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Introduction

The central problem that motivates this thesis originates from Ludwig

Boltzmann’s attempt to reconcile the reversible character of microscopic dy-

namics with the irreversible evolution described by thermodynamics. In his

celebrated H-theorem (1872), Boltzmann proposed a statistical explanation

of the second law, showing that entropy tends to increase in isolated systems.

To support this approach, he also introduced the so-called ergodic hypoth-

esis, suggesting that the long-time behavior of a dynamical system justifies

the replacement of time averages with ensemble averages, thus justifying the

foundations of statistical mechanics.

This view was later challenged by Zermelo, who raised his famous objec-

tion to Boltzmann, arguing that Poincaré’s recurrence theorem contradicts

the monotonic increase of entropy postulated by the H-theorem. This be-

came one of the central points in the debate on the foundations of statistical

mechanics, highlighting the tension between microscopic reversibility and

macroscopic irreversibility.

To answer those doubts, simplified probabilistic models were introduced.

Among them, the Ehrenfest urn model (1907) provided a schematic but illu-

minating description of the stochastic evolution of macrostates. This model

makes explicit the statistical drift towards equilibrium while allowing a pre-

cise analysis of fluctuations and recurrence times.

Later, Mark Kac developed a rigorous probabilistic framework that re-

fined Boltzmann’s ideas. In particular, he introduced the concept of chaos,

providing a mathematical interpretation of the Stosszahlansatz (molecular
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ii INTRODUCTION

chaos assumption). In this setting, the statistical independence of particles

in the thermodynamic limit is no longer a heuristic principle, but a well-

defined probabilistic property.

The aim of this thesis is to revisit these topics by adding a modern proba-

bilistic perspective where possible. By combining Boltzmann’s original prob-

lem, the framework of ergodic theory, the Ehrenfest urn model, and Kac’s

notion of chaos, I seek to clarify the statistical meaning of irreversibility and

show how the tension between determinism and irreversibility can be un-

derstood through the interplay of probability, combinatorics, and dynamical

systems.
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Notations and Conventions

r.v. Random variable or random vector.

i.d. Identically distributed.

i.i.d. Independent identically distributed.

P(E) Set of probability measures on the measurable space

E.

Cb(E) Space of continuous bounded real-valued functions on

E.

δx The Dirac delta probability measure that assigns prob-

ability 1 to the element x and 0 elsewhere.

1A(x) Indicator function: equals 1 if x ∈ A and 0 if x /∈ A

⟨µ, φ⟩, ⟨x, y⟩ Respectively, the integral of the measurable function

φ with respect to the probability measure µ, and the

scalar product of x and y.

B Sigma-algebra of Borel.

mF Set of random variables from (Ω,F) to (E,G).

L1(Ω,F ,P) Set of random variables with finite expectation: {X ∈ mF | E[|X|] < +∞}
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Chapter 1

Boltzmann’s problem

In this chapter, I present an overview of the historical development of ther-

modynamics and statistical mechanics. The explanation may sound some-

what imprecise at times; this is because I give an intuitive idea of the concepts

as they were known in the 19th century, without a mathematically rigorous

perspective. I am also not going to elaborate deeply on every topic as there

are many and this is not the main purpose of this thesis.

1.1 Second law of Thermodynamics

Thermodynamics is the branch of physics that studies macroscopic pro-

cesses involving the exchange and conversion of heat. Macroscopic means

visible and perceptible to the naked eye, thus the thermodynamic study de-

scribes physical systems (e.g. gases) by a finite number of macroscopic mea-

surable parameters, between which there are experimentally determinable

relationships, for instance temperature, pressure and volume. The basis of

the theory is the equivalence between heat and work. A description of any

thermodynamic system employs the laws of thermodynamics, which were his-

torically empirical findings, and now form an axiomatic basis. I will present a

brief explanation of how it developed and focus on some elements important

for the purpose of this thesis.
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2 1. Boltzmann’s problem

It was not until the end of the 16th century that humans had a way

to quantify the idea of hotness and coldness. To do so, temperature was

introduced.

Temperature T is a physical quantity of a body on which many other

properties depend.

For example, most of materials expand when heated. Temperature can be

measured with a thermoscope, an instrument that captures variations in this

property of a body and translates them into a value. The first thermoscope

dates back to Galileo Galilei (1597).

Figure 1.1:

The jar is heated with the hands and partially immersed, upside down,

in a container filled with water. When the hands are removed, the air in the

jar heats and the water level in the neck rises. The experiment demonstrated

the changes in air density caused by temperature variations. If a proper scale

is added to the neck, the thermoscope becomes an actual thermometer.

example: modern mercury thermometers work on the same principle.

The experiment is also an example of how the value shown by a thermo-

scope, when in contact with another body, changes, until it stops and the

two bodies are said in thermal equilibrium.
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Two bodies are said to be in thermal equilibrium if they have the same

temperature.

It is empirically proven that two bodies in contact tend to reach a thermal

equilibrium. This phenomenon is an example of thermodynamic process.

In general, a thermodynamic process is a process in which the thermo-

dynamic state of a system changes. A change in a system is defined by a

transition from an initial to a final state of thermodynamic equilibrium. In

a system that is in its own state of internal thermodynamic equilibrium, not

only is there an absence of macroscopic change, but there is an ”absence of

any tendency toward change on a macroscopic scale.”

Def 1.1.1

Heat Q is the transfer of thermal energy between two systems, associ-

ated with a difference in temperature. For an object that remains in the

same physical state (i.e. it does not melt or vaporize, or change state in

general):

Q = mc∆T

where m is the mass of the object, c is its specific heat capacity and ∆T

the difference in temperature of the object.

Historically, thermodynamics developed out of a desire to increase the

efficiency of early steam engines, particularly through the work of French

physicist Sadi Carnot. In 1824 he published a paper with the fundamental

idea that a heat engine, in order to produce mechanical work using heat, must

operate between two sources at different temperature. He believed that heat

produces work because it spontaneously goes from the warmest source to the

coldest.



4 1. Boltzmann’s problem

Figure 1.2: Carnot heat engine

In 1850 German physicist and mathematician Rudolf Clausius restated

Carnot’s principle known as the Carnot cycle and gave the theory of heat a

sounder basis. Clausius distinguished the inner energy of a body (thermal

energy, later associated with the kinetic and potential energies of the atoms

composing the object) and the heat or energy transferred from or to the

body. He defined the first two laws of thermodynamics:

First law of thermodynamics

∆Eint = Q− L

where L is the work done by the system, Q is the absorbed heat and

∆Eint = Eint,f − Eint,i

Second law of thermodynamics

heat does not flow spontaneously from cold to hot bodies

Entropy

An isolated system is a system that does not exchange mass, work, or heat

with the environment. In this sense the universe, which is the system plus

its environment (where the system is immersed and with whom it exchanges

energy and heat), is an isolated system.
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Def 1.1.2

A reversible process is a thermodynamic process that can be inverted

without producing changes in the surroundings, returning both the envi-

ronment and the system to their initial conditions.

An example of irreversible process is the free expansion of a gas. It is

indeed hard to believe that it could spontaneously go back to its original

state.

