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Abstract

In this thesis we study the Purdevi¢ theory of differential calculi on quantum principal bundles within
the domain of noncommutative geometry. Throughout the exposition, an algebraic approach based
on Hopf algebras is employed. We begin by briefly recalling the foundational concepts of Hopf
algebras and comodule algebras. Hopf-Galois extensions are introduced, along with an important
correspondence result which relates crossed product algebras and cleft extensions. Differential
calculus over algebras is reviewed, with a particular focus on the covariant case. The Purdevi¢
theory is presented in a modern language. We compare this theory to existing literature on the
topic. We extend the Burdevi¢ theory and provide explicit realisations of quantum principal bundles
and complete differential calculi on the noncommutative algebraic 2-torus, the quantum Hopf
fibration and on crossed product algebras, resulting in an original contribution within this thesis.

Sommario

In questa tesi presentiamo la teoria di Burdevi¢ dei calcoli differenziali su fibrati principali quantistici
nel dominio della geometria noncommutativa. Durante |'esposizione, adottiamo un approccio
algebraico basato sulle algebre di Hopf. Iniziamo brevemente ricordando i concetti fondamentali
delle algebre di Hopf e delle comodule algebras. Introduciamo le estensioni di Hopf-Galois, insieme
ad un importante risultato di corrispondenza che collega le crossed product algebras e le estensioni
cleft. Esaminiamo il calcolo differenziale sulle algebre, con particolare attenzione al caso covariante.
La teoria di Burdevi¢ viene presentata adottando un linguaggio moderno. Confrontiamo questa
teoria con la letteratura esistente sull’argomento. Estendiamo la teoria di Purdevi¢, e provvediamo
alcune realizzazioni esplicite di fibrati principali quantistici e calcoli differenziali completi sul 2-toro
noncommutativo, sulla fibrazione di Hopf quantistica e sulle crossed product algebras, risultando in
un contributo originale all’'interno di questa tesi.
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Introduction

To do geometry, instead of working with points of a manifold we may consider the commutative
algebra of C* functions on such. Noncommutative geometry extends this idea considering such
algebras to be possibly noncommutative [6]. The corresponding underlying "space" is called a
"quantum space", borrowing the terminology from physics, where the process of quantisation
consists in turning the commutative algebra of observables on the phase space into a noncommutative
one. Here we explore aspects of noncommutative geometry in which a fundamental role is played by
"quantum groups", i.e. the deformed function algebras on Lie groups [25] [12], and more in general
Hopf algebras, commonly accepted as the natural analogue of a group in this noncommutative
setting. These structures originally appeared as generalisation of symmetry groups for certain
physical integrable systems [13]. Moreover they appear in the noncommutative generalisation of
principal bundles of classical differential geometry, known as Hopf-Galois extensions, or principal
comodule algebras, originally in [5], [14] and more recently in [Il, [18]. The total and base space are
understood as algebras on which the quantum group acts in a precise sense. Our main motivation
to explore this subject is to extend the differential geometry of homogeneous spaces to the
noncommutative case. Within this noncommutative setting the mathematical theory of quantum
groups its undoubtedly interesting on its own, but since geometry originally emerged as a practical
subject we would also like to provide some motivation coming from physics. The quantum theory
of fields gives a description of fundamental particles and interactions in terms of quantum fields
defined on a suitable Lorentzian manifold. This theory culminates in the "Standard Model", a
gauge theory which gives a quantum description of almost all the known fundamental particles.
Interactions are given by gauge fields (or gauge mediators) that mathematically are understood
as connections on certain principal bundles. A quantum description of gravity is ruled out in this
framework owing to non-renormalisability of the latter. Efforts to reconcile gravity with quantum
field theory have led to the search for a quantum theory of gravity, aiming to unify general relativity
with quantum field theory. One notable approach of investigation lies in the concept of gravity as
a gauge theory within the Cartan moving frame setting, where connections on certain principal
bundles play a central role [24]. The commonly accepted general indication is that the small-scale
structure of space-time could not be reasonably modelled according to usual continuum geometry.
Geometry at the Planck scale may be modified in order to account for the presence of quantum
effects, and noncommutative geometry could provide a possible realisation of the latter. In fact,
within this approach, geometry can be specialised to deal with discrete spaces or finite dimensional
algebras, with the possibility of recovering key insights on physics beyond the Planck scale. The
classical emergent geometry of smooth (possibly Riemannian) manifolds is recovered as a low
energy approximation via a suitable limit process [16].

In this thesis we study Purdevi¢'s theory of quantum principal bundles, originally presented in
[8, 10]. Burdevi¢ introduces a comprehensive and natural theory of principal bundles within the
framework of noncommutative geometry. In this theory, quantum groups act as the structure
groups, while general quantum spaces serve as total space and base manifolds. The study focuses
on developing a differential calculus specifically tailored for quantum principal bundles. This includes
the introduction and examination of algebras of horizontal and vertical differential forms on the
bundle. A natural "braiding" emerges, from which the formalism of connections is elaborated upon,
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with attention given to operators such as bimodule connections, metrics, Levi-Civita connections,
covariant derivative, and curvature. A quantum counterparts of infinitesimal gauge transformations
is given. Our aim is to present this theory in a modern light, offering three significant contributions.
First, we translate the original papers into a more modern mathematical language, making the
approach accessible to a wider audience. Second, we establish connections between Burdevic¢'s
work and existing literature on quantum principal bundles, particularly engaging with the influential
research of [5]. This highlights how the Purdevi¢ approach builds upon, rather than competes
with, established frameworks, extending them to higher-order forms. We introduce new examples
of Purdevi¢'s quantum principal bundles, including bicovariant calculi, crossed product calculi,
and the fundamental Hopf fibration on the quantum sphere. This integration with established
methodologies, along with the examples provided, is indicative of the significance of Burdevi¢'s
framework in noncommutative differential geometry. Furthermore, we clarify and expand Durdevi¢'s
findings, particularly those presented in the work [I0]. Doing so, we adopt an algebraic perspective,
focusing on principal comodule algebras and Hopf algebras, without presuming the existence of
compact quantum spaces or groups. While we omit certain technical details, such as considerations
related to =-involutions, these aspects remain ripe for future investigation. Moreover, exploration
into the braiding, connections, and metrics associated with Purdevi¢'s work has also been postponed
to upcoming inquiries.

Outline

In Chapter [I] we briefly introduce the main algebraic structures we deal with. We consider Hopf
algebras H, and H—comodule algebras together with the corresponding subalgebra of (co)invariant
elements. These algebras respectively play the role of structure group, total and base space of
a quantum principal bundle provided some auxiliary conditions hold. We provide some explicit
realisations of Hopf algebras and comodule algebras.

In Chapter 2] we define Hopf-Galois, cleft and trivial extensions. Such extensions are of the
form B C A, where A is a (right) H—comodule algebra and B the subalgebra of H—coinvariant
elements [17]. We discuss some properties of convolution invertible morphisms (cleaving maps)
from Hopf algebras to comodule algebras. It is proven that trivial extensions are cleft, and that cleft
extensions are Hopf-Galois. Some explicit realisations of trivial, cleft and Hopf-Galois extensions
are discussed. We introduce the translation map as an "inverse" of the canonical Hopf-Galois map
of a Hopf-Galois extension. Some properties of the translation map are discussed. Crossed product
algebras B, H are defined starting from an algebra B, satisfying some additional assumptions, and
a Hopf algebra H. We provide a correspondence result between cross product algebras Bf,H and
cleft extensions B C B, H [7].

In Chapter [3|we begin discussing differential geometry in the noncommutative setting. We define
the notion of first order differential calculus over an algebra and provide some explicit realisations.
Such structures are non-unique, in the sense that many different first order differential calculi can
be defined on the same algebra. We introduce the first order universal differential calculus and
provide a theorem [25] stating how every first order calculus over an algebra can be induced as a
quotient of the latter. The notion of first order covariant calculi over algebras is introduced [6].
We provide a classification result of those first order differential calculi which are covariant [25], i.e.
compatible with a coaction on the algebra. We consider the extension of the first order theory
to higher order differential calculi. The universal differential calculus is introduced. Higher order
covariant differential calculi are discussed. We consider the maximal prolongation [8], being the
biggest differential calculus that can be defined starting from a given first order differential calculus.
We prove how the maximal prolongation of the universal first order differential calculus is its tensor
algebra, i.e. the universal differential calculus. Moreover, every differential calculus turns out to be
induced as a quotient of the universal.

In Chapter [4] we delve into Burdevi¢'s theory of quantum principal bundles. We start with a



bicovariant first order differential calculus I" over a Hopf algebra H. The corresponding maximal
prolongation T'" is considered. The (differential graded) subalgebra of coinvariant elements A® is
introduced. In Burdevi¢'s framework the definition of quantum principal bundle is that of faithfully
flat Hopf-Galois extensions B C A. Vertical forms ver®(A) over the total space A of the bundle are
introduced. We show that these form a differential calculus. The notion of complete differential
calculus Q*(A) over the total space is introduced. In such scenario we provide a surjective morphism
Toer - °(A) —» ver®(A) projecting a total space form onto the space of vertical forms. We show
that the differential calculus of vertical forms is complete if the calculus on the total space is. The
noncommutative analogue of horizontal forms hor®(A) is introduced. It is shown that these form
a graded subalgebra of Q*(A). In particular hor®(A) is a right H—comodule algebra. It is shown
how first order horizontal, vertical and total space constitute a natural short exact sequence of
A-modules 0 — hor!(A) — Q!(A) » ver'(A) — 0. We observe that within other approaches
exactness of this sequence is not guaranteed, see for example [1]. It is discussed how the same
sequence fails to be exact for higher order forms. The differential calculus over the base space
B := A°°H s introduced. It is shown how differential forms Q°®(B) over the base space coincides
with the intersection of right H—coinvariant and horizontal forms. We argue that Q°*(B) is not
a differential calculus in general. However, in all explicit examples we consider the base calculus
will be a differential calculus generated by B. We compare Purdevi¢'s theory of quantum principal
bundles with the one in [5, 2]. Explicit realisations of complete differential calculi and quantum
principal bundles are presented. It is shown how every Hopf algebra H over a field k naturally forms
a quantum principal bundle k € H. A complete differential calculus is constructed along the "group
algebra" C(Z). We show that the noncommutative algebraic 2-torus forms a cleft extension, and
so a quantum principal bundle, under the right H—coaction of the Hopf algebra O(U(1)). We
construct a complete differential calculus over the total space of such bundle. We show how the
space of right H—coinvariant forms 1—forms of the bundle is generated by the base space itself, and
so forms a differential calculus over the base. We consider the quantum Hopf fibration with total
space A = O,4(SU(2)) under the action of the group algebra H = O, 2(U(1)). There is a complete
differential calculus over the total space exists and that the corresponding forms over the base
space are a differential calculus. Finally, we define differential calculi over crossed product algebras
Bff-H. According to Chapter [2]it is clear that every crossed product algebra B, H is a quantum
principal bundle and that every cleft extension is of this form. We show that the differential calculus
over the total space Bff,H is complete given the differential calculus on H is complete. Moreover
the corresponding base forms are a differential calculus.

We point out that we make a new contribution by establishing completeness of the differential
calculi on total spaces of the examples discussed. Moreover, within the same examples, we are able
to recover differential calculi on the corresponding base spaces. The results of this thesis will be
summarised in a forthcoming publication.
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Chapter 1

Hopf algebras

This chapter provides a brief introduction to the subject of Hopf algebras, being the fundamental
"group" structures upon which we develop the theory of quantum principal bundles presented in
this thesis. We start by discussing concepts of algebra and coalgebras in [I.I] We define bialgebras
and Hopf algebras in [I.2] the latter being bialgebras equipped with an "antipode" which we show to
be unique and satisfies the property of being an antibialgebra map. In section ?? we introduce the
notion of H—comodule algebras, playing the role of total spaces in the theory of quantum principal
bundles. The main references we will be using are [15], 2, 21}, [17].

1.1 Algebras and coalgebras

We provide the definition of algebra, expressing all structures as linear maps.

Definition 1.1.1. An algebra A over a field k is a k—vector space together with a product map
u:A®A — A and a unit element 14 which can be equivalently written as a mapnp:k — A by
n(1) = 14 such that the following diagrams commute

ARAR®A

(V Xﬁd A®A A®A

n®id iden s

\ / k@A ———A Ak ———> A

po (ideu) =po (ue®id),
po (n®id) =1id, (1.1)
po (iden) =id.

that is

Commutativity of these diagrams are representative of associativity and unitality, respectively.
The notion of coalgebra is obtained via such diagrammatic approach by reversing arrows.

Definition 1.1.2. A coalgebra C over a field k is a k—vector space togehter with a coproduct map
A:C — CQ®C and a counit map € : C — k such that the following diagrams commute

CeCaC

AV WA cCeC cC®C

e®id A idee ’

\ / k@C4+———C k®C4+———C
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that is
(id®A) o A= (A®id) o A,
(e®id) o A =1id, (1.2)
(id®e)o A =1id.

Commutativity of these diagrams are representative of coassociativity and counitality of the
coalgebra C.

Notation 1.1.3. When dealing with such algebraic structures it is customary to adopt the "Sweedler
notation" We denote

A(c) :=c1®co, forallcedC, (1.3)

which is a concise way of keeping track of the numbering of tensor factors. This is particularly
useful to write down in a more explicit way the axiom of a coalgebra (an even more). O

Coassociativity reads
(A®id) o A(c) = (A®id) o (¢1 ® ¢2)
= (A(c1) ® c2)
€11 ® €12 ® C2;

1.4
(id®A) 0 A(c) = (id ®A) o (¢1 ® ¢3) (1.4)
=c1 ® A(ca)
=1 ®C21 ®C22,
or
C11®Cc12®C=c1Q®Ccy®cCc3=c1® C21 ®Coa. (1.5)

The convention is to relable indexes from the lowest to the highestﬂ keeping track of the order of
factors. Unitality reads

(e®id) o A(c) = (e ®id) o (c1 ® ¢2)
= (e(c1) ®c2)

=€(c1)e2 (1.6)
=c
=c1€(c2)
= (id ®€) o A(c),
or
e(ci)ca = c =cre(ca). (1.7)

Example 1.1.4. We provide a short example to explain the Sweedler notation. Let H be a Hopf
algebra. We consider the map (A A)oA: H > H® H® H® H. For h € H we find

(A®A)oA(h) = (A®A)(h1 ® ho)
= A(h1) ® A(hz) (1.8)
= h11 ® h12 ® ha1 ® hao,

and relabel according to Notation as (AQA)oA(h) =h1 ® hy ® h3 ® hy.

IHere indexes 11 and 12 are of course relative to tensor product component preceeding the index 2. Similarly for
21 and 22.
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1.2 Bialgebras and Hopf algebras

The next definition is the one of bialgebra, featuring simultaneously the algebraic structure of an
algebra and a coalgebra.

Definition 1.2.1. A bialgebra H over k is a k—vector space equipped with linear maps u : HQH — H,
n:k — H, and algebra maps A: H - H® H, € : H — k such that (H, u,n) is an algebra and
(H, A, €) is a coalgebra.

We now define a Hopf algebra starting with a bialgebra with an additional requirement, that is
a map playing the role of "group inversion".

Definition 1.2.2. A Hopf algebra is a bialgebra (H, A, €, i, n7) together with an "antipode" map
S : H — H such that the following diagram commutes

H®H$>H®H

A N
e

HoH — 9% s HeoH

~
=

H >

that is to say
o (S®id) o A(h) = uo (S(h1) ® ha)

= S(h1)h2
=noe(h)

=€(h)

= h1S(h2)

= po (id®S) o A(h),

(1.9)

or
S(hl)hz = G(h) = hlS(hg). (1.10)

Definition 1.2.3. A Hopf algebra is commutative if the underlying algebra structure is. Moreover,
defining flip: H® H - HQ® H as flip(a ® b) = b ® a we say a Hopf algebra is cocommutative if
fipo A=A, ie.

flip o A(h) = flip(h1 ® hs)

=ho ® Iy (1.11)
=h1 ® ho,
or hi ® ho = ho ® hy for every h € H.

We provide a few explicit realisations of Hopf algebras by the following examples.

Example 1.2.4. Let (G, -, e) be a group and let k be a field. We define the group algebra H = kG
as the k—vector space generated by elements of G. Accordingly every element in H is of the form
dec kog with finitely many k, € k being non-zero. The algebra structure on kG is given by the

associative product
D kege ) Kyh= ), kekig - h. (1.12)
geG heG g.,heG

The unit element is e. The coalgebra structure is extended linearly by the following maps acting on
elements of G
A:G—-G®G, g g®g,

(1.13)
€:G -k g—1
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as

geG geG geG geG

A(Z kgg) = > kg ® g, E(Z kgg) = ke (1.14)

Finally, the Hopf algebra structure follows defining a morphism § : H — H defined as S(g) = g~*
on elements of G and linearly extending to elements of H as S(Xgeq kg8) = 2gea kgg‘l. It is an
easy check that (H, A, e, u,n,S) is a Hopf algebra by those assignments. O

Example 1.2.5. Let V be a k—vector space. Recall the tensor algebra 7V over V is defined as

TV)=keVa(VeV)a....

