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Abstract

Quantum computing leverages quantum mechanics to solve problems that
are intractable for classical computers. A central framework in this domain
is Quantum Singular Value Transformation (QSVT), which enables efficient
manipulation of matrix operations and underlies many quantum algorithms,
including those for solving linear systems and simulating quantum dynamics.

Block encoding is a key technique that embeds non-unitary matrices into
unitary operators, making them amenable to the QSVT. Among block encod-
ing methods, the Linear Combination of Unitaries (LCU) technique is widely
used, but its practical utility is limited by high gate overhead—particularly
from multi-controlled operations.

This thesis introduces a new formulation, FOQCS-LCU, which reduces
both practical and asymptotic circuit complexity. By exploiting the structure
of physically motivated Hamiltonians, we also develop efficient routines for
preparing Dicke states, which are superpositions over basis states with fixed
Hamming weight.

We demonstrate our method by constructing explicit block encoding cir-
cuits for the Heisenberg Hamiltonian, achieving an order-of-magnitude reduc-
tion in CNOT gate count compared to standard LCU approaches. Detailed
gate counts and numerical benchmarks confirm the efficiency of our tech-
nique. This work advances the feasibility of block encoding as a subroutine
for large-scale quantum algorithms and supports more efficient implementa-

tions on fault-tolerant quantum devices.






Chapter 1
Introduction

Quantum computing [I] is an emerging field at the intersection of com-
puter science, physics, and engineering. It leverages the principles of quan-
tum mechanics to address computational problems that are currently in-
tractable for even the most powerful classical supercomputers. Unlike classi-
cal computers—which rely on binary logic and conventional hardware—quantum
computers harness phenomena such as superposition and entanglement to
process information in fundamentally new ways. This enables quantum algo-
rithms to offer significant speedups for certain tasks. For instance, problems
that would take a classical computer thousands of years to solve may be
tackled by a quantum device in minutes or hours. While classical computers
are expected to remain the standard for most computational tasks, quan-
tum advantage becomes evident in solving highly complex problems. These
include simulating quantum systems such as molecules and materials, opti-
mizing large-scale systems, or modeling interactions in particle physics [2].
Such problems are challenging for classical machines due to the exponential

growth in computational resources required as the system size increases.

Quantum algorithms use the formalism of quantum circuits to describe
how quantum information is processed. A quantum circuit is formally de-
fined as a sequence of quantum operations (gates) applied to qubits. While

often represented using graphical diagrams, the circuit itself is the underly-
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ing sequence of unitary transformations and measurements. In this model,
qubits are represented by wires, and quantum operations are represented by
gates placed along these wires. As quantum information flows through the
circuit, gates transform the state of the qubits at specific positions, imple-
menting a sequence of quantum operations. Each quantum gate corresponds
to a unitary matrix, ensuring that the transformation preserves the norm
of the quantum state. This unitarity condition guarantees that the quan-
tum state remains normalized—i.e., with norm equal to 1-—throughout the

computation.

We provide a detailed overview of the powerful framework known as
Quantum Singular Value Transformation (QSVT) [3l 4]. This framework
has become fundamental in the field, as it unifies many important quantum
algorithms under a single formalism. QSVT enables the application of poly-
nomial transformations to the singular values of a target matrix, which must
be embedded within a larger unitary operator to be processed on a quantum

computer.

QSVT provides a versatile and unified approach to realizing a wide range
of quantum algorithms. One of its most important applications is in solving
systems of linear equations, a fundamental computational problem. QSVT-
based algorithms generalize and improve upon the Harrow-Hassidim-Lloyd
(HHL) algorithm (|5]) by offering greater flexibility and better precision in
encoding and manipulating matrix operations. Another major application
is in quantum simulation [0, [7], particularly for simulating the time evo-
lution of quantum systems. In quantum mechanics, the time evolution of
a closed quantum system is governed by the Schrédinger equation, where
the Hamiltonian operator H determines the system’s dynamics. Simulating
time evolution amounts to implementing the unitary operator e~*, which
describes how a quantum state evolves after time ¢ under the influence of
the Hamiltonian H. This task is computationally demanding for classical
computers, especially when H describes a many-body or interacting system.

QSVT enables efficient approximation of such exponential operators, opening



the door to practical quantum simulations of physical systems [8, @], includ-
ing molecules, materials, and strongly correlated quantum matter. These
capabilities make QSVT a cornerstone of modern quantum algorithm design,

providing a practical tool for advancing quantum computing applications.

This thesis focuses on block encoding, which is a technique that enables
the efficient embedding of matrices into higher-dimensional unitary opera-
tors, which is the requirement for applying Quantum Singular Value Trans-
formation (QSVT). Block encoding allows a non-unitary matrix to be repre-
sented as a submatrix—typically in the top-left corner—of a unitary operator
that can be implemented as a quantum circuit. Block encoding not only fa-
cilitates the use of QSVT but is foundational to its operation: once a matrix
is block-encoded, QSVT can apply designed polynomial transformations to
its singular values. However, constructing a block encoding is not merely
a theoretical step—it requires an explicit quantum circuit implementing the
larger unitary operator. Finding a decomposition of this unitary into ele-
mentary quantum gates (such as single-qubit gates and CNOTS) is generally
non-trivial and often depends on the structure and properties of the target
matrix. This challenge motivates the development of algorithmic strategies

tailored to different matrix classes and decomposition schemes.

We explore various strategies for constructing explicit block encodings. In
particular, we review techniques for performing algebraic operations—such
as matrix addition and multiplication—on block-encoded operators. These
methods are especially useful when combining different techniques arising
from matrix decompositions or structural insights. We also present an algo-
rithm for block encoding a generic matrix by explicitly encoding each of its
elements, and we introduce a compression method that reduces the circuit
size while maintaining a desired accuracy threshold [I0]. Furthermore, we
discuss a block encoding approach tailored to sparse matrices—i.e., matrices
with only a few non-zero entries [II]. Finally, we provide an explicit cir-
cuit construction for block encoding circulant matrices, a structured class of

matrices with efficient quantum representations.
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Building upon these foundational strategies for constructing block encod-
ings, we now turn to the Linear Combination of Unitaries (LCU) technique,
a powerful method for representing non-unitary matrices as linear combina-
tions of efficiently implementable unitary operators. The LCU framework en-
ables block encoding of such operators by preparing a quantum superposition
over control states and coherently applying a controlled selection of unitaries.
The general construction involves three quantum oracles: a black-box quan-
tum operation that performs a well-defined transformation. Pg prepares the
coefficients of the linear combination in superposition; SELECT applies the
appropriate unitary conditioned on the control register; and Py, uncomputes

the initial state preparation to ensure coherence.

The main contribution of this thesis is a novel and more efficient variant of
this framework, which we call Fast One-Qubit Control Select LCU (FOQCS-
LCU). This new formulation significantly reduces the computational cost
of block encoding circuits by an order of magnitude in practice and also
asymptotically; while maintaining the same high-level structure of the LCU
method. Additionally, by exploiting the structural properties of the target
Hamiltonians, we introduce a new class of efficient Dicke state- a quantum
state consisting of a superposition of all computational basis states with a
fixed number of qubits in the |1) state [I2]- preparation routines that substan-
tially reduce the cost of the Pr and Py, oracles. These improvements enable
an order-of-magnitude reduction in the total number of gates required, pro-

viding a practical advantage for quantum simulation and related applications.

To validate our approach, we construct explicit block encoding circuits
for the Heisenberg model. The Heisenberg model is a central object of study
in quantum many-body physics. It describes interacting spins—% arranged on
a lattice and is defined by a Hamiltonian that is naturally expressed as a
sum of tensor products of Pauli operators. This formulation aligns directly
with the quantum computing framework, where qubits represent spin—% par-
ticles: the computational basis states |0) and |1) correspond to the spin-up

and spin-down states, respectively. Because of this direct correspondence,



the Heisenberg Hamiltonian can be efficiently encoded in a quantum cir-
cuit using standard Pauli operations. We compute detailed, non-asymptotic
gate counts and conduct numerical benchmarks comparing our FOQCS-LCU
method with standard LCU and other known techniques. The results demon-
strate that FOQCS-LCU achieves an order-of-magnitude reduction in CNOT
gate count, highlighting its practical benefits for Hamiltonian simulation and

related quantum applications.
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Chapter 2

Preliminaries on quantum

computing

For the theoretical and technical foundations used throughout this chap-
ter, we refer to several key sources. Specifically, [13] and [14] are lecture
notes that provide a clear and modern treatment of quantum computing.
The references [I] and [I5] are textbooks on quantum computation offer-
ing both theoretical background and practical insights. Finally, the article
[16] presents an introduction of quantum computing from a mathematical

perspective.

2.1 Quantum Bits

In classical computing, the bit, short for binary digit, is the basic unit of
information. A bit can exist in one of two distinct states, typically labeled
as 0 and 1, and can be physically realized using any system with two stable
states. There exist an analogous concept in quantum computation: the qubit
— short for quantum bit- is a mathematical representation of a two — state

quantum-mechanical system.
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Definition 2.1.1. The vectors

oof] e[

are called the basis states of a quantum bit. Both vectors belong to the
Hilbert space C2.

The difference between bits and qubits is that a qubit can also be in a
state other than |0) and |1). Its generic state is a linear combination over

the complex numbers of both basis states.

Definition 2.1.2. A pure qubit state [¢) is a unit vector that is a linear

combination of the basis states:
o
V) = al0) +B81) = H

where the coefficients «, § € C are called the amplitudes of the state. More-
over proportional vectors represent the same quantum state, as global phases

have no physical significance in quantum mechanics.

The notation |) is known as Dirac notation, and it is the standard for-
malism for representing quantum states. Specifically, |¢)) denotes a column
vector (a state vector), while (1| represents its conjugate transpose (also

called the dual vector). This allows us to write expressions such as:

(W) = vl

where the inner product (¢|¢)) gives the squared norm of the vector ¢ in the
Euclidean (or 2-) norm.

The vectors |0) and |1) form an orthonormal basis of C?. From this point
onward, this basis will be referred to as the computational basis of a qubit.

However, other bases are also commonly used to represent qubit states. One
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such example is the Hadamard basis, defined by:

1 1 [1
+) = 2(|0>+|1>)=E 1]

Sl

1 1 [1
—) = — 0 —_ 1 = —
=) = 500 - 1) ﬁ__J
We remark that the fact that |¢) is a unit vector implies that |a|?+|8]* =

1. So we can rewrite |¢) as :

, 0 , 0
) = eV (0085 1) + e’¢sin§ |1>> , 0,0,7€R.
Ignoring the irrelevant global phase 7, the state is effectively:
0 , 6
) :cos§|1>+e’¢sin§|1>, 0<f0<m 0<¢<2rm.

Thus, each single-qubit quantum state can be uniquely represented by a point
on the unit three-dimensional sphere, known as the Bloch sphere (fig. 2.1),
as:

a = (sinf cos ¢, sin O sin ¢, cos @) .

The Bloch sphere is a useful tool for visualizing the state of a single qubit and
serves as an effective testbed for concepts in quantum computation and quan-
tum information. Many single-qubit operations can be naturally described
within this framework [I].

Extending from a single qubit to a multi-qubit system naturally involves
constructing a Hilbert space that combines multiple copies of C2. This is
achieved by taking the tensor product of the individual qubit spaces. Let
us first introduce the concept by explaining the case of two qubits. If these
were two classical bits, there would be four possible states: 00, 01, 10, and
11. Analogously, a two-qubit quantum system has four computational basis
states, denoted |00), |01), |10), and |11). Unlike classical bits, however, a
pair of qubits can exist in a superposition of these basis states. The general

quantum state of two qubits is described by a state vector of the form

WJ> = Qo ‘00> + a1 |01> + aqp |10> + a1 ’11> ,
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0)
Z ¥ 10) +iL)

0) — 1) A L0y + 1)
V2 NG

|0) —2]1)
V2

1)

Figure 2.1: Representation of a single-qubit pure state [¢)) on the Bloch

sphere.

where each «;; is a complex amplitude. As in the single-qubit case, a mea-
surement yields one of the basis states |z) (with x € {00,01,10,11}) with

probability |a,|?, and the state collapses to |z) after the measurement. The

Z |a9&|2: L,

z€{0,1}2

normalization condition,

ensures that the total probability sums to one.
After this explanation of how to describe a two-qubit system, it is nec-
essary to introduce the tensor product of two Hilbert spaces to continue the

introduction to multi-qubit systems. For this part, we refer to [16].

Definition 2.1.3. Let V and W be two vector spaces over the field F'. One
consider first a vector space L that has the Cartesian product V x W as
a basis. That is, the basis elements of L are the pairs (v,w) with v € V
and w € W. To get the tensor product of V' and W, one can define it as
the vector space of the functions V' x W — F' that have a finite number of
nonzero values and identifying (v, w) with the function that takes the value 1

on (v,w) and 0 otherwise. Let R be the linear subspace of L that is spanned
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by the elements of one of the forms:

where v, vy,v3 € V, w,wy,ws € W and a € F. Then, the tensor product is

defined as the quotient space:
VeW=L/R,
and the image of (v, w) in this quotient is denoted v ® w.

A related definition is the concept of the tensor product between linear

operators.

Definition 2.1.4. Let A and B be linear operators defined on V' and W
respectively, then the linear operator A ® B operating on V ® W is the

unique linear operator on V ® W such that :
(A® B)(v®@w) = Av ® Bw
with v € V and w € W.

If A and B are n x m and ¢ X p matrices, respectively, that represent
linear operators A and B with respect to the canonical basis, then the linear
operator A ® B (called the tensor product or Kronecker product of A

and B) has the following matrix representation with respect to the canonical

basis: ~ ~
CLHB algB s almB
anB axpB -+ ay,B
A®B = . . . . )
anlB anQB e ant

That is, each entry a;; of matrix A is replaced by the scalar multiple a;; B,

resulting in an nf X mp matrix.
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The definition of the inner product on a tensor product space arises nat-

urally from the inner product on the constituent spaces:

Definition 2.1.5. Let V and W be Hilbert spaces with inner products (-, )y
and (-,-)w, respectively. On this tensor product, we can define an inner

product by setting
(11 ®@ Wy, vy @ Wwa) 1= (U1, Va)y (W1, Wa)w
for v1,v9 € V and wy,wy € W.

In particular, note that the tensor product of unit vectors is itself a unit
vector. The tensor product is fundamental for describing composite quantum
systems, as it allows us to represent the joint state of multiple qubits within

a single vector space.

Example 2.1.1. If |0) and |1) are the basis states of a quantum bit, the
tensor product |0) ® |1) is given by:

0) ® 1) = ! ®

1

o O = O

Remark 2.1.1. Given two bases for vector spaces V and W, say By =

{v1,... v}, Bw ={w,...,wy,}, respectively, the set
Byegw ={vi®@w;|1<i<n, 1<j<m}
is a basis of the tensor product space V& W.

In our setting, these corresponding bases will be particularly useful for
representing integers. On a classical computer, a non-negative integer a € N
such that a < 2™ (i.e., it can be described using n bits) is typically expressed

in base-2 as:

n—1
a= Z a,2°,  where a; € {0,1} are the binary digits of a. (2.1)
=0
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On a quantum computer, we can represent an integer a < 2" using n qubits

as:
n—1

), = laoar - -~ an—1) = ® |ag) -
=0

For example, the number 27 can be represented with 5 qubits (since 29 < 2°)
as:
127), = [11011) = [1) ® 1) ® |0) ® |1) ® |1).

