57] for a more detailed discussion). This is illustrated in Fig.

W, o(z)

Figure 5: The matter field operator ¢(z) of charge ¢ is not gauge invariant, and for this reason
it lives at the end of a Wilson line of charge ¢, defining a non-genuine operator.

We are now able to define a non-invertible defect in terms of its action on the
operators of the theory. In particular, a symmetry defect D(M,,) is said to be non-
invertible if, given some genuine operator O(1/,), the action of D(M,,) on O(M,,) yields
a non-genuine operator, meaning that the resulting operator must be attached to some
higher-dimensional operator O’ (N, ), whose boundary satisfies M, = 0N, ;. This is
due to the fact that the action of a non-invertible defect on genuine operators is not an
automorphism, and, for this reason, it acts non-invertibly.

To understand this better, let us consider the 2d Ising model, which is characterized
by the existence of a non-invertible defect line D, called the Kramers-Wannier duality
defect. This comes from the fact that the Ising model is isomorphic to its Z, orbifold,
and this gives rise to the non-invertible defect D with fusion rule:

DxD=Id+n, (2.4.27)
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where 7 is the topological defect line implementing the Z, invertible symmetry, sat-
isfying 7 x n = Id (in our discussion below we will only need the fusion rule of the
non-invertible TDL D; for a complete discussion on the 2d Ising model we refer to [37]).
Now, let us consider the insertion of this TDL in the 2d theory, together with a genuine
operator O(z), as depicted in Fig. @(a). Since the defect D is topological, we can de-

(a) D (b) D (c) D (d) D

Figure 6: The action of the non-invertible Kramers-Wannier topological defect D in the 2d Ising
model on a genuine operator O(x).

form it (as long as it doesn’t cross the local operator O(z)) in order that it surrounds the
local operator insertion. At this point, using the fusion rule for D on the two horizontal
segments, we get that the genuine local operator O(x) is mapped to a non-genuine
operator O'(z), which, in order to be well-defined, needs to be attached at the end of
the n-line (for a more complete discussion, we refer to [12]).

2.5 Generalized symmetries and phenomenology

Before moving to the main section of this thesis, namely the emergence of non-invertible
symmetries in the 2d compact boson, we want to make the connection between the
landscape of generalized symmetries and the possible phenomenological implications
that these can have. Indeed, throughout this chapter, we have presented the mathe-
matical framework in which the construction of generalized symmetries is possible; to
make this generalization clearer, we have also presented some examples of higher form
and non-invertible symmetries. However, the examples we presented in the previous
sections were created ad hoc in order to show some peculiar properties of generalized
symmetries, without the ambition of deriving any realistic phenomenological implica-
tion. The goal of this final section is instead to present a phenomenologically relevant
example of generalized symmetry application, and how these broader types of symme-
tries can be helpful in order to construct a realistic physical model.

The application of generalized symmetries we want to discuss here has been first
presented in [58] and is an axion-less generalized symmetry-driven attempt to solve the
strong CP problem.
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The strong CP problem derives from the fact that quantum chromodynamics (QCD)
Lagrangian admits a CP-violating term

92
Lo= 2

= Ge G 2.5.1
327T2 v 7 ( )

where G, is the gluon field strength, G its dual, g is the strong coupling constant
and 6 € [0,2m) is a parameter. This term violates the combination of parity (P) and
charge-conjugation (C) symmetries, hence CP, leading to observable effects such as a
nonzero neutron electric dipole moment. In addition to this term, CP violation can also
be originated by the complex phases in the quark mass matrices, and it is proportional
to arg[det(M, M,)], where M, and M, are the up and down-type quark mass matrices.
In particular, the observable CP-violating parameter in strong interactions is the sum of
these two effects, resulting in:

0 = 0 + arg[det (M, My)]. (2.5.2)

The experimental measure of A, however, puts an upper bound to its value at \é\ <
101, Since CP symmetry is violated in the weak interactions (as was already exper-
imentally proven by Cronin and Fitch in 1964, see [59]] for the original paper), such a
fine-tuned value in the strong sector appears unnatural. For this reason, explaining
why QCD preserves CP constitutes the so-called strong CP problem.

One of the possible solutions, and the most popular one, is via the Peccei-Quinn
mechanism, which was introduced by R. D. Peccei and H. R. Quinn in 1977 (see [60] for
the original work). This mechanism relies on the introduction of a global chiral sym-
metry U(1)pg which is spontaneously broken. This spontaneous symmetry breaking
(SSB) gives rise to a pseudo-Goldstone boson known as the axion a which dynamically
ensures the vanishing of § at the minimum of its potential. The problem in the Peccei-
Quinn mechanism, however, is that it gives rise to a new particle, the axion, whose
existence has long been ruled out by experiments. For this reason, the exploration of
axion-less mechanisms that are able to impose the § = 0 condition has been an active
research field in the last decades. In the following, we will present such a mechanism
driven by generalized symmetries arguments.

As we said above, there are two possible sources of CP violation in QCD, namely 0
and arg[det(M,, M;,)]. Regarding the first term, there are strong theoretical reasons to
impose the vanishing of 6. Indeed, in most UV-complete frameworks (such as string the-
ory, higher-dimensional gauge theories, supersymmetric grand unification theories), CP
is an exact symmetry of the action before compactification or spontaneous breaking,
implying the vanishing of 0 at the tree level. In addition to this, if the quark mass matri-
ces are real, arg[det(M,M,)] = 0, there will be no radiative corrections that can gen-
erate 6, and so, in this case, # = 0 remains valid also at higher loop orders. This implies
that, in order to address the strong CP problem, we need a theoretical motivation to
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impose the vanishing of arg[det(M/, My)], or, at least, to guarantee arg[det(M,My)] <
10710,

In the cited article [58], the authors propose a GUT-motivated model for the axion-
less solution of the strong CP problem, following from the SU(5) GUT-inspired SM
(see [61] for a consistent formulation of this model). In particular, the central point
of this paper is the gauging of a finite symmetry, which gives rise to a non-invertible
symmetry, imposing new constraints on the mass matrices resulting from the theory.
More precisely, this method relies on the gauging of the Z, automorphism of the Z;
symmetry of the theory, giving rise to the new symmetry 25. This new symmetry is
described by a fusion category, whose objects are the invariant conjugacy classes of
Ds = Zs x Zy under the Z, automorphism; these are {[¢°], [¢'], [¢°]}, with fusion
rules:

[9°] @ [9°] = [9*] @ [¢°] = [4°)], lg'] @ [9'] = [¢°] + [¢°], (2.5.3)

and we can clearly see the non-invertibility property. More importantly, this general-
ized (non-invertible) symmetry constrains the possible quark mass matrices that can be
obtained in the theory, that turn out to be of the form:

v 0 0 0 v 0 000
o v o, (v o v], [ov o], (2.5.4)
00 v 0 v Vv 000

where the v' denotes the allowed entries, as was shown in [62]. Following the charge
assignment proposed in [58], the quark mass matrices turn out to be of the form:

0 Qy,d 0
Mg,d: %,d 0 cual, (2.5.5)
O C{U,,d du,d

where a,, 4, a;’d, Cuds c;’d, d,qa € R. These constraints on the quark mass matrices
clearly imply arg[det(M, M,)] = 0, which, together with the assumption that the un-
derlying fundamental theory is CP invariant, that is to say = 0, gives § = 0, without
introducing any new field and, consequently, giving rise to an axion-free CP invariant
theory. Moreover, in this framework, the authors show that it is also possible to intro-
duce a new complex scalar field, , charged under the non-invertible symmetry, whose
vacuum expectation value (n) allows for an imaginary term be®w in the quark mass
matrices. Surprisingly, the two phases are such that arg[det(M, ;)] = 0, and so the
CP symmetry is not violated while giving a natural explanation of the correct sign of the
baryon-number asymmetry in the present universe.
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Conceptually, this model shows how generalized (non-invertible) symmetries, ini-
tially formulated in the context of topological defect operators, can play a direct phe-
nomenological role. By constraining quark mass matrices through non-invertible fusion
rules, they realize an axion-less solution to the strong CP problem that is UV-motivated
and consistent with experimental data.
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3 The ¢ = 1 Compact Boson: Rational-
ity and Symmetries

In the previous chapter, we presented the notion of generalized symmetry. We started
by reviewing the classical concept of symmetry in QFT; then, by reformulating symme-
tries in terms of topological operators and fusion categories, we have been able to de-
fine higher-form and non-invertible symmetries. Finally, we presented a phenomeno-
logical application of generalized symmetries.

With this new framework, we are now able to move to the study of the ¢ = 1 com-
pact boson and how non-invertible symmetries can arise in this type of theory. We will
start with a general introduction to the ¢ = 1 compact boson, presenting its action, the
operator content, the partition function and its main characteristics (for a complete re-
view of the c=1compact boson, we refer to [38,/63,43./47,64]); we will then move to the
concept of rational CFT and we will present the rationality condition for the ¢ = 1 com-
pact boson. Finally, we will show how to construct non-invertible symmetries at these
rational points, their categorical formulation, and how these act on the Dp-branes of
the theory.

This section will serve as a testing ground for some of the techniques that will be
used in the next section, in which we will apply the same analysis to the construction
of non-invertible symmetries for the ¢ = 2 compact boson.

3.1 The ¢ = 1 compact boson

The ¢ = 1 compact boson is one of the simplest two-dimensional conformal field the-
ories (CFT). This is a 2-dimensional QFT that describes a single real scalar field ¢ (o, 7)
compactified on a circle of radius R, S}g. It can be interpreted as a non-linear sigma
model with a one-dimensional target space S}%. In general, a non-linear sigma model
is a quantum field theory whose fundamental field X : ¥ — M represents a map
from the two-dimensional worldsheet X to a target manifold M, and whose dynamics
is governed by the pullback of the target-space metric G;;. The compact boson thus
corresponds to the special case in which the target manifold is a circle, M = S}, with
metric ds?> = R?d¢?, where R is the radius of the circle. The worldsheet action can be
written in terms of the compact scalar field ¢ ~ ¢ + 27 as:
R? R?

dop N\ xd¢p = — / dodt 0,00" ¢ = ﬁ /dadr 0, X0"X, (3.1.1)

S
47 47

where we introduced the new compact scalar field X, defined as X = R¢, which
satisfies X ~ X + 27 R; we do this for simplicity in the control of the scale factor R in
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the following. The equations of motion are those of a free massless field,

92X —9°X =0, (3.1.2)
whose general solution is the sum of a left and a right moving component,
1
X(o,7)=—= (X (t4+0)+ Xg(T—0)). (3.1.3)
(0,7) 7 (Xi( ) + Xr( )

The i2 is a normalization factor; this is the standard normalization used in the CFT and
string theory literature and it is needed in order to guarantee that the 2-point func-
tion (X (2)X.(w)) has the standard operator product expansion with leading term
(X1(2)X(w)) ~ —In(z —w) (here z and w are complex coordinates on the 2d plane
on which the CFT is defined; these can be obtained by Wick rotating the time coordi-
nate 7).

Because the target space is compact, the field configurations can wind around the
circle as one moves along the spatial direction of the worldsheet. This leads to topolog-
ically non-trivial field configurations in the theory. If we consider the worldsheet to be
a cylinder with coordinates (o, 7), such that o ~ o + 27, the boundary condition takes
the form

X(o+2m,7) = X(0,7) + 27 Rw, w € 7, (3.1.4)

where w is the winding number. The field can also carry momentum along the compact
direction, and the requirement for the vertex operator e to be single-valued under
X — X + 27 R quantizes the momentum as

= —, € 7. 3.1.5
P=% n (3.1.5)
Each sector of the theory is therefore labeled by a pair of integers (n, w), which corre-

spond respectively to the momentum and winding numbers.
The general solution to the above equations of motion (3.1.2) is

1 A .
X(o,7)=Xo+prH+wRo+1i = (e ™) 4 G, e mT=0)) (3.1.6)
7;) — )
where the first term is an integration constant, the second and third ones describe the
zero-mode sector (with p = %) while the oscillatory part describes the excitations of
the field. By introducing the new coordinates £+ = 7 4 o, the left and right moving
components can be written as

. 1 .
X (€)= Xop +pr & + Z\/ﬁz Eame Zm£+7
m#0

. 1 ~ —imé~
Xr(§) =Xor+prE + Z\/§Z —ame & (3.1.7)
m#0
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with 1 1
n n
- — (% +wR), = (% -uR). (31.8)
pL 2 (R Pr V2 \R
It is also possible to introduce a second scalar field X, called the dual field, defined

locally as 3
X = €., 0" X, (3.1.9)

or equivalently dX = xdX. This relation exchanges the roles of space and time deriva-
tives. Both X and X satisfy the same equation of motion and are compact fields, with
X~X+Z

In particular, the compact boson presents two independent global shift symmetries:

X — X + Re, (3.1.10)
~ ~ 1
X — X 4+ —¢ 3.1.11
7t ( )
The first, acting on X, generates the Noether current

1

3.1.12
o (3.1.12)

27 n

K= g X, Qx= [ dosi-g

0 R

while the second, acting on X, arises from the Bianchi identity /70,0, X = 0and has
a conserved current

. 1 . 27T .7_
i = oy 0, X, Qi = /0 doj% = wh. (3.1.13)

These shift symmetries give rise to two U (1) symmetries whose conserved charges are
% and Rw, labeled by the two integers (n,w), and the global symmetry of the theory
is denoted by U(1),, X U(1),,. In terms of chiral components,

1 ~ 1
so that the left and right moving fields can be regarded as linear combinations of the
original and dual field.
The two global U(1) symmetries just described can also be rewritten in terms of
two conserved chiral currents,

Jp(§h) = 04 XL (€7), Jr(§7) = 0-Xr(£7), (3.1.15)

(where 0, = %(EL + 0,)) which generate the two independent shift symmetries of
the left and right moving sectors. In particular, these correspond to chiral operators
of conformal dimension (hr,hg) = (1,0) and (hz,hr) = (0,1) respectively, which
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define the global U (1), x U(1)g chiral algebra of the compact boson (this is simply a
redefinition of the global symmetry U(1),, x U(1),, introduced above in terms of left
and right momenta).

The spectrum of primary operators can be written in terms of p;, and pg, and the
vertex operators take the form

Vow = R WRX — oL XL PRX R (3.1.16)

The conformal dimension A and spin s of each operator can be written in terms of
1.2 1,2 .

hy = 5p7 and hr = 5pp, as:

1 2
A=hp+hr= 5 (%+M2R2) , §=hp—hg=nuw, (3.1.17)

and the Dirac quantization condition, which in this case takes the form nw € Z, is triv-
ially satisfied. Moreover, the primary operators of the theory are in one-to-one corre-
spondence with the sites of the even, self-dual integer momentum lattice ', in which
the left and right momentum take value

, pLy\ ny 1 1 R n
() ()- 50 ) e

where L is the lattice generating matrix. Animportant thing to noticeis that it is possible
to use the I'"! lattice in order to compute the conformal dimension A and the spin s
of a primary operator. Indeed, these can be computed as

(pr Pr) (i ;) = % (n w)LTL <Z> , (3.1.19)

oy 2 ()b 12 3)e(3).

(3.1.20)

=

A=hp+hgr=

SZhL—hR:

N = N =

1

andso 1L7L and L7 (0

_01> L can be regarded as the A and s pairing over the

(n,w) space.

The partition function of the compact boson encodes the full spectrum of momen-
tum and winding excitations. By taking the worldsheet to be the Euclidean torus with
modular parameter 7 = 7, + 473, the partition function is defined as

Z(Rim,7) = Tr(qhdighodt) g =, (31.21)

where the trace runs over all states of 'Ehe Hilbert space labeled by integer momentum
and winding numbers (n,w); Ly and L, are the 0-mode of the left and right Virasoro
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algebras, that is to say the holomorphic and anti-holomorphic ones. The total partition
function can then be written as

Z(R;mi,7) = : > ot g aim, (3.1.22)
(P s

where 7)(7) is the Dedekind eta-function defined as

o0

n(r) =g [0 -q") (3.1.23)

n=1

and it accounts for the contribution of the oscillator modes. Now, each sector con-
tributes according to the left and right moving momentum (3.1.8) in such a way that
the sum over (n,w) can also be rewritten in terms of the momentum lattice T'"*1. In
particular, in this way the partition function takes the much more familiar and easier
form

oS
w‘:?m

Z(t, 7 R) = ! 5 )., q
In(7)| (prpr)el !
A fundamental property of the partition function (3.1.24) is its invariance under modu-
lar transformations of the torus, which reflect redundancies in the parametrization of
the worldsheet geometry. The modular group SL(2, Z) acts on the complex structure
parameter as

q (3.1.24)

(Z b> € SL2.7): 7 — S0 (3.1.25)

d ct +d
and the physical consistency of the theory requires the partition function to satisfy

at+b aT+b. _ =, a b
Z (4t ot R) = Z(1,7; R), (C d) € SL(2,Z). (3.1.26)
In particular, the group SL(2,Z) is generated by 7" and S, which are defined as
1
T: 7—71+1, ST —=——, (3.1.27)
T

The invariance under the T' transformation follows from the quantization of spin, s =
h; — hg = nw € Z, which ensures ¢"-g@"* acquires only an integer phase under
7 — 7 + 1. The S transformation, 7 — —%, can be regarded as the exchange of
the temporal and spatial cycles of the torus. In the ¢ = 1 compact boson, this op-
eration interchanges momentum and winding modes, acting on the lattice labels as
(n,w) — (w, —n). Since the partition function includes a symmetric sum over
all integer pairs (n, w) (that is, over the self-dual integer momentum lattice), it is man-
ifestly invariant under this exchange. This modular invariance guarantees the consis-
tency of the compact boson CFT.
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Another important feature of the compact boson is its invariance under T-duality,
a discrete symmetry that exchanges momentum and winding modes. In terms of the
compact scalar X and its dual field X, the theory depends on the compactification
radius R through the left and right moving momentum (3.1.8) spanned by n,w € Z.
However, the conformal dimension and spin of a state depend only on p? and p%, and
the same is true for the partition function, implying that the theory remains invariant
under the transformation

1
R — o n <— w, (3.1.28)
which exchanges the roles of momentum and winding. This is the T-duality symmetry
of the compact boson.
From a geometric point of view, T-duality maps the theory on a circle of radius R to
a dual theory on a circle of radius 1/ R. In terms of the fields, it acts as

X +— X, (3.1.29)

interchanging the two U (1) symmetries of the model. This can be easily seen from the
mode expansion of the fields X and X, resulting in the overall map

X, — X, and Xr — —Xkg. (3130)
At the self-dual point R = 1 (where both X and X are maps to the unit circle),
the left and right moving momenta become p;, = —5(n + w) and pr = Z5(n — w),

and the global symmetry U(1), x U(1)g is enhanced to SU(2), x SU(2)g. Indeed,
the spectrum contains additional dimension-one operators that define new conserved
currents. In particular, from the conformal weights h;, = %pQL and hp = %p%, one finds

that for R = 1 the vertex operators with momenta (py, pr) = (£v/2,0) and (0, +v/2)
have h;, = 1 and hrp = 1, respectively. These can therefore be identified with new left
and right moving currents,

Jf(fﬂ ::eﬂ\/iXL(&) Jg(f_) ::eﬂ\/iXR(gf) . (34.31)

?

which, together with J;, (%) and Jr(£7), enlarge the left and right chiral algebras to
SU(2)r, and SU(2) g respectively. This enhancement reflects the fact that,at R = 1, T-
duality acts as an automorphism of the chiral current algebra, rotating the U (1) currents
into each other.

As we saw above, the ¢ = 1 compact boson is characterized by the radius R of the
circle S}% on which the field X is compactified. In particular, the value of the radius
spans a continuous set of theories, defined by R € R™; however, we also have to
account for T-duality, which states that two theories defined by the radius R and 1/R
are equivalent up to T-duality. This implies that the fundamental domain in which R
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takes value is given by the quotient of R* by the T-duality identification, resulting in
R, and it is called the circle branch of the moduli space. However, in addition to the
circle compactification on S}, the ¢ = 1 compact boson admits a second continuous
family of modular-invariant theories, obtained by quotienting the circle by the discrete
reflection symmetry X — —X. This construction defines the so-called orbifold branch
of the moduli space, corresponding to the target space S} /Z,; the circle and orbifold
branches are connected at the point R = 2, and they are the only two branches in the
¢ = 1 moduli space. Geometrically, this orbifold can be viewed as a line segment of
length 7R, with two fixed points under the Z, action located at X = 0and X = 7R
(see Fig.[7). The orbifold theory is defined by projecting the Hilbert space of the circle

Figure 7: The action of Z, orbifold on S}%. On the left we show the circle of radius R, on the
right we show the resulting line segment S}%/Zg with the two fixed points.

model onto Z,-invariant states and by including new twisted sectors associated with
field configurations that are periodic up to the reflection symmetry. More explicitly,
the untwisted sector consists of the Z,-even subset of the original Hilbert space, where
the field satisfies X (o + 27, 7) = X (o, 7), while the twisted sector is generated by
configurations obeying the boundary condition

X(o+2m,7)=—-X(0,7), (3.1.32)

which implies a mode expansion in terms of half-integer oscillators and no momentum
or winding zero modes. The twisted sector therefore contains two degenerate vacua
|0)1,2, localized at the orbifold fixed points. The full Hilbert space of the orbifold theory
is the sum of the projected untwisted sector and the twisted sector,

Horb - Huntw @ HtW7 (3.1.33)

and the torus partition function can be obtained by summing over all sectors weighted
by their corresponding Z, boundary conditions along the two cycles of the torus. The
result can be expressed as

1
Zom(R) = 3 (Zoo + Zo1 + Zio + Zu), (3.1.34)
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where Zj is the untwisted contribution of the original circle theory, Zy; and Z;, cor-
respond to the twisted insertions along the spatial and temporal cycles, and Z;; repre-
sents the double twisted sector. We will not go into the details of the Z, orbifold Hilbert
space and partition function here. We refer to [63,39]] for a more detailed discussion
and for the explicit form of the partition function.