We define
A:TV-o>TVRTV, Xx—x1+1®x
€:TV =k, x>0 (1.15)
S:TV->TV, X - —x
for every x € V. ExtendingA, € to algebra maps and S as an antibialgebra map over 7V realises a
Hopf algebra space. O

Example 1.2.6. Let k = C and let g € C be non-zero. We define the "quantum group" H = SL,(2)
as the free algebra generated as H = spanc{«, 8, y, 8} modulo relations

af =qBa, ay=qya, p6=qop, yé=qdy,

. (1.16)
By=v6, ad-da=(q—q )Py, ad-qpy=1
Coproduct, counit and antipode are provided as
) a B a B a B\ [a®@a+B®y a®L+L®0
AH—-HeH, (y 5 '_’(y 6)®(y 6)_(y®a+6®7 Y®B+5®5)
) a B 10
€: H -k, ()/ 5 r—>(0 1), (1.17)
-1
S:H— H, (“ ﬁn—>(‘5 d ﬁ).
y ¢ -qy «
O
Proposition 1.2.7. Let H be a Hopf algebra. Then its antipode S : H — H is unique.
Proof. Let h € H and let §1,S2 be two antipode maps. Then we find
S1(h) = S1(h1€(h2))
= S1(h1)e(hz)
= S1(h1)h21S2(ha2)
= S1(h1)h2S2(h3) (1.18)
= €(h1)S2(h2)
= Sa(e(h1)h2)
= So(h).
O

Next we introduce the convolution algebra in order to prove that the antipode map S : H - H
is a morphism of antibialgebras. The first definition is the one of convolution invertible morphism
between algebras.
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Definition 1.2.8. A k—linear map j : H — A is said to be convolution invertible if we can find
another k—linear map i : H — A such that j(h1)i(he) = €e(h)14 = i(h1)j(h2), for every element
h € H. In this case one usually writes i = j~! or vice-versa.

Proposition 1.2.9 (Convolution algebra). Given an associative unital algebra (A, u,n) and a a
coassociative counital algebra (C, A, €) consider the vector space Homy(C, A) of k—linear maps
C — A. Define a k—linear map

* : Homy (C, A) ® Hom(C,A) — Homy(C, A)

1.19
Fof) o fof' = po(f®f) oA, (1.19)

We call (Homy(C, A), ) the convolution algebra. It is s an associative unital algebra with unit noe.
Proof. We already know Homy(C, A) is a vector space. Given an element x € C we find

1. = is bilinear:

(kf +hg)=(K'f" +hg')(x)
=po((kf+hg)® (K'f +h'g")) ® Ax)
=puo(kfk f +kfeh'g’ +hg@k’'f+hg®h'g’)o(x1 ®x3)
=po (kf(x1) ® k' f'(x2) +kf(x1) ® W' g (x2)
+hg(x1) ® k' f'(x2) + hg(x1) ® h'g’ (x2))
= kk'f(x1) ' (x2) + kh' f(x1)g" (x2) + hk’g(x1) f'(x2) + hh' g(x1)g  (x2)
= kk'(f = f')(x) + kW' (f = g")(x) + hk'(f * g)(x) + hh'(g * &) (x)

for every f,g, f', g € Homy(C, A) and k,k’, h, ' € k.
2. % Is associative:

((f*g)xh)(x)=po((f*g) ®hA(x))
= po ((f *g)(x1) ® h(xz))
=po(uo(f®g)(x11®x12) ® h(xz))

(1.20)
= po (f(x11)g(x12) ® h(xz))
= f(x1)g(x2)h(x3)
= (f *(g=h)) (x)
3. noeisa unit:
((moe€)* f)(x)=po((noe)®f)(x1 ®x2)
= po (n(e(x1)) ® f(x2)) (1.21)
=n(e(x1)) f(x2)
= f(x),
and similarly for the other component. O

In view of Proposition the notion of convolution invertibility amounts to invertibility in the
convolution algebra.

Proposition 1.2.10. Let H be a Hopf algebra.
1. if f:C — H Is a coalgebra map then S o f is the convolution inverse of f in Homy(C, H),

2. if f: H— A isan algebra map then f o § is the convolution inverse of f in Homy(H, A).
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Proof. It follows easily by a direct computation

(Sof*f)x)=po(Sefef)xi®xa)

= po (S(f(x1)) ® f(x2))
=S8(f(x1))f(x2) (1.22)
=S(f(x)1) f(x)2
=e(f(x)1.
Similarly the other point follows. O

In view of the last two proposition we have the following.
Proposition 1.2.11. Let H be a Hopf algebra. Then its antipode S : H — H satisfies
1. S(hg) =S(g)S(h), for every h,g € H;
2.8(1)=1;
3. (S®S)oA(h) =flipoAoS(h), for every h € H;
4. €o S(h) =¢€(h), forevery he H.
Proof. In order:

1. We define f:=Sou: H®H — H and ' := uoflipo (S®S). By Proposition [1.2.10| we have
that f is the convolution inverse of u in the convolution algebra Homy(H ® H, H). Moreover
S’ is also a left inverse of u: H® H — H, indeed

(f'*w)(h@ ') = f'(h ® hy)pu(hy ® hj)
= [uoflipo (S®S)(h1 ® h)]hahi
S(hy)S(h1)hahy (1.23)
e(h)e(h’)
=e(hh’).

Therefore, by uniqueness, f = f’ and we have the first property.

2. Since n: k — H is a coalgebra map we know S o 7 is its convolution inverse. Moreover
is the unit of the convolution algebra Homy(k, H) and so the convolution inverse of itself.
Accordingly Son=mn, or S(1) = 1.

3. Letg:=AoS:H—->H®Hand g’ :=(S®S)oflipcA: H— H®H. We have g, g’ are both
left inverses of A: H— H ® H in the convolution algebra Homy(H, H ® H), indeed, since A
is an algebra map g is the convolution inverse of A by Proposition [1.2.10, moreover for every
h € H we get

(g = A)(h) = g’ (h1)A(h2)
= (S(h1)2 ® S(h1)1)(h21 ® ha2)
= (S(h2) ® S(h1))(h3 ® hy)
= S(h2)h3 ® S(h1)hy
=1® S(hy)ho
=1®€(h).

Therefore g = g’ by uniqueness proving point 3.

(1.24)

4. Finally, since € : H — k is an algebra map € o S must be its convolution inverse. On the other
hand € is the unit of the convolution algebra Homy(H, k) and so its the convolution inverse
of itself. Therefore eo § = €. O
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1.2.1 Comodule and comodule algebras

Let H be a Hopf algebra.

Definition 1.2.12. A left H—module algebra is a vector space V which is a left module over H, such
that > 14 = €(h)14 and k> (vw) = (hy>v)(ha>w) whenever v,w € V and h € H. Similarly, A right
H-module algebra is a vector space V which is a right module over H, such that 14 <h = 14€(h)
and (vw) <h = (v<hy)(w<hy), whenever v,w eV and h € H.

Definition 1.2.13. A left H—comodule is a vector space V together with a map yA:V > HQV
such that the diagrams

v va S H®V v —Y* S HeV
vA ideyA id e®id
A®id
HoV —2% s HeHeV %

commute, i.e.
(id®yA) o yA = (A®id) o yA,
(e®id) o yA=1id.
The map vA is called a left H—coaction on V.
A right H—comodule on V is a vector space V together with a map Ay : V — V ® H such that
the diagrams

(1.25)

v Av s Ve H v —% sveH
Ay Ay ®id id id®e
id ®A
VeoH — 9% L yeHeH %

commute, i.e.
(id®A) o Ay = (Ay ®id) o Ay,

(id®e) o Ay =1id.
The map Ay is called a right H—coaction on V.

(1.26)

Definition 1.2.14. Let (V,yA) and (W, wA) be left H-comodules. A morphism of left H-comodules,
or a left H—colinear map, is a k-linear map ¢ : V.— W such that the diagram

1% ¢ . W

vA wA

idoe
HV —— HeW

commutes, i.e. wAo¢ = (id®¢)oyA. Let (V,Ay) and (W, Aw) be right H-comodules. A morphism
of right H-comodules, or a right H—colinear map, is a k-linear map ¢ : V — W such that the
diagram

Ay Aw

$®id
VoH —— WQ®H
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commutes, i.e. i.e. Ay o ¢ = (¢ ®id) o Ay.

Notation 1.2.15. The Sweedler notation for right and left H—coactions on V is the following:

vAv =: Zv_1®v0 = V_1®vy, Ayv= ZV0®V1 =:vyg®vy, (1.27)
forallveV.

Definition 1.2.16. A right H—comodule algebra is a right H—comodule A such that u: A® A — A
and 7 : k — A are right H—colinear maps, namely

Aa(ab) = As(a)Aa(D), Aa(la) =14 ® 1p. (1.28)

Similarly, a left H—comodule algebra is a left H—comodule A suchthat u: A® A — Aandnp:k — A
are left H—colinear maps, namely

AA(ab) = AA(a)AA(b), AA(lA) =1lgp®14. (1.29)

Definition 1.2.17. Let (V,yA) and (W, wA) be left H—comodule algebras. A morphism of left
H—-comodule algebras is a morphism ¢ : V — W of left H—comodules that is also an algebra map,
namely ¢(vv') = ¢(v)p(v’) for every v,v' € V. Similarly for right H—comodule algebras.

Definition 1.2.18. Let A be a left H—comodule algebra. We define the subalgebra <°HA of
left-coinvariant elements under the left H—coaction 14 : A - H® A as

COHA .= {geA: sA(a)=1®a}. (1.30)

Similarly, if A is a right H—comodule algebra, we define the subalgebra of right-coinvariant elements
under the right H—coaction Ay : A - AQ H as

Al —faeA: Aj(a)=a®1}. (1.31)
Example 1.2.19. Let us define the adjoint right H—coaction as
adg:H > HQ®H, h> hy®S(hi)hs. (1.32)
We have that (H, adg) is a right H—comodule. Indeed

(id®A) o adg(h) = (id®A) o (ho ® S(h1)h3)

= hy ® A(S(h1)h3)

= hy ® A(S(h1))A(h3)

= hy ® (S(h1)1 ® S(h1)2)(h31 ® h32) (1.33)

= hy ® (S(h12) ® S(h11))(h31 ® h32)

= hy ® S(h12)h31 ® S(h11)h32

= h3 ® S(ho)hy ® S(hy)hs.

On the other hand
(adg ® id) o adg(h) = (adg ® id) o (hy ® S(hy)h3)

= adg(h2) ® S(h1)hs
= ha2 ® S(h21)ha3 ® S(h1)hs3
=h3 ® S(ho)hy @ S(hy)hs.

(1.34)
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Example 1.2.20. Every Hopf algebra H can be seen as a right H—comodule algebra via the
coproduct A : H - H® H. Indeed, let h € H. We have that (A®id) o A(h) = (id®A) o A(h), since
it is the coassociativity axiom for a Hopf algebra. Moreover (id ®€) o A = id is counitality. Finally
A(ab) = A(a)A(b) and A(1g) = 1g ® 1. O

Definition 1.2.21. Let H be a Hopf algebra over a field k. An H—Hopf module is a vector space V
being both an H—module and an H—comodule and for which yA:V — H®V is a left H—module
map, i.e. yA(h-v) = (Ah).(yAv), for all h € H and v € V. The dot represents the action of H on
V.

Lemma 1.2.22 ([2],Lemma 2.17). Let V be a left H—Hopf module. Then V =~ H ® (°°V), where
the right hand side is a Hopf module by the Hopf module structure of H. Conversely, every vector
space defines a Hopf module by H ® (°°HV), giving an equivalence between H—Hopf modules and
vector spaces. O
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Chapter 2

Hopf-Galois extensions

In this section H is a Hopf algebra, A is a right H—comodule algebra with right H—coaction
Ag: A —> A®H. In we give some basic results about convolution invertible morphisms,
we provide the notions of trivial, cleft and Hopf-Galois extensions and we discuss some explicit
realisations.

In we introduce the adjoint coaction on the tensor product between a right H—comodule
algebra and a Hopf algebra; we discuss some identities featuring such coaction.

In 2.1.3 we introduce the translation map, which is the inverse of the canonical map of a
Hopf-Galois extension, and discuss some properties.

We introduce crossed product algebras in and discuss the proof of a theorem due to Doi-
Takeuchi providing one-to-one correspondence between cross product algebras and cleft extensions,
reducing to a correspondence with smash product algebras if the extension is trivial.

Content of Sections 2.1] and [2.2] are essential for what we discuss in [£.2]

A full understanding of the theory of principal bundle presented in [8, (10}, [11} [9] requires also
sections [2.1.2] and 2.1.3]

The main works to which we refer are [3, 4, [17]

2.1 Hopf-Galois, cleft and trivial extensions
Let B := A°°H be the subalgebra of coinvariant elements under A4. We start with a lemma.

Lemma 2.1.1. Let j : H — A be a right H—colinear convolution invertible map, denote by
j~': H — A the convolution inverse of j. Then:

1. the convolution inverse satisfies Ay (j~1(h)) = j~1(ho) ® S(hy) for all h € H;
2. there is a map A — B assigning agj ' (a1) to every element a € A;
3. j(1) € A is invertible with inverse j~1(1);

4. there is a unital right H—colinear convolution invertible map j’ : H — A assigning j(1)~'j(h)
to every element h € H, with convolution inverse j'~'(h) = j=1(h)j(1);

5. if j is an algebra morphism then j~1 is anti-algebra morphism, that is j=Y(hh’) = j=1(h’)j = (h)
and j=Y(1) =1 for every h,h’ € H.

Proof. In order:

11
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1. Notice that by colinearity and properties of A4 the following equivalence holds:

€(M)1a® 1y = As(e(h)1a) = Au(j(h1)j " (h2))
= Aa(j(h1)Aa( ™ (h2))
= (j(h1)o ® j(h)) (G~ (h2)o ® j~ (h2)1)
= j(h1)j " (h3)o ® haj ™" (ha)s,

for every h € H. If we define f := (j ®id)A: H —» A ® H we have

(2.1)

(f*@aci™)@=po(fo@aoi™)oaw

(

wo (f(xl) ® Ap Oj_l(x2))
(
(

o ((j®id)A(x1) ® Ag o j‘l(xz))

(2.2)

o (0 @ x12) © Aa (7 (x2)))

=po (J'(xl)j_l(x:s)o ®XQJ'_1(x3)1)
=e(x)14,
so that f is a convolution inverse of A4 o j~! in the convolution algebra Homy ((H, A ® H), *).

Another convolution inverse of f is provided by j~'(h2) ® S(hy). Therefore the claim follows
from uniqueness of the inverse.

2. By a direct computation we find

Aa(aoj = (a1)) = Aalag)Aa(j " (a1))

(aoo ® ao1) (" (a12) ® S(a11))

apoj " (a12) ® ap1S(ain) (2.3)
aoj " (as) ® a1S(az)

=aoj (a1 ®1,

and therefore we have a coinvariant element in B := A<°H

3. As j~! is the convolution inverse of j we find
G+ DM =71
=e(1)1
-1 (2.4)
=j(; D)
= (7 =),
so j~1(1) is the inverse of j(1).

4. Follows from the previous point.

5. By proposition [1.2.10|we have j~! = j o §. In particular
J~H(hh') = j(S(hh"))
= j(S(h")S(h)) (2.5)
=j N (),

for every elements in h, h’ € H. Accordingly j~1(1) = 1. O
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This lemma contains several important features of the so called cleaving map, which we define
in the following. More specifically we define the notion of extension in the setting of Hopf algebra
coactions on comodule algebras. The following definition is of special interest for the development
of the theory presented in [4.2]

Definition 2.1.2. We call BC A

1. a trivial extension if there is a convolution invertible morphism j : H — A of right H—comodule
algebras;

2. a cleft extension if there is a convolution invertible morphism j : H — A of right H-comodules,
to which we will refer to as cleaving map;

3. a Hopf-Galois extension if the canonical map{l]
X :A®A—>A®H, a®pad — aa)®d]
Is invertible.

In virtue of Lemma we assume j, j~!: H — A to be unital maps.
The next result is presented to compare trivial, cleft and Hopf-Galois extensions. In particular
We show trivial extensions to be cleft, and cleft extensions to be Hopf-Galois.

Proposition 2.1.3. Every trivial extension is also cleft. Every cleft extension is also Hopf-Galois.

Proof. The first statement is obviously satisfied. Indeed, the difference is that in trivial extensions
we require j : H — A to be an H—comodule algebra map, whereas in cleft extension j : H — A is
an H—comodule map.

Let B C A be a cleft extension and let j : H — A be the cleaving map with convolution inverse
j':H— A Defineamap y ' :A®@H — A®p A by

x 'a®h) =aj () ®g j(hs),
where a € A and h € H. From Lemma 211 we have

x(x Ha®h) = x(aj "t (h) ®p j(h2))
=aj ' (h)j(h2)o ® j(ha)

1 _ (2.6)
=aj (h1)j(h2) ® h3
=a®h.
On the other hand, given a,a’ € A, we have
x 'x(a®pa))=x"(aa) ® a})
= aapj ™M (a}) @5 j(a)) o)

=a®gpayj ' (a})j(ah)
=a®gad,

where we exploited the very definition of balanced tensor product over B to move elements of B
along the tensor product. O

In virtue of this Proposition, and that aj;j~'(a}) € B by Lemma [2.1.1] we will generally refer
to trivial, cleft and Hopf-Galois extensions as Hopf-Galois extension, specifying if the extension is
trivial or cleft according to the special case.

INotice the map y : A®g A — A ® H is well defined over A ®g A, since aboay ® b1a} = abaj ® a.
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2.1.1 Examples

We discuss some explicit realisations of Hopf-Galois extension.

Example 2.1.4. Right H—coinvariant elements of any bialgebra are simply scalars k = H°°H . Indeed
A(h) =h®1 for any h € H implies h = e(h)1y, i.e. that 1 must be a scalar multiple of the unit.
On the other hand any such multiple is clearly right H—coinvariant.

Proposition 2.1.5. Let H be a bialgebra for the moment. The canonical map y : H® H - H® H
sending h ® h' — hh’ ® hi, is invertible if and only if H is a Hopf algebra.

Proof. If §'is an antipode for H then h ® h’ — hS(h}) ® hi, is the inverse of the canonical map. If,
on the other hand, y is invertible, we have an antipode via S : H — H, where

S(h) := (id®€) o y Lo (1® h).
The map § satisfies the antipode axiom:
h1S(ha) = h(id ®€) (x ™' (1 ® h2))
= (id®e)(x ' (h1 ® hy))

= (id®e)(x ' x (1 ® h))
=1®e€e(h).

