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You can’t connect the dots looking forward; you can only connect them looking
backwards. So you have to trust that the dots will somehow connect in your future.
You have to trust in something — your gut, destiny, life, karma, whatever. Because

believing that the dots will connect down the road will give you the confidence to
follow your heart even when it leads you off the well worn path; and that will make all

the difference.

Steve Jobs





Abstract

In recent years, non-linear beam dynamics has been promoted as a means to performnovel manipulations of hadron beams in circular accelerators. This is made possiblebecause of the adiabatic trapping and transport phenomena in phase space for Hamil-tonian systems. The extension of the non-linear beam manipulations to circular lep-ton accelerators has been recently considered, but a rigorous theoretical frameworkto extend adiabatic theory to stochastically perturbed Hamiltonian systems is still lack-ing. This project represents a first step in this direction, aiming at analysing the effectof energy damping and random perturbation on adiabatic manipulations. This goal isachieved by studying simple models relevant for beam dynamics, incorporating bothanalytical and numerical investigations.
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Introduction

The study of beam dynamics in particle accelerators has made significant progress inrecent decades, enabling the design and operation of increasingly sophisticated ma-chines. A central aspect of this progress concerns the understanding of non-linear ef-fects that play a decisive role in the manipulation and stability of the beam. In partic-ular, the analysis of resonances and stable structures in phase space shows how suchmechanisms can be exploited, in order to control longitudinal and transverse beam dis-tribution.Although these techniques are well established in the case of hadron beams ([12],[15]), their extension to the lepton case raises new and still open questions. In lepton ac-celerators, the beam dynamics cannot be treated as a purely conservative system: thepresence of dissipative mechanisms due to energy damping, together with fluctuationsarising from quantum excitation, significantly modify the underlying dynamics. This re-quires the development of theoretical and numerical tools that describe a Hamiltonianframework with the addition of energy damping and stochastic perturbations.This thesis project is framed within this context. In particular, the goal is to investi-gate the possibility of extending adiabatic manipulation techniques to lepton machines.The adopted approach relies on simplified models of longitudinal dynamics, which aretested through numerical simulations to understand the role of dissipation and noisein resonance trapping and transport in phase space.
Lepton accelerators
The analysis will be performed using parameters of real lepton machines, such as the
Advanced Light Source (ALS) in Berkeley, California, and the Future Circular Collider inthe case of lepton beams (FCC-ee).
ALS

The ALS at the Lawrence Berkeley National Laboratory is a third-generation synchrotronlight source designed to produce intense and highly coherent soft x-rays ([1]). It operateswith ultra-relativistic electrons in different beam energy ranges, going from 1.0GeV to
1.9GeV depending on the scope of the research. Indeed, the produced light is used
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for research in different fields, such as molecular dynamics, 3D biological imaging, etc.Currently, it is operating at an upgraded version called ALS-U, which is meant to enhancebrightness and coherence by more than two orders of magnitude ([2]).
FCC-ee

The FCC is a next-generation accelerator project proposed at CERN, which is designedto be built inside a tunnel 91 km long. Among its planned operating modes, the FCC-
ee represents the high-luminosity electron–positron collider stage, which will be oper-ated at beam energies ranging from 42.6GeV (Z optics) up to 182.5GeV (tt̄ optics).The FCC-ee is conceived as a ”precision machine”, namely, it will be used as a high-luminosity Higgs, top, and electroweak factory ([9]). The second stage, FCC-hh, willserve as ”discovery machine”, namely, it will be dedicated to find new physics beyondthe Standard Model, operating as a high-energy proton–proton collider with centre-of-mass energies up to 100TeV.
Top-up injection in the FCC-ee
The FCC-ee is designed as a double-ring collider with separate beam pipes for electronsand positrons. Since leptons are strongly affected by energy damping as a result ofthe emission of synchrotron radiation, the injection of new particles to keep a constantcurrent is needed. In particular, a steady and very high value of luminosity must be keptthroughout machine operations: the top-up injection represents an optimal solution inthis sense.The injection comes from a full-energy booster synchrotron, located within the same
91 km tunnel as the collider itself, and is integrated in a single technical straight sectionin PB, as shown in Fig. 1.

In early lepton colliders, the beam current was required to drop significantly beforethe beam was pushed out for a new injection. This procedure was already in use forhadron accelerators, but it was very time-consuming to obtain stable collisions again,and the luminosity production was not efficient.The first known use of top-up injection dates back to the ’1980s, under the name of
top-up-and-Coast mode [30], employed in the Positron-Electron Project (PEP) at SLAC,Stanford [28]. Nevertheless, this was still an early-stage version, since the detectorswere turned off during injection, meaning no gain in terms of integrated luminosity.However, it was a considerable savings in time. The modern version of the top-up in-jection first appeared at the beginning of 21st century at KEKB and PEP-II, paving theway to its ordinary use also for modern light sources.
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Figure 1: FCC-ee layout (Fig. from [9].

Structure of the work
The present thesis is divided into two main parts. The first one, which consists of Chap-ter One and Chapter Two, is intended to provide all the mathematical and physical as-pects to understand the idea and construction of the considered model.In Chapter One, the main concepts related to beam dynamics are presented. Ageneral introduction on particle accelerators precedes the analytical framework at is-sue, where the coordinate system and the Hamiltonian function for a relativistic particleis shown. Then, we will go in detail on the two types of motion that can be studied inbeam dynamics, namely the transversal and the longitudinal one. The equations ofmotion for the two cases will be derived, together with some deeper insights for thelongitudinal case. In particular, we will see how an external modulation affects thesystem evolution, besides some early considerations about stochastic effects in leptonaccelerators.Then, Chapter Two provides an extensive overview of various topics from dynam-ical systems, such as the Hamiltonian description for the construction of a model inbeam dynamics. In this, Hamilton’s equations of motion, canonical transformations,and the Liouville theorem are some examples. Then, for the study of periodic systems,the action-angle coordinates are introduced, as well as the concept of integrable sys-tems and the Poincaré section. Afterward, some results from perturbation theory arepresented, in order to lay the basis for the theory of separatrix crossing. Eventually,the stochastic approach to study the evolution of particle distributions is presented, to-
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gether with the statistical interpretation of resonance trapping for stochastic systems.The second part of this work will instead focus on the model under analysis, givingits physical motivation and structure in Chapter Three.Then, in Chapter Four, the different algorithms exploited in the simulations are pre-sented, in addition to the results obtained throughout the whole study. A final compar-ison will show the main differences between the two models, highlighting the role ofdamping and stochastic noise on the Hamiltonian framework.
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Chapter 1

Fundamentals of Beam Dynamics

1.1 Introduction to particle accelerators
Particle accelerators represent some of the most sophisticated and fascinating scien-tific instruments ever conceived. They provide a controlled means for investigating thefundamental constituents of matter, to generate high-brightness photon beams for ma-terial and biological studies, and to enable a wide range of applications in medicine andindustry. Although their design and operation involve highly complex technologies andinstrumentation, the underlying dynamics of accelerated particles are mostly based onclassical mechanics.From a fundamental point of view, accelerators are devices that employ electric
fields to increase the kinetic energy of charged particles and magnetic fields to guideand constrain their motion along a specific trajectory. Depending on the spatial config-uration and use of these fields, two major categories of accelerators can be identified:

• Linear accelerators (linacs), in which particles gain energy while travelling alonga straight trajectory through a sequence of radio-frequency (RF) cavities;
• Circular accelerators, such as synchrotrons and storage rings, where magneticdipoles bend the trajectory into a closed orbit, while RF cavities located in straightsections restore the energy lost during each revolution.
In circular accelerators, particles perform an extremely large number of revolutions,thus reaching high energies within a compact geometry. This enabled circular acceler-ators to be considered as a useful tool for multiple studies in particle physics. The firsthigh-energy machines ever built, such as the Bevatron at the Lawrence Berkeley Lab-oratory or the Proton Synchrotron at CERN, proved the reliability and effectiveness ofthese kinds of accelerators as a precise means of investigation.
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Today, a great number of particle accelerators are operating all over the world withdifferent goals, among which the Large Hadron Collider (LHC) at CERN represents thediamond tip. It is responsible for the most important recent breakthrough in the field

Figure 1.1: Aerial view of the LHC at CERN (Fig. from [13]). It lies in an underground 27km tunnel in circumference beneath the France–Switzerland border near Geneva. Thefour main experiments, i.e. ALICE, CMS, Atlas and LHCb are located along the ring.
of particle physics, namely the discovery of the Higgs boson in 2012 with CMS and Atlasexperiments.This huge success pushes the scientific community to design and develop biggerand higher-energy machines for the next decades, such as the Future Circular Collider(FCC) at CERN and the Circular Electron Positron Collider (CEPC) in China, in a 91 km and
100 km tunnels, respectively. To this end, this thesis work is also intended to providesome results that might be useful for the top-up injections, i.e. the designed injectionscheme of the FCC-ee.Circular accelerators involve a number of technical challenges and specific designissues that must be carefully addressed. One of the most critical points is the beamstability, which is hindered by the constant energy loss experienced by charged particlesdue to synchrotron radiation. As particles are forced to follow curved trajectories underthe action of magnetic fields, they emit electromagnetic radiation tangentially to theirpath. This effect becomes particularly important for light particles, such as electrons,since the radiated power scales inversely with the fourth power of the particle mass:

P ∝ 1

m4
, (1.1.1)

for a fixed energy and radius of the ring. Moreover, the quantum nature of this syn-
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chrotron emission forces the introduction of stochastic terms in the governing equa-tions and the use of stochastic dynamics to describe the particle motion.The chapter is conceived as follows. Firstly, the framework of study will be outlinedby defining the coordinate system and types of motion which will be involved. There-after, we will go in detail to characterise the particle transversal dynamics through theHills’ equations, where the betatron motion will be analysed together with the phase-space description through the Twiss parameters. Then, we will move on to the longi-tudinal dynamics, which is the core subject of this thesis, reviewing the equations forsynchrotron motion and the effect of damping and noise on the system evolution. Theanalysis mainly follows the content of Ref. [21].

1.2 Coordinate system and equations of
motion

The description of particle motion in a circular accelerator is conveniently formulatedwith respect to a reference trajectory with nominal energy and momentum. Since thegeometry of the system exhibits toroidal symmetry, it is natural to express the equa-tions of motion in a curvilinear coordinate system that follows the design orbit. Themost widely adopted framework for this purpose is the Frénet-Serret coordinate sys-
tem, which provides an optimal orthonormal basis to describe particle motion.Let the reference trajectory be parametrised by the curvilinear coordinate s, corre-sponding to the longitudinal arc length along the closed orbit. In addition, the Cartesiancoordinates x and y identify the orthogonal plane with respect to s (see Fig. 1.2 for agraphical representation of the coordinate system).This coordinate system is needed since we want to obtain an expression for theHamiltonian of a particle written as a function of these variables.Before delving into the details, let us point out a couple of concepts which will beused later. First of all, we can distinguish between two kind of motions, which we con-sider to be approximately independent:

• longitudinal, which describes the beam motion along the circular ring;
• transversal, which occurs in the plane orthogonal to the longitudinal axis.

Each of these motions is described through different coordinates and equations, whichallow one to separately describe the underlying physics under different standpoints.In the second instance, we can define a useful quantity for transverse motion knownas beam rigidity. To this end, consider a particle of charge e, massm and tangent veloc-ity v, being kept in circular motion by a magnetic field B of constant magnitude. Then,

8



Figure 1.2: Frénet-Serret coordinate system for a particle in a closed circular curve,where ρ is the curvature radius (Fig. from [11]).
the centripetal force is given by the Lorentz force itself:

evB = m
v2

ρ
(1.2.1)

where we considered the hypothesis v ⊥ B, and from this expression, we get therelation
ρB =

p

e
, (1.2.2)

where we used the classical definition of particle momentum p = mv. This relation for
Bρ is thus known as beam rigidity, which is commonly used to measure the resistanceof the beam to the deflection caused by a magnetic field.Let us now go through the analysis of the system coordinates and equations. First,we map the Frénet-Serret coordinate system to the Cartesian coordinate system (X, Y, Z).Let ρ be the radius of the circular accelerator. The following transformations allow oneto express the Cartesian coordinates as a function of the Frénet-Serret variables:

X = (x+ ρ) cos

(
s

ρ

)
, Y = y , Z = (x+ ρ) sin

(
s

ρ

)
(1.2.3)

Basically, the Hamiltonian that will be used to describe the motion of a particle in acircular accelerator is the one of a particle subjected to a Lorentz force. Acceleration isprovided by the action of an electric field E, while a magnetic field B bends the particleto keep it in a circular motion.Consider a relativistic particle of mass m and electric charge e. Its Hamiltonian
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reads:
H = eΦ +

√
m2c4 + (c2p− eA)2 . (1.2.4)

where
E = −∇Φ− ∂A

∂t
B = ∇×A . (1.2.5)

Φ is the scalar potential, while A is the vector potential. The corresponding equationsof motion read
q̇ =

∂H
∂p

ṗ = −∂H
∂q

(1.2.6)
where q = (x, y, z) is the position coordinate and (q,p) are conjugate phase-spacecoordinates.The expressions that we have just found represent the Hamiltonian and the relatedequations of motion for a particle in a Euclidean space. However, we want to takeadvantage of the Frénet-Serret coordinates to write the equations in a more suitablereference system for beam dynamics.Consider the term (cp − eA)2 in (1.2.4). In order to write this norm through theFrénet-Serret coordinates, we can make use of the metric tensor gij for this referencesystem, which is defined as:

gij = diag ((1 + x/ρ)2, 1, 1
) (1.2.7)

Through this definition, the full expression for the square norm of (cp− eA) becomes:
(cp− eA)2 =

(cps − eAs)
2

(1 + x/ρ)2
+ (cpx − eAx)

2 + (cpy − eAy)
2 (1.2.8)

Thus, the Hamiltonian reads:
H = eΦ +

√
m2c4 +

(cps − eAs)2

(1 + x/ρ)2
+ (cpx − eAx)2 + (cpy − eAy)2 . (1.2.9)

At this point, it is much more convenient to treat the variable s as a time variable,instead of the actual time t. This is a natural choice to study the periodic motion ofparticles in a circular ring, since it allows synchronising the dynamics with the geometryof the ring, rather than using an absolute value of time t, which is not that informative.In addition, this change of variable allows us to promote the conjugated momentum
−ps to a new Hamiltonian H̃.
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Indeed, by solving Eq. (1.2.9) for ps we get:
H̃ = −

(
1− x

ρ

)√
E2

c2
−m2c2 − (px − eAx)2 − (py − eAy)2 − eAs (1.2.10)

whereE = H−eΦ. From special relativity, the mass-shell relation states thatE2/c2 =
p2 +m2c2. Thus:

H̃ = −
(
1− x

ρ

)√
p2 − (px − eAx)2 − (py − eAy)2 − eAs . (1.2.11)

We can now consider the additional statement that, in high-energy circular accelera-tors, particles move almost in parallel with respect to the reference trajectory in thelongitudinal axis. That is, px, py ≪ ps ≈ p, hence the paraxial1 approximation can beapplied. Using the expansion √
1 + x ≈ 1 + x/2, the Hamiltonian simplifies to

H̃ =

(
1 +

x

ρ

)[
−p+ 1

2p

(
p2x + p2y

)]
− eAs . (1.2.12)

Here, we considered that along the longitudinal axis there is no contribution of themagnetic field. That is, Ax = Ay = 0, i.e., B = (Bx, By, 0).

1.3 Transverse motion
Let us now go through the transverse dynamics of a particle in a circular accelerator,neglecting the effect on the longitudinal plane. From Hamiltonian (1.2.12), the equationsof motion of a particle in the transverse plane can be derived as:

x′ =

(
1 +

x

ρ

)
px
p
, p′x =

p

ρ

(
1 +

x

ρ

)
+ e

∂As

∂x
, (1.3.1)

y′ =

(
1 +

x

ρ

)
py
p
, p′y = e

∂As

∂y
. (1.3.2)

where the prime denotes the derivative with respect to the longitudinal variable s.We aim now to find an explicit expression both for ∂As/∂x and ∂As/∂y, in termsof the Frénet-Serret coordinates. For this purpose, consider the definition of the mag-netic field B through the rotor of the vector potential A, written in the Frénet-Serret
1The word “paraxial” comes from the Greek roots para- (“near”) and -axis (“axis”), meaning “nearthe axis.”
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coordinates:
∇×A =

x̂

1 + x/ρ

∂As

∂y
− ŷ

1 + x/ρ

∂As

∂x
= Bxx̂+Byŷ , (1.3.3)

since, as seen before, the only non-zero component of the vector potential is the onealong the s axis. This leads to:
∂As

∂x
= −

(
1 +

x

ρ

)
By

∂As

∂y
=

(
1 +

x

ρ

)
Bx . (1.3.4)

Then, if we substitute these relations in the equations of motion, we get:
x′ =

(
1 +

x

ρ

)
px
p
, p′x =

p

ρ

(
1 +

x

ρ

)[
p

ρ
− eBy

]
, (1.3.5)

y′ =

(
1 +

x

ρ

)
py
p
, p′y = e

(
1 +

x

ρ

)
Bx . (1.3.6)

At this point, we can recover the definition of beam rigidity, given by (1.2.2), to rewritethese equations of motion as second-order differential equations.
x′′ =

1

ρ
+
x

ρ2
+
By

Bρ

(
1 +

x

ρ

)2

, (1.3.7)
y′′ =

Bx

Bρ

(
1 +

x

ρ

)2

. (1.3.8)
Neglecting nonlinear terms of the magnetic fields Bx and By, we can express theserelations as

x′′ +Kx(s)x = 0 ,

y′′ +Ky(s)y = 0 , (1.3.9)
where Kx,y(s) is periodic with respect to the length of the accelerator ring:

Kx,y(s) = Kx,y(s+ L) , (1.3.10)
whereL is the length of the circumference. The functionKx,y(s) takes into account theeffect of a linear magnetic field on the particle inside the accelerator. Equations (1.3.9)that we have just derived, considering the periodic condition on the functionK(s), areknown as Hill’s equations.
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Let us now highlight the dependence of Hill’s equations on the longitudinal variable
s. From the Floquet theorem, an ansatz of the following form can be proposed for thesolution: {

x(s) =
√
εxβx(s) cos(ψx(s) + ψ0x)

y(s) =
√
εyβy(s) cos(ψy(s) + ψ0y)

(1.3.11)
These two expressions correspond to harmonic oscillators with amplitude βx(s), βy(s)and phase advances ψx(s), ψy(s), both terms being functions of s. The two pairs offactors εx, εy and ψ0x, ψ0y determine the oscillation amplitude and the initial phase ofthe oscillator, respectively. They are constant and can be determined through the initialconditions.By substituting these solutions into the Hill’s equations (1.3.9), we then get the fol-lowing relations:

ψ′
xβ

′
x + ψ′′

xβx = 0 ,

ψ′
yβ

′
y + ψ′′

yβy = 0 ,

1

2
β′′
x −

1

4βx
(β′

x)
2 − βx(ψ

′
x)

2 + βxKx(s) = 0 , (1.3.12)
1

2
β′′
y −

1

4βy
(β′

y)
2 − βy(ψ

′
y)

2 + βyKy(s) = 0 .