Figure 1.3: (a) isothermal expansion of a gas: the reservoir transfers heat to the

gas while it expands, and maintains its temperature. The process produces work,

with which it can be inverted by pushing the piston downwards. (b) free expansion

into vacuum: It requires external energy to return to the original state

In 1864 Clausius introduced the state function ”entropy”. A state func-

tion is a function that depends only on the current thermodynamic equilib-

rium state of the system, not on the path the system has taken to reach that

state.
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Def 1.1.4

The variation of entropy S from an itial state A to B is

∆S =

∫ B

A

dQrev

T

where dQrev is the amount of heat absorbed or released in a reversible

and isotherm way by the system at temperature T in an infinitesimally

short time interval.

Remark: It follows from the formula that in any infinitesimal reversible

transformation the change in S is given by dS = dQ
T

Note that the definition of entropy given above refers to reversible pro-

cesses. To calculate the variation of entropy after an irreversible process in

an isolated system, it is possible to substitute the transformation with any

other reversible one having the same initial and final state.

In 1865 Clausius gave the best known phrasing of the second law:

The entropy of the universe tends to a maximum

Second law of thermodynamics v.2

In terms of time variation, the mathematical statement of the second law

for an isolated system undergoing an arbitrary transformation is:

dS

dt
≥ 0

Proof. see [16] section 1.4

Remark : The second law is naturally connected to the concept of irre-

versibility and the so-called arrow of time.This last version refers to the fact

that the entropy of an isolated system increases if an irreversible process
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occurs and remains constant if it is reversible. Thus entropy quantifies this

fundamental concept.

1.2 Boltzmann’s work on the second law

Ludwig Boltzmann was born in Vienna in 1844. He had a major role

in the development of statistical mechanics and the atomistic hypothesis

whose stories are strongly interconnected. About the atomism, it may sound

strange, but still in the late 19th century prominent scientists doubted the

existence of atoms - including Max Planck, who later became the father of

quantum mechanics. The first modern attempt to take up the atomistic

idea is due to Daniel Bernoulli, who in 1738 proposed the theory describing

matter as a collection of many microscopic particles (the atoms) in motion.

Bernoulli was able to calculate atmospheric pressure by assuming air consists

of a collection of particles and the pressure determined by the collisions of

these particles with walls. Hence statistical mechanics had been born, as a

program for determining macroscopic properties from microscopic dynamics.

It was not until the first half of the nineteenth century that the first relevant

development occurred with Clausius (1857), who was able to give an ini-

tial explanation of the thermodynamic behavior of gases in terms of particles

moving at great speed colliding with each other and with the walls of the ves-

sel containing them. However, as previously said, the thermodynamic theory

was progressing and it seemed at odds with the atomistic hypothesis. How

is it possible to reconcile the irreversible behaviors of the thermodynamics

with the reversible ones of the atomistic dynamics?

Before Boltzmann, the first intellectual to use probability in physics was

Maxwell. He discovered a method to calculate the number of particles with

a velocity (in module) between v and v+∆v with ∆v sufficiently small. This

discovery can be represented by a probability density f on R+ that allows

one to calculate the probability for a particle to have a velocity between v1
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and v2:

f(v) = 4π
( m

2πkT

) 3
2
v2e−

m
2kT

v2 (1.1)

where T is the temperature (constant) and k the Boltzmann’s constant.

I am going to give the proof that (1.1) is a density

Proof. It is clearly measurable and ≥ 0 a.s.. Let a = m
2KT∫ +∞

0

4π(
a

π
)
3
2v2e−av2dv =

4√
π

∫ +∞

0

a
3
2v2e−av2dv =

let x =
√
av

=
4√
π

∫ +∞

0

x2e−x2

dx =∗

reminding : X ∼ N0,1 =⇒ V ar(X) =

∫ +∞

−∞

y2√
2π
e−

y2

2 dy = 1

=⇒ ∗ =

∫ +∞

−∞

4

2
√
π
x2e−x2

dx = 1

with the substitution y =
√
2x

Boltzmann, inspired by Maxwell’s work, decided to pursue the construc-

tion of a statistical theory of thermodynamics. His main objective was to

give an explanation of the second law of thermodynamics through a micro-

scopic view, using classical mechanics and dynamics. Thus, he supported

the atomistic hypothesis and based his studies on the idea that gases are

systems of particles. He published his most important work in 1872, Further

Studies on the Thermal Equilibrium of Gas Molecules [2], where he stated

Boltzmann’s equation and the H-theorem. I am going to present his work,

referring to [1].
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Def 1.2.1

A thermodynamic macrostate is a state of the system, identified by its

temperature, pressure and volume.

A microstate of a system is a particular configuration of its N particles,

thus their position and velocity.

Remark: One macrostate is usually associated with multiple microstates.

Figure 1.4: m1,m2,m3 are three different micorstates which correspond to

the same macrostate

1.2.1 ergodic hypothesis

For a better understanding of the section refer to [3] chapter 1.2. and [4]

chapter 1.3

Let us consider a system ofN particles and denote
(
q(i), p(i)

)
the canonical

Hamiltonian coordinates of the i − th particle, where q is the position and

p the momentum (note: p = ∂L
q̇

where L is the Lagrangian). Each particle

has three degrees of freedom, thus the whole system can be represented by

the vector X(t) = (q1 (t) , . . . , qN(t), p1(t), . . . , pN(t)) in the phase space Γ of

dimension 6N . Otherwise, we can think of N particles in the phase space

γ of dimension 6. Measurable and observable properties of the system, such
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as its energy, are functions Φ(X). The particles dynamics follows classical

mechanics, therefore it is described by the Hamilton’s equations. Thus, if the

Hamiltonian does not explicitly depend on time, the energy of the system

stays constant, as in our case of study.

Note that, while a macroscopic property, such as the temperature, is

being measured, the particles are still in motion (even if the system is in

equilibrium), and they pass through many microstates. If the measured

value refers to the function Φ(X), the macroscopic data is like a mean, and

has to be confronted with an average, calculated through the evolution of

the system:

Φ(t0, τ) =
1

τ

∫ t0+τ

t0

Φ(X(t)) dt (1.2)

To compute this mean it would be necessary to know the exact micro-

scopic configuration of a system in a precise time and the motion of every

particle, which is clearly an unfulfillable request. The idea of Boltzmann was

to substitute the temporal mean with one that uses a probability distribution.

Let ΣE be the surface of constant energy, subset of the phase space in

which all the configurations of microstates lie. Considering the errors in

measuring, let us consider ΓE±∆E, with ∆E much smaller than E, which

is like a layer that contains ΣE. Because of the conservation of energy, the

dynamics of the system is confined within the layer.

If we think of N particles in space γ, we can divide the space into a

sufficient number of cells c1, c2 . . . of the same volume c and consider macro-

scopically equivalent all the microscopic states which differ in movements

of particles within the cells and eventually differ in permutations of parti-

cles from one cell to another (the permutations within the cell are already

accounted for in the movements). In this context the macroscopic states

are characterized by the numbers of particles in each cell N1, N2 . . . or the
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densities:

δj =
Nj

N · c
,

∑
j

δj · c = 1

Boltzmann assumed that by sending the volume c to zero and increasing the

number N it is possible to obtain an actual continuous probability density

δ : γ → R. Boltzmann did not worry about this limit, which in reality results

extremely difficult to prove. Although, he studied the numbers Nj: for every

choice of the numbers Nj of the cells, a set C(N1, N2 . . . ) in ΓE±∆E is related.

Of this set, we can define and work with its volume CN1,N2... =
N !

N1!N2!...
cN

(proof of the well-defined nature of C can be found in [4] c. 1.3).