(2.8)

Similarly S(h1)hs = €(h) ® 1. Therefore any Hopf algebra is in particular a Hopf-Galois extension
k C H. Invertibility of the canonical map y is equivalent to the existence of an antipode. O

Example 2.1.6. Let F and E be fields. We say that E is a field extension of F if F C E is a
subfield. This means E can be considered as a vector space over F. We call the F—dimension of E
the degree of the extension. Let now G be a finite group acting by k—automorphisms @, : E — E
on the field E; denote by

F=E®={x€E : ®4(x)=x, forall g € G}

the set of fixed points of E under the action of G. The field extension F C E is called Galois if
and only if the action of G is faithful (that is, ®4(x) = x for every x € E means g = e, the identity
element of G) on E if and only if the degree of the extension is equal to the cardinality of G.

Proposition 2.1.7. Let F C E be a Galois extension of degree n = |G|. Such field extension always
corresponds to a Hopf-Galois extension with F = B, E = A and H = Hom (kG k).

Proof. Consider G = {x1,...,x,} and let {b1,...,b,} a basis of the quotient field E/F. Define
a Hopf algebra H as the dual of the group algebra kG introduced as in Example [1.2.4] H has
basis {x!,...,x"} dual to the basis of G, namely x'(x;) = 65 This gives a right H—coaction
Ag : E — E ® H explicitly presented as Ag(x) = 27, &y, (x) ® x. The canonical map reads
x(x®Fx)=xY", () @x forall x,x’ € E.

Faithfulness of the G—action follows since we are dealing with Galois field extensions. Accordingly
the canonical map y is a bijection. O

Example 2.1.8. In differential geometry a fiber bundle is the datum of a smooth map n: P - M
between smooth manifolds P, M and another smooth manifold F, such that for every x € M there
is an open neighbourhood U € M of x such that ¢y : 771 (U) — U x F are diffeomorphic and the
diagram

lU) —2 S UxF
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where pri : U X F — U is to projection to the first factor, commutes. One calls P the total space,
M the base space and F the fiber. The commutative diagram above is called a local trivialisation
of the bundle. Here m must be a surjective summersion.

Let G be a Lie group acting freely and trasitively from the right on P, such that the fibers are
preserved, in the sense that

n(p-g)=n(p) foral pePand gegG.

We call # : P — M a principal G—=bundle. In particular the canonical map

PxyG—-PxyP, (p.gr—(p.p-g

into the fibered product P Xy P ={(p,p’) € Px P’ : n(p) = n(p’)} is a diffeomorphism.

Denote A = C®(P) and B=C*®(M),H = C*(G). The pull-back of the right action PxXG — P
determines a right H—coaction A : A — A ® H such that B = A°°. Moreover the canonical map
x:A®p A — A® H is the pull-back of the canonical map of the principal bundle, and therefore it
a bijection. Therefore B C A forms a Hopf-Galois extension. O

2.1.2 Adjoint coactions

Recall the adjoint right H—coaction adg : H — H of Example [1.2.19] with adg(h) = ho @ S(h1)hs
on H. Consider the corresponding diagonal right H—coaction on the tensor product A ® H defined
as

AL, A®H > A®H®H, a®h ag®hy ®aiS(h)hs.

Define two auxiliary maps

¥ :A®A— AQH, a®a v aay®aj, (2.9)
v:AQH—> H®AQH, a®h a;S(hy) @ ap ® hs.
We discuss some properties of those maps when B C A is a Hopf-Galois extension. Let
flipag :A®H >H®A, a®h— h®a.
Lemma 2.1.9. Let A be a right H-comodule algebra. The following equations hold
1. (id®x’) o ((flipa.g 0o An) ®id) =vo x';
2. (¥ ®id) o (id®A4) = (Id®A) o x’';
3. (¥’ ®id) 0 Apga = Aj"‘f@H oy’.
Proof. We proceed in both cases by a direct calculation.
1. We find
(idox’) o ((flipa,g 0o Ax) ®id)(a®a’) = (id®x’) o (flipa y(ao ®a1) ®a’)
=(id®y')o (a1 ®ag®a’) (2.10)

=a1® ¥ (ag®ad’)
=a; ® apa, ® aj.
Similarly
(voxNa®a)=v(x'(a®a’))
=v(aaj ® a})
= (aa()15(a’;) ® (aagy)o ® a’y (2.11)
= a1a;S(a}) ® apag ® ay

=a; ®apa, ® aj.
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2. Next we have
(X' ®id) o (a®Aa(a’)) = (x' ®id) o (a ® (ay ® a}))

=x'(a®ay) ®aj
=aaj, ® ay, ® a}
=aa), ® a] @ al; (2.12)

(idoA) o ' (a ® a’) = (id ®A) (aa;, ® a})
=aa| ® a] @ d.
3. Finally
(¥’ ®id) o Augala ®a’) = (' ®id)(ap ® aj, ® ara})
= /\/,(Clo ® 616) ® ala’l
= apag, ® ay, ® aia)

=apa) ® a} ® aial,

(2.13)
Ai‘d®H ox'(a®a’) = AZ%H(aaf) ®ay)
= (aa")y ® aiy ® (aa()1S(a})d)s
= apaj ® as ® arayS(ay)ay
=apaj ® a} ® aia),.
m}

2.1.3 The translation map

Let us consider the quotient map 7 : A® A — A ®p A’. By the very definition of the Hopf-
Galois canonical map y : A®g A —» A ® H the composition yonr: A® A —» AQ® H is exactly
X :A®A — A®H defined in Equation (2.9). Consequently relations derived in the Lemma [2.1.9]
descend to the quotient.

Let y be the Hopf-Galois canonical map of a Hopf-Galois extension then its inverse

Yy 1:A®H > A®p A
is well defined.
Definition 2.1.10. The translation map is defined as k = X_1|1A®H :H —> AQ®pg A.

Notation 2.1.11. We use the Sweedler-like shorthand notation k(h) = A1 @ h{?) to denote the
action for the translation map, given any h € H.

In the next proposition we exploit some important features of the translation map.
Proposition 2.1.12. Let B C A be a Hopf-Galois extension. For any h,h’ € H and a € A, we have:
1 BV () ® (h?)) =14 ® h;
2. ag(a1)'V ®p (a1)® =14 ®p a;
3. k(hh') = WO @p W2 (2,
4. KYR? = e(h)14;
5. h'V @g (K)o ® (h?); = (h)M @5 (h1)? @ hy;

Proof. In order:



2.2. CROSSED PRODUCT ALGEBRAS 17

1. by a direct calculation
h<1>(h<2>)0 ® (h<2>)1 — X(h<1> ® h<2>)
= x(k(h)) (2.14)
=x((1a®h) =148 h.

ap(a))t ®p (a1)® = agk(ar) = apx ' (1 ® a)
=x ag ®ay)
= x(1a ®p a)
=14®pa,

(2.15)

where we used that y : A®g A > A® H and y"' : A® H— A ®p A are left A—linear.
3. Applying two times the first property:
VOB @ R 2 = g0 RO (RN (O @ (), (),
=D () @ h( ), (2.16)
=14 Q®hl',
so we find k(hh') = y (W DR @p B2 p7$2)).

4. We consider a concatenation between the relations in Equations (2.9)) descended to the
quotient.
(id®yx) o (ta,m © As ®p id) o k(h) =v o y o k(h)

(id®y) o (h")1 @ (K)o @5 ') = S(h) ® 14 ® hy (2.17)
(h )1 ® (K)o (h®)o ® (h')1 = S(h1) ® 14 ® ha,
giving the claim after applying (e ® id ®¢) to both sides.

5. We perform a calculation similar to the previous point. This time we concatenate the second
equation of Equations (2.9) with (y~!' ® id) on the left, and with x on the right.

(x ' ®@id)(x ®id) o (id®pAa)k(h) = (x ' ®id)(id ®A) x (x())
(' @id) (x(hV ®p h§) ® (hP)1) = (x ' ®id) (14 ® h1 ® ha)
Y &g (1) ® (h*)1 = x 1 (14 ® h1) ® ho (2.18)
=«k(h1) ® ho
= (h'"); ®p (h*)1 ® hs.

2.2 Crossed product algebras

In this section we define crossed product algebras and smashed product algebras. The Doi-Takeuchi
correspondence between cleft extension and crossed product algebras (trivial extensions and smash
product algebras) of [7] is proven.

Let B an algebra.

Definition 2.2.1. We say that H measures B if there is a k—linear map
-:H®B —> B, h®b+ h-b,

such that
h- 13 = G(h)IB,

h-(bb") = (hy-b)(hy - b).
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We stress that - : H® B — B is not assumed to be an action.
Definition 2.2.2. Assume H measures B. Consider a map o : H® H — B.

1. We call o0 : H® H — B a 2-cocyle with values in B if it is a convolution invertible morphism
such that
oh®l)=€e(h)lg=0c(1®h),

(h1 - o (h] @ h))o(ha ® hyhy) = o (hy ® hy)o(hahly ® h”),
forall h, W', h”” € H and b € B.

(2.19)

2. We call B a o—twisted left H—module if there is a 2-cocycle oo : H® H — B with values in
B such that
1-b=0b,

’ ’ ’ -1 ’ (220)
h-(h"-b)=0(h1®h})((hahy) - b)o™ " (h3 ® h3),

for all h,h’ € H and b € B.
Lemma 2.2.3. Given B a o—twisted left H-module, we define a k—linear map
ug, - (BOH)® (BOH) - B®H, (b®h)®(b'®h')— b(hy-b")o(hy®h})® hzhj, (2.21)

for every h,h’ € H and b € B, providing an associative unital product uy_on B ® H, with unit
1lp®1y.

Proof. First notice the k—linear map uy_is well defined. To prove associativity we proceed
considering

mg, (g (b@h) @ (b'®NK)) @ (b ®h')) =y, ((b(hy-b)o(ha® h}) ® hghy, @ b @ h'’)
=b(hy - b")o(hy ® hy)(h3hy)1 - bY - o ((h3hy)2 ® hY) ® (hzhy)3hy
relabeling =b(hy-b')o(hy ® h,l)(hglhél : b’ll) . O'(hgghéz ® hll/) ® hggh'%hé/

Equation =b(hy - b)o(hy ® hy)o~ (h3 ® hy)(hy - hs - b")o (hs @ h))o(hehy @ hY') ® hrhghly

simplifying = b(hy - b")(hy - b} - b")o(hs ® hy)o(hahly ® hY) ® hshyhy
measurability = b(hy - (' (k] - D))o (ha ® hiy)o (hshy ® hY) ® hahyhy
Equation =b(hy - (b'(h}-b")o(ha ® hY)))o (hy ® h5hy) ® hah)hy
measurability = b(hy - (b'(h} - b")o(hy ® hY)))o(hy ® hihy) ® hgh)hy
=uy, (b ®h)® (b (hy -b") - o(hy®hY) ® hihy)
=py, (b®h@py, (' ®H)® (b ®h"))),
(2.22)
where we used property of B being a o-—twisted left H-module, so that

h(l' - b) = o~ (h1 @ b)) ((hahly - b) (o (hs ® hY)),

and the property of 2-cocycle with values in B. The last part of the proof is to show that 13 ® 1y
is a unit, but this follows immediately. O

BYi,H is called a cross product algebra. We define on B H the structure of a right H—comodule
algebra with respect to the right H—coaction Ay :=idgp ®A : Bi,H — (Bf,H) ® H. Accordingly,
the subalgebra of coinvariant elements in B, H is

(BtoH)°" = (B® 1) = B.
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Remark 2.2.4. Every left H—module algebra B is in particular a o—twisted left H—module with
respect to the trivial 2—cocycle

c:H®H —> B, h®h' — e(hh')lp.
The corresponding product
ug:(B®H)®(B®H) > B®H, (b®h)®(b'®h)w b(hy-b")® hah'

makes B#H := (B ® H, uy) an associative unital algebra, the smash product algebra.

The next theorem was proven in [7]. It shows that crossed product algebras are in 1 : 1
correspondence with cleft extensions. Moreover, trivial extensions are in 1 : 1 correspondence with
smash product algebras.

Theorem 2.2.5. Any crossed product algebra B, H is a cleft extension B C B, H with cleaving
map j : H— Bf,H assigning h+— 18,h. Conversely, giving a cleft extension B C A with cleaving
map j: H— A we define a o—twisted left H—module action

.:H®B — B, h@bw h-b:=j(h)bj  (hy)
on B, and a 2-cocycle
oc:H®H — B, h@h w— o(heh') = j(h1)j(h})j ™ (hah)

with values in B. Then A = Bi,H are isomorphic as right H—comodule algebras. A cleft extension
is a trivial extension if and only if the corresponding crossed product algebra is a smash product
algebra.

Proof. Given a crossed product algebra Bff,H we consider a right H—colinear map
j:H— BicH, heHw— 1fh. (2.23)
This map is convolution invertible with inverse
J7V i H > BioH, h o (S(h) ® hy)eS(h). (2.24)

Indeed
J7 (1) j(hg) = (071 (S(h2) ® h3)eS(h1)) (186 ha)

= py, [(07H(S(h2) ® h3) ® S(h1)) ® (1 ® hy)]

o1 (S(h2) ® hs)(S(h)1 - 1)o(S(h1)2 ® hy) ® S(h1)shs

o1 (S(h3) ® hy) (S(h2) ® hs) @ S(h1)he (2.25)
o 1 (S(h2)2 ® h3)o (S(ha)s ® hy) ® S(h1)hs

= oS (h1)ho

= e(h)1fo1,

and similarly evaluating in the other order, proving B C Bff, H is a cleft extension.

For the other implication, given a cleft extension B C A with cleaving map j : H — A we prove
oc:H®H — Band -: H® B — B provide a o—twisted left H—module structure on B. We have
that - : H® B — B is a H—measure on B, indeed

(h-1p) = j(h1)j ™" (ho)

- e()1g: (2.26)
moreover
(h1 - b)(ha - b") = j(h1)bj ™ (ha)j(hs)b’ j(ha)
= j(h1)bb’j(h2) (2.27)

= h-(bb).

Moreover, oo : H® H — B is a 2-cocycle with values in B:
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1. The image of o is contained in B, indeed

Aa(j(h1)j(h2)j ™ (hahl)) = Aa(G(h1)Aa(G(h))AAG ™ (hahl))
= (j(h1)o ® j(h1)1) (G (hDo ® j(h))1) (™' (hahb)2 ® S(hahb)1)
= j(h1)j(h,)j(hahy) ® hohlyS(hshs)

= j(h1)j(h})j(hahy) ® 1,
(2.28)
where we used Lemma [2.2.8]1 The convolution inverse of o is

o N (heh') = j(hih1)j ™ (ha)j " ().

2. 0(1®h)=c(h®l)=€e(h)l.
3. Finally

(h1 - o (R ® h{)) (0 (hy ® hyhY))
= j(h1)o(hy ® hY)j ™" (hi2)j(ha1)j(hy hSy)j ™ (haahiyy hY,)
= j(h11)j (hyy)j ChYy) i~ (Rohts) ™ (hi2) j (ha1) j (Ry iy ) ™" (hag iy hiy)
= j(h1)j(hY)j(hY)j~ (hyhy) =  (ho)j(hs)j(RshY)j ™ (hahhY)
= j(h)j(h})j(hY)j~  (hahyhly)
= j(h1)j(h})j~ " (hehb) j(hshy)j(hY)j~ (hahlyhy)
=0 (h1 @ h})o (hehly, @ h”).
(2.29)

The measure - : H® B — B is a o—twisted left H—module action, since

L-b=j(Dbj~ (1) = b;
o (h1 ® b)) ((hah) - D)o  (hs @ ) = o (1 ® b)) (j(harhy)bj ™" (hashiy))o ™ (03 ® o73)
= j(h1)j(hy) ™" (hah) j(hshiy)bj ™" (hahl) j(hsh)j ™ (h)j (he)
= j(h)j(B)bj~ (hy)j~" (h2)
=h-(h'-b),
for every h, " € H and b € B. Consequently we can construct the crossed product algebra Bff,H.

The only thing left to show it that B, H is isomorphic to A as a right H—comodule algebra,
the explicit isomorphism is provided by

0:A— B H, aw agj '(ar)® as.

This map is a right H—comodule morphism and is well defined according to Lemma [2.1.1] It is left
to prove it is also an algebra morphism. We have

0(a)0(a’) = (aoj ' (a1)Boa2)(ahj " (a1)8rd)
= py, (ao(j ' (a1)) ® az) ® (apj " (a1) ® ab)
=aoj " (a1)(az - (ay(j 7 (a})))o (aze ® dby) ® assal,
aoj " (a1)j(az1)ayj~ (a})j " (az2)j(as)j(ah) i~ (asaah,) ® assal, (2.30)
aoj " (a1)j(az)ayj = (a})j " (as)j(as)j(ab)j ™ (asal) @ agd))
= apalj~(a1a}) ® asd),
=0(aad’).
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In the context of a trivial extension, then j : H — A is an algebra morphism. The induced
2—cocycle becomes trivial

o(h®h') = j(h1)j(h,)j ™" (hahl)
= j(h)j(hy)j ™ (hy)j ™ (ho) (2.31)
=e(hh')1.

Thus, B§H is a smash product algebra.
Conversely if (B#H, uy) is a smash product algebra, the induced cleaving map is an algebra
map. O
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Chapter 3

Differential calculus over algebras

In this chapter we explore the topic of differentials over algebras. In the context of (classical)
differential geometry we usually considers a n—dimensional manifold M with a differentiable structure,
that is, every open set of M is identified with a open set of R” in "some" smooth way (smooth
atlas). These local patches fit in such way that we can talk of a global structure on M. Tangent and
cotangent bundles to M are defined as dual structures. They are respectively obtained by gluing the
spaces of tangent vectors and spaces of covectors for every point in the manifold M. Sections of
the tangent bundle act as derivations of the (commutative) algebra of C* functions on M. Dually,
we have a map d : C*(M) — I'(T*M) turning smooth functions into covectors. Differential forms
are obtained by subsequent applications of the exterior derivative d : ' (A*(T*M)) — T' (A*(T*M))
on sections of the exterior powers of the cotangent bundle.