In this way, integers are always represented by elements of the basis obtained
from tensor products of the single-qubit computational basis vectors. This
basis is subsequently referred to as the computational basis. In particular,
we remark that:
), =10 0100
i n—i—1

Now we are ready to define a quantum state of a generic n-qubit system.

Definition 2.1.6 ([16] Def.3.5). The state |¢),, of a generic n-qubit system

is a superposition (that is, a linear combination) of the 2" states of the

computational basis |0), ,...,|2" — 1), with modulus 1. In particular,
2n—1
) =D aili)
=0

with amplitudes a; € C constrained to

2n—1

> P =1.
=0

In the following, we will simply write |¢)) instead of [¢), when the value
of n is clear from the context. In a multi-qubit quantum system, a quantum
state can be either a product state or an entangled state. A product state is
one that can be written as a tensor product of individual states. For example,
a two-qubit state |¢)) is a product state if there exist single-qubit states [t¢;)
and [i) such that:

V) = [¢1) © |ha) -



14

2. Preliminaries on quantum computing

For example:
) =10) ® [1) = |01) .
In this case, the qubits are uncorrelated. An entangled state is a state that

cannot be written as a product of individual qubit states. That is, there do

not exist single-qubit states |¢)1) and [i9) such that:

V) = |[¥1) ® |12)

A classic example of an entangled state is the Bell state:
1
V2

This state cannot be separated into a tensor product of two single-qubit

[@7) = —= (100) +[11)) (2:2)

states. Measurements on one qubit instantaneously affect the outcome prob-

abilities on the other as we will see later.

2.2 Quantum measurament

Quantum mechanics imposes fundamental limits on the amount of infor-
mation that can be extracted from a quantum state. When measuring a
qubit in the state [)) = «|0) + 8 |1),the result is either 0, with probability
|a|?, or 1, with probability |3|*. Naturally, these probabilities must sum to
one: |a|® +|B* = 1, which is why [¢) is a unit vector. Even though a sin-
gle qubit can exist in infinitely many possible states (you can imagine this
using the Bloch sphere), this doesn’t mean it can store an infinite amount
of information. When we measure a qubit, we only get one classical bit of
output—either a 0 or a 1. And once we measure it, the qubit’s original
state is lost, as the measurement causes it to “collapse" into one of those two
outcomes. A more subtle question is: how much information does a qubit
hold when we don’t measure it? This might seem strange, since unmeasured
information can’t be directly observed. However, during quantum evolution
(when the qubit changes according to unitary operations), it seems that Na-

ture keeps track of the exact details of the qubit’s state. In this way, we can
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say the qubit holds a lot of "hidden information." But what does it actually
mean to measure a quantum state? To understand this, we need to be more
precise. In quantum mechanics, a measurement isn’t just checking the value
of a variable like in classical physics. Instead, we measure a quantum system
with respect to a special kind of object called a quantum observable. This
is where the formal framework of quantum mechanics begins to play a key
role. Quantum observables correspond to physical quantities that can be
measured from a quantum system, such as energy, position, or spin. Here,

we focus on their mathematical description.

Definition 2.2.1. A quantum observable always corresponds to a Hermitian

matrix M, which has the spectral decomposition:

M=) AuPy,

where \,, € R are the eigenvalues of M, and P,, are the projection operators

into the eigenspaces associated with \,,, i.e, P2 = P,,.

Hermitian operators have real eigenvalues and a complete set of orthonor-
mal eigenvectors, making them suitable for modeling measurable physical
quantities. When a quantum state |¢)) is measured by a quantum observ-

able M, the outcome of the measurement is always an eigenvalue \,, with

probability:
After the measurement, the quantum state becomes :
Py Y
vy - 1)

\/Pm

The projector operators satisfy the completeness equation:
> P.=1.

The completeness equation expresses the fact that probabilities sum to one:

> b =3 (¥l P ) = (] (Z Pm) ) = () = 1.

m
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In quantum computing, we will measure our state by the following quantum

observable:
2n_q

M= "m-|m)(m|

In this case, the probability of measuring m will be:
P = ($lm) (mlt) = oy, 0m = ||
It is also possible to measure just one part of the state. Let
M=0-10)0|®I+1-]1)(1|®I
be a quantum observable. Suppose we measure a quantum state of the form

[¥) = 10) [vbo) + [1) [h1) -

Then, the probability of obtaining the outcome 0 is || [¢o) ||?, and the prob-

ability of obtaining the outcome 1 is |||1;) ||*. If the measurement yields 0,

then the post-measurement (collapsed) state is

[%0)
0) ® ;
I lbo)
and similarly, if the outcome is 1, the resulting state is
[¥1)
1) ® :
1) ]

This type of measure is very important when we have entangled qubit state,

like, for example, the Bell state in eq. (2.2).

Example 2.2.1. Suppose we perform a measurement only on the first qubit,
in the computational basis {|0),|1)}. To understand the effect of this mea-

surement, we rewrite the state:
n 1
27 =7 (0 @0) +[1) ® 1))

This expression shows that:
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e With probability £, we obtain the outcome [0) on the first qubit. In

this case, the full system collapses to:
|0) @ 10) = |00) ;

o With probability %, we obtain the outcome |1) on the first qubit. Then,

the full system collapses to:
D@L =11) .

In both cases, the second qubit becomes perfectly correlated with the mea-
surement outcome of the first qubit. That is, if we measure |0) on the first
qubit, the second qubit is guaranteed to be in |0); if we measure |1), the

second qubit is |1).

2.3 Quantum Circuit

The quantum circuit model of computation represents quantum infor-
mation using wires and gates. Quantum information propagates along the
wires, while gates—placed at specific points on the wires—act to transform
the quantum state before passing it along the circuit. The quantum circuit
language provides a graphical and compact way to represent the application
of a sequence of quantum operators to a quantum state. The operator ap-
plied to a qubit is represented by a matrix that must preserve the norm of
quantum states, ensuring that the state remains normalized (i.e., with norm

equal to 1). Therefore, such an operator must be unitary.

Definition 2.3.1 (Def 4.4 [16]). A quantum gate operating on a space of
one qubit is represented by a unitary matrix U € U(2). More generally,
a quantum gate acting on an n-qubit system is represented by a matrix
UeU(2).

In the quantum circuit language, time flows from left to right: the input

quantum state appears on the left, and each “wire" represents a qubit:

% U )
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Some of the most important single-qubit gates are the Pauli matrices:

01 0 —2 1 0
X: y Y: 9 Z: 9
10 1 0 0 —1

the Pauli matrices give rise to three useful classes of unitary matrices: the

rotation operators are defined as follows:

i 0 ]
CoS 3 —181n =
_ 2 2
R55<9) - . .9 0 ] )
_—Z Sin 3 COS 3
i 0 ]
coSz —Ssing
_ 2 2
[sIng  cosg
-,
ez 0
R.(0) = AR
0 €2

Other important quantum gates are the Hadamard gate (denoted by H), the
S-gate and the T-gate:

1 (1 1 10 1 0
H=— . S= . T = -
ﬂll —1] [0 z] [0 eu]

Let us now present some examples of simple quantum circuits:

o) —{H} 5510+ S )
o 1ea)

10) — R,(9) —cosg 10) + sing 1)

In order to construct more sophisticated quantum circuits, we introduce the
two-qubit gate known as the CNOT (controlled-NOT) gate, which is defined

as follows:
la) —e— |a)

b) —b—|a®b)
Where the “dot" means that the quantum gate connected to the dot only

becomes actives if the state of the first qubit, called the control qubit, is
a = 1. This is the reason of the name of the CNOT gate (controlled NOT).
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Another two-qubit gate used is the SWAP gate, which swaps the state of two
qubits:
@) —— b)

b) —>*—|a)
By combining CNOT gates with single-qubit gates, it is possible to construct

any unitary transformation on an arbitrary number of qubits. This property
makes the set of CNOT and single-qubit gates universal. In quantum com-
puting, a set of gates is said to be universal if any unitary operation —and
thus any quantum algorithm —can be decomposed into a finite sequence of
gates from that set. The decomposition of a quantum operation into ele-
mentary gates is not unique, and finding a decomposition that minimizes the
number of qubits is a critical aspect of analyzing the computational cost of

quantum algorithms. Moreover, we introduce the following definition.

Definition 2.3.2. The depth of a quantum circuit is defined as the maximum
number of sequential steps required to execute all operations, from the initial
state preparation to the final measurement. Formally, it corresponds to the
length of the longest directed path through the circuit, where the path follows

the temporal order of gates along the qubit wires.

Intuitively, the circuit depth represents the minimum number of discrete

time steps needed to implement the circuit, under the assumptions that:
- gates acting on disjoint sets of qubits can be applied simultaneously,

- gates sharing at least one qubit must be executed at different time steps

and in the correct order.

In general, when evaluating the complexity of a quantum circuit, the follow-

ing factors are typically considered:

e The number of CNOT gates. These two-qubit gates are gener-
ally more error-prone and resource-intensive to implement on current

quantum hardware compared to single-qubit gates.
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e The depth of the circuit. It serves as a measure of the circuit’s
runtime and is directly related to susceptibility to decoherence and

time-dependent noise.

e The number of qubits used. The qubit count is a key resource met-
ric, especially on near-term devices where qubit availability is limited
and increasing the number of qubits may lead to higher error rates due

to noise, cross-talk, and hardware constraints.

In many quantum algorithms, we make use of oracles, which are abstract
black-box operations that encode information about a problem instance. For-
mally, an oracle is a unitary operator that performs a specific transformation
on quantum states, often depending on some hidden function or data. To
denote such operators, we may use the notation U for an n-qubit gate acting
on the state space C%".

In particular, it is common to use the following notation to represent a con-

This denotes that the unitary gate U is applied to the target qubit if and

trolled gate:

only if the control qubit is in the state |1). It also may happen that we want
to apply the gate only if the controlled gate is in the state |0). In this case

we write:
O

Such notation is especially useful for improving the readability of quantum
circuits, as it allows one to abstract away the full decomposition of the con-
trolled operation while maintaining a clear and concise circuit representation.
It is also possible for a quantum gate to be controlled by more than one qubit,
leading to multi-controlled operations. For example, one can use a controlled-
CNOT gate with two control qubits, commonly known as the Toffoli gate.
This gate applies a NOT operation to the target qubit if and only if both
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control qubits are in the state |1).

la) —e— |a)
—e— |b)
lc) —D— |c @ ab)

More generally, a multi-controlled gate is an operation that applies a target

unitary U conditioned on the state of multiple control qubits. Specifically,
the gate acts as the identity unless all control qubits are in the state [1), in
which case the unitary U is applied to the target qubit or register. These

gates are often denoted as C™(U), where n is the number of control qubits:

1) —— )
1) —— )
0) 0)
rw>U|w>

Multi-controlled gates are very used in quantum algorithms since they can
be conceptually simple; however their implementation on real hardware is
not trivial since they need a decomposition in one and two qubit gates. In
the following we present some examples of decomposition of qubits gates into

sequences of CNOT and single-qubit gates.

Example 2.3.1. The SWAP gate can be implemented by 3 CNOT gates:

@) —x— ) = la)
by —k— la)  [o) —

After the first CNOT gate, the state becomes:

N
N>

1b)
@)

A\
N
GV

ja)la @)
then, after the second CNOT gate, we get:
la®a®b)la®b) ,
where a @ a ® b is equal to b. Finally, after the third one, we have:

) la @b @ b) = [b) |a) .
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Example 2.3.2 ([I] Figure 4.9). The Toffoli gate can be implemented by 6
CNOT with the following circuit:

T

[T Tt

Example 2.3.3. The controlled Z gate can be implemented by 1 CNOT
and 2 Hadamard gate:

—"_
I -
Example 2.3.4. The controlled rotation y gate (C-R,(#)) can be imple-
mented by 2 CNOTs with the following circuit:

JA\
A\

— Ry(0) - — Ry(%) F& Ry(-9)

Example 2.3.5. The phase gate P, is defined as:

1 0

0 en|’

for a generic n € [0, 27]. The controlled phase gate can be implemented by 2
CNOTs with the following circuit:

P, =




Chapter 3

Quantum singular value

transformation

Drawing on the works of Martyn et al.[4] and Gilyén et al.[3], this chapter
provides an overview of the framework of the quantum eigenvalue transfor-
mation algorithm. It enables the application of polynomial transformations

to the eigenvalues of a linear operator embedded within a unitary matrix.

The Quantum Singular Value Transformation (QSVT) generalizes the
quantum eigenvalue transform to the case of non-Hermitian operators, en-
abling polynomial transformations of singular values rather than just eigen-
values. This broader framework forms the foundation of many recent ad-
vances in quantum linear algebra and algorithm design. In this chapter,
however, we develop the theory only up to Quantum Eigenvalue Transfor-
mation, as this is sufficient for our purposes. Since we will be working ex-
clusively with hermitian matrices, it is not necessary to consider the more

general QSVT framework in detail.

These algorithms are particularly significant because they provide a uni-
fying framework that connects several foundational quantum algorithms, in-
cluding quantum search, quantum phase estimation, and Hamiltonian simu-
lation. These three algorithms are among the most powerful demonstrations

of quantum speed-up over classical computation and form the core arguments

23
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in favor of the potential advantages of quantum computers.

3.1 Quantum signal processing

Quantum Signal Processing (QSP) amounts to transforming an input
signal through a sequence of quantum operations. The signal is represented
by a matrix known as the signal-rotation operator. A typical example of such

an operator is:
a iv1—a?
. )
—iv1 — a? a

which is a Pauli z-rotation by the angle # = 2 arccosa. This unitary matrix

Wi(a) = (3.1)

rotates the quantum state in a way that depends on the signal parameter a.
The aim of QSP is to modify the signal a by a polynomial transformation. In
order to do that, we alternate the operator W with an operator S(¢) known

as stgnal processing operator:
S(¢) = €7, (3.2)

0
with Z =

] . We remark that S(¢) is a Pauli z-rotation by an angle

2¢. Consider a sequence of phases qg = (¢g, P1,...,0q) € R4 The QSP

operation sequence U g 1s defined as

Us(a) = e%? f[ (W(a)eiW) . (3.3)

The QSP sequences can produce signal transformations, since the matrix
element

P(a) = (0] Us(a) [0) . (3.4)

is a polynomial function of a, whose degree is at most equal to the length of
the QSP phase sequence ¢. For example, for ¢ = (0,0), we have P(a) = a;
for ¢ = (0,0,0), P(a) = 2a® — 1; and for ¢ = (0,0,0,0), P(a) = 4a® — 3a.
These correspond to the Chebyshev polynomials of the first kind, and the

pattern continues accordingly. Specifically, we have the following theorem:
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Theorem 3.1.1 ([I7]). The QSP sequence U produces a matrix that can

be expressed as a polynomial function of a:

P(a) iQ(a)V1 — a?

2 1 | W (a)e'Z =
Ve =lgwir=—a P

. (39)

for a € [-1,1], and a (5 exists for any polynomials P, () in a such that:
2. P has parity d mod 2 and @ has parity (d — 1) mod 2,

3. 1P+ (1-a)|QP =1.