The ergodic hypothesis states that: the macroscopic dynamics are such

that the point X in Γ, representing the microscopic state of the system, trav-

els all the layer ΓE±∆E and spends in each volume C a time that is on average

proportional to C itself. Therefore, if the system is observed at a randomly

chosen instant over a very long period of time (to allow the trajectory time

to explore the entire constant energy surface), the probability of finding the

system in a generic set coincides with its volume C, up to normalization.

There exists a maximum volume C∗ (see [3] pag.4) of C(N1, N2 . . . ) with E

and N fixed, and, if the ergodic hypothesis is true, one can conclude that:

1. However the system is set, even far away from thermodynamic equi-

librium, (i.e. in a configuration represented by Ci) the microscopic

dynamics will lead the system to C∗

2. Once the system is in C∗ it will spend there most of the time, except

for extremely rare, but possible, fluctuations.

The state C∗ is called Maxwell-Boltzmann state and in this state the

particles’ velocities follows the distribution (1.1) (for the proof see [16] pag.

81-82). From a practical perspective, the equilibrium is indistinguishable

from the Maxwell-Boltzmann state: in principle, however, equilibrium is a
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collection of macroscopic states, and although one of them is by far dominant,

fluctuations are not a priori ruled out.

Figure 1.5: The equilibrium state occupies most of the volume, thus the

system is spending there most of the time

This interpretation of the volume in phase space as the probability a pri-

ori of a set of microscopic states is commonly called principle of equiprobabil-

ity of microscopic states. When the thermodynamic equilibrium is reached,

the principle tells that its microscopic state is equally likely to be any state

satisfying the macroscopic condition of the state. The entirety of statisti-

cal mechanics, in all its formulations, relies on this principle. Boltzmann’s

ergodic hypothesis represents a possible dynamic justification for it.

Hence, if τ is big enough to allow the trajectory time to explore the entire

constant energy surface, the mean (1.2) depends only on the energy of the

system and has the same value for all the evolutions with same energy. This

value is calculable by doing an average on Φ(X) where the microstates with

the same energy contribute in the same way:

The density function of uniform probability in the region ΓE±∆E is the

so called microcanonical ensemble. Denoting this density as ρ(E) and the ele-

ment of volume of the phase space of the system dX = dq1, . . . , dqN , dp1, . . . , dpN :

ρ(E) =

(∫
E−∆E≤H(X)≤E+∆E

dX

)−1

1ΓE±∆E
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and the ergodic hypothesis allow us to write:

Φ ≡ lim
τ→∞

1

τ

∫ t0+τ

t0

Φ(X(t)) dt =

∫
R6N

Φ(X)ρ(X)dX ≡ E[Φ(X)] ≡ ⟨Φ⟩

(1.3)

Note that, if this relation holds, we do not have neither to determine

the initial state of the system, nor calculate the integral with respect to the

time. (A modern rigorous view of the ergodicity and the proof of (1.3) can

be found in [11] c.2)

Boltzmann’s Entropy

The principle of equiprobability allows us to define the microcanonical en-

semble, previously introduced, that describes the equilibrium of an isolated

system, whose macrostate is determined by its energy E, volume V , and

number of particles N . To establish a connection between thermodynamics

and the microscopical world, in 1877 Boltzmann redefined entropy as:

S = kBlnC(E, V,N) (1.4)

where kB is the Boltzmann’s constant, and the volume C, previously de-

fined, denotes the number (or phase-space volume) of microstates compatible

with the macrostate. This definition is perfectly aligned with the second law

of thermodynamics because the system tends to the state C∗, which is the

one that occupies most of the volume in the phase space. The logarithm is

monotonic, thus ∆S ≥ 0

example: Let a, b be two objects at different initial temperatures T1, T2.

Suppose the bodies are brought into contact. The system of the two bodies

together, has a state corresponding to Ci at time ti. After sufficient time,

at time tf , the system will reach the equilibrium, the two bodies will have

the same temperature Tf , and the state of the system will be the one of

Maxwell-Boltzmann.
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(ti, T1, T2) (tf , Tf )

→

↕ ↕

Ci C∗

a b a b

Intuitively, at t0 the particles exhibit a more ordered arrangement than at

tf , hence there are less suitable microstates correspondent to that macrostate

than at tf , and thus the volume in the phase space is lower.

Considerations on the ergodic hypothesis

The validity of (1.3), i.e., the possibility of replacing the average of any ob-

servable along a time evolution with an average of the observable in phase

space constitutes the ergodic problem. The problem is far from being demon-

strable in practice, in physically realistic systems: but it has the great value

of showing that in principle it makes sense to discuss probability in a de-

terministic system, and that macroscopic behavior is not incompatible with

microscopic dynamics. Modern statistical mechanics uses instead of the er-

godic hypothesis, a less strong concept, called mixing, to justify the principle

of equiprobability.

1.2.2 The Boltzmann equation and the H theorem

The interesting observable property of thermodynamics, have a value

(macroscopically) almost constant on the wholeness of the assigned surface
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of energy, but not all of it. Thus, they allow the existence of non-equilibrium

states. If a system with fixed energy is initially in a non-equilibrium state,

which occupies a ”small” region on the surface of constant energy, it is ex-

pected that its time evolution will lead it towards the equilibrium region,

which has a dominant volume. It is necessary to demonstrate that, at least

in some simplified cases, this expected behavior is indeed a consequence of the

laws of dynamics. A first step in this direction was taken by Boltzmann with

his transport equation (1872), commonly known as Boltzmann equation. In

particular, Boltzmann aimed to address the following problems:

• Deriving, within the framework of Newton mechanics, the Maxwell-

Boltzmann distribution (1.1) of the molecules of gas in thermodynamic

equilibrium.

• Showing that, starting from an arbitrary probability distribution, the

system asymptotically approaches the Maxwell-Boltzmann distribu-

tion, still within the realm of classical mechanics.

The key idea is to study the time evolution of a certain ”collective” vari-

able that provides reduced information about the microscopic state of the

system: namely, fX(q, p) : R6 → R, the physical distribution function de-

scribing how the N molecules of a gas are distributed in the phase space

γ. By definition, fX(q, p)dqdp counts the number of molecules that, in a

given microscopic state X of the system, are found in the phase space vol-

ume element dqdp around the point (q, p). It is important to stress that this

function, as indicated by the subscript X, is defined in terms of the micro-

scopic state X = (q1, . . . , qn, p1, . . . , pn) of the entire system of N molecules.

The quantity fX(q,p)
N

can be interpreted as a sort of probability density, called

”empirical” probability density (because it is not continuous), in the sense

that
∫
R6

fX(q,p)
N

dqdp = 1. The function fX evolves in time because it is de-

termined by the microscopic state X, which evolves according to Hamilton’s

equations.

For a dilute gas, that is, one with sufficiently low density and high tem-
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perature, Boltzmann started from an exact equation describing the evolution

of a generic fX(t) and, by introducing the hypothesis of molecular chaos

derived his transport equation. From the Boltzmann equation it then follows:

• (a) there exist a stationary solution f̂ , given by the Maxwell-Boltzmann

distribution

• (b) the time evolution drives any initial distribution f towards f̂ .

The Boltzmann equation thus describes the ”correct” behavior for fX(t),

but it is obtained at the cost of an additional non-dynamical assumption,

namely the hypothesis of molecular chaos. (This hypothesis has been re-

moved in the 70’s by the Theorem of Lanford).