This construction can be generalised to the setting of noncommutative algebras. In this picture
no actual topological space is required; we actually consider differential geometry over algebras in
this sense.

In we introduce first order differential calculi over k—algebras, we provide some examples
and prove a theorem by Woronowicz stating that every first order differential calculus on an algebra
is induced as a quotient of the so called universal differential calculus. Then we introduce the
notion of covariant calculus.

In[3.1.1] we prove another important classification result due to Woronowicz, providing a 1 to 1
correspondence between covariant calculi and certain ideals defined on the underlying algebra.

In we generalise the first order theory to higher order differential forms. In we discuss
higher order covariant differential calculi and provide an explicit formula for the H—coaction on
higher order differential forms.

In [3.3] we introduce the maximal prolongation, an higher order differential calculus defined just
by the datum of a first order calculus over a k—algebra. This is of particular interest for the theory

developed in [4.2]

The main references we follow here are [2], 25}, [19]

3.1 First order differential calculi

Definition 3.1.1. A first order differential calculus (I",d) over a k—algebra A is the datum of
1. an A—bimodule T;
2. alinear map d : A — I' satisfying the Leibniz rule d(ab) = (da)b + adb for every a,b € A;

3. a surjectivity condition I' = AdA, i.e. ' =span{adb : a,b € A}.

In classical differential geometry A = C*(M), and left and right module structure on I' always
coincide, meaning that for every a,b € A we have adb = dba. This is not true in the general
noncommutative setting.

23
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Remark 3.1.2 (Surjectivity from right). The surjectivity condition I' = AdA of a differential calculus
(I',d) on A is equivalent to surjectivity from the right I' = d(A) A. In fact, for every w € I" there are
a',b' € A, with 1 <i < n such that w = a'db’. We define e/, f/ € Afor1<j<2nbyel =a’bl,
with f/ =1for1<j<nande/ =a’™", f/ =b/™" forn < j <2n. Then

w=ddb' = d(aibi) - d(ai) bt = d(ej) fj,
by the Leibniz rule. Similarly the other implication is proven.
Remark 3.1.3 (Connected calculus). From the Leibniz rule it immediately follows that every first

order differential calculus satisfies d(1) = d(1-1) =2d(1), from which we find k-1 C kerd. If the
last is an equality we say the calculus is connected.

We provide a few explicit realisations of first order differential calculi.

Example 3.1.4 (g-differential calculus on the circle). Let ¢ € C not a root of unity. Consider
the algebra A = S}I = C[t,t7'] of rational polynomials in one variable . Define ' as the free left
A—module generated by dr. Every element of I will be of the form f(z)-dt. The free left A—module
I' becomes an A—bimodule via

f(@)-de-g(1) = f(1)g(qt) - di
for f,g € A. We define a C—linear map d : A — I, the exterior derivative, by

f(qt) - f(2)
d(f(1) = ———
1(qg—1)
for every f € A. The exterior derivative satisfyies the Leibniz rule.

d(f (1) - g(1) + £(1) - d(g (1)) = % At g(n) + f(ny 4L =81 (f(’; - f)(” -

_ flanglan) - f(0)g(q) + f(Dg(g) — f()g(®)
1(g-1) (3.1)
_ flanglan - 1)
g —1)
=d(f-8) (),

- dt,

dt

forall f,g € A.
By construction I' = A - dt = AdA. Thus (I',d) is a first order differential calculus over A.

Example 3.1.5 (Quotient differential calculus). Given a surjective algebra map n: A — H, and
a first order differential calculus (T',d) on A, we define I := kern and Ny := IdA + AdI. Clearly
I C A is an algebra ideal such that H = A/I.

Using the Leibniz rule one shows that N; C I' is an A—bimodule. The induced calculus (I'y, dg)
is the quotient calculus on H. Namely, we set 'y :=I'/N;y and dg = nrod, where ap : I' > I'y is
the quotient map.

Definition 3.1.6. Let (I',d) on A and (I'",d’) on A’ be first order differential calculi. A morphism
of differential calculi is a tuple (®, ¢), where ® : I' —> IV is a k—linear map, and ¢ : A — A’ is an

algebra morphism, such that
®(a-w-b)=¢(a) D ¢(b), (3.2)

for all a,b € A and w € T, and such that the diagram
r—2 vy
d a

A—2 u

commutes. In this case we say ¢ is differentiable. \We write d¢ = ®.
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Proposition 3.1.7 (Universal differential calculus). For every algebra A there is a first order
differential calculus (I'y, d,,) defined by

T, ::keruA={Zai®bieA@A:Zaibi:o},
i

1

with differential d,(a) :=1®a—-a®1 for alla € A.

Proof. The A—bimodule structure on I, is induced from A ® A, i.e. the multiplication on the first
tensor factor from the left and the second tensor factor from the right, respectively.
The map d, maps into I', and satisfies the Leibniz rule

dy(a)b+ad,(b)=1Qab-a®b+a®b—-ab®1

3.3
=dy,(ab), (3.3)
for all a, b € A.
Let a' ® b’ € T, := ker us be arbitrary. Then
Zafdu(bi) = Za" ®b' - Zaibi ®1
i i . . i (3.4)
= Z a' ® b,

which proves surjectivity. Therefore (I',, d,) is a first order differential calculus over A.

O

The next theorem was first proven by Woronowicz in [25]. It states that every first order
differential calculus is induced as quotient of the universal differential calculus in Proposition [3.1.7]

Theorem 3.1.8 (Woronowicz). Let A be a unital k—algebra. Every first order differential calculus
(I',d) over A can be obtained as a quotient of the universal differential calculus (I',,d,), meaning
there exists an A—subbimodule N C T',, such thatT" = T',/N as A—bimodules, and d = nod,,, where
n:T, »TI,/N =T is the quotient map. By construction

The denomination "universal" is used since for every calculus I" on A there is a unique surjective
morphism 7z such that the diagram shown commutes.

Proof. Let us consider any k—algebra A and the first order differential calculus (I, d,,) of Proposition
[B.1.7] Let (I',d) be any other differential calculus on A. Consider the A—bilinear map 7 : T, » I’
assigning a' ® b' +— a'db’.

The map 7 is surjective. Indeed, for any w = a’db’ € I" we have

n(z d®b — Z a'b'®1) = Z aldb’ — Z a'bl d(1)

= Zaidbi. (3:5)

Considering the quotient of I',, by the subbimodule N = ker & we provide the isomorphism I' = T',,/N.
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Moreover
n(dy(a) =n(l®a-a®1l)
=1-d(a) (3.6)
=d(a),
for every a € A. O

3.1.1 The classification of first order H—covariant calculi

Here we introduce the notion of H—covariant differential calculi over A, where H is a Hopf algebra
and A is an H—comodule algebra.

Definition 3.1.9. A first order differential calculus (I"),d) on a right H—comodule algebra (A, Ax)
is called right H—covariant if T is a right H—covariant A—bimodule with coaction

Ar: T ->TQ®H

such that the differential d : A — T" is right H—colinear.
Similarly, it is called left H—covariant if T' is a left H—covariant A—bimodule with coaction

rh:I' > H®T,

such that the differential d : A — I' is left H—colinear.
It is called H—bicovariant if its both left and right H—covariant.

Let us fix (I',d) a left covariant first order differential calculus over a Hopf algebra H. We
denote the module of left coinvariant forms by

Al :={weTl:rA(w) =1 ® w}. (3.7)

Definition 3.1.10. We define the quantum Maurer-Cartan form as the canonical k-linear map from
the kernel H* = ker € of the counit € : H — k to the coinvariant forms as

w:H" > A, hw S(hy)dhs. (3.8)

Lemma 3.1.11. The quantum Maurer-Cartan form @ : H* — Al is a surjective morphism and
moreover I =kerw C H is a right ideal.

We will use this Lemma in the proof of the classification theorem due to Woronowicz, originally
proven in [25]. This result provides a correspondence between right ideals I € H that are in H* and
left covariant first order differential calculi I over H. In particular explicit forms of the bimodule
structure, the differential and left H—coaction are provided.

Proof. Let>: H®I — I be the left module action of H on I'. Considering a left-coinvariant form
w = a'db’ we find
>0 (S®id) o rA(w) =» o (S ®id)(1 ® w)

(3.9)
=w
by left H—coinvariance.
Moreover o -
>0 (S®id) o rA(w) =» o (S ® id)(af bl ® a}db))
=» o (S(afbl) ® a’db’)
= S(b)S(al)a’ db! (3.10)

= e(a')S(bf)db’
= w(e(ai)bi - E(Clibi)lH)a
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where we used that @ (1) = 0. Notice that every expression is well defined as e(a’)b’ — e(a'b’) 1y
is in the kernel of €, since € is an algebra map. Accordingly @ maps onto left coinvariant forms.
To show that I = ker @ is a right ideal we simply consider n € I and h € H, to obtain

@ (nh) = S(n1h1) d(n2h2)
= S(h1)S(m1)(dn2hs +n2dhy)

(3.11)
= S(h1)@(n)ha + S(h1)e(n)dhs
=0,
therefore nh is in I. O
Denote the quotient map by
rm:H"— H"/I, hw n(h)=][h]. (3.12)

Theorem 3.1.12. For any right ideal I € H with I € H* we have a left covariant first order
differential calculus (I',d) on H, where

Fr=H® (H"/I), dh=(denr)(A(h)-h®1).
I' is an H-bimodule via
h-(h"®[g])=hh"®[g], (h®[g]) -h" =hh)®[gh], (3.13)

for h,h’ € H and g € H". The left H—coaction onT" is rA = A ® idg/;.
If adr(I) C 1 ® H, (I',d) is bicovariant with right H—coaction

Ar(h® [g]) = (h1 ® [g2]) ® haS(g1)g3» (3.14)
for h € H and g € H*. Moreover, every H—covariant first order differential calculus is of this form.

Proof. The bimodule relations do not depend upon the choice of a representative for a class under
the projection map. Indeed

h-(h"®[gh)=h-(Fel[g]),

so we define the same element. The same for the other relation. Therefore I is an H—bimodule;in
particular a right H—module.
Consider the given definition of the k—linear map d : H —» I". We have

AW W +hd(l) = (iden)((hy @ hy —h®1)-h' +h- (K, ® [hy] - ®1)
= hit} ® [hohl) — hi', @ [hy] + hi, @ [h] — hh' @ [1]
= hit, ® [hohl) — hi' @ [1]
= d(hl')

(3.15)

for all h, W € H.
Let h'®[g'] € I be arbitrary, with 2* € H and g' € H*. Consider the combination A'S(g}) d(g5).
defining an element of the form HdH. We find

h'S(gh)d(gh) = h'S(g))gh ® [gh] — h'S(g})gh ® [1]
=h'®[g'] - h'e(g") ® [1] (3.16)
=h'®[g'].

Surjectivity follows.
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The map rA : I' - H® T is a left H—coaction, as it is defined by A and the identity; the
diagram
A®idr

HI' —— HHQ®TI

rA idg ®rA

r > HeT

commutes as

(idpg ®@rA)(A®idr)(h @ [g]) = (idp ®rA) (h1 ® he ® [g])
= (idyg ®A @ idr)(h1 ® ho ® [g])
=h; ®hy®h3 ® [g] (3.17)
= (A®idr)(h1 ® h ® [g])
= (A®idr)rA(h ® [g]).

Compatibility with the H—bimodule structure follows

rA(h-(h' ®[g]) - h"") = rA(hh' b} ® [ghy])
= B © holiyhY ® [ghY) (3.18)
=A(h) -TA(R ® [g]) - A(h),

forall h,h',h” € H and g € H".
Left H—colinearity of the differential follows as

(id®d)A(h) = hy ® d(h2)
=h ®hy®[h3] —h1 ® ho ® [1] (319)
=rA(d(h)).

Accordingly, (I',d) is a left covariant first order differential calculus.
If in addition adg(I) € I ® H, the map Ar : ' - I" ® H is well defined and moreover a right
H—coaction:

(Ar ®id)(Ar(h ® [g]) = Ar(h1 ® [g2]) ® h2S(g1)83
=h1 ® [g3] ® h2S(g2)g4 ® h3S(81)85
= h1 ® [g2] ® (h2S(g1)g3)1 ® (h25(g1)g3)2
= (id®A)(Ar(h ® [g])),

(3.20)

for all h € H and g € H*. Proofs of compatibility of Ar with the bimodule structure and right
H—colinearity of the differential are similar. We have shown that given a right ideal I € H with
I € H* we can construct (I',d) a bicovariant first order calculus on H.

On the other hand, given a first order differential calculus we construct a right ideal I € H as
the kernel of @w according to Lemma [3.1.11
For the 1 : 1-correspondence we prove that, given a left covariant first order differential calculus
I', we obtain I' = H® H*/I as left covariant first order differential calculi.
The first thing we prove is the isomorphism I' = H ® H*/I as left covariant H—bimodules.
Consider
¢ T>HRHI, wr w_o®w (S(w_1)wp). (3.21)

Here @w™! is the inverse of the quantum Maurer-Cartan form restricted as @ : H* /kerw — A!,
which is an isomorphism by Lemma[3.1.11] Notice that S(w-1)wq is a left coinvariant form.
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We provide the inverse of ¢ as
¢ ':HQH'/I - T, h®[g]— hw(g). (3.22)
This map is H—bilinear and left H—colinear, indeed

¢~ (h- (W ® [g]) - h") = ¢~  (hh'h] ® [gh3])
= hi' 1 S(g1hYy) d(g2hy)
= hi'h)S(h5)S(g1) d(g2h)

3.23
= hi'S(g1)(dgah” + gadh”) (3:23)
=hh'w(h)h"" + hih'dh" e(g)
=h-¢" (K &[g])-h",
forall h,W',h"”" € H and g € H*.
Furthermore
(h®lgh)-1®¢  ((h®[g])) =h1 ® ¢~ (ha ® [g])

=h1 Q@ hyw

1 2w (g) (3.24)

= (hw(g))-1 ® (hw(g))o
=¢ ' (h®[g])-1® ¢ (h® [g])o.

The last thing to show is the relation between the differential on I" and the one on H ® H*/I. We
have

¢~ (dr(h) = ¢~ (hy1 ® [ha] — h® [1])
= hlw(hz) - hw(l)
= h1S(hg) d(h3) — hd(1)
=dh,

(3.25)

proving that ¢ is an isomorphism of left covariant first order differential calculi.
If we furthermore assume the calculus (H ® H*/I,d;) to be bicovariant, the ideal I satisfies
Ar(H®I) C H® I ® H, in particular

Ar(1®g)=1®g2®S(g3)g1 € H®I®H,

for all g € I, namely adr(I) C I ® H. In this case the isomorphism is a right H—covariant map,

since
o ((h®[glo® (h®[g])1) = ¢ ' (h ® [g2]) ® haS(g1)g3

= h1@(g2) ® h25(g1)83
= h15(g2) d(g3) ® h2S(g1)84 (3.26)
= (hS(g1) d(g2))o ® (hS(g1) d(g2))
=¢7'(h® [g)o® ¢~ (h® [g)1,
for every h € H and every g € H* by the right H—covariance of d. |

3.2 Higher order differential calculi

In this section we introduce higher order differential calculi as differential graded algebras with a
surjectivity requirement.

Definition 3.2.1 (Differential graded algebra). A differential Ny—graded algebra (Q°, A,d) is a
No—graded vector space Q°® = @kao Qk endowed with
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1. amap A: Q°*®Q°* — Q° of degree zero, i.e. QK A QF C Q|
2. amap d:Q°* — Q°**! of degree 1, meaning d(Q*) c Q1

such that the wedge product A is associative and unital and the differential satisfies d? = 0 and the
graded Leibniz rule

dlwAn) =doAn+ (-D®lwAady
for all 7 € Q* and homogeneoud!] elements w.
Definition 3.2.2. Let (Q°(A),da, Aa) over A and (Q°(B),dg, Ag) over B be differential graded

algebras. A morphism of differential graded algebras is a morphism of graded algebras @ : Q*(A) —
Q°*(B) that respects the differential.

We say that a morphism of differential graded algebras @ : Q*(A) — Q°*(B) is an extension of
a morphism of algebras ¢ : A — B if ®|4 = ¢.

Proposition 3.2.3. Let (Q°(A),da, Aa) and (Q°(B),dg, Ag) be differential graded algebras. Let
D :Q°(A) — Q°(B) be a morphism of differential graded algebras such that ®|4 =¢ : A —» B. We
have that ®© is unique as an extension of ¢. Moreover if ¢ is surjective then @ is.

Proof. Since the involved operations are linear it is enough to consider a homogeneous element
w=aa' A--- Add*F e QF(A), for a°,...,a* € A. We find
®(adpal Ay - Ag dad®) = P(@®)D(dpal) Ag - - Ap D(dad)

3.27
= ¢(a")dp(¢(a")) Ap - Ap dp(¢(a)), 520

where we only used that @ is a morphism of differential graded algebra. Accordingly we find that @
is the unique extension of ¢. Moreover, let ¢ be surjective and let b° = ¢(a?), ..., b* = ¢p(a¥) € B
for some aY,...,a* € A. Then by equation (3.27)) we have that ® is surjective, since

b%dpb' Ap--- Apdpb* = ¢(a’)dp(g(a")) Ap - Ap dpg(a®)
= ®(a")®(dua') Ag - - Ag P(daab) (3.28)
= d)(aOdAal AA - AA dAak).
i
Definition 3.2.4 (Differential calculus). A differential calculus on a k—algebra A is a differential

No—graded algebra (Q°, A, d) which is generated in degree zero and such that Q" = A. The former
means that

QF = spang{a’da’ A --- A da* :d° ..., d" € A}.
We call elements of QF differential k—forms.