Proof. “=": For the k = 0 case the unitary on the left hand side of eq. (3.5)
is €07 so that P = €0 and @) = 0 satisfy the properties. Now we prove
the statement by induction. Suppose we have proved for d — 1 that

P(a) iQ(a)V1—a? a2]

zd)oZ W 2¢kZ /
H iQ*(a)V1 — a2 P*(a)

where P, Q are polynomials which satisfy 1-3. Then

d—
Uq;(a) = ¢i%Z H W (a)e'+?

[ ;5(&) iQ(a)m] [ era ie ik 1—a2]
iQ*(a)V1—a? P*(a) ie'%/1 — a2 e rq

[ i (aﬁ<a)+(a2—1)c§(a)) ie~in (aQ( )+ Pla ))M
i (aQ(a) + P*(@))]VT=a? e (aP"(a) + (o — 1)Q"(a)
(3.6)

we define P(a) := e (af’(a) + (a* — 1)@((1)) and Q(a) := e (a@(a) +
P (a)). These polynomials satisfy condition 1, since by the inductive hypoth-
esis we have deg(P) < d — 1 and deg(Q) < d — 2. Thus,

deg <a15(a)) <d, deg ((a2 ~1) @(a)) <d
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and so deg(P) < d. Similarly, deg(Q) < d — 1. Condition 2 is also satisfied.
Since P(a) has parity d — 1 mod 2, the term a P(a) has parity d mod 2;
likewise, both a?Q(a) and Q(a) have parity d mod 2, so P(a) has parity
d mod 2. For Q(a), we note that a Q(a) has parity d — 1 mod 2 and ]s(a) has
parity d — 1 mod 2, hence Q)(a) has parity d — 1 mod 2, as required. Finally
note that the left hand side of eq. (3.5) is a product of unitaries, therefore
the right hand side is unitary too, which implies 3.

“«=": Suppose P(a),Q(a) satisfy properties 1-3. We first handle the trivial
case: if deg(P) = 0, then condition 3 implies |P(1)] = 1, so P(a) = ¢ for
some ¢y € R, and hence Q)(a) = 0. Since () must have parity (d — 1) mod 2,

it follows that d must be even. In this case, we may take

52 (¢07%a"'7%) 6Rd+17

which yields the desired sequence. This case also serves as the base for our
induction.
Now, assume the result holds for degree d — 1, and let us prove the step

for d. Condition 3 can be rewritten as:
Va € [-1,1]: P(a)P*(a) + (1 —a*)Q(a)Q*(a) = 1.

Since this equation holds on an infinite set, it must be an identity of poly-
nomials. Suppose deg(P) = ¢ € [1,d], then necessarily deg(Q) = ¢ — 1
and |pe| = |ge_1| so that the highest-degree terms cancel out in the above

expression.
Let ¢q € R be such that €% = 2. Define:

) Pla) @'Q(azm] _ Pla) iQ(a)M] TR
0@VI—@  P(a) Q@VI—@  P(a)
_ [ P(a) iQ(a)m- [ e~ g —iedeI
a ZQ*( W1 —a? P*a) | |-i€ a\/1 — a2 eitq
Pla) QT

NVI=E P

Q(a
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where:

P(a) = e ®4qP(a) + €% (1 — a®)Q(a) = e~ ™% (aP(a) + %(1 - aZ)Q(a)) :

Q(a) = e*“aQ(a) — e %4 P(a) = e~ <&aQ(a) - P(a)) :
de—1
The highest-order terms cancel, so deg(P) < £ —1 < d—1 and deg(Q) <
(—2 < d—2. Thus, P,Q satisfy conditions 1 and 2 for degree d—1. Condition
3 is preserved because W(a) and e~*%4Z are unitary transformations.

By the induction hypothesis, there exists 5 € R? such that:
P(a) iQ(a)V1 — a2 U-(a)
. - =U=(a).
iQ*(a)v1 — a? P*(a) ¢

It follows that the original U 5(@) is given by appending ¢g4:

Usla) = Us(a)W (a)e7,

@
where ¢ := (¢o, b1, - . ., pa_1, $a) € R
Hence, the claim holds for all d. ]

When we define P(a) = (0| U3 |0), we are constrained to polynomials P for
which there exists a corresponding polynomial () satisfying the conditions of
theorem 3.1.1. This requirement can be restrictive in practice. For instance,
when a = +1, the entire QSP sequence reduces to a single z-rotation, which
implies that |P(£1)| = 1. Consequently, the class of admissible polynomials
is limited to those that satisfy this boundary constraint. To address this

limitation, we consider an alternative observable:
Poly(a) = (+|Uz[+) = Re[P(a)] + i Re[Q(a)] - V1 — a®.

This transformation expands the class of achievable polynomial transforma-
tions. In particular, it can be shown [4] that using this construction, one can
approximate any real-valued polynomial Poly(a) with parity d mod 2, degree
at most d, and bounded in magnitude by 1 over the interval [—1,1], i.e.,
|Poly(a)| <1 for all @ € [—1,1]. This is achieved by selecting an appropriate
P such that Re[P(a)] approximates the desired function, and a @ with a

sufficiently small real component to control the imaginary part.
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3.2 Amplitude Amplification

An application of Theorem [3.1.1]is the following problem, known as am-
plitude amplification. Suppose we are given a unitary operator U, its inverse
UT, and two phase oracle operators A, and By, each of which applies a phase
shift to a specific, privileged state:

Ay = ei¢|A0><Ao\’ (3.7)
By = ¢4l Bo)(Bo| (3.8)

The objective is to construct a quantum circuit @ using the oracles {U, UT, A4, By}

such that
| (Ao| Q|Bo) | — 1,

under the assumption that the original matrix element (Ay| U | By) is nonzero.
We now show that this problem can be solved without prior knowledge of
the specific value of (Ay| U |By). The solution follows directly from theo-
rem 3.1.1. The key insight lies in recognizing that the problem naturally
gives rise to two concentric Bloch spheres: one associated with the action of
U on the privileged subspace defined by |By), and the other associated with
measurements in the |4,) basis (Figure .1).

Specifically, the quantum state U |By) has a non-zero component along

|Ap) and another component orthogonal to it. We define:
|A1) = a (I —[Ag) (Ao|) U |By)
where « is the normalization factor that ensures |A) ) is a unit vector. Then,
U|Bo) = alAo) + V1 —a?|AL)
with a = (Ap| U | By). Moreover, we define a state | B, ) such that:
U|BL) = —alAL) +V1—a?|A,) .

Therefore, the action of U on the two-dimensional Hilbert space spanned by
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exp{i¢|Ao) (Aol }

|AL)

Figure 3.1: Illustration of amplitude amplification on the Bloch sphere: start-
ing from |By), controlled rotations about |By) (blue) and |Ag) (black) drive
the state toward the target |Ay) (north pole).

{|Bo),|B.)} and {|Ao),|AL)} can be represented in matrix form as:

|Bo) |BL)
|40) a Vv1—a?
4 | V1 —a? —a ’

It is now clear how U maps a state in the {|By),|B.)} basis to a state in
the {|Ao),|AL)} basis.

Finally, we can state the following theorem:

U = R(a) = (3.9)

Theorem 3.2.1. Given a unitary U, its inverse U', and phase operators

defined as
Ay = eiqb\Ao)(Ao\7 By = 1| Bo)(Bol ’

we have:
d
5

(Aol H UB(ka—lUTAd’Zk U|Bo) = P(a), (3.10)
k=1



30

3. Quantum singular value transformation

where P(a) is a degree-d polynomial in a = (Ag| U |By) that satisfies the
constraints of Theorem B.I.11

Proof. We begin by rewriting eq. (3.10) in the basis we are working with, in

order to express it in a form analogous to eq. (3.5). First, we observe that:

[Ao) [AL)
|Bo) a V1 — a?
V1—a? —a '

We then define the operators Z, and Zp as the Pauli-Z matrices expressed

Ut = (3.11)

|BL)

in the {|Ao),|AL)} and {|Bo),|BL)} bases, respectively. Correspondingly,

we define the Z-rotations as:
A¢ = €i¢ZA, B¢ = 6i¢ZB.

These rotations act as phase shifts around the Z-axis in each respective basis.
Note that these definitions are equivalent to the operators in eq. (3.7), up to a
global phase, which is physically irrelevant and can be safely ignored. There-
fore, there is no ambiguity or inconsistency in the notation when referring to
A, and By in either form.

We now express the matrix W(a) from eq. (3.1) in terms of our chosen

basis:
U= —iet?2W(a)e'178, (3.12)

and similarly, its adjoint is given by:
Ul =ie 178 W (a) e 174, (3.13)

We use the same notation W(a) in both cases, as the basis in use is clear
from the context.

Finally, we rewrite eq. (3.10) as:

d

2
(Aol |T] (—ie'5%4W (a)e'577) By, , (—i€e'i72W (a)e'i74) Ag,, | U |Bo),

k=1
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which can be rewritten in the compact form:

(Ao (e’%Z f[ W(a)ei%Z) U|By), (3.15)

where the modified phases {¢}} are linear combinations of the original phases

{on}. u

3.3 Quantum eigenvalue transform

As demonstrated in Theorem [3.2.1] we can apply a polynomial trans-
formation to a matrix element, namely (Ay| U |By). This technique extends
to transformations over an entire vector space. In particular, we show that
the same algorithm can be used to transform all eigenvalues of an hermitian
matrix H, once it has been embedded into a unitary matrix U. To perform
such an embedding, we introduce an ancilla qubit, an auxiliary qubit used
to control the application of quantum operations. We suppose we have the

unitary U:

U:ols'.{ ] (3.16)

We note that the indices adjacent to the matrix representation of U indicate
how the Hamiltonian # is encoded. Specifically, we have H = (0|U]0). Since
H is encoded in a unitary matrix, we have the constraint that ||#H|| < 1. This

may seem like a strong limitation, but we can always scale the Hamiltonian

H
[I#]]

be decomposed into its eigenspace as:

H=> AN . (3.17)

by its norm and encode instead of H. The Hamiltonian operator H can

We now proceed by focusing on a specific unitary U for clarity. In particular,

we complete the missing block as:

- [ H \/1—%2]

IR (818)
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where:

VI-H2 = VI-X\) ().

However, a general U does not need to take this specific form, although even
a general one takes a structure similar to eq. (3.18) [9]. Thus, we assume
that U takes this form; in particular, it can be expressed as a sum of two

tensor products:

U=Z0H+XVI—H?,

and it acts as:

U10) [A) = A0} [A) + V1= A1) [A)
U1} [A) = vVI=A2[0) [A) = A1) [A)

This indicates that U acts on a qubit basis (i.e., {|0)|A),|1)|A)}) for each

eigenvalue of H. Consequently, U can be expressed as a direct sum over

separate Bloch spheres:
V1—=\?

v EB VIDA
_@R )@ [\ (A ; (3.19)

© |A) (A

Here, R()) is defined as in eq. (3.9). In this way, we can reformulate the
problem in a manner reminiscent of amplitude amplification. However, in-
stead of operating within two concentric Bloch spheres, we are dealing with
N independent two-dimensional subspaces—each associated with a different
eigenvalue—that evolve in parallel. In each subspace, the evolution corre-
sponds to a phase rotation induced by the operator U. Nevertheless, there
are still distinct vector spaces in which the input and the output of H exist.
This vector space is defined by the projector IT = |0) (0| acting on the ancilla
qubit. Generalizing the way in which amplitude amplification uses the phase
shift Ay acting on a one dimensional vector space |Ag) (Ay|, we may now

define a projector-controlled phase-shift operation I1:

Iy = ™1,
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which gives a phase of €?? to the entire subspace determined by II. Note

that we may define this operator as eq. (3.7):
I, = e"”. (3.20)

These two definitions are equivalent since they differ only by a global phase
that may be neglected. The II4 operator can be implemented in a quantum
circuit by employing two instances of projector-controlled-NOT-gates around

a single-qubit z-rotation by angle ¢ on one extra ancilla qubit:

In particular, in the simple case of eq. (3.16), the projector-controlled-NOT

gate reduces to a standard CNOT gate. Therefore, the circuit becomes:

0) S

%
E

D

A\

It is important to observe that on each eigenspace of eq. (3.19), I, acts as a
z-rotation:
I = @eid’z @ [A) (A -
A
Finally, having established the intuitive basis, we now state the following

theorem.

Theorem 3.3.1. Given a block encoding of Hamiltonian H = Z AA) (A
A

o=

with the location of H determined by projector II and given the ability to

in a unitary matrix U:

perform Il-controlled-NOT operations to realize projection-controlled phase-



34

3. Quantum singular value transformation

shift operations II,, then, for even d:

[NJIsH

U(;?: HH¢21¢—1UTH¢21€U =

k=1

where

Poly(H) = Y Poly(A) [A) (Al ,

is a polynomial transform of the eigenvalues of H. The polynomial is of degree
at most d and obeys the conditions on P from Theorem 3.1.1. Similarly, for
d odd:

II
d—1
o m | Poly(H) -
U$:H¢1U HH¢2kUTH¢2k+1U = [ ‘ R
k=1

where Poly(?) has an analogous interpretation.

The idea of the proof is to use eq. (3.19) and apply Theorem inde-
pendently to each Bloch sphere. In this way, we obtain:

d
Us =P [[] e RN RO | @A) (A (3.21)
A | k=1
where we used the fact that RT(\) = R()\) in eq. (3.19), as in eq. (3.11).
Finally, we can apply Theorem to each Bloch sphere component inde-
pendently.

This algorithm can be generalized to matrices that are not hermitian
by using their singular value decomposition (SVD) instead of the eigenvalue

decomposition:
A=WV =3 "oy fwe) (vl (3.22)
k

Using this decomposition, we can apply the same idea introduced in eq. (3.17)
to perform polynomial transformations on the singular values. This general-

ization allows us to apply these transformations to arbitrary linear operators.
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Within this broader framework, we can unify and generalize a wide range
of quantum algorithms by viewing them as instances of polynomial trans-
formations on the spectrum of an operator embedded in a unitary matrix.
This includes quantum search algorithms, such as Grover’s algorithm, which
amplifies the amplitude of a marked state; eigenvalue thresholding, where the
goal is to project onto a subspace defined by eigenvalues above or below a
certain threshold; quantum phase estimation, which extracts eigenvalue infor-
mation with exponential precision; and function evaluation problems, where
the goal is to compute a function of a Hermitian operator, such as the sign,
exponential, or inverse. These seemingly different problems can be tackled
using a unified polynomial-based approach. For an in-depth treatment of

these applications and the underlying framework, we refer the reader to [4].
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Chapter 4
Block encodings

In this chapter, we introduce the concept of block encoding for matrices
and examine the key features of the quantum circuits used to implement
it. Our aim is to develop a clear and practical understanding of how such
circuits can be constructed, combined, and manipulated.

The central goal is to study quantum circuits U, that encode a matrix
A in such a way that, when applied to an input state |¢), they produce
an output state proportional to A [¢). This capability is fundamental for
realizing more advanced quantum algorithms based on the Quantum Singular

Value Transformation (QSVT) framework introduced in the previous chapter.

4.1 General notion

Block-encoding is a technique for embedding a properly scaled nonunitary
matrix A € CMV with N = 2" (i.e a n-qubit matrix) into an n + 1-qubit

unitary matrix Uy of the form:

0 1
A
Ug=" : (4.1)
1| % %

where the symbol * denotes matrix blocks whose values are not yet specified.