From the equation a specific quantity H can be extracted, and results

that dH
dt

≤ 0. By setting the entropy S proportional to −H the H-theorem

seemed to demonstrate the second law of thermodynamics, in terms of kinetic

theory.

1.3 Ehrenfest model

Criticism on Boltzmann’s Work

After the release of his H-theorem, many intellectuals were still skeptical:

there was still no proof of the existence of atoms, furthermore, there was crit-

icism about the apparent paradox of irreversibility. In contrast to the second

law, Boltzmann’s work seemed to have left space for the possibility that an

irreversible process could reverse itself. For instance, one famous paradox

was presented by E. Zermelo: he noticed that the H-theorem disagreed with

the Poincaré Recurrence Theorem, which states that in every mechanical

system, whose motion occurs within a bounded region of the phase space,

at a certain finite time tr, the system will go back as closed as desired to its

original state. (For the proof see [16] pag. 91).
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Boltzmann answered by underlining that they were confusing the concept

of ”impossibility” with that of ”probabilistically extremely rare”, and that it

was necessary to interpret the second law as a statistical theorem. Accord-

ing to him, it was indeed possible for the system to go back to its original

state, but only in a time longer than the age of the universe, and thus not

observable. The crucial point was that ”at a certain time” of the Recurrence

Theorem, for example, in 1 cm3 of gas, to return to the initial condition,

with a precision of 10−9m for the positions and 1m/s for the velocities, we

would have to wait for a time proportional to 1010
19

years. Boltzmann’s

words were: ”The second law [of thermodynamics] can never be proved math-

ematically by means of the equations of dynamics alone. [...] What I have

proved is the following: It is overwhelmingly probable that H(t) will be very

close to its minimum value; if it is larger, it may increase or decrease, but

the probability that it decreases is far greater.”

Ehrenfest model

A probabilistic model that shows the Boltzmann’s viewpoint was pro-

posed by Paul and Tatiana Ehrenfest in 1907:

Suppose we have N numbered balls, such that they are distinguishable.

Let A,B be two urns, and suppose the balls are distributed in the two urns.

For example A contains q balls and thus B contains N − q balls. Suppose

now that we have a bag with N tickets numbered from 1 to N . Every second

a ticket is extracted and its number is read, then it is reinserted in the bag.

Every time a number is read, the corresponding ball is moved from its urn

to the other. It is clearly more probable that the drawn number is in the

urn with more balls, for instance if N = 100 and q = 80 the probability of

extracting a ball in urn A is 80%. The urns A,B represent two bodies in

contact, and we can think of the balls as representing the temperature of the

body, where more balls mean warmer.
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Again suppose N = 100 and q = 80. As long as there are more balls in

A, we will witness the emptying of the urn. However, there will be fluctua-

tions. The second law of thermodynamics stated that heat flows in only one

direction and that at no time can the flow be inverted. Thus, that ”no” now

becomes ”extremely rare”.

For exact equipartition to be possible we assume N is even. Now let us

consider [NA, NB] ≡ [NA, N −NA], the number of balls in A and B. We can

define [NA, NB] as the macrostate, to which many microstates are associated,

specifically W

W ≡ N !

NA! ·NB!
=

(
N

NA

)
which is the number of ways we can choose NA elements in a set of N . We

can thus use the formula introduced by Boltzmann to calculate the entropy

S = kln(W ). I am going to show that the maximum of S is reached for

the macrostate [N
2
, N

2
]. The maximum for S is the maximum for ln(W ) with

W =
(

N
NA

)
. For N ≫ 1 the Stirling approximation ([10]) applies:

lim
N→∞

lnN !

N lnN −N + 1
2
ln(2πN)

= 1

Thus, using the properties of logarithm:

S(NA) ∼
[
N lnN −N +

1

2
ln(2πN)

]
−
[
NA lnNA −NA +

1

2
ln(2πNA) +

]
−

[
(N −NA) ln(N −NA)− (N −NA) +

1

2
ln(2π(N −NA)) +

]
= N lnN −NA lnNA − (N −NA) ln(N −NA) +

1

2
ln

(
N

2πNA(N −NA)

)
And for N ≫ 1 the last term can be ignored since it is O( 1

N
). Hence we

can approximate

S ∼ N lnN −NA lnNA − (N −NA) ln(N −NA)

Now we derive S with respect to NA:

dS

dNA

= − lnNA + ln(N −NA)
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And setting dS
dNA

= 0:

ln

(
N −NA

NA

)
= 0 =⇒ N −NA

NA

= 1 =⇒ NA =
N

2

Now calculating the second derivative we establish that it is a maximum:

d2S

dN2
A

= − 1

NA

− 1

N −NA

=
−N

NA(N −NA)
< 0 ∀NA, 0 < NA < N

Thus the macrostate [N
2
, N

2
] represents the thermodynamic equilibrium,

as discussed in the previous chapters.

Now, I am going to show that the equilibrium is actually reached. Let us

consider the so called ”average excess” over N
2
of the number of balls in the

first urn after s drawings. Let Xs = NA − N
2
, and suppose X0 is given and

determined. For example, X0 = 30 means that in the initial situation there

are N
2
+ 30 balls in the first urn, and X1 has values either 29 or 31. In fact

we can say that

XS+1 = Xs + Zs+1 where ZS+1 =

{
−1 with probability

Xs+
N
2

N

1 with probability
−Xs+

N
2

N

We want to calculate the expected value E[Xs+1] (see appendix A for

probability reminders):

E[Xs+1] = E[E[Xs+1|Xs]]

E[Xs+1|Xs] = E[Xs + Zs+1|Xs] = E[Xs] + E[Zs+1|Xs] = ∗

considering only the second element:

E[Zs+1|Xs] =− 1 ·
Xs +

N
2

N
+ 1 ·

−Xs +
N
2

N

= −2Xs

N
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Thus:

∗ = E[XS](1−
2

N
)

and by iterating:

E[Xs+1] = E[X0](1−
2

N
)s+1 = X0(1−

2

N
)s+1

This shows that for s≫ 1 the expected value tends to 0 and thus the system

approaches equilibrium.

Let us also take into account the relative fluctuations of Xs:

V ar(Xs+1) = E[X2
s+1]− E[Xs+1]

2 = E[X2
s+1]−X2

0 (1−
2

N
)2(s+1) = ∗

E[X2
s+1] = E[X2

s + Z2
s+1 + 2XsZs + 1] = E[E[X2

s + Z2
s+1 + 2XsZs+1|Xs]]

= E[X2
s ] + E[E[Z2

s+1|Xs]] + E[E[2XsZs+1]]

= E[X2
s ] + E[1] + E[2XsE[Zs+1|Xs]]

= E[X2
s ] + 1− 4

N
E[X2

s ]

=⇒ ∗ =

(
1− 4

N

)
E[X2

s ] + 1−X2
0 (1−

2

N
)2(s+1)

Now if we consider the limit s→ +∞, because the last term tends to 0:

V ar(X∞) =

(
1− 4

N

)
V ar(X∞) + 1

=⇒ V ar(X∞) =
N

4

Hence, the standard deviation is σ =
√

N
4
and if we consider the relative

(i.e. with respect to the number of particles) standard deviation:

σ

N
=

√
N

2N
=

1√
N2

which tends to 0 for N → +∞. So the relative fluctuations σ/N ∼ 1/
√
N

become small for large N , which is consistent with thermodynamic behavior.
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1.3.1 Recurrence Time