Lemma 3.2.5. Let (Q°*(A),da, Aa) be a differential calculus over A and let (Q*(B),dg, Ag) be
a differential graded algebra. A map ® : Q*(A) — Q°*(B) is a morphism of differential graded
algebras if and only if

®(adpa' Ay - Ag dad®) = ®(a®) Ag dg o D(a') Ag--- Ag dp o D(a¥), (3.29)

for all d°, ...,a* € A, with k > 0.

Lwith homogeneous we simply mean an element that belongs to a fixed vector space in the grading. |w]| is the
degree of w.
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Proof. If ® is a morphism of differential graded algebras then equation (3.29)) is clear. On
the other hand assume equation ([3.29) to be true. Let a®daa' Ay --- Ax da* € QF(A) and
bOdAbl AV AV dAb[ S Q.[(A). Then
@[(aOdAal Aa - Aa dak) AA (bOdAbl Aa - Aa dAb[)]
= [®(a”)dp®@(a') Ap -+ Ap dp®(a®)] Ap [®(BO)dp®@(b') Ap -+ Ap dp®(b)]
= CD(aldAal AA - AA dAak) AB (I)(bldAbl AV AW dAbf).

Moreover, ® is compatible with the differential, as
O (dpw) = D(da(a®dga’ A ---dua®)
= (D(dAaO AR dAak)

=dp¢(a®) Ag -+ Ap dpd(a®)
= deO AB -+ AB dek

(3.30)

equals
dB<I)(w) = dB<I>(a0dAa1 AA - AA dAak)

=dg(b°dgh' Ag --- Ap dpb*) (3.31)
=db® Ap --- Ap dpb*.

O

Example 3.2.6 (Trivial DC). On every algebra A there is a trivial DC QF = 0 for all k > 0 with the
zero differential.

Example 3.2.7. The universal first order differential calculus of Example can be extended to
higher order forms, defining € := N} _, ker ug, where gy := id gek-1) ®uU®id ge(n-1) : A®(n+l) _y p®n.
The differential is

k+1
d, : QF — Qk+1, a0®~~-®ak+—>Za0®---®ai_1®1®ai+1®---®ak. (3.32)
i=1

The wedge product A, : QF ® Qf — Qk* is defined on a k—form w and a {—form 5 as
whn=ad"®---®d"tedp’ @b - 01", (3.33)
l.e. as the concatenation of forms.

Lemma 3.2.8. The universal differential calculus (R}, Ay, dy,) is a differential calculus on A.

Proof. During the proof we will denote d,, as d and A, as A for simplicity. The A—bimodule
structure on ? is the one induced from A ® A, i.e. the multiplication on the first tensor factor
from the left and the second tensor factor from the right, respectively. The squared differential
vanishes, as on the order 0 we find

d?(a)=d(1®a-a®1)
=d(1®a)-d(a®1l)
=1®1®a-1®1®a+1®ax1 (3.34)
- (1®a®1l-a®1®1+a®1®1)
=0,
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and moreover at higher orders we find
k+1

d2(a0®---®ak)=d( "9 9d'®9l®d®---®a
i=0

k

:d(1®a0®---®ak)—d(a0®1®---®ak)+---+(—1)kd(a0®---®ak®1)
=1018d°® - ®ad"-1810d"®---®d"+10d°®10---0d +...
-1®d°®1®---®d"+a’®101e---0@d +...
=0.
(3.35)
We already know the Leibniz rule holds at order zero, namely on elements of A. For elements in I,
we find
d(w A y) :d((a°®a1)A(b0®b1))
=d(a0®a1b0®b1)
=10a’®a'b’ @b -a"®1®a'b’ @ bt
+a’®a'b’910b' -’ 9a'b’ @bl @1
=(10ad’®a'-d’®1®a' +a’®a' @1) A (b° ® bY)
(@ @a YA (10’ @b - @10b' +b° @b ®1)
=dw Ay —-wAdy,

(3.36)

and we can infer that the rule continues to hold at higher orders. Finally surjectivity of the calculus
follows as any element ¢ ® - -- ® a™* can be obtained as
a’da' A Add"=ad(1@al —al@ DA A(1l®d" —a"®1)
=@ )N10d®-a®>@D)A---A(1®a"-a"®1)
@oa®d)1ed-a* 1) A A(1®a"-a"®1) (3.37)

=ad"® --®d".
Therefore we have (Q2, Ay, d,) is a differential calculus on A. m]

Definition 3.2.9. A morphism from a differential calulus (Q°, A, d) over an algebra A to another
differential calculus (Q'*, A’,d’) over an algebra A’ is a morphism of the underlying differential
Ny—graded algebras. Explicitly, it is a graded map ® : Q°* — Q’® of degree 0, such that

DP(wAn) =P(w) AD(y), Pod=d o, (3.38)

for all w,n € Q°. An isomorphism of differential calculi is a morphism of differential calculi which is
also invertible.

3.2.1 Higher order H—covariant calculi

In the following we discuss a special class differential calculi. Those are differential calculi on
H—-comodule algebras such that the coaction /ifts to graded algebra of forms and the differential is
colinear, and are called differential covariant calculi. A Nyg—graded k—vector space V*® = @kzo vk
is a graded right H—comodule if there is a right H—coaction A® : V* — V* ® H which is graded of
degree (E] It follows that for any k > 0 the vector space V¥ is a right H—comodule via

A* = Ay s VE 5 VEQ H;

2Meaning that A®*(VK) c V¥ @ H for all positive k’s.
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accordingly we write A® = @gsoAF.
A graded map ¢ : V* — W** of degree ¢ between graded right H—comodules (V*,A}) and
(W*, A3,) is right H—colinear if the diagram

¢k
Vk \ Wk+€
k k+€
Ay Aw

Ve H —— W' o H
P*@idy
commutes for all k > 0, where here ¢k = @[y : VF — WK
In case V* is a graded algebra we call it a graded right H—comodule algebra if it is a graded
right H—comodule and the algebra structure is compatible with the right H—coaction in the usual
sense.

Definition 3.2.10. A differential calculus over a right H—comodule algebra (A, A4) is called right
H-covariant if (Q°, A) is a graded right H—comodule algebra with graded coaction A® : Q°* — Q*®H
such that A’ = A, : A — A ® H and the differential d : Q* — Q**! is right H—colinear. Similarly,
left covariant and bicovariant calculi are defined.

If we consider H as an H—comodule algebra with corresponding coaction given by the coproduct,
we call the corresponding H—covariant calculus covariant.

Proposition 3.2.11. A differential calculus (Q°, A,d) on a right H—comodule algebra A is right
H-—covariant if and only if one of the following conditions holds:

1. forallk >0 and a™°, ..., a"* € A such that 3; a*°da>! A --- A da®* = 0 we have

04 i1, ik o 0,0 i1 ik _ .
Zao dag" A+ Adag” ®ayay . .ay =0;
i

2. the right H—coaction Asy : A — A ® H is k—times differentiable for all k > 0, namely

d d d
A9H ————— Q'®H ... 5 Qf®H
Aa Aol (a) Agk ()
A d s Q! d N d s QF

commute, and for all k > 0 the map Agk () : QF — Q¥ ® H is left A—linear, in the sense that
Agr(ay(a - w) =As(a)Agr 4y (w) foralla € A and w € Q.

In this case the right H—coactions Agk ) : QF — QK ® H, k > 0 are explicitely given as

Agk (4) Z a0dat Ao Adatt| = Z af)’odag’l A A dag’k ® all’oall’1 e a’l’k

i i
for all a*9, ... a"k € A.
Proof. Let (Q°, A,d) be a differential calculus on a right H—comodule algebra (A, A4). First we

prove that 1. implies right H—covariance.
For k > 0 define a k—linear map

Agk(a) Qk(A) - Q% (A) @ H, Z a*Oda™' Ao AddF - Z ag’odag’l EREWA dag’k ® ai’oag’l .
i i

i,k
S.ag.
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The assumption of point 1 ensures this expression is well-defined, since it is zero whenever the
input object is zero.
Moreover Agr (4 : Q¥(A) — Q*(A) ® H is a right H—coaction:

(Agr(a) ® id)Agr(a) (@) = > (Agr(ay @ id) (af’daf' A -+ A daf* @ a}”. .. a}")
i
= Z ag’odag’l Ao A dag’k ® ail’o .. .ag’k ® a;’o ... a;’k
i (3.39)
= Z(id ®A) (aé’odag’l NERRWA daé’k ® ai’o e ai’k)
k

= (Id ®A)Agx(a) (W),

for every w € Q.
Consequently, Q° is a graded right H—comodule with respect to Age(a) = Ag @ @k>0 Agk(ay-
The differential d|or : QK(A) — QF*1(A) is right H—colinear for every k > 0. Indeed, let
w € QF . By the Leibniz rule and d? = 0 we have

d(w) = Z da™% A dag’1 Ao A dag’k.

Therefore
Agi+i(ay 0 d(w) = Z AL (da™O A - A da®F)

13
= Zdag’o A---Adaf')’k@a’i’o...a’i’k
; (3.40)
: /0 11,0 ik o 0.0 i k
=Y (d@idp)(af’daf’ A+ Adagt @a}’ ... a}")
i

= (d ® ldH) o AQk(A) (U.))

To prove Age(4) is a graded algebra map we show Age(a)(w A1) = Age(a) (W) (A ® (1) Age(a)(17)
for all w € QK(A) and n € QY(A). For k = 0 this is automatic, since A, is an algebra map. For
k =1, using the Leibniz rule, we find

AQl+E(A) ((Z ai’odai’l) A (Z bj’odbj’l A A dbj,f))
i J

=y A (ai’o d(ai’lbj’o) AT A A dbf’f) -3 al (ai’oai’ldbj’o AT A A dbf’f)
i,j i,j

=> (ago d(af)’lbf’o) AdbDE A A db) — a0al BT A - A dbf") ®a0a ] 0bt bt

i,j

_ 004 i1 00 iy o jd o 00 15,0, 70
= E ag dag” A (by dby ) Ao Adby ®ayay by by L by
i,Jj

= Ag1(a) (Z ai’odai’l) Agt(a) (Z bIOdp A A dbj’g)
J

1

(3.41)

holds.
The cases k > 1 are proven by the same argumentation above by rewriting w A 1 in the
form ¥, ¢“0dcht A -+ A del K+ for some 50, ..., c**sin A. Thus, we have (Q°, A,d) is a right

H-—covariant differential calculus.

On the other hand assuming the differential calculus to be right H—covariant we want to show
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the assumption 1. holds. Consider w € QF and apply Agk(a) to obtain

Agicay | D@ 0da™ A+ AdaF | =" Aa(a™0)Agu(ay(da™) -+ Agu(a)(da™)
i

i

= Z Aa(@™®)(d @ id)As(a™)) - (d ®id)As(a™*)  (3.42)
Z Oda’ Lacooa da0 ® a’lOa’l1 . a‘lk,

since Age(a) IS an algebra map and d is colinear. In particular w = 0 implies A¥(w) =0 and thus we
have the equivalence of point 1. with right H—covariance of the differential calculus.

For the point 2., if the differential calculus is right H—covariant with respect to the graded right
H—coaction Ags(a) : Q°* — Q° ® H we have Agk 4 is differentiable with dAgx(a) = Agrs14). By
assumption Age(4) is an algebra map and thus Agx () (a - w) = Aa(a)Agk(a)(w) for every a € A
and w € QF, proving the first implication.

On the other hand by left linearity it is straightforward to prove Agk(ay Is of the required
form for all positive values of k. Therefore, as the assumption of 1. are satisfied we have right
H—covariance of the calculus. O

3.3 The maximal prolongation

Let us consider an associative unital algebra A over a field k. Starting from (I',d) a first order
differential calculus over A, we want to construct a differential calculus over A as a prolongation of
the first order.

Let us consider the tensor bundle algebra

r@A:@r®Z:A@r@(r®Ar)@..., (3.43)
i=0

that is a graded, associative, unital algebra with product ®4 and unit 1 € A. Consider the graded
ideal

r=EP s NI cres,
n=0
generated by elements Y; da’ ®4 db® where a', b’ € A, such that 3 a'db’ = 0.

We define accordingly the graded associative unital algebra I'* := T'®A/S”, with induced product
A. The quotient algebra I'* is graded, indeed as

1—*/\ — @:LOZO F®A
P SA NI
®A

T (3.44)

@gﬁ@x

F®A + 57
SA ’

IR

Il
[e=)

n

where in the last row we exploited the second isomorphism theorem. Accordingly the product
A:T"®I' = I'" is induced as
(T®A +S5M) (%4 +85M)
S/\ ®A S/\
k+j
(T®a” +87)

() A () =

(3.45)
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We report the following important result.

Theorem 3.3.1 ([8],Appendix B). The differential d : A — T uniquely extends to a differential on
' such that (T, A,d) is a differential calculus on A.

Proof. To show existence, we notice that the assignment

(Zadb) Zda,/\db

L

defines a linear map d : ' = I'*. This map is well defined since whenever Y, a;db; = 0 we have
Y;da; Adb; =0 as we quotiented out the ideal S".
The d?(a) = 0 property for each a € A is easily checked as
d?a = d(da) = d(1) Ada = 0. (3.46)

Moreover, let a € A and let § = }; a;db; € I'. We find

= Z Aaay

= Zl]d(a) a; A db; +ad(a;) A db; (3.47)
= dl(a) A Z a;db; +a Z da A db;
=d(a) A 91+ ad(8); l

and

i

=d Z(ai d(b;a) — a;b;da)

d(8a) = d(z aidbia)

= Z(dai A d(bja) — d(a;b;) A da) (3.48)

= Z da; Adb; a+da;b; Ada —da;b; Ada — a;db; A da
= Z(dai Adb;)a — Z(aidbi) A da
:dl(H)a—G/\da. l
From the last two properties we have the map d has the unique extension d” : e — I'", satisfying
d*(w @4 u) =d(w) A () + (=1)™x(w) Adu), (3.49)

where 7 : T®A — ' is the projection map.
Equations ([3.46]) and ([3.49]) imply elements of S are in the kernel of the differential d*, since

da" (Z da; ®4 db;

= Z d2a A 7(db;) + (=1)!%9 7(da) A d2b = 0. (3.50)
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This extension can be generalised inductively to higher order forms. Consequently there exists a
unique map d : ' — T'" defined as a factorisation of the map d" : I'®4 — T"" through 7 as

F®A dar ; 1—*/\

1—*/\
This map features all the required properties. ]

In example [3.1.7] we introduced the universal first order differential calculus. Then in Theorem
we showed how any first order differential calculus can be induced as the quotient of the
universal calculus. One may ask if this is also true when extended to higher order forms.

We recall the universal differential calculus (27, A,, d,) of Example . Here the space
of forms is Qp := N?_, ker uy, where py := id ei-1) ®u ® id g : A®(+l) 5 A®n denotes the
multiplication of two subsequent tensor factors in the position k, and where the differential is given
by dy(a®® - ®a") := i (-D*a’ @ - ®a* '@ 1®ak®---®a". The wedge product of forms
s (@®® - @d)A, (B°®---®@b)=a"®---®akp’ ®...b¢, foralla®,...,ak, b0, ... b’ € A and
the bimodule structure on ;, is given as left multiplication on the first tensor factor and right
multiplication on the last tensor factor.

Lemma 3.3.2. Let (Q°*, A,d) be a differential calculus on A. Then (Q°,A,d) is induced by a
surjective morphism of differential graded algebras QF, — Q°. In other words, any differential
calculus over an algebra is a quotient of the universal differential calculus.

Proof. Following the lines in the proof of Theorem we define a map
P :Q —-Q°, a"®---®da" - adal A--- A ddk. (3.51)
For the action on the space of n—forms we write
D": Q! -5 Q" wo(idaAdA---Ad)ow, (3.52)

where
cdotA : A® QP — Q7 is the left A—action on Q.
We notice that

P"0®---®0)=-0(0®---®0
( ) ( ) (3.53)
=0A--- A0,
therefore ®" and thus @ := (P, .,; P" are well defined maps.
Define the projection map
7n:A®A > keruy, a®br—>a®b-ab®]1. (3.54)

Accordingly, we define the k—th projection between two successive adjacent tensor factors as
7% = id yek-1) O ® id ge(n-k-1). Let also &, =, ---711(a® ® --- ®a") € A®(+)  Ag the various
projections map to kernel of multiplications, we can infer that &, is an element of Q. We find
D" (&) =D (71 ... p(a’ ® - ®a™))

= o(idy®d®---®@d)(m,... 1" ® - ®a"))

= o(idy®d® - ®@d)o(a’®a'-ad%'®1)® - @ (@ '®a"-a"'a"®1) (3.55)

=0 (idped®---®d)(a’® - -®d") =

=ada' A -+ Ada?,
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showing the surjectivity of ®" and thus of ®°.
The map ®° is left A—linear, since

D" (a(d" ®---®a") =aa’da* A--- A da"

0 (3.56)
=ad"(a"® - ®a").

For right A—linearity consider

O"((a"®---®a") =a’dat A--- Ad(a"a)
= (a®da' A - Ada"a+a dat A - Ada"ra" Ada (3.57)

=0"(d"®---®a"a+wAd(a),
and so right A—linearity follows if and only if the form w vanishes, which is the case since

w=ada' A+ A d(a"‘l) a”

adal A A d(a”_la") —a%dat Ao A d(a"_2) a" ' Ada"
—a’da' A--- Ada"2a"t A da”

(-1)%2a%da* A -+ A d(a"_3) a" 2 Ada""t A da”

= (-1)"'a%"'da® A - A da"

=0,

(3.58)

where we used that elements of Q° are in the intersection of the kernel of all adjacent multiplication
maps.