This structure is useful since if we want to apply A to a state |1)) we can

37
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apply the unitary matrix Uy to the state |0) [¢)) and get:

Ualoy ) = |
10) 1) 225 10) (A ) + 1) - (1)

Here, the (unnormalized) state | L) can be written as [1) [€) for some (un-
normalized) state |£), which is irrelevant to the computation of A l|¢). In

particular, it satisfies the following orthogonality relation:
((0|®I,)|L) =0. (4.3)

Then, if we measure the state |0) on the first register and get the outcome 0,
we will get A [¢). This process can be summarized by the following quantum

circuit:

0) —y, =0 44
[¥) ! A 44

Note that the output state is normalized after the measurement takes

place, and note that the probability of success is || A [¢) ||2. It is important to
remark that a necessary condition for the existence of the unitary operator
Ua is that ||A|] < 1. However, the constraint on the norm of A is not a
problem, indeed it is possible to find a sufficiently large scaling factor a such
that we encode A = éA. Nevertheless the factor o will lower the probability

of success, as it holds that:

A 2
po 1A
o

So if « is chosen to be too large, the probability of obtaining |0) from the
measurement can be vanishingly small. We may not need to restrict the
matrix Uy to be an (n + 1)-qubit matrix. If we can find any (n + m)-qubit

matrix U, such that :

U= | |
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Here, each * stands for an n-qubit matrix, and there are 2™ block rows
and columns in U,. The relation above can be written compactly using the

bracket notation as :
1
—A= (0" @ L) Ua (j07) @ L) (4.5)

Moreover, it can be difficult to find U4 to block encode A exactly, for this
reason it may be sufficient to construct Uy to block encode A up to some

error €. Finally we give the formal definition of block encoding.

Definition 4.1.1 (Def 43 [3]). Let a,n,m € N;m = a+n. Then an m—qubit

unitary U is a («, a, €)—block encoding of an n—qubit linear operator A if
o (0% © 1) U (j0°) @ 1,) — Al <. (4.6)

In this case, the unitary operator Uy is referred to as an (a, m, €)-block-
encoding of the matrix A. When ¢ = 0 the block-encoding is said to be
exact and the unitary matrix is called an («, m)-block-encoding of A. We
denote the set of all («, m, €)-block-encodings of A by BE, (A, €), and define
BE,m(A) = BE, n(A,0) as the set of all exact (o, m)-block-encodings of A.

Remark 4.1.1. The following statements are equivalent:
1. U is an («, k)-block-encoding of A ;

2. For every n-qubit state |¢), we have

U1074) [9) = — [0°) Al) + 1)
3. For every 0 <1,57 < N — 1 we have

(0% @ Gl) U (0% @ 15)) = L.

The following example is called unitary dilation of A and it is a general-

ization of block-encoding shown in eq. (3.18):
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Example 4.1.1. For any n-qubit matrix A with ||A]| < 1, the singular value
decomposition (SVD) of A is denoted by A = ULV, where all singular
values in the diagonal matrix X belong to [0, 1]. Then, we may construct an

(n + 1)-qubit unitary matrix U, as follows:

U 0 )y VI, — X2

0 IL,| |VI,—>? %

B A U-I,—>?
VI, %2 V1 -

which is a (1, 1)-block-encoding of A.

Vioo

A 0o I,

(4.7)

However, this method is not practical in general, as it requires explicit
knowledge of the singular value decomposition of A. Furthermore, it does
not provide any guidance on how to implement the resulting unitary Uga
efficiently as a quantum circuit.

We are now interested in studying how we can compute the operations
between block-encoding matrices. The first two lemmas can be found in [3].
We start with linear combination of block-encoded matrices. To formalize

the subsequent result, we need the following definition.

Definition 4.1.2 (State preparation pair). Let y € C™ with |ly[; < 8. A
pair of unitaries matrices (Pp, Pg) is called a (f3,b, €)-state preparation pair

if the following conditions hold:
b_ .
L PL]0%) = 32070 ¢ 1)
b_ .
2. PR |O®b> = Z?:Ol dj ’j) >
such that )
Z {,3 c;dj —y;| < e, (4.8)
7=0
and for all j € {m,...,2° — 1}, it holds that ¢id; = 0.

This definition closely resembles that of block-encoding; however, there

are important differences: here we are working with vectors rather than
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matrices, we aim to construct two quantum states (via state preparation
unitaries) instead of a single quantum gate, and the relevant quantity is the
1-norm rather than the operator norm.

In the next proposition, we will use it to derive a block-encoding con-

struction.

Lemma 4.1.1 ([3]). Let A = 7" y;A; be an s-qubit operator, and let
e € RT. Assume that (Pp, Pg) is a (f,b, €1)-state-preparation-pair for the

vector y, and let

m—1 m—1
W= !j><j|®Uj+(I—Z|j><j|>®fa®fs
j=0 j=0

be an (s + a + b)-qubit unitary operator such that for all j € {0,...,m — 1},
the operator U; is an («, a, €2)-block-encoding of A;.

Then, it is possible to implement an (a3, a+b, ce; +aSez)-block-encoding
of A using a single application of W, Pg, and Pz.

Proof. Observe that W = (P} @ I, @ I,YW (Pr® I, ® I,) is a (a3, a+b, cvey +
afeg)—block-encoding of A :

HA —aB (0% ® (0% @ I) W (|0°") ® |0°*) & I)H

261 m—1 -1
=A=aB [ D ke 0™ a1 (Z\j><jl®Uj+ (I— 15) <j|> ®Ia®fs> -
k=0 Jj=0 Jj=0

2b—1

A diliy @0 @1
=0

e (B et oo mron)

j=0
2b—1

+af | Y (cdy) (0% @ 1) (j0°) @ 1)

Jj=m

The second term will be the sum of zeros since we have by definition
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c¢id; =0 for all j € {m,...,2" — 1}. Then we have:

a-a(Snn s nv o))

We can add and subtract the term > 7" Yy ((029| @ T) U; (|02 @ T) and,
using the triangle inequality and the property that > " i=0 ‘ﬂ cidj — yj| < e

we get :

< a€ +

A—a (Zyj ((0%°| @ 1) U; (j0°*) & I) )H

Now we use the triangle inequality again with the fact that we can write
A=3""0 "y, Ajand we get:

m—1
<aer+a) fyllld; - (0% @ 1) U; (j0°) © 1) |
=0
m—1
< e + Z lyjlea < ey + afes
=0
O
The circuit will have the following general form :
- HAF0
o) AR
i — -0 (4.9)

) ——H T

Uy [[Ur [ | Una
[¥)

Remark 4.1.2. One of the most widely used techniques for constructing
block encodings is based on the Linear Combination of Unitaries (LCU)
method, which expresses a target matrix as a weighted sum of unitary ma-
trices. A common and practical choice is to use tensor products of Pauli

matrices, not only because they are inexpensive to implement on quantum
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hardware, but also because many Hamiltonians are already naturally written
in this form. This avoids the need to explicitly compute the decomposition.
Moreover, this approach does not require additional ancilla qubits beyond
those used to encode the coefficients. However, the main drawback of LCU
is that it often requires implementing multi-controlled unitary operations,
whose decomposition into elementary gates is resource-intensive and scales

poorly with the number of controls.

The following operation is the product of block-encoded matrices. In
general if we want to take the product of two block encoded matrices we
need to treat their ancilla qubits separately. In this case as the following
lemma shows the errors simply add up and the block encoding does not

introduce any additional errors.

Lemma 4.1.2 ([3]). Let U be an (a,a,d)—block-encoding of an n-qubit
operator A, V' be an (5, b, ¢€)—block-encoding of an n-qubit operator B, and
S the SWAP operation between the ancilla qubits:

Slyle) =18 ), ¥ |g)eC¥, |6 eC” (4.10)

then (,@U)(S®1,)(I[,®@V) is a (af,a+b, ae+ 36)- block-encoding of AB.
Proof.

|AB = aB({0°***| @ L,)(I, @ U)(S © I,,) (1 ® V)([0°**) @ L,)]|
=[AB — aB((0°°| @ I,)U(|0°%) @ L,)((0%"| @ L)V (|0%") @ L)
—||AB — AB||
—|AB — AB + AB — AB||
<|A—A|B+allB-B|
<ae+ (6
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Another way to prove is to check whether the circuit will output [0%?) |0%7) é% |v)

(I ® U)(S @ L) (L. ® V)(|0%*) 4))

el

=(I, ® U)(S @ 1,,)(|0°) (|0**) 3 ¥) +11))

=(I, ® U)(|0%") [0%%) — [¢)) +|L))

o AB
=10} 0°7) S5 )
i

Then our final operator will be % with an error ae + (50 O

The circuit will have the following general form:
|0®b> //b :I://a E': 0

0%) —74 7 = 0 (4.11)

M

The following operation creates a block-encoding of a Kronecker product

of two matrices from the block-encodings of the individual matrices [I§].

Lemma 4.1.3. Let U, and U,, be (a, a, €1)- and (3, b, €3)-block-encodings of
A and Ay, respectively, and S defined as in eq. (4.10). Then,

S(U,®@Upy,)S
is an (af3,a + b, aey + Per + €1€2)-block-encoding of A; ® A,.
Proof.

[As ® Ay — O‘/B(<0®a+b| ® Is ® It)Spim (Un ® Un) S;Lﬁm
=4 ® Ay — aB((0%| ® I, ® (0°°| ® I) (Un, @ Upy) (J0=

As
g

0947 @ I, @ 1)
® I, ® 0% ® 1,)|

~

Ve

=4, ® A, — a((0%%] @ L)U,(|0%%) ® L) @ (0% ® I,)
— A A — A, © 4y

<A+ el) ® (A + o) — A, ®@ Ay|

=||As @ €21y + 11, @ A + €11, @ e 14|

~

n(0%) @ L) |

S o

<el| Al + alldd + ae

<aeg + fe; + €169
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where we used that ||A|| < o and analogous result for A,. O

The circuit will have the following general form:

0°) ——1 = 0
|0®b> //b //8 S /b

1’ =0 (4.12)

//s //b //s
|w>{ .

These operations can also be combined with each other, allowing us to block-

encode matrices with more sophisticated structures.

4.2 Fast Approximate Quantum Circuits for Block-

Encodings

The following section closely follows the treatment presented in [10].

Definition 4.2.1. The matrix query operation O, of a matrix A applies:

O10) 1) 1) = (s 10) + /1 = lag2[1)) 1i) 1)

with a;; = Al

The following theorem shows how to construct a block-encoding with in

terms of a matrix query oracle O 4

Theorem 4.2.1. The circuit in eq. (4.13) is an (57—, n+1)-block-encoding

7 ATl
of A.
10) (<=0
|057) 2 H®" [ O 0 (4.13)
) "

Proof. The circuit U, can be written in matrix notation as

Us=(LQ@H" QL)1 ®8S)0s(Iy ® H" ® I,,) .

1
2™ [[Afloo

To prove that Uy is an ( ,n + 1)-block-encoding of A we just need to

verify that
1

0] (0®™] (i| U4 |0) |0®™) |j) = ————a,;
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On the one hand, we have
2n—1
0% 0) |k)
0) [0°") [5) = \/ﬁ Z 10} 1K) 17)

2" —1

= 3 (w100 + /1= g Pl )13

L?

2" —1

= 2 (o100 /1= lak 1) 1) 1)

while, on the other hand, we get

2n_1
ay o HE 1
0)[0%7) J4) — oG > o)

Combining both yields :

(01 0% (i1 U10) 10°7) 1) = (Z_ (o <u<z'\) (Z_(akj 0) + /1~ fang 2 1)) rj>\k>>
3 20 3wy ()
) k=o l=o .

~

2 2 Al
[l

We present how the oracle O4 can be implemented in simple 1— and 2—
qubit gates for arbitrary matrices [I0]. We first consider real-valued matrix.
In this case, for given row and column indices ¢ and j, O4 acts on the |0)

state of the first qubit as an R, gate with angle
0,; = 2 arccos(a;;) (4.14)

ie.,

Ry(0:5) =

COS(%) —sin(%)
sin(%) Cos(%)
A first naive implementation of the oracle uses N* multi-controlled R, gates.

We will denote by C"(R,) an R, gate with n control qubits. The circuit
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construction for O4 uses one C"(R,) gate for each matrix entry a;; where the
control qubits encode the row and column indices |i) |j) of the corresponding
entry. The circuit illustrated below rapresent the oracle Q4 for the encoding

of a 2 x 2 real matrix using 3 qubits and 4 C*(R,) gates.

] Ry(GOO) N Ry

Oo1) — Ry(010) — Ry(011)

(4.15)

The major disadvantage of this naive approach is that it requires N2C?"(R,))

gates to implement the O, oracle for A € RV*N. However, every C*"(R,)
requires O(N?) 1- and 2-qubits gates to be implemented [I9]. This brings
the total gate complexity of this circuit to O(N*) which is excessive as it
is quadratically worse than the classical representation cost. Than we can
use the FABLE (Fast Approximate Quantum Circuits for Block-Encodings)
implementation [I0] to have a quadratic reduction in gate complexity. We
can rewrite the circuit with another structure as derived in [20]. Let us first

see before the construction for a small-scale example of A € R?*2,

—1Ry(6o) R,(61) R, (02) R,(03)

N
N
Jh)
GV
N
N
Jh)
GV

(4.16)

In eq. (4.16), the angles 6y, 01,05, 05 are computed from the data A € R>*2
as we will explain later. We analyze the action of the above circuit based on

the following two elementary properties of R, rotations:

Ry(a)Ry(B) = Ry(a + )
XRy(a)X = Ry(—)
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Then it follows that the first qubit is rotated as

00 : R, (05) - R,(82) - Ry(61) - Ry(Bo) = Ry(Bs + 0 + 61 + 6y)

01 : Ry(03) - X - Ry(6,) - Ry(61) - X - Ry(60) = R, (05 — 05 — 61 + )

10 : X - Ry(05) - Ry(65) - X - Ry(6y) - Ry(6y) = Ry(—05 — 6y + 0, + 6,)

11: X -Ry(03)- X - Ry(63) - X - Ry(6y) - X - Ry(6o) = Ry (=03 + 0y — 0, + 6p)

where the rotation angle depends on the state of the control qubits as in-
dicated above. To implement an Q4 oracle with angles 0y, 0o1, 019, 011, as
given by [£.14] we vectorize A in row-major such that vec(A);;.n = a;; to
obtain relabeled angles (6y,...,03). It is clear from the system of equations

above that these angles have to satisfy:

0 11 1 1] [6

0 1 -1 -1 1|16

"= uE (4.17)
0, 1 1 -1 —1] |6,

05 1 -1 1 —1| |6,

the linear system can also be written as

o 11 1 1 1 o
0 1 -1 1 -1 1 0
"= o (4.18)
0, 1 1 -1 -1 0 1] |6
05 1 -1 -1 1 0] 65
o
~ A é].
=H®H)F: | .|, (4.19)
02
2
. 1 171, . .
where H = Lo is a scalar multiple of the Hadamard gate and Py is the

permutation matrix that transforms binary ordering to Gray code ordering
(an ordering of the binary numeral system such that two consecutive values

differ in only one bit). This algorithm generalizes to 04 oracle for matrices



4.2 Fast Approximate Quantum Circuits for Block-Encodings 49

A € RN The corresponding circuit structure consists of a gate sequence of
length 22" alternating between R, and CNOT gates. Note that R, gates only
act on the first qubit, which is also the target of the CNOT gates, and the
control qubit for the I-th CNOT is determined by the bit where the l-th and (1
+ 1)-th Gray code differs. For an oracle O with angles @ = (6y, ..., 0520 1)
given by , the new angles 0= (éo, e ,é22n_1) are related to @ through

the linear system

(H®*"P;)0 = 0 (4.20)

This linear system can be efficiently solved by a classical algorithm in O(N?log N?)
time using a fast Walsh-Hadamard transform [2I]. The gate complexity of
implementing O, with this approach is O(N?) for A € R¥*Y where N2
CNOT and N? single-qubit R, gates are required. For the complex case,
see [10]. We next illustrate the idea of the circuit compression algorithm for
uniformly controlled rotation gates. The compression algorithm uses a cutoff
threshold 4, € R, that is it considers all §; < §. to be negligible: this means
that the respective single qubit rotations can be removed from the circuit.