The fact that the Z, orbifold represents the only additional branch of the ¢ = 1
moduli space is not accidental but has a clear geometric origin. Indeed, the circle S}2
can be viewed as the quotient of the real line by a one-dimensional lattice of period
27 R, that is

SL=R/(2nRZ). (3.1.35)

The geometry of this lattice completely determines the possible discrete symmetries
that can act on the target space. In one dimension, the only non-trivial automorphism
of the lattice A = 27 RZ is the reflection x — —x (where x represents the coordi-
nate on the real axis), which generates the group Z,. Therefore, within this geometric
realization of the compact boson, the only admissible orbifold is the Z4 orbifold. This
explains why the Z, orbifold is the unique non-trivial extension of the circle branch and
why the ¢ = 1 moduli space consists precisely of these two connected components:
the circle branch and the Z, orbifold branchf| (see Fig. [8).

Rorb.

A

~e
Qe
~e

R R— 2 "R
SU(Q)L X SU(2)R

Figure 8: The ¢ = 1 compact boson moduli space. It presents 2 connected components, namely
the circle and the Zs orbifold branches, that join at the R = 2 point. In addition, the moduli
space features the enhanced symmetry point at R = 1, corresponding to SU(2) x SU(2) chiral
symmetry, as well as the three exceptional isolated components 7', O and 1.

4In addition to the 2 connected components, the ¢ = 1 moduli space presents 3 isolated exceptional
component, denoted by 7', O and I. These come from the gauging of the three special symmetry sub-
groups of SU(2). For a detailed discussion we refer to [39,26].
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3.2 The rationality condition

In the previous section, we discussed the ¢ = 1 compact boson, which is one of the sim-
plest 2-dimensional CFTs and which will serve as a testing ground for the next chapter,
in which we will discuss the emergence of generalized symmetries in the ¢ = 2 compact
boson. In this section, we want instead to introduce the concept of rational conformal
field theory (RCFT), which will be central in the construction of non-invertible symme-
tries, as we will see later.

We can start by giving the definition of RCFT: a two-dimensional conformal field the-
ory is said to be rational if its chiral algebra A admits only a finite number of inequivalent
irreducible representations. In such a theory, the Hilbert space of states decomposes
into a finite direct sum of tensor products of left and right moving representations of
the chiral algebras,

N
_ L R
" =P MV eV (3.2.1)
ij=1
where V! and VER denote the irreducible representations of A* and A, respectively
the left and right chiral algebras, and M;; € Z, are non-negative integers specifying
the multiplicity of each sector. The number N of distinct primary operators is therefore

finite, and the operator product expansion closes among this finite set of primaries.
The characters of these representations,

Xi(r) =Try, (¢"7 ), q=€"", (3.2.2)

form a finite-dimensional representation of the modular group SL.(2,7Z). Indeed, un-
der a generic modular transformation of the form (3.1.25), the characters transform into
each other; in particular, by looking at the transformation rules under the two genera-
tors of SL(2,Z) S and T', we can construct two matrices S;; and T;; such that

(—1/7) = Z Siix; (T (1 +1) Z Tiix; (T (3.2.3)

The full torus partition function can then be written as
7) =) My xi(7) x3(7), (3.2.4)
i?j

and the modular invariance condition imposes strong algebraic constraints on the al-
lowed combinations of left and right representations; these are given by
(M, T) =0, [M,S]=0 (3.2.5)

and, together with the requirement of the uniqueness of the vacuum M,y = 1, these
conditions constrain the form of the matrix M.
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Moreover, in rational conformal field theories, the primary fields of the chiral alge-
bra A obey discrete fusion rules that describe how the finite set of representations is
closed under operator product. These rules take the form

VixVi=> N;* WV,  N,*eZs, (3.2.6)
k

where the non-negative integers NV, k¥ are known as fusion coefficients. They define
an associative and commutative algebra, called the fusion algebra, or Verlinde algebra,
whose structure is entirely determined by the modular S-matrix, defined in equation
(3.2.3), through the Verlinde formula

S; SmS*
k mr~yg km

m

This algebra encodes how inequivalent representations of the enhanced chiral algebra
combine under fusion.

An important subclass of rational conformal field theories is given by the so-called
diagonal RCFTs, in which the left and right chiral sectors are paired one-to-one. In this
case, the multiplicity matrix takes the form M;; = 4,5, and the partition function re-
duces to

s
Zdiag(T,T) = Z i (7). (3.2.8)

Diagonal RCFTs correspond to theories whose spectrum is built from the tensor prod-
uct of each chiral representation with its right-moving counterpart, ensuring that all
primary operators have integer spin.

RCFTs play a central role in conformal field theory and string theory because they
are exactly solvable models. For a complete exposition on rational conformal field the-
ories, we refer to [65,/66].

With the general definition of rational CFT, we are now able to study the specific
case of the ¢ = 1 compact boson. As we saw in the previous section, for generic
values of R, the left and right momenta are given by equation and they are in
one-to-one correspondence with the sites of the infinite lattice (3.1.18). For generic
R, the left and right chiral algebras are generated by the primary chiral operators J;,
and Jy defined in (3.1.15), which are the only two chiral primary operators of the the-
ory, in general. However, we saw that, at the self-dual radius, the chiral algebra is en-
hanced to SU(2) ., x SU(2)r thanks to the existence of a larger set of chiral operators,
which includes JLjE and Jg; this enhanced chiral symmetry is due to the fact that, at
R =1, the primary operators obtained with (n,w) = (1, £1) have conformal weights
(hr,hr) = (1,0)and (hz, hg) = (0,1). We can now ask ourselves if R = 1 is the only
point in the moduli space with enhanced chiral algebra, and the answer to this question

N for N, M € Z coprime, at

is no. Indeed, there exists an infinite set of radii B = v
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which the theory presents an enhanced chiral algebra. This is due to the fact that, if

R? is rational, we can construct a larger set of chiral operators, besides .J; and Jx. To

construct them, we have to impose the chirality (anti-chirality) condition, thatis pr = 0
(pr, = 0). This takes the form

1 /n N

= — ——wR>:0:>n:wR2:w—, 3.2.9

br V2 <R M ( )

from which we clearly see the importance of the rationality condition for R?, since

both n and w need to be integers. The smallest non-trivial couple of (n, w) satisfying

this condition is given by w = M, which imposes n = N. The resulting chiral operators

are
Ji = VEXD and J; = e VXL (3.2.10)

where K = N M, and which have conformal dimension (hy,hg) = (K,0). In the
same way, by imposing the anti-chirality condition p;, = 0, we obtain the constraint
n = —w2¥, which leads to two anti-chiral operators J; with conformal dimension
(hr,hr) = (0, K). In particular, including this new set of chiral operators enhances
the chiral algebra to U(1),x, generated by (J;, Ji) (the same thing is valid for the
anti-chiral one, the right-moving one); this is an affine U(1) Kac-Moody algebra at level
2K, and it is an extension of the chiral algebra U(1) (we will not go into the details of
this type of algebras; for a complete exposition of the subject, see [3863]).

We can now show explicitly that, when the compactification radius satisfies the ra-
tionality condition above, the number of primary operators of the theory becomes fi-
nite, corresponding to a rational CFT. As we have seen, at these points the chiral algebra
is enhanced to U(1)2x, with K = N M, due to the existence of additional chiral fields
Jf = ¢+V2KX1 (and their right-moving counterparts). The action of these chiral oper-
ators on the Hilbert space results in a shifting of the momentum and winding numbers
as (n,w) — (n + N,w + M). This implies that states related by this transformation
are identified within the same representation of the extended chiral algebra, defining a
finite set of equivalence classes under the identification p;, ~ p;, + v2K. In particular,
it is possible to define an invariant combination of n and w under this identification,

m=nM +wN (mod2K), (3.2.11)

which labels distinct representations of the extended algebra. The allowed values of m
then take value in Z/(2K7Z), resulting in precisely 2K inequivalent chiral sectors. The
same analysis can be applied to the right moving sector, yielding another finite set of
2K anti-chiral representations. In this way, the full Hilbert space decomposes into a
finite sum of tensor products of left and right modules,

2K-1

H= P MuaVioVE (3.2.12)
m,m=0
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implying that the RCFTs in the ¢ = 1 compact boson model correspond to those theo-
ries that satisfy R?> € Q. Moreover, the fusion ring of the ¢ = 1 compact boson RCFT
is given by Zyg in general. This means that theories with the same chiral and fusion
algebras, but different modular invariants, correspond to different ways in which we
can decompose K into the product of two coprime integer numbers, leading to differ-
ent compactification radii. Finally, the theory is diagonal, M,,.;, = 0,.m, if the radius
satisfies R? € N (or, equivalently, R? = 1/N, N € N, because of T-duality).

3.3 Non-invertible symmetries at RCFT points

In the previous section, we introduced the notion of rational conformal field theory
and discussed its realization in the ¢ = 1 compact boson. In particular, we showed that
when the compactification radius satisfies R? € Q, the theory exhibits an enhanced
chiral algebra of the form U(1)ax, with K = NM and R = /N/M, which leads
to a finite number of primary operators. This precisely corresponds to the condition
that a CFT must satisfy in order to be rational. In this section, instead, we will show
how non-invertible symmetries emerge at these rational points of the moduli space.
We will begin by explaining why rationality is a necessary condition for the existence
of such generalized symmetries, and then describe how topological defects arise and
what type of fusion category they generate.

3.3.1 Gauging and self-duality

As we saw in the previous chapter, one of the simplest ways to construct non-invertible
symmetries is by gauging an (invertible) symmetry. This is the technique that we are
going to apply in the following, together with the concept of self-duality. So, let us start
by presenting the procedure of gauging a global symmetry in the case of the ¢ = 1
compact boson. We will consider the gauging of a finite subgroup Zy x Zy; of U(1),, X
U(l)wﬂ, that we will denote by o ;. The action of this subgroup on the field X and
the dual one X is:

2rR  ~ 27R ) ‘ (3.31)

oy S (a,b) (XX) — <X+ S X+

What we want to do now is to gauge this subgroup of the global symmetry, and, in order
to do so, let us review the procedure of gauging a global symmetry of a CFT (this is the
same procedure that is used to construct the Z, orbifold that we introduced above
around equation (3.1.32); we refer to [63] for a detailed discussion). The starting point
is the standard partition function of a CFT defined in

Z(1,7) = Try (qLO_iCYLO_§> , q= e, (3.3.2)

SWe consider only diagonal subgroups of the global symmetry, that is to say with Zx C U(1),, and
Zyn C U(1)y. Moreover, we require that ged(N, M) = 1 in order for the symmetry to be anomaly free.
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Now, let us consider a global symmetry H of the theory; then, the gauged partition
function will take the form:

Zgaugea(T,7) = > Ty, (gq“*iqi(’*i) . g=e", (33.3)
g,h€H s.t. [g,h]=0

where we sum over the elements of the symmetry group H. In particular, H,, refers to
the invariant subspace of the Hilbert space under the action of h and, for non-trivial g,

Tryy, (quO_iqio_i> are called g-twisted sectors. So, the gauging procedure consists

in identifying the subspace of the Hilbert space invariant under the action of h € H,
which, since the primary operators are in one-to-one correspondence with the sites of
the lattice I'"'!, is equivalent to determining the invariant sublattice; the following step
is then to introduce the so-called g-twisted states, with ¢ € H such that [g, h] = 0, in
order to guarantee modular invariance of the gauged theory.

We can now apply this construction to the case of the subgroup (3.3.1). Let us start
by considering the gauging of the subgroup Zx C U(1),,; to do so, we need to identify
the invariant subspace of the Hilbert space under the action of the symmetry generator,
which is given by

Vyw = PR X giwRX | i (X+3E) iwRX (3.3.4)

It is clear that the invariant operators will be those with a momentum number of the
formn = n'N, with n’ € Z. Indeed, for this subset of operators, the action of Zx will
be the introduction of a phase ¢?™, which leaves the operator unchanged. Following
the procedure described above, we have now to construct the twisted states; the states
in this sector are characterized by an additional phase e coming from the periodic
shift X — X + %r, implying that the winding number must be fractional and of the
formw = %, with v’ € Z.

Let us now analyze more carefully the structure of the twisted sector introduced
by the gauging procedure. When we gauge a finite subgroup Zy C U(1),, the origi-
nal Hilbert space of the theory H is decomposed into sectors labeled by the boundary
conditions of the field X. The untwisted sector corresponds to the set of configura-
tions that are invariant under the action of the gauged symmetry. However, modular
invariance of the full partition function requires the inclusion of additional sectors, the
twisted sectors, whose field configurations are periodic only up to the action of a group
element g € Zy. In the present case, this corresponds to imposing the boundary con-
dition

X(U+27T,T):X(J,T)+¥k, k=0,1,...,N —1, (3.3.5)
where k labels the element of the group Z,. The case k = 0 corresponds to the un-
twisted sector, while the NV — 1 remaining values of k define the distinct twisted sectors
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of the theory.

Each twisted sector can be interpreted as describing strings that close only up to
a discrete shift by %k in the target space. Equivalently, these configurations carry
fractional winding numbers, of the form

= — k=1,...,N—1 3.3.6

w N’ ) 7 ) ( )

as we said above. As a consequence, the twisted Hilbert spaces H,, are generated by
states whose left- and right-moving momenta are given by

1 (nN k niN k
(pLapR):E(?‘}'(w‘FN)R,?—(w—Fﬁ)R), n,w € 2.

(3.3.7)

These fractional shifts modify the structure of the momentum lattice I''"!, producing

N distinct sectors (one untwisted and N — 1 twisted) that together form a modular-
invariant completion of the gauged theory.

Overall, the action of the gauging can be written in terms of left and right moving

momentum as:
/ / /
(Pr.PR) = % (n]é\f + wNR,n’NR — wNR) ., n,w' €. (3.3.8)

From this expression, we see that these states can be identified with the sites of the
momentum lattice of a compact boson with target space a circle of radius %. In the
same way, it is also possible to apply the same analysis to the subgroup Z,, C U(1).,
leading to a theory compactified on a circle of radius RM. This clearly implies that,
after gauging the diagonal subgroup Zy x Z,, C U(1), x U(1),, the untwisted and
twisted sectors rearrange in such a way that they correspond to a theory of a compact
boson compactified on a circle of radius %R (we refer to [26,|67] for a more detailed
discussion).

Now, we just saw that the gauging of a finite subgroup Zy x Zy; C U(1), X U(1)
has the overall effect of rescaling the radius as %R; this result, together with the notion
of rational CFT, is central for the construction of non-invertible symmetries. Indeed, if

we consider the RCFT withradius R = 4/ % by gauging the finite subgroup Zy x Z,; C

U(1),xU(1),,weendupwithac = 1 compact boson compactified on a circle of radius

R =2, /& = | /2; the important thing to notice here is that the resulting radius is

simply the inverse of the original one, thatis R’ = % = R~'. This s central because,

as we saw in the previous section, the ¢ = 1 compact boson enjoys another discrete
symmetry, T-duality. This symmetry states that the theory at R and the one at % are
equivalent, up to a redefinition of the momentum and winding numbers (indeed, this
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identification implies the exchange of the field X with its dual X). This implies that, if
we combine the gauging oy s of the Zy x Z), subgroup of the chiral symmetry with
the action of T-duality, that we denote with 7", we get that the overall action of T'ooy s
leaves the theory invariant; the combination of gauging and T-duality becomes then a
symmetry of the theory and is called a duality symmetry.

3.3.2 Half-space gauging and Tambara-Yamagami categories

In the previous section we just saw that, given a ¢ = 1 compact boson RCFT, by com-
bining the gauging of a finite subgroup of the global chiral symmetry with T-duality, it is
possible to construct a duality symmetry of the theory. We want now to show how it is
possible to define a non-invertible symmetry starting from this property of the theory.

In order to obtain the non-invertible topological defect, we implement the half-
space gauging method. To understand this construction, consider a CFT 7 on a 2d
spacetime with a global symmetry GG. Let us now divide the spacetime in 2 halves and
gauge the symmetry on only one side of the co-dimension one submanifold (which,
since we are considering a 2d spacetime, is a line). If the gauged theory 7 /G is isomor-
phic to the original one, 7 /G = T, then we can impose Dirichlet boundary conditions
for the gauge field associated to (G, and the interface will define a topological defect
D in the theory (see Fig. [9] for a visual representation; for a complete exposition of
half-space gauging in arbitrary dimensions, we refer to [37]).

T T/G=T

D

Figure 9: Visual representation of half-space gauging. The spacetime is divided in two halves by
a co-dimension 1 submanifold. After gauging the global symmetry on one side, the submanifold
becomes the support of a topological defect operator that we denote by D.

Now, from the half-space gauging prescription, we get a new topological defect line
D. However, we need to figure out the fusion rules that govern the resulting fusion
category. It turns out that, for any 2d theory self-dual under the gauging of a non-
anomalous abelian group A, the half-space gauging procedure gives rise to a Tambara-
Yamagami fusion category TY(A, x, €) (we will denote this type of fusion category with
TY). A TY category can be considered as a minimal extension of the fusion category of
the abelian group A, Vec4, by the inclusion of an additional non-invertible object D
that encodes the duality symmetry operation. The simple objects of the category are
thus the TDLs g corresponding to the simple objects of the fusion category Vec 4 (which
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are in one-to-one correspondence with the elements of the abelian group A), together
with a non-invertible line D. The fusion rules are given by

gxh=gh, gxD=Dxg=D, DxD=y. (3.3.9)

geA

From the fusion rules of the duality defect D, it is easy to compute its quantum di-
mension dp = +/|A|, which is given in terms of the order of the group, implying the
non-invertibility of the defect. The only non-trivial F-symbols of the theory are

Gy

€ _
h = x(g,h), [F5PP],, = x(g,h)™",  (3.3.10)

V1Al

D,D [ } D,D

which are defined in terms of:

e ¢ = +1, the Frobenius-Schur indicator for D, whichisaclasse € H*(Z,,U(1)) =
Z.o. The Frobenius-Schur indicator is a Zy-valued invariant that characterizes
whether D behaves as a real or pseudo-real object under fusion. The Frobenius-
Schur indicator will not play a central role in our discussion and for this reason we
will not go into details. For a detailed introduction to this object, we refer to [68];

e asymmetric, non-degenerate bilinear character x : Ax A — U(1), that satisfies:

x(g,h) = x(h,9), x(gh,k)=x(g,k)x(h,k), x(g,hk)=x(g,h)x(g,k).
(3.3.11)

To summarize, from the set of simple objects, the form of the fusion rules and the F'-
symbols, we clearly see that a Tambara-Yamagami category is fully determined in terms
of the gauged abelian group A, the bicharacter x and the Frobenius-Schur indicator ¢,
justifying the usual notation TY( A, x, €). For a detailed discussion of Tambara-Yamagami
categories, we refer to the original paper [42]; for a more recent introduction to the
topic, we refer instead to [55/69,70].