The first two equations allow us to find the relation between the amplitude β and thephase advance ψ:
ψx(s) = cx

∫ s

0

dσ

βx(σ)
ψy(s) = cy

∫ s

0

dσ

βy(σ)
, (1.3.13)

where cx, cy are constant terms. Also, We can observe that for ψx(0) = ψy(0) = 0.In the literature, βx and βy are known as beta functions of the accelerator, and theydetermine the amplitude and the shape of the beam. Indeed, for values of s where
β(s) is large, the beam exhibits larger transverse amplitudes but smaller angular diver-gences. In contrast, small values of β(s) lead to narrower bunches but more angularspread. This claim can be grasped considering, e.g., the expression for x and the corre-sponding angle with respect to the s axis, namely x′ = dx

ds
. We get:

x(s) =
√
εxβx(s) cos(ψx(s) + ψx0) (1.3.14)

x′(s) =

√
ε

βx(s)

(
β′
x(s)

2
cos(ψx(s))− sin(ψx(s))

)
. (1.3.15)

If we observe the dependence of x and x′ on the function βx, we can see from the firstexpression that x(s) ∝
√
βx(s), while from the second one x′(s) ∝ 1/

√
βx(s). This
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means that as we change the value of βx, the spatial and angular amplitudes exhibitopposite behaviours. Additionally, because of the periodicity of the system with re-spect to the lengthL of the accelerator, the functions βx and βy can also be consideredperiodic with the same period. In the second case, the quantities εx and εy representthe transversal emittances, which measure the width of the beam in the horizontal andvertical plane, as mentioned before. We can then define the betatron tune of the ac-celerator as:
νx =

ψx(L)

2π
νy =

ψy(L)

2π
. (1.3.16)

This quantity is the 1-turn phase advance, i.e. it measures the number of betatronoscillations per single turn around the accelerator circumference.Lastly, β(s) allows us to define the alpha function α(s), that is:
α = −1

2
β′(s) , (1.3.17)

whose sign tells whether the beam envelope is shrinking (α < 0) or expanding (α > 0).
1.3.1 Courant-Snyder formalism and Twiss parameters
The relations derived above naturally lead to the Courant–Snyder formulation, whichprovides a compact and elegant framework for the description of the transverse dy-namics of charged particles in an accelerator. This formalism rephrases Hill’s equationsin terms of a set of invariant quantities and optical parameters, known as Twiss param-
eters, which fully characterise the evolution of the beam envelope and phase-spaceellipse along the lattice2. Through this approach, the oscillatory motion of individualparticles can be represented geometrically by an ellipse in the (x, x′) or (y, y′) phase-space, whose shape and orientation are determined by the Twiss parameters them-selves. In what follows, we shall introduce the Courant–Snyder invariant, derive thecorresponding envelope equations, and discuss the physical meaning of the Twiss pa-rameters in the context of beam optics.To describe the motion in phase space, it is convenient to introduce the so-called
Twiss parameters α(s), β(s), and γ(s). The function γ(s) can be obtained as a functionof α and β, which we already introduced, as:

γ(s) =
1 + α2(s)

β(s)
. (1.3.18)

and it is related to the divergence of the beam.
2In accelerator physics, the term “lattice” refers to the periodic arrangement of magnetic and accel-erating elements that defines the beam optics along the machine.
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Due to its periodic nature, one can describe the motion through a different pair ofcoordinates, which accounts for the amplitude and the angular position of particles. Inthis sense, we can set the canonical pair (y, py) by defining:
py = βy

dy

ds
− 1

2

dβy
ds

y. (1.3.19)
This definition ensures that the phase-space trajectory becomes circular in the (y, py)plane, as will be clear in a moment. Substituting the expression for y(s) into Eq. (1.3.19),and recalling that

dy

ds
= a

[
β′
y

2
√
βy

cos(ψy + ξs)−
1√
βy

sin(ψy + ξs)

]
, (1.3.20)

we obtain:
py = βy

dy

ds
− 1

2
β′
yy

= a

[
β′
y

2

√
βy cos(ψy + ξs)−

√
βy sin(ψy + ξs)

]
− a

β′
y

2

√
βy cos(ψy + ξs) ,

(1.3.21)
which simplifies to

py = −a
√
βy(s) sin(ψy(s) + ξs). (1.3.22)

Now, we can see that the trajectory of a single particle in the (y, py) plane thereforedescribes a circle of radius a√βy(s):
y2 + p2y = a2βy(s) . (1.3.23)

We can thus define the Courant-Snyder ellipse as:
C(y, y′) =

y2 + p2y
βy(s)

= γyy
2 + 2αyyy

′ + βyy
′2 = a2 ≡ ϵ , (1.3.24)

while ϵ is called Courant-Snyder invariant. The Twiss parameters are related as in Eq. (1.3.18).Substituting the solutions for y and py into Eq. (1.3.24), one finds the following:
C(y, y′) =

1

βy

[
a2βy cos

2 ψy + a2βy sin
2 ψy

] (1.3.25)
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Figure 1.3: The Courant-Snyder ellipse in the (y, y′) phase-space. The area enclosed bythe ellipse is equal to πϵ, where ϵ is the beam emittance. The Twiss parameters α, β,and γ determine the orientation and aspect ratio of the ellipse.
Hence, the area enclosed by this ellipse in the (y, y′) phase plane is equal to

A = πϵ . (1.3.26)
Since a2 = ϵ, we can express y(s) as

y(s) =
√
ϵyβy(s) cosψy(s) , (1.3.27)

Note that the Courant-Snyder invariant, which is a property of a single particle, shouldnot be confused with the beam emittance, which is defined relative to a distribution ofparticles in the phase space. Nevertheless, we will see their connection in a moment.
1.3.2 Statistical properties and beam emittance
In beam dynamics, a particle ensemble is often described by a normalised phase-spacedistribution function ρ(y, y′), where y denotes the transverse displacement and y′ itsangular deviation. To characterise the beam’s shape and quality, we first compute itsstatistical moments.The first moments give the mean position and mean angle:

⟨y⟩ =
∫∫

y ρ(y, y′) dy dy′ ⟨y′⟩ =
∫∫

y′ ρ(y, y′) dy dy′. (1.3.28)
However, the mean values alone do not describe the spatial and angular spread of thebeam. This information is contained in the second moments, namely the variances:
σ2
y =

∫∫
(y−⟨y⟩)2ρ(y, y′) dy dy′, σ2

y′ =

∫∫
(y′−⟨y′⟩)2ρ(y, y′) dy dy′. (1.3.29)
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In addition, we can measure the correlation between the beam position and the angulardeviation through the covariance:
σyy′ =

∫∫
(y − ⟨y⟩)(y′ − ⟨y′⟩) ρ(y, y′) dy dy′. (1.3.30)

Now, starting from these three second-order moments that we have just defined, wecan quantify the phase-space area occupied by the beam, through the root-mean-square
(rms) beam emittance:

εrms =
√
σ2
yσ

2
y′ − σ2

yy′ = σyσy′
√
1− r2, (1.3.31)

where r is the correlation coefficient between y and y′, namely
r =

σyy′

σyσy′
. (1.3.32)

The rms emittance, which is also known as geometrical emittance, thus acts as a bridgebetween the statistical description of the beam and the single-particle emittance de-rived from betatron motion.To visualise this concept, consider an ideal beam where the particles are uniformlydistributed inside an ellipse defined by the following:
y2

a2
+
y′2

b2
= 1. (1.3.33)

The area enclosed by this ellipse is:
A = πab . (1.3.34)

It can be shown that this area is related to the rms beam emittance by:
A = 4π εrms . (1.3.35)

For this reason, it is common in accelerator physics to define the full emittance as:
ε = 4 εrms , (1.3.36)

so that the corresponding phase-space ellipse has area πε. This definition has the ad-vantage that εrms remains invariant under linear transformations (such as rotations inphase space).However, in real accelerators, the motion of each particle is governed by Hill’s equa-tion, and the ensemble of particles lies along a Courant–Snyder ellipse described by Eq.
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(1.3.24). By relating this form to the statistical moments via an appropriate phase-spacerotation, one obtains the following relationships connecting the beam sizes to the op-tical functions of the accelerator:
εrms =

σ2
y

β
=
σ2
y′

γ
, r = − α√

βγ
. (1.3.37)

These expressions can be summarised through the covariance matrix Σ and the Twiss
matrix Ω: (

σ2
y σyy′

σyy′ σ2
y′

)
= εrms

(
β −α
−α γ

)
. (1.3.38)

One can also see that it is possible to derive the rms beam emittance εrms by computing
εrms =

√det Σ (1.3.39)
which is in perfect agreement with (1.3.38), since due to (1.3.18), the Twiss matrix has aunit determinant.

1.4 Longitudinal motion
So far, we have analysed the transverse motion of particles inside an accelerator, wherethe beam evolution is governed by the focusing structure of the lattice and described interms of the betatron functions and the Twiss parameters. We now turn our attention tothe longitudinal dynamics, which describes the evolution of the particle motion throughthe phase of the accelerating field and the particle energy.While transverse dynamics considers the spatial configuration and the size of thebeam envelope, the longitudinal motion takes into account different beam properties,such as the energy spread of its particles, the bunch length, etc. The study of this as-pect of beam dynamics then allows one to understand how the particle parameters arerelated to the radio-frequency (RF) accelerating fields, in addition to how they followstable orbits around the ring.To formalise this description, longitudinal dynamics is expressed in terms of canon-ical phase-space variables, usually chosen as the particle phase ϕ with respect to theRF wave and the relative energy deviation δ = 1

β
∆E
E

= ∆p
p

. Their evolution gives riseto oscillations around a stable particle, known as the synchronous particle. These os-cillations, called synchrotron oscillations, represent the longitudinal counterpart of thebetatron motion, and their manipulation and control is key to longitudinal beam stabil-ity.
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In the following, we will derive the equations governing the longitudinal motionstarting from the energy–phase relations, define the concept of synchrotron oscillationfrequency, and introduce nonlinear effects such as the creation of stable islands in the
(ϕ, δ) phase-space.
1.4.1 Synchrotron equations of motion
In a circular accelerator, the longitudinal motion of charged particles is governed bythe interaction with the oscillating electric fields provided by the RF cavities. Thesefields are responsible for compensating for the energy loss of the particles during theirrevolution and for maintaining them in stable bunches around the reference trajectory.Let the longitudinal electric field at an RF gap be expressed as

E = E0 sin (ϕrf(t) + ϕs) ϕrf = hωrevt , (1.4.1)
whereωrev = βsc/Rs is the angular revolution frequency of the synchronous particle, E0is the amplitude of the accelerating electric field, βsc andRs are its velocity and averageorbit radius, respectively, h is the harmonic number, and ϕs is the synchronous phasewith respect to the RF wave.The synchronous particle is defined as the particle that encounters the RF voltageat the same phase ϕs during each passage through the cavity gap. Its energy and phaseremain constant turn by turn, as it satisfies the synchronous condition

ωrf = hωrev , (1.4.2)
where ωrf is the angular frequency of the RF field.The energy gain per passage through the gap for the synchronous particle is givenby

∆E = eE0βsc
∫ g/2βsc

−g/2βsc
sin (hωrevt+ ϕs) dt = eE0gTtr sinϕs , (1.4.3)

where g is the effective cavity gap width, and Ttr is the transit-time factor, which ac-counts for the fact that the field varies during the time a particle crosses the gap:
T =

sin (hg/2L)

hg/2L
. (1.4.4)

whereL is the length of the gap. The effective accelerating voltage seen by the particleis thus
V = E0gT , (1.4.5)
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so that the average energy gain per turn for the synchronous particle can be written as
dEs

dt
=
ωrev
2π

eV sinϕs . (1.4.6)
Now, let us consider a non-synchronous particle, having small deviations from thereference values of the synchronous one:

ω = ωrev +∆ω ,

ϕ = ϕs +∆ϕ ,

p = ps +∆p ,

E = Es +∆E .

(1.4.7)

The synchrotron motion, i.e. the dynamics of this off nominal trajectory particle, canbe mainly described by the evolution of∆ϕ and∆E. These quantities evolve accordingto the balance between the accelerating RF field and the change in revolution frequencywith energy.Its energy gain per passage through an RF cavity is
∆E = eV sinϕ , (1.4.8)

hence, subtracting the synchronous contribution, one obtains
d∆E

dt
=
ωreveV
2π

[sinϕ− sinϕs] . (1.4.9)
At this point, it is possible to introduce an alternative variable which will be used through-out the entire work, that is:

δ =
∆p

ps =
ωrev
Esβ2s

(
∆E

ωrev

)
(1.4.10)

Eq. (1.4.9) can then be recast in the following form:
δ̇ =

ωreveV
2πEsβ2s

(sinϕ− sinϕs) . (1.4.11)
Now, let us determine the time evolution of the phase angle ϕ. Considering that theRF phase experienced by a particle depends on its revolution frequency, one can write

ϕ̇ = h (ωrf − ω) = −h∆ω, (1.4.12)
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where ωrf = hωrev is the RF angular frequency and ω is the revolution frequency of theparticle under consideration.Now, using the relation (ωR)/(ωrevRs) = β/βs and expanding R as a function ofthe energy deviation, one finds:
∆ω

ωrev =
βRs
βsR − 1 (1.4.13)

R = Rs(1 + α0δ + α1δ
2 + α2δ

3 + · · · )

αc = 1

Rs
dR

dδ
= α0 + 2α1δ + 3α2δ

2 + · · · ≡ 1

γ2T
, (1.4.14)

where R is the mean radius of a circular accelerator and αc is the momentum com-
paction factor. Higher-order coefficientsα1,α2, . . . account for non-linear contributionsto orbit length as the energy deviates from the reference value of the synchronous par-ticle.By combining Eqs. (1.4.13) and (1.4.14), the fractional change in revolution frequencycan be written as

∆ω

ωrev = −η(δ) δ, (1.4.15)
where η(δ) is known as the phase-slip factor, which expanded in powers of δ becomes

η(δ) = η0 + η1δ + η2δ
2 + . . . . (1.4.16)

The coefficients are then given by

η0 = αc −
1

γ2s
,

η1 = α1 − 2αc
1

γ2s
+

3

2γ4s
,

η2 = α2 − 2α1
1

γ2s
+ αc

1

γ4s
− 3

2γ6s
.

(1.4.17)

In most of the real accelerators and within our working purposes, the longitudinaldynamics is well described by considering only the first-order term η0, leading to
dϕ

dt
= hωrevηs δ , (1.4.18)

where we set ηs = η0. The slip factor determines whether the particles with higherenergy take longer or shorter times to complete a revolution compared to the syn-chronous particle. In particular, below the transition energy γt = 1/
√
αc, η0 > 0, which
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means that particles with higher energy have a longer revolution period. In contrast,above transition η0 < 0, the opposite behaviour occurs.Therefore, Eqs. (1.4.11) and (1.4.18) are the equations of motion that describe thesynchrotron motion of particles around the reference orbit:
ϕ̇ = hωrevηs δ δ̇ =

ωreveV
2πEsβ2s

(sinϕ− sinϕs) . (1.4.19)
For small-amplitude oscillations, one can linearise the equations by setting ϕ =

ϕs +∆ϕ with |∆ϕ| ≪ 1, and expand the sine term:
sinϕ ≃ sinϕs + cosϕs ∆ϕ . (1.4.20)

Keeping only first-order terms gives
δ̇ ≃ K cosϕs ∆ϕ , K ≡ ωreveV

2πEsβ2s
. (1.4.21)

By differentiating the phase equation with respect to time and substituting the aboveexpression, we obtain
∆̈ϕ = hωrev ηs δ̇ ≃ hωrev ηs K cosϕs ∆ϕ . (1.4.22)

This can be rewritten by highlighting the form of a harmonic oscillator differentialequation:
∆̈ϕ+ ω2s ∆ϕ = 0 , (1.4.23)

where the synchrotron angular frequency is defined as
ω2s = −ω2rev

h eV ηs cosϕs
2πEsβ2s

. (1.4.24)
In order to produce stable oscillations, meaning that a particle displaced from thenominal trajectory is pulled back toward it, the following condition must be satisfied:

ηs cosϕs < 0 . (1.4.25)
This ensures that ω2s > 0 and the solution of Eq. (1.4.23) is oscillatory. Hence, we canexpress the synchrotron frequency as

ωs = ωrev
√
h eV |ηs cosϕs|

2πEsβ2s
. (1.4.26)
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Therefore, in the small-amplitude approximation, the longitudinal motion of an off-momentum particle consists of stable synchrotron oscillations around the synchronousparticle with frequency ωs.
1.4.2 Synchrotron Hamiltonian and Fixed Points
The longitudinal equations of motion derived in the previous section can be obtainedstarting from the Hamiltonian formalism as well. For a particle that undergoes smalldeviations in phase and energy with respect to the synchronous one, the Hamiltoniancan be written in the form

H(ϕ, δ) = K(δ) + U(ϕ)

=
1

2
hηsωrevδ2 + ωreveV

2πEsβ2s
[cosϕ− cosϕs + (ϕ− ϕs) sinϕs] , (1.4.27)

where we used the canonical conjugate variables (ϕ, δ) introduced before.The Hamiltonian formulation also allows us to identify the equilibrium configura-tions of the system. These correspond to fixed points in phase-space, namely thosepairs of coordinates (ϕ, δ) which remain constant in time. In order to find them, wehave to consider the stationary solutions of the equations of motion, i.e. the points inphase-space where both Eqs. (1.4.19) vanish. Clearly, they can also be derived from theHamiltonian (1.4.27):
ϕ̇ =

∂H
∂δ

= hηsωrev δ = 0 (1.4.28)
δ̇ = −∂H

∂ϕ
=

ωreveV
2πEsβ2s

(sinϕ− sinϕs) = 0 . (1.4.29)
These conditions admit the following solutions:

δ = 0 sinϕ = sinϕs , (1.4.30)
from which we find:

FP1 = (ϕs , 0) , FP2 = (π − ϕs , 0) . (1.4.31)
The nature of these fixed points, i.e. whether they are stable or unstable, is deter-mined by the local curvature of the potential termU(ϕ). This can be found through thesecond derivative U ′′(ϕ) computed at the fixed points, namely:

∂2U

∂ϕ2

∣∣∣∣
ϕ=ϕFP

= − ωreveV
2πEsβ2s

cosϕFP. (1.4.32)
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A fixed point corresponds to a minimum of the potential, that is, it is stable if thecurvature of U(ϕ) is positive. This condition holds if
ηs cosϕFP < 0 . (1.4.33)

In contrast, it is unstable when ηs cosϕFP > 0. Hence
• the stable fixed point (SFP) is located atϕ = ϕs, corresponding to the synchronousparticle;
• the unstable fixed point (UFP) lies at ϕ = π − ϕs.
In the (ϕ, δ) phase plane, these two points define the topology of the Hamiltonianflow. The SFP corresponds to the centre of the synchrotron oscillations, around whichbounded trajectories form closed orbits (the RF bucket). On the other hand, the UFPidentifies the separatrix, namely the trajectory that splits the phase-space into regionsof bounded and unbounded motion.