The algorithm consists of two steps:
1. Remove all rotation gates for angles HAZ < 9. from the circuit;

2. Perform a parity check on the control qubits of the CNOT gates in each
series of consecutive CNOT gates: keep one CNOT gate with control
qubit ¢ if there are an odd number in the series, otherwise remove all

CNOT gates with control qubit 7.

Example 4.2.1. We illustrate the idea of the circuit compression algorithm
for controlled rotation gate with 8 angles:

éofléj ’é—| [é—|\"—'\@/

L0 P02 s 1947 {0 {0

\
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Assume for example that ég, ég, é4, é5, O < 0., then the respective single

qubit rotations can be removed from the circuit, yielding:

(28 J@\J NPARNY, ‘EJ

The resulting circuit includes a sequence of consecutive CNOT gates that
can be simplified, since they commute with each other and act on the same
target qubit. Within such a sequence, any pair of CNOT gates sharing the
same control qubit will effectively cancel one another out. As a result, in the
given example, a total of 5 single-qubit rotations and 4 CNOT gates can be

eliminated, leading to a more compact version of the circuit.

~ A A

* ®

This procedure can be considered as data sparsification since it allows us
to represent the block encoding matrix with fewer than N? parameters.
However, since we perform a sparsification on the 0 angles after the Wash-
Hadamard transform, it doesn’t mean that @ and A are sparse in the usual
sense of containing many zeros. The following theorem relates the cutoff

threshold d. withe the error € on the block-encoding.

Theorem 4.2.2 (JI0]). For an n-qubit matrix A € R*'*?"  the FABLE
(Fast Approximate Quantum Circuits for Block-Encodings) circuit with cut-
off compression threshold §. € R™ gives an (m,n + 1, N36. + O(62))-
block-encoding of A.
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Proof. We start with the linear system in eq. (4.19) that relates the angles of
the uniformly controlled rotations to the angles of the matrix query oracle.
After thresholding the parameters 6 with cutoff 6., the uniformly controlled
rotation is constructed with parameters 6 + 60, where |66;] < 8,. It follows
that ||60]| < N§,. This perturbs the angles in @4 from  to :

0 = (H®*"P5)(6 + 46).

By linearity, the error on Q4 thus becames:

n=0—0=(H%"P;)0
and we get
Il < IH=*"|| - | Pal - |66 < N?6.

as Py is a unitary matrix and |[H®2"|| = N. This implies that the element
wise error is now only bounded by |n;| = |6; — 6;] < N2, This relates to the

element-wise error on a; as :

|6a;| = |a; — @;| = | cos(6;) — cos(6;)|

= | cos(6;) — cos(0; + n;)]|

= ‘ZSin (%) sin (91- + %))

< 2 sin (%)‘ < N?6. 4+ O(5;)

In the final approximation, we used the Taylor series of the sine function.
We thus have that ||da|| < N36.. As ||A]| < [|A]|r = || vec(A)||, we get the
upper bound. O

4.3 Sparse matrices

This section closely follows the constructions presented in [II]. For an
alternative construction, we also refer the reader to [22]. We consider the
block-encoding of sparse matrices, that is, matrices where most entries are

zero. We begin by introducing some notation that will be used throughout.
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Definition 4.3.1. A matrix A € C"™ is called s-sparse if each row and

each column of A contains at most s nonzero entries. In other words,

Vie{l,...,n}: {j: Ay #0} <s,
Vie{l,...,m}: {i: Ai; # 0} <s.

Additionally, we introduce a function that returns the location of the ¢-th

nonzero entry in a specified row or column.

Definition 4.3.2. Let A € C"*™ be a s-sparse matrix, we define
c:A{Ll,...;s} x{1,....m} —{1,...,n},

as the function that gives the row index of the /-th nonzero matrix element

in the j-th column.

We now assume that A is a square matrix, i.e., A € CV*V with N = 2"
and s = 2™ for some m < n. Under these assumptions, the following theorem

provides a method for constructing a block encoding of A.

Theorem 4.3.1 (Theorem 4.1 [IT]). Let ¢(¢, j) as defined in definition 4.3.2

of an s-sparse matrix A € CV*¥. Let O, be a unitary such that:

Oc 10} 17) = 16) |e(¢, 5))

and Oy4 be a unitary such that

010 10) 1) = (Aetears10) + /1 = [Actesl? 1)) 100 13

then
Up= (L@ H*" @ In)(Is @ O.)04(l, @ H*™ @ Iy),

is a (s, m + 1)-block encoding of A.

Remark 4.3.1. The unitaries O, and O, in Theorem [£.3.1] always exist.
However, what is nontrivial in practice is whether these unitaries can be
implemented in an efficient way. The applicability of this block encoding ap-
proach ultimately depends on our ability to efficiently construct and execute

O, and Oy for a given matrix A.
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Proof. We will show that (0] (0™| (i| U4 |0) [09™) |j) = TA;;. We first apply
H®™ 04,0, to 0)]0%™) |4):

0) [05m) |y LzHorely, % i 0)16)17).

s—1

1 .
75 2 (Aeens 100+ /1= AP 1) 10015)
0

-1
Ir®0

=
L1 ; .
—>% (Ac<e,j)7j|0>+ 1 — Ay 4l |1>> 10) |c(¢, 7)),
/=

o

and we apply I, ® H®™ ® Iy first to |0) |09™) |7), that is

-1

0) [0 Ji) Z

Finally, taking the inner product we get

—_
—_

S— S—

(01 (0™ (i| Ua 10} [0°™) |) =

w | =

. , 1
Ac(e.g).g (k[€) (ilc(t,4)) = gAij

i
o
T
o

]

The quantum circuit associated with this block encoding has the following

general form:

10) =0

057) (o | Oa i 0 (4.21)
) — H

This block-encoding can be regarded as a special case of Theorem {4.2.1

However, due to the sparsity of A, it suffices to use only m + 1 ancilla qubits
instead of n 4+ 1. Moreover, if A possesses additional structure, the oracles
O. and O4 can often be implemented efficiently. In the following, we focus
on a specific class of structured matrices and provide explicit constructions
of the corresponding quantum circuits.

A sparse matrix A can naturally be interpreted as the adjacency matrix of
a directed graph. In this context, we define a vertex set V' corresponding to

the column indices {j} of A, and an edge set £ C V x V consisting of index
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pairs (i, j) such that A;; # 0. Each nonzero entry A;; represents a directed
edge from vertex j to vertex ¢, with the value of A;; specifying the weight
of that edge. In the case of undirected graphs, the corresponding adjacency
matrix is symmetric, satisfying A;; = Aj;. In contrast, for directed graphs,
this symmetry condition does not hold in general. Now, we focus our study
on the special case where the sparse matrix A corresponds to the adjacency
matrix of a directed cyclic graph. As an illustrative example, we consider
a cyclic graph with NV = 8 vertices, whose associated adjacency matrix is a

banded circulant matrix.

PRI 4
(8%
A= 5 (4.22)
a v
f‘)/ 0 ) /B a

The structure of the matrix corresponds to a directed graph in which each
vertex 7, for 0 < 7 < N — 1, has two outgoing edges. Specifically, the edges
(mod(j + 1, N),7) and (j,mod(j — 1,N)) are included in the edge set E.
The weights associated with these directed edges are denoted by [ and -,
respectively. In addition to these directed edges, each vertex j is assigned
a weight «, which can be interpreted as the weight of a self-loop edge from
vertex j to itself. As a result, the corresponding adjacency matrix A takes

on a nearly tridiagonal structure, with:
- « along the diagonal,
- v along the superdiagonal,
- [ along the subdiagonal.

The cyclic nature of the graph is reflected by the nonzero entries Ay_1 9 =7
and Ao ny_1 = B, which complete the wraparound connectivity of the cycle.

Each column of the matrix contains exactly three nonzero elements. To
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encode the row indices of these nonzero elements, we require m = [log, 3] = 2
ancilla qubits. An additional ancilla qubit is used to encode the numerical
values of the matrix entries. When applying Theorem to construct the
corresponding block-encoding circuit, we use s = 2™ = 4 and thus treat the
matrix as 4-sparse, even though each column actually contains only three
nonzero elements.

In order to construct an explicit block encoding, we first need to define the
function ¢(j, ¢) introduced in Definition , which returns the row index of
the /-th nonzero entry in the j-th column of the matrix. For the adjacency

matrix associated with a cyclic graph, this function can be specified explicitly

as follows:
(j—1)mod N if¢=0
c(l,j) =147 if¢=1or £=3 (4.23)
(jJ+1)mod N if =2

Therefore we need to construct a quantum circuit to map |j) to |(j — 1) mod N),

|7) or |(j + 1) mod N), depending on the value of £. These cyclic addition
and subtraction mappings correspond to left and right shift permutation op-

erators, which we define as follows:

(4.24)

Here, the matrix L performs a cyclic left shift (i.e., subtraction by 1 mod
N), and R performs a cyclic right shift (i.e., addition by 1 mod N). These op-
erations can be implemented efficiently in quantum circuits using multiqubit

controlled-NOT gates.
Lemma 4.3.1. We define the C"-NOT gate as the n-qubit multi-controlled

NOT gate acting as:

C"-NOT [jt) -+ 1) o) = jn-s & (m) Voolidlio) . (4.25)
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Analogously, we define the negatively-controlled version, denoted C"-NOT,
as:

n—2

C"-NOT [jp-1) -+ 1) ljo) = -1 @ <H(1 69%)) ) lin) o) - (4.26)

k=0

Then the left and right cyclic shift operators introduced in Eq. (4.24)) can

be constructed as:

L= (I ®X)- (ﬁ C”-NOT) , (4.27)

p=1
R=(In-1®X)- <H ép—NOT> . (4.28)
p=1
Then L implements modular addition by 1, and R implements modular sub-

traction by 1:
L|j) =1 +1)mod2"),  R[j) =[(j —1) mod 2").
Proof. We proceed by induction on n. For the base case n = 1, we have:
L=X,
which acts as:
Ljo) =11,  L[1) =10},

corresponding to modular addition modulo 2, as required. Now suppose the

claim holds for some n = k, i.e., the operator

Ly, = (Ij-1 ® X) (ﬁ CP-N0T>

p=1
implements:

Ly, |j) = |(j + 1) mod 2*).
We now prove the result for n = k + 1. Define:

k+1
L1 = (Ip ® X) - (H C’p-NOT) — L - C**L.NOT.

p=1
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The gate C*T1-NOT is activated only on states of the form |ji) |1 - - 1), where

the last k qubits are all 1. These correspond to the numbers of the form:

On such states, we have:

Ly ) |1+ 1) = Ly - C*-NOT [ji) |1--- 1)
=Liljp®1)[1---1)

g 284 (28 = 1).

= [jk®1)10---0),

which corresponds to the state |j; - 2%), i.e., (j + 1) mod 2¥1. For all other

basis states [j) = |jk) |jk—1) - - - |Jo), where the last k bits are not all ones, the

CHLNOT gate is inactive,

Lig1 7)) = Li |7) = |(j + 1) mod 2% .

SO:

Hence, the induction step holds and Lj.; performs modular addition by one.

The proof for R is analogous, using negatively-controlled gates instead.

In the case n = 4, the circuit representation of L is:

AR

€V

D

N

Jh)

%

/4R
UV

]

(4.29)

(4.30)

To construct O, we have to control the L and R gates which must be activated

only when ¢ = 0 and ¢ = 2. The final circuit for O, is :

[01) —
|£0> ] Oc
17) —

(4.31)
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It is important to remark that the construction of O, depends on how ¢(¢, j)
is defined, which is not unique. For example, instead of using eq. (4.23), we

might use the following definition:

j if ¢=0or (=3
c(l,j)=3(j—1)mod N if =1 (4.32)
(j+1) mod N if £ =2

resulting into the O, circuit:

) o+
’€0> ] Oc — =
)

= —  (4.33)

that can further be simplified because the L-shift and R-shift cancel each
other for ¢ = 3. For circulant matrices, the matrix elements of A depend
solely on the value of . Consequently, when using controlled rotations to
encode the nonzero matrix elements, the control qubits are conditioned only
on those qubits that encode the state |¢). To encode the diagonal entry «,
we apply a controlled rotation R,(6p) conditioned on ¢ = 0. Similarly, the
controlled rotations R, (#;) and R,(6,) are used to encode the sub-diagonal
and super-diagonal elements § and ~, respectively, corresponding to ¢ = 1
and ¢ = 2.

Lemma 4.3.2. The rotation angles are given by:
0y = 2 arccos(a — 1), 0, = 2 arccos(f), 0y = 2 arccos(7).
Proof. These expressions are derived by evaluating the amplitude
(0100 (| Ua |0y |00} |7}, forie{j—1,j,j+1},

where Uy is the operator defined in Theorem We apply the operator
(I ® O.)04(ls ® H® H ® I,) to the state |0) |00) |j), and we apply the
operator I, ® H ® H ® I,, to the state |0) |00) |i). We then compute their
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inner product.

1

= 5 (12 ® 0:)0410) (|00) +[01) + [10) + [11)) |)
1 .
= 5128 Oc) (B,(60) [0) [00) + R, (61) 0) [01) + Ry (62) |0) [10) +[0) [11)) |)
1 . . ‘ .
= 2 (Ry(60)10) 100) ) + Ry (62)10) 01) [ — 1) + B,(6:) 0} [10) | + 1) +10) 111) ) ).
(4.34)
On the other hand, we have:
1
0) ]00) i) === 210) (00) +[01) + [10) + [11)) [7) (4.35)
Now, computing the inner product for i € {j —1,7,7 + 1} gives:
COS(%O)—i—l if 1 = j,
(0] {00[ (i] U4 |0) |00) |5) = { cos (&) ifi=j-1,
cos (%) ifi=j+1.
It is then sufficient to solve the following equations:
a if 1=y,
(0100 (| U 10) 00} |5) = § 8 ifi=j—1,
v ifi=j+1,
from which the expressions for 0y, 61, and 6, follow. O

This design leads to the following orthogonal array (O4) quantum circuit
structure, where the rotations are activated only for the appropriate values

of ¢ to ensure that the correct matrix elements are encoded.