I showed that Ehrenfest’s model is particularly suited for modeling Boltz-

mann’s problem, and gave a logical statistical proof of why Boltzmann’s

theory made sense. However, Ehrenfest did not show an explicit way of

calculating the Poincaré cycles (time intervals after which states ”almost

recur” for the first time) mentioned in Zermelo’s paradox. I now present

the one shown later by Mark Kac in [17]. Let first suppose that the time

between two drawings is τ , and thus that the time necessary for doing c

drawings is cτ . Let us now set some notation: P (Xs+c = m|Xs = n) is

the probability that, given Xs = n, after c drawings, the excess of balls

in urn A is m. Since (Xn)n∈N is a homogeneous Markov chain, follow-

ing Kac’s notation, we set P (Xs+c = m|Xs = n) ≡ P (n|m; c). Similarly,

P ′(Xs+c = m|Xs = n) ≡ P ′(n|m; c) is the probability that, after c drawings,

m will be the excess observed on the first urn for the first time, if the excess

was n at the beginning. In particular P ′(n|n; c) is the probability that the

recurrence time of the state ”n” is cτ . The main contribution given by Kac

is the following:

Theorem

P (m|n; c) = (−1)
N
2
+n

2N

N
2∑

j=−N
2

(
2j

N

)c

· C(−n)
N
2
+j

· C(j)
N
2
+m

(1.5)

where the C’s are defined by the identity:

(1− z)
N
2
−j(1 + z)

N
2
+j =

N∑
k=0

C
(j)
k zk

Proof. See [17] Chapter 4.

I now show two results:

1.
∞∑
c=1

P ′(n|n; c) = 1 (1.6)
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This means that each state is bound to recur with probability 1. It is

the equivalent of Poincaré’s Theorem.

2. The mean recurrence time, namely, the quantity

θn =
∞∑
c=1

cτP ′(n|n; c)

is equal to

τ
(N
2
+ n)!(N

2
− n)!

N !
2N (1.7)

This is the statistical analogue of a ”Poincaré cycles”, and it tells us,

how long, on the average, one will have to wait for the state ”n” to

recur.

Remark: If N
2
+n and N

2
−n differ considerably θn is extremely long, while

if they are nearly equal θn is short. This explain the concept of irreversibility

of thermodynamic processes, in the sense that the statistical time for a system

to go back to its original non-equilibrium state would be larger than the age

of the universe.

Example: [extremely arranged state [N, 0]] We set N = 100, n =

50, τ = 10−10seconds

=⇒ θn = 10−10 · 1 · 2100 ≈ 4 · 1012 years

approximately 4 times the age of the universe. Clearly θn explodes when N

is very large.

Example: [equilibrium state [N
2
, N

2
]] We set N = 100, n = 0, τ =

10−10seconds

=⇒ θn = 10−10 · 50!
2

100!
· 2100 ≈ 1.25 · 10−9s

using Stirling’s approximation.

I now give the proofs of (1.6) and (1.7).
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Lemma :

P (n|m; c) = P ′(n|m; c) +
c−1∑
k=1

P ′(n|m; k)P (m|m; c− k) (1.8)

Proof. We consider all possible ways of reaching ”m” from ”n”:

1. ”m” is reached for the first time after n steps

2. ”n” is reached for the first time in 1 step and then, starting from ”m”

it is again reached in c− 1 steps.

3. ”m” is reached for the first time in 2 steps and then, starting from ”m”,

it is reached again in c − 2 steps, and so forth. We note furthermore

that the probability that ”m” will be reached for the first time in k

steps and then, starting from ”m” it will be reached again in c − k

steps, is

P ′(n|m; k)P (m|m, c− k)

where we are using the product probability because in our process the

past is independent of the future since Xs is a Markov chain. When we

know that Xs = n the subsequent behavior of the process is indepen-

dent of the way in which ”m” was reached.

Now I introduce the generating functions:

h(n|m; z) =
∞∑
c=1

P (n|m; c)zc

g(n|m; z) =
∞∑
c=1

P ′(n|m; c)zc

A generating function is a representation of an infinite sequence of num-

bers as the coefficient of a power series. We note that

h(n|m; z) =
∞∑
c=1

P ′(n|m; c)zc +
∞∑
c=1

c−1∑
k=1

P ′(n|m; k)P (m|m; c− k)zc
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introducing j = c− k, k ≥ 1, k ≤ c− 1, c ≥ 1

h(n|m; z) = g(n|m; z) + g(n|m; z)h(m|m; z)

equivalently

g(n|m; z) =
h(n|m; z)

1 + h(m|m; z)

in particular:

g(n|n; z) = h(n|n; z)
1 + h(n|n; z)

= 1− 1

1 + h(n|n; z)
(1.9)

And we note that:
dg(n|n; z)

dz
=

dh(n|n;z)
dz

(1 + h(n|n; z))2
(1.10)

From the definition of g(n|n; z) we obtain:

lim
z→1

g(n|n; z) =
∞∑
c=1

P ′(n|n; c) (1.11)

τ lim
z→1

dg(n|n; z)
dz

=
∞∑
c=1

τcP ′(n|n; c) (1.12)

It is from this formulas that we derive (1.6) and (1.7).

From (1.5):

h(n|n; z) = (−1)
N
2
+n

2N

N
2∑

j=−N
2

∞∑
c=1

(
2jz

N

)c

· C(−n)
N
2
+j

· C(j)
N
2
+n

and:

P (n|n; 0) = 1 =
(−1)

N
2
+n

2N

N
2∑

j=−N
2

C
(−n)
N
2
+j

· C(j)
N
2
+m

we obtain:

1 + h(n|n; z) = (−1)
N
2
+n

2N

N
2∑

j=−N
2

∞∑
c=0

(
2jz

N

)c

· C(−n)
N
2
+j

· C(j)
N
2
+n

(1.13)

=
(−1)

N
2
+n

2N

N
2∑

j=−N
2

1

1− 2j
N
z
C

(−n)
N
2
+j

· C(j)
N
2
+n

(1.14)
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Where I used
∑∞

c=0

(
2jz
N

)c
= 1

1− 2j
N
z
for |z| < 1. All term on the right side

of (1.14) are holomorphic in z = 1 except for j = N
2
, which has a simple pole

at that point. Thus, we can write:

1 + h(n|n; z) = p(z) +
(−1)

N
2
+n

2N
C

(−n)
N · C(N

2
)

N
2
+n

1

1− z
|z| < 1

where p(z) is holomorphic in z = 1

Now we see that:

lim
z→1

1 + h(n|n; z) = ∞

And hence, using (1.9) and (1.11):

∞∑
c=1

P ′(n|n; c) = lim
z→1

g(n|n; z) = lim
z→1

1− 1

1 + h(n|n; z)
= 1

Now we can compute C
(−n)
N · C(N

2
)

N
2
+n

thanks to the identities:

(1) (1− z)
N
2
+n(1 + z)

N
2
−n =

N∑
k=0

C
(−n)
k zk

(2) (1 + z)N =
N∑
k=0

C
(N
2
)

k zk

C
(−n)
N is the maximum degree coefficient in equation (1) which corresponds

to (−1)
N
2
+n.

C
(N
2
)

N
2
+n

is the coefficient of z
N
2
+n in (2), that is, using the binomial theorem:(

N
N
2
+n

)
.