3.3.3 The non-invertible line D in the ¢ = 1 compact boson

Now that we know how to obtain the non-invertible topological defect line implement-
ing a duality symmetry, we can apply this construction to the rational ¢ = 1 compact

boson. Let us consider an RCFT point in the circle branch at radius R = ,/%. As we

saw above, we can gauge the finite diagonal subgroup Zy x Zy; C U(1),, X U(1),
and the resulting theory will be isomorphic to the original one up to T-duality. We de-
note by 1 the TDL generating the Zy C U(1),, subgroup, such that n™ = Id (and the
simple objects of Vecy,, are defined as n* for k € {0,1,..., N — 1}), and by 7 the line
generating the fusion category associated with Z,, C U(1),y, such that 7 = Id. If
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we apply the half-space gauging procedure to this theory, we obtain a new topological
defect line, that we denote by D, implementing the duality symmetry. The fusion rules
of the resulting Tambara-Yamagami category (following equation (3.3.9)) take the form

N—1M-1
Don=n@D=DRi=71QD =D, D@Dzzznnﬁm. (3.3.12)

n=0 m=0

At this point, we are able to study the action of the non-invertible topological de-
fect on the primary operators of the theory. From equation (3.3.8), we know that the
overall action of gauging a subgroup of the chiral symmetry is rescaling the compactifi-
cation radius as R — %R, which implies a redefinition of the momentum and winding
numbers as (n,w) — (4n, F£w). In addition to this, the duality symmetry requires
also the implementation of T-duality, which maps the compactification radius R to its
inverse R~! and which accounts instead for an exchange of the momentum and wind-
ing numbers, as we showed in (3.1.28). The action of D on a primary operator Vaw is
then the combination of these two operations, with an overall map of the charges given
by

N M
(n,w) — (Mw, Nn) ) (3.3.13)
However, we need to distinguish two cases:

e n =nN and w = wM, with n,w € N: these are the primary operators char-
acterized by momentum and winding numbers which are integer multiples of N
and M, respectively. This subset of primary operators, after the gauging, will be
mapped to a new set of genuine operators with integer momentum and winding
numbers

Vmw — Vn/7w/ = Vﬁ,NﬁM. (3.3.14)

en=nN+kandw =woM +F,fork e {0,...,. N -1}, k" € {0,...,M — 1}
and (k, k") # (0,0): these operators are characterized by the fact that (at least
one between) the momentum and winding numbers are not integer multiples of
N and M, respectively. This implies that, when we drag the topological defect
D trough the operator insertion, we end up with an operator characterized by
fractional values of momentum and/or winding number; that is to say, we end
up with a non-genuine operator. This happens because this set of operators is
not gauge invariant. If we consider, for example, the operator V., = ¢*X/F
for k € {1,...,N — 1}, under the gauging of Zy C U(1), we get the non-
genuine operator Vv o; this is non-genuine because, under the 27 12 translation
of the X field, the transformed operator is no more single valued and acquires
a phase %™ /N Indeed, the primary operators with these values of (n,w) are
elements of the twisted sectors. This means that, as we saw in Section
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after passing trough the defect line D, these operators must be placed at the
end point of a line operator, which is itself attached to D (see Fig. [10]for a visual
representation). In particular, in order to guarantee gauge invariance, the line
operator must be a combination of the gauged symmetry generators 1 and 7); the
precise combination is 1", where u = n mod N and v = w mod M, and, since
n™N = Id and 7™ = Id, this is equivalent to n"7* (we refer to [48] for the proof).
From the form of the line operators that must be introduce in order to guarantee
gauge invariance, we also understand why the operators in the untwisted sector
end up to be genuine operators after the action of D; indeed, if we apply the
same analysis in that case, the required line operators would be just some power
of the identity operator, which can be omitted (since both n and w are integer
multiples of N and M, respectively).

Vn,wo | o VN, M

D D

Figure 10: Action of the non-invertible line D on the vertex operator V,,, ,,. If the operator V,, ,,
is not in the untwisted sector, then n™ # Id and/or " # Id and the introduction of the line
operator n"*n" is necessary for gauge invariance.

Finally, the action of the duality symmetry on the primary operators can also be inter-
preted in terms of the momentum lattice I''"L. Indeed, as we saw in equation (3.1.18),
the primary operators in the ¢ = 1 compact boson theory are in one-to-one corre-
spondence with the sites of the integer, self-dual momentum lattice. The action on the
momentum and winding numbers can be written in matrix form as:

() () =(5 D) (0)=p(s)  wom

Now, from the definition of the momentum lattice I'""! in equation (3.1.18), the duality
symmetry can then be seen acting on the lattice generating matrix L, instead of acting
on the quantum numbers. This results in the overall matrix transformation (for the
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¢ = 1 compact boson with radius R = 4 /% for which T" o o 5/ is a duality symmetry)

VM »—>L’:LD:L( M):— VN

/M /N
I — i N o M
Mo ’

2\ - VOV

(3.3.16)
which can be clearly rewritten as
. (1 0

L'=RL = (O _1> L. (3.3.17)

This way of rewriting the action of the duality symmetry on the lattice generator in
terms of a new matrix R will be important in the next section and, mostly, in the ¢ = 2
compact boson, as we will see in the next chapter. For the moment, there are two
important things to notice. First of all, the matrix D belongs to O(1, 1, Q), which guar-
antees that the spin s of the primary operators, defined as s = h;, — hgp = LTnL
with n = diag(1, —1), is preserved under the action of the duality symmetry; this
is equivalent to the fact that R is in O(1,1, Q) too (notice that the two matrices are
both in O(1, 1,Q), but in two different representations; indeed, D preserves the ma-

trix ((1) (1)), while R leaves invariant the diagonal form diag(1, —1)). Secondly, the

fact that R R = Id guarantees instead that the conformal dimension of the primary
operators, defined as A = h; + hyp = LT L, is preserved too.

3.3.4 An example of duality symmetry in the ¢ = 1 compact boson

At this point, we want to give an example of duality symmetry for the ¢ = 1 compact
boson. As we saw, in order to be able to construct such a non-invertible symmetry,
we need the theory to be a rational CFT, which is equivalent to the requirement that
R? € Q. For this reason, let’s consider the theory of a boson compactified on a circle
of radius R = +/3; the action then takes the form:

3
S=— /dO'dT 000" . (3.3.18)
47
The left and right-moving momentum, instead, are given by
1 n 1 n
— =+ wv3), = __w\/§>, (3.3.19)
G (ﬁ ) G (ﬁ
which can be rewritten in terms of the self-dual integer momentum lattice I'"*! gener-
ated by the matrix
1 (&= V3
L=— (¥ v3 . (3.3.20)
V2 \5 —V3
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From the rationality property, we know that the chiral algebra gets enhanced to U (1) 1, x
U (1).r thanks to the existence of the additional chiral operators

JE = VXL and JE = (VRN (3.3.21)

which gives rise to a finite number of primary operators associated with the irreducible
representations of the chiral symmetry. The irreducible representations are then la-
beled by m € Z/67Z = {0, ..., 5}, corresponding to the left-moving momentum

pp = (3.3.22)

V6
and similarly for the right-moving one.

Now that we have constructed an example of RCFT, we are able to apply the pro-
cedure described above in order to construct the non-invertible symmetry. From the
general discussion, it is easy to notice that the gauging of the diagonal subgroup Zs; C
U(1), maps the theory to R’ = \/% which is T-dual to the original one. In particular,
the gauging procedure gives rise to one untwisted sector, which corresponds to those
states with winding number w = 3w’ for w’ € 7Z, and 2 twisted sectors, characterized
by fractional values of the winding number coming from those states with w = 3w’ + &
forw’ € Z and k = {1,2}. From the fact that the resulting theory can be considered
as the compactification on a circle of radius R’ = %3 denoting the gauging of Z3 by
03,1, the combination of this with T-duality 7" o o3 ; defines a duality symmetry of the
theory denoted by D. This is described by the fusion category with set of simple objects
{n, D} and fusion rules

2
n’=1d, Den=n@D=D, D&D=>» 7", (3.3.23)

n=0

where 7 is the generator of the Z3; symmetry. The duality symmetry can be represented
by the O(1, 1, Q) matrix

0 3
D= <l 0) , (3.3.24)
3
which acts on I'!! as v
1 [ 3
LD =—| V3 ) . (3.3.25)
V2 <—75 V3

In Fig. 11 we give a visual representation of the two lattices L and L. It is interesting
to notice that from the plot of the two lattices we can infer the non-invertibility of the
duality symmetry. Indeed, by looking at Fig. [11, we can distinguish two cases. The first
one corresponds to those states that, after the action of D, are mapped to genuine op-
erators. These are those sites of the lattice L’ that overlap with the sites of the original
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Figure 11: Plot of the self-dual integer momentum lattice I'"! before and after the action of the
duality symmetry D. With blue dots we represented the original lattice spanned by L, with the
red crosses the transformed one L' = LD.

lattice L, implying that the transformed operator can be identified with an operator of
the original theory. As a result, the new operator is gauge invariant and belongs to the
untwisted sector. The second case, instead, are those lattice points of L’ that do not
overlap with any site of lattice L. These correspond instead to the non-genuine oper-
ators arising from the non-invertibility of the duality symmetry D. Indeed, these sites
come from the twisted sectors of the theory, which must be included in the spectrum
of the gauged theory in order to guarantee modular invariance, but that are not gauge
invariant and for this reason must be placed at the end of a line operator, implying that
they are non-genuine.
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3.4 Dp-branes and non-invertible symmetries

Before moving to the main section of the thesis, namely the emergence of duality sym-
metries in the ¢ = 2 compact boson, we first want to study how such symmetries
act on the boundary states of the theory. In rational conformal field theories, bound-
ary states are special conformally invariant states that encode the possible consistent
boundary conditions preserving the bulk symmetry. These states are in one-to-one cor-
respondence with Dp-branes, which in string theory are extended objects on which
open strings can end. In the worldsheet formulation, Dp-branes are realized through
specific boundary conditions on the embedding fields of the string: Dirichlet boundary
conditions fix the string endpoints along directions transverse to the brane, while Neu-
mann boundary conditions allow free motion along directions parallel to it.

Boundary states in RCFTs therefore provide the conformal field theory realization of
Dp-branes. In this section, we will introduce how these states are defined in the RCFT
framework, beginning with the construction of Ishibashi and Cardy states. This will al-
low us to understand how duality defects act on boundary conditions and how they
transform Dp-brane configurations within the theory.

3.4.1 Dp-branes in RCFTs

In rational CFTs, the boundary states, which are the field theory realization of the Dp-
branes, can be constructed in terms of the so-called Ishibashi states (we refer to [71]
for the original work); we will denote these states by | B)). These are states that must
satisfy specific boundary conditions imposed by the preservation of the CFT’s symme-
try. First of all, in order to preserve conformal invariance, we need to guarantee that
no energy-momentum flows through the boundary, which is equivalent to the require-
ment that T'(¢+) = T'(¢~), where T and T are the holomorphic and anti-holomorphic
components of the stress energy tensor, while £ and £~ take values on the boundary.
Now, by considering the mode expansion of the energy-momentum tensor in terms of
the Virasoro generators L,,, L,, we get the condition

(L, —L_,) |B)) =0. (3.4.1)

However, in general, a consistent boundary condition must preserve not only the Vi-
rasoro algebra, but also a larger chiral algebra A containing additional left and right-
moving currents WX (¢F) and WE(¢7) with modes W1 and WE. The preservation of
this extended symmetry requires identifying the left and right chiral sectors along the
boundary through a linear map €2 acting as an automorphism of the chiral algebra:

(Wr = (=1 QW ))|B) = 0. (3.4.2)

This is the so-called gluing condition, which generalizes (3.4.1). Here hy, denotes the
conformal weight of the chiral field WX (£1), and the sign factor (—1)"w arises from
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the reflection of the worldsheet coordinate £~ +— £T at the boundary (see [72] for a
exhaustive review on Dp-branes in rational CFTs). The automorphism €2 is what specifies
the type of boundary condition. In particular, we can consider the mode expansion of
this condition; to do so, let’s consider 11/ to be the spin 1 current generating the chiral
algebra, that is to say J;, (and, in the same way, Jx for W5). By considering the explicit
expression of the algebra generators in terms of left and right moving fields given in

(3.1.15), equation (3.4.2) can be written as:
(ot + REG”,) |B) =0, (3.4.3)

where i, v = 1,...,d are the spacetime indices and R € O(d) is an automorphism
of the chiral algebra (here we are considering the general expression of the Ishibashi
states condition valid for an arbitrary target space; in the ¢ = 1 compact boson case
that we are considering, in which the target space is a circle, we will drop the spacetime
indices). In particular, focusing on the zero mode gluing condition, we get

(p} + RUpR) |B) =0, (3.4.4)

which is a relation between the left and the right-moving momentum of the state. The
matrix R, then, encodes the geometric reflection properties of the boundary, which are
given by the eigenvalues of the matrix. In particular:

e Eigenvalues +1 correspond to Neumann directions, for which the derivative nor-
mal to the boundary vanishes, 9, X* = 0. These are directions along which the
endpoints of the open string are free to move, that is to say, parallel to the Dp-
brane.

e Eigenvalues —1 correspond to Dirichlet directions, for which 0. X* = 0, i.e. the
coordinate X* is fixed at the boundary. These are the directions transverse to
the Dp-brane, where the endpoints of the string are fixed.

Hence, R specifies the orientation and dimensionality of the branes. In particular, given
a gluing condition () represented by a matrix R with p eigenvalues +1 and d — p eigen-
values —1, this will correspond to a Dp-brane in target space.

Now, in a rational conformal field theory, the chiral algebra A admits only a finite
number of inequivalent irreducible representations {V;}. For each representation 4,
one can construct an Ishibashi state |7)) that satisfies within the sector Vf@V&).
These Ishibashi states form a complete basis of solutions to the gluing equations. How-
ever, since we are considering a rational CFT, the chiral algebra is enhanced; in order
for the Dp-branes to preserve the full chiral algebra, it is not enough to consider the
Ishibashi states satisfying the gluing conditions (3.4.3). Instead, the physical boundary
states, called Cardy states, will correspond to linear combinations of the Ishibashi ones

of the form:
|Ba> = Z ﬁaj ’]»’ (345)
J
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where (3,; are complex coefficients that must satisfy some precise consistency condi-
tions, called Cardy consistency conditions (such as modular invariance on the world-
sheet; we refer to [72] for a complete exposition). In particular, the combinations of
the Ishibashi states with these specific coefficients give rise to the physical boundary
states of the theory. Now, if we restrict ourselves to the case of the diagonal modular
invariant theories, it was shown by Cardy in [73] that the coefficients can be rewritten
in terms of the entries of the S-matrix defined in as:

(3.4.6)

)=3 A

It is important to notice that, in the case of diagonal RCFTs, the number of Ishibashi
states is precisely the same as the number of the Cardy ones, that is to say, the number
of physical boundary states corresponding to the Dp-branes.

3.4.2 Dp-branesin the ¢ = 1 compact boson

Now that we have introduced the notion of Dp-brane for RCFTs, we are able to analyze
them in the ¢ = 1 compact boson case. The first thing to notice is that, since the target
space is a circle S', we can drop the space-time indexes from equations and
(3.4.4), and the latter will take the form:

(pr + Rpr)|B)) =0, R ==l (3.4.7)

In particular, in the 1-dimensional spacetime case, we clearly see that we will only have
two types of boundary conditions, due to the fact that R € O(d) = R = +1, and
they correspond to either Neumann or Dirichlet boundary conditions, respectively. We
can now look at the specific solutions of the gluing conditions, and we will get the two
sets of Ishibashi states given by:

e R = —1: for the gluing condition represented by the matrix R with eigenvalue
—1 we get the condition on the momentum

PL = Pr — % (%—l—wR) :% (%—wR) — wR=0. (3.4.8)

As we said, these Ishibashi states will be related to the Cardy states representing

DO-branes. In particular, we see that the gluing condition gives p;, = pr = %

and, since we are considering an RCFT with R = 4/ % these correspond to 2K =

2N M different Ishibashi states, one for each distinct representation of the chiral
algebra labeled by n € {0, ...,2K —1}. By solving the gluing condition for every
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level in the mode expansion (3.4.3), we get that the explicit expression for these
Ishibashi states is:

n) = exp

=1 - r r
+ ; EOé—nOé—n] X ; ’E + mR, E + TTLR> X (349)

forr € {0,...,2K — 1}.

e R = 1: for the gluing condition represented by the matrix R with eigenvalue +1
we get instead the condition

— 1<”+ R) 1(” R>:>” 0, (3.4.10)
== —= (5 twR)=——F2(5—w == 4.
pbr PR \/§ R \/§ R R )
and these Ishibashi states will be related instead to the Cardy states representing
D1-branes. In the same way as above, we see that the gluing condition gives
pr, = —pr = wR and this time it will correspond to only two different Ishibashi
states, given by w € {0, K'}. By solving the gluing condition for every level in the
mode expansion (3.4.3), we get:

o0

1 _ r r
|w)) = exp [— Z ﬁa—na—n] X zm: ‘E +mR, R mR> , (3.4.11)

n=1
forr € {0, K}.

Now, the solutions we just obtained are the Ishibashi states of the theory, which do
not correspond to physical states, but are related to the physical boundary states of
the theory, that is to say the Dp-branes, via the Cardy’s formula (3.4.5). However, as
we pointed out in the previous section, in the diagonal RCFT case, the Cardy’s formula
takes the easier form given in (3.4.6), and, most importantly, the number of Ishibashi
states will correspond to the number of Cardy states. So, if we restrict our analysis to
the diagonal RCFT cases of the ¢ = 1 compact boson, which are characterized by the
condition R = \/N, N € Z, we will get a total number of Dp-branes equal to 2(N +1),
which are precisely 2N DO-branes, located at equidistant points on the circle, and 2 D1-
branes, wrapping the whole circle and characterized by different values of the Wilson
line. In Fig. [12]we give a visual representation of the Ishibashi states (and, consequently,
of the Dp-branes) in the ¢ = 1 compact boson case at radius R = V3.

3.4.3 Duality symmetries and Dp-branes

In this final section, we will focus on the diagonal RCFT case of the ¢ = 1 compact boson.
Now that we have seen how to construct the Ishibashi states, and, consequently, the
Dp-branes, we want to study how the duality symmetries we defined above act on these
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Figure 12: Plot of the self-dual integer momentum lattice T''"! of the ¢ = 1 compact boson
at radius R = /3. With blue dots we represented the lattice sites spanned by L defined in
(3.3.20). With the red crosses, instead, we highlighted the points corresponding to the Ishibashi
states, which are related to the Dp-branes. In particular, the points lying on the p;, = pg,
the black line in the plot, correspond to the DO-branes, while those on the p;, = —pg line,
represented in green, are associated to the D1-branes. It is important to notice that the point
(pr,pr) = (0,0) is associated to both a DO and a D1-branes, and the distinction between the
two different states is given by the oscillatory modes prefactor shown in (3.4.9) and (3.4.11).

states. As we saw, the action of a duality symmetry on the primary operators of the
theory can be represented by a matrix D € O(1, 1, Q) acting on the lattice generating
matrix L as L — L' = LD. Now, from the generic expression of D, we have been able
to write the explicit action of this matrix on L in (3.3.16). Interestingly, as we observed
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in (3.3.17), the transformed lattice generating matrix L’ can equivalently be written as

L'=LD=RL, R= ((1) _01) , (3.4.12)
and this expression holds for every duality symmetry of the ¢ = 1 compact boson.
From this rewriting of the duality symmetry in terms of a left multiplying matrix R, it is
then easier to understand the action of duality symmetries on the Ishibashi states. In-
deed, we can clearly notice that the duality symmetry acts on the left and right-moving
momentum of the theory in an asymmetric way, leaving the left momentum invariant
while changing the sign of the right-moving one

D pr — PrL, PRVr?> —PR. (3413)

This asymmetric action on the left and right-moving momentum then clearly affects the
Ishibashi states condition, in particular by mapping the Ishibashi states corresponding
to DO-branes to those corresponding to D1-branes, and those associated with D1-branes
to DO ones. Indeed, given a state | B)) solving equation with R = %1, then the
action of the duality symmetry on the state transforms it in such a way that the new
state will now satisfy the same Ishibashi state condition but with R = F1:

D: (prtpr)|BY =0 — (p.Fpr)|B)=0. (3.4.14)

From this overall action on the Ishibashi states, we clearly see that we get an exchange
between DO and D1-branes under the action of the duality symmetry, with the total
number of branes preserved. Going back to the example of the ¢ = 1 compact boson
with target space a circle of radius R = /3, we immediately observe that the resulting
theory will contain 2 DO-branes and 6 D1-branes.

The overall exchange between the Ishibashi states solving the Ishibashi condition
for R = +1 with those solving the gluing condition given by R = —1 is clearly a con-

sequence of the possibility to rewrite any duality symmetry of the form discussed in

. . . 1 . .

Section [3.3.3| in terms of the same matrix R = 0 _01 left-multiplying the lattice
generating matrix L. This is peculiar of the ¢ = 1 compact boson and the simple action
of T-duality on the parameters of the theory. In the next section, instead, in which we
will apply this analysis to the ¢ = 2 compact boson, we will see how more intricate

relations between Ishibashi states can emerge.
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4 Thec = 2CompactBoson, RCFT Points
and Non-Invertible Symmetries

In the previous chapter, we analyzed the ¢ = 1 compact boson, focusing in particular on
the rational conformal field theory (RCFT) points of its moduli space and on how non-
invertible symmetries can arise at these special loci. We saw that, at rational points,
the theory can become self-dual under the gauging of a finite subgroup of the chiral
algebra, leading to the emergence of the so-called duality symmetries. These symme-
tries are in general non-invertible and are described by a Tambara-Yamagami fusion
category. In addition, we examined how Dp-branes transform under the action of such
duality defects.