] Ry(eo) N Ry 01) N Ry(QZ) I

(

0) —

y — ; _ 4
) | O - ‘ J (4.36)
- I

4o
|j
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4. Block encodings

=)

(@)
= = =

01
4o
|j

~ — ~ —

Ry(¢0)

/4R
UV

Ry(¢1)

/4R
UV

Ry(CbZ)

R
%
R

D

Ry(¢3)

D =0
Hi1#=0

* H—H+= 0
é@f

Figure 4.1: A complete quantum circuit for the block encoding of a 8 x 8

)

banded circulant matrix.

To avoid the use of multi-controlled gates, we can apply a Walsh-Hadamard
transformation of angles, as described in eq. (4.20). Then, the circuit O4

with the angles {¢q, @1, P2, ¢35}, can be implemented in the following way:

_Ry(¢0) > Ry(¢1) > Ry(¢2) P Ry(¢3)

/4R
UV

The complete circuit for a block encoding of A/4, where A is an 8 x 8
circulant matrix of the form given in eq. (4.22), is shown in Figure The
total number of Hadamard gates and controlled rotations scales proportion-
ally with log(s), which remains small for sparse matrices. Similarly, the
number of controlled-R and controlled-L shift operations is O(log s). Each
of these shift operations is implemented as a general multi-qubit controlled
(Toffoli) gate, which can be decomposed into a polynomial number of two-
qubit gates. Consequently, the overall gate complexity of the Uy circuit is

poly(n), making the construction asymptotically efficient.



Chapter 5

Efficient Block Encoding of Spin

Hamiltonians

In this chapter, we present the main result of the thesis: an efficient
framework for the block encoding of spin Hamiltonians, a class of matrices
characterized by their structured sparsity and symmetry. We introduce a
novel formulation of the Linear Combination of Unitaries (LCU) method
that the SELECT oracle using only n CNOT and n cZ gates, along with a
linear number of ancilla qubits. By carefully exploiting the structure inherent
to spin Hamiltonians, we also reduce the cost of the state preparation oracle.
This is achieved through the design of a new family of efficient routines for

Dicke state preparation, a special class of quantum states.

To demonstrate the practicality of our framework, we explicitly construct
block-encoding circuits for a representative case: the Heisenberg Hamilto-
nian. We provide detailed, non-asymptotic gate counts for all components
of the circuit and support our analysis with numerical benchmarks. These
results validate the effectiveness of our method—referred to as the FOQCS-
LCU technique—by showing a substantial reduction in CNOT gate count,
achieving an order-of-magnitude improvement over conventional LCU-based

approaches.

61
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5. Efficient Block Encoding of Spin Hamiltonians

5.1 Fast One-Qubit Control Select LCU

In the Linear Combination of Unitaries (LCU) method (see Remark :

a target matrix H is expressed as a weighted sum of unitary operators:
M-1
H= Z mUns, (5.1)
m=0

where the a,, are (generally complex) scalar coefficients, and each U, is a
unitary matrix.

This decomposition provides a flexible and general framework for encod-
ing arbitrary operators. While in the worst case the number of terms M may
grow exponentially with system size, in many physically relevant settings (for
example condensed matter systems and molecular Hamiltonians in quantum
chemistry) M scales only polynomially, or even linearly. Due to its general-
ity and scalability in structured problems, the LCU method remains one of
the most widely used and theoretically grounded strategies for implementing
efficient block encodings in quantum simulation tasks.

We now proceed to examine the standard LCU method in detail, before
introducing our variant. We will highlight the key differences between our ap-
proach and the original formulation presented above. The LCU method uti-
lizes three oracles: a state preparation pair (Pg, Pr)(Def[4.1.2) and SELECT.
Pr and Py, only act on the [log,(M)] ancillae and prepare respectively the

following states:

M-1
1
|0® Nlez2(0) Ty P,y Vi N (5.2)
m=0
M-1
1 X
|O®[log2(M)]> i) _\/N m |m> , (5.3)
m=0

where |m) denotes the computational basis state corresponding to the binary

representation of the integer m and N is the normalization:

M-1
N=llafi =D lom - (5.4)
m=0
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(] H+F0
0 7 0
el 3 P [
- — H+E0
. | n ]
[¥) U || | Un

Figure 5.1: LCU block encoding

The SELECT oracle, on the other hand, applies M multi-controlled uni-
taries acting on the system registry, with each unitary controlled by the

associated ancillary state |m):

M-1 [logy(M)]—1
SELECT = Y [m) (m|@Un+ Y  |m)(m| &I (5.5)
m=0 m=M

The complete LCU circuit starts with the preparation of the state eq. (5.2),
followed by the application of SELECT, and then the inverse of Pr,, as shown
in Fig

Note that the main difference between this method and the block encoding
presented in eq. (4.9) lies in the absence of ancillary qubits |[0%*) in the current
formulation. These ancillae are not required here, since the operators U, are
already unitary.

If we consider the most generic implementation of LCU, assuming for
simplicity that U consists of Pauli strings (i.e tensor product of Pauli ma-
trices), the overall gate count scales as O(wM log” (M)) [9, 23], where w is
the maximum Pauli weight (i.e the maximun number of Pauli matrices that
are not the identity in the tensor product) and the greatest contribution is
given by the multi-controlled gates of the SELECT oracle. However, this
asymptotic cost can be substantially reduced by introducing additional an-
cillae and exploiting the algebraic or physical structure of the problem at
hand. We contribute to this line of research by fully exploiting the under-

lying structures of target Hamiltonians, particularly those within a broad
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Pauli | (1,j)
1 (0,0)
Z |(0,1)
X (1,0)
Y | (L,1)

Table 5.1: check-matrix formalism.

class of quantum spin models. Moreover, we develop a novel formulation of
LCU that eliminates the need for costly multi-controlled operations in the
SELECT oracle.

Finally, we introduce a new LCU implementation circuit based on the
check-matrix formalism [I], where we assume the unitaries to be Pauli strings.
Since the Pauli matrices form a basis for the space of 2 x 2 complex matrices,
such a decomposition can always be found. The key feature of this new LCU
variant is that the SELECT subroutine requires no multi-controlled gates.
Therefore, we refer to this method as Fast One-Qubit Control Select LCU
(FOQCS-LCU), pronounced “Focus”.

First we present a simple example of a generic 2 x 2 matrix, to illustrate
how our implementation works. After that, we describe how to extend this
approach to general matrices of dimension 2" x 2.

We start with the single-qubit case of any complex matrix A € C?*2

which can be written as:

A = agol + anZ + aqpX + a11Y, (5.6)
= Oé()()] + 0401Z + Ckl()X - iOlezX s (57)
where we assume ||a||; = 1 and use the identity Y = —iZ X, noting that the

coefficients « are generally complex. This notation recalls the check-matrix
formalism in table 5.1 [I], so that the coefficient ;5 corresponds to the pair
(1,3).

By using a state preparation pair (Pg, Py), such that each prepares the
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following state on two ancillae:

100) 225\ /aoo |00) + +/aior [01) + /a0 |10) + v—da; [11) (5.8)
100) 255 /aioe™ [00) + v/aor” [01) + /ano® [10) + V=i, [11) ,  (5.9)

where the square root of a complex number z € C as its principal value,

denoted by +/z, and given by
\/E: |Z|eiarg(z)/2’

where |z| is the modulus of z and arg(z) € (—m, 7] is its principal argument.
Then, we can realize a modified LCU block encoding for A, where the X and

Z contributions are activated respectively by the first and second ancilla:

o HE o

0y o [—‘L\ - 0 (5.10)
Jan Aly)

[¥) b7} TA

Theorem 5.1.1. The circuit in eq. (5.10) is a (2, 0) block-encoding for A in
eq. (5.6).

Proof. Given a starting one-qubit state |¢)) on which A is applied:
AlY) = (gl + anZ + 10X —ian ZX) [Y)
the circuit yields the following outcomes at each step:

100) [¢) == (/a0 [00) + v/aor [01) + /ag |10} + v/ =iy [11)) )
Va0 [00) [4) + v/aor [01) X 1) + /ag [10) [1) + v/—icn X [11) [¢))
2, i [00) [¥0) + aor [01) X |¢) + /ae |10) Z [¥) + v—ian: ZX [11) i) .

Finally, before measuring the ancillae, we apply the gate PTL, whose action is
defined as:

P * * £ 3 . *
00) =5 /aoo™ [00) + /aor” [01) + /are” |10) + v/ —iaq; [11)
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That is, by applying the conjugate transpose, we obtain:
<OO| P}: = 1/ Qo <00‘ + v ao1 <01’ + v Q10 <10’ + v —iall <11| R

since the complex conjugate of the complex conjugate of « is « itself, so we

get:

({00] ® I5) - P - SELECT - Pg |00) [¢) = ago [¥) + aoi X [¥0) + a10Z [¢) — i1 ZX |ih)

= Alyp) .

]

The circuit in eq. (5.10) can be easily generalized for n qubits for any
linear combination of Pauli strings. Given the standard LCU decomposition

in Pauli strings:

m=0

M-1 —1
H=> anQon, (5.11)
/=0

where 0,,, € {I,X,Y,Z} and ||a|; = 1, we can map every o,,, to a tuple
(is, j¢) by following the check-matrix formalism in table 5.1. As a result, we

get the following identity:

Oy = (—1)730 230X (5.12)

where X and ZJ¢ are defined as:

. I if i,=0
X = (5.13)
X if =1

Next, we combine the indices i, and j, for £ =0,...,n —1 to get the binary

representation of two indices ¢ and j as in eq. (2.1).

L= [i07il .- ~7in71] ) J= [jOajla' . '7jn71] s (514>

so that every m in eq. (5.11) corresponds to a tuple of integers (i, j).
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Finally, by expanding the summation over every ¢ and j € {0,...,2" —1}
(where a;; = 0 if there is no corresponding o, in the original summation)

and by absorbing the complex coefficients:
gy = (=)= ey, (5.15)

we get the check-matrix LCU decomposition of H:

on— 1277, 1

H=Y Y a; ® Z3e x| (5.16)

=0 75=0

Note that even if we are now summing over 4" > M terms, the normal-
ization constraint stays the same as the new coefficients c;; are either equal
to the old ones up to a complex phase or to 0.

Starting from eq. (5.16), we can then define the action of Py for the

n-qubit case:

on— 1271, 1
P [097) [09) = >~ \/au; li) |) (5.17)
=0 7=0

while Pr, prepares the complex conjugate:

on— 12n 1
P [0%7) 097) = > > " ay 1) [5) (5.18)
=0 7=0

Subsequently, the SELECT oracle can simply be realized by n CNOT
and n cZ gates, as shown in Fig[5.2]

Theorem 5.1.2. The circuit in Fig|5.2{ with Pg defined in eq. (5.17) and Py,
defined in eq. (5.18) is a (2n,0)-block encoding for H defined in eq. (5.16).

Proof. First we fix the two n-qubit ancillary registers as |i) = |ig,...,1,-1)
and |7) = |jo,---,jn-1). Applying the n CNOTs of the SELECT oracle will

result in the following state:

|i07 s 72.n—1> |j07 ce ajn—1> (Xio ®Xi1 ®... ®Xin_1) W) : (519}
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(- - 0
=] - 7 0
. o =0
1 b= 0
=) - 7 0
- - 0
( <> Z]
[¥) < ® g
‘ ® {2——-

Figure 5.2: Circuits representing FOQCS-LCU.

Then, after the controlled Z, we get:

— |i0, . 7in—1> |j0, e 7jn—1> (ZjOXiO (%9 Zleil X...Q0 Zjn*lXinfl) |¢>

— i) 1) R 29X |4 (5.20)

which proves the result for fixed |i) and [j).

If we now consider the Pgr and P}E gates, whose actions were defined

respectively in eq. (5.2) and eq. (5.3), we can now prove that the circuit in
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Fig [5.2] implements the block encoding of A:
(0%"] (0®"| P - SELECT - PR 0% [0%™) [4))
ron— 1 on— 1 2n—1 2n—1
= 1> Z Vi (i SELECT | > ) \/dy; i) |j>] )
Li'=0 j'= =0 j=0
fon— 12n 1 T on 12n 1
= |22 VAl [Z D Vali i) ®Z”X“ )
Li’=0 j/'= | =0 7=0
on— 12n 1
Y Y a @z
=0 75=0
— Alw) (5.21)
O

A key advantage of this implementation is that it requires no multi-
controlled gates, achieves constant circuit depth (equal to 2), and is com-
pletely independent of the specific matrix being encoded. This marks a
significant departure from standard LCU constructions, where SELECT is
often the most resource-intensive component due to the overhead of decom-
posing multi-controlled unitaries into elementary gates. In contrast, our ap-
proach shifts all matrix-specific complexity to the state preparation oracles,
P, and Pr. These oracles consistently require 2n ancillae, compared to
the [log,(M)] ancillae needed in standard LCU. In the worst-case scenario,
where M = 4", the ancilla requirements and computational costs of both
methods become comparable. However, in many physically relevant cases
where M is small, our method results in a significantly sparser representa-
tion of the new coefficients &. A natural first step toward simplifying the
implementation of Pg and Py, is to leverage quantum state preparation al-
gorithms tailored for sparse input states. These methods offer complexities
ranging from O(Mn) to O(Mn/logn), provided that additional ancillary
qubits are available [24, 25 26]. Moreover, if the target Hamiltonian exhibits

additional structure, this can be systematically exploited to further reduce
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the cost of state preparation. We demonstrate this in the following sections
for the Heisenberg and spin glass Hamiltonians. In summary, our method
replaces the costly SELECT oracle of standard LCU with a highly efficient,

structure-independent implementation of constant depth.

5.2 Preparation of Dicke states

Before exploring the practical applications of the FOQCS-LCU block en-
coding, we introduce a set of foundational subroutines that will be used
throughout the remainder of this chapter. In particular, we highlight key
results from the literature on the preparation of Dicke states | D}')—a family
of quantum states that are symmetric under qubit permutations and have
exactly v excitations (i.e qubit in the |1) state) among n qubits [12] 27].

Both the standard Dicke states and certain newly derived variants will
play a crucial role in the construction of the Pr and Py, oracles for the spin

Hamiltonians.

Definition 5.2.1. The Dicke state |D7), also known as the W-state, is de-

fined as:

|D§‘>:%(|100--->+|010--->+---+|---001>),

= % Z_: 12°) . (5.22)

To construct the corresponding circuit, we rely on two auxiliary compo-
nents: the I'(f) and A" subroutines.