Hence,

(−1)
N
2
+n

2N
C

(−n)
N · C(N

2
)

N
2
+n

=

(
N

N
2
+ n

)
· 1

2N
=

1

2N
N !

(N
2
+ n)!(N

2
− n)!

And we denote this last expression as w. To conclude,using (1.10) we
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have:

∞∑
c=1

τP ′(n|n; c) = τ lim
z→1

dg(n|n; z)
dz

= lim
z→1

τ
dh(n|n;z)

dz

(1 + h(n|n; z))2

= lim
z→1

τ
p′(z)− w 1

(1−z)2

(p(z) + w 1
1−z

)2
= lim

z→1
τ
(1− z)2p′(z)− w

[(1− z)p(z) + w]2
= τ

1

w

= τ
(N
2
+ n)!(N

2
− n)!

N !
2N

This concludes the proofs.



Chapter 2

Kac’s definition of Chaos

As mentioned in section 1.2.2, the Boltzmann equation is derived from

first principles under a crucial assumption, called molecular chaos. This as-

sumption was already known fromMaxwell and is often called the Stosszahlansatz

since Ehrenfest. Informally, it translates the idea that, despite the multitude

of interactions, two particles taken at random should be statistically inde-

pendent when the total number of particles grows to infinity. It is not so

clear how the appearance of probability theory should be interpreted in this

context. The rigorous justification of the work of Boltzmann and the sta-

tus of molecular chaos became true mathematical questions when Hilbert

addressed them in his Sixth Problem at the Paris International Congress of

Mathematicians in 1900. Quoting Hilbert: ”Boltzmann’s work on the prin-

ciples of mechanics suggests the problem of developing mathematically the

limiting processes, there merely indicated, which lead from the atomistic view

to the laws of motion of continua”.

Regarding this request, I am going to present the first ideas of Mark Kac,

referring to [5]. More than half a century after Hilbert, Kac gave the first

rigorous mathematical definition of chaos and introduced the idea that for

time-evolving systems, chaos should be propagated in time, a property that

is therefore called the propagation of chaos.

27
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2.1 Representation of symmetric particle sys-

tems

particle systems

Def (Polish metric Space)

A metric space (E, τ) is said polish if it is separable and complete.

example: Rd with the Euclidean distance is a Polish metric space.

From now on I will consider E as at least a Polish metric space.

Def (Stochastic process)

Let (Ω,F ,P) be a probability space. A stochastic process indexed by

I ̸= ∅, is a family X = (Xi)i∈I where Xi is a random variable for every

i, with values in (E,G), a measurable space.

example: If I = N and E = R the stochastic process X is a sequence of

random variables (Xn)n∈N

A system of N particles that evolves in time can be represented as

XN
I ≡ (XN

t )t∈I ≡
(
X1,N

t , ..., XN,N
t

)
t∈I

where each particle (X i,N
t )t∈I is a stochastic process with values in E (we

consider it with the Borel σ − algebra) which is defined on a time interval

I = [0, T ] with T ∈ [0,+∞).

For simplicity, we can think of E as Rd (in particular R6 as it is the usual

phase space for a particle in a gas)

In this case study, I will not consider the time evolution of the system,

and thus analyze the system at t = 0 fixed. I can thus set the representation
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as a N − dimensional vector of random variables with values in E:

(X1,N
0 , . . . , XN,N

0 ) ≡ (X1, . . . , XN) ≡ XN

The N -particles are not independent, they are said to interact, due to

collisions and interaction forces.

Def (Exchangeability)

A family (X i)i∈I of random variables is said to be exchangeable when the

law of (X i)i∈I is invariant under every permutation of a finite number of

indices.

In our study, this means:

Law(X1, . . . , XN) = Law(Xσ(1), . . . , Xσ(N)) σ ∈ SN

where SN is the group of permutations of N elements.

- Exchangeability implies that (X i)i=1,...,N are identically distributed (i.d.).

Proof.

µXj
(H) = µX(E × . . . E

j−1
×H

j
× · · · × E)

exchangeability
=

= µX(E × . . . E
i−1

×H
i
× · · · × E) = µXi

(H)

and this is true for every H ∈ G and every i, j = 1, . . . , N

-However, i.d. does not imply exchangeability.

example: Let Y = (Y1, Y2, Y3, Y4) such that P (Y = (1, 0, 1, 0)) = 1
2
and

P (Y = (0, 1, 0, 1) = 1
2
. Hence, Y1 ∼ Y2 ∼ Y3 ∼ Y4 ∼ Be 1

2
, however, if we

permute Y2 and Y3 ⇒ P (Y = (0, 0, 1, 1)) = 1
2
̸= 0 thus Y is not exchangeable.

-In addition, i.i.d implies exchangeability, but the opposite is not true:
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Let (Yi)i=0,...,N be a set of random variables i.i.d., hence:

µ(Y1, Y2, . . . , YN) = µY1 ⊗ µY2 ⊗ · · · ⊗ µYN

= µY2 ⊗ µYN
⊗ · · · ⊗ µYi

= µ(Y2, YN , . . . , Yi)

And this remains true for every permutation.

example: Let Y1 ∼ Be 1
2
and Y2 = 1 − Y1, thus Y2 ∼ Y 1. If we con-

sider (Y1, Y2) it has values (1, 0) and (0, 1) with probability 1
2
. If we

now consider (Y2, Y1), the distribution of the vector stays the same, because

Y1 = 1 − Y2 too, therefore this system is exchangeable. However Y1 and Y2

are clearly not independent.

The exchangeability is the only but crucial assumption that is made on

the system of N -particles

2.2 Statistical description

Finite particle system

In statistical physics, the previous description in terms of stochastic pro-

cess is sometimes called the microscopic scale because the trajectory of each

individual particle is recorded. When N is large, the microscopic scale con-

tains too much information and a statistical description is sought. I am

going to present two statistical points of view on the particle system, which

is considered finite:

1. The first one is the N−particle distribution, as the joint distribu-

tion function of the vector (X1, . . . , XN). We call it fN ∈ Psym(E
N),

the space of symmetric probability measures on the space EN , where

symmetric refers to the property of exchangeability, and not the usual

symmetry of distributions (µX = µ−X).
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The symmetry assumption implies that for any k ≤ N , we can define

the k−th marginal distribution fk,N on Ek such that:

∀φk ∈ Cb(E
k), ⟨fk,N , φk⟩ = ⟨fN , φk ⊗ 1⊗N−k⟩

where Cb(E
k) is the set of real-valued bounded continuous functions

on Ek. The φk are called test functions and can be interpreted as

physical observables on k particles (e.g., if k = 2 and E = R6 it could

be a coulomb interaction, φ2(x1, p1, x2, p2) =
1

|x1−x2|).The symbol ⟨f, φ⟩
indicates the integral of a measurable function φ on a measure µ. The

definition can be re-written as:∫
Ek

φk dfk,N =

∫
EN

φk ⊗ 1⊗N−k dfN

The symbol φ⊗ψ, in this case, indicates the product function on A×B
defined by (φ⊗ ψ)(x, y) = φ(x)ψ(y) for two real valued functions φ, ψ

respectively on A and B.