1.4.3 RF phase modulation
In real accelerators, the motion of particles is subjected to perturbations of differentnature. Indeed, fluctuations in the RF system, mechanical vibrations, or electrical noiseintroduce small but systematic perturbations in the accelerating field. Among these ef-fects, modulation of the RF phase plays a particularly important role, as it directly inter-feres with the synchronism condition between particles and the accelerating voltage.Such a modulation can arise from a variety of physical mechanisms, including phasenoise in the RF cavities, feedback imperfections, and so on.Depending on the characteristic frequency of the perturbation, these fluctuationsact on different timescales. For instance, high-frequency components are typically as-sociated with random thermal fluctuations, while low-frequency ones arise from slowdrifts in the power supply or ground motion. When the modulation frequency lies closeto the synchrotron particles’ frequency, a resonant coupling may occur, leading to adistortion of the longitudinal phase-space structure. This might become a source ofinstability, causing losses in the circulating beam.In the following, we will focus on the case of a single-frequency sinusoidal RF phasemodulation. The manipulation of such an external effect represents the main techniqueupon which the present study is conducted. Due to the small amplitude of the modu-lation with respect to the characteristic scales of the original system, its effect can beconsistently described within the formalism of perturbation theory.In light of the above, consider a modulation of the RF phase of the formaωm sin(ωmt+ ψ0),where ωm = νmωs and νm is the tune of the modulation. The new Hamiltonian, consid-
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ering the effect of the modulation, reads:
H (ϕ, δ, t) =

1

2
hηsωrevδ

2 + aωm cos(ωmt+ ψ0)δ +

+
ωreveV

2πEsβ2
s

[cosϕ− cosϕs + (ϕ− ϕs) sinϕs] .
(1.4.34)

The equation of motion for ϕ̇ changes accordingly, as:
ϕ̇ = hηsωrevδ + aωm cos(ωmt+ ψ0) , (1.4.35)

It should be noted that, due to the presence of the time-dependent term, the Hamil-tonian in Eq. (1.4.34) is no longer an autonomous function of the canonical variables.As a consequence, the total energy of the system is not conserved, since the externalmodulation continuously injects and extracts energy from the longitudinal motion.The introduction of an external modulation also modifies the concept of equilib-rium. In the unperturbed case, the fixed points (ϕFP, δFP) satisfy the stationary condi-tions ϕ̇ = δ̇ = 0. When the modulation term is present, these points are no longerstatic. Instead, the time-dependence causes them to oscillate in phase with the driv-ing frequency, so that the concept of fixed point is not well-defined anymore. Hence,the fixed points of the unperturbed system are replaced by periodic orbits in the (ϕ, δ)plane, which can be properly analysed by means of Poincaré sections, as will be shownin the next chapter.
1.4.4 Radiation damping and stochastic effects
In lepton circular accelerators, the emission of synchrotron radiation plays a fundamen-tal role in the evolution of the beam dynamics. This is due to the light masses of leptons,such as electrons, which emit a remarkable amount of radiation according to:

P ∝ 1

m4
, (1.4.36)

where P is the radiated power of synchrotron losses and m is the mass of the particle.Each particle loses a small amount of energy through radiation at every turn, and thisloss is compensated on average by the accelerating RF system. The resulting energyexchange gives rise to a dissipative mechanism known as radiation damping, whichprogressively reduces the amplitude of synchrotron oscillations and drives the beamtoward the reference orbit.To quantify the scale of this effect, consider an electron and a proton, circulatingwith the same energyE and the same bending radiusR. The ratio of the total radiated
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power is given by:
Pe

Pp

=

(
mp

me

)4

≈ (1836)4 ≈ 1.14× 1013. (1.4.37)
This implies that an electron radiates power ten trillion times more than a proton underthe same conditions.A real context example can be made considering the Advanced Light Source (ALS)at Lawrence Berkeley National Laboratory, whose parameters will be used to test themodel considered later on.The ALS storage ring operates with an electron beam of E = 1.5GeV and has abending radius of ρ = 4.01m. Using the formula for synchrotron radiation losses in anisomagnetic3 ring, the energy lost per turn by a single electron is:

U0 = Cγ
β3E4

ρ
(1.4.38)

where Cγ = 8.85 × 10−5 mGeV−3. For an energy of 1.5GeV, electrons are ultra-relativistic, i.e. β ≈ 1. This yields a numerical value of ∼ 111 keV.Given the total energy of the electron, this represents a fractional loss of ∆E/E ∼
0.007 % at each revolution. Since the revolution frequency of electrons in ALS is ofthe order of MHz, the beam would be completely lost in seconds due to synchrotronemission4.Yet, in addition to the energy compensation given by the RF system, we have toconsider an additional effect which provides energy kicks to the beam, which is thepresence of stochastic fluctuations due to the quantum nature of synchrotron radiationemission. This occurs naturally in addition to the radiation emission and contributes toproviding a natural equilibrium emittance after the system has stabilised.Combining these two effects, namely radiation damping and stochastic fluctuations,the equation of motion for δ̇ can be rewritten by adding their contribution, as:

δ̇ =
ωreveV
2πEsβ2s

(sinϕ− sinϕs)− γδ +D ξ(t) (1.4.39)
where γ is the damping decrement rate andD is the diffusion coefficient. ξ(t), instead,represents a Gaussian white noise process, namely a discrete Gaussian variable with:

⟨ξ(t)⟩ = 0 and ⟨ξ(t)ξ(t′)⟩ = δ(t− t′) (1.4.40)
3An isomagnetic ring has constant magnetic field strength in all dipoles.4Actually, since U0 ∝ E4, the loss of energy per turn decreases with time, but the example still holds.
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From the point of view of dynamical systems theory, Eq. (1.4.39) is a Langevin equa-tion in the Stratonovich sense, and the white-noise ξ(t) is the derivative of a Wienerprocess W , i.e. ξ(t) = dW/dt. This characterisation allows us to study the dynamicsthrough the stochastic differential equations (SDE) formalism, including the use of theFokker-Planck equation for a distribution of particles.
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Chapter 2

Elements of the theory of Dynamical
Systems

In this chapter, the main results from the theory of Dynamical Systems are presented.The analysis begins by retrieving some fundamental aspects of Hamiltonian mechan-ics, such as canonical transformations, action-angle variables, and adiabatic invariants.Then, perturbation theory for Hamiltonian systems is presented, in addition to some in-sights in the presence of resonances. In order to further develop this concept, we con-sider the particular case of a time-dependent perturbation, which is treated throughthe theory of separatrix crossing. Eventually, we take into account systems affected bystochastic effects, which lead to a different description with respect to the Hamiltoniancase. In this framework, the reaction-rate theory is presented that studies the possibil-ity of a separatrix crossing in the presence of stochastic noise.

2.1 Hamiltonian mechanics
The content provided in this section is inspired mainly by Refs. [8, 11, 20].Consider a dynamical system in R2n defined by the set of coordinates (q(t),p(t))and the time-dependent functionH(p,q, t), wherep = (p1, . . . , pn) andq = (q1, . . . , qn).The system is said to be Hamiltonian if the evolution equations can be written in theform:

q̇ =
∂H
∂p

ṗ = −∂H
∂q

. (2.1.1)
These are called Hamilton’s canonical equations of motion, and H is the Hamiltonian.The equations of motion are associated with the 1-form

ω = p · dq−H dt , (2.1.2)
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in the extended phase space, which defines the geometrical structure of the phase flowof a Hamiltonian system by using the concept of rotor lines. Moreover, it allows one tooutline Hamilton’s Variational Principle, namely the integral
S =

∫ q1

q0

(p · dq−H dt) =

∫ t1

t0

(p · q̇−H) dt, (2.1.3)
where S is the action and the integral is taken between two points q0 = q(t0) and
q1 = q(t1) of the trajectory.Vice versa, equations (2.1.1) can be obtained by imposing the stationary condition
δS = 0, which represents the Principle of Least Action written in the Hamiltonian for-malism.
2.1.1 Canonical transformations
The Hamiltonian formulation provides a powerful framework for studying physical sys-tems, especially in nonlinear regimes. Its strength comes mainly from the perturbationtheory based on the canonical transformations of the phase space variables q and p,which preserve the canonical structure of the equations. This framework gives muchfreedom: momenta and positions can be swapped freely. This is the main differencefrom the Lagrangian formulation of Mechanics, where positions and velocities play verydistinct roles. This invariance discloses a deep geometric structure of the phase space,called symplectic, which also has applications in accelerator physics. For example, onehas to use symplectic schemes for the numerical integration of the Hamilton equationsto preserve the symplectic character of the dynamics.Consider two pairs of canonical coordinates (q,p) and (Q,P) connected by a canon-ical transformation (q,p) → (Q,P) and a Hamiltonian H(q,p). Then we can find afunction H′(Q,P) for which

Q̇ =
∂H′

∂P
Ṗ = −∂H

′

∂Q
. (2.1.4)

Since (Q,P) are canonical, they must satisfy the Principle of Least Action:
δ

∫ Q1

Q0

(P · dQ−H′ dt) = 0 . (2.1.5)
In order for the two principles in (q,p) and (Q,P) to be equivalent, their integrandmust differ at most for the exact differential of an arbitrary function G:

pdq−Hdt = PdQ−H′dt+ dG (2.1.6)
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sincedG is zero when evaluated at the integration limits. G is called generating function,or generatrix, and completely defines the transformation:
ṗ =

∂G
∂q

q̇ = − ∂G
∂Q

H′ = H +
∂G
∂t

(2.1.7)
In particular, this kind of generating functionG(q,Q) is said to be of the first kind. Basedon the variables it depends on, a generating function can also be of the second, third,and fourth kind. More about these can be found in Ref. [20].A handy way to prove that a transformation is canonical is through Poisson brackets.Let (q,p) → (Q,P) be a transformation of coordinates. The transformation iscanonical if the following Poisson fundamental relations are fulfilled:

{Qi, Qj}pq = 0 , {Pi, Pj}pq = 0 , {Qi, Pj}pq = δij . (2.1.8)
where the derivation is made with respect to p and q.It is possible to prove that the phase flow of a Hamiltonian system is a canonicaltransformation itself. By introducing the Lie operator

DHF = {F,H}

the phase flow can be written in the form of the Lie transformation
q(t) = exp (tDH) q(0) p(t) = exp (tDH) p(0) (2.1.9)

We have the property
exp(tDH)F (x) = F (exp(tDH)x)

for any functionF (q, p). The application of this result to the fundamental Poisson brack-ets proves that the transformation (2.1.9) is symplectic. In numerical simulations, thisresult is of great importance for the development of symplectic integrators, as cited be-fore, which are algorithms that make the system evolve while preserving the Hamilto-nian structure. From a geometrical point of view, this is encoded in Liouville’s theorem.
2.1.2 Liouville theorem
Consider the case of a fully evolving system ofnparticles through 2n coordinates (qi, pi).Each pair (qi(t), pi(t)) represents the state of the ith particle at time t, while a collec-tion of consecutive states forms the phase trajectory of the particle in the phase space.The product

dΓ = dq1 ∧ . . . ∧ dqn ∧ dp1 ∧ . . . ∧ dpn (2.1.10)
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can be considered as a volume element in the phase space. As a consequence, the inte-gral ∫ dΓ gives the volume of the region traced by the particles phase-space trajectory.We can now state Liouville’s theorem, which says that the volume is invariant undercanonical transformations. That is to say:∫
dζ(qi, pi) =

∫
dZ(Qi, Pi) ∀i, i = 1, . . . , n (2.1.11)

where (q,p) → (Q,P) is canonical.Analytically, changing coordinates involves the Jacobian of the transformation, thusthe theorem is proven simply by showing that the Jacobian itself is equal to the unit.Let us write the Jacobian of the canonical transformation as
dZ =

∣∣∣∣det ∂Zi

∂ζj

∣∣∣∣ dζ (2.1.12)
and consider the following set of coordinates:

ζ̃i = (qi, Pi) (2.1.13)
The Jacobian reads

det
∂Zi/∂ζ̃k

∂ζj/∂ζ̃k
=

det ∂Zi/∂ζ̃j

det ∂ζi/∂ζ̃j
(2.1.14)

By definition,Z and ζ share the coordinatePi, so the corresponding terms in the deriva-tive yield a constant. The same happens for the qi coordinate. This leads to:
det

∂Zi

∂ζ̃j
= det

∂Qi

∂qj
, det

∂ζi

∂ζ̃j
= det

∂pi
∂Pj

. (2.1.15)
Now, through the generating function F(q, P ), the two expressions can be rewrittenas

∂Qi

∂qj
=

∂

∂qj

(
∂F
∂Pi

)
=

∂2F
∂qj∂Pi

, (2.1.16)
∂pi
∂Pj

=
∂

∂Pj

(
∂F
∂qi

)
=

∂2F
∂Pj∂qi

(2.1.17)
Since the two determinants reduce to matrices of mixed second derivatives of the samegenerating function F(q, P ), we have

∂Qi

∂qj
=

∂2F
∂qj∂Pi

,
∂pi
∂Pj

=
∂2F
∂Pj∂qi

. (2.1.18)
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Since mixed partial derivatives commute,
∂2F
∂qj∂Pi

=
∂2F
∂Pi∂qj

, (2.1.19)
the two matrices are transposes of one another and therefore have equal determinants.It follows that

det (∂Qi/∂qj)

det (∂pi/∂Pj)
= 1. (2.1.20)

Hence, the Jacobian of a canonical transformation is unity and the phase-space volumeelement is preserved.As will be discussed later, Liouville’s theorem is of crucial importance to justify thepossible applications of this thesis work. Indeed, top-up injection can be realised underspecific conditions, and the present theorem lays the groundwork for it.

2.2 Action-angle variables
In order to introduce the action-angle variables, we need to define the framework inwhich we can fully exploit them. To this end, one can say that action-angle variablesare found to be the most effective in integrable systems.Consider a Hamiltonian system with n degrees of freedom. The system is said to be
integrable in the Liouville sense if there existn independent first integrals1 F1, F2, . . . , Fnin involution

{Fi, Fj} = 0 ∀i, j (2.2.1)
and such that the invariant manifold Fi = fi, i = 1, .., n is compact. The fact thatwe can detect n conserved quantities implies a very important result: the motion ofthe system is confined to a submanifold of much smaller dimensionality than that of itsphase space.Liouville’s theorem, which was stated under the general hypothesis of having canon-ical transformations, can be further exploited in case of integrable systems and be-comes better known as Liouville-Arnold theorem. The statement is the following.Consider an Hamiltonian system with n degrees of freedom and n first integrals
Ii = Fi, namely an integrable system. Then, the level set

MF = {x : Ii(x) = Fi, i = 1, . . . , n} (2.2.2)
1A first integral is any function of phase-space coordinates that is constant throughout a trajectory.
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is invariant.Most importantly, a couple of corollaries can be drawn:
• if Mf is compact and connected, then it is diffeomorphic to the n-torus Tn;
• if the previous hypothesis is valid, then the motion is quasi-periodic on the torus,meaning that it is made of a superposition of periodic motions with incommen-surable frequencies.

Within these conditions, since the motion is quasi-periodical on the torusMf , it is pos-sible to introduce the Action-Angle coordinates (I, φ) by a canonical change of variable,such that the action variables are defined by
Ii(F ) =

1

2π

∮
γi

∑
k

pk dqk

where γi is a base of cycles on the invariant torus, Fi = const. are first integrals ofmotion, and the the evolution of the angle variables reduces to
dφ

dt
= ω(I) φ(t) = φ(0) + vbω(I)t (2.2.3)

where ωi denotes the i-th frequency of the system.Now, if we choose one of then integrals of motion as the Hamiltonian of our system,e.g. H = F1, the phase flow with respect to H is described by the canonical equations
İi = 0 φ̇i = ωi(I) =

∂H

∂Ii
(2.2.4)

that is explicitly integrable.Nevertheless, there is no reason to believe in advance that the couple (I, φ) iscanonical. However, it turns out that Ji = J(Ii) is a function such that the variables
(Ji, φi) are canonical. The last pair of coordinates are what we call action-angle vari-
ables. The phase flow is now described by the new form:

İi = 0 φ̇i = ωi(I1, . . . , In) . (2.2.5)
Due to their primary importance in the study of integrable systems, the followinglines will be devoted to show how to construct the action-angle variables in the simplecase of a one degree of freedom system.
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2.2.1 Action-angle variables in one-dimensional systems
Consider a 1d system described by the Hamiltonian function h = H(q, p). In orderto construct the action-angle variables, we need to find a canonical transformation
(q, p) → (I, φ) with J = I(E), and∮

H=E

dφ = 2π . (2.2.6)
where the integral is taken on the level curve H(q, p) = E.We define the action variable

I(E) =
1

2π

∮
H=E

p dq (2.2.7)
assuming that I(E) is invertible. We have the relation

∂I

∂E
=

1

2π

∮
H=E

∂p

∂H
dq =

T (h)

2π

where T (I) is the period, so that
∂H
∂I

= ω(I) (2.2.8)
defines the frequency of the orbit. Then we look for the transformation generatingfunction F (I, q), such that

p =
∂F

∂q
φ =

∂F

∂I
H
(
q, p =

∂F

∂q

)
= h(I) . (2.2.9)

Thus, the generating function is computed by
F (E(J), q) =

∫ q

H=E

p dq , (2.2.10)
and the angle variable follows

φ =

∫ q

H=E

∂p

∂I
dq = ω(I)t ,

and after one period ∆φ = ω(I)T (I) = 2π. To sum up, the final expressions for theaction-angle variables in 1d systems are:
I =

1

2π

∮
p dq φ =

∂

∂I

∫
p dp . (2.2.11)
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The generalisation to higher dimensionsR2n, uses a cycle basisγi of then-dimensionaltorus to define the action variables and the variation of the angle variable φi on γj isgiven by 2πδij , where δij is the Kronecker delta. As a consequence, the action variables
Ji are defined as:

Ii(k1, . . . , kn) =
1

2π

∮
γi

pj dqj . (2.2.12)
The construction of the action-angle variables for a system of arbitrary dimensions isthen delivered.