Definition 5.2.2. The I'(#) subroutine is defined as :

_ L —R, (0
re) | = v (0) (5.23)

T I l )

hd U
and it acts on the basis state in the following way:
0 0
100) 2% J00) 101) m>cos5 01) +sin 5 [10)
NGO I'(0)

110) — |11) 111) — —sing|01> —I—cosg 110) (5.24)



5.2 Preparation of Dicke states 71

Lemma 5.2.1. The I'(#) subroutine can be implemented by using just 2
CNOT with the following circuit:

R.(5 - 3) | H——
S R.(§-3) S* b

Proof. We now show that the two circuits implement the same transforma-

IS

(5.25)

tion on computational basis states. Now we compute the action of the circuit

in eq. (5.25) on the basis states. Let start with |00), we have:

(Re(Z-9HS)en (59 el(i—5)
|00) > 7 |00) + 7 110)
CNOT e~ 1) " ei(G—9) 1)
% N R
V2 V2
LOR,(Z2-I) 0 =« e—i(%—%) 0w ei(%_%)
s e~ i) 7 00) 4 ¢'a= ) 7 I11) |
we observe that e i(i-1) . M b 100) + ela=%) . 1(4 4) 1) = \}5 00) +
2 ]11), so
),
1 HoH, 1 1
— 100 11 00) + —= |11
\/§| )+ \/—l ) — \/§| ) \/5| )
nes 1 i
- 7 |00) — 7 |11)
onor,
\/—!00> \/—|10>
S@I
— \/—\00> \/5\10>
28, 100) (5.26)
For |10) we have, in a similar way:
R.(Z—9).H.8\®I, —i(x-9) i(x-9)
1) LTI e \/}4 100) — i \4/_4 10)
CNOT e iED) (3-%)
— i |00) — 111)
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. . .m0 . - .9 . .
where e~i(§=%) . 22U |00) — ¢(E5) L L 1) = 0 100) — <5 [11), s0

H®H
) —

75100} - f|11 f|01> +7§|10>

12®S (4
01 10
\/—| )~ \/§| )
CNoT, v
01 11
\/—l )~ \/51 )
S®IQ
01 11
\/—I )~ \/§| )
LLENTTN (5.27)
For |01) we get:
(Re(Z-8)H-8)el e (59 (i1
o) o)+ 1)
CNOT e~i(F 1) o) eiF—1) 110)
oot ——01) +
vz vz
LOR:(5-5) oop G 01) 4+ e~ iE-D e D 110)
- - ‘4 ea71) . — e 171 ,
V2 V2
i(0_my  E-9 _i_my  GF-D —ie'
we Eave that (=1 . o5 [01) +e (i 4)-%|10> = =5-101) +
ke 22110), so
V2 | 9
i-eis i-e s 1
- : HeH
01) + 10 > —— [ sin=00) —Hcos— 01 —1cos— 10) —sin - |11
S oty + S 10y 225 (i G Jo0) + dcos ) J01) —icos 10) —sin 5 1))
Io®S* 1
—— 7 (sm |00) +cos—|01)—zcos—|1())+zsm |11))
1
CNOT, 7 (sm |00) +Cos—|01)—zcos—|11)+zs1n |10))
1
Sok, E(sm |OO>—{—COS—]01)+Cos—\11>—sm ]1()))
0
RN cos§|()1>+sin§\10>. (5.28)
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Finally, for [11) we have:

T 0y 77 _i(z_ﬁ) i(z_Q)
’11> (RZ(2 2)HS)®12 ie 471 |01>—i€ 4712 ’11)
V2 V2
CNOT e ili= i)
S T|01>— 7 |10)
Ig@Rz(% %) Z(Q_z (3 eil(gig) —i(g—i 7 - ez(gfg)
Sl 2 AN eili=1 7 101) — i35 7 110)

where /(65 . 20 107y =it 2D 30y e jop) 4 8 )
V2 V2 ’

V2 V2
SO
¢'s e it 1
HeH
— |01) + 10 — | cos = [00) — isin = |01) 4 isin = |10) — cos = |11
01+ 10y 29 ((cos 100) — isin 01 + isin g [10) — cos 1))
1
LeS, <COS—|OO —sin — |01)+zsm |10)—|—zcos—|11))
V2
1
SACEN (COS—\OO —sin — |01)—i—zsm ]11)+zcos—|10))
V2
S®Is
—  —= 00) —sin = [01) — sin = |11 —cos— 10
ﬁ( 3100) —sin g 01) = sin g |11) — cos 5 10}
Helby _gin - |01)+cos—|10> (5.29)
With this, we have completed the proof. [

Definition 5.2.3. The A" subroutine is defined as :

['(62)

Al = (5.30)
['0,-1)

['(6,)

where the angles 6, used in eq. (5.30) are given by:

1
0, = 2 arccos \/;, te{2,3...,n}. (5.31)
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Remark 5.2.1. We remark that A" exhibits a recursive structure:

An—l

I'(6,)

(5.32)

Theorem 5.2.1 (|27]). The Dicke state |D}) can then be prepared by lever-

aging these subroutines, using the following circuit :

0%7) 4Dy — DY)

where: 1

n 7;
- -
7

An

(5.33)

(5.34)

Proof. We prove the statement by induction. For n = 1, after applying the

X gate to |0), we obtain the state |1), which is precisely |D}). Assume the

statement holds for n = k. We now prove it for n = k + 1. Starting with
the state [09%1) applying the X gate yields |0%%) [1). Next, after applying

['(0x11), the state becomes

0 0
cos —k2+1 |0%5=1Y101) + sin —kgl 10951y 110) .

By definition, 6,1 = 2 arccos 4 /k%l, so that

0k+1 1 . ek—‘rl

CoS = and sin

2 kE+1 2

Thus, the state becomes

1
vk +1

E+1

B k
“VEkx1

0F9) [1) + 4/ —— 0751y [1 |0} .

Now, applying the induction hypothesis to the state |09*~1) |1), we obtain

1

i) =

(|100--->+\010--->+---+|---001>).
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Therefore, the final state is

1 ko1
0%%Y 1) 4+ 4/ +——=—=([100---) 41010 ---) +--- 4 |---001) ) |0) ,

T 0 I 5 7 (11007 + 1010+ 001} ) [0)

which is exactly | D). O

Moreover, this circuit can be generalized to represent any unbalanced su-
perposition of states with exactly v = 1 excitations. We denote as unbalanced
Dicke states:

D7 (0)) = 3o |2} (5.35)
=0

with [|a|| = 1. We start by considering only the absolute value of oy =
e |ay|, where the phase factor is fixed at a later stage.

In particular, we prove that by defining the angles 6, within the circuit
in eq. (5.33) as:

~

0,1 = 2arccos |y, 1] (5.36)

| v

-1
1- Z?:K—H |O‘j|2

l=n—-2...,1 (5.37)

0, = 2arccos

we obtain the state in eq. (5.35) up to some relative phases.

Corollary 5.2.1. The unbalanced Dicke state defined in eq. (5.35) can be

implemented by the following circuit:

T'(6y) iy
_ ! P, —
(5.38)
N -
- 1 NMn—2 [

Pros |-
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Proof. First of all, it is important to observe the outcome of the CNOT and
controlled R, couple on the initial two-qubit state [01):

~ ~

0, . O
|---01) — cos 21|-~-01>+sm 21|~--10)

= a1 2771 + V1 — a2 [2772) . (5.39)

Subsequently, we get to the second step:

~

0, O
— |1 |- -+ 001) + cos 22\/1—\an_1|2]---010>+sm 21 = |on_1[? |- - 100)

2
= o] [2°71) + Jan—2] [277%) + V1 = Jan—2l* = |a_a[?[2°7%) , (5.40)

where we have used the following relations:

cos bz _ 2| (5.41)

2 \/1-—|Qn,1P ’

sin =2 =, [1— [cos 22| =,/1- || - = — | —2|? — || .
i ’ TfonaP Tl

(5.42)

In a recursive manner, we can then extract the final state:

n—1 n—2

L= a2+ fal [2°) (5.43)
=1 =0

where it is suflicient to observe that:

(5.44)

since ||a||2 = 1, to get the state in eq. (5.35) up to some relative phases.

Finally, in order to correct the phases, it is sufficient to apply a phase

Lo ] (5.)

gate:

e 0 einl

on each qubit. O
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We now introduce a new, more specialized class of Dicke states with v = 2,
subject to a nearest-neighbour constraint; that is, the two |1) excitations

must be adjacent to each other.

Definition 5.2.4. The [Dj_ ) state is defined as:

n—2
1
NN n — 1 o
1 n—2
- 0...0110...0) (5.46)
n—133Y n—2-¢

Lemma 5.2.2. The |Dy_ ) state can be constructed by first preparing the
|D7~1) state and then applying a CNOT-ladder, denoted by C' Ly, defined as

B -
CL,|: = o (5.47)
_| - D
_| L S
thus, the final circuit will be:
|0®n> ] D;ZNN _|D£LNN> (548)

Where:

n—2
n / An—l

Proof. We have that each CNOT gate in the ladder is activated by exactly

one component of the state vector:

120y ZELy |2 4 9ty | (5.50)

so that, by linearity, the entire superposition evolves into the correct target
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state:

— Do) (5.51)
]

Definition 5.2.5. The Dicke state with v = 2 but with k-th nearest neigh-

bour constraint is defined as:

n—k—1

. 1
1Dy )= = > 2ty (5.52)
=0

Lemma 5.2.2 can then be generalized by considering the subroutines A™*
and C'Ly, which consists of n — kK CNOTs of length k£, with final circuit:

|09™) 4 Dg, —|D’§kN> (5.53)
where: kel
An—k B B

N  CLy, - (5.54)
k
//

Finally, we introduce the double variant of Dicke states by entangling them

with a second register of n qubits.

Definition 5.2.6. The double Dicke state with v = 1 is defined as:

DYy = L3S ) (5.55)
=0

n

so that:

092) {2 - | DY) (5.56)




5.2 Preparation of Dicke states

79

This state can be constructed by first preparing the single-excitation
Dicke state |D7) on the first register of n qubits, and then entangling it
with the second register via n CNOTs, each acting between corresponding

qubits of the two registers:

n—1
2 / A"
D} = (5.57)
where EC stands for element-wise CNOT and is defined as :
S

Y

fan)
¢V

Note that the n CNOTs in EC can be performed in parallel.

Definition 5.2.7. The double version of the [Dj ) states is defined as:

n—k—1
" 1
D5 )= — D2t 2ty 2t 4 2ty (5.59)
=0
The state [D5__) is the special case k = 1.

Equation (5.59) can be prepared with the same strategy as eq. (5.56) by
appending an FC entangling gate:

|0®2n> ] ngN _|D121kN> (560)
where: n—k—1
'
2n T X | CLk
7; D2kN - /k (561)
/
/

To conclude this section, we evaluate the computational cost of the prepa-
ration circuits discussed above, measured in terms of the number of CNOT

gates. A summary of these results is provided in table 5.2.
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Dicke Double Dicke
State | ## CNOTs | State | ## CNOTs
Dy 2n — 2 DY 3n —2
Dy 3n—5 Dy dn —5
Dy o | 3n—=3k—=2 Dy |4n—3k -2

Table 5.2: CNOT gate count for every Dicke state subroutine

5.3 Applications on spin models

We begin by considering the Heisenberg model of quantum spins arranged
on a one-dimensional chain. The spin chain consists of n sites, where each site
hosts a spin—% particle (such as an electron). A spin—% particle is a two-level
quantum system, meaning its spin degree of freedom can be described by a
qubit with basis states |0) and |1), corresponding to spin up and spin down
along a chosen axis. Each electron can be in a spin-up or spin-down state, and
therefore its quantum state is described by a linear combination a |1) +b|]),
spanning a two-dimensional local Hilbert space. When we consider /N such
particles, the total Hilbert space in which the physical states reside is given
by the tensor product of the local spaces, namely H = (C2)®n.

Definition 5.3.1. The one-dimensional Heisenberg Hamiltonian with open

boundary conditions is defined as

—_

3

H =

(]

9 Xe+9°Z + 'Y,

T
3 o

—2
SN X X1+ T 20 Z e + TV Y (5.62)
=0

where Xy =1 ® - - QIRX QIR ---R 1.
‘ —1-¢

The constants J*, JY, and J? represent the coupling strengths along the
respective spin directions. In the isotropic case, where J, = J, = J, = J,

the model is called the XXX Heisenberg model. If only two components are
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Operator | &;; 1) )
9" X, g° 2) [0%")
9° Zy g 0%7) 2°)
@Y, | —ig¥ 12°) 12°)
J* X Xp | J? |2¢ 4- 26F1) [0%m)
J 2y Zpr | T 097) |26 + 2¢+1)
JY Yo | —JY | 2042501 120 4 20

Table 5.3: Mapping between every Pauli string in eq. (5.62) to the coefficient
and ancilla in the formalism from eq. (5.16) and eq. (5.17).

equal, e.g., J, = J, # J., it is referred to as the XXZ model. The Heisenberg
model captures essential features of quantum magnetism and plays a central
role in the study of condensed matter systems, particularly in the context of
quantum phase transitions and entanglement.

The Hamiltonian in eq. (5.62) is already expressed as a linear combination
of Pauli strings, as in eq. (5.11). To construct the check-matrix formalism
introduced in eq. (5.16), and to implement the corresponding Pr and Py,
oracles, we map each term in eq. (5.62) to a coefficient-state pair of the
form (a&;;, |2) |7)). Here, the register |i) encodes the support of the X and Y
components, while |j) encodes the support of the Z components, enabling

the implementation of the SELECT operator as described previously.
Example 5.3.1. The term ¢*X, is mapped to (g%, |2°) |0)):

X =19 RIx(¢*X)RI®- -1
—_——— —_———

0 n—1—¢
T XN
— (g%, 10...010...0) ® [0°™))
l n—1—¢
= (¢", [2°10°™)) . (5.63)

Table 5.3 summarizes the mapping for all terms in eq. (5.62). As a con-

sequence, the oracle Pg must prepare the following complex state on the 2n
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ancillae:

1

< i\/g_l’ [2)10°7) + Vg7 [0°7) [2°) + /—ig¥ [2°) [2°)

Bl

n—2
+ 3 VIR0 4+ 25 05 4+ VT 0B |21 + 261
=0
+ V= |20 26y 28 4o 2y | (5.64)
where N is the same normalization factor as LCU:

N =n(lg°l+ 19’ +1g°)) + (n = D) (|T°[ + [ + | J7]) (5.65)

Analogously, Py, prepares the same state but with complex conjugate coeffi-

clents.

Remark 5.3.1. Grouping the one-body terms in eq. (5.64) by equal coeffi-
cients reveals that each group corresponds, up to normalization, to a Dicke

state. More specifically, eq. (5.64) can be reformulated as:

1

VN
+V (= 1)J7 D5 ) 1057) 4+ v/ (n = 1).J2[0%7) [ D3, )

/—(n = D) | D} >), (5.66)

2NN

(VAg7 D7) 10°7) + V/ng? [0°%) | DY) + /= ing? | DY)

where each of the states DY), DY), |[Dy ) and |D5 ) can be implemented

2NN
with linear gate count, as shown in the previous section.

In order to construct efficient circuits for Pg and Pp, we augment the
system with six ancilla qubits. Since Dicke states admit efficient implementa-
tions, our approach is to design a subroutine, denoted subPg, which prepares

the desired coefficient amplitudes by generating an unbalanced Dicke state.
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0
|
|
|
|
|

jo°

o O

subPgr

=

=)

=

D ? N DgNN I
D ? D gNN
Dy Dy

2NN

>_
>_
>_
>_
>_
>_
)

)

e

Figure 5.3: Circuit used to implement Pg for the Heisenberg model.

Definition 5.3.2. The subroutine subPgr prepares the following state:

1
— | vng® [100000) + +/(n — 1)J*]010000
7 (Vg 1100000} + /G =1) 77 010000)

+/Rg? |001000) + /(1 — 1)J% |000100)
+\/ing? [000010) /—(n — 1)J |ooooo1>) , (5.67)

it can be implemented by a circuit as shown in eq. (5.38).