In this chapter, we extend this analysis to the case of the ¢ = 2 compact boson.
The presence of an enlarged duality group in this theory allows for a richer and more
intricate realization of non-invertible symmetries. We will begin by introducing the gen-
eral framework of the ¢ = 2 compact boson theory and describing the structure of its
moduli space. We will then discuss the rationality condition and show how duality sym-
metries emerge at these enhanced symmetry points. Finally, we will study the behavior
of Dp-branes under the action of these non-invertible symmetry transformations.

41 The ¢ = 2 compact boson

The ¢ = 2 compact boson represents the natural generalization of the ¢ = 1 com-
pact boson to a two-dimensional target space. It is one of the simplest examples of a
non-linear sigma model with multiple compact directions and provides an ideal setting
for studying the interplay between geometry, duality, and generalized symmetries in
two-dimensional conformal field theories. This theory describes two real scalar fields
¢' (o, 7) and ¢*(o, 7) compactified on a two-dimensional torus T2, and it can be inter-
preted as the worldsheet theory of a string propagating on a flat toroidal target space.
Let us now introduce the non-linear sigma model more precisely; for a comprehensive
review we refer to [74,75]. Consider a two-dimensional non-degenerate lattice A C R?
generated by \;, \s € R2. This can be defined in terms of a matrix A given by:

A=R (1 Tl) ,ReRyy and 7 #£0 (4.1.1)
0 T2

where we require 7, to be different from zero in order to have a non-degenerate lattice.
. . 1\ .
The simple form of the first column, namely ) is due to the fact that we always

have the freedom to rotate the lattice in R? in such a way that one generator lies on
the z-axis; this implies that A € O(2)\GL(2), where the O(2) group identifies lattices
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generating the same torus up to rotations and reflections. A two-dimensional torus
can then be defined in terms of the non-degenerate lattice A as 7% = R?/A; its metric
is given by G, = (M, \) = ATA, which is a constant symmetric two-tensor. The
sigma model, instead, is defined on a two-dimensional worldsheet > with coordinates
(1,0), as in the ¢ = 1 compact boson, by two compact scalar fields ¢ (7,0), u,v €
{1,2}, ¢ ~ ¢" + 27. These represent the embedding of the worldsheet in the target
space and define amap ¢ : ¥ — T?2. The action that describes their dynamics takes
the form:

1 o -
S=_ / dodré" Gi;0,6'0,¢ + ﬁ / dodre"” B;;0,¢'0,¢’, (4.1.2)

where B, is an antisymmetric tensor known as the B-field, which can be interpreted
as the analog of the Kalb-Ramond field from String Theory. From the action written
above, the parameters of the theory are (A, B) € O(2)\GL(2) x Skew(2) and their
explicit expression is given by:

_ 21 71 (0 D
G=n (ﬂ Tf+T§) and B_(—b 0) (4:13)

For toroidal sigma models, it is customary and useful to recast the metric GG;; and the
antisymmetric tensor B;; in terms of two complex parameters 7 and p defined as

T = @ + z\/—a =T +im, p=p1+ipp=0b+ z'\/a, G = det(G). (4.1.4)
Gll Gll

These are the so-called complex structure and complexified Kahler modulus, respec-
tively; the former encodes the information regarding the shape of the torus, while the
latter combines the antisymmetric B field with the area of the torus 7. These 2 com-
plex parameters parametrize the 4-dimensional toroidal branch of the ¢ = 2 moduli
space. It is also possible to notice that, given 7 and p such that ; = p; = 0, the theory
factorizes in the tensor product of two ¢ = 1 compact bosons, with radii B and R,
respectively.

Analogously to the ¢ = 1 compact boson, the ¢ = 2 compact boson admits an
equivalent description of the theory in terms of dual fields gz~5Z ~ q?)’ + 2,1 = 1,2
(see [76,77] for the general definition of dual fields in non-linear sigma models). Again,
both the dual fields and the original ones admit a decomposition in terms of left and
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right-moving fields, which this time takes the more intricate form:

oo [pz(X1 —X) = ;i (X2 72)] (4.1.5)

1

{(Pﬂ'z + pom) X' + (p172 — por1) X

-2
+ (pa12 — p1711) X — (pa71 + po2) X }

This apparently involved combination is due to the fact that the 2-torus has non-trivial
complex structure and Kahler modulus and, in order to obtain a well-defined decom-
position of the fields in terms of the chiral components, we need to keep track of the
geometry. For future purposes, it is convenient to rewrite this in matrix form as

o X!
P X2
o= LT 51| (4.1.6)
#) A\

where we defined the matrix L as the transpose of the tran_sformation matrix between
the fields ¢’, ¢ and the left and right-moving fields X*, X¢, which can be written in
terms of the complex structure and the complexified Kahler modulus as

T2 0 po P1T2 + P27y
1 -n1 1 —p1 —p171 + pa72
V2mp2 | 72 0 —p2  p172 — pami
1

—T1 —P1 —pP1T1 — P2T2

I —

(4.1.7)

As in the ¢ = 1 compact boson, at generic values of 7 and p, this theory is invariant
under the four global shifts of the fields ¢* — ¢ + o' and ¢ — ¢' + &'. This invariance
gives rise to four global symmetries, which result in

UL x UM =U(L)p, x UL)py X ULy, X U(1) s, (4.1.8)

and the charges under these symmetries are the momentum and the winding num-
bers n = (ny,m2)" and w = (wy, ws)?, respectively. The primary operators are then
characterized by these four integer charges and take the form:

Vo = e/ $107 8 (4.1.9)
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where ¢ = (¢',¢*)7 and ¢ = (¢', $*)”. However, as we saw above, the fields and
their duals can be written in terms of the chiral fields X and X, with the explicit rela-
tion (4.1.6). In this way, we can rewrite the primary operators in terms of the chiral fields
by defining the left and right moving momenta p;, = (p1,pr2) and pr = (Pr1,Pr2)

(n w) (g) =(n w)L" (ﬁ) = (pr Pr) <§) : (4.1.10)

where (;) = (X1 X2 X1 X7 is the vector of chiral fields. In particular, we see

that p;, i are given in terms of the matrix L, and they take values in the even, self-dual,
integer momentum lattice I'>? defined as:

22 5 (pL) — L (") . (4.1.11)
Pr w

In this way, the primary operators, as in the ¢ = 1 compact boson, are in one-to-one
correspondence with the sites of this lattice.

As we saw in the previous section, the ¢ = 1 compact boson is characterized by its
invariance under T-duality, which acts by exchanging momentum and winding numbers,
together with the exchange of the defining field X with its dual X. In particular, T-
duality implies the identification of a theory at radius R with the one at radius 1/R.

In the ¢ = 2 compact boson case, we have a similar property; however, since the
target space of this class of sigma models is 2-dimensional, namely a torus, this type
of theory will be characterized by a larger set of duality transformations. As discussed
above, the torus is specified by two complex parameters, 7 and p, representing the
complex structure and the complexified Kahler modulus, respectively. Each of them
takes values in the complex upper half-plane H = {z € C|Im(z) > 0}, such that the
continuous moduli space is H, x H,. If we consider the discrete group SL(2,Z), x
SL(2,7Z), acting on these parameters as

(4.1.12)

(r.p) —s ar +b dp+U
P ct+d dp+d)’

a b a v
(C d)eSL(2,Z)T, (C, d,)eSL(2,Z)p,

this leaves the conformal field theory invariant, as it preserves the even, self-dual mo-
mentum lattice I'?2). In addition to this, the theory also admits two additional discrete
symmetries: mirror symmetry and spatial inversion. Mirror symmetry corresponds to
the exchange of the two complex parameters, 7 <+ p, which geometrically relates a
compactification on a torus to its mirror dual, interchanging complex and Kahler struc-
tures; this will be denoted by Z2! and it acts as (7,p) — (p, 7). Spatial inversion,
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instead, acts by reversing the torus orientation and corresponds to the Zﬁ operation
(T7 p) = (_7_-7 _ﬁ)

Taken together, these transformations generate the full discrete duality group of the
¢ = 2 compact boson, given by

0(2,2;Z) ~ P(SL(2,Z), x SL(2,7),) x (Z3' x Z%), (4.1.13)

which, overall, is equivalent to O(2, 2, Z). This group acts discretely on the continuous
parameter space (7, p) € H, x H,, preserving the conformal spectrum. Consequently,
the moduli space of inequivalent ¢ = 2 compact boson toroidal CFTs is obtained by
guotienting the continuous moduli space by the full duality group, leading to

T? = (H,/PSL(2,Z), x H,/PSL(2,Z),)/(Zy" x Z%). (4.1.14)

The resulting moduli space identifies all backgrounds related by the action of the dis-
crete duality group and represents the higher-dimensional generalization of the R «»
1/R T-duality of the ¢ = 1 compact boson, where both the shape and the size of the
torus now participate in the duality transformations.

Now, given a primary operator of the form V,, ,, = e
can define iy = 3(pj | +pi,) and hg = 5(ph, + pk.), and its conformal dimension
and spin are given by

T 1 i T G T T X
int g+iw' o _ 62pLX+2pRX’ we

A= hL + hR, S = hL - hR. (4115)

These two numbers that characterize a primary operator, can also be obtained from
the momentum lattice I'>2. Indeed, let us consider a primary operator characterized
by momentum and winding numbers (n, w), which correspond to left and right-moving
momentum (py, pr). The spin can then be written as

DPr
where
1 0 O 0 0010
10 1 0 0 r . [0 001
=10 0 -1 o0 and L'nL = L oo ol (4.1.17)
00 0 -1 01 00

and the latter represents the inner product of the momentum lattice. For the conformal
dimension, instead, we can write it in terms of the quadratic form

A =hy + hg = (p Pr) (ﬁ;) — (n w) L"L (Z) =(n w)& (Z) (4.1.18)
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where we defined the matrix £ in terms of the lattice generating matrix L. This matrix
can be written in terms of the torus metric G and the antisymmetric tensor B as

E = ¢ G™'B (4.1.19)
 \-BG! G- BG'B "

and it is called the generalized metric. This will be important in the following to define
duality symmetries in the ¢ = 2 compact boson theory. Its definition comes from the
double field theory formalism, which is a useful approach to describe theories invariant
under a duality group (we refer to [78] for a detailed discussion of the double field
theory formalism). In particular, as we saw in (4.1.13), the duality group of the ¢ = 2
compact boson is given by the discrete group O(2, 2, Z), which has a natural action on
the generalized metric given by

0(2,2,2)50: & & = OTEO. (4.1.20)

This action mixes the metric and the B-field while preserving the conformal spectrum,
as it corresponds to an automorphism of the even, self-dual, integer momentum lattice
22, The elements of O(2,2;7Z) exchange and mix momentum and winding excita-
tions in a way that leaves the worldsheet CFT invariant, equivalently to the action of
the duality group on (7, p). In particular, the 4-dimensional representations of the ele-
ments of the duality group is given by:

a —c 00
0 0 d b fOf' ( d) S SL(Q,Z)T
0 0 ¢ a
d 0 0o v
0O d =b 0 ry
0o -« o ol fr (CC‘, d,) € SL(2,7), (4.1.21)
d 0 0 !
0010 10 0 0
_ (0100 M 10 1 0 O I
M=y 90 0l€%: 1= o -1 o] €%
0 001 00 0 1

Finally, we can present the partition function of the theory. The lattice I'*? defined
above encodes all physical states of the theory. As we obtained for the ¢ = 1 compact
boson, the corresponding partition function takes the standard form

1 1 1
Z(a,&;G,B):|n(U)|4 > g gark, (4.1.22)

(pr,pR)ET22
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where ¢ = €™, o is the complex structure of the worldsheet torus on which we de-
fine the partition function, and (o) is the Dedekind function defined in (3.1.23). This
partition function depends only on the background moduli (G, B) through the lattice
['2) and is manifestly invariant under the modular group of the worldsheet torus as
well as the target-space duality group O(2, 2; Z), reflecting the exact equivalence of all
tori related by these transformations.

4.2 The ¢ = 2 moduli space

As we saw in Section[3.1, the conformal manifold of the ¢ = 1 compact boson consists of
two continuous branches, namely the circle branch and the orbifold branch, which meet
at the point R = 2 (we recall that, in our conventions, the self-dual radius corresponds
to R = 1). The latter is obtained by orbifolding the Z, symmetry actingas X +— —X
on the embedding field. This reflection is a symmetry of the theory for any point on
the circle branch. This originates from the fact that the target space S' is defined in
terms of a one-dimensional lattice as the quotient R /(27 RZ), and the only nontrivial
automorphism of a one-dimensional lattice is the Z, reflection symmetry, which acts
by  — —xz, where x is the coordinate on R, and whose orbifolding generates the only
additional continuous branch of the moduli space, namely the orbifold one. In addition
to these connected components, the moduli space also contains three isolated excep-
tional orbifold points, obtained by gauging the remaining finite subgroups of SU(2) at
the self-dual radius: the tetrahedral, octahedral, and icosahedral groups. The gauging
of the cyclic subgroups Z;, and of the dihedral subgroups D, of SU(2) instead produces
points at R = k lying, respectively, on the circle branch and on the orbifold branch.

In this section, we want to present an equivalent analysis for the ¢ = 2 compact
boson moduli space; for the original work, we refer to [74]. In this article, the authors
show that the moduli space C? of unitary conformal field theories with central charge
¢ = 2 is composed of 29 non-exceptional, non-isolated components, meeting at differ-
ent multicritical points and lines, leading to a much more involved moduli space than
the ¢ = 1 compact boson one.

In the previous section, we focused on the ¢ = 2 compact boson theories de-
fined on the toroidal branch; these correspond to the set of non-linear sigma mod-
els with target space a two-dimensional torus 72 endowed with a flat metric G and
a constant antisymmetric tensor B. As explained above, this branch is parametrized
by two complex moduli: the complex structure 7 = 7, + ¢ and the complexified
Kdhler modulus p = p; + ips, each taking values in the upper half-plane H = {z €
C|Im(z) > 0}. Before identifying physically equivalent points, the continuous pa-
rameter space is thus H, x IH,, which, however, is quotiented by the duality group
0(2,2;Z) ~ P(SL(2,Z), x SL(2,7Z),) x (Z5" x Z%). The theories obtained by vary-
ing (7, p) within this quotient space constitute the continuous toroidal branch 72 C C?

defined in (4.1.14).
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However, as in the ¢ = 1 case, where an additional component arises from the
orbifold procedure of the discrete lattice symmetry Z,, the ¢ = 2 moduli space also
contains further branches obtained by orbifolding the possible symmetries of the un-
derlying lattice defining the 2-torus. Indeed, as we saw in the previous section, a two-
torus T can be defined as the quotient 72 = R?/A, where A is a non-degenerate
two-dimensional lattice. Now, if we consider a discrete symmetry of A, that is to say,
an automorphism of the lattice, the orbifolding procedure will lead to a new conformal
field theory while keeping the central charge ¢ = 2 invariant. However, the resulting
theory will no longer be associated with a point on the toroidal branch but will take
value on a different branch of the moduli space. This implies that, as in the ¢ = 1 case,
the orbifolding procedure of the discrete symmetries of the underlying lattice gener-
ates all the possible branches in the moduli space.

In particular, the possible symmetries of a two-dimensional lattice are classified and
correspond to the 17 inequivalent crystallographic plane groups, also known as the wall-
paper groups. Each of them is characterized by a finite point group P C O(2) and a
translational subgroup A C RR?, which together describe all possible combinations of
rotational, reflectional, and translational symmetries compatible with lattice periodic-
ity. Consequently, only a finite number of orbifold constructions are possible, leading
to a finite number of additional branches in the ¢ = 2 moduli space C? (just as in the
one-dimensional case, where the single reflection symmetry gives rise to one extra orb-
ifold branch).

A crucial difference, however, is that while the Z, inversion of the one-dimensional
lattice is a symmetry for every value of the compactification radius R, each crystallo-
graphic plane group is a symmetry of a given lattice A(, p) only for special values of
the moduli 7 and p. For example, a subset of the possible lattice symmetries is given
by the rotations R(6) acting as (z1,xs) — R(0)(z1,z2) on the R? coordinates, with
R(0) € SO(2). In order for R(f) to be a symmetry of a given lattice A, it must satisfy
the condition RgA = A.

Now, the possible rotation angles are constrained by the two-dimensional crystal-
lographic restriction theorem, allowing only for § = 7, 27 /3, 7/2, and 7 /3 (we refer
to [79] for the original work on the classification of the crystallographic plane groups).
Consequently, the admissible rotational symmetry groups of a two-dimensional lat-
tice are Zy, Z3, 74, and Zg. Among these, the Z, group generated by the inversion
(x1,22) — (—x1, —x2) always represents a symmetry of a two-dimensional lattice
(equivalently to the one-dimensional case), as it leaves any 2d lattice invariant, and thus
the corresponding Z, orbifold exists everywhere on the toroidal branch. The Z3 sym-
metry, corresponding to rotations by 277/3, instead, is compatible only with the equi-
lateral (hexagonal) lattice defined by 7 = exp(27i/3). This implies that the toroidal
compactifications characterized by (7, p) = (exp(27i/3), p) will enjoy an additional
symmetry that, after applying the orbifold procedure, leads to a new, well-defined con-
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formal field theory. Similarly, the Z, symmetry, which acts as a 7/2 rotation, exists only
for the square lattice, realized at 7 = ¢, while the Zg symmetry acts on the same hexag-
onal lattice at 7 = exp(7i/3).

Each of these cases corresponds to fixed loci of enhanced symmetry in the toroidal
branch, where an additional orbifold construction is possible. In particular, the orbifold-
ing procedure of such crystallographic symmetries yields new families of conformal field
theories, which form separate connected components of the full moduli space. Each
component is a continuous branch parameterized by the remaining modulus (for ex-
ample, by p when 7 is fixed to one of the symmetric values) and is connected to other
branches at multicritical points where multiple lattice symmetries coexist. For exam-
ple, the intersection between the Z, and Z, orbifold branches occurs at (7, p) = (1, p),
corresponding to the square lattice, where both the 7 and /2 rotations act as symme-
tries.

It is important to notice that the rotations are not the only possible crystallographic
symmetries; indeed, as we mentioned above, there are 17 wallpaper groups. These,
in addition to the aforementioned rotations, account for spatial reflections, which act
on the coordinates as (z1,x2) — (—x1,23) or (x1,x2) — (x1, —z2) and represent a
symmetry of the lattices with 7, = {0, —1/2}, dihedral groups and translations. More-
over, one can consider more intricate constructions, such as combinations of rotational
and translational symmetries, corresponding to nontrivial elements of the wallpaper
groups. These produce additional continuous families, and the network of all such
branches, together with their intersections, accounts for the 29 non-exceptional com-
ponents identified in [74].

The intersection loci, where several components meet, correspond to theories with
extended chiral algebras and enhanced non-abelian symmetry, generalizing the self-
dual and exceptional point of the ¢ = 1 moduli space. In summary, the moduli space
of ¢ = 2 compact bosons can be described as the union of the toroidal branch, given
by the quotient (H, x H,)/O(2, 2; Z), together with its orbifold descendants obtained
by gauging the crystallographic plane groups acting at special values of (7, p). These
various components are connected through multicritical lines and points of enhanced
symmetry, generating a highly non-trivial and interconnected conformal manifold for
the ¢ = 2 compact boson, denoted by C2.

4.3 The rationality condition

In the previous chapter, we analyzed the emergence of duality symmetriesinthec =1
compact boson. To construct these topological defects, we focused on special loci of
the moduli space, namely the non-linear sigma models satisfying the rationality con-
dition R? € Q. These points correspond to rational conformal field theories (RCFTs),
characterized by an enhanced chiral algebra and, consequently, a finite number of pri-
mary operators. The rationality condition is essential for the definition of duality sym-
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metries; indeed, although a finite subgroup of the chiral algebra can, in principle, be
gauged at any point in the moduli space, only at RCFT points does this gauging produce
a new theory that is dual to the original one, and, therefore, we can construct the cor-
responding duality symmetry (as discussed in Section[3.3.1). In this chapter, we extend
the construction of duality symmetries to the ¢ = 2 compact boson. Once again, the
rationality condition plays a crucial role in this type of symmetry, and we will present
its explicit form in this section.