The map ® is a morphism of graded algebra since, given a’®- - -®a" € Q" and b'®- - -®b™ € Q™
we find

Od’®- - @a) AP ®--- @ b™) =adal Ada"b° AdbE A - A D™
:aodal/\---/\d(a"bo)/\---/\dbm

- a%dat A d(a"_l) a” AdbO A ... db™

(3.59)
=q>((a°®--~®a”) Au (b°®-~-®b’”))
—wAdPP A AdD"
:(ID((aO®---®a”) Au (b0®---®bm)).
Finally we have
n+l
" lod,(a®®---®a") =d" o Z(—l)"a‘)@...a"‘l®1®ak®---®a”)
k=0
= "t (1®a0®---®a")
il (3.60)

+ @n+1

Z(—l)ka°®---®ak‘1®1®a"®---®a")
k=1

=da® Adat A--- A da”
=do®" (" ®---®a"),
where we used that 1 € kerd. This proves that ® respects the differentials. Therefore we proven

that there exists a surjective morphism of differential graded algebra @ : Q7 — Q°. It follows that
(Q) /ker @, Ay, dy,) = (Q°, A, d). O
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Proposition 3.3.3. The maximal prolongation of the first order universal differential calculus (I, d,)
is its tensor algebra, in other words the higher order universal differential calculus (€2}, Ay, dy).

Proof. Let 7 A be the tensor algebra built from the first order universal differential calculus I',, on
A, ie.
TA=(PT"A=A0l, 0T, 8,0 .
neN

Define §” as the ideal of 2—forms generated by elements 3, d,a’ ®4 d,b’ such that }; a’d,b’ =0,
where d,, : A — I' is the usual universal differential.

To construct the maximal prolongation of (I'y, d,) we quotient out the ideal $*. We now show
T A/S" is isomorphic to Q.

From the Leibinz rule we see

d(z aibi) = Zduaibi+2aidubi, (3.61)

which equivalently tells us that 3; d,a’b’ is equal to zero since 3; a’h’ = 0 in the very definition of
I',,. Accordingly we find

Zduaib"=2a"®b"—1®aibi=Za"®b"=0,
i

' (3.62)

Zaidubi=2aibi®1—ai®bi=—Zai®bi:O.

1 l l

Therefore, the ideal S" is generated by 0, and the quotient 7°A/S” is naturally isomorphic to Q;,
itself. Moreover, by theorem [3.3.1] we know that the differential d, : Q* — Q° is the unique
extension of the differential d : A —» T". |

Theorem 3.3.4 ([8] Appendix B). Let (Q°, A, d) be any differential calculus on A such that Q! =T
and d|a = d. There exists a surjective morphism ' — Q° of differential graded algebras. In
particular, (Q°,A,d) is a quotient of (T, A,d). m]
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Chapter 4

Quantum principal bundles

This chapter represents the core of this thesis work. The Purdevi¢ theory of quantum principal
bundles introduced in [10l 8] is presented adopting a modern language and notation. Essentially, a
quantum principal bundle, or principal comodule algebra, is understood as a faithfully flat Hopf-
Galois extension B C A, where A is a right H—comodule algebra, H is a Hopf algebra and B is the
subalgebra of coinvariant elements in A under the coaction of H. In section we introduce a left
covariant first order differential calculus on the Hopf algebra H, the corresponding subalgebra of
left invariant forms and the corresponding right H—module structure. We extend to the maximal
prolongation of this first order calculus providing a differential calculus over H. We discuss the
space of left invariant forms of this calculus. We then fix a bicovariant first order differential
calculus over H.

In section |4.2] we provide the definition of quantum principal bundle as a faithfully flat Hopf-
Galois extension. We discuss the space of vertical forms, which turns out to be a differential
calculus under a suitable choice of wedge product and differential.

In section [4.2.2| we introduce the notion of complete calculus over a quantum principal bundle,
being a differential calculus over the totale space such that the right H—coaction lifts to a morphism
of differential graded algebras. We develop a theory for complete differential calculi over right
H-comodule algebras. A definition of horizontal forms is provided; it is shown that for first order
differential calculi there is a short exact sequence of A—modules involving horizontal, vertical and
total space forms. We show how in general such exact sequence fails for higher order calculi. In
subsection [4.2.3we discuss differential calculus over the base space, i.e. over the right H—coinvariant
elements. We show how the pull-back calculus by [2] and the one by Purdevi¢ are different in
general. However, we want to stress that in all explicit examples in this thesis the pull-back
calculus coincides with the base space calculus. In subsection [4.2.4] we investigate the relation
between quantum principal bundle of [5, 2] and Burdevi¢, providing a condition under which the two
definition coincide. In particular, every quantum principal bundle in the sense of [5] on a faithfully
flat Hopf-Galois extension is automatically first order complete in the sense of Burdevié.

In section we provide some non-trivial examples of quantum principal bundles in the Burdevi¢
theory. The non-commutative torus, the quantum Hopf fibration and crossed product calculi turn
out to be complete differential calculi in our previous definition. Moreover, in these three examples,
the base space calculus is generated by the base itself.

4.1 Preliminary notions
Let H be a Hopf algebra (H, u,n, A, €,S). Recall the maximal prolongation I'* introduced in section
obtained as a quotient of the tensor bundle algebra on a first order calculus I" over H by the

ideal $”. For now let T be a left-covariant first order differential calculus over H; let tA: ' — HQTI'
be the corresponding left coaction of H. Denote by Al the space of left-invariant elements of T,

41
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namely
Al={0eTl:1rA(6) =1®86)}.

Consider the quantum Maurer-Cartan form @ : H* — A! given by @w(a) = S(a;)das where
H* = ker €, and let furthermore I C ker(€) = H* be the right H—ideal which corresponds canonically
to I under the identification provided by Theorem [3.1.I] We have kerw = I, and because of
this there exists a natural isomorphism Al = H*/I. This isomorphism induces a right H—module
structure on A which will be denoted as <. Explicitely, the action is given as

w(a) — b=w(ab - €(a)b)
= w(ab) — e(a)w(b)
= S(a1b1) d(azbz) — €(a)S(b1)dbs
= S(b1)S(a1)(d(az) ba + asdbs) — €(a)S(b1)dbsy
= S(b1)w(a)by + S(b1)e(a)dbs — €(a)S(b1)db2
= S(b1)w(a)bs,
for each a,b € H.

Remark 4.1.1. The Maurer-Cartan form satisfies the following relation among product of elements
o+
i o(ab) = $(a1b1) d(azhy)
= §(b1)S(a1)(dagby + azdbz)
= S(b1)w(a)by + S(b1)e(a)dby
=w(a) — b+e(a)w(bh),
for every a,b € H*. m]

(4.2)

Remark 4.1.2. By left covariance of the calculus the maps A and rA admit common extensions to
homomorphisms
mA:T" s HT" and eA:T® - HRTI®

according to proposition [3.2.11] m]
Let A® be the differential graded subalgebra of left-invariant elements of I'*, namely
A =P fweQiH) i mAw) =18 w}. (4.3)
k>0

Proposition 4.1.3. The map n;p, : I' — T defined by w — S(w_1)wog maps onto the space of
invariant forms A°.
Proof. Consider w € T, which can be written as w = a®da' A --- A da¥. We find that
Tiny(w) = S(w-1)wo
= po (S®id) ornA(w) (4.4)
=po (S®id) o A(a®dal A ---da*).
and so
Tiny (W) = po (S®id) o (a? ® ad) (A ® A)(al ® dab)(A® A) -+ (A ® A)(ak ® dab)
=e(a)S(al---a¥ydal A -+ A ddb.
Applying rrA we obtain
ATy () = raA(e(a®)S(al ---a¥)dal A --- A dab)
= e(a”)A(S(al ---a¥)) (id @d)A(a2) (A ® A) --- (A ® A)(id ®d)A(ab)
= e(a”)(S(ay---a¥)a3---ak ® S(aj---af)daj A Adah) (4.6)
=1® e(aO)S(a% .- -a]f)da% NERRWA da’zc

= 1®S(a(1)---a11‘)a8da% /\---/\daé.

(4.5)
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Clearly, m;p, is surjective, since for w € A* we obtain m;,, (w) = w. O

Proposition 4.1.4 ([2],Proposition 2.31). Let (I',d) be a left covariant first order differential
calculus on a Hopf algebra H. Higher order coinvariant forms correspond to tensor products of
coinvariant 1-forms quotiented by some relations. Precisely

A = (AH®/s) (4.7)

inv’

1242%

where S = (w(ne(ay)) @ w(ne(az)) | a € A), where ne : H — H?* is defined by ne(h) =
h—e(h)l. O

Proposition 4.1.5. The right H-module structure — on A' can be extended uniquely to A®, i.e.
A® is a graded right H—module algebra, with

1 —a=c¢€(a)l,
(4.8)
(OAn) —a=(0—a)A (1 —a2),
for each 6,n either in A®, and every a € H. Explicitly, 8 — a = S(a1)8as.
Proof. First of all, for any § € A®* and a,b € H, we have
(0 —a) — b=58(1)(0 — a)bs
=8(b1)S(ay)8asb
(b1)S(a1)bazbs (4.9)
= S(a1by)0asbs
=0 — ab,
i.e. — is a right H—action.
Moreover, let w,n € A®. Then
(0 = h1) A (n = h2) = (S(h11)0h12) A (S(ha1)nh22)
= S(h1)0ha A S(h3)nhy
=S(h1)0 A haS(hs)nhy (4.10)
=S(h1)6 Anhs
=@ An) —h.
O

Proposition 4.1.6. The algebra A* C T'" is d—invariant.

Proof. Let d : T — I'* be the differential extending d : H — I' constructed in|3.3.1] Let w € A®
be a coinvariant form. By definition rrA(w) = 1 ® w. This means a91 --~a’jl =1. Since d is left
H—colinear, it follows that

r» o A(dw) = (id ®d) o rA(w)

4.11
=1®dw. ( )

Proposition 4.1.7. The "Maurer-Cartan equation” dw(n¢(a)) = —w(ne(a1))w(ne(asz)) holds.
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Proof. By a direct calculation we find

@ (ne(ar)) A @(ne(az)) = S(me(arn))dne(aiz) A S(me(az))dne(ass)
= S(ne(ar))dne(az) A S(me(as))dme(aq)
=S(ne(ar))dne(az)S(ne(as)) Adre(as)
= S(me(a1))(d(me(az)S(me(as))) — me(az2)dS(ne(as))) A dre(as)
=S(me(ar))d(1) Adre(ag) — S(me(ar))me(az)dS(me(az)) A dre(as)
= =S(me(ar))me(az) d(S(me(as))) Adme(as)
= —€(a1) d(S(me(ain))) Adme(ain)
= —d(S(e(ar)az))) A dre(as)
=—d(S(7e(a1))) Adre(az)

= -d(@(ne(a))),
(4.12)
since d(@(me(a))) = d(S(me(ar))drme(az)) = d(S(ne(a))) Adnre(az). m

Lemma 4.1.8. The differential of the right H—module structure on coinvariant differential forms
reads

d(8 — a) = (d(0) — a) - (e (a1))(8 — a2) + (-1)?1(8 — a1)w(n(a2)), (4.13)
fora € H and

Proof. The left hand side reads

d(0 — a) = d(S(a1)baz)

(4.14)
= d(S(a1)) Oas + S(a1)dbas + (-1)1?!S(a1)6das.
Terms on the right hand side read
df — a = S(ay)dbas;
@(me(ar))(0 — az) = S(nme(air)) d(me(ai2)) S(az1)baze

= S(ﬂ'e (al))dﬂe(aQ)S(a3)0a4

= S(me(a1))(d(me(az)S(as)) — me(az)dS(as))bay

= —S(me(a1))me(az)dS(as)bay (4.15)

=—dS(ne(ar))baz;

(-DINO — a1)w(me(a2)) = (-1)!1S(a11)0a12S (e (a21))drme (ass)
= (-1)!1S(a1)8a28 (ne (as))dne (aq)
= (-1)!?'S(a1)0dn e (a2),

therefore

d(8) — a - @(me(a1))(0 — as) + (=18 — a1)@ (e (a2)) = S(ne(a1))dbaz
+dS(ay)bas (4.16)
+ (-1)!9s(ay)0dn . (a2).

O

In the following we fix I' a bicovariant first order differential calculus over H and consider its
maximal prolongation to a higher order calculus T'*.
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Proposition 4.1.9. Let H be a Hopf algebra and let (Q*(H), A,d) be a bicovariant differential
calculus on H. Then Q*(H) is a graded Hopf algebra with coproduct A® : QX (H) — Q™ (H)®Q"(H),
where m +n = k, sending w — w() ® wpe) =t Ww_1 ® wo +wo ® w1 = (A + Arr)(w), counit
€ Q°(H) - k, with e(w) =0 for any w such that |w| > 1, and antipode S°® : Q* — Q°® defined as
§*(w) = =S(w-1)wpS(w1).

Proof. We start by checking coassociativity of A®. Let w € Q*(H). We have

(A*®id) o A*(w) = (A®* ® id)(w-1 ® wg + wy ® w1)
= (w-1)1 ® (w-1)2 ® W
+ (wo)-1 ® (wo)o ® w1 (4.17)
+ (w0)o ® (wo)1 ® W1
=W 2Q®wW_1Q®wy+w_1® Wy w1 +wy® w1 ®ws

(id ®A®) 0 A*(w).

Next we have
(e®id) o A*(w) = (e ®id)(w-1 ® Wy + Wy @ W-1)

e(w-1) ® wy + e(wg) ® w1
e(w-_1)wy ® 1 (4.18)
=w®l

= w.
Finally
wn)S(wz)) = w-15(wo) + woS(w1)
= ~w-15((w0)-1)(w0)oS((wo)1) + woS(w1)
= —w_9S(w_1)weS(w1) + weS(w
28(w-1)woS(w1) + woS(w1) (4.19)
= —woS(w1) + woS(w1)
=0
=e(w)l.
Similarly for S(w1))w(2)- O
Remark 4.1.10. In [10] it is stated that the lifted graded coproduct A®* = fAA+Aps : TH 5> T QT
is a morphism of differential graded algebras. However, it turns out that A® is a morphism of graded
algebras, but is not a morphism of differential graded algebras, since it is not compatible with the
differential in general. Consider for instance a 2—form w € Q%(H). Then, if we assume A® to be a
morphism of differential graded algebras we get

A*(w) = A*(adb A dc)
= A(a)A' (da)At(db)
= (a1 ®a2)(d®id+id®d) (b1 ® b2)(d ® id+id ®d)(c1 ® ¢2)
= (a1 ® as)(—b1dcy ® dbaco + dby Adcy ® bacy +dbicy ® bades + bicy @ dbs A des).

On the other hand, according to Purdevi¢’'s definition we would get

A*(dw) = (p2A + A ) (adb A db)
=raA(adb A dc) + Arr(adb A dc) (4.20)
=ai1bicy ® asdby Adeg +ai1dby A dey ® asbscs.

Since two terms are missing, we conclude A®* = rAA + Ara is not a morphism of differential graded
algebras. O
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Thus, we choose to restrict our attention to bicovariant differential calculi over Hopf algebras
such that the coproduct lifts uniquely to a morphism A® : " — I' @ I'* of differential graded
algebras.

Notation 4.1.11. The action of A®* : T - I'* ® I'* on a given form w € I'" is denoted as
A*(w) = w[1] ® W2].

4.2 Quantum principal bundles

We now introduce the definition of quantum principal bundle in Purdevi¢' theory as a faithfully flat
Hopf-Galois extension.

Definition 4.2.1. Let B be aring and let X,Y,Z be B—modules. A B—module A such that
0 —X—>Y—>Z7Z—0
is short exact if and only if
00— X®pA—>YQ®A—>ZpA—0
is short exact, is called a faithfully flat left B—module.

Definition 4.2.2. A quantum principal bundle, or principal comodule algebra, is a faithfully flat
Hopf-Galois extension B C A, where A is a right H—comodule algebra and B := A°°H is the space
of coinvariant forms in A under the coaction of H.

We consider differential calculi over such quantum principal bundles.

Recall that in classical differential geometry the vertical bundle and the horizontal bundle are
vector bundles associated with a smooth fiber bundle. Specifically, given a smooth fiber bundle
n: E — B, the vertical bundle VE and horizontal bundle HE are subbundles of the tangent bundle
satisfying VE @ HE = TE, the horizontal bundle choice being fixed by the connection. This implies
that, over each point e € E, the fibers V. E and H.E form complementary subspaces of the tangent
space T,E. The vertical bundle comprises all vectors tangent to the fibers.

4.2.1 Vertical forms

The following definition provides the non-commutative analogue of vertical forms of classical
differential geometry.

Definition 4.2.3. Let B C A be a quantum principal bundle. Let I" be a bicovariant first order
differential calculus over H, I'* the maximal prolongation and A® the space of left coinvariant forms
on H. The graded vector space ver®(A) = A ® A® defines the space of vertical forms.

The space of vertical forms is a differential calculus thanks to the following lemma.