2.3 Perturbation theory for Hamiltonian
systems

As mentioned previously, integrable systems represent a particular class of dynamicalsystems which are characterised by a certain number of first integrals. These conservedquantities deeply simplify the analysis of the system at issue, since the dynamics canbe properly described in much lower-dimensional manifolds through the action-anglevariables.Yet, it is very difficult to find complete integrable systems in physics, since the ful-filment of integrability hypotheses is highly demanding. Hence, perturbation theoryrepresents a very powerful tool to describe quasi-integrable systems, namely systemswhich can be decomposed in an integrable Hamiltonian part besides additional per-turbative terms. In order to obtain a coherent and correct description of the system infirst approximation, the perturbative terms have to be much smaller than the integrablepart. Thanks to its versatility, perturbation theory represents a go-to technique in manydifferent fields of physics, ranging from celestial mechanics to quantum mechanics toaccelerator physics, indeed.Multiple approaches have been proposed in perturbation theory, among which the
averaging principle represents the most suitable choice for this work. This technique re-lies on the hypothesis that the evolution timescale of the perturbation is much smallerthan the one of the unperturbed system. When this happens, we can average the per-turbations over time in order to separate the system dynamics in slow and fast vari-
ables. This chapter mainly follows the results presented in Refs. [8] and [11].Consider an integrable Hamiltonian system with n degrees of freedom and Hamilto-nian H0. Since it is integrable, we can define the action-angle variables I = (I1, . . . , In)and φ = (φ1, . . . , φn) for the n invariant tori which can be identified.
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For the unperturbed system, the equations of motion reads:
İ = 0 φ̇ =

∂H0

∂I
= ω(I) , (2.3.1)

where ω = (ω1, . . . , ωn) are the frequencies of motion.Let us now add a second perturbative term H1 = H1(I,φ, ε) to the initial Hamil-tonian such that H1 is periodical on φ and ε ≪ 1 quantifies the magnitude of theperturbation. The full Hamiltonian of the system will then read:
H = H0 + εH1 . (2.3.2)

Equations of motion (2.3.1) can now be rewritten using the new Hamiltonian, fromwhich we get
İ = −ε∂H1

∂φ
φ̇ = ω(I) + ε

∂H1

∂I
. (2.3.3)

It is evident now that the action variable I is no longer constant, in contrast to the caseof an unperturbed system. In particular, since H1 is periodical in the angle variable, theaction I slowly oscillates according to the strength ε of the perturbation. Hence, wecan identify the action I as a slow variable changing with rate O(ε), and the angle φ asa fast variable changing with rate O(1). Therefore, on short timescales (order of a few
φ periods) the actions are approximately constant while the angles evolve rapidly.The idea is to replace the perturbation with the average on the angles:

⟨H1⟩(I) =
1

(2π)n

∫ 2π

0

· · ·
∫ 2π

0

H1(I,φ) dφ1 . . . φn , (2.3.4)
in order to obtain the averaged Hamiltonian:

⟨H⟩(I) = H0(I) + ε⟨H1⟩(I) . (2.3.5)
The averaged system allows us to define a new pair of action-angle variables (J, ψ),whose equations of motion becomes:

J̇ = −ε∂⟨H1⟩
∂φ

= 0 ψ̇ =
∂H0

∂J
+ ε

∂⟨H1⟩
∂J

. (2.3.6)
Thus, in the averaged system, the new action J is an adiabatic invariant.The net effect is the cancellation of the rapid oscillations and the emergence ofan average drift given by ⟨H1⟩ itself. Figure 2.1 provides a visual representation of thedynamics of the variables.
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Figure 2.1: Evolution of J and oscillation of I (From [8]).
2.3.1 Resonances
It is important to point out a specific condition for which it is not possible to performthis kind of averaging, that is, in case of resonance. To better understand this concept,since H1 is periodic in φ, let us write its Fourier expansion as

H1(I,φ) =
∑
m

hm(I)eim·φ , (2.3.7)
where m = (m1, . . . ,mn) are vectors of integers.The derivative of the perturbation with respect to the angle variables becomes:

∂H1

∂φj

=
∑
m

imjhm(I)eim·φ . (2.3.8)
This expression shows why the action variables oscillate. Indeed, if the angles evolverapidly according to φ̇j = ωj(I)+O(ε), then integrating the action equations over timeyields:

Ij(t) ≈ Ij(0)− ε

∫ t

0

∂H1

∂φj

(I(t′),φ(t′)) dt′ . (2.3.9)
Each Fourier mode eim·φ oscillates with characteristic frequency m · ω, leading to:∫ t

0

eim·φ(t′)dt′ ∼ eim·φ(t)

im · ω
+ constant . (2.3.10)

Therefore, the combination of these factors produces bounded oscillations in the actionvariables, with amplitudes proportional to ε/|m · ω| for each Fourier mode.
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Nevertheless, when m · ω(I) = 0 for some m ̸= 0, a resonance occurs. In thiscase, the corresponding Fourier mode does not oscillate rapidly, and the integral growslinearly with time: ∫ t

0

eim·φ(t′)dt′ ≈ t · eim·φ(0) + · · · (2.3.11)
These terms, which are called secular in perturbation theory, lead to a drift in the ac-tion variables, breaking the assumption of slow evolution. Therefore, near a resonance,more sophisticated techniques, such as resonant normal forms or the method of aver-aging over resonant surfaces, are required.

Historical note: The adjective ”secular”, from ”saeculum” in Latin, which means ”century”
or ”era”, has its roots in 18th-century celestial mechanics. Pierre-Simon Laplace and Joseph-
Louis Lagrange observed that certain orbital parameters, such as the precession of Mercury’s
perihelion, the variation in axial tilt, the precession of the equinoxes and so on, underwent
slow, cumulative changes over saecula. These variations stood in stark contrast to periodic
perturbations that averaged out over shorter intervals. The mathematical signature of such
behaviour was a term growing linearly with time in perturbative solutions, which came to be
known as a “secular term.” The research for secular terms in Uranus’ orbit led to the discovery
of Neptune in 1846, thanks to the calculations of Urbain Le Verrier and John Couch Adams.
This discovery went down in history as the only major planet that has been mathematically
located before being directly observed ([31]).

2.3.2 Poincaré-Birkhoff theorem
A natural way to visualise the effect of resonances in nearly integrable Hamiltoniansystems is to reduce the dynamics to a lower–dimensional section of phase space.For systems with one degree of freedom, the motion occurs on invariant curvesparametrised by the action. When a weak periodic perturbation is introduced, it be-comes easier to study the stroboscopic dynamics, namely the evolution of the systemat discrete time intervals equal to the period of the external perturbation. The idea isto ”cut” the points trajectories with a hyperplane, the Poincaré section, and let the mo-tion be described by these intersection points only. This discrete evolution defines the
Poincaré map, which captures the essential dynamics while reducing the system’s di-mension. The fixed points of this map correspond to periodic orbits, whereas invariantcurves represent quasi-periodic motion. Figure 2.2 shows this construction.Near a rational resonance, where the unperturbed frequency ω(I) satisfies

mω(I) = nΩ , (2.3.12)
the Poincaré map no longer produces smooth invariant tori. Instead, the invariant curveassociated with that rational number breaks up into an even chain of alternating stable
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Figure 2.2: Visual representation of the intersection between a trajectory and aPoincaré section S (from [3]). The Poincaré map is the application P such thatXn+k =
Pk(Xn).
(elliptic) and unstable (hyperbolic) fixed points, around which appear small resonantislands in phase space.Those tori whose associated frequency is irrational with respect to the frequency ofthe small perturbation tend to survive, despite being slightly deformed (KAM theorem).
2.3.3 Adiabatic invariance
Consider a Hamiltonian system with one degree of freedom described by the Hamilto-nian function H = H(q, p, λ). We consider λ to be a slowly-varying parameter withrespect to the characteristic time-scale of the system, namely, it varies adiabatically.This is equivalent to say:

λ̇ ∝ µ≪ ω , (2.3.13)
where µ is the adiabatic parameter and ω is the natural frequency of the system. Thiscondition implies that the relative variation of λ takes much longer to occur than thesystem evolution. Assuming that H(q, p, λ) = E defines closed curves, one can intro-duce action-angle variables for any value of the parameter

I(E, λ) =
∮
H=E

p(q, E, λ) dq

(2.3.14)
ϕ = ∂

∂I

∣∣
q

∫ q

H=E
p(q, E, λ) dq
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Let F (q, I, λ) be the generating function
F (q, I, λ) =

∫ q

H=E

p(q, E(I, λ), λ)dq

We perform the change of variables (2.3.14) in the Hamiltonian system (??) and the newHamiltonian reads
H(I, λ) + µ

∂F

∂λ

∣∣∣∣
(q,I)

(θ, I, λ) (2.3.15)
In the 1DoF cases the adiabatic theory uses the relation

∂F

∂λ

∣∣∣∣
q,I

= − 1

Ω(E, λ)

∫ θ
(
∂H
∂λ

∣∣∣∣
q,p

−

〈
∂H
∂λ

∣∣∣∣
q,p

〉)
dθ (2.3.16)

where Ω(E λ) ≃ O(1) is the frequency of the frozen dynamics µ = 0. The relationindicates that the θ-mean value of ∂F/∂λ vanishes. This remark is the basis for theadiabatic invariance of the action variable I , since the only resonance condition is atthe separatrix where Ω → 0. A direct calculation shows that
I(t+ T )− I(t) =

µ

Ω

∫ t+T

t

(
∂H
∂λ

∣∣∣∣
q,p

−

〈
∂H
∂λ

∣∣∣∣
q,p

〉)
ds

=
µ

Ω2

∫ 2π

0

(
∂H
∂λ

∣∣∣∣
q,p

−

〈
∂H
∂λ

∣∣∣∣
q,p

〉)
dθ ≃ O

(
µ2

Ω2

)
,

where we explicitly use the estimate ∆I ≃ O(µ) inside the integral. Given a time oforder µ−1 one can apply the previous estimate fn times with n = (Tµ)−1 and we getthe adiabatic invariance estimate for the action variables
I(t+ µ−1)− I(t) ≃ O

( µ
Ω2

)
.

We observe that the ratio µ/Ω defines the adiabatic parameter since it compares theevolution time scale with the modulation time scale. The use of a perturbative approachallows us to introduce improved adiabatic invariant by performing a change of variables
(θ, I) → (ϕ, J) in the Hamiltonian (2.3.15). This can be performed by a generatingfunction

G(θ, J) = θJ + µG1(θ, J, λ) ,
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where the first perturbation order G1 satisfies the homological equation
Ω(J, λ)

∂G1

∂θ
+ µ

∂F

∂λ
= 0 .

The solution G1(θ, J) exists thanks to the relation (2.3.16) and G1(J, θ) describes theoscillation of the action variable I . The average value of G1(θ, J) is not determined.The new Hamiltonian reads
H(J, ϕ, λ) = H(J, λ) +O

(
µ2

Ω2

)
.

It is possible to prove that the new action J(q, p, λ) varies by a quantityO(µ2) in a time
O(µ−1) and is an improved adiabatic invariant.

2.4 Theory of separatrix crossing
In the previous section, we showed that the presence of a resonance between the char-acteristic frequency of the system and the frequency of an external modulation createsstable regions in the phase space.We now consider an additional aspect: if the system perturbation is time-dependent,it is possible for particles to cross separatrices and being trapped in these stable regions.This would not be possible in stationary systems, as separatrices represent barriers be-tween different kind of motions, and particles cannot go through them. However, if theperturbation frequency varies adiabatically, capture in a stable island becomes a prob-abilistic process [24], and the adiabatic invariant undergoes a significant change aftercapture.In the following, we outline the theory of separatrix crossing, assuming infinitelyslow modulation. This approach has been proposed by A.I. Neishtadt [27], but we followthe derivation presented in the review by J. Henrard (Ref. [17]).Consider a Hamiltonian H(q, p, λ) depending on a parameter varying slowly λ. In-troducing a small dimensionless quantity ε≪ 1, we let the parameter evolve as λ = εt,thus ensuring that its variation occurs on a timescale much longer than the character-istic period of the system. Under this assumption, the dynamics can be treated withinthe adiabatic approximation.Consider a phase-space as the one shown in Fig. 2.3. The point C at the centrewith coordinates (qC, pC) identifies a saddle (hyperbolic) fixed point and, by definition,the collection of points (q, p) such that H(q, p) = H(qC, pC) identifies the separatrix.Then three different domains can be identified in the phase space: the two lobes G1and G2, and the exterior region G3. We denote Γi = ∂Gi and Ai as the area enclosed
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Figure 2.3: Phase-space portrait sketch where the 3 different regions G1, G2 and G3can be identified (Fig. from [11]).
by each closed curve Γi. The scale of the system’s energy can be established by addinga suitable constant to the Hamiltonian to set H(0, 0, λ) = 0, with H > 0 in the outerdomain and H < 0 inside G1 and G2).The initial conditions determine in which of the three regions a particle initiallymoves. Under adiabatic conditions, the parameter λ evolves slowly compared to thecharacteristic time scale of the system, so that for each value of λ the motion followsthe level curves of Hλ. In this regime, the area enclosed by the trajectory in phasespace, proportional to the action variable, is approximately conserved.However, when the slow variation of λ causes the geometry of the separatrix tochange, a different phenomenon occurs: e.g., if the separatrix shrinks with time, theregion that initially contains the trajectory may evolve in such a way that the orbit can-not remain inside it. At this point, the particle is forced to cross the separatrix, passingfrom one domain to the other. This crossing leads to the breakdown of adiabatic in-variance and produces a discrete jump in the value of the action variable, which thensettles on a new value.To describe this process, consider the phase portrait in Fig.2.3. The three dynamicalregions G1, G2, and G3 are divided by the separatrix passing through the hyperbolicpoint (qC, pC). As the control parameter λ changes slowly, the enclosed surface of eachregion evolves accordingly. Suppose, for example, that the lobes G1 and G2 expandwhile λ increases: there will be a specific value λ = λ∗ for which the outer orbit of aparticle inG3 satisfiesA3(λ

∗) = 2πJ∗
3 , which means that its area is equal to that of theseparatrix at that instant. time.The slow time dependence of the system Hamiltonian with respect to λ = εt can
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be treated as a weak perturbation, allowing us to exploit the methods of perturbationtheory. By averaging the energy variation over one full revolution around the outertrajectory Γ3, we obtain
∆H = ε

∫ T

0

∂H
∂λ

∣∣∣
λ∗
dt = −2πε

∂J

∂λ
= −εdA3(λ)

dλ
, (2.4.1)

where T is the period of the motion along Γ3. This shows that the Hamiltonian changesby a small quantity proportional to ε per cycle with an error of order O(ε3/2).At the moment of separatrix crossing, the particle energy H∗ lies in the interval
0 < H∗ < |∆H3|, with

∆H3 = ε
1

2π

∫
Γ3

p dq = −2πε
∂J∗

3

∂λ

∣∣∣
λ∗

= −εdA3

dλ

∣∣∣
λ∗
. (2.4.2)

Analogously, the variations associated with the inner regions are defined as
∆H1 = −εdA1

dλ

∣∣∣
λ∗
, ∆H2 = −εdA2

dλ

∣∣∣
λ∗
. (2.4.3)

Since bothA1 andA2 increase withλ, their derivatives are positive and the correspond-ing ∆Hi are negative. Depending on the value of H∗, there are two possible cases:
• if 0 < H∗ < |∆H1|, the trajectory first becomes tangent to Γ1 and the particle iscaptured in G1;
• if |∆H1| < H∗ < |∆H3|, the crossing occurs through Γ2, leading to capture in
G2.

Once the particle is captured, its motion becomes bounded within the lobe, per-forming periodic oscillations along a closed trajectory of constant negative energy H <
0. The trajectory corresponds to a stable orbit that surrounds the centre of the is-land. The corresponding adiabatic invariant becomes constant again, taking the value
J = Aj(λ

∗)/(2π) for the lobe Gj into which the particle has entered. In the adiabaticlimit ε → 0, the post-capture energy approaches 0−, confirming that the transitionoccurs exactly at the separatrix.The exact value of H∗ cannot be predicted deterministically due to the sensitivity toinitial action conditions in the limit ε→ 0, and for a ensemble of uniformly distributedinitial conditions, the Liouville theorem ensures that H∗ is uniformly distributed in theinterval (0, |∆H3|). The capture inG1 orG2 is therefore a probabilistic process, and theprobability Pi of the transition from G3 to Gi (i = 1, 2) is determined by the relativerate of change of the enclosed areas:
Pi =

∆Hi

∆H3

=
dAi/dλ

dA3/dλ

∣∣∣
λ=λ∗

. (2.4.4)
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These results were obtained considering that the areas of the lobes increase withthe parameter λ. More generally, the transition probabilities between regions dependon the relative variations of their areas: if only one lobe gets bigger, capture into thatlobe is certain. Hence, the general expression for the transition probability betweenany two regions Gi and Gj can be written as
Pi→j = max

{
0,min

(
dAi/dλ

dAj/dλ

∣∣∣
λ∗
, 1

)}
, (2.4.5)

after capture, under adiabatic conditions, the new action becomes J = Aj(λ
∗)/(2π).Eventually, an interesting point can be noticed. As we saw, the computation of ∆Hdrags an error of orderO(ε3/2). Following the results reported in [25], this implies thata small subset of particles does not follow the prediction given by Eq. (2.4.4). However,the measure of this subset scales as √

ε, and thus becomes negligible in the limit ofinfinitely slow modulation.

2.5 Stochastic dynamics
In many physical systems, the effect of interactions due to collisions when the molec-ular chaos assumption is satisfied can be described by introducing stochastic effectsthat simulate a thermal bath. The extension of a Hamiltonian system to include ran-dom perturbations uses the results of stochastic dynamical systems and is related tothe formulation of stochastic thermodynamics ([29]). In this section, we introduce themathematical framework used to describe such stochastic dynamics, focusing on howstochastic effects can be incorporated within Hamiltonian theory.The introduction of a thermal bath for an Hamiltonian system has to consider thefluctuation-dissipation relation that implies the Maxwell-Boltzmann (MB) distributionin the equilibrium state according to the Maximum Entropy Principle. Consider a finite-dimensional phase space with coordinatesx = (q, p) ∈ R2n and an unperturbed Hamil-tonianH0(x). The symplectic structure of the phase space allows to write the canonicalequations in the form

ẋ = DH0x ,

where we define the Lie operator
DHf = {f,H} , (2.5.1)
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by using the Poisson bracket
{F,G} =

∑
j

∂F

∂qj

∂G

∂pj
− ∂F

∂pj

∂G

∂qj
.