Let us now focus on the ¢ = 2 compact boson; as we saw in the previous sec-
tion, due to the higher dimensional target space, this type of non-linear sigma model
presents a richer moduli space. In particular, the toroidal compactifications are spec-
ified by the value of the complex structure 7 and the complexified Kahler modulus
p- These two parameters specify a point on the toroidal branch in the moduli space
H, x H,/O(2,2;Z), and the conformal spectrum is determined by the self-dual inte-
ger momentum lattice I'>?) (7, p) defined as

re? 5 (£L> =L (Z) , n,w € 77, (4.3.1)
R

where L = L(7,p) is the lattice generating matrix introduced in (4.1.6). For generic
(7, p) the theory possesses a chiral algebra of the form U(1)2 x U(1)%, generated by
the two left and right currents Ji = 0, X% and Ji = 0_X* (we did not discuss the
chiral currents explicitly for the ¢ = 2 compact boson, but they can be defined anal-
ogously to of the ¢ = 1 case). However, at special points in the moduli space,
the lattice I'>2) acquires additional automorphisms that generate new chiral fields and
hence enlarge the chiral algebra, leading to rational theories.

The condition for rationality in the ¢ = 2 compact boson can be stated in several
equivalent ways. Similarly to the ¢ = 1 case, this is given by the requirement that both
the metric G and the antisymmetric tensor B are characterized by rational entries, that
istosay, G € GL(2,Q) and B € Skew(2, Q). However, as we saw in the previous sec-
tion, the moduli space of the ¢ = 2 compact boson can be better expressed in terms
of the two complex moduli 7 and p; for this reason, we can rewrite the rationality con-
dition in terms of these parameters. As was shown in [80], the rationality condition
then corresponds to the requirement that both the complex structure 7 and the com-
plexified Kahler modulus p take values in the same imaginary quadratic number field,
namely

m,p € Q(D), D <0, (4.3.2)

where
T E Q(\/E) — z=1x1429VD, 11,75 € Q. (4.3.3)

In particular, 7 can be written in terms of a quadratic equation with integer coefficients

at* +br+c=0, a,bccZ, ged(a,b,c)=1, (4.3.4)
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such that

T = % \/ —D, D=1V —4ac (4.3.5)
a

a similar equation then holds for p too, which can be characterized by different integer
coefficients o, b, ¢ under the condition that b"?> —4a/c¢’ = D, in such a way that the two
complex parameters belong to the same number field. This number-theoretic condition
admits a natural geometric interpretation in terms of the complex multiplication (CM)
property of the torus. To see this, notice that the complex structure 7 determines a two-
dimensional lattice A, = Z @ 77, which defines the complex torus £, = C/A.. Thisis
a one-dimensional complex torus, that is to say, a flat elliptic curve. Any holomorphic
endomorphism of E. is then induced by multiplication by some complex number o € C
on C, that is to say, z — «az, where z is the complex coordinate over the complex plane
C; in order for this linear map to be an endomorphism of the complex torus, it must
preserve the underlying lattice A ,:

al, CA,. (4.3.6)

For a generic value of 7 this is only possible when a € Z, implying that the endomor-
phism ring corresponds to
End(E,) = Z. (4.3.7)

However, if 7 satisfies a quadratic equation with integer coefficients of the form (4.3.4),
then the lattice A is preserved under multiplication by the complex number

o = aT, (438)

which is proportional to the complex structure itself. More generally, the lattice A is
preserved under the multiplication by all the elements of the order

b
Op=7Z+17°T V" \/_ — 7+ Zar. (4.3.9)

In this case the ring of endomorphisms of the torus is strictly larger than Z, namely
End(E,) = Op D Z. (4.3.10)

A complex torus with this property is said to have complex multiplication. From the
lattice perspective, this means that multiplication by any o € Op acts on the basis
(1,7) by an integral 2 x 2 matrix

a(l) _ C)Aa, A, € GLR2,Z), (4.311)

T

and thus produces a genuine lattice automorphism. This enhancement of the endomor-
phism ring of the torus is precisely what distinguishes CM points from generic ones.
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The rationality condition (4.3.2) now simply asserts that both complex parameters
of the T sigma model lie in the same imaginary quadratic field:

r,peQWD), D<O. (4.3.12)

Geometrically, this means that not only the complex structure torus £, but also the
Kahler torus £/, which can be defined in terms of the lattice A, = Z @ pZ, admits com-
plex multiplication by the same order Op. The non-linear sigma models characterized
by these values of 7 and p are precisely the RCFT points in the moduli space.

To make the connection between complex multiplication and rationality more pre-
cise, let us now describe how the momentum lattice reorganizes at CM points. Recall
that the spectrum of primary operators of the theory is in one-to-one correspondence
with the even, self-dual integer momentum lattice 2 c r22, generated by the vec-

tors (pr, pr) with
(pL> = L(T,p) (n) , n,w € 7% (4.3.13)
Pr w

This is a rank-four lattice equipped with the bilinear form of signature (2, 2). From this,
it is possible to define the left and right-moving set of charges as the projections

Iy ={ps| (p L) er®?},  TI'p={pz (p L> e 2}, (4.3.14)
Pr Dr

At generic points in moduli space, these lattices contain infinitely many inequivalent
orbits under the chiral algebra U (1)7 x U(1)%.

In addition to these two sets of states, it is possible to introduce the sublattice of
purely left-moving states,

To = {ps| (%L> e T2 (4.3.15)

that s, the set of momentum-winding pairs for which the right-moving component van-
ishes (equivalently, it is possible to define the sublattice of purely right-moving states,
that we denote by fo, which contains the states in I'2 that satisfy p; = 0). At generic
values of (7, p), the only solution to pr = 0 is given by momentum and winding num-
bers n = w = 0, and therefore I’y = {0}, that is to say, a rank zero sublattice of the
full momentum lattice I'>2. Consequently, the only chiral fields of the theory are the
currents J¢ = 0, X", generating an abelian chiral algebra U(1)2.

However, at complex multiplication points, the set of states satisfying the defining
property of Iy is enhanced. Indeed, the condition pr(n, w) = 0 now gives rise to two
diophantine equations characterized by an infinite number of solutions. In particular,
the lattice I'y becomes a non-trivial rank-two sublattice of I'*2. The emergence of a
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non-trivial sublattice I'y of purely left-moving charges has an immediate consequence
for the chiral algebra of the theory. Each non-zero vector p;, € I'y corresponds to a
chiral primary operator of the form

Vo, (2) = exp(ipr - X1(2)), (4.3.16)

with conformal weights (hy, hgr) = (%p%, 0). At generic points in the moduli space the
only solutions to pr = 0 are trivial, and thus the only chiral primaries are the conserved
currents 8+X2, generating the abelian chiral algebra U(l)%. At CM points, instead, the
presence of a rank-two lattice of non-trivial solutions to pr = 0 implies the existence of
additional chiral fields of non-zero conformal weight. These operators extend the chiral
algebra beyond U(1)%, producing a genuinely larger Kac-Moody algebra generated by
the elements of I'y (in the same way as in the ¢ = 1 compact boson, in which the
solutions to the chirality condition generated the enhanced chiral algebra U(1)ax x
U(1),x; see the discussion around (3.2.10)).

The crucial point is that the sublattice I'y becomes a finite index sublattice in I';,,
and the number of distinct primary representations of the extended chiral algebra is
given by the index [I';, : I'y]. More precisely, the quotient

I'/To (4.3.17)

is a finite abelian group, whose elements label the distinct representations of the en-
hanced chiral algebra. This finiteness property is exactly the defining feature of a ra-
tional conformal field theory: the left-moving spectrum decomposes into finitely many
irreducible representations of the enhanced chiral algebra, and the operator product
expansion closes among this finite set of primaries. A completely analogous construc-
tion applies to the right-moving sector, where the sublattice fo controls the enhance-
ment of the right-moving chiral algebra. An explicit example of the structure of I';, and
[y at the CM point (7, p) = (i, 2¢) is shown in Fig. (13, We also represent the identifica-
tion of lattice points under the action of the extended chiral algebra, which we denote
with the black arrows, where ( indicates an element of the enhanced chiral algebra that
accounts for the specific identification.

From the perspective of the full momentum lattice T'2:?), the rationality condition
is therefore equivalent to the statement that I';, (and similarly I'g) contains a rank-two
sublattice of purely chiral states of finite index. Consequently, the full Hilbert space of
the theory decomposes into a finite direct sum of tensor products of left and right chiral
representations,

H= P MuV:eVy (4.3.18)
wEelL/To

implying that the toroidal sigma model has become an RCFT.
Finally, let us briefly discuss the special subclass of diagonal RCFTs within the ¢ = 2
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Figure 13: Example of the momentum lattice projections I';, (blue points) and its purely left-
moving sublattice I'y (red crosses) for the rational CFT point (7, p) = (4, 2i). In this case 'y is a
rank-two sublattice of finite index inside I';,; as we said, the index of I'y C I';, is associated the
number of primary operators, which, in the current example, are is [I', : I'g] = 4. The dashed
red square highlights one choice of fundamental domain for the quotient I'z, /T'y. The black
arrows represent the action of generators of the enhanced chiral algebra on I';,, showing how
different lattice points are identified into a finite number of orbits. This finiteness is precisely
what ensures that only a finite number of left-moving primaries appear at this rational point of
the moduli space.

compact boson. By definition, a rational conformal field theory is diagonal when the
left and right-moving chiral algebras coincide and every left-moving representation is
paired with the corresponding right-moving counterpart. The multiplicity matrix then
reduces to

Mz = 0ug, (4.3.19)
and the full torus partition function factorizes as
2
Zang(T:0) = > |xu(0)], (4.3.20)
el /To

where Y, are the characters of the irreducible representations of the extended chiral
algebra. In particular, in the ¢ = 2 compact boson, the diagonal RCFT points in the
moduli space correspond to the toroidal compactifications characterized by

_ =b+VD

4.3.21
5 ( )

(r.p) = (r.far), T
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where f € Nis a positive integer. These are characterized by the value of the complex-
ified Kahler structure, which is proportional to the complex structure; in particular, the
proportionality constant is an integer.

Diagonal RCFTs essentially implies the identification of left and right momentum
sublattices, namely I';, and I's. In particular, this implies that the full momentum lat-
tice I'>2 can then be written as

%% = (I'y,I%), (4.3.22)

with the relation
F’L —I'y =T,. (4.3.23)

That is to say, the left and right-moving sublattices can differ at most by elements of the
chiral sublattice I'y, which implies that the left and right-moving representations must
be identified one-to-one.

4.4 The emergence of non-invertible symmetries

In the previous section, we introduced the notion of rational conformal field theory for
the ¢ = 2 compact boson, showing that the theory becomes rational precisely when the
complex structure 7 and the complexified Kahler modulus p both lie in the same imagi-
nary quadratic number field @(\/ﬁ) with D < 0. As discussed, this algebraic condition
on the complex parameters admits a natural geometric interpretation in terms of the
momentum lattice and the structure of its left and right-moving projections.

Having presented the rationality condition for the ¢ = 2 model, we are now able
to construct the duality defects that arise in this class of non-linear sigma models. We
will begin by reviewing the role of gauging and the notion of self-duality, and then pro-
ceed to the explicit construction of the non-invertible symmetries that appear at these
points. We will then continue with a concrete example of such a duality symmetry and
will provide a geometric interpretation of its action on the torus. In particular, we will
be able to connect the geometric symmetries of the target space torus with the emer-
gence of duality symmetries on the worldsheet, leading to a lattice-based construction
of such duality defects.

4.41 Gauging and self-duality in the ¢ = 2 compact boson

As we saw in Section[3.3] the construction of duality symmetries is based on the gauging
of a finite subgroup of the chiral algebra and the notion of self-duality. In this section,
we will present these two concepts in the ¢ = 2 case.

Let us start by recalling that, at a generic point (7, p) on the toroidal branch, the
¢ = 2 compact boson enjoys the chiral global symmetry

U2 xU(1)2 =U(1)n, X U1)py X U1y X U(1) (4.4.1)
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whose conserved charges are the momentum and winding numbers n = (n;,n,)” and
w = (wy, wg)T, respectively. These charges label the primary operators, which take the
form

Vow =exp(in” ¢ +iw’ @) = exp(ip] X +ippX). (4.4.2)
The left and right-moving momenta (p;,, pr) are related to (n, w) by
cn>'—Lﬁ¢ﬂ<n), n,w € 27, (4.4.3)
Pr w

where L(T, p) is defined in (4.1.7), and they take values in the even self-dual momen-
tum lattice I'(2:2).

At this point, we can consider the gauging of a finite subgroup of the chiral sym-
metry. As in the ¢ = 1 compact boson case, we will consider the gauging of non-
anomalous, diagonal subgroups of the chiral algebra of the form:

Zin, X Ly X Loy, % Zog, C U(1)2 x U(1)3, (4.4.4)

where Zy, C U(1),,, Zp, C U(1),,. Similarly to what we obtained in Section
in which the gauging of the chiral subgroup Zy x Z,, C U(1), x U(1),, led to the
mapping of the original target space radius R to R’ = %R, also in this case the action
of the gauging will act non trivially on the parameters of the theory. In particular, the
overall action of on 7 and p is given by the maps

Ny Ml

0. (4.4.5)

These can be derived analogously to the ¢ = 1 case by analyzing the action of gauging
on the fields ¢, gBi; we refer to [67] for the explicit derivation. Equivalently, we can
describe the action of the gauging on the momentum and winding numbers.
Indeed, as in the ¢ = 1 case, the effect of gauging a finite subgroup of the chiral algebra

n
can be encoded in a linear action on the charge vector ( ) Following the general
w

formalism of [70], any discrete gauging of a subgroup of U (1)? x U(1)2 is represented
by a rational matrix
o € 0(2,2,Q), (4.4.6)

CZ) - (Z> - <Z) - (4.4.7)

The appearance of a rational matrix, rather than an integral one, is expected after the
¢ = 1 analysis; indeed, the gauging procedure produces fractional momentum and

acting on the charges as
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winding numbers corresponding to the twisted sectors of the orbifold theory, which are
required for modular invariance. The matrix o corresponding to the diagonal gauging

(4.4.4), then, is given by

v 0 0 0
o 4 0 o0
0 0 0 %;

As we saw in the ¢ = 1 compact boson, in order to construct a duality symmetry,
the gauging of the chiral algebra subgroup must be combined with T-duality. Indeed,
the overall action on the radius R — %R, for specific values of M, N and R, can
be undone by performing a T-duality transformation that maps the compactification
radius to its original value. In the same way, the effect of the gauging just described
in the ¢ = 2 case is, in general, to map the original theory, defined by (7, p), to a
different toroidal conformal field theory, that is to say, to a different point in the toroidal
branch (7', p’). Now, for a generic choice of the chiral algebra subgroup and values of
the moduli parameters, the orbifold theory obtained after applying o is not related to
the original one by any duality transformation. However, the gauging of specific finite
subgroups of the chiral algebra, performed at special points on the toroidal branch,
leads to a set of target space parameters that can be mapped back to the original theory
by means of a duality transformation.

A duality symmetry is then obtained precisely in this situation, that is to say, by
combining the gauging with an element of the duality group,

Te€0(2,2;7), (4.4.9)
and by requiring that the composite transformation
D =o00T (4.4.10)

maps the theory back to its original moduli parameters. However, unlike the ¢ = 1
case, in which the moduli space contains only T-duality that acts simply as R <> 1/R,
the ¢ = 2 compact boson duality group O(2,2;7Z) is significantly richer in structure.
This implies that finding a duality transformation 7" that restores the original parame-
ters after gauging is a much subtler problem. As a consequence, explicitly constructing
duality symmetries in the ¢ = 2 case requires solving more involved algebraic con-
straints and is only possible at special loci in moduli space.

The requirement that D € O(2,2,Q) defines a duality symmetry of the original
theory can be expressed compactly in terms of the generalized metric £ introduced in
(4.1.19). Indeed, recall that £ encodes both the target-space metric and B-field, and
transforms as

Er— OTEO0  for 0€0(2,2:7). (4.4.11)
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This implies that the theory is left invariant by D if and only if the generalized metric is
preserved under conjugation:
DT'eED = E&. (4.4.12)

This is the defining condition for a matrix D € O(2, 2, Q) to represent a duality symme-
try of the theory. Indeed, similarly to what we had in the ¢ = 1 case, the requirement
for D to take value in O(2, 2, Q) guarantees the invariance of the spin of primary opera-
tors; instead, the invariance of the generalized metric under conjugation by this matrix
guarantees that the conformal dimension of the primaries is preserved too.

From the worldsheet perspective, the operator D has a natural interpretation as
the matrix representation of a topological duality defect D. Such a defect implements
the action of D on physical states, mapping local operators to genuine and non-genuine
ones. In particular, the fact that D belongs to O(2,2; Q) but is not, in general, an ele-
ment of O(2, 2;Z) reflects the non-invertibility of D and, thus, that it does not admit
a proper inverse. This should be regarded as the direct generalization of the ¢ = 1
compact boson analysis discussed in Section[3.3.3 There, duality symmetries were en-
coded by matrices D € O(1, 1; Q) acting on the charge lattice I'™!, or equivalently by
left multiplication of the lattice generator L by a matrix R; see equations and
(3.3.17). The same matrices D were identified as the matrix representations of the non-
invertible duality defect D. In the present ¢ = 2 setting, the matrix D € O(2,2;Q)
plays exactly the same role, now acting on the higher-rank lattice I'>? and implement-
ing the duality defect D that, similarly to the ¢ = 1 compact boson, is described by a
Tambara-Yamagami category, as defined in Section[3.3.2

Moreover, using the decomposition of the generalized metric in terms of the lattice
generating matrix, £ = L” L, we can equivalently regard the duality symmetry as acting
directly on L. Under the action of D, the lattice generating matrix L transforms as

D: L+~ L =LD. (4.4.13)

In other words, the duality symmetry maps the original lattice generated by L to a new
lattice generated by L/, and the condition

('L =L"L=¢& (4.4.14)

ensures that both lattices encode the same generalized metric and, therefore, describe
the same target-space torus.

Finally, in close analogy to what we found in for the ¢ = 1 case, the ac-
tion of the duality symmetry on the lattice generator can be rewritten in terms of a
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left-multiplying matrix 2 € O(2, 2)f so that
D: L+~ L =LD=RL. (4.4.16)

Thus, as in the ¢ = 1 compact boson, the duality symmetry can be viewed either as a
right action on the charge lattice, via D, or as a left action on the lattice generator, via R.
However, we have an important difference with the ¢ = 1 compact boson. Indeed, in
the one-dimensional case, we were able to explicitly compute the left-multiplying ma-
trix R appearing in (3.3.17), and this matrix was universal, in the sense that it applied to
any duality defect arising from the composition of gauging and T-duality. By contrast,
in the ¢ = 2 case, the structure of O(2,2;Z) is sufficiently rich that the correspond-
ing matrix R is no longer universal; in this case, it depends on the specific gauging and
duality transformation required to construct the duality symmetry. In particular, the
identification of R requires solving the condition LD = RL for each individual duality
defect, and the solution may vary from case to case. This emphasizes once more that
the construction of duality symmetries in the ¢ = 2 compact boson is much more intri-
cate than in the ¢ = 1 case, reflecting both the enlarged duality group and the richer
structure of the underlying momentum lattice. In the next section, we will present a
few example of duality symmetries and we will be able to compute the left multiplying
matrix R explicitly. In particular, we will examine how these matrices are related to geo-
metric symmetries of the target-space torus, and how this connection can be exploited
to construct new duality symmetries in the ¢ = 2 compact boson.

4.4.2 Examples of duality symmetries in the ¢ = 2 compact boson

In the previous section, we presented the general construction of duality symmetries
in the ¢ = 2 compact boson, highlighting their emergence as combination of discrete
gauging and elements of the duality group O(2, 2; Z). We now turn to explicit examples
of such symmetries. In what follows, we will focus on two concrete cases, in order to
present different peculiarities of such symmetries. For each example, we will compute
the corresponding duality matrix D and determine the associated left-multiplying ma-
trix R, making manifest the action of the duality symmetry on the momentum lattice.

Both matrices D and R belong to O(2, 2) in general. However, they are two different representations
of the same group: D preserves the off-diagonal metric

Noff = (4.4.15)

O = O O
— o O O
oS O O
oo = O

while R preserves the diagonal form 74i,s = diag(1,1, —1, —1). These two metrics are related by a
change of basis, so that D and R describe the same O(2, 2) transformation in different frames.