Lemma 4.2.4. The space of vertical forms (ver(A), Ayer, dper) IS differential calculus over A by the
assignments

(@ ®0) Aver (b®1) =aby® (0 — by) A7, (4.21)
dyer(@a®0) =a®df +ag® w(ne(ar)) NG, (4.22)

for every 6,n € A* and a,b € A.
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Proof. During the proof we will call write (A, d) for (Ager, dper) to shorten the notation. We shall
prove that A is an associative product that is unital, and moreover the differential satisfies the
graded Leibniz rule and squares to zero. The product of vertical forms is associative, indeed
(@) A BN A(c®w) = (aghbg® (60 — b1) An) Aw
=abocog® ((0 — b)) An) —c1) ANw
= aboco® ((6 — b1) —c11)) AN(n —c12) ANw
=abgcg A (0 — bicy) AN(n — c2) ANw (4.23)
= abocoo ® (w — bico1) A (7 = c1) ANw
=(@®0) AN(bcg®(n —c1) ANw
=(a@a®0) A((b®n) A (c®w)).
Next we have ver(P) is a unital algebra with unit 1 ® 1, indeed
(1) A(@a®0)=ay® (1l —a)AO
=ayg®e€(ay)d

(4.24)
=ape(a1) ® 6
=a®f
and
(@) A(1®1)=a® (0 —1)
=a®S(1)6 (4.25)

=a®6.
Now we use the Maurer-Cartan equation dw (7 (h)) = —w(n(h1)) A @ (ne(he)) and the property
(0 = h) = (d(0) = h) = @(me(h1) A (0 = h2) + (=1)!?}(0  h1) A @ (ne(h2)
to show we have a differential on the algebra ver(A) defined by ([4.22). We find
d((a®0) A (b®n)) =d(aby® (6 — b1) A1)
=abo®d((0 < b1) A1)
+agbg ® w(me(aiby)) A (0 < ba) A7
=abo ® (d(0 — b1) A1)
+(=1)!laby ® [(6 = b1) A dn]
+agbg @ w(me(a1b1)) A (0 — by) A7 (4.26)
=abg® (d6 — b1) An
—abg®@ w(me(b1)) A (0 — ba) A
+(=D!abo ® (0 = b1) Aw(ne(b2) Ay
+ (=D aby @ (6 — by) Adp
+agby @ w(me(aibi)) A (6 — bo) A 1.
On the other hand
dla®@) Abeon) + D" aeo) Adlben)
=(a®df+ag@w(ne(a))) NO A(b®1)
+(-D"I(a®6) A (b® dy+ by ® @(ne(b1) A7)
=aby® (d6 — ba) A7 (4.27)
+(=Dlaby ® (6 < b1) A (w(re(b2)) A1)
+(=D)!aby® (0 — b1) Adp
+apbo ® ((@w(me(ar)) A6) — b1) A7
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We work out the last term of this expression as following.

aobo ® ((w(ne(ar)) AO) — b1) An
Equation = aobo[(w(ne(ar)) — b1) A (0 — ba)] A
= agbo ® [@(7we(aiby)) A (0 — ba) — e(ar)@m(ne(b1)) A (0 — ba)] A
Equation =aphby @ w(rwe(arby)) A (0 — by) A7
—aby @ w(me(b1)) A (0 — bo) A 1.

(4.28)
Therefore we have
d@®d) A(ben) +(-D)a®6) Adben)
=aby® (df — b1) An
—aby ® w(me(b1)) A (6 — b2) A (4.29)
+(-1)1%laby ® (8 — b)) Aw(ne(ba)) An '
+(-D!¥aby® (6 — b)) Adp
+apbg @ w(me(arbr)) A (0 — ba) A1,
coinciding with Equation (4.26]).
Moreover
d*>(a®60) =d(a®df+ag® w(ay) A6)
=d(a®df) +d(ag ® w(ay) A 0) (4.30)

=a®d%0+ay® w(a)) AdO+ag® d(@(ar) A6) +ag ® w(ap) A (w(ay) A6)
=0,

by associativity of the A product and the Maurer-Cartan equation.
To show that the surjectivity axiom holds start by considering ver'(A) = A ® A®. It follows that
ver'(A) = Adyer A, indeed

dla®1l)=a®d(l) +ag @ w(nme(ar)) =ag® w(ne(ar)), (4.31)

but @(me(a1)) maps surjectively onto A'. Thus ag ® @w(a) is an element of A ® A!, and by a
suitable multiplication from left by elements of A we span ver!(A).
Next we show that ver*'(A) is linearly generated by veri(A). Let (a ® 8) € ver’(A). Differen-
tiating we get
da®0)=a®df+ay@w(a;) NO

by definition of dye;. Since the algebra A® is d-invariant according to proposition [4.1.6| we conclude
dg e Ak o

The next lemma characterises the lift of the right H—coaction on A to the space of vertical
forms. We remind I'" is a graded Hopf algebra with graded coproduct A®* : I'* - ' ® I'"*, and
that we denote A*(w) = w[1] ® W[

4.2.2 Total space calculus

Now we introduce the notion of total calculus on a quantum principal bundle. Fix the usual
bicoviariant first order differential calculus I on H. Denote the corresponding maximal prolongation
by Q°(H), for convenience.
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Definition 4.2.5. A complete differential calculus over the quantum principal bundle B = A<°# C A
is a differential calculus Q*(A) such that the coaction Aj : A — A ® H extends to a morphism

A Q% (A) - Q% ®Q°(H)
of differential graded algebras.

From now on we will focus on complete differential calculi. We still continue to restrict our
attention to those calculi where A® : Q*(H) — Q°*(H) ® Q°*(H) is a morphism of differential graded
algebras. The next result shows that A’/; is understood as a graded coaction itself.

Lemma 4.2.6. We have
(A} ®1id) o Ay = Id®A®) 0 A)). (4.32)

Moreover Ag is uniquely determined as extension of Ay.

Proof. For a € Q°(A) = A everything follows as A} extends As. Let a®da’ A --- A da**! be in
QK*1(A) and assume by induction that equation (4.32) holds on Q¥(A). We have

(AL ®id)AL (a%dat A -+ Ada®h) = (A} @ id)AL (a®dat A -+ A da®) (Aa ® Ap)A,(da" )
= (id ®A®*)A) (adat A -+ A da¥)(Aa ® Ap)AL (da*h)
= (id ®A®*)A) (adat A --- A da* A da*t).

Lemma 4.2.7. Q°*(A) is right H—covariant differential calculus with respect to the coaction
Age(a) = (id ®7T0)A2 :Q%(A) > Q' (A)QH.
In other words the following identities hold:

(Age(a) ®id) 0 Age(a) = (Id ®A) 0 Age(a);
(id ®e) o AQ-(A) =id; (433)
(d®id) o AQ-(A) = AQ-(A) od.

Proof. Follows from theorem 32111 m]

The next proposition is used to construct a non-commutative analogue of the verticalising
homeomorphism of classical differential geometry.

Proposition 4.2.8. Let Q°*(A) be a complete calculus on A. Then there is a surjective morphism
of differential graded algebras
Tper : Q°(A) — ver®(A)

extending the identity id: A — A. It is determined on homogeneous elements by
Tvelok (a) = (1A ® (Tiny © 14)) © A lgk (4) = @F(A) — ver®(A) (4.34)
for all k > 0, where nty: Q*(H) — QK(H) is the obvious projection. Explicitly, we have
0 1

Toer(a®dat A -+ A da¥) = apag . . .a’o< ®S(dai ... a]f)agdaé A A da§ (4.35)

for all a®, ..., a* € A.
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Proof. Consider m;y, : Q*(H) — A® defined by 7,y (w) = S(w-1)w1. We may equivalently write
Tiny(w) =» o0 (S ®id) o MA(w).

Let w=a € H. We find
Tinv(w) = Miny(a)

>0 (S ®id) o rrA(a)

>o (S®id) o A(a)

=>o(S®id) o (a1 ® as) (4.36)
= S(ay)as
=€(a)
for any w € Q*(A). Let w=db € Q' (H) =T for some b € H. We have
Tiny (W) = iy (db)
=>0 (S§®id) o rrA(db)
=v> 0 (S®id) o rnA(dD)
=ro (S®id)(id®d)(b; ® b
=>02b1®d)b(2) ) (b1 ® b2) (4.37)
= S8(b1)db
= S8(b1)db
= w(b).
Let now w € Q*(H). Then w =a’da® A --- A da* for some a°,...,a* € A. We find
inv(W) = Riny(a®dat A -+ A da¥)
=>0 (S®id) o prA(a’da’ A - A dak)
=0 (S®id) o A(a”) (A ® A)(Id@d)A(aM)(A® A) - -- (A ® A)(id ®d)A(a*) (4.38)
=>o(S®id) o (a?®ad)(A®A)(al ® dad)(A® A) -+ (A ® A)(ak ® dak) '
= S(a(l)a% . -a'f)agda% NERRWA dag
= e(aO)S(a%a% e a]f)daé EREWA daé‘.
Let us now consider a morphism mye, : Q°(A) — ver®(A) by
Toer (@) = (id ® (iny © 7)) 0 A} (). (4.39)

Toer 1S Obviously well defined. Moreover, given a € A we find
Ttyer (@) = (id ®miny 0 mo)Aa(a) = (a1 ® Wiy 0 mp(az)) =a® 1 =a,

and so myer|a = ida .
The morphism 7per is degree preserving. Indeed, given a k-form w = a®dal A --- A da* € QF(A),
we find

(id® 7Tk)Ai\\(aOda1 A« Addb)

= (Id @) As(a®) (id ®d + d ® id)As(aDN(A® A) --- (A @ A)(id®d + d ® id)Aa(a¥)  (4.40)

-0 k o 071 k
=aj---aj ®aydaz A--- Ndaj.

Moreover

1
Tyer(w) = a - a¥ ® mipy (addag A - A dab)

0 X 0 1 2 k 1 k
=aj---ay ®E(a2)S(a21a21 . ..a21)da22 A A da22 (4 41)
_ a(l)e(ag)-”alf ®S(ai ...a’f)da% NN dalg‘

=a%}---ak @ S(al---a¥)dal A -+ A ddb,
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providing an explicit formula for myey.
The second tensor factor in the above formula defines indeed a coinvariant form in A®. By
induction:
rA[S(al - -a¥)(dad A - A dabth)]
= A[S(@¥)S(al - a¥)(dad A -+ A dakth]
= A(S (@) ALS(ag - af)(daé - Adag)]rA(dagt)
=AS(@MN[1®S(al---abydal A A dab](ided)(aft ® ak*h)
= (S(as™ @ S(a)[1® S(aj ---a¥)daj A -+ A das](ided)(ak™ ® ak*h)
=1®S(aj---a"*Mydal A -+ A dabT.
We now show that mye, is @ morphism of differential graded algebras. Thanks to lemma this
amounts to show
07,1 ky _ 0 1 k
Tper(a"da” A+ Ada”) = myer(a”) Aper doer © Toer (@) Aver *+* Aper dper © Tper(a™)

= (aO ® 1) Aper (a(l) ® w(a})) Aver *** Aper (ao ® W(Cﬁ)) (4-42)

We proceed by induction. For a 1-form w = adb € Q'(A) we have mper(adb) = aby ® w(b1),
whereas
Ttyer (@) Aper dyer © Toer (b1) = (@ ® 1) Ager (bo ® @ (1))
=aby® (1 — b)) N w(bs)

(4.43)
=aby® S(b1)bs A w(bs)
=aby ® w(by).
Assuming hold for k—forms we have
ﬂnet(ao) Aver dyer © ﬂ'ner(ak) Aver *** Aper dper © ﬂner(akﬂ)
= Moer (a%dal A -+ A da®) Ager dper © Tyer (@¥)
= (a%a}---af) ® S(aj---af)day A -+ Adab Aper (a8 ® w(al™))
= (a%a}---af™) ® (S(aj - k)da2 A dak — a5 A (k) (4.44)
=d%} - ak™ © S(ai*)S(ai - -a¥)dag A - A dakaltt A S(akt)dakt!
=a’a}--- k+1 ® S(a ’f“)S(a1 k)da% - Adak A a5t S(abtdakt!
=a’ay--- k+1 ® S(aj ---a**Nydad A+ A dabt.

By proposition we now know that mpe : Q°(A) — ver®(A) is unique as extension of
idg : A —> A. Moreover mye; IS also surjective as idy4 is.
O

Proposition 4.2.9. The vertical forms vex®(A) are complete, i.e. the right H-coaction Ay: A —
A ® H extends to a morphism A}, : ver®(A) — ver*(A) ® Q°*(H) of differential graded algebras.
Moreover, the diagram

A/\
Q*(A) ——2—— Q*(A) @ Q°*(H)
TTyer (7rper ®id)

per*(A) — s per*(A) @ Q° (H)

commutes, i.e. Ajy, © Tyer = (Mper ® id)A%.
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Proof. We want to define A}

ser DY commutativity of the above diagram. To that purpose, let us
consider a morphism

AN
AI)EI‘

1Q%(A) > ver* @ QY(H), w (Myer ®1d) 0 A (w). (4.45)
Let w = a%dal A --- Ada* € Q%(A). If in particular w € ker mper We have
Tper (W) = aga(l) .. .alg ® S(a(l) .. .a'f)agdaé Ao A daé =0. (4.46)

We now show that even AL,

(w) = 0. Explicitly it reads

K{)\er(w) = (Myer ®1d) 0 Aﬁ(aodal /AREEIVAN dak)
= nnet(agda(l) Acer A da’é) ® a(l) . -a’f

+ yer (adagdad A -+ Adad) ® aldaj - - ab (4.47)

+ ..

+ nner(ag .- -ag_ldalg) ® a?da} A A da,lc_lalg
+ ﬂner(ag x -alg) ® a?da% EREW da’f,
where the dots stand for all the other possible combinations in Q" (A) ® Q%(H) such that s +r = k.
Considering the first tensor factor of the summand in the above expression we find
(Aa ® Agi(a)) © Toer(agdag A -+ A dagy)

= (Aa ® Agk(a)) © (a8 . -~a]6 ®S(a?-~a’f)a8da% Ao A da’z‘)

—_ .0 k 0 k 0 k 0 1 k 0 k 0 k
0 k 0 k S 0 k 0 1 k 0 k 0 k
—ao"‘ao ®a1"'a1 ® (all"‘all)a20da20/\"'/\a20®S(a10“'a10)a21"‘a21

:a8---a§®a?---a’f®S(ag---a§)a2da}l/\---Adai@S(ag-'-a’g)ag---a’g.

Multiplying the second and last tensor factors in the result of the last expression we have
ad---ak e Sl a%aldal A Adab ®al--ak =0, (4.48)
according to Equation ([4.46). Therefore
ad---ak oSl ---a%aldai A Adas ®@al - ak ®@al---ak =0, (4.49)

The above reasoning can be repeated for every summand in Equation (4.47)). Therefore we conclude
Aper(w) = 0. Thus, A, : Q*(A) — ver*(A) ® Q*(H) descends to the morphism

ver

A/\

ner

cver®(A) = Q°(A)/ker myer — Q°(A) @ Q°(H), (4.50)

which makes the diagram commute. Since every other map in the diagram is a morphism of
differential graded algebras also A}, is. o

Example 4.2.10. We consider a 2-form w = adb A dc € Q%(A) in the kernel of mye, i.e.
aogbgco ® S(alblcl)agdbg Adcy =0, (4.51)

and show that A2

ver

(w) =0. We have

Ag(adb A dc) = apgbgcy ® a1dby A dey
+agdbg A dcg ® ar1bic
04lo 0 1v1¢1 (452)
+agdbocg ® arbideq

—apbgdco ® a1dbqcy.
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Accordingly B
Ager (w) = (7yer ® id) © Ag(adb Adc)

(i) =agbpco ® arbic1 ® asdbs A deo
(if) +agbgcy ® S(arbici)asdbs A deo ® asbsces (4.53)
(iit) + agboco @ S(arbicy)asdbacs ® asbsdces
(iv) —agbgcy ® S(arbyic1)asbades ® azdbsces.
Considering Equation we coact on the first tensor factor to obtain

(AA ® id)(aob()C() ® S(alblcl)agdbg A dCQ) =0

(4.54)
= agbgco ® arbic1 ® S(asbaco)asdbs A des.
Multiplying the first and last tensor factor we have
aibici ® asdby A des = 0. (4.55)

Therefore term (i) of equation (4.53)) vanishes. Term (ii) is zero by the derivation in Proposition
(4.2.9). Finally, considering again Equation (4.51]) we have

(Ap @ ® 1) o (Id ®A®*)A(agbocg) ® S(arbici)asdbs A des) =0
= Aa(aoboco) ® (m1 ® m1)A*(S(a1bic1)azdba A dea)
= Aa(aogboco) ® S(arbici)i1azdbace ® S(arbici)2azbsdes
— Aa(aoboco) ® S(arbici)iazbades ® S(aibicy)2asdbscs (4.56)
= apboco ® a1bic1 ® S(axbaacaz)azdbzces ® S(azibaicar)asbadey
—apboco ® arbicy ® S(azbacaz)asbzdes ® S(azibaicor)asdbycy
= agbocg ® a1bic1 ® S(asbscs)asdbycy ® S(asbacs)asbsdes
—agbgco ® arbic1 ® S(agbscs)asbsdes ® S(asbocs)asdbscs.

Multiplying the second and last tensor factors in the last expression’s result we have
apgboco ® S(arbici)asdboce ® agbsdes — agbgco ® S(ai1bic1)asbodes ® asdbsges =0, (4.57)

and this holds if and only both summands are zero. Therefore terms (iii) and (iv) of Equations
(4.53) vanish. Accordingly Ag,,(w) = 0. o

Remark 4.2.11. It is also possible to work out the explicit form for mye, by assuming it to be the
unique morphism of differential graded algebras extending the identity id : A — A. Let adb € Q'(A).

We find
Tper (adb) = amye: (db)

= adyer (b ® 1)

=a(bo ® w(b1)) (4.58)
aby ® S(b11) d(b12)

aby ® S(b1)dbs.

Let now adb A dc € Q2(A). We have

Tyer (adb A dc) = (abo ® S(b1)db2) Ager (co ® @(c1))
aboco ® (@w(b1) — c1) A @ (ca)
aboco ® S(c10)@(b1)c11 A @ (c2)
=abgco ® S(c1)S(b1)dbaca A S(c3)dey
=abgcy ® S(b1c1)dby A c2S(c3)dey
=abyco ® S(bic1)(dbs A dcs).

(4.59)
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Generalising for w = a%da' A -+ A dak € QK(A) it is easy to see
oer (a’dat A - A dd¥) = a%%l - ak ®@ S(al ---a¥)(dal A -+ A ddb). (4.60)
o

We now introduce the non-commutative analogue of horizontal forms of classical geometry.