We assume that the fluctuation effects are described by ξ(t a stationary stochastic pro-cess with zero mean value and a covariance matrix
⟨ξi(t) ξj(t+ τ)⟩ = δij ϕ(γτ) , ϕ(γτ) ≃ γ

2
e−γ|τ | . (2.5.2)

where the quantity γ−1 is the correlation scale time of fluctuations that are assumed tobe much shorter than the evolution time scale of the unperturbed dynamics H0. Thestochastic dynamics of the Hamiltonian system H0 in a thermal bath is described by
ẋ = DH0x+

(
−γ{H0,H1}+

√
2Tγξ(t)

)
DH1x , (2.5.3)

where the interaction Hamiltonian H1(x) simulates the dynamics of the interactionwith the environment and T is the temperature of the thermal bath. The stochasticequation (2.5.3) generalizes the fluctuation-dissipation relation of Einstein that impliesthe MB equilibrium distribution for physical systems. Indeed if we compute the dissi-pation using the average evolution for the Hamiltonian
dH̄0

dt
= −γ{H0, H1}DH1H̄0 = −γ({H0, H1})2

and the fluctuation variance
d

dt

〈
(H0 − H̄0)

2
〉
= 2Tγ(DH1H0)

2 = 2Tγ({H0, H1})2

the ratio between the fluctuation and the dissipation is 2T . In the case of physicalsystem
H0 =

p2

2m
+ V (q, λ)

the choice H1 = −
√
mq defines the usual thermal bath for a Boltzmann gas
dp = −∂V

∂q
dt+

√
2Tγmdwt − γp dt

The arbitrariness in the choice of H1 understands that the same MB equilibrium high-lights to the universality of the MB distribution that allows to describe the equilibrium
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stochastic properties of a physical system whose elementary components perform dif-ferent type of non-linear interactions simulated by the H1 Hamiltonian.To study the system (2.5.3) as a diffusion dynamics, we use Stratonovich interpreta-tion to perform the white noise limit γ → ∞ for the stochastic noise ξ(t). We recallthat Stratonovich interpretation of the stochastic differential equations allows one toperform a perturbation approach to the stochastic Hamiltonian dynamics and to use acovariant description of the motion equation. The interaction HamiltonianH1 allows tosimulate non-linear interactions between the particle and the environment that definethe relaxation process to equilibrium. In the white-noise limit, the Fokker–Planck equa-tion for the probability density ρ(x, t) associated to the stochastic differential equationabove reads
∂ρ

∂t
= − (DH0 − γDH1{H0,H1}) ρ+ Tγ D2

H1
ρ . (2.5.4)

We look for the equilibrium solution for Eq. 2.5.4 in the form ρs(H0) and we get thecondition (
−DH0 + γDH1{H0,H1}+ TγD2

H1

)
ρs(H0) =

= γDH1 ({H0,H1}ρs(H0) + TDH1ρs(H0)) = 0 .

Then, if the relation is satisfied
{H0,H1}ρs(H0) + TDH1ρs(H0) = 0 ,

we get the stationary solution. Using the property
DH1ρs(H0) =

dρs
dH0

DH1H0 ,

it is straightforward to verify that the MB distribution is the equilibrium solution
ln(ρs(H0)) = −H0

T
+ const. ⇒ ρs(H0) = A(T ) exp

(
−H0(x)

T

)
. (2.5.5)

where A(T ) is the partition function
A(T ) =

∫
exp

(
−H0(x)

T

)
dx . (2.5.6)

In the case of a mechanical system
H0(q, p) =

p2

2m
+ V (q) ,
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the choice H1 =
√
mq defines the usual thermal bath for Eq. (2.5.3)

q̇ =
p

m
,

ṗ = −∂V
∂q

− γp+
√
2Tγmξ(t) .

If we define the current density
J = −{H0, H1}ρ− T{ρ,H1} , (2.5.7)

the FP has the continuity form
∂ρ

∂t
= −DH0ρ− γDH1J .

Introducing the Gibbs’ Entropy
S(t) = −

∫
ρ(x, t) ln ρ(x, t) dx , (2.5.8)

we compute the entropy production using the solution of the FP equation (2.5.4)
dS

dt
=

∫
[DH0ρ+ γDH1J ] ln ρ dx = −γ

∫
J
ρ
DH1ρ dx

=
γ

T

∫
J
ρ
(J + {H0, H1}ρ) dx =

γ

T

∫
J 2

ρ
dx+

γ

T

∫
J {H0, H1} dx .

The parameter γ/T is a scaling factor in entropy production and we distinguish the totalentropy production and the dissipated work per unit of time
dStot

dt
=
γ

T

∫
J 2

ρ
dx W dis = − γ

T

∫
J {H0, H1} dx .

Since dStot/dt ≥ 0 when the density current is ̸= 0 (i.e. the transformation is notadiabatic), the dissipated work is always non-negative and corresponds to the workperformed by the current density which is dissipated and does not contribute to thefree-energy change. The adiabatic condition J = 0 during the transformation λ1 → λ2means that no work performed on (or by) the system is dissipated and contributes to thechange in free energy. Due to the definition of thermal bath, J = 0 in the equilibriumstate and the total entropy production vanishes since it corresponds to a maximumentropy state. The condition can also be related to the Minimum Entropy ProductionPrinciple to characterise the equilibrium state.
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2.5.1 Adiabatic Theory for Stochastic Hamiltonians
We consider a stochastic 1D Hamiltonian with a slowly modulated parameter λ = µt

H0(q, p, λ) =
p2

2m
+ V (q, λ) , (2.5.9)

whose phase space has a bounded region near a stable fixed point. Assuming H1 =
−
√
mq we can simulate the effect of a classical thermal bath. We perform the action-angle variables using the covariance properties of the Stratonovich interpretation of Eq.(2.5.3). We have to compute

{H0,H1} = −Ω(I, λ)
∂H1

∂θ
(θ, I, λ) =

√
m
∂H0

∂p

∣∣∣∣
q,λ

(θ, I, λ) ,

using the properties of the Poisson bracket, and
DH1I = −∂H1

∂θ
=

√
m
∂I

∂p

∣∣∣∣
q,λ

=

√
m

Ω

∂H0

∂p
,

DH1θ =
∂H1

∂I
.

Remark: performing the change of variables in Eq. (2.5.3), λ can be considered a pa-rameter even if λ = µt, but in the computation of the differentials of the new variables,one has to compute the variation with respect to λ. This can be performed maintainingthe canonical form by changing the Hamiltonian H0 according to
H(θ, I, λ) = H0(I, λ) + µ

∂F

∂λ

∣∣∣∣
q,I

(θ, I, λ) ,

where F (q, I, λ) is the generating function for the change in the action-angle of vari-ables.The stochastic dynamics for the action-angle variables read
θ̇ = Ω(I, λ) + µ

∂

∂I

∂F

∂λ

∣∣∣∣
q,I

− γΩ
∂H1

∂θ

∂H1

∂I
+
√
2Tγ

∂H1

∂I
ξ(t) ,

İ = −µ ∂
∂θ

∂F

∂λ

∣∣∣∣
q,I

− γΩ

(
∂H1

∂θ

)2

−
√

2Tγ
∂H1

∂θ
ξ(t) . (2.5.10)

where we perform a white noise limit for ξ(t). The existence of a stochastic adiabaticinvariance for the action variable is related to the possibility of averaging Eq. (2.5.10)
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with respect to the noise realisations and with respect to the angle variable. In the limitof white noise (Stratonovich interpretation) the average action evolution reads
⟨∆I⟩ =

[
−µ ∂

∂θ

∂F

∂λ

∣∣∣∣
q,I

− γΩ

(
∂H1

∂θ

)2
]
∆t

− γT

[
∂2H1

∂θ2
∂H1

∂I
− ∂2H1

∂θ∂I

∂H1

∂θ

]
∆t+O(∆t2, µ2∆t) .

The last term is obtained by the stochastic fluctuations, and it can be written in the form
∂2H1

∂θ2
∂H1

∂I
− ∂2H1

∂θ∂I

∂H1

∂θ
=

∂

∂θ

[
∂H1

∂θ

∂H1

∂I

]
− ∂

∂I

(
∂H1

∂θ

)2

.

The average dynamics for the action can be written in the form
⟨∆I⟩ =

[
−µ ∂

∂θ

∂F

∂λ

∣∣∣∣
q,I

− γΩ

(
∂H1

∂θ

)2
]
∆t

− γT

[
∂

∂θ

(
∂H1

∂θ

∂H1

∂I

)
− ∂

∂I

(
∂H1

∂θ

)2
]
∆t+O(∆t2, µ2∆t) .

Then it is possible to consider the limit of the stochastic process Ī where we also con-sider the average of the angle variable since the angle is a fast variable and the uniformstationary distribution of the angle can be considered invariant during evolution. Theaverage stochastic process Ī satisfies the stochastic differential equation
dĪ = −γ

[
Ω

〈(
∂H1

∂θ

)2
〉

θ

− T
∂

∂I

〈(
∂H1

∂θ

)2
〉

θ

]
dt+

+
√

2Tγ

√√√√〈(∂H1

∂θ

)2
〉

θ

dwt (2.5.11)
This equation holds if the uniform distribution of the angle is preserved in the evolutionsince the angle variable has a relaxation time faster than the action variable (this canbe proven in the limit of small noise). The FP equation for ρ̄(I, t) reads
∂ρ̄

∂t
= γ

∂

∂I

[
Ω

〈(
∂H1

∂θ

)2
〉

θ

− T
∂

∂I

〈(
∂H1

∂θ

)2
〉

θ

]
ρ̄+ γT

∂2

∂I2

〈(
∂H1

∂θ

)2
〉

θ

ρ̄

= γ
∂

∂I

〈(
∂H1

∂θ

)2
〉

θ

[
Ω + T

∂

∂I

]
ρ̄ . (2.5.12)
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Equation (2.5.12) can describe the evolution of the action distribution far from theseparatrix curves where Ω → 0. In the case of physical systems, (cf. Eqs. (2.5.9) and
H1 = −

√
mq) 〈(

∂H1

∂θ

)2
〉

θ

=
1

Ω2

〈(
∂H0

∂p

)2
〉

θ

=
1

Ω2

〈
p2

m

〉
,

that highlights as we have a singularity when Ω → 0. Far from the separatrix the ρ̄(I, t)is regular, and for a fixed λ (frozen system) the equilibrium condition reads[
Ω + T

∂

∂I

]
ρ̄eq(I, λ) = 0 ⇒ ρeq(I) ∝ exp

(
−H0

T

)
,

but we should introduce the boundary condition when I increases. Moreover, the angledynamics is not fast near the separatrix, and the averaging procedure is not justified.
2.5.2 Adiabatic character of the action distribution
If one considers the evolution of the distribution function ρ(I, t) average on the anglevariables we get the conjugated operator of Eq. (2.5.11): i.e the average FP equation(see Eq. (2.5.12))

∂ρ̄

∂t
= γ

∂

∂I

〈(
∂H1

∂θ

)2
〉

θ

[
Ω(I)ρ̄+ T

∂ρ̄

∂I

]
+O(µ2) , (2.5.13)

with an error O(µ2) that we neglect if µ ≪ γ. Remark: the dissipation γ−1 is a relax-ation time scale, so we have to consider the relation between the adiabatic time scale
µ−1 and the relaxation time scale. The adiabatic assumption µ−1 ≫ γ−1 means thatwe have the adiabatic approximation for the evolution of the distribution function

Ωρ̄+ T
∂ρ̄

∂I
≃ 0 ⇒ ρad(I, t) = A−1(µt) exp

(
−H0(I, µt)

T

)
,

and the partition function reads
A(µt) =

∫
exp

(
−H0(I, µt)

T

)
dI .

Using the partition function A(λ, T ) we define the Helmholtz Free Energy potential
F (λ) = −T lnA(T, λ) = −T ln

∫
exp

(
−H0(x, λ)

T

)
dx
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which satisfies the relation
dF = dE − TdS

By definition, we have
dF

dλ
=

∫
∂H0

∂λ
(x, λ)ρad(x, λ)dx (2.5.14)

that can be defined as the work performed δW by an infinitesimal change dλ in anadiabatic transformation.In this case, the distribution is independent of the initial condition and the systemis in thermal equilibrium. The adiabatic approximation assumes the quasi-stationarycondition for the slowly modulated FP equation: the expected error can be computedin a perturbation way, let
ρ(I, t) = ρad(I, µt) + µ∆ρ(I, t) +O(µ2) .

A direct calculation provides
∂ρ

∂t
= γ

∂

∂I
D(I)

[
Ω(I, λ)∆ρ+ T

∂∆ρ

∂I

]
− µ

∂ρad
∂λ

,

where we set
D(I) =

〈(
∂H1

∂θ

)2
〉

θ

.

We observe that by scaling the time we define the adiabatic parameter by the ratio µ/γand require the condition µ/γ ≪ 1. Using the relation
∂

∂λ
A−1(λ) exp

(
−H0(I, λ)

T

)
=

1

T

[
∂H0

∂λ

∣∣∣∣
I

−
∫

∂H0

∂λ

∣∣∣∣
I

ρad(I, λ) dI

]
ρad(I, λ)

=
1

T

[
∂H0

∂λ

∣∣∣∣
I

−
〈
∂H0

∂λ

∣∣∣∣
I

〉]
ρad(I, λ)

we see that ∂ρad/∂λ does not have a component in the kernel of the FP operator. Werecall the thermodynamic interpretation of the isotherm transform and recognise inthe previous formula the difference between the change of the Helmholtz free energy(2.5.14) and the average work performed during a non-adiabatic transformation of theaction I(t; ξ) (but we average over the angle variables assuming that this is the station-ary condition). If we introduce the evolution operator
Φt

0 = exp

(
tγ
∂

∂I
D(I)

[
Ω(I, λ) + T

∂

∂I

])
= exp (tγLFP (I)) ,
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which solves the FP equation (2.5.13) for fixed λ, we formally have
∆ρ(I, t) = −µ

∫ t

0

Φt
s ds

[
∂ρad
∂λ

(I, λ)

]
+O(µ2) ,

restricted to the invariant space where the operator is invertible. A direct calculationprovides
exp

(
H0

2T

)
LFP (I) exp

(
−H0

2T

)
= T

∂

∂I
D
∂

∂I
+

1

2

[
∂

∂I
DΩ− ΩD

∂

∂I

]
− Ω2

4T
D ,

that is a self-adjoint operator, and the eigenvalues of the FP operator LFP are all realand negative except the null one. Then the evolution operator Φt
s is a contraction, andwe have the estimate

lim
t→∞

∥∆ρ(I, t)∥ ≤ λ−1
min

∥∥∥∥∂ρad∂λ

∥∥∥∥+O(µt) ,

where λmin is the Fiedler eigenvalue of the FP operator. If λmin = O(1) the previousresults implies that ∆ρ is boundedO(1) for a time t ∝ µ−1 and the adiabatic stationarydistribution approximates the real distribution with an errorO(µ): i.e. it is an adiabaticinvariant for the stochastic dynamics. This result does not hold near a separatrix curveand during the phenomenon of separatrix crossing the distribution changes.When the phase space is divided into different regions by the separatrix curves,the previous results apply to each region separately but one has to assume that thetransition rate among the regions is much smaller than the modulation time scale oth-erwise the particles can be escape from the resonance and the trapping is not effective.The transition rate among different resonance regions can be estimated by using theKramer’s Theory of transition rate.
2.5.3 Reaction-rate theory
We have just seen how we can use stochastic differential equations to describe theevolution of systems subjected to random effects caused by their interaction with theenvironment. An interesting model in this context, which is common in many diversefields such as molecular physics, optics (see, e.g., Ref. [22]), is the double-well model,namely a system with two potential wells divided by a potential barrier.Within this configuration, consider a particle that is trapped inside one of the twowells. In a purely deterministic system, the only possibility the particle has to escape isto have an energy that exceeds the height of the barrier. This is not true in stochasticsystems, since the presence of noise can cause the particle to escape due to randomenergy kicks. Therefore, one might consider measuring the stability properties of the
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wells as a function of dissipation and noise, such as the rate of transition between thewells, the average trapping time, the trapping efficiency, and so on. This kind of analysishas been performed by H. Kramers in 1940, within its article on the Brownian motionmodelling of chemical reactions (Ref. [19]). The present chapter is thought to recon-struct the Kramers’ reaction rate theory, taking advantage also of the review in [16], inaddition to the original article.Let us consider a one-dimensional system characterised by a potential function
U(x) with a local minimum at xa and a local maximum at xb, separated by a heightbarrier ∆U = U(xb)− U(xa). In addition, denote by ωa =

√
U ′′(xa) the frequency at

the bottom of the well and by ωb =
√
|U ′′(xb)| the characteristic frequency at the topof the barrier.The Langevin equations describing the motion of a particle of unit mass, subject todamping γ and stochastic noise ξ(t), are

q̇ = p , ṗ = −U ′(x)− γp+
√
2Tγξ(t) , (2.5.15)

where ξ(t) is white noise: ⟨ξ(t)⟩ = 0 and ⟨ξ(t) ξ(t + τ)⟩ = δ(τ). The associated FPequation for the probability density ρ(q, p, t) reads
∂ρ

∂t
= −p ∂ρ

∂q
+

∂

∂p
(U ′(q)ρ+ γpρ) + γT

∂2ρ

∂p2
. (2.5.16)

This equation describes the probability flow in the two-dimensional phase space (q, p),where the last term represents the diffusion induced by the stochastic force, while themiddle term accounts for the deterministic and dissipative drift.In the limit of strong damping γ ≫ ωb, the momentum relaxes much faster thanthe coordinate q, so that p can be considered as a fast variable. For this reason, wecan obtain the Smoluchowski equation by computing the marginal probability density
f(q, t) of p, as:

∂f

∂t
=

∂

∂q

[
U ′(q) f + T

∂f

∂q

]
. (2.5.17)

where time t is rescaled by γ. In the opposite regime of weak damping γ ≪ ωb, the evo-lution is governed by slow diffusion in the energy space, and the relevant stochastic vari-able becomes energyE, whose dynamics can be described by the Fokker–Planck equa-tion for the energy distribution ρ(E, t). In both cases, one looks for a quasi-stationarysolution that represents the steady probability current J that escapes the potentialwell.Assuming that the system is close to the local equilibrium in the well, the stationarysolution can be written as ρs(q, p) ∝ exp(−U(q)/σ2), and a small probability flux Jacross the barrier can be obtained by matching the local equilibrium solution with the
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outgoing current at qb. The escape rate k is defined as the ratio between the flux acrossthe barrier and the population inside the well:
k =