The exchangeability ensures that the term on the right-hand side does

not depend on the indices of the k variables; for instance, it would be

equivalent to take 1⊗N−k ⊗φkas a test function instead of φk ⊗ 1⊗N−k.

fk,N ∈ Psym(E
k), in fact, if we take the indicator function φk = 1Ek :

P (EK) =

∫
EN

1Ek ⊗ 1⊗N−k =

∫
EN

1⊗NdfN = 1

And it is still symmetric.

example: Let X = (X1, X2, X3), X ∼ N0,C ∼ f 3 where

C =


1 0.1 0.1

0.1 1 0.1

0.1 0.1 1

 Therefore (thanks to Prop 2.2 Appendix A), the

system is exchangeable (not i.i.d), and f 2 ∼ N0,C2 with C2 =

[
1 0.1

0.1 1

]
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Remark: Exchangeability =⇒ Cov(X i, Xj) = Cov(Xk, X t)

∀ i ̸= j, k ̸= t.

In fact, if we suppose that X ∼ N0,C with C =


1 0.1 0.5

0.1 1 0.2

0.5 0.2 1

 When

we permuteX1 withX2 we haveX
2 ∼ N0,C2 with C2 =


1 0.1 0.2

0.1 1 0.5

0.2 0.5 1

,
thus the system is not exchangeable.

2. Alternatively, an exchangeable system is equivalently described by its

(random) empirical measure: for a fixed realization of N−particles

x = (x1, . . . , xN) ∈ EN , the empirical measure is defined as

µx =
1

N

N∑
i=1

δxi ∈ P(E) (2.1)

We can define the map:

µN : EN → P(E), x 7→ µN(x) ≡ µx (2.2)

and thus study the random empirical measure µXN ≡ µN(XN) where

XN is the random vector representing the particles. To further clarify,

µXN is a random variable with values in P(E), µXN : Ω → P(E). The

advantage of such representation is that it is possible to work with only

one element which belongs to the fixed space P(E) (it does not grow

along with N) in contrast to P(EN) or to the N marginal distribution.

Note that, since µXN is a random variable, there exists its law FN ∈
P(P(E)). This fact makes sense because if E is Polish, P(E) is pol-

ish itself ([13], theorem 6.15). Distances that make it Polish are the

Wasserstein distances:

Let (E, dE) be a Polish space. For p ≥ 1, a measure µ in P(E) admits
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a finite p-th moment when there exists x0 ∈ E such that:

EX∼µ[dE(X, x0)
p] =

∫
E

dE(x, x0)
pµ(dx) < +∞

. The space of probability measures with finite p-th moment is denoted

by PP (E). In this space the Wasserstein distances are:

Def

For p ≥ 1 the Wasserstein-p distance between the probability mea-

sures µ and ν is defined by:

WdE ,p(µ, ν) = inf
π∈

∏
(µ,ν)

(∫
E×E

dE(x, y)
pπ(dx, dy)

) 1
p

= E
X∼µ
Y∼ν

[dE(X, Y )p]
1
p

where
∏
(µ, ν) is the set of all couplings of µ and ν, that is to say, the

set of probability measures on E × E with first and second marginals

respectively equal to µ and ν. We can generalize to the case of P (E)

by replacing the distance on E with a bounded one inducing the same

topology (e.g. d = d
1+d

) in order to have finite p-th moment for every

µ ∈ P (E) and every p

To clarify again what FN represents, I introduce the definition of push-

forward measure, which can be found in [7]:

Def

Whenever g : X → Y is a map from a measure space X, equipped

with a measure ν, to an arbitrary space Y , we denote by g#ν the

push-forward measure of ν by g. Explicitly

g#ν(B) = ν(g−1(B))

where g−1(B) = {x ∈ X | g(x) ∈ B}
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example Let Y be a r.v. on (Ω,F ,P) with real values. Y#P(B) =

P (X−1(B)) B ∈ B and it coincides with the distribution µY on R.

Now we can say that, from the point of view of measure theory, the

representation (2.1) means that the law fn is replaced by its push-

forward by the map (2.2) by:

FN := (µN)#f
N ∈ P(P(E))

From a probabilistic point of view FN is the law of the random empirical

measure µXN where XN ∼ fN

Infinite particle systems

Gases have a number of molecules proportional to the Avogadro number

∼ 6 × 1023, therefore the next step is the description of the limit dynamics

when N → ∞. In the previous section, finite exchangeable particle systems

are described either by the marginal distributions or by the empirical mea-

sure. In this section the framework to take the limit N → ∞ is presented.

An infinite set of exchangeable random variables (X1, X2, . . . ) is described

by one of the two following objects:

1. The infinite hierarchy of marginal distributions fk ∈ Psym(E
k), k ∈ N

such that:

fk = Law(X1, X2, . . . ).

They satisfy the relation: for every 1 ≤ j ≤ k

∀φj ∈ Cb(E
j), ⟨fk, φj ⊗ 1⊗k−j⟩ = ⟨f j, φj⟩

that is to say, the j−particle marginal of fk is f j.

2. The infinite sequence of random empirical measure of size N , N ∈ N:

µXN =
1

N

N∑
i=1

δxi
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The choice of these two probability measures has been made because when

N grows, they remain in the same space, respectively P(Ek) and P(E), in

contrast to the N− particle distribution. In fact, it becomes more difficult

to work with fN when N → ∞. Moreover, physically speaking, fN is almost

useless, because the observable functions typically depend on interactions

between few particles or global means.

example: [Temperature] Suppose we have a gas in thermal equilib-

rium. From the Maxwell-Boltzmann distribution (1.1) it is possible to derive

the temperature T of a gas as follows:

We set a = m
2πkT

rewrite the distribution as a distribution on R3 of the vector

velocities :

a
3
2

∫
R
4πv2e−aπv2dv = a

3
2

∫ π

0

dϕ

∫ 2π

0

sin(θ)dθ

∫
R+

v2e−aπv2dv

=a
3
2

∫
R3

e−aπ(v2x+v2y+v2z)dvxdvydvz

Where I used the change of coordinates from spherical to cartesian. Hence,

we obtained the density distribution of the velocities as vectors:

Gv = (
m

2πkT
)
3
2 e−

m(v2x+v2y+v2z)

2kT

We notice that it represent the density of a multi-normal distribution

with mean ν = 0 and covariance matrix C = kT
m


1 0 0

0 1 0

0 0 1


Thus, (thanks to Prop 2.2 Appendix A) in every direction the probability

distribution of the velocities is: µvx = N0, kT
m
, which implies

E[v2x] =
kT

m

This means that we only need the limit N → ∞ of µ
X

N ∈ P(E) (supposed

E = R6) to work with the observable T .
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example: [Pressure] For an ideal gas (that is to say without interac-

tions between particles) in thermodynamical equilibrium, the formula P =
NmE[v2x]

V
= NkT

V
applies.