Definition 4.2.12. Let Q°*(A) be a complete differential calculus on the quantum principal bundle
B := A°°l C A. The horizontal forms of the bundle are defined as elements of the Q®(A)—subalgebra

hor*(A) := (A})H(Q°(A) ® H). (4.61)

Notice that since since Q°(A) = A we have (AY)"'(A® H) = (Ax) ' (A® H) = A, ie.

hor’(A) = A. This also means Q°(A) = ver?(A) = hor’(A).

Proposition 4.2.13. hor*(A) is a graded algebra. In other words, given w € hor*(A) and y €
horl (A) we have w Ay € hork*{(A).

Proof. Given w and y as above we find
Ah(w Ay) = Ay (w) (A ®@id)AL (y) € (QF(A) A QI (A) @ H =0 (A) @ H, (4.62)
therefore the wedge product of horizontal forms gives an horizontal forms. O
Lemma 4.2.14. The graded algebra hor®(A) is Ay —~invariant, namely
A\ (hor*(A)) C hor*(A) ® H. (4.63)
In other words, Hhor®(A) is a right H—comodule algebra.
Proof. Let ¢ € hor®(A). By the definition of horizontal forms we have

(A% ®id) 0 A% (9) = (Id ®A%) 0 A (¢)

= (id ®A) o AQA(Q@), (4.64)

which is an element in Q*(A) ® H ® H; accordingly also (A}, ® id) o A%;(¢) is an element of the
same space. It follows that A (¢) € hor®(A) ® H, since then

AL (hor*(A)) ® H = AL ((A}) " H(Q(A) @ H) @ H=Q"(A) @ H® H.
Accordingly hor*(A) is a right H—comodule algebra by the coaction
Agor = A lport (a) : Hor*(A) — hor®(A) ® H.
]

Remark 4.2.15. Horizontal forms are not closed under the differential. This is true already for
horizontal 1-forms. Indeed

A (dw) = (Id®d + d ® id)A)} (w)
= (id®d + d ® id)A’; (adb)
= (id®d +d ®id)(apdbg ® a1b1)
= —aodbg ® d(a1b1) +dag A dbg ® a1b1,

(4.65)

so A (dw) € (Q'(A) ® Q' (H)) & (Q*(A) ® H). o
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The next lemma provides an exact sequence of A—modules involving vertical, horizontal and
total space forms. The result we provide holds only for 1-forms and is false for higher orders. This,
as we will see, happens precisely because forms in the kernel of mye; are not necessarily horizontal
for k > 1.

Lemma 4.2.16. There is a short-exact sequence of A—modules given by

0 — hor' (A) —— QI (A) =% per!(4) — 0.

Proof. Injectivity of ¢ is obvious and surjectivity of mye, follows from proposition [4.2.8] Therefore
we only need to prove that the kernel of myey equals the image of ¢, i.e. that ker(myer) = hor®(A).
Let ¢ € hork(A). We find

Tper (¢) = (id ®mipy) (id ®7Tk)A2(‘P)
= (id ®7jpy ) (id @7 ) (0 ® h) (4.66)
=600=0,

so hor®(A) C ker(myer), and in particular hor' (A4) C ker(myer).
Let w € ker(myer) N QY (A). We have

Tper (W) = (id ®7mipy) (id ®7r1)A2(a)) =0, (4.67)

which explicitely reads
abg ® S(b1)dbs = 0. (4.68)

Applying (id ®>) o (id ®A4) to myer (w) we find

(id®>) o (id ®A4) o (abg ® S(b1)dbs) = (id®>) o ((ag ® a1)(bo ® b1) ® S(b2)db3)

(4.69)
=apbg ® a1db; = 0.
But then
A/)\(adb) =aopbg ® a1dby + agdbg ® a1b1 = apdbg ® a1b1, (4.70)
which means A% (w) € Q1 (A) ® H, i.e. w € hor' (A). O

Remark 4.2.17. As we discussed this exact sequence fails on QK(A) for k > 1. Indeed, given
w € ker(mper) N Q¥ (A) we have

A (w) e (A2 Q5 (H)) @ (QY(A) Q" (H) e & (QF(A) ® H),
and the fact that w is also in the kernel of mye; is sufficient to obtain
fver (a®dat A -+ A da¥) = a% - - alg ® S(al---a¥dal A --- Adak =0, (4.71)
from which
(Aa ®id) o mper(w) =al)---ab ®al - af ® S(al---afad)adday A - Adak =0. (4.72)
Multiplying the second and last tensor factor we obtain
ay---af @ aldaj A - Adak =0, (4.73)

which is not enough to conclude that w is also horizontal. O
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4.2.3 Base space calculus

Definition 4.2.18. Given a complete calculus Q°*(A) on a quantum principal bundle B := A°° C A
we define the base space forms as

Q*(B) ={weQ*(4) : Aj(w)=wel}. (4.74)
The differential on Q°(B) is the restriction of the differential on Q°(A).

Recall that a first order differential calculus is called connected if the kernel of the differential
is solely made by scalars, i.e. kerd =k. The next proposition gives a characterisation of the base
space forms under connectedness assumption on the total space calculus.

Proposition 4.2.19. Given a connected, bicovariant, first order differential calculus (T',d) on H we
have the identification Q®*(B) = hor*(A) N d~'(hor*(A)), in other words the base space calculus
consists of horizontal forms which are mapped to horizontal forms by the differential.

Proof. Let w € QX(B). Then A}(w) =w ®1, i.e. A}(w) € QX(A) ® H, that implies w € hor*(A).
Moreover
AY(w) = (d@id+(-1)*id ®d)A} (w)

= (d®id+(-1)*ided)(w® 1) (4.75)
=dw®l,

and so dw € hor¥*1(A) and accordingly w € hor¥(A) N d~ (hor*+1(A)).
Let now w € hor¥(A) nd~' (hor*¥*1(A)). Then

AL (a’dat A -+ Ada®) = addaj Ao Adal ®@al - af, (4.76)

and moreover

A (dw) = (d @ id +(-1)* id ®d) A’} (w)
= (d®id+(-D)*id®d)(addaj A --- Adaf @ a) - - a¥)

zdag/\---Adag@a(l)---a'f (4.77)

+(=1)*addal A -+ Adak ® d(a(l] . -alf)

=da8/\---/\da§®a?---all‘,

and therefore ajdaj A --- A dal ® d(a) - - - af) = 0. By connectedness assumption on the first order

differential calculus (I',d) on H we have a(l) - --a’l< € k. Accordingly

M) eQA) ek = Aj(w)=wel = wecQXB).

]
Proposition 4.2.20. Elements of the form BdB are contained in Q' (B).
Proof. Let b,b’ € B and consider bdb’. As B:={ae€ A : As(a)=a® 1}, we find
AL (bdb") = As(b)(A ® N)As(dD)
= (b1 (A®A)(d®id+id®@d)Aa(D") (4.78)

=(be1)(A®A)(db ®1)
= (bdb’ ® 1),
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i.e. bdb’ € Q'(B). This reasoning can be carried for higher order forms as follows. Consider
bOdbt A --- A db*, where bO,. .., b € B. Then
ALY (BOAbY A - A dbY) = Ap(B0) (A ® A)(d @ id +id ®A)AA (D) (A A) - - -
o (A®A)(d @ id +id @d)Aa(bX) (4.79)
=b2dbt A---dbF e 1,

and so BAB A --- A dB C Q%(B). o

Remark 4.2.21. The other inclusion, Q!(B) € BdB does not hold in general. Indeed, let w € Q!(A)
be such that A (w) = A/ (ada’) = ada’ ® 1. We have

Ay (ada’) = Aa(a)(A®@ A)(d®@id+id ®d)As(a’)
= apda) ® a1a] + apay @ ayda) (4.80)
=ada’ ®1
if and only if apda| ® a1a} = ada’ ® 1 and apa| ® aida) = 0.
Proposition 4.2.22. Differential forms over the base space B are exactly the horizontal, right

H—coinvariant forms; in other words Q*(B) = hor*(A) N Q*(A)°H .

Proof. Let w € Q¥(B) be a differential k—form on the base space. By definition w = a®da’ A- - -Ada*
such that A%} (w) = w ® 1. Explicitly we have

A;\\(aodal A Ada®) :agdaé/\---/\dalg(@a(l)---a’f
+(=1)*tajdap A+ Adaltal @ a¥ - - a*daf
+... (4.81)
- addaja? - --al ® alaida? A --- A dab

0 ko 04,1 k
+ag---ag®ayda; A--- Aday,

and since
Ag(aoda1 A---Ada®) =a’dat A---ddF @1,

every summand in the above equation, except the first, vanish. This implies Ag(aoda1 A---Ada) e
QK ® H, and so w is horizontal and right H—coinvariant. By the same calculation we find that
every form w that is both horizontal and right H—coinvariant, is in Q°(B). O

4.2.4 Comparison with the Brzezinski-Majid approach

The following section supplies a comparison between the Brzezihski-Majid and Burdevi¢ approaches
to quantum principal bundles.

Definition 4.2.23 ([5] 2]). Let (I'a,d4) be a right H—covariant first order differential calculus over
a right H—comodule algebra A, and let (I'y,dy) be a bicoviariant first order differential calculus
over a Hopf algebra H. We have a Brzezinski-Majid quantum principal bundle if the map

vergy : La = A® AL, vergy(adaa’) = aay @ w(a}) = aay ® S(a})dn(as) (4.82)

is well defined, and the sequence

verpar

0> Ada(B)A 5Ty — A®A' -0 (4.83)

is exact. We call Ada(B)A the Brzezinski-Majid horizontal forms.
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We talk of a quantum principal bundles referring to Burdevi¢, and of a Brzezinski-Majid quantum
principal bundle referring to the last definition.

Definition 4.2.24. A differential calculus on a quantum principal bundle is called first order complete
if the right H—coaction A4 : A —» A® H is 1—differentiable, i.e. if there is a morphism of first order
differential calculi

AL QY A®H) - (Q'(A) e H) ® (A® Q' (H)) (4.84)

extending Ag:

1 Ai\ 1
QA) ————— Q' (A®H)

d de

A B4 s AQH

We want to clarify the relation between the definition of quantum principal bundle in the
Brzezinski-Majid and Burdevi¢ approaches. As the Brzezinski-Majid approach only assumes a right
H-comodule algebra, whereas the Durdevi¢'s requires a faithfully flat Hopf-Galois extension, for a
fair comparison we need to consider faithfully flat Hopf-Galois extensions in both scenarios.

Proposition 4.2.25. Let B = A°°H C A be a faithfully flat Hopf-Galois extension.

1. If there is a Brzezinski-Majid quantum principal bundle on A, then the maximal prolongation
of 'y is first order complete.

2. If there is a first order complete differential calculus Q°(A) on A with corresponding calculus
Q°*(H) on the structure Hopf algebra, then the first order truncation (Q'(A), Q' (H)) is a
Brzezinski-Majid quantum pricipal bundle if and only if the horizontal 1—forms of Brzezinski-
Majid and Purdevi¢’ coincide.

Proof. Given a Brzezinski-Majid quantum principal bundle (I'4,I'y) we show that the maps
Ar, :Tao > TA®H, adaa’ — apdaa)® aiai, (4.85)

ver:I'y > A®Ty, adad’ — apay ® ardpa) (4.86)

are well defined. This gives exactly first order completeness of the maximal prolongation of I'y. The
map Ar, is well defined, since I'4 is a right H—covariant first order differential calculus. Moreover,
by assumption the map

vergy T4 > A®Ty, ada(a’) = aaj® S(a})dual, = apay @ S(aray)asdpas
is well defined, and thus
(id®r) o (Ap®id) overgy : I'a > H®I'y
is well defined. We have that the map ver is well defined, since

(id®>) o (Ag ® id) o vergy (adaa’) = (id @) o (Ax ® id)(apa ® S(ara))azdual)
= (id ®>)(apa| ® aia) ® S(azaj)asdyay)
= apaj ®@>(ara) ® S(azas)azdpay) (4.87)
= apa(, ® ardya)
=ver(adaa’).
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For the other point, let us consider a first order complete differential calculus Q°(A), and let
Q°(H) be the corresponding differential calculus on H. In particular Q*(A) is right H—covariant
and Q°*(H) is bicovariant. The vertical map ver : Q'(A) — A ® Q'(A) is well defined, and so

vergy = (id®@>) o (Id®S ®id) o (A4 ®id) o ver (4.88)
is well defined. Moreover, we have that myerlgi(a) : Q1(A) = A ® Al explicitly reads
Tyer(adaa’) = apar ® S(alall)agdaé,

i.e. it coincides with vergy(adaa’). This means vergy, Is surjective, since myer iS. 1 he morphism
sending horizontal forms into total space form is automatically injective, therefore it is only left to
show that kervergy, = Ada(B)A. Since borl(A) = ker mmyer = ker verpgy, this follows if and only if
horizontal 1-forms of the Purdevi¢' and Brzezinski-Majid approaches are equal. m]

4.3 Examples

In this section we provide some non trivial examples of quantum principal bundles and complete
differential calculi. Let Q°®(A) be a complete differential calculus over A. The morphism A’ :
Q*(A) - Q°*(A) ® Q*(H) maps elements of fixed degree k in the direct sum decomposition of
Q°(A) as A : QX(A) - Q°(A) ® Q" (H), with r +s = k.

Proposition 4.3.1. Let Q*(A) be a complete calculus. Let us write
ver™! = (nh @ nf)) 0 ALl 4y 1 QY (A) > QF(A) ® QU (H)

for the graded components of AQ. Then

m=0,..., |w]|

for all w,n € Q°(A) such that |w|+|n| =k +¢.

Proof. Let us consider w = ada' A --- Ada” and = b%db' A --- A dD® in Q°(A). We write
dg = (id®d + d ® id) as a shorthand notation for this proof. On the left hand side we have

ver®“(w An) = (mk ® mp) Ay (w A1)

= (nx ® 7¢) (Aa(a”)dgAa(a') A -+~ A deAa(a’) (4.89)
AAABY)deAa(D) A -+ AdgAa(b”)).

On the right hand side we have

Z nerm,|ou|—m(w)merk—m,|77|—k+m(77)

= > (@ exl"(As(a")dsAs(al) A+ deAs(a’)  (4.90)

m=0,..., |w]|

(r*m @ gl11=5my (A 4 (B2)dgAa(BY) A -+ - dgAa(bY)).

Since the projection maps fix the degree of left and right tensor factors of the above formulas we
have the claim.
O
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Example 4.3.2. Let H be a Hopf algebra and let (I',d) be a first order differential calculus on H.
Consider the maximal prolongation of (I",d). The subalgebra of coinvariant elements B = H¢*H
is made of elements that are invariant under the coaction of H on itself, i.e. the coproduct
A : H— H® H. This subalgebra is naturally isomorphic to k. Therefore we consider the Hopf-
Galoismap y : H® H - H® H sending h ® g — hgi ® go, where no balanced tensor product
is required after the established isomorphism B = k. This map is a bijection and in fact we can
provide explicitely the inverse y™': H® H — H ® H sending h ® g — hS(g1) ® ha, indeed

xox (h®g)=x(hS(g1) ®g2) =hS(g1)g2@83=hg, (4.91)
y loxy(h®g)=x"1(hg1 ® g2) =hgiS(g2) ®g3=h®g. (4.92)
Therefore we have a quantum principal bundle. O

Example 4.3.3. Consider the group algebra H = C[Z]. H is generated by an element g, i.e. every
element of H can be written as axg*, where ax € C and k € Z. The coproduct, counit and antipode
read

Ag)=g®g €elg)=1 S(g=g" (4.93)

Consider the first order differential calculus I over H defined as I = spany{dg} = Hdg, with
(g"dg)g = qg"*'dg, where ¢ is not a root of unity. The differential d : H — I maps d(g) := dg
and in general

d(g") := (1+q+---+q”_1)g"_1dg, if n>0,

O e (420
a qt) — f(t . .
df(z) := ‘G- for a rational function.

In particular d(g™1) = —g~'(dg)g™" much like a chain rule. We define right and left H—coactions

onI as
Ar:I' ->T'®H, rAh:I' > HQT.

n+1

n n n n+l n (495)
g'dg— g'dg® g™, g"dg— g"" ®g"dg.

Since A extends to the first order calculus we have that (T, d) is a bicovariant first order differential
calculus over H.
Moreover, since d(g™!) + g ~tg~2dg = 0, we find

(dg”'+q7'g?dg)®@dg=¢q (dg g ' +¢g ' dg ") @ dg
=—q (g7 'dgg? +¢g7%dgg ) @ dg (4.96)
=—q?(1+¢ g dg ® dg.
The last expression vanishes on the quotient defined by the maximal prolongation. Therefore on

this quotient we have [dg ® dg] =0, as we assumed ¢ not a root of unity. Accordingly we have no
non-zero k—forms for k > 1, and thus a complete differential calculus. O

4.3.1 The noncommutative algebraic 2-torus

In the following example we will discuss the quantum principal bundle given by the Hopf algebra
H =0(U(1)) = C[t,t~!] and right H—comodule algebra A = Og(T?) = Clu,u~ ', v, v=1]/(uv—e'®vu),
where 6 € R. This algebra A is known as the non-commutative algebraic 2-torus. The corresponding
Hopf algebra structure of H is given by coproduct A(f) = t®t, counit e(¢) = 1 and antipode S(¢) = ¢!,
Let Ay : A —> A ® H be the map assigning

(el
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This is a right H—coaction on A, indeed

(Ax ®id) o A (Z) — (Ay ®id) (”V‘) ® (zfl) - (”V‘) ® (zfl) ® (zfl) : (4.98)
whereas
(id @A) 0 A (Z:) — (id ®A) (:) ® (zfl) - (z) ® (zfl) ® (tfl) . (4.99)
Moreover
(id ®€) 0 An (‘v‘) - (id ®¢) (i‘) ® (zfl) = (i‘) ®1= (i‘) . (4.100)

The space of right H—coinvariant