J

Na , Na =
∫

well
f(q) dq . (2.5.18)

In the steady-state regime, J is constant and represents the net rate of transitions fromthe metastable state qa to the region beyond the barrier.Under these assumptions, we can derive different asymptotic forms of the rate de-pending on the damping regime. In the full intermediate–friction regime, the escaperate is given by the Kramers formula:
k =

λ+
ωb

ωa
2π

exp

(
−∆U

T

)
, (2.5.19)

and
λ+ =

1

2

[
γ +

√
γ2 + 4ω2b

]
(2.5.20)

is the positive eigenvalue associated with the linearised dynamics near the top of thebarrier. This expression can be rewritten in equivalent form

k =

(
γ2

4
+ ω2b

)1/2
− γ

2

ωb
ωa

2π ωb exp
(
−∆U

T

)
. (2.5.21)

Based on the damping regime, one can find a simpler expression for the overdampedand underdamped limits.In the overdamped limit, the escape is limited by the diffusion across the potentialbarrier, yielding
kover = ωa

2π

ωb
γ

exp

(
−∆U

T

)
, (2.5.22)

where factor ωaωb/(2πγ) depends on the curvature of the potential at the minimumand at the saddle point, while the exponential term accounts for the Boltzmann factorassociated with the activation over the barrier. In the underdamped regime, instead,the escape is controlled by the slow diffusion in energy, and the rate scales linearly with
γ:

kunder = C γ exp

(
−∆U

T

)
, (2.5.23)
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where C is a prefactor determined by the local properties of the potential and theenergy-diffusion coefficient.The physical meaning of the escape rate k is directly related to the probability ofremaining inside the potential well. The average survival time τs is the inverse of therate,
τs = 1

k
, (2.5.24)

and represents the typical time scale over which a particle escapes the well due tostochastic fluctuations. Consequently, the survival probability decays exponentially intime as P (t) = exp(−kt) in the stationary regime. The trapping efficiency can thus beexpressed as the fraction of trajectories that remain confined over a given time, which,for slowly varying parameters, can be approximated by
η ≃ exp

(
−
∫
k(t) dt

)
. (2.5.25)

When two potential wells are present, the exchange of probability between them canbe described by a two-state kinetic model:
Ṅa = −ka→bNa + kb→aNb , Ṅb = −kb→aNb + ka→bNa , (2.5.26)

where ka→b and kb→a are the forward and backward transition rates. The stationarycurrent between the two states reads
J = ka→bNa − kb→aNb . (2.5.27)

In thermodynamic equilibrium, detailed balance implies J = 0, and the ratio of thetransition rates satisfies
ka→b
kb→a = exp

(
−U(qb)− U(qa)

T

)
, (2.5.28)

in analogy with the MB distribution obtained previously.
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Chapter 3

The model

3.1 Motivation
The manipulation of longitudinal beam distributions has become an increasingly im-portant topic in accelerator physics. Controlling beam stability requires achieving spe-cific distribution shapes, managing the spread in energy and time, and modulating thetransport of particles between stable regions of phase space. These operations areparticularly critical in lepton colliders, where dissipative effects and stochastic pertur-bations complicate the beam dynamics and require advanced theoretical and numericalapproaches.This work focuses on the adiabatic manipulation of longitudinal distributions in sys-tems subject to these effects. Non-linear beam manipulation techniques have been ex-tensively developed for hadron accelerators, exploiting phenomena such as resonancetrapping and phase-space transport. However, extending these methods to lepton col-liders requires a rigorous adiabatic framework for stochastically perturbed Hamiltoniansystems, which is still lacking.The first part of this study recovers the equations of motion for a Hamiltonian modelwith external phase modulation, introduced in Chap. 1.4, analysing its deterministic dy-namics and comparing the analytical results with the predictions of standard Hamilto-nian theory. This approach is particularly suited for simulating phenomena in hadronaccelerators, where damping and stochastic effects from synchrotron radiation can beneglected.In contrast, in lepton accelerators, the small particle mass makes damping and ran-dom fluctuations significant. To account for this, the model is extended to include theseeffects, allowing the study of their impact on beam stability with respect to the hadroncase. This is achieved by modelling the longitudinal motion as the one of a particle inter-acting with a thermal bath: energy damping corresponds to friction-like forces, whilestochastic fluctuations are represented as random collisions with the bath particles.
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Within this framework, the interplay of fluctuation and dissipation naturally leads to anisothermal process. The following sections are organised to reflect this logical construc-tion, moving from the deterministic hadron-like model to the stochastic framework.

3.2 Theoretical aspects
Let us now introduce the standard Hamiltonian model for synchrotron motion, which isessentially the one already presented in Sects. 1.4.1 and 1.4.2. Then, the damping termand the random noise expressions are derived and included in the equations, repre-senting the complete equations of motion for the stochastic model.Recall that the motion of particles in the longitudinal plane is determined by howthe beam interacts with the RF cavities, which provides the electric field to acceleratethem. The synchronous particle is perfectly tuned to the RF frequency, gaining the en-ergy required to keep circulating. Instead, all the other particles produce synchrotron
oscillations back and forth with respect to the synchronous one.For a sinusoidal electric fieldE = E0 sin (hωrevt+ ϕs), the corresponding synchrotronequations of motion read:

ϕ̇ = hωrevηs δ + aωm cos(ωmt+ ψ0) δ̇ =
ωreveV
2πEsβ2s

(sinϕ− sinϕs) . (3.2.1)
From now on, we will stick to the case of a stationary bucket, namely ϕs = π. Thiscorresponds to the situation where the RF cavities simply restore the exact amount ofenergy lost due to damping.
3.2.1 Derivation of the stochastic synchrotron equations
In order to derive the damping contribution, the rate of change of the energy deviationmust now take into account both the energy provided by the RF cavity and the energyradiated by the particle. The general expression reads:

dE

dt
=
URF(τ)− U(E)

Trev , (3.2.2)
where Trev is the revolution period,URF(τ) is the energy gained from the RF system, and
U(E) is the energy lost through radiation. τ denotes the particle arrival–time deviationwith respect to the synchronous particle, i.e. the time delay such that a particle arrivinglater has τ > 0.For small oscillations, both quantities can be expanded to first order as:

URF(τ) ≃ U0 + eV̇ (π) τ, U(E) = U0 +W ∆E , (3.2.3)
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where V̇ (π) = −hωrevVs and W = dU
dE

∣∣
Es .Substituting these expansions into Eq. (3.2.2) gives:

dE

dt
= − ehωrevVs

Trev τ − W

Trev ∆E . (3.2.4)
Recalling that δ = ωrev

Esβ2s
(

∆E
ωrev
) and differentiating with respect to time, Eq. (3.2.2) be-comes

δ̇ = − ehωrevVs
Esβ2s Trev τ −

W

Esβ2s Trev ∆E . (3.2.5)
From this last expression, the following quantity can be defined:

αE = W

2Trev . (3.2.6)
We refer to αE as the damping rate, i.e. the quantity which measures how quickly en-ergy oscillations are damped due to synchrotron radiation losses. Thus, we arrive at thecompact form:

δ̇ = − h eVsωrev
Esβ2s Trev τ − 2

αE

β2s
δ . (3.2.7)

Note that in storage rings, we can find the explicit expression for αE as:
αE =

U0

2TrevEs

(2 +D) D =
1

2π

∮
dsD(s)

[
1

ρ2
+ 2K(s)

]
dipoles

, (3.2.8)
where D is the damping partition number, D(s) is the dispersion function, and theintegral is calculated only over the dipoles. Therefore, Eq. (3.2.7) shows that the energyoscillations are now subject to a damping term proportional to δ, meaning that largerenergy deviations with respect to the synchronous particle lead to higher losses forsynchrotron emission.Eq. (3.2.7) can be recast in order to highlight the dependence on the angular variable
ϕ. Since the RF field oscillates with frequency hωrev, during this delay the field phaseadvances by hωrevτ . Therefore, the late particle “sees” the field at a phase

ϕ = ϕs +∆ϕ = π + hωrevτ , (3.2.9)
or equivalently:

τ =
ϕ− π

hωrev . (3.2.10)
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Substituting this expression into Eq. (3.2.7) gives
δ̇ = − eVsωrev

2πEsβ2s
(ϕ− π)− 2

αE

β2s
δ . (3.2.11)

In Sect. 1.4.1, we saw that the particles oscillate around the synchronous particlewith frequency
ωs = ωrev

√
h eV ηs
2πEsβ2s

, (3.2.12)
and since

h eVsω2rev
2πEsβ2s

=
ω2s
ηs , (3.2.13)

Eq. (3.2.7) can equivalently be written as:
δ̇ = − ω2s

hηsωrev τ − 2
αE

β2s
δ . (3.2.14)

Alternatively, one can approximate Eq. (3.2.11) as:
δ̇ = ωs

√
eV

2πEsβ2s ηs sinϕ− 2
αE

β2s
δ . (3.2.15)

Indeed, for small oscillations around the synchronous phase ϕs = π the two forms areapproximately equivalent, since sinϕ ≈ −(ϕ− π).Lastly, let us find the expression for stochastic fluctuations due to the discrete quan-tum nature of photon emission. Noise is modelled as a term of white-noise with ampli-tude determined by the diffusion coefficient, as we saw in (1.4.39). From the Einsteincondition, we can write the diffusion coefficient in the general form
D =

√
2Tγ m =

√
4αE

β2s hηsωrev T . (3.2.16)
where T is the effective temperature of the system, γ = 2αE/β2s is the damping coeffi-cient and m = 1/(hηsωrev) is the effective mass.We can now express the effective temperature T in terms of the equilibrium vari-ance of the variable δ. In stationary conditions:

T =
⟨δ2⟩
2m

=
hηs ωrev

2
⟨δ2⟩ , (3.2.17)
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and using
⟨δ2⟩ =

( σE
Es β2s

)2
=

γ2s
2β4s

Cq

ρ
, (3.2.18)

we obtain the explicit expression
T =

γ2s hηs ωrev
4 β4s

Cq
ρ
. (3.2.19)

where Cq = 3.83× 10−13m.We can finally bring together all the obtained results to write the equations of mo-tion for the stochastic system, as:
ϕ̇ = hηsωrev δ + aωm cos(ωmt+ ψ0) ,

δ̇ = ωs
√

eV

2πEsβ2s ηs sinϕ− 2
αE

β2s
δ +

γs
β3s

√
αECq

ρ
ξ(t) . (3.2.20)

From the deterministic part of Eqs. (3.2.20), we can read the Hamiltonian whosecanonical equations reproduce the conservative dynamics. Indeed, the time-dependentHamiltonian
H(ϕ, δ, t) =

1

2
hηsωrev δ2 + ωreveVs

2πEsβ2
s

cosϕ+ aωm δ cos(ωmt+ ψ0) (3.2.21)
yields the deterministic terms of the equations of motion through Hamilton’s equations.

3.3 Adiabatic capture into resonance
In the present section, we apply to our model the analytical framework for the descrip-tion of adiabatic resonance crossing in a nonlinear Hamiltonian system. When a slowlyvarying external parameter drives the system through a 1:1 resonance, the phase–spacestructure changes, i.e. a stable island where particles can be trapped is formed. By tun-ing the modulation parameters, the island size and shape can be varied and differenttrapping probabilities are obtained. To this end, the derivation is inspired by the workof A. Neishtadt in Ref. [26].Consider the one-dimensional Hamiltonian of our system given by Eq. (3.2.21). Thefollowing change of variable can be made

P = ζ δ , Q =
ϕ+ π

ζ
, ζ2 = hηsωrev , (3.3.1)
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and the Hamiltonian becomes
H(P,Q) =

P 2

2
− A2 cos(ζQ) +

aωm

ζ
P cos(ψ + ψ0) , A =

ωs

ζ
, (3.3.2)

with ψ = ωmt.Let us now focus on the unpertubed Hamiltonian:
H0(Q,P ) =

P 2

2
− A2 cos(ζQ) . (3.3.3)

Since the system has one degree of freedom, it is automatically integrable and the en-ergy h0 = H0(Q,P ) is a first integral. This means that trajectories on the (Q,P ) planecan be parametrised through the action-angle variables.Let us define the following parameter:
κ2 =

1

2

(
1 +

h0
A2

)
, (3.3.4)

which defines the different domains in phase-space. Indeed, κ2 = 1 identifies the sep-aratrix, which divides the phase-space regions of bounded oscillations for 0 ≤ κ2 < 1,and the region of rotations for κ > 1, as it can be seen in Fig. 3.1. We will stick to thecase of 0 ≤ κ2 < 1.

Figure 3.1: Phase-space for the non-linear pendulum in (Q,P ) coordinates (from [4]).
The action variable, as a function of the energy h0 of the unperturbed pendulum,can be found as:

I(h0) =
8A

π

[
E(κ)− (1− κ2)K(κ)

]
, (3.3.5)
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where E(κ) and K(κ) are the complete elliptic integrals of the second and the firstkind, respectively:
E(κ) =

∫ π
2

0

du
√

1− κ2 sin2 u , (3.3.6)
K(κ) =

∫ π
2

0

du
1√

1− κ2 sin2 u
. (3.3.7)

Then, the angle variable θ can be obtained by inverting one of the two following ex-pressions for Q and P :
Q =

2

ζ
arccos

(
dn
(

A

Ω(κ)
θ, κ

))
,

P = 2κA cn
(

A

Ω(κ)
θ, κ

)
, (3.3.8)

where cn and dn are Jacobi elliptic functions and
Ω(κ) =

π

2

A

K(κ)
(3.3.9)

is the frequency of the unperturbed pendulum outside the small-oscillation approxima-tion. We can obtain a Cartesian representation through the action-angle coordinatesas:
X =

√
2I cos θ

Y = −
√
2I sin θ . (3.3.10)

The Jacobi elliptic function cn( A
Ω(κ)

θ, κ
) can then be expanded (see Ref. [5]) as:

cn
(

A

Ω(κ)
θ, κ

)
=

2π

κK(κ)

∞∑
n=0

qn+
1
2

1 + q2n+1
cos

[
(2n+ 1)

πA

2KΩ(κ)
θ

]
. (3.3.11)

where q = exp(−πK(1−κ2)
K(κ)

).
Substituting Eqs. (3.3.9) and (3.3.11) into Eq. (3.3.8) leads to the following:

P = 2A
2π

K(κ)

∞∑
n=0

qn+
1
2

1 + q2n+1
cos[(2n+ 1)θ] . (3.3.12)
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It is useful to introduce a new set of coordinates (Ĩ , γ), where γ = θ − ψ is a slowvariable, through the following generating function:
W (Ĩ , θ) = Ĩ(θ − ψ) , (3.3.13)

from which we immediately find the new action as
I =

∂W (Ĩ , θ)

∂θ
= Ĩ . (3.3.14)

Close to the resonance, we have γ̇ = 0, that is, θ̇ = ωm. Since θ̇ = Ω, we get theexpression of the resonant condition, namely
Ω = ωm (3.3.15)

for a resonance 1 : 1 between the unperturbed pendulum and the external modulation.The new expression for the Hamiltonian reads:
H̃(Ĩ , γ) = H(Ĩ , γ) +

∂W (Ĩ , θ)

∂t
= H(Ĩ , γ)− Ĩωm . (3.3.16)

From now on, the tildes will be omitted.Regarding Q = Q(θ), its Fourier expansion can be found to be the primitive of(3.3.12). Since:
Q̇ =

∂H0

∂P
= P , (3.3.17)

the relation between the two coordinates is given by
Q̇ =

dQ

dt
=
∂Q

∂θ

∂θ

∂t
=
∂Q

∂θ
Ω = P . (3.3.18)

This leads to
Q =

1

Ω(κ)

∫
dθ P (θ) = 8

∫
dθ

∞∑
n=0

qn+
1
2

1 + q2n+1
cos[(2n+ 1)θ] , (3.3.19)

where we substituted expression (3.3.9).It can be shown that the series is uniformly convergent for 0 < q < 1, so we canswitch sum and integral positions. Eventually, we get
Q =

∞∑
n=0

8

2n+ 1

qn+
1
2

1 + q2n+1
sin[(2n+ 1)(γ + ψ)] , (3.3.20)
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where the constant term has been neglected.Since we will average the system near the resonance, we keep only the n = 0 termof the sum, for both Q and P . The resulting expressions read:
Qr = 8

q
1
2

1 + q
sin(γ + ψ) , (3.3.21)

Pr = 4πA

K(κ)

q
1
2

1 + q
cos(γ + ψ) . (3.3.22)

By substituting Pr in place of P in H1, we obtain the following:
H1(γ, ψ) =

4πAaωm

K(κ) ζ

q
1
2

1 + q
cos(γ + ψ) cosψ ,

where we set ψ0 = 0.If we now rewrite the cosines product using trigonometric identities and then aver-age over ψ, we obtain:
H1(γ) =

2πAaωm

K(κ)ζ

q
1
2

1 + q
cos γ . (3.3.23)

Since the phase ψ = ωmt evolves much faster than the intrinsic motion of the unper-turbed system (ωm ≫ Ω), it can be treated as a fast variable. Therefore, the averagingmethod can be applied, replacing the Hamiltonian by its mean over a period of ψ, sothat only the slow dynamics of the resonant variables (I, γ) is retained. The full Hamil-tonian as a function of the action-angle coordinates reads:
H(I, γ) = H(I, γ)− Iωm =

= H0(I) + εG(I) cos γ − Iωm , (3.3.24)
where ε = aωm and

G(I) =
2πA

K(κ) ζ

q
1
2

1 + q
. (3.3.25)

We now introduce the resonant action Ires defined by the resonance condition
Ω(Ires) ≡ ∂H0

∂I

∣∣∣
I=Ires

= ωm . (3.3.26)
If we now expand H0(I)− Iωm using the Taylor series about Ires, we get:
H0(I)− Iωm = H0(Ires)− Iresωm + 1

2
α (I − Ires)2 +O

(
(I − Ires)3

)
, (3.3.27)
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where
α ≡ dΩ

dI

∣∣∣∣
Ires

=
d2H0

dI2

∣∣∣∣
Ires

. (3.3.28)
The averaged Hamiltonian then reads:

H = H0(Ires) + 1

2
α(I − Ires)2 + εG(Ires) cos γ − Iresωm (3.3.29)

Now, the coordinate transformation (I, γ) → (J , γ̃) can be performed, whose gener-ating function G(I, γ̃) = (I − Ires) γ̃ gives:
J =

∂G
∂γ̃

, γ =
∂G
∂I

= γ̃ , H̃ = H +
∂G
∂t

= H− İresγ̃ . (3.3.30)
Omitting tildes and setting b = −İres, we get to the pendulum-like form with an externaltorque:

Heff(J , γ, t) = p2

2
+ εG(Ires) cos γ + b γ . (3.3.31)

where p = √
α J .We want now to find an expression to evaluate the area A of the resonant island,since the probability of trapping a particle that crosses the separatrix is a function of

A itself. Taking into account only pendulum terms, the area within the separatrix (Ref.[8]) in the (p, γ) plane is:
Apγ(t) = 16

√
εG(Ires) . (3.3.32)

Thus, in the (J , γ) variables the area is
S(t) =

∫
sep

dJ dγ =
1√
α

Apγ(t) = 16

√
εG(Ires)

α
. (3.3.33)

Lastly, we have to find an explicit expression for α. Since α = dΩ
dI

∣∣
Ires , we can write

dΩ

dI

∣∣∣∣
Ires

=
dΩ/dκ

dI/dκ
=

−π
2
A

K ′(κ)

[K(κ)]2

8A

π
(E ′(κ) + 2κK(κ)− (1− κ2)K ′(κ))

. (3.3.34)
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Using the definitions (3.3.4) and (3.3.9) and formulas for derivatives of elliptic integrals(Ref. [5]), we get to the explicit form:
α = − π2

16κ2(1− κ2)

E(κ)− (1− κ2)K(κ)

[K(κ)]3

∣∣∣
I=Ires

. (3.3.35)
We can now move on to find the expression for trapping probability inside the res-onant island. By differentiating the area S(t) within the separatrix, we get:

Ṡ(t) =
8√
α

[√
G

ε
ε̇ +

√
ε

G
Ġ

]
. (3.3.36)

In the same way, we differentiate the resonance condition Ω(Ires(t)) = ωm(t), whichgives
α İres(t) = ω̇m(t) → b = − ω̇m(t)

α
. (3.3.37)

Finally, the general expression for the capture probability (Ref. [27]) reads:
Pr(t∗) =

Ṡ(t∗)

2π |b(t∗)|
, (3.3.38)

where t∗ denotes the moment of separation crossing. Substituting Ṡ and b yields
Pr(t∗) =

4
√
|α|

π |ω̇m|

[√
G

ε
ε̇ +

√
ε

G
Ġ

]
. (3.3.39)

where all quantities should be calculated at t = t∗.Using ε = a(t)ωm(t) and the product rule, one finds the full time derivatives
ε̇ = ȧωm + aω̇m Ġ = G′(Ires) İres , (3.3.40)

with İres = ω̇m/α, and if the slow variation of G(Ires(t)) can be neglected, the expres-sion simplifies to
Pr(t∗) =

4
√
|α|

π |ω̇m| ε̇
√
G

ε
. (3.3.41)

The formula (3.3.41) then represents the probability that the single particle that encoun-ters the separatrix at time t∗ is trapped on the resonance island. For a distribution, since
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each particle crosses the separatrix at a different time t∗, we have to average the prob-abilities over the total number of particles considered. The total trapping probability isobtained as:
Prtot =

1

N

N∑
i=0

Pri(t∗) (3.3.42)
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Chapter 4

Numerical simulations and results

In this chapter, we present the numerical results obtained from the simulations of themodel introduced in the previous sections. All computations have been performed in
Python.Following the same logical structure of the entire thesis, the first part of the chap-ter is dedicated to the Hamiltonian model. Here we consider the equations of motionincluding only the conservative terms and the RF phase modulation. The results in thissection constitute the reference framework against which the stochastic simulationsare compared.In the second part, we turn to the full stochastic model, where the equations of mo-tion include both linear damping and noise. The purpose of this analysis is to determinehow the additional stochastic terms modify the Hamiltonian structure and to quantifytheir effect on the stability of the resonance island and on the efficiency of trapping theescape rates. By comparing the stochastic simulations with the Hamiltonian results, weidentify the regimes in which damping and noise provide negligible corrections, as wellas those where their influence becomes significant.To compare results in different, but realistic working conditions, all the simulationswere conducted using the machine parameters of the two lepton accelerators pre-sented in the introduction, i.e. ALS and FCC-ee, the latter considered in its first proposedoptical configuration (Z optics). The model considered is inspired by that proposed inRef. [10].Before delving into the simulations, let us show the accelerator parameters consid-ered in Table 4.1 (data from [21], [18], [9]). For completeness, the table contains themachine parameters for all four configurations of the FCC-ee, although the numericalsimulations are performed using the data related to the Z configuration.
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Table 4.1: Machine parameters for the ALS and the FCC-ee in the four designed optics.
Parameter Unit ALS FCC-ee (Z) FCC-ee (WW) FCC-ee (ZH) FCC-ee (tt̄)

Beam energy Es GeV 1.5 45.6 80 120 182.5RF voltage Vrf GV 0.0015 0.09 1.0 2.1 2.1–9.2Harmonic number h – 328 130000 130000 130000 130000Momentum compaction αc – 1.6e-3 14.8e-6 14.8e-6 7.3e-6 7.3e-6Synchrotron tune νs – 0.0075 0.025 0.0506 0.0358 0.0872Revolution period Trev s 4.13e-6 303.03e-6 303.03e-6 303.03e-6 303.03e-6Bending radius ρ m 4.01 10760 10760 10760 10760Energy lost per turn U0 GeV 0.00011 0.039 0.369 1.86 9.94Effective temperature T s−1 1.63e-1 2.83e-3 8.68e-3 9.66e-3 2.24e-2Damping rate γ s−1 36.26 5.65 30.44 102.24 359.82

4.1 Algorithms
4.1.1 Symplectic integration
To investigate the long-term dynamics of the system described by Eqs. (3.2.20), sep-arately for the pure Hamiltonian part and for the full stochastic model, we will makeuse of numerical integrators of the equations of motion. However, the choice of thesuitable numerical method has to be carefully addressed.Standard explicit integrators, such as the family of Runge–Kutta methods, while ro-bust for general differential equations, often introduce numerical dissipation and fail topreserve the fundamental geometric structure of Hamiltonian phase space.For this study, the most appropriate choice is represented by symplectic integrators,which preserve the symplectic 2-form of Hamiltonian systems in the (q, p) phase space,namely

ω2 = dp ∧ dq . (4.1.1)
This property ensures that the numerical flow exactly conserves phase-space volumeand, more importantly, retains the full geometric character of autonomous Hamilto-nian systems. Hence, the discrete map produced at each time-step is itself a canonicaltransformation.In our system, however, the Hamiltonian function contains a slow time-dependentphase modulation, which can be treated as a small perturbative term. In this regime,the symplectic structure is approximately conserved, and the evolution is stable in thelong-term.In the stochastic model, the flow is further modified by the presence of noise anddamping, which explicitly break the symplecticity. Even in this case, the same symplec-
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tic scheme for the deterministic Hamiltonian part is retained, and the stochastic anddissipative contributions are directly added to the equations of motion. Since these ad-ditional terms enter as small corrections as well, the numerical evolution preserves theconservative geometry at leading order, while the noise and damping act as perturba-tions superimposed on the underlying Hamiltonian structure.
Mathematical formulation

Consider a separable Hamiltonian of the form
H(q, p, t) = T (p) + V (q) + U(q, t) , (4.1.2)

where U(q, t) represents the time-dependent modulation term. The evolution of anyphase–space observable f(q, p) is governed by the Lie operator
DHf = {f,H} , (4.1.3)

so that the exact Hamiltonian flow over a time step h is formally written as the expo-nential map
f(t+ h) = ehDHf(t) . (4.1.4)

For a separable Hamiltonian with time-dependent perturbation, the Lie operator issplit into
DH = DT +DV +DU , (4.1.5)

where each term is the Lie operator applied to the correspondent contribution in Eq.(4.1.2). We can then identify three separated exponential maps, respectively, associatedto the kinetic, potential, and modulation terms as:
ehDT : (q, p) 7→ (q + h

∂T (p)

∂p
, p)

ehDV : (q, p) 7→ (q, p− h
∂V (q)

∂q
)

ehDU : (q, p) 7→ (q, p− h
∂U(q, t)

∂q
) . (4.1.6)

A second-order symplectic integrator is obtained using the Strang composition
ehDH = e

h
2
DT e

h
2
DU ehDV e

h
2
DU e

h
2
DT +O(h3) . (4.1.7)
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Each exponential map in (4.1.7) is an exact canonical transformation, and therefore theircomposition is also canonical. This implies that the discrete-time flow preserves thesymplectic 2-form of Eq. (4.1.1), and hence the phase-space volume.In terms of numerical simulation, this is equivalent to updating the canonical coor-dinates accordingly to the equations of motion.If we recover Eqs. (3.2.20) and temporarily neglect the damping and noise terms,by integrating with respect to time we obtain:
ϕ(t) = ϕ(t0) + hηsωrev

∫ t

t0

δ(t′) dt′ + a

∫ t

t0

cos(ωmt
′ + ψ0) dt

′ , (4.1.8)
δ(t) = δ(t0) +

ωreveVs
2πEsβ2

s

∫ t

t0

sinϕ(t′) dt′ . (4.1.9)
The logic of symplectic integrators is to evaluate the canonical variables at differenttimes. For a second-order symplectic integrator, ϕ is evaluated at half-integer steps

(t+∆t/2) and δ at integer steps (t+∆t).Therefore, the overall integration scheme from step n to step n+1 is the following:
ϕn+1/2 = ϕn + (hηsωrevδn + aωm cos(ωmt+ ψ0))

∆t

2
, (4.1.10)

δn+1 = δn +
ωreveVs
2πEsβ2

s

sin
(
ϕn+1/2

)
∆t , (4.1.11)

ϕn+1 = ϕn+1/2 + (hηsωrevδn + aωm cos(ωmt+ ψ0))
∆t

2
(4.1.12)

Stochastic case

In the full stochastic model, Eq. (3.2.20) contains a damping force and a stochasticmomentum kick generated by Gaussian white noise. We can model the equation for δ̇as
q̇ = f(q, p) + s(q) ξ(t) , (4.1.13)

where the damping term is included in the deterministic function f(q, p) and ξ(t) isa white noise in the Stratonovich interpretation. The evolution over a step ∆t is thenapproximated as
q(t+∆t) = exp

(√
∆t ξnDs

)
exp
(
∆tDf

)
q(t) +O(∆t3/2) , (4.1.14)
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where the weight √∆t corresponds to the request that the variance of the stochasticfluctuations be ∝ ∆t−1 in the continuous limit. We now obtain the relation:
q(t+∆t)− q(t) =

∫ t+∆t

t

[f(q(t′), p(t′)) + s(q(t′)) ξ(t′)] dt′

≃ f(q, p)∆t+ s(q(t+∆t/2))

∫ t+∆t

t

ξ(t′) dt′ +O(∆t3/2) ,

(4.1.15)
where the second term has been evaluated at half the time-step value following theStratonovich interpretation. The following Taylor expansion can be performed:

s(q(t+∆t/2)) ≃ s(q(t)) +
∂s

∂q
(q(t+∆t/2)− q(t)) , (4.1.16)

where
q(t+∆t/2)− q(t) =

∫ t+∆t/2

t

[f(q(t′), p(t′)) + s(q(t′)) ξ(t′)] dt′ . (4.1.17)
Since the deterministic term is O(∆t) while the stochastic term is O(

√
∆t), we canneglect the contribution by f(q, p) and write:

q(t+∆t/2)− q(t) ≃
∫ t+∆t/2

t

s(q(t′)) ξ(t′) dt′ ≃ s(q(t))

∫ t+∆t/2

t

ξ(t′) dt′ , (4.1.18)
and substituting this into the Taylor expansion of s(q(t+∆t/2)), we obtain the following

s(q(t+∆t/2)) ≃ s(q(t)) +
∂s

∂q
s(q(t))

∫ t+∆t/2

t

ξ(t′)dt′ +O(∆t) . (4.1.19)
Using this approximation of the stochastic coefficient in the second term of Eq.(4.1.15) yields:
s(q(t+∆t/2))

∫ t+∆t

t

ξ(t′) dt′ ≃

≃

[
s(q(t)) + s(q(t))

∂s

∂q

∫ t+∆t/2

t

ξ(t′)dt′

]∫ t+∆t

t

ξ(t′′) dt′′ +O(∆t3/2) . (4.1.20)
Performing the multiplication yields the linear stochastic term and the quadratic term.By mapping the stochastic integrals to the discrete variable ξn such that ∫ t+∆t

t
ξ(t′) dt′ ≡
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√
∆t ξn (where E[ξ2n] = 1), and utilising the Stratonovich property that the product of

integrals (∫ t+∆t/2

t
ξ(t′)dt′

)(∫ t+∆t

t
ξ(t′′) dt′′

) contributes ∆t
2

to the deterministic part,
the full stochastic term expansion becomes:

s(q(t+∆t/2))

∫ t+∆t

t

ξ(t′) dt′ ≃

≃ s(q(t))
√
∆t ξn +

∆t

2
s(q(t))

∂s

∂q
+O(∆t3/2) . (4.1.21)

Substituting this result along with the deterministic term f(q, p) into the total in-crement (Eq. (4.1.15)), we obtain:
q(t+∆t)− q(t) ≃

≃ f(q, p)∆t+ s(q(t))
√
∆t ξn +

∆t

2
s(q(t))

∂s

∂q
+O(∆t3/2) , (4.1.22)

and this expansion matches the result obtained in the scheme of Eq. (4.1.14)), wherethe term with ∆t/2 is absorbed into the stochastic exponential and where ξ2n has beenreplaced by its expected value of 1. This equivalence confirms the validity of the cho-sen Lie splitting integrator for the Stratonovich stochastic differential equation. Thisgeometric approach ensures that the numerical scheme preserves the intrinsic struc-ture of the underlying Hamiltonian dynamics, including the dissipation and fluctuationeffects, thus providing a second-order convergence in the strong sense for the deter-ministic part and the correct scaling for the noise.Eventually, in the simulation, the final equation for the particle energy deviation δ(using q = δ and t = n∆t) is implemented as
δn+1 = δn + ωs

√
eV

2πEsβ2
s ηs

sin
(
ϕn+1/2

)
∆t− 2

αE

β2
s

δn∆t+

+
γs
β3
s

√
αECq

ρ

√
∆t ξn , (4.1.23)

where ξn ∼ N (0, 1).
4.1.2 Detail of the numerical simulations
In order to present the mechanism of the numerical simulations, let us first introducethe parameters of the model, shown in Table 4.2.In the table, the value of the total integration time, which is a function of ∆ωm =
ωm, f − ωm, i through the adiabatic parameter and the number of steps (see Sect. 4.1.2),
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Table 4.2: Model parameters for the case of the ALS and the FCC-ee (Z).
Parameter Unit ALS FCC-ee (Z)

Particles N - 10’000 10’000Adiabatic parameter µ - 0.005 0.005Final modulation frequency νm, f - 0.83 0.83Total integration time Ttot s 29.22 29.21Time interval dt s 4.5e-6 1.2e-4

is chosen for a value of ωm, i such that it corresponds to an intermediate value of thetrapping probability. In the following, we will refer to the modulation frequency bothas νm and ωm = νm ωs. When dealing with the actual values, to better understand therelationship of the modulation frequency as a fraction of the synchrotron frequency ωs,the variable νm is preferred.In the numerical simulations, a stroboscopic map is used to save the particle trajec-tories. Indeed, it is convenient to synchronise the system with the modulation period,to avoid the combined effect of the modulation frequency and the natural frequency
ωs. In this way, we study the system in the rotating frame of reference, which is the onlyway through which the island structure is visible.Regarding the choice of model parameters, the time interval and the total integra-tion time are obtained as follows. Taking into account the period of the synchrotronoscillations as Ts = 2π/ωs, we define the time-step dt to be a certain fraction of Ts.To obtain a high temporal resolution and be conservative enough for the symplecticintegrator to work properly, we choose M = 100 and define dt = Ts/M . Now,setting Tmod = 2π/ωm, f, we find the number of steps within a modulation period as
Nmod = Tmod/dt. Then, we choose a sufficient number of total Poincaré sections thatwe want to obtain as Nsec, and determine the total number of integration steps per-formed by the integrator as Nsteps = Nmod · Nsec. In particular, the quantity Nsec ischosen according to the value of the adiabatic parameter µ, to perform the simulationsunder adiabatic conditions. The formula used to find Nsec as a function of µ followsdirectly from the previous definitions:

Nsec = |ωm,f − ωm,i| ·M
2π · µ ·Nmod (4.1.24)

where the result has to be rounded up to the closest integer. The total integration time
Ttot is then found as Ttot = Nsteps · dt.The initial frequency νm, i, which is not specified in the table above, is varied withina different range of values for ALS and FCC-ee, corresponding to the intervals for whichthere is a probability of trapping different from 0 and 1. The amplitude of the externalmodulation is determined by ε = aωm. The sweep is thought to provide a varying
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amplitude and constant frequency in the first 10% of the steps (ωm is constant while avaries). This generates a slow variation of the position of the fixed point at the originof the phase space; then, in the remaining 90% steps, the modulation strength stillincreases while the frequency ωm varies from ωm, i to ωm, f. A graphical representationof this sweep is shown in Fig. 4.1 using νm instead of ωm for clarity.

Figure 4.1: Evolution of the modulation parameters with respect to the percentage ofsteps of the symplectic integrator, for a representative value νm, i = 0.961 for the ALS.

4.1.3 Average phase-advance
The tune is defined as the 1-turn phase advance, namely the number of synchrotronoscillations performed by a particle in one revolution of the reference frame. In the lon-gitudinal case, the motion around the stable fixed point is harmonic with synchrotronangular frequency ωs and

νs =
ωs

2π
. (4.1.25)

To extract νs from numerical trajectories, one can track the phase variable associ-ated with the synchrotron oscillation, namely, the canonical coordinate ϕ. By comput-ing the average of the phase advance of a particle at each evolution step:
⟨∆ϕ⟩N =

1

N

N∑
n=0

(ϕn − ϕn−1) , (4.1.26)
where N is the number of points of the particle trajectory, one obtains the particle
primary tune. In addition, if we consider the stroboscopic map of the trajectory, i.e. ifwe use Poincaré sections to track the particle at each external modulation period Tmod,we find the secondary tune. This represents the motion of the particles in the rotatingframe.
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4.2 Results for the Hamiltonian model
4.2.1 Phase spaces
In the following, the Cartesian representation given by Eqs. (3.3.10) will be adopted.To investigate the evolution of the system in the range of frequencies considered,Figs. 4.2 and 4.3 contain the phase-space evolution at fixed modulation frequency ωmand varying amplitude ε = aωm (first row, corresponding to the first 10% of the modu-lation sweep), and the evolution for a varying frequency (second row, remaining 90%):

Figure 4.2: Related to the ALS. Top row: phase-space portrait for fixed frequency ωmand varying amplitude. Bottom row: phase-space portrait for varying frequency ωm.
The primary tune associated with each particle can be computed, which representsa useful quantity to identify the particle trajectories. In particular, the tune for trappedparticles turns out to be equal to the frequency of the external modulation. This givesa tool to classify particles that end up in the resonance island, that is, indeed, howtrapped particles are counted in the later simulations. The alignment between the pri-mary tunes of the particles ν and the modulation frequency νm is known as a tune lock.The plots in Fig. 4.4 show the phase space at the final frequency νm = 0.83 for eachaccelerator, where each trajectory is coloured based on its associated tune. This be-comes more clear by plotting the tune values versus the initial action of each particle,as in Fig. 4.5, which highlight the tune-locking phenomenon.We can clearly see how the trajectories that make up the resonance island sharethe same tune, which is equivalent to the modulation frequency νm = 0.83.
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Figure 4.3: Related to the FCC. Top row: phase-space portrait for fixed frequency ωmand varying amplitude. Bottom row: phase-space portrait for varying frequency ωm.