81



4 THE ¢ = 2 COMPACT BOSON, RCFT POINTS AND NON-INVERTIBLE SYMMETRIES

The orthogonal torus case: (7, p) = (i, 3i)

In this first example, we focus on the toroidal compactification characterized by moduli
parameters (7, p) = (7, 37). Using the definitions of 7 and p in terms of the metric and
the antisymmetric tensor B given in (4.1.4), these take the form:

10 0 0
G:9<O 1), B:(O 0). (4.4.17)

This corresponds to an orthogonal torus, obtained as the product of two circles, 7% =
S}% X S}{,, of radii R = 1 and R’ = /3, respectively. Since the metric is diagonal and
the B-field vanishes, the compactification factorizes into two decoupled ¢ = 1 compact
bosons. This simple structure makes it a convenient starting point for studying duality
symmetries before moving to more general non-factorized compactifications. From the
explicit form of the lattice generating matrix L given in (4.1.7), we get

10 3 0
1 {o1 0o 3
L % Lo -3 o |- (4.4.18)
01 0 -3
while the generalized metric is given by
$ 000
000
— 3
&= 00 30 (4.419)
000 3

Note that the structure of the lattice generating matrix L simplifies significantly in this
orthogonal case. In particular, if we restrict ourselves to the sublattice generated by the
first and third columns of L, spanned by the charges n; and w, we recover precisely the
charge lattice of a single compact boson at radius R = /3, as discussed in the example
of Section This property corresponds to the fact that the theory factorizes into
two decoupled ¢ = 1 compact bosons. This identifies the first circle S;_; with a trivial
factor, while the second circle Sll%,:\/g realizes a non-trivial radius where non-invertible
duality symmetries can arise. This observation implies that a possible duality symmetry
of the full (2, 2)-dimensional lattice can be built by appropriately embedding the duality
symmetry of the ¢ = 1 compact boson at radius R = v/3 into the higher-rank lattice. In
other words, the factorization of the torus allows us to exploit the structure of duality
defects previously identified in the ¢ = 1 case and extend them to the full ¢ = 2 setting.

As we saw in Section[3.3.4] the duality symmetry in the ¢ = 1 case was constructed
by taking the combination of gauging the Z3 C U(1),, subgroup of the chiral symmetry
and T-duality. Let us now translate this construction into the ¢ = 2 compact boson
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formalism. As we said, the I'>? sublattice generated by (n,,w;)? is equivalent to the
momentum lattice T!! of the R = +/3 compact boson; this implies that the required
gauging in this case is given by Z; C U(1),,, which we denote by o3 ;. The T-duality
transformation, instead, is implemented by mirror symmetry, which acts by exchanging
the Kahler and complex structure moduli:

(1,0) <= (p,;7); (4.4.20)

in matrix form, this is given by M presented in (4.1.21). Indeed, when restricted to the
decoupled factors of the torus, this is equivalent to the familiar R <> 1/R transforma-
tion of the ¢ = 1 compact boson. At this point, combining the gauging o3 ; with mirror
symmetry allows us to construct a duality symmetry of the full ¢ = 2 compact boson at
(1, p) = (i, 37). Explicitly, this duality symmetry is given by

D1 = 0310° M, (4421)

acting on the charge lattice via right-multiplication and preserving the generalized met-
ric according to the constraint (4.4.12). Indeed, from (4.4.8) and (4.1.21), we can easily
obtain the matrix form of the duality defect, which is given by

D, = , (4.4.22)

Swrr O O
o O = O
S OO Ww
_— o O O

and it is possible to explicitly check that £ — DTED, = €.

As we pointed out above, from the decomposition of the generalized metricin terms
of the lattice generating matrix L, we can compute the action of the duality symmetry
on the momentum lattice I'?2. This is given by:

1 03 0
1 0 10 3
0 1 0 =3

As before, let us focus on the sublattice generated by the first and third columns of L
and spanned by (ny,w;)7, that is to say, the ¢ = 1 factor characterized by R = V3.
In this setting, the transformation introduced by D; has the overall action of flipping
the sign of the third row, which is precisely the same mapping observed inthe ¢ = 1
compact boson example at radius R = /3. In fact, if we project onto this sublattice and
ignore the trivial 5}2:1 factor, the lattice transformation is given by the same matrix D,
as in (3.3.24). In particular, if we restrict ourselves to the 2-dimensional sublattice, the
transformation L — L; can be equivalently represented by Fig.[11, where the blue and
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red lattices correspond to L and L, respectively. From the explicit expression (4.1.11),
we clearly see that the overall action of the duality symmetry is to flip the sign of the
right-moving momentum pp, ;, associated with the Sll%z\/g factor. More precisely, as in
the ¢ = 1 case, we can rephrase the transformation of the lattice generating matrix in
terms of a left-multiplying matrix R; € O(2, 2), satisfying L; = R; L. For this orthogo-
nal torus example, we easily find

Ry = (4.4.24)

-1
0

O OO =
o O = O
()

_— o O O

As we highlighted above, due to the higher-dimensionality of the target space, this ex-
plicit form of the left-multiplying matrix R, is not universal but rather depends on the
specific duality symmetry we consider. However, as we will see in the next section, the
form of these matrices is not completely arbitrary but is dictated by the geometric sym-
metries of the target-space torus.

While the above duality symmetry arises naturally from the factorization of the tar-
get space into two circles, it is important to emphasize that the orthogonal torus admits
additional duality symmetries that cannot be simply reduced to the composition of du-
ality symmetries of the individual S! factors. Indeed, even though 7% = S} x Sk, is
geometrically a product of two circles, the full duality group O(2, 2; Z) is strictly larger
than the product of the ¢ = 1 duality groups associated with each circle. In particular,
the circle with R = 1 does not admit a non-invertible duality symmetry at all, and even
for the circle with R’ = /3, we found a single duality symmetry, while in the ¢ = 2
compact boson case we can have multiple ones at a single point in the moduli space.

More intricate duality symmetries can arise from the interplay of both momentum
and winding modes in the two directions, and generically involve nontrivial mixing be-
tween the two ¢ = 1 sectors. These symmetries are connected to the structure of the
0(2,2;7Z) duality group and cannot be decomposed into separate duality transforma-
tions on each circle. In this orthogonal torus example, one can explicitly compute an
additional duality symmetry of this type. However, rather than presenting its full con-
struction, we focus on its implications for the structure of the lattice generating matrix.
For the complete derivation, we refer the reader to [70], where the full duality group of
the orthogonal torus is extracted from the graded fusion category associated with the
model. The duality symmetry we want to consider is given by the composition

Dy = 6310515,5;7, (4.4.25)

where o3 is the Z; C U(1),, gauging considered above, 73, is, equivalently, the
Zs C U(1),, gauging, while S; and S, are the S-duality transformations presented in
(3.1.27), which act as 7 +— —% and p — —% respectively. In matrix form, this duality
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symmetry is given by

0 030
0 00 3
Dy = % 00 ol (4.4.26)
1
0 3 00
which acts on the lattice generating matrix L as
1 0 30
1 0O 1 0 3
0 -1 0 3

From the explicit form of D4 and its action on L, we clearly see that this duality sym-
metry acts non-trivially on both ¢ = 1 factors of the decomposition, mixing left and
right-moving momenta in both orthogonal directions. In particular, when we write the
associated left-multiplying matrix R, defined by L, = R, L, we find

10 0 0
01 0 0

Re=14 o0 _1 o (4.4.28)
00 0 -1

Unlike the matrix 12, obtained above, which flipped only the third row corresponding to
the right-moving momentum pp ; of the R = V/3circle, the duality symmetry described
by R, flips the signs of both the third and fourth rows. Physically, this corresponds to
a simultaneous sign reversal of both right-moving momenta, pr ; and pr 2, associated
with the two orthogonal directions. This duality symmetry, D5, involves both chirali-
ties and both directions at once and cannot be decomposed into independent dualities
acting on each circle. This demonstrates in a concrete way the more subtle interplay of
0(2,2;Z) transformations in two-dimensions. Such dualities reflect deeper geomet-
ric symmetries of the target torus, going beyond the simple composition of the ¢ = 1
dualities.

The hexagonal torus case: (7, p) = (¢>™/3, —1/2 +i31/3/2)

Let us now consider a more intricate example of a toroidal compactification, character-
ized by moduli parameters corresponding to the so-called hexagonal torus:

(1,p) = ((3237”, 1 + Zﬁ) , (4.4.29)
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where p = 37 up to a duality transformation. We can explicitly compute the lattice
generating matrix L, which takes the form

V6o V6 W6
6 2 3
V2 2 V2 2

_ | 3 6 3

L= oo S (4.4.30)

6 2 6
V2 V2 V2 5V2
6 3 6 6

In contrast to the orthogonal case discussed previously, this toroidal CFT does not fac-
torize into the product of two decoupled ¢ = 1 compact bosons. Instead, the geometry
exhibits a non-trivial coupling between the two directions, which makes the analysis of
duality symmetries significantly more subtle. This structure is typical for generic points
in the moduli space of the ¢ = 2 compact boson, where such non-factorized tori exhibit
more intricate duality symmetries. Because of this coupling, the lattice does not decom-
pose into simpler sublattices associated with independent ¢ = 1 sectors, and duality
symmetries cannot be straightforwardly inherited from the ¢ = 1 case. Non-invertible
duality defects in such setups often rely on a more intricate interplay between momen-
tum and winding modes in both directions, and their construction generally requires
solving explicitly.

In what follows, we will present a specific example of a duality symmetry for the
hexagonal torus, and we will explicitly compute its action on the momentum lattice
I'?2. The explicit derivation of such a non-invertible symmetry can be found in [70].
The duality defect is represented by the matrix

—2

[SLIFN

-2 , (4.4.31)

S O O
W= O Owln
WIN =

S O W

which belongs to O(2,2; Q) and satisfies the duality condition (4.4.12), consequently
defining a non-invertible symmetry of the theory. Unlike the orthogonal torus exam-
ple, however, the nontrivial structure of the lattice generating matrix L and the duality
symmetry itself make it difficult to explicitly identify the decomposition of the latter in
terms of gauging and duality transformations. Nevertheless, a general result proved
in [81] ensures that any matrix D € O(2,2;Q) satisfying can always be ex-
pressed as a finite combination of gaugings of finite subgroups of the chiral symmetry
and duality transformations of O(2, 2;Z). This guarantees that D indeed corresponds
to a legitimate duality defect, even when its explicit decomposition, such as the one
in (4.4.31), is not immediately derivable.

As in the previous example, we can also consider the explicit action of the duality
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symmetry on the lattice generating matrix. This is encoded in the transformation

V6 V6 /6

6 2 3

V22 V2o 2v2

L/:LD: 6 3 6 3 (4432)

V6 V6 V6 _ V6 o

6 6 6 3

V2o _ V2 _5v2 2V2

6 6 6 3

Once again, we can reinterpret the action of the duality symmetry in terms of a left
multiplying matrix R € O(2,2) such that L' = R L. For this specific duality symmetry,
this matrix takes the form

10 0 0
01 0 0

h= 0 0 cos(%) sin(%) |’ (4.4.33)
00 sin(%) —cos(%)

which admits the decomposition
Lo 0 0 100 0
0 1 0 0 010 0
=10 0 cos(z) —sin(2) ]| [0 0 1 0 (4.4.34)

0 0 sin(%) cos(%) 00 0 —1

rotatio;rby w/3 sign ﬂi;gf PR,2

This expression highlights a crucial distinction from the orthogonal torus case, that is to
say, the left-multiplying matrix is no longer a simple sign flip. Instead, R is the combi-
nation of a flip of the right-moving momentum component py 2, followed by a genuine
geometric rotation by an angle 7/3 in the right-moving momentum plane. This reflects
the enhanced symmetry of the hexagonal torus and the fact that, in non-factorized com-
pactifications, duality symmetries act non-trivially by mixing momentum and winding
data across both directions.

As in the orthogonal case, the hexagonal torus admits additional duality symmetries
besides the one presented here. These further non-invertible defects arise from other
elaborate combinations of gauging operations and O(2, 2; Z) duality transformations
and typically involve similar intricate mixing between momentum and winding modes
in both directions. However, we will not discuss them in detail here. Instead, we refer
the reader to [70], where a subset of the duality symmetries associated with this ratio-
nal point in moduli space is derived from the underlying graded fusion category.

In the next section, we will examine more closely the structure and interpretation
of the left-multiplying matrices R associated with these duality symmetries. In partic-
ular, we will explore how their form encodes geometric symmetries of the target-space
torus and how this perspective can be used as a guiding principle for constructing new
duality defects in more general compactifications.
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4.4.3 The interplay between duality symmetries and lattice symmetries

As we already emphasized above, in contrast to the ¢ = 1 compact boson, the ¢ = 2
theories do not admit a universal form for the left-multiplying matrix R. Instead, the
explicit form of R depends explicitly on the particular duality symmetry under consid-
eration and on the geometry of the target-space torus. Now that we have worked out a
few concrete examples, we are able to analyze these matrices more systematically and
provide a clearer geometric interpretation of their action.

In Section we reviewed the structure of the moduli space of the ¢ = 2 com-
pact boson, emphasizing that, in addition to the toroidal branch, it contains a finite set
of additional components. These are the so-called orbifold branches, which arise from
orbifolding the theory by discrete geometric symmetries of the two-dimensional lattice
underlying the target-space torus. The classification of such symmetries is highly con-
strained; indeed, in two dimensions, there exist only seventeen inequivalent crystallo-
graphic symmetry groups. Each of these may admit one or more consistent orbifolding
procedures, and they give rise to the twenty-eight distinct branches that compose the
full moduli space of the ¢ = 2 compact boson.

In particular, the discrete symmetries of a two-dimensional torus depend on the
values of its moduli. While certain symmetries are present for every choice of (7, p),
such as the Z, inversion symmetry, which flips the signs of both torus coordinates in

the R? plane as
Zo: (D) s (TTr) = (T8 0 (o Y (7, p) € T? (4.4.35)
2 - To — o 0 -1 To 9 ) P 9 o
that is to say, acting as a rotation by 7, other discrete symmetries appear only at special,
highly symmetric points of the moduli space. For example, the Z, rotationis a symmetry
of the underlying lattice only in the square torus case, which is characterized by the

complex structure value 7 = 4, and acts on (1, z2) € R? as a 7/2 rotation of the form

() D)) () e
T 0 Ta L1

Similarly, the Z3; symmetry appears only for the hexagonal torus, characterized by 7 =
e2™/3: in the same way, this acts as a 2 rotation of the coordinates

g2 y
s : (ml) — (@S Kl Sm%?’) <x1> . for T = /3, (4.4.37)
To sin - cos I To

The appearance of these discrete geometric symmetries is not only relevant for the
classification of orbifold branches of the moduli space, but it also provides a geometric
interpretation of the analysis of duality symmetries carried out in the previous section.
There, we reinterpreted the duality symmetries in terms of left-multiplying matrices
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R € 0O(2,2), which encode the action on the momentum lattice. Unlike the ¢ = 1
case, where the left-multiplying matrix was universal and always reduced to a sign flip
of the right-moving momentum, the ¢ = 2 compact boson exhibits a richer structure.
Indeed, depending on the specific duality symmetry we consider, the matrices R can
represent simple sign reversals, as in the ¢ = 1 case, but can also mix momenta in dif-
ferent directions implemented by geometric rotations, such as the 7/3 rotation found
in the hexagonal torus example.

These transformations, however, are not arbitrary. Indeed, from the previous ex-
amples, the structure of the left-multiplying matrices R appears to be strictly related
to the same crystallographic symmetries of the underlying lattices of the target space
tori. The key point emerging from the explicit examples presented above, and in most
of the duality symmetries we analyzed while carrying out our research, is that the
left-multiplying matrices R are not arbitrary elements of O(2,2). In fact, they share
a universal block structure of the form

~ (idy 0
R = ( 0 G), (4.4.38)

where Id, is the identity matrix acting on the left-moving momenta (py, 1, pr2), while
the lower block G acts on the right-moving momenta (pr 1, pr2). In particular, the
crucial point here is that the matrix G is not an arbitrary element of GL(2, R). Rather,
in most of the examples we studietﬂ G is precisely a generator of one of the crystal-
lographic symmetry groups of the underlying torus lattice, which, in addition, implies
G € O(2). To understand the connection between duality symmetries and the geo-
metric symmetries of the underlying lattice, let us re-examine the previous examples
more carefully.

In the first example we considered above, we discussed the orthogonal torus (7, p) =
(7, 37). For this RCFT, we presented two of the possible duality symmetries. For sim-
plicity, let us start from the duality defect D, defined in (4.4.28). In this case, the
left-multiplying matrix was found to be

Ida 0O
= 4.4.39

7We would like to emphasize that, in this thesis, we have presented only a few examples of duality
symmetries, selected for their clarity and specific properties. However, during our research, we analyzed
a substantially larger set of duality symmetries arising at various rational points of the moduli space.
In most of these cases, the corresponding left-multiplying matrices exhibited precisely the same block
structure discussed here, with the lower block G being a crystallographic symmetry of the underlying
torus lattice.

However, this pattern is not universal; there exist specific constructions in which the overall action of
the duality symmetry maps the original theory to a different point on the toroidal branch, characterized
by the same generalized metric. These more subtle examples will not be discussed in this thesis, but they
will be analyzed in more detail in future works.
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so that the lower block is given by G = —Id,, corresponding to a rotation of angle =
in the right-moving momentum plane. As discussed above, this transformation gen-
erates the universal Z, crystallographic symmetry of any two-dimensional lattice. In
this example, the duality symmetry D, is therefore geometrically associated with the
Z inversion symmetry of the target torus.

Let us now consider the second duality symmetry, D;. In this case, the left-multiplying
matrix was shown to be

R, = , (4.4.40)

so that the lower block G = diag(—1, 1) acts as a reflection of one of the right-moving
momentum components. This corresponds to a generator of the Z, symmetry, which
is present precisely for the subset of theories satisfying 7 = i. This Z, manifests itself
in the duality symmetry D;.

We clearly see that, even within a single RCFT such as the orthogonal torus, differ-
ent duality symmetries are associated with different crystallographic symmetries and,
therefore, different blocks (G. The universal Z, inversion symmetry appears through
D5, while the enhanced Z, symmetry specific to 7 = ¢ manifests itself in D;. This
already illustrates the general principle stated above; that is to say, the form of the
left-multiplying matrices R is determined by the crystallographic symmetry groups of
the underlying torus lattice, and different generators of these groups correspond to dif-
ferent non-invertible duality defects.

Let us now turn to the second example discussed above, namely the hexagonal

torus with (7, p) = (ez’”'/?’, -4 13‘[> In this case, we presented a duality symmetry
whose left-multiplying matrix takes the form

10 0 0
0 1 0 0
R= , : (4.4.41)
0 0 cos(3) sin(3)
0 0 sin(3) —cos(3)

which in (4.4.34) we interpreted as the composition of a sign flip of py 2 followed by
a genuine rotatlon of angle 7/3 in the right-moving momentum plane. Then, in this
case, the matrix GG clearly takes the form

G = <COS —sin % ) ( ) . (4.4.42)
Sln COS

rotation by w/3 sign ﬂ|p of pr .2

and, again, this represents a discrete symmetry of the corresponding lattice underlying
the target-space torus.
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Indeed, as reviewed in Section the hexagonal torus admits the non trivial rota-
tional symmetries Z3 and Zg. Moreover, since the real part of 7 is 7, = Re(exp(%5%)) =
—%, the hexagonal lattice also exhibits the reflection symmetries R; and R,. As shown
in [74], the rotation group Zg along with the reflections R, and Rj, together generate
the full dihedral group Dg; the matrix GG above, then, corresponds precisely to a gener-
ator of a crystallographic symmetry group of the theory, in perfect agreement with the
general block structure (4.4.38).

These three examples make clear that the matrices R encoding the left-action of
duality symmetries on the momentum lattice are directly connected to the crystallo-
graphic symmetries of the target-space torus. This observation is particularly important
because the crystallographic symmetries of two-dimensional lattices are completely
classified, and only a finite number of them can occur. This implies that the lower block
G appearing in the left-multiplying matrices R is not an arbitrary element of O(2),
but must belong to this finite list of admissible lattice symmetries. This reveals that
the structure of the duality symmetries is ultimately controlled by the geometry of the
target-space torus.

In the next section, we will take advantage of this connection to construct the dual-
ity defects. Instead of considering a duality matrix D and extracting the corresponding
left-multiplying matrix R, we will reverse the logic: starting from the classified crystal-
lographic symmetries of the torus lattice, we will show how to use them as a guiding
principle to construct duality symmetries of the theory.

4.4.4 Towards a systematic construction of duality defects via lattice symmetries

In the previous section, we observed that duality symmetries and crystallographic sym-
metries of the torus lattice are deeply connected, and this relationship can be made
explicit through the reformulation of the former in terms of left-multiplying matrices
R acting on the lattice generating matrix L. However, the construction of duality sym-
metries is not straightforward. Indeed, given a ¢ = 2 compact boson, determining a
duality symmetry is a highly non-trivial procedure. Except for special situations, such
as orthogonal lattices, where certain duality symmetries can be constructed directly by
looking at the ¢ = 1 sublattice and by embedding the corresponding duality symme-
tries in the full ¢ = 2 theory, as we did around (4.4.21), the general problem requires
solving the duality condition on the generalized metric presented in (4.4.12). However,
this constraint equation is quadratic in the defect matrix D, and solving it explicitly is,
in general, very difficult.

For this reason, a common strategy in the literature is to look for specific trans-
formations that map a given point in the moduli space to another point describing a
simpler toroidal compactification, where the duality symmetries are easier to identify.
In general, the idea is to look for specific combinations of gaugings and duality transfor-
mations that map the original theory to an orthogonal point in the moduli space. Once
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the duality defects are constructed at that simpler point, one then maps them back to
the original theory. However, even this procedure is highly non-trivial.