Lemma 5.3.1. The circuit in fig. 5.3 prepares the state:

1
o <\/_ng‘” 1100000) | D7) |0%™) 4 v/ng [001000) [05™) | DY 4 v/—ing¥ |000010) | D7)

+1/(n —1)J7[010000) | D5, ) [0°") + /(n — 1)J% [000100) [0°") [ D5 )
+/=(n = 1)J7000001) | D4,,.} ) . (5.68)
Proof. We begin with the initial state
[0%) [0°7) [0°) .

After applying the subPg circuit, the system is prepared in the following
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superposition:

\/LN (\/n_g”ﬁ 100000} [0%7) [0%7) + /(n — 1).J* [010000) [0°") [0")

+4/ng? [001000) [02™) [027) + v/(n — 1)J7]000100) [0=™) [02™)

++/—ing [000010) [0%™) [02™) + \/—(n — 1).J¥ [000001) [0%™) |0®">).

Next, we sequentially apply the controlled Dicke operations. Each control
qubit is associated with exactly one Dicke state gate, and only one of them
is active for each term in the superposition. For example, after applying the

first controlled Dicke gate (conditioned on the first control qubit), we obtain:

1

VN
+v/ng? |001000) |0%™) [05™) + v/(n — 1).J% |000100) [0%™) |0=")

++/—ing¥ [000010) [027) [0%™) + \/—(n — 1).J¥ |000001) |0=") \0®">) .

<¢n_gr 1100000 | D7) [02™) + v/(n — 1).J7 |010000) [02™) [0°™)

Proceeding similarly, each controlled Dicke operation modifies only the cor-

responding term in the superposition, preparing either DY, Dy . D7 and

2NN
Dy, .. At the end of this process, the full state matches the expression in
equation ([5.68)), as claimed. ]

Remark 5.3.2. Py, is constructed in an analogous way by considering the

complex conjugate of the coefficients in the subPg.

Proposition 5.3.1. The circuit Uy = Pg - SELECT - P{ is a (2n 46, N,0)-
block encoding of the Heisenberg Hamiltonian defined in eq. (5.62).

Proof. As shown in lemma 5.3.1, the application of the Py circuit prepares

the state in ([5.64)), tensored with an arbitrary input state |¢)). This state can
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be written explicitly as:

1
— | ) Vg7 [100000) [2°) [0°") + /g7 [001000) [0%") |2°)
/=0

n—1

VN
++/—ig¥ |000010) |2°) |2°)
2

+3 " V77[010000) [2° 4 2771 [0%7) + V7 [000100) [0°7) [2° + 27
=0

+v/=J¥1000001) |2 + 2571y [2¢ + 21 | @ o)
where we used the definition of Dicke states to cancel the y/n and v/n — 1
factors. Next, we apply the SELECT operator. This applies a Pauli operator

to |¢) depending on the computational basis states in the ancillary registers.

The resulting state is:
n—1
1
— [ 57 Vg [100000) [2°) [0°7) X, |o)
VN =0

+1/97|001000) [0=™) [2°) Z, |1)
+4/—ig¥ [000010) |2°) |2°) Ze X, )

n—2
+ > VT [010000) [2° + 2741) [057) X, X )
£=0

+/J7(000100) |0®7) |2° + 271 Z, Z, 1 |4)
+v/=J¥ |[000001) |2° + 271 |28 4+ 21 Z, X Zp o Xy |0) |

We now apply Py, to the state [0%6) |0%7) |0%™). This gives:

n—1

]- k *
— | > Vg7 [100000) [2°) [0%™) + +/g=" [001000) [0") |2°)
VNS
++/—ig¥ |000010) |2°) [2°)
n—2
+ 3 V7 [010000) [2° + 271 [0%7) + V/JF [000100) [0%7) [2¢ + 24+)
/=0

+V/—=J¥ [000001) [2¢ 4 2641y [2¢ + 2041y
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Finally, we compute the overlap:
(0%°] (0% | {0®"| P}, - SELECT - Pr [0°) [0°7) [0°") |4)) .

Since the complex conjugate of the conjugate is the original value, we obtain:

n—1

1 .

N > g X)) + g7 Ze W) — ig? ZeXo o)
=0

n—2

+ T X X1 [) + T ZeZor W) — T ZeXo Zosa X 1) | -

=0
Finally, using the identity Y = —iZ X, we recover the action of the Heisen-
berg Hamiltonian defined in (5.62)), completing the proof. ]

5.4 Compression of Pr for the Heisenberg Model

We present a step-by-step derivation of an optimized quantum circuit,
starting from the original construction shown in fig. 5.3. The primary goal
is to reduce the overall circuit complexity, with particular emphasis on min-
imizing the number of controlled operations. We begin by stating auxiliary
lemmas that will be instrumental in the derivations and constructions that

follow.

Lemma 5.4.1. If the initial state is |[0¥"), the controlled gate D7 is equiva-
lent to controlling only the initial X gate while the subroutine A™ does not
need to be controlled:
—
—
— |o®nTh) — — |o®nt) —  (5.69)
oer) i} A A

0) {xH - 0) —&

Proof. Let apply the circuit to the state (a|0) + b[1)) |0%™):

(a]0) +b]1)) [0%™) ST a]0) [0°7) + b 1) [02"~1) [1)
2% a]0) |05 + b|1) | DY | (5.70)

since A™[0%") = [0%"). O
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Lemma 5.4.2. If the control register is prepared in a superposition state
with exactly v = 1 excitation—that is, an unbalanced Dicke state—then
multiple controlled D} operations (sharing the same target) can be efficiently

compressed. Specifically, it suffices to apply the A™ gate only once, as shown

below:
|D? (a)) { ’ 1D} (a)) { .
|O®n71> ] = | - - |O®n71> A L ( . )
0) L H T - 0) —— .

Moreover, given the recursive property from eq. (5.32) and the fact that
['(6,) |00) = |00), we get:

o { _ 1y
|O®n71> 1 An | Dll_l B - |0®n_|;; Jan A :
0y L 0) — ) |

(5.72)

Proof. If we apply the left circuit to the state (a|01) + b]10)) |0®™), we get
the state (a|01) + b|10)) |D}). We get the same state even if we apply the

right circuit we get:

(a]01) + b[10Y) [08™) “X2TL 4101) |0%™) + b]10) |0 1) |1)
MOz, 4 101) [0%772) |1) + b ]10) |08 1) |1)
2% @ |01) |DMY 1) + b|10) | D) (5.73)

]

Lemma 5.4.3. Let C be an arbitrary quantum gate acting on a target
register. Then, when the control state is an unbalanced Dicke state with a

single excitation, the following circuit identity holds:

—

D} (@) { D} (@) {C . 5

9 .

V
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subPr

Figure 5.4: Decomposition of the gates in fig. 5.3.

Proof. If we apply the left circuit to the state (a]01) + b|10)) |0®™), we get
the state (a|01) +b]10))C |0®™). We get the same state even if we apply the

right circuit we get:

(a]01) + b[10)) [0®™) 22T 4 101) |0%™) + b|11) |0=")

comtroled €, 4 J01) € |0°) + b |11) C |0°")

SNOT2 4 101) € 027 + b[10) C 02 (5.75)

]

This lemma is particularly useful in simplifying subroutines that apply
the same gate multiple times to a common target, but with different control
qubits. In such cases, when the control register is restricted to the single-
excitation subspace (i.e., an unbalanced Dicke state), the number of con-

trolled operations can be reduced. Notably, this simplification is employed

n
2kN

in the implementation of the C'L; subroutine, which appears in both the D
and D . state preparation protocols. It is also used in the construction of
the EC' subroutine, which is responsible for duplicating a Dicke state effi-
ciently. We proceed with the compression of the circuit presented in fig. 5.3.
We begin by decomposing the Dicke state oracles Dy, DY, and D5 . Each
oracle is split into two parts: the preparation of the state | D7), and either a
CLq, a EC, or both, depending on the specific oracle. The resulting circuit
is shown in fig. 5.4. Since the |subPg) state on the six additional ancillae

is an unbalanced Dicke state with a single excitation, the gates in fig. 5.4
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subPgr

o8| 0B [ oo |
1 ==

Dy

‘0@971
Figure 5.5: Commutations of the controlled gates of fig. 5.4.
i) 1D} (@)
‘08n—2> ‘ Anil
[o®n—1) — — D?—l Ig; ‘ L'(0,) ‘ :i:
N el v T ——
@n1 1 ] Ig; | T(6n) |
0 ) DY L T
)

|0

Figure 5.6: Compression of controlled Dicke gates.

can be rearranged as shown in fig. 5.5. In this new configuration, we can
apply the compression techniques from lemma 5.4.3 to reduce the number
of CL; and EC operations, respectively. Furthermore, the portion of the
circuit responsible for preparing balanced Dicke states can also be simplified
by combining lemma 5.4.1 and lemma 5.4.2 as shown in fig. 5.6. This se-
quence of optimizations leads to the final, compressed implementation of the
Pg circuit for the Heisenberg model shown in fig. 5.7.

Finally, we estimate the computational cost of implementing the FOQCS-
LCU algorithm for the Heisenberg model. We then compare its performance
with other block-encoding techniques, such as LCU and FABLE. As a re-
source metric, we consider the number of CNOTs required in the respective
circuits. Specifically, we first report the number of Toffoli gates and two-

qubit gates separately. At the final stage, we decompose these gates into
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Figure 5.7: Comapct implementation of Pg for the Heisenberg model

CNOTs to obtain the total CNOT count.

Theorem 5.4.1. The FOQCS-LCU block encoding of the Heisenberg Hamil-
tonian with n sites requires 6n — 4 Toffoli gates and 10n + 32 two-qubit gates,
resulting in a total of 46n + 8 CNOT gates.

Proof. We analyze the circuit in fig. 5.7 that implements the oracle Pg (with
P, exhibiting exactly the same complexity). This circuit is composed of the

following components:

e The subPgr subroutine (on 6 qubits): this subroutine contains 5
['(d). We show in lemma 5.2.1 how to construct each I'(¢) using 2
CNOTs, yielding a total of 10 CNOTs.

e Two I'(0,,) subroutines: for a total of 4 CNOTs.

e Two A"! subroutines: each A"~! consists of n — 2 subroutines I'(f).
We need then 2(n — 2) CNOTs for each A"™!, resulting in a total of
4(n —2) CNOTs.

e Two controlled C'L; gates: each C'L; involves n — 1 CNOTs. When
controlled, these gates become n—1 Toffoli gates each, totaling 2(n—1)
Toffolis.

e One controlled EC: this gate includes n CNOTs, and when con-

trolled, these become n Toffolis.
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e Ten additional CNOT gates.

In total, the subroutine Pr requires then 3n — 2 Toffoli gates and 4n + 16
CNOTs (and the same applies to Pp).

The SELECT part consists only of 2n CNOTs, since c¢Z is implemented
with one CNOT and two Hadamard gates. Thus, the total number of Toffoli
gates is 6n — 4 and the total number of CNOTs is 10n + 32 for the FOQCS-
LCU block encoding of the Heisenberg Hamiltonian. If we further decompose
the Toffoli gates, each Toffoli would require 6 CNOTs so that the overall cost

in terms of CNOTs becomes:
6-(6n—4)+ (10n + 32) = 46n + 8. (5.76)
O

We finally compare our approach with the standard LCU method and
with the Fast Approximate Block Encodings (FABLE) algorithm [10], eval-
uated at two different accuracy thresholds. All circuits were generated using
the qiskit software [28].It is an open-source quantum computing framework
developed by IBM, which provides tools for designing, simulating, and ex-
ecuting quantum circuits on both simulators and real quantum hardware.
For standard LCU, we implemented the circuit shown in fig. 5.1, where the
Pr and Py, subroutines, defined in eq. (5.2) and eq. (5.3) respectively, were
instantiated through qiskit’s default state initialization routine [29]. To fur-
ther refine the resulting circuits, we applied post-compilation optimization
with the Berkeley Quantum Synthesis Toolkit (BQSKit) [30], which performs
state-of-the-art circuit depth reduction and gate cancellation. BQSKit was
applied to all data points for the Heisenberg model. BQSKit provides only
modest improvements, as the generic LCU implementation does not exploit
the algebraic or physical structure of the Hamiltonian. As a result, it exhibits
poorer scaling compared to our FOQCS-LCU method, which explicitly lever-
ages problem structure in its design. In fact, the LCU algorithm applied to

the Heisenberg Hamiltonian has a gate complexity of O(n log” n), while our
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CNOT count for the Heisenberg model
F T T T
| —= FOQCS-LCU 1
106 | — LCU (w. BQSKit) |
I —FABLE (e =1073) E
FABLE (e = 10-9)
10° | E
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= [ oo °°
8 4 A—a ‘A/C/
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Number of sites n

Figure 5.8: CNOT count from FOQCS-LCU, LCU, and FABLE for the
Heisenberg model, with FABLE evaluated at precisions ¢ = 1072 and
e=107°,

Fast One-Qubit Control Select LCU approach achieves a strictly linear scal-
ing of O(n) CNOT gates by fully exploiting the underlying structure of the
problem.

In conclusion, our FOQCS-LCU implementation achieves more than an
order-of-magnitude improvement in the CNOT count relative to the standard
and structure-agnostic LCU. This gain arises from two key advantages: (1)
the replacement of multi-controlled operations in the SELECT subroutine of
fig. 5.1 with singly-controlled X and Z gates, as shown in fig. 5.2, and (i7)

the use of structured state preparation based on Dicke states.



Chapter 6
Conclusion

In the final chapter, we presented the main contribution of this thesis:
a novel block encoding framework, denoted Fast One-Qubit Control Select
LCU (FOQCS-LCU), which addresses a key limitation of the standard LCU
approach—mamely, the reliance on deep and costly multi-controlled oper-
ations in the SELECT oracle. In our formulation, the SELECT operator
is implemented using only n CNOT and n cZ gates, significantly reducing
circuit depth and complexity. We then introduced an efficient method for
preparing Dicke states—quantum superpositions of basis states with a fixed
number of qubits in the |1) state—which are used to optimize the state prepa-
ration and uncomputation oracles. To demonstrate the practical utility of
our method, we constructed an explicit FOQCS-LCU circuit for the Heisen-
berg Hamiltonian and proposed a circuit compression strategy that exploits
gate structure to further reduce the CNOT count. The CNOT gate is a
standard two-qubit entangling gate that is both more resource-intensive and
more error-prone than single-qubit gates on most quantum hardware. As a
result, the number of CNOT gates in a quantum circuit serves as a prac-
tical and widely accepted measure of its overall complexity and feasibility
for near-term implementation. This compression was achieved by identifying
redundant applications of the same gates and replacing them with a single

modified version, exploiting the structure of the matrix and the one-to-one

93
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mapping between basis states and tensor products of Pauli operators.
Finally, we have demonstrated through numerical benchmarks that our
method reduces the total CNOT gate count by an order of magnitude com-
pared to existing LCU-based techniques. This result is particularly encour-
aging, as the reduced cost suggests the possibility of implementing this al-
gorithm on early fault tolerant quantum devices. Moreover, this work has
laid the foundation for studying other models with similar structure. Looking
ahead, a particularly promising direction is the application of this framework
to fermionic systems, such as the Fermi-Hubbard model [31], where exploiting

structure could similarly lead to efficient quantum circuit implementations.
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