ALS FCC

Figure 4.4: Phase-spaces at the final value of νm coloured by particles’ tune for the ALSand the FCC-ee.
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ALS FCC

Figure 4.5: Tune lock at final νm for the ALS and the FCC-ee. Particles trapped into theresonance island have ν = νm.
4.2.2 Trajectories and adiabatic jump
Particles which are trapped in the resonance island display a peculiar trajectory in thephase-space, where the different regions can be distinguished. Fig. 4.6 represents theevolution of the orbit of such a kind of particle both for ALS and FCC-ee, together withthe evolution of the action for the same particle. The sudden variation of the value ofthe action highlights the behaviour of the orbit: we can see that on the first steps of thetrajectory, the particle starting in the vicinity of the origin creates spirals of constantamplitude before changing position drastically. This is the behaviour that we expectwhen the initial time interval of the modulation changes only the amplitude ϵ of theexternal exciter, while maintaining a fixed value of its frequency ωm. Indeed, in thiswindow, the fixed point in the centre is slowly pulled towards its intermediate positioncorresponding to 10% of the sweep, and the particle follows its displacement. Then, assoon as it encounters the separatrix, it gets trapped in the resonant island and stabiliseson a new orbit. The action is here computed as I = A/2π = 1

2π

∮
Y dX , whereA is thearea within a closed trajectory, obtained by performing an evolution at each time-step

ti with ε(ti) and ωm(ti) fixed.

4.3 Results for the stochastic model
As we saw before, Eq. (3.2.20) represents the equations of motion related to the Hamil-tonian system of Eq. (3.2.21) extended to the stochastic case. The presence of the damp-ing term and the stochastic noise introduces additional effects to the trapping process,which can be measured to see their influence on the Hamiltonian model of reference.
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ALS FCC

Figure 4.6: Above: evolution of the orbit of a trapped particle coloured by time-step(note that, for the FCC plot, the number of steps has been increased by a factor of 10to get a higher number of points). Below: evolution of the action for the same particle;the sudden jump corresponds to the moment of separatrix crossing.
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4.3.1 Relaxation
First, to validate the model and quantify the approach to an equilibrium condition, weinvestigate the relaxation of a distribution initially placed at the centre of phase spacein the absence of the resonant island. When the modulation is switched off, the dy-namics is governed by the damping and stochastic noise. Indeed, according to Sect.2.5, the competition between dissipation and fluctuations drives the system towardsequilibrium, represented by the Maxwell-Boltzmann distribution, which maximises theGibbs entropy and satisfies the fluctuation-dissipation relation.The relaxation time τrel extracted from the evolution of the action distribution canbe directly compared with the modulation time Ttot. Indeed, if τrel ≪ Tmod, we canconsider that the system reaches equilibrium in much less time than the time requiredfor sweep. This allows one to assume that the system is always in equilibrium duringmodulation. To this end, Figs. 4.7 and 4.8 contain the histogram of the initial distribu-tion and the final distribution of the action ρ(I) using 100 bins, compared to the MBdistribution ρMB for both the ALS and the FCC-ee. To measure the error between thetwo curves, we use the L2-norm normalised with respect to ρMB. The formula reads:

∥ρ(I)− ρMB∥2 =
√√√√ N∑

i=1

(
ρi(I)− ρMB

ρMB

)2 (4.3.1)

For the histogram of the actions, the centre of each bin is considered. The initialdistribution is a Gaussian having an emittance that is 50% larger than the equilibriumemittance.

Figure 4.7: Comparison between the distribution of actions ρ(I) and the MB distribu-tion ρMB at the initial and final instant for the ALS.
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Figure 4.8: Comparison between the distribution of actions ρ(I) and the MB distribu-tion ρMB at the initial and final instant for the FCC-ee
To obtain the relaxation time, the L2-norm between the curves is computed at eachstep of the evolution. Then, since we expect the error to drop exponentially, we com-pute the slopemof the exponential in logarithmic scale, i.e. of the straight line obtainedbefore the plateau region. The relaxation time is then given by τrel = −1/m. The plotis in Fig. 4.9.

ALS FCC

Figure 4.9: L2-norm vs. Time with the norm computed between ρ(I) and ρMB. Thelinear part allows one to find the decay time, which is compared with the modulationtime Tmod.
As can be seen in the legends, the condition τrel ≪ Tmod holds and the system canthen be considered relaxed during the sweep.
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Figure 4.10: Comparison between the distribution of actions ρ(I) and the MB distribu-tion ρMB at the initial and final instant for the ALS, for an adiabatic modulation far fromthe resonance (νm = 0.5).
4.3.2 Effect on adiabatic invariants
As we saw in Hamiltonian theory, the action I of a particle is an adiabatic invariant.The only exception is when a particle that encounters the separatrix gets trapped intothe resonant island, where a sudden variation of the action occurs, but the new valueon which the action stabilises remains constant again. In the stochastic case, becauseof the kicks imparted by the noise, it is clear that the action cannot be conserved inthe same way. However, if the distribution of particles is relaxed in the MB distribu-tion as soon as the adiabatic ramp begins, the interplay between damping and noiseshould cause the distribution of the action ρ(I) to vary by a negligible amount duringthe modulation sweep. Thus, ρ(I) is an adiabatic invariant in the first approximation. Inorder to verify this fact, we consider a distribution at the centre of the phase space thatis relaxed at its equilibrium emittance, so ρ(I) ≃ ρMB. Then, we can start the sweepby keeping the modulation frequency far from the resonance at a constant value of
νm = 0.5 and let the amplitude ϵ evolve in the usual way. Then, we can compute theL2-norm between ρ(I) and ρMB through Eq. (4.3.1) and compare it to the error at thestarting point, to obtain the relative variation of the distribution of actions. Figures 4.10and 4.11 display this comparison for both the ALS and the FCC-ee, where 100 bins areused.
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Figure 4.11: Comparison between the distribution of actions ρ(I) and the MB distribu-tion ρMB at the initial and final instant for the FCC-ee, for an adiabatic modulation farfrom the resonance (νm = 0.5).

4.4 Trapping process
In Sect. 2.4, the theory of separatrix crossing in the presence of a slow modulationis presented, developing a general formulation for the trapping process of a generalsystem composed of two inner regions and an external one. Then, in Sect. 3.3, wepresented the theory of adiabatic trapping in a resonance, where we used the modelunder study to obtain a Hamiltonian formulation to evaluate the trapping probability.In particular, we have seen that the probability of trapping is related to the area of theresonance island through its time derivative, as shown in Eq. (3.3.38). In the second in-stance, we considered the case of a stochastically perturbed model, which is obtainedby adding damping and random noise contribution to the equations of motion. We ex-pect that these two contributions provide significant effects: the presence of a dampingmight hinder the trapping efficiency, since it pushes the particles towards the local fixedpoint; on the other hand, stochastic kicks might provide a sudden increase of the energyof the particles and make them jump across the separatrix earlier than in the Hamilto-nian case. In order to visualise the evolution of the process with respect to time in thestochastic system, we can plot the position of particles and the phase-space portrait attime ti for some i, which corresponds to a specific value of the modulation frequency
ωm and of its strength ε. In particular, the initial time instant is the one for which thefrequency ωm starts to vary, namely the first step after the initial ramp within 10% ofthe total. The last plot corresponds to the moment in which the system has stabilisedand the number of particles in the different regions does not change any more. The
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Figure 4.12: Evolution of the phase-space portrait and position of the particles for dif-ferent time-steps for the ALS.
initial frequency ωm,i is chosen in order to obtain an intermediate probability of trap-ping for the cases, namely νm,i = 0.961 for the ALS and νm,i = 0.975 for the FCC. Thecorresponding plots are shown in Figs. 4.12 and 4.13.Some interesting behaviours are visible. First of all, we can see that the capture intothe resonance island occurs in a very narrow range of times. Indeed, the entirety of theplots corresponds to instants of time which are understood between the 10% and the
12.5% of evolution in the case of ALS and between the 10% and 17% in the case of FCC.In addition, in the case of the ALS, we can see that the filling up of the island is almostinstantaneous, since the first plot is the very first integration step after the frequencyhas started to change. Moreover, the positions of the particles in the second half of theplots is already well-established, which means that the whole transfer inside the reso-nant island occurs in even less time. In the case of the FCC, instead, the trapping keepshappening even when the island has moved by a non-negligible amount, and the relax-ation on the island’s basin of attraction is much slower. These results may be used aspractical hints on how to perform the trapping, for example, by considering that after awhile the modulation does not affect the position of particles any more, so the variationof the parameters can cease. However, the adiabaticity of the process must be takeninto account anyway, since it might change the trapping efficiency considerably. As afollow up, within this context, an interesting study could be the analysis of the trappingefficiency as a function of the adiabatic parameter. In addition, it can also be interest-ing to investigate the properties of particles that foster their trapping, for example bystudying the evolution of the distribution of actions ρ(I) in the initial moments when
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Figure 4.13: Evolution of the phase-space portrait and position of the particles for dif-ferent time-steps for the FCC.
trapping occurs. We expect that the separatrix can catch a certain fraction of particles,in particular those whose action I is the largest up to a certain value. The possibilityof trapping more or less particles would then be a consequence of the choice of themodulation parameters.Following this last claim, as our final analysis, we measured the trapping probabilityas a function of the initial frequencyωm, i, maintaining a fixed final frequencyωm, f. Here,we considered the trapping probability both for the Hamiltonian and the stochasticcase, in order to compare them and try to draw the leading mechanisms that guide thetrapping process. The initial distribution is the equilibrium distribution of the stochasticcase at the centre of the phase-space, namely the one for which ρ(I) ≃ ρMB. Theseplots are those in Fig. 4.14, where we used νm instead of ωm for clarity (recall that
ωm = νmωs).We note that the behaviour for the two machines is significantly different. First ofall, note that a higher value of νm, i implies that the island starts closer to the centre,i.e. the starting distribution of particles is more in the nearby of the island. Keeping thisclaim in mind, we can notice that in the case of the ALS, the trapping for the Hamiltoniancase starts before that in the stochastic case when the island is closer to the centre.This could be addressed to the different contributions of the damping and the noise,i.e. in the stochastic system the damping dominates over the fluctuations, thereforethe particles are pulled towards the centre and get trapped later. In contrast, for theFCC, the trapping starts much earlier in the stochastic case: differently from before, thenoise might provide a more significant contribution with respect to the damping. Thus,
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ALS FCC

Figure 4.14: Comparison between the trapping probability in the Hamiltonian case andstochastic case. The probability is computed as the fraction of particles which are foundin the island by the end of the integration process.
particles start earlier to become trapped because of the fluctuations.Nevertheless, in order to compare the two cases in the same exact conditions, oneshould ensure that the distance between the two fixed points1 (the one in the centreand the one in the island) are the same at the initial and at the final stages of the mod-ulation. In this situation, one can compare the trapping efficiency as a consequence ofthe contributions of the different terms in the equations of motion, including dampingand noise. That being said, further investigations for the comparison could move in thisdirection.

1Actually, in the presence of noise and damping, the term ”fixed point” is not the right one to use,since this concept belongs to Hamiltonian systems. In the stochastic case, they should be consideredmore as basins of attraction.
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Conclusions and Outlook

In this thesis, we conducted a study of a simplified model developed to investigate lon-gitudinal beam manipulation techniques in circular accelerators. The work followed aclear and logical progression that can be summarised as follows.We began with an introduction to beam dynamics, outlining the main aspects oftransverse motion and providing a more detailed analysis of longitudinal dynamics.In this framework, we derived the equations governing synchrotron motion and dis-cussed their extensions in the presence of external modulation, radiation damping, andstochastic noise.The second chapter presented the fundamental concepts of Dynamical Systems the-ory, with particular emphasis on Hamiltonian mechanics and stochastic dynamics. Weexamined the application of perturbation theory and discussed adiabatic theory in re-lation to separatrix crossing.On these physical and mathematical basis, we introduced the model analysed through-out the thesis, considering both its Hamiltonian formulation and its stochastic exten-sion.Finally, through extensive Python simulations, we presented the main results ob-tained from the two models, focusing in particular on the mechanism of particle trap-ping induced by resonance phenomena.Below, we summarise the main results of the thesis for both the Hamiltonian andstochastic descriptions.
• Hamiltonian model:

– We analysed the phase-space structure in the presence of a 1:1 resonanceand examined its evolution for representative values of the modulation pa-rameters.
– We studied the behaviour of particles trapped inside the resonant island,characterising their orbits, and the evolution of the corresponding actionvariables.

• Stochastic model:
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– We investigated the dynamics of particles under the combined effects ofdamping and noise, such as how they guide the distribution of particles to-wards an equilibrium condition.
– We verified and quantified the preservation of adiabatic invariance for theaction distribution in off–resonance conditions, extending the analogousbehaviour observed in the Hamiltonian case at the level of single–particleaction.
– We analysed the key time intervals of particle trapping, providing insightthat may guide future studies on the mechanisms underlying the trappingprocess.

• Overall comparison: We compared the trapping efficiency of the Hamiltonianand stochastic models, identified the origin of the differences between them,and outlined possible directions for further investigation.
Beyond the scientific results, the preparation of this thesis required a significant ef-fort in gaining a deep understanding of the topics involved. Describing beam dynamicsthrough the classical theory of Mechanics allowed us to exploit well-established resultswhile engaging with more niche aspects, such as the adiabatic theory for Hamiltonianand stochastic systems. The implementation of these concepts in Python also involvedseveral technical challenges, including the management of large amount of data andthe optimisation of simulation performance.As stated in the introduction, this work is intended not only as a theoretical anal-ysis but also as a contribution to the optimisation of top–up injection for the FCC–ee.The considerable energy loss experienced by leptons during acceleration requires con-tinuous particle injection to maintain stable luminosity conditions. Achieving this goalrequires precise control of beam properties and finely tuned manipulation of phase-space. Within this context, the results and methodologies developed in the presentthesis aim to contribute in this direction.
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[20] L. D. Landau and E. M. Lifšic. 1 : Meccanica / Lev D. Landau, Evgeneij M. Lifsits.Editori riuniti Mir, Roma, 1976.
[21] S. Lee. Accelerator Physics (Fourth Edition). World Scientific Publishing Company,2018.
[22] D. Mitoli, M. Petrov, J. Maul, W. B. Stoll, M. T. Ruggiero, and A. Erba. Anharmonicvibrational states of double-well potentials in the solid state from dft calculations.

Journal of Chemical Theory and Computation, 21(11):5365–5371, March 2025.
[23] C. E. Montanari. Diffusive models and chaos indicators for non-linear betatron

motion in circular hadron accelerators. PhD thesis, alma, Giugno 2023.
[24] A. I. Neishtadt. Probability phenomena due to separatrix crossing. Chaos: An

Interdisciplinary Journal of Nonlinear Science, 1(1):42–48, 07 1991.
[25] A. I. Neishtadt and A. A. Vasiliev. Change of the adiabatic invariant at a separatrixin a volume-preserving 3d system. Nonlinearity, 12(2):303, feb 1999.

93

https://supernova.eso.org/exhibition/images/cern-aerial-cc/
https://supernova.eso.org/exhibition/images/cern-aerial-cc/


[26] A. I. Neishtadt, A. A. Vasiliev, and A. V. Artemyev. Capture into resonance andescape from it in a forced nonlinear pendulum. Regular and Chaotic Dynamics,18(6):686–696, November 2013.
[27] A.I. Neishtadt. Passage through a separatrix in a resonance problem with a slowly-varying parameter. Journal of Applied Mathematics and Mechanics, 39(4):594–605, 1975.
[28] J. T. Seeman. Injection issues of electron - positron storage rings. In B Factories:

the State of the Art in Accelerators, Detectors, and Physics, 9 1992.
[29] U. Seifert. Stochastic thermodynamics: principles and perspectives. Eur. Phys. J.

B, 64:423–431, 2008.
[30] U. Wienands. Lepton collider operation with constant currents. Conf. Proc. C,0505161:149, 2005.
[31] Wikipedia contributors. Discovery of neptune — Wikipedia, the free encyclopedia.

https://en.wikipedia.org/wiki/Discovery_of_Neptune, 2024.

94

https://en.wikipedia.org/wiki/Discovery_of_Neptune

	Abstract
	Introduction
	Fundamentals of Beam Dynamics
	Introduction to particle accelerators
	Coordinate system and equations of motion
	Transverse motion
	Courant-Snyder formalism and Twiss parameters
	Statistical properties and beam emittance

	Longitudinal motion
	Synchrotron equations of motion
	Synchrotron Hamiltonian and Fixed Points
	RF phase modulation
	Radiation damping and stochastic effects


	Elements of the theory of Dynamical Systems
	Hamiltonian mechanics
	Canonical transformations
	Liouville theorem

	Action-angle variables
	Action-angle variables in one-dimensional systems

	Perturbation theory for Hamiltonian systems
	Resonances
	Poincaré-Birkhoff theorem
	Adiabatic invariance

	Theory of separatrix crossing
	Stochastic dynamics
	Adiabatic Theory for Stochastic Hamiltonians
	Adiabatic character of the action distribution
	Reaction-rate theory


	The model
	Motivation
	Theoretical aspects
	Derivation of the stochastic synchrotron equations

	Adiabatic capture into resonance

	Numerical simulations and results
	Algorithms
	Symplectic integration
	Detail of the numerical simulations
	Average phase-advance

	Results for the Hamiltonian model
	Phase spaces
	Trajectories and adiabatic jump

	Results for the stochastic model
	Relaxation
	Effect on adiabatic invariants

	Trapping process

	Acknowledgement
	References