Following the observations of the previous section, we are now able to develop
a more systematic and conceptually clear approach that exploits the connection with
geometric lattice symmetries. The idea behind this method is that, instead of directly
searching for solutions to (4.4.12), we will take advantage of the finite classification of
crystallographic symmetries of two-dimensional lattices to construct the duality sym-
metries themselves.

Let us now present a systematic procedure to construct these duality symmetries.
Consider a generic toroidal compactification on a two-torus 7" defined in terms of a
non-degenerate two dimensional lattice A C R?, where T? = R?/A, characterized
by a choice of complex structure and complexified Kéhler modulus (7, p). Given the
classification of two-dimensional crystallographic lattices presented in [74], we can im-
mediately determine all possible discrete symmetries of A for that specific choice of
modular parameters. In other words, the crystallographic symmetries associated with
A are completely fixed once 7 and p are given. In particular, as we saw above, these
geometric symmetries admit a natural representation as O(2) matrices acting on the
coordinates of the torus as

(2) — G (Z) , G € O(2) acrystallographic symmetry of A. (4.4.43)

Now, as we reviewed in Section once a toroidal compactification is specified
by its moduli (7, p), all the geometric and conformal data of the theory are fully de-
termined. In particular, the choice of (7, p) uniquely fixes the momentum lattice 22
together with its lattice generating matrix, in such a way that the left and right-moving
momentum can be defined as

1225 (PL)y iz ) (™), n, wez? (4.4.44)
Pr w

whose explicit form is completely dictated by the target-space torus metric and B-field.

From L(r, p), then, we can also construct the generalized metric defined in (4.1.19) as

E(r,p) = L(r,p)" L(7,p), (4.4.45)

which encodes the kinetic terms and fully characterizes the CFT data of the ¢ = 2 com-
pact boson. Therefore, the entire structure of the model (that is to say, the momentum
lattice, the spectrum of primary operators and the operator algebra) is fixed once the
two complex parameters (7, p) are chosen.

At this point, since the crystallographic symmetries of the target-space lattice are
completely determined by the modular parameters (7, p), we can now take any such
symmetry generator

G € 02) (4.4.46)
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and use it as the starting point for constructing a duality symmetry of the full ¢ = 2
compact boson. The key observation, motivated by the examples from the previous
section, is that each crystallographic symmetry GG can be extended to a matrix

R(G) = (1(32 g) e 0(2,2), (4.4.47)

acting on the left- and right-moving momenta of I'*2,
In particular, because G € O(2), it satisfies GTG = Id,, and the full matrix R(G)
automatically obeys
R(G)TR(G) = 1dy, (4.4.48)

and, more importantly,
R(G)T Tdiag R(G) = TNdiag> (4.4.49)

where 74, = diag(1,1,—1,—1) is the O(2,2) metric in the diagonal form. Conse-
quently, the transformation

L — L' = R(G)L (4.4.50)

preserves both the inner product on the momentum lattice I'>? and the generalized
metric:

LTndiagL = Mot > L’ TndiagL/ = LTR<G)T77diagR<G)L = LTT]diagL = Toff

Er— & = LT = LTR(G)'R(G)L = LTL = £. (4.4.51)

where 74 is the the off-diagonal representation of 7 defined in Footnote[d] In other
words, every crystallographic symmetry G of the underlying torus automatically in-
duces an O(2, 2) transformation R(() that preserves the full CFT data encoded in £
and the momentum lattice I'?>? inner product.

As we just saw, given a crystallographic symmetry G € O(2), this naturally induces
an O(2,2) transformation R(G) that preserves both the inner product on I'*? and the
generalized metric £. We can now use this observation to construct the corresponding
right-multiplying matrix D. Indeed, from the defining relation between the left and
right-actions of duality symmetries presented in (4.4.16), we can invert that equation
to obtain

D =L"'l = L'RG)L. (4.4.52)

This expression immediately provides a natural candidate for the defect matrix acting
on the lattice generating matrix L.
However, in general, the matrix D produced by this construction belongsto O(2, 2; R).
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Instead, as emphasized in Section|4.4.1, a matrix defines a genuine duality symmetry of
the ¢ = 2 compact boson only if

D € 0(2,2,Q), (4.4.53)

in such a way that it can be interpreted as a finite combination of discrete gauging op-
erations and elements of the duality group O(2, 2, Z). Thus, unless the conjugation in
yields a O(2, 2, Q) matrix, the transformation R(G) does not lead to a duality
defect of the CFT. In other words, the crystallographic symmetries of the target torus
generate candidate O(2, 2) transformations; however, only in special cases, that is to
say, when D happens to be rational, do they correspond to actual duality symmetries
of the theory.

When the matrix obtained from happens to lie in O(2, 2; Q), the situation,
instead, is different. In this case, thanks to the general result proved in [81], we know
that any rational O(2, 2) transformation satisfying the duality condition can always be
decomposed into a finite sequence of discrete gaugings of finite subgroups of the chi-
ral algebra together with elements of the duality group O(2,2,7Z). In other words,
whenever the matrix D = L~ R(G) L is rational, this corresponds to a genuine duality
symmetry of the ¢ = 2 compact boson. Indeed, because R(() automatically satisfies
the defining invariance conditions for a duality symmetry given in (4.4.51), the corre-
sponding matrix D automatically satisfies the duality symmetry defining properties by
construction. Thus, whenever D € O(2,2;Q), the induced transformation preserves
the generalized metric and the momentum lattice inner product, and therefore defines,
in general, a genuine non-invertible duality defect of the theory of the form introduced
in Section

As a final remark, let us emphasize that the matrix obtained from may also
lie in the integral group

D € 0(2,2;7). (4.4.54)

When this occurs, the corresponding transformation does not represent a non-invertible
duality defect, but simply an ordinary duality transformation that happens to be a gen-
uine symmetry of the theory at the given point in moduli space. In this case, D imple-
ments an invertible duality identification and it does not involve any gauging.
Therefore, only when the matrix belongs to the rational group but is not integral,
that is,
D € 0(2,2,Q)\0(2,2,Z), (4.4.55)

does it represent a truly non-invertible duality symmetry. In this situation, the transfor-
mation necessarily involves discrete gauging, together with ordinary dualities, defining
a proper non-invertible symmetry of the ¢ = 2 compact boson theory.
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4.4.5 An example of duality defect generated by a lattice symmetry

As a last step in this section, we now want to apply the general construction presented
above in order to explicitly generate a duality symmetry starting from the crystallo-
graphic symmetries of the target-space lattice. The idea is to begin with a toroidal
compactification specified by its moduli (7, p), determine the corresponding symmetry
group of the lattice A, and then use the symmetry generator G € O(2) to construct
the associated O(2, 2) matrix R(G) of the form (4.4.38). Once R(G) is known, the as-
sociated right-multiplying matrix D is obtained following equation (4.4.52), which, as
discussed above, automatically satisfies the defining conditions for a duality symmetry
of the ¢ = 2 compact boson. The only remaining question is whether D belongs to
0(2,2,R) orin O(2,2,Q), and, in the second case, the matrix represents precisely a
duality symmetry of the theory.

Let us now consider again the hexagonal torus example presented in (4.4.29). In
(4.4.31), we introduced a duality symmetry of the theory associated with a genera-
tor of the crystallographic symmetry group Dg of the underlying lattice, for which the
left-multiplying matrix R takes the form (4.4.33). This duality defect was originally ob-
tained in [70ﬂand its derivation required a rather intricate procedure. Indeed, in order
to construct this duality symmetry, the authors first mapped the hexagonal point to a
simpler orthogonal toroidal compactification, namely (7, p) = (z\/g, z’3\/§), where the
analysis of duality symmetries is easier. After determining the non-invertible defect at
that orthogonal point, they then mapped it back to the original hexagonal theory. This
construction, however, is highly non-trivial and involves multiple steps.

Here, instead, we will exploit the crystallographic symmetries of the underlying lat-
tice which, as already emphasized, are fully classified. This allows us to construct a
duality symmetry of the theory directly, without the need to move to a different point
in the moduli space. As we reviewed in Section[4.2] the hexagonal torus enjoys several
non-trivial wallpaper symmetries, including the rotational symmetries Zs and Zs.

In what follows, we will focus on the Z5 rotational symmetry. According to the gen-
eral prescription described above, the first step is to identify the matrix representation
of the crystallographic symmetry acting on the coordinates of the hexagonal lattice. For
the Z3 symmetry, the generator is a rotation by an angle %" whose matrix form is

- cos(Q—“) —Sin(z—”)
G—(Sm(ﬁr) COS(QTS’) . (4.4.56)

3 3

8The explicit matrix expression of the defect given in [70] differs from our representation. However,
the two forms are related by elements of the duality group O(2, 2,Z) and therefore describe the same
physical duality symmetry.
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Given this generator, we can now construct the associated left-multiplying matrix R(G)
using the block structure introduced in (4.4.47). Explicitly, we find

10 0 0
01 0 0

R@) = 0 0 cos(%) —sin(%) | (4.4.57)
0 0 sin(%) cos(%)

This is precisely the left-multiplying matrix R(G) that implements the action of the Z3
crystallographic symmetry on the momentum lattice.

Now that the left-multiplying matrix R(G) has been constructed, we can act with it
on the lattice generating matrix of the hexagonal torus, whose explicit form was given
in (4.4.30). The transformed lattice is obtained by the action

L' = R(G)L, (4.4.58)
and the straightforward computation gives us
V6 0 V6o V6
6 2 3
V2o V2 V2o 2v2
/
L' = _fiﬁ _Sﬁ iﬁ iﬁ (4.4.59)
N BV, Y
6 6 6 3

This matrix describes the transformed momentum lattice obtained by acting with the
Zs rotational symmetry on the right-moving momentum subspace while leaving the
left-moving momentum invariant.

Now that we have L/, the next step is to determine the corresponding right-multiplying
matrix D that implements the same transformation on the charge lattice. As we said
above in (4.4.52), this is obtained by inverting (4.4.16). The explicit computation gives
us:

1 7
0 -1 I ¢
r 1 _7 7
3 3 3 3
p=|3 3 3 3 (4.4.60)
5 3 3 3
1 2
0 L 2 9

In particular, the matrix D we just obtained is an element of O(2,2,Q), and, most
importantly, it contains non-integer rational entries. This immediately implies that D
cannot correspond to an ordinary duality transformation. Instead, the presence of ra-
tional coefficients implies that the defect necessarily involves a gauging operation. In
fact, by the general result proved in [81], every matrix

D € 0(2,2,Q0)\ 0(2,2,7) (4.4.61)
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that satisfies the defining invariance condition of the generalized metric can always be
decomposed into a finite sequence of discrete gaugings of subgroups of the chiral alge-
bra, combined with ordinary duality transformations in O(2, 2, Z). As a consequence,
the matrix D constructed above represents a genuine non-invertible duality symmetry
of the ¢ = 2 compact boson at the hexagonal point.

This result is particularly impressive when compared with the standard approach
for constructing duality symmetries used in the literature. As we recalled above, the
explicit construction of non-invertible duality symmetries at the hexagonal point in [70]
required along and intricate procedure; the authors first mapped the theory to a special
orthogonal point in the moduli space, determined the duality defect there, and then
mapped it back to the hexagonal torus. Instead, the procedure developed in this section
allows us to obtain a duality symmetry in only a few systematic steps and it completely
relies on the classified crystallographic symmetries of the underlying target-space lat-
tice.

4.5 Dp-branes in the ¢ = 2 compact boson

In the previous section, we analyzed the structure of duality symmetries in the ¢ = 2
compact boson, showing how they can be systematically constructed starting from the
crystallographic symmetries of the torus and how the corresponding left-multiplying
matrices encode the geometric transformations of the underlying lattice. In this last
section of the chapter, instead, we turn to the study of the Dp-branes and how the du-
ality symmetries act on these boundary states.

Let us start by briefly recalling the definition of Dp-branes in rational conformal field
theories. As reviewed in Section[3.4.1, Dp-branes are described by boundary states that
solve the gluing conditions relating the left and right-moving chiral algebras. These con-
ditions are solved by the Ishibashi states, which represent a complete set of solutions
but do not correspond to physical boundary states directly. Instead, they serve as the
building blocks for the Cardy states, which satisfy the required consistency conditions
and are in one-to-one correspondence with the physical Dp-branes of the theory. More-
over, in the diagonal RCFT case the number of Ishibashi states coincides with the num-
ber of Cardy states, allowing one to determine the total number of Dp-branes directly
from the solutions to the gluing equations.

In the ¢ = 1 compact boson, as we have seen, the situation is particularly simple;
because this type of theories describe a one-dimensional target space, the gluing condi-
tion is represented by a single number R = =41. This yields only two possible boundary
conditions, corresponding to DO and D1-branes.

In the ¢ = 2 compact boson, however, the structure becomes considerably richer.
The target space is now two-dimensional, and the gluing condition is represented not
by a sign but by a real matrix R € O(2) acting on the left and right-moving oscillators,
as shown in (3.4.3). To analyze the Ishibashi states explicitly, it is convenient to focus
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on the zero-mode gluing condition,

(pri + R prj) |B) =0, (4.5.1)

where i, j € {1, 2} label the two target-space directions. This relation specifies a linear
constraint on the momentum lattice I'?>? of the theory and determines which lattice
sites are compatible with a given boundary conditiorﬂ Solving this constraint is the
first step in determining the Ishibashi states; each solution of the zero-mode condition
corresponds to a sector in which an Ishibashi state can be constructed by imposing the
full gluing condition on all oscillator modes.

As we saw around (3.4.4), the eigenvalues of the matrix R, which represents the
gluing condition, determine the type of boundary state that solves it. In particular,
each +1 eigenvalue corresponds to a Neumann direction, while each —1 eigenvalue
corresponds to a Dirichlet direction; therefore, a matrix R with p eigenvalues 41 defines
a Dp-brane. Since R is now a 2 x 2 orthogonal matrix, its spectrum can contain either
two +1 eigenvalues, two —1 eigenvalues, or one eigenvalue of each sign. These three
possibilities give rise to three distinct classes of branes in the ¢ = 2 compact bosor{ﬂ
When both eigenvalues are +1, the only admissible matrix in O(2) is the identity, R =
Id = diag(+1, +1), corresponding to Neumann boundary conditions in both directions
and hence to D2-branes. This gluing condition leads to the relation between left and
right-moving momentum

DL -1 0 -1 0 DPR,1
_ (pra) _ _ 1) — _pp. 4.5.2
PL <pL,2) < 0 _1) PR ( 0 —1) \pro PR ( )

Similarly, when both eigenvalues are —1, the only gluing matrix R € O(2) is given
by R = —Id, yielding Dirichlet boundary conditions in both directions and, therefore,
DO-branes; the condition on the left and right-momentum is given by:

PrL.1 10 10 PR1
= T = = T = . 4.5.3
P (p) (0 1) - (O 1) (p) PR (4.5.9

?As we already saw in Section the left and right momentum do not uniquely characterize the
boundary state, but we need the full combination of momentum and higher-oscillatory modes to be sat-
isfied. However, this zero-mode condition already determines which momentum-winding combinations
are compatible with the boundary condition; only those lattice points of I'?? that satisfy the relation
above can appear in the corresponding Ishibashi state.

'°Being more precise, the matrix R determines the gluing condition satisfied by the Ishibashi states,
not the Dp-branes themselves. The Ishibashi states provide formal solutions to the boundary conditions,
while the physical Dp-branes correspond to the Cardy states, obtained as specific linear combinations of
Ishibashi states. However, since the eigenvalue structure of R fixes the number of Neumann and Dirichlet
directions, it is customary to refer to R as defining a Dp-brane configuration. Moreover, in diagonal RCFTs
the number of Ishibashi and Cardy states coincides, so this terminology is fully consistent in the settings
considered here, since we will focus on this type of theories.

98



4 THE ¢ = 2 COMPACT BOSON, RCFT POINTS AND NON-INVERTIBLE SYMMETRIES

Finally, when the spectrum contains one +1 and one —1 eigenvalue, the gluing matrix
takes the more general form

R =Q(a) = —M(a)diag(+1, —1), M(a) € SO(2), (4.5.4)

which represents a reflection along one axis of the target space composed with a ro-
tation by an angle a. In contrast to the previous two cases, this construction yields
an infinite family of matrices R € O(2) with mixed eigenvalues: each choice of rota-
tion angle corresponds to a different orientation of the D1-brane within the torus. The

zero-mode equation takes the form:
~ (pL1) _ [cos(o) —sin(a) 1 0
Pr=1\p.2) = \sin(e) cos(a) 0 —1)Pr
sin(a) 3 (Pra (4.5.5)
—cos(a) ) \pr2

However, despite the continuous parameter 6, only a finite subset of angles admits non-
trivial solutions to the full gluing equations, when including also the higher oscillatory
modes. As we will see explicitly in the example below, the zero-mode constraints re-
strict the allowed momenta and windings in such a way that only finitely many Ishibashi
states appear at a given rational point in moduli space.

Summarizing the discussion above, the ¢ = 2 compact boson admits three distinct
types of Dp-branes: DO-branes corresponding to R = —Id, D2-branes arising from
R = 1d, and a continuous family of D1-branes associated with gluing matrices of the
form R = —M («) diag(+1, —1), each value of  defining a different orientation of the
brane inside the torus. However, only finitely many of these orientations lead to con-
sistent Ishibashi states, and this is due to the fact that D1-branes wrap the torus along
different allowed angles determined by the structure of the momentum lattice.

At this point, we can turn to the action of the duality symmetries constructed in
the previous section on these boundary states. As we emphasized earlier, each dual-
ity symmetry is associated with a crystallographic symmetry G € O(2) of the target-
space lattice, which is implemented by a left-multiplying matrix that acts asymmetri-
cally on the left and right-moving sectors. In particular, since the gluing condition for
a Dp-brane identifies left and right-moving momenta through the matrix R, the corre-
sponding transformation on branes is determined by how the duality symmetry mod-
ifies this relation. In particular, if the duality symmetry is associated with a crystallo-
graphic symmetry generated by G, and it is represented by a left-multiplying matrix
R(G), as defined in (4.4.47), acting on the momentum lattice, then its action maps a
boundary condition encoded by R to a new one encoded by

R — R =RQG, (4.5.6)
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which determines the resulting transformed Dp-brane. In this way, the effect of a dual-
ity symmetry on the space of Dp-branes is completely fixed by the corresponding crys-
tallographic symmetry of the torus lattice.

As we clearly see, the behavior of Dp-branes in the ¢ = 2 compact boson can be
much more involved than the ¢ = 1 case, where the action of duality symmetries on
boundary states was particularly simple. Indeed, in that case, every duality transfor-
mation could be represented by the same left-multiplying matrix R = diag(1, —1),
leading to a universal exchange between Neumann and Dirichlet conditions and hence
to the overall action DO-branes +— D1-branes.

In the ¢ = 2 theory, instead, the situation is much more complicated. Since the
gluing matrix R may correspond to DO-, D1-, or D2-branes, and since D1-branes them-
selves appear in different classes, parametrized by the possible angles determined by
the lattice geometry, a duality symmetry can act in more involved ways. Depending on
the crystallographic generator GG underlying the defect, it may rotate the Dp-branes or
exchange different types of boundary conditions. Moreover, while in the ¢ = 1 case the
total number of Dp-branes was always preserved, since we only had an exchange of the
two types, in this case we can have that the total number of D0, D1 and D2-branes
can change under the action of a duality symmetry.

As an explicit example, let us consider the Z, rotational symmetry discussed above
in (4.4.35). Its action on the coordinates was implemented by the crystallographic gen-
erator G = —Id, corresponding to a rotation by 7 on the target torus. When translated
into the action on boundary states through the gluing condition, this transformation
produces a simple pattern. First of all, DO-branes and D2-branes get exchanged: the
condition p;, = pg characterizing DO-branes is mapped to the condition p;, = —pp of
D2-branes, and conversely. Instead, the D1-branes remain D1-branes, but their orienta-
tionis rotated. Indeed, for a D1-brane specified by a gluing matrix of the form R = Q(«)
as defined in (4.5.4), the action of the Z, symmetry sends

Zs: Qo) — Qa+m), (4.5.7)

reflecting the fact that a rotation by « flips the different Neumann and Dirichlet direc-
tions of the brane. Thus, while D1-branes preserve their nature, their angular classes
get mixed in non-trivial ways. In this sense, the Z, rotation may be viewed as the nat-
ural ¢ = 2 analogue of the duality symmetry of the ¢ = 1 compact boson. In the
one-dimensional case, it exchanged DO- and D1-branes, leaving no room for more in-
tricate transformations. Here, however, even this simple crystallographic symmetry al-
ready exhibits a more involved action. Indeed, in addition to exchanging DO- and D2-
branes, it also permutes the classes of D1-branes among themselves by rotating their
orientation o — « + . This provides a first indication of the more elaborate inter-
play between duality symmetries and Dp-brane configurations that emerge in higher-
dimensional compactifications.
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4.5.1 An explicit example of duality symmetry acting on Dp-branes

To see how even more intricate behaviors can arise, we now turn to an explicit exam-
ple. In particular, we will focus on the hexagonal torus introduced in (4.4.29), whose
lattice enjoys the dihedral symmetry group Dg as a crystallographic symmetry; in par-
ticular, this leads to the duality symmetry presented in , whose corresponding
left-multiply matrix is given by (4.4.33). Below, we will analyze the action of this duality
symmetry on the Dp-branes of the theory.