However, in the general case, where there are interactions between parti-

cles it is necessary to add the contribution of the latter:

P =
NkT

V
+

1

3V
E

[∑
i≤j

⟨r⃗ij, F⃗ij⟩

]

where r⃗ij = r⃗i− r⃗j and F⃗ij(||r⃗ij||) is the force between two particles, function

only of the distance. Although, even in this case, we only need the 2−particle

distribution f 2 to compute the expected value:∫
R6×R6

⟨r⃗12, F⃗12(||r⃗ij||)⟩f 2(r⃗1, v⃗1, r⃗2, v⃗2)dr⃗1dv⃗1dr⃗2dv⃗2

2.3 Kac’s Chaos

Kac’s definition of chaos

Let f ∈ P(E). A sequence (fN)N≥1 of symmetric probability measures

(i.e. with the property of exchangeability) on EN is said to be f−chaotic
when for any k ∈ N and any function φk ∈ Cb(E

k),

lim
N→∞

⟨fN , φk ⊗ 1⊗N−k⟩ = lim
N→∞

⟨fk,N , φk⟩ = ⟨f⊗k, φk⟩ (2.3)

This means that fk,N converges weakly towards f⊗k, that is the joint

probability measure that characterizes independence for a vector of k random

variables i.i.d. In fact, Interpreting fN as the law of an exchangeable system

of N particles, the property (2.3) means that for any group of k particles,

the particles become statistically independent as N tends to +∞, hence the

terminology of chaos.
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Lemma [characterization of Kac’s choas]

each of the following assertions is equivalent to Kac’s chaos:

i) There exist k ≥ 2 such that fk,N converges weakly towards f⊗k

ii) The random measure µXN with XN ∼ fN converges in Law toward

the deterministic measure f

Remark (chaos as a law of large numbers)

In the theorem, the expression ”µXN with XN ∼ fN converges in Law

toward the deterministic measure f” means that FN := Law(µXN ) → δf and

∀ ψ ∈ Cb(P(E)) lim
N→∞

E[ψ(µXN )] = E[ψ(f)] = ψ(f)

For φ ∈ Cb(E) the function ψ : P(E) → R, µ 7→ EX∼µ[φ(X)] = ⟨µ, φ⟩ is
bounded because of φ and continuous with respect to the weak-* topology on

P(E). P(E) is endowed with the weak-*topology because it can be seen as a

subset of the dual space of Cb(E) throughout the identification ν 7→
∫
E
ϕdν

(ψ is continuous by the definition of the weak-* topology). We can also

notice that EX∼µXN
[φ(X)] = φ(X1,N )+···+φ(XN,N )

N
, and that for the property i

of the lemma ⟨f 1,N , φ⟩ N→∞→ ⟨f, φ⟩. Thus, the convergence in law of µXN to

f implies:

φ(X1,N) + · · ·+ φ(XN,N)

N
−E[φ(X1,N)] = ⟨µXN , φ⟩−⟨f 1,N , φ⟩ N→∞→ 0 (2.4)

Where the convergence is the convergence in law. Let us clarify this last

statement: the last limit is not a limit of a determined sequence in R because

ψ(µXN ) is a random variable.
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XN , Y real-valued random variable µN , ν random measures

XN
L→ Y µN

L→ ν

E[φ(XN)]
∈
R

N→∞→ E[φ(Y )]
∈
R

E[ψ(µN)]
∈
R

N→∞→ E[ψ(ν)]
∈
R

limit in R -Absolute convergence ψ(µN)
∈

mF

N→∞→ ψ(ν)
∈

mF

convergence for random variables,

-weak convergence

The relation (2.4) is reminiscent of the weak law of large numbers (A).

It is not the strong one because the X i,N are only exchangeable (not i.i.d.).

Moreover, there is a slight difference since f is the law of a typical particle in

the limit system, and not the law of X1,N as in the i.i.d. case, because X1,N

still depends on N (i.e. on the other particles).

The physical interpretation is that in a system with many particles (e.g. a

gas) it is possible to think of every particle as independent from the others, at

least statistically. The quantity: φ(X1,N )+···+φ(XN,N )
N

is the empirical average

of an observable φ (e.g., velocity, energy, position). The relation (2.4) says

that for N ≫ 1 the average observed on the particles coincides with the

theoretical mean, that is the expected value on a limit distribution f , which

describes the behavior of a typical particle.



Conclusions

In this thesis I have revisited the fundamental problem posed by Boltz-

mann: how can microscopic, time-reversible laws give rise to macroscopic ir-

reversibility? Boltzmann’s statistical explanation of the second law, together

with the crucial assumption of molecular chaos, proved to be both insightful

and fertile. These ideas did not remain merely philosophical: they received

confirmation from different directions, experimental and mathematical.

Experimentally, Einstein’s analysis of Brownian motion together with

Perrin’s measurements provided a direct and quantitative validation of the

atomic hypothesis: microscopic fluctuations produce observable macroscopic

effects and allow the determination of physically meaningful constants (e.g.

Avogadro’s number). Mathematically, the derivation of macroscopic trans-

port equations from particle dynamics in suitable asymptotic regimes most

notably the Boltzmann-Grad limit, and the partial rigorous results such as

Lanford’s theorem has shown how the Boltzmann equation can emerge from

microscopic interactions in an appropriate limit.

Moreover, the probabilistic formalization introduced by Kac clarified the

meaning of chaos and the propagation of statistical independence, bridging

Boltzmann’s physical intuition and a precise mathematical framework. Alto-

gether, these developments support Boltzmann’s core message: irreversibil-

ity is a statistically overwhelmingly probable phenomenon, while exact re-

currences are possible in principle but practically irrelevant for macroscopic

systems.

This story exemplifies the productive interplay between physical intuition,

39
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experiment, and mathematical rigor: heuristic ideas motivate precise formu-

lations, experiment tests them, and rigorous analysis refines our theoretical

understanding.



Appendix A

Probability reminders

I am going to recall some classical probability results that can be found

in [12]

Let Y = (Y1, . . . , Yd) be a d−dimensional real valued random variable.

µY is the joint probability distribution of (Y1, . . . , Yd) and µYi
is the marginal

distribution of i−th component

Prop 2.1

Let Y be a d−dimensional r.v.:

1. µY1(H) = µY (H × Rd−1) ∀ H ∈ B

2. If Y ∈ AC with joint probability density γY , then Y1 ∈ AC and

γY1(z) =
∫
Rd−1 γY (z, y2, . . . , yd)dy2 . . . dyd z ∈ R

Def

Let Z, Y be two r.v. on (Ω,F ,P). Z, Y : Ω → (E,G) where (E,G) is

a measurable space, Z and Y are said stochastically independent on P if

P ((Y ∈ H) ∩ (Z ∈ K)) = P (Y ∈ H)P (Z ∈ K) for every H,K ∈ G

Usually G is the Borel σ−Algebra (B), if E has a topology.

41
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Theorem

They are equivalent:

1. Y and Z are independent

2. µ(Z,Y ) = µZ ⊗ µY where ⊗ indicates the product measure

Also, The general formula of the density of a d−dimensional multi-normal

is: Γ(X) = 1√
(2π)ddet(C)

exp
(
−1

2
⟨C−1(X − ν), X − ν⟩

)
where C > 0 and sym-

metric and X ∈ Rd.

I also recall the following proposition:

Prop 2.2

Let X ∼ Nν,C ν ∈ Rd, C ∈ Rd×d ⇒ αX + β ∼ Nαν+β,αCα∗ where

α ∈ RN×d, β ∈ RN

Weak law of large numbers

Let (Xn)n∈N be a sequence of real valued r.v. in L1(Ω, P ), with expected

value υ = E[X1]. Then Mn = X1+···+XN

N
converges weakly to the constant

r.v. υ:

MN
L→ υ

The following are results about some properties of the expected value:
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Prop 2.3

Let X, Y ∈ L1(Ω,F ,P) and G be a σ − Algebra, then the following

properties hold true:

1. E[αX + βY ] = αE[X] + βE[Y ]

2. E[E[X|Y ]] = E[X]

3. if Y ∈ mG is such that Y X, Y E[X|G] ∈ L1(Ω,P), then E[XY |G] =
Y E[X|G]
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