Before proceeding, let us note that the hexagonal torus corresponds to a diagonal
RCFT. Indeed, since p = 37 (up to a T-transformation of p, as defined in (3.1.27)), the
theory represents a rational point in moduli space where the partition function is di-
agonal. As a consequence, the number of Ishibashi states equals the number of Cardy
states, and therefore matches the number of physical Dp-branes. This allows us to clas-
sify the branes by directly counting the solutions to the gluing conditions.

We will start by constructing the Ishibashi states of the original theory at the hexag-
onal point, identifying the corresponding DO, D1 and D2-branes; for this analysis, we
will follow the discussion in [80]. We will then apply the duality symmetry to
these states and analyze how the various branes are transformed under this action.

Dp-branes in the original hexagonal theory

To determine the Dp-branes of the compact boson at the hexagonal point
(1,p) = <e2m‘/3, —5+i %3> : (4.5.8)

we start from the momentum lattice generated by the matrix L introduced in (4.4.30).
A generic state of the theory is characterized by four integers (a,b,c,d) € Z4 speci-
fying the momentum and winding numbers along the two cycles of the torus, which

are respectively n = (Z) and w = (;) The corresponding left and right-moving

momenta are explicitly given by

Pra i +£ — \/ng

pre | | La +£b+ ey 28y 459
PR, B ‘/Tga — \/760 + %gd ’ -
PR Vg + 2p+ ¢ — 82y

which follows directly from the definition gL) =L Z) The classification of the
R

Dp-branes is then obtained by imposing the zero-mode gluing condition

Pri+ R{ij,j =0 (4.5.10)
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presented in (4.5.1), which is obtained from the general condition (3.4.4). For each
choice of gluing matrix R € O(2), this equation imposes linear relations among the
integers (a, b, ¢, d); every allowed solution identifies a set of momentum and winding
numbers that allows for an Ishibashi state. Since the hexagonal point is a diagonal RCFT
(because p = 37 up to a T-transformation), the number of Ishibashi and Cardy states
coincides, so each solution directly corresponds to a physical Dp-brane. We can now
analyze the three types of gluing matrices, following the classification of the eigenval-
ues discussed above.

As we just saw, the DO-branes are related to the Ishibashi states satisfying the glu-
ing condition with R = —Id, as shown in (4.5.3). In this case, the zero-mode equa-
tion (4.5.10) reduces to p;,; = pg; fori = 1,2, and substituting the explicit expressions
for the left- and right-moving momenta given in (4.5.9) immediately yields the linear
constraints

c=0, d=0, (4.5.11)

while the integers a, b € 7Z are free. At this point, it is useful to recall the results of Sec-
tion in which we analyzed the structure of rational points of the moduli space and
the decomposition of the momentum lattice I'??) into its left and right-moving projec-
tions. In particular, we saw that at RCFT points the left-moving lattice I';, becomes a
finite-index sublattice of R?, and its elements correspond precisely to the left-moving
components of the momentum vectors in I'>2. Since diagonal RCFTs obey the additional
identification I';, ~ I'y, the condition p;, = pg ensures that the admissible momen-
tum-winding numbers give rise exactly to the two-dimensional sublattice I';. In our
present case, the relations imply that the allowed Ishibashi states are labeled
by vectors of the form (a,b,0,0) and hence the DO-branes correspond exactly to the
sites of this two-dimensional sublattice. In particular, this yield a total of 27 distinct DO-
branes at the hexagonal point.

Let us now turn to the D2-branes, which correspond to the Ishibashi states solving
the gluing condition with R = Id. In this case the zero-mode equation reduces
topr; = —pr., as given in (4.5.2), and substituting the explicit expression for the mo-
menta given in yields the linear relations

c= —2b, d = 2a. (4.5.12)

These constraints define the two-dimensional sublattice of I'*?) denoted by I'y, that
we defined in (4.3.15), consisting of the purely left-moving states of the theory. As dis-
cussed in Section at diagonal RCFT points this sublattice has rank two and finite
index in I';, and each of its sites corresponds to a chiral primary. In the present case
the relations uniquely fix c and d in terms of a and b, and only a single indepen-
dent Ishibashi state is compatible with the gluing condition, given by a = b = 0. Thus,
the hexagonal compactification contains exactly one D2-brane.

Finally, let us turn to the D1-branes. In this case, the gluing matrix has one +1 and
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one —1 eigenvalue and can be written as R = Q(«) = —M («) diag(+1, —1), with
the corresponding zero-mode constraint given in (4.5.5). The parameter appearing in
this equation, however, does not coincide with the physical orientation of the brane
on the torus. We will not derive this fact here, but it can be shown that the geometric
angle of the wrapped one-cycle is actually given by «/2, rather than by « itself enter-
ing the gluing condition. Consequently, only those values of «//2 that align with the
crystallographic directions of the hexagonal lattice lead to non-trivial integer solutions
of (4.5.5).

Solving the zero-mode equation for the hexagonal compactification there-
fore reduces to determining the integer solutions of the corresponding linear constraints
among (a, b, ¢, d). In particular, only six orientations are compatible with the momen-
tum lattice T'(>?), and each yields a distinct class of D1-branes. These arise at the angles

T 27 A7 br

ae{()agv??ﬂ-a 37 3

} (4.5.13)

for which the corresponding geometric orientations given by a//2 correspond to the six
crystallographic directions of the hexagonal torus. For each of these orientations, the
zero-mode constraint fixes a two-dimensional sublattice of allowed momentum vec-
tors, leading to the following relations:

o v =0:
a = —2b, d = 2c,

yielding 3 D1-branes at the physical angle «/2 = 0.

b=0, c=0,
yielding 9 D1-branes at the physical angle o/2 = 5

a=>b, d= —c,
yielding 3 D1-branes at the physical angle «/2 = z

e oy =T

a =0, d=0,
yielding 9 D1-branes at the physical angle o/2 = 5

[ = =
« 3 -

b= —2a, c=2d,
yielding 3 D1-branes at the physical angle «/2 = %”

103



4 THE ¢ = 2 COMPACT BOSON, RCFT POINTS AND NON-INVERTIBLE SYMMETRIES

b= —a, c=d,
yielding 9 D1-branes at the physical angle o/2 = %”.

These six cases represent all the possible consistent D1-branes for the given torus de-
fined by (4.4.29). Each admissible orientation corresponds to a distinct crystallographic
direction of the torus, and the number of branes in each class matches the index of the
corresponding solution sublattice inside I'3:2). In total, the theory contains 3 + 9 + 3 +
9-+3+9 = 36 D1-branes. We give a visual representation of the Dp-branes in Figure[14]

Dlata=

—— Fundamental sublattice

Figure 14: Representation of the Dp-branes for the hexagonal torus defined in (4.4.29). The blue
dots denote the left-moving momentum sublattice I';, associated with the DO-branes, while the
red crosses indicate the purely left-moving sublattice I' associated with the unique D2-brane.
The colored line segments represent the six classes of D1-branes obtained from the integer solu-
tions of the zero-mode gluing condition (4.5.5); each color corresponds to one of the admissible
orientations, which align with the crystallographic directions of the hexagonal lattice. The an-
gles formed by the different D1-branes are thus directly visible in the plot. Since the theory
represents a point of enhanced chiral symmetry, lattice sites related by the action of the chiral
algebra generators, as showed in Figure[13] are identified, and each line of solutions gives a fi-
nite number of D1-branes under this identification.

Summarizing the discussion above, the hexagonal compactification admits three
types of Dp-branes: 27 DO-branes associated with the sublattice I';, a single D2-brane
corresponding to the chiral sublattice I'y and 36 D1-branes organized into six different
orientations. The total number of branes is therefore

Npo+ Np1 + Npy =274+ 36+ 1 = 64, (4.5.14)
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A summary of the complete set of Dp-branes is given by the table below.

Dp-branes Number of branes
DOs 27

D2s 1

D1s(a = 0) 3

Dis(ov = 7/6) 9

Dis(ow = /3) 3

9

3

9

Dis(oc = 7/2)
Dis(ac = 27/3)
Dis(ac = 57/6)
| Tot \ 64

Dp-branes under the action of the duality symmetry

Now that we have computed all Dp-branes of the original theory, we can proceed to
analyze the action of the duality symmetry introduced in on these boundary
states. As discussed in Section this duality transformation is implemented on
the momentum lattice by the left-multiplying matrix defined in (4.4.33). This rewriting
in terms of the matrix R(G) allows us to determine the induced action on the gluing
conditions characterizing each class of Dp-branes.

As we explained above, the action of the matrix R(G) on the left and right-moving
momentum is asymmetric and is given by

PL — PL and Pr —— GpR, (4515)

where (G is a generator of a crystallographic symmetry of the corresponding torus. In
this particular case, the corresponding matrix G, given in (4.4.42), admits a natural de-
composition into two factors; these represent a sign flip of the second right-moving
momentum component, pr o — —Dpr 2, followed by a rotation of the right-moving mo-
mentum pg by an angle /3. This asymmetric action of the duality symmetry on the
left and right-moving momentum implies that its overall effect on the boundary states
is entirely determined by how the transformation modifies the gluing condition. As we
explained in (4.5.6), this is equivalent to replacing the original gluing matrix R with a
new one given by

R — R =RG, (4.5.16)

which encodes the transformed boundary condition.

This formula allows us to determine explicitly how each type of Dp-brane is mapped
under the duality symmetry. Since GG is the composition of a sign flip with a rotation, the
resulting transformation R — RG modifies the Neumann and Dirichlet directions in
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a non-trivial way, and consequently induces a non-trivial permutation of the Dp-brane
configurations.

We now examine this transformation explicitly, beginning by analyzing the DO-branes
that we obtain after the action of the duality symmetry. After the duality symmetry
transformation, the left- and right-moving momenta are given by

pL=pL, Pr=Gpr, (4.5.17)
so the defining condition for a DO-brane in the transformed theory becomes
p,=pr <= pL=Gpr (4.5.18)

Using the explicit form of the crystallographic generator G introduced in (4.4.42), we
immediately recognize that coincides precisely with the original D1-branes con-
dition at physical angle 7/6, that is to say, it satisfies the gluing condition for
a = /3. In other words, the resulting DO-branes in the transformed symmetry, after
the action of the duality symmetry, satisfy the same relations that defined the D1(7/6)
class in the original theory.

It is also straightforward to verify that, in the same way, the D1-branes at the physi-
cal angle 7/6 in the transformed theory correspond precisely to the original DO-branes.
Indeed, recall that the D1-branes at physical angle 7/6 are defined by the gluing matrix
R = Q(a) given in with @ = 7/3. To determine the original corresponding
branes, we must therefore examine how the relation

™

pL = Q<3)p’R = M(g) ((1) _01> P (4.5.19)

looks like in terms of the untransformed momenta. Using p;, = p; and p, = Gpg,
this becomes

™
pL = Q (g) G Pr. (4.5.20)
Now, using the explicit form of Q)(«) and the decomposition of G given in (4.4.42), one

finds s T 1 0 T 1 0
Q(§) G = M(§> (o —1) M(§) <o —1) = 1d. (4.5.21)

Inserting this result into the gluing condition, we obtain

PL = Prg; (4.5.22)

which is precisely the defining equation of the original DO-branes in (4.5.3). There-
fore, the D1-branes at the geometric angle /6 appearing in the transformed theory
are precisely the image of the original DO-branes under the duality symmetry action.
In summary, the duality symmetry acts by exchanging the two classes

T
DO «—s D1 <E) , (4.5.23)
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implying that the transformed theory is characterized by 9 DO-branes and 27 D1-branes
at the physical angle 7 /6.

Equivalently, let us now examine the transformation of the D2-branes. Recall that
the original D2-branes equation is characterized by the gluing condition p;, = —pg,
that is to say by the matrix R = Id yielding (4.5.2). After the action of the duality
symmetry, this condition becomes

P =—Dx = pr = — Gpg. (4.5.24)

Using the explicit expression for G' given in (4.4.42), one verifies that the matrix —G
coincides precisely with the D1-branes gluing matrix Q(«) for o = 4?” that is to say,
— G = Q(%F). Therefore, the condition is exactly equivalent to the D1 gluing
equation at the physical angle %” In other words, the original D1-brane class at %’r is
mapped to the D2-brane one.

In the same way, after applying the duality transformation, the D1-branes with o =
AF are given by

/ 47T / 47T
P = Q(g) Pr — PL = Q(?) G pr = —Pr, (4.5.25)

which is precisely the defining relation of the original D2-brane. Thus, we obtain the
second exchange:

2
D2 +— D1 <§) , (4.5.26)

and the counting gives 3 D2-branes and 1 D1-brane at 277/3 in the transformed theory.

For the remaining D1-brane classes, namely those at physical angles 0, %”, 5 and
%”, it is not possible to perform an analysis equivalent to the one above. The reason is
that, after the action of the duality symmetry, the corresponding gluing conditions do
not correspond to any of the original Dp-brane equations. Indeed, the matrices Q(«)
obtained in the transformed theory do not coincide with any of the admissible gluing
matrices of the original model; these transformed D1-branes are not the image of any
of the original DO, D1 or D2-brane classes.

Anyway, it is still possible to determine the number of resulting D1-branes by solving
the transformed gluing conditions explicitly. This calculation is equivalent to the com-
putation performed around (4.5.13), by solving the corresponding constraints among
(a,b,c,d). This is done by using the resulting lattice generating matrix L’ after the du-
ality symmetry transformation given in (4.4.32). With this analysis, we find that the
resulting theory contains exactly

2
1 D1-brane at the geometric angle 0, 1 D1-brane at the geometric angle ?ﬂ,

. 5
1 D1-brane at the geometric angle g, 3 D1-branes at the geometric angle %
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These classes represent all the remaining D1-branes in the transformed theory.

We can now summarize the action of the duality symmetry on the Dp-branes of the
hexagonal torus. The table below shows, for each Dp-brane class, the total number of
branes present in the resulting theory after the action of the duality symmetry and,
where possible, their relation with the Dp-branes of the original theory.

Resulting Dp-branes | Number of branes | Original Dp-branes
DOs 9 Dis(ac = 7/6)
D2s 3 Dis(a = 27/3)
Dis(ac = 0) 1
Dis(ac = 7/6) 27 DOs
Dis(ac = 7/3) 1
Dis(a = ) 3
Dis(aw = 27/3) 1 D2s
Dis(ov = 57/6) 3
| Total \ 48 y |

It is important to notice that, in addition to a mixing between different Dp-brane
classes, the total number of Ishibashi states is not preserved by the duality symmetry.
Indeed, the original theory contained 64 Ishibashi states, while the transformed one
contains only 48 of them.

However, as we stated above, the Ishibashi states are not the physical boundary
states of the theory; instead, these are given by the so-called Cardy states, which are
obtained via the relation (3.4.5), and are in one-to-one correspondence with the Dp-
branes. However, the number of Ishibashi states and Cardy states does not have to
coincide in general; indeed, this is true only in the diagonal RCFT case. Thus, even
though the number of Ishibashi states is not preserved under the action of the dual-
ity symmetry, it is still possible that the number of physical boundary states, that is to
say, the number of Dp-branes, remains unchanged after the transformation due to the
non-trivial mapping between Ishibashi and Cardy states. Indeed, the duality transfor-
mation could act in such a way that the diagonal RCFT relation between Ishibashi and
Cardy states no longer applies, thereby preserving the number of Dp-branes,
even though the number of Ishibashi states is not preserved.

In this thesis, we have not performed a detailed analysis of the counting of Dp-
branes after the duality transformation; our discussion is restricted to the behavior
of the Ishibashi states. Nevertheless, our expectation is that the relation between
Ishibashi and Cardy states reorganizes in such a way that the total number of Dp-branes
is preserved. In particular, we intend to address this question in detail in future work.
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5 Conclusions and Outlooks

In this thesis, we explored the structure of non-invertible duality symmetries in two-
dimensional conformal field theories, with a particular focus on compact boson mod-
els.

In Chapter[2, we set the mathematical basis by reviewing the concept of generalized
symmetry in quantum field theory and string theory, emphasizing the notion of higher-
form and non-invertible symmetries, and by presenting their formulation in terms of
topological defects and fusion categories.

In Chapter[3, we then examined the concept of duality symmetriesinthe ¢ = 1 com-
pact boson, reviewing how non-invertible duality defects arise from discrete gauging
and how their action on Dp-branes can be understood through their action on Ishibashi
states.

Finally, in Chapter [4] we presented the main conceptual results of this thesis. In-
deed, we extended the previous analysis to the ¢ = 2 compact boson, whose moduli
space and duality group give rise to a much richer structure of rational points and du-
ality symmetries. We observed that non-invertible duality symmetries of the ¢ = 2
compact boson admit a clear geometric interpretation in terms of the crystallographic
symmetries of the two dimensional lattice underlying the target-space torus. This led
us to the introduction of a systematic approach for constructing duality symmetries.
Instead of solving the non-linear constraint on the generalized metric, we showed how,
starting from a lattice symmetry generator and extending it to a transformation on the
integer self-dual momentum lattice, we are able to construct the matrix representation
of the corresponding duality symmetry. Finally, following the discussion inthe ¢ = 1
compact boson case, we have been able to analyze the behavior of the Dp -branes in
the ¢ = 2 compact boson as well. In particular, we showed that, in this higher dimen-
sional case, the action of the duality symmetries on boundary states can be much more
involved and that, in some cases, the total number of Dp-branes is not preserved.

The results of this work open several future perspectives for further investigation. A
first, natural direction is to refine and complete the understanding and classification of
duality symmetries in toroidal theories. While our geometrically driven interpretation
and construction provides a systematic way to generate a large class of non-invertible
duality symmetries at rational points, a complete classification remains to be devel-
oped. In particular, as already noted above, not all duality symmetries arise from the
crystallographic symmetries of the torus and, therefore, cannot be understood using
the method introduced in this thesis. Understanding precisely which symmetries are
excluded by this construction, and how to characterize them, is an open problem.

In this context, it would be especially interesting to clarify the relation between du-
ality symmetries and the complex multiplication (CM) property of the tori appearing at
RCFT points in moduli space. Since CM points are precisely those with enhanced endo-

109



5 CONCLUSIONS AND OUTLOOKS

morphism rings, and since our construction is based on the crystallographic symmetries
of the torus lattice, one may expect a deep connection between duality symmetries and
the geometric and algebraic features associated with complex multiplication.

A second natural direction is the extension of these ideas beyond toroidal com-
pactifications to higher-dimensional Calabi-Yau target spaces, such as K3 surfaces or
Calabi-Yau threefolds. Indeed, these models are more relevant from the point of view of
string phenomenology, as they provide realistic compactifications with rich geometric
and physical structures. However, unlike the torus case, the RCFT points in these mod-
uli spaces do not appear to be dense, which makes the explicit analysis significantly
more difficult [80]. In practice, much of the worldsheet control for these non-linear
sigma models relies on special, exactly solvable points, in particular, Gepner models,
which are directly related to the RCFT points of Calabi-Yau manifolds [82]. Determining
whether non-invertible duality symmetries can be systematically constructed or clas-
sified in these settings would, therefore, represent a conceptual step forward in our
understanding of string compactification.

Finally, it would be interesting to explore the potential implications for the Swamp-
land program [83,84]. Since duality defects encode non-invertible structures, mon-
odromies, and degenerations in moduli space, they may provide new insights into as-
pects such as the distance conjecture [85] and the behavior of mixed Hodge structures
near infinite-distance limits [86].

Taken together, the results of this thesis indicate that non-invertible duality sym-
metries occupy an important, but still only partially understood, position in two dimen-
sional conformal field theories and string compactifications. Although the geometric
construction developed here clarifies several aspects of duality symmetries in toroidal
models, many questions remain open. A complete classification of these symmetries,
a deeper understanding of their relation to complex multiplication and the extension
of these ideas to higher-dimensional Calabi-Yau manifolds all represent important di-
rections for future research. Addressing these problems may lead to a more systematic
picture of symmetries in non-linear sigma models and could also provide us with new
insights into broader issues, such as quantum-gravity constraints and swampland con-
jectures. For these reasons, non-invertible duality symmetries represent a promising
direction for future developments in high-energy physics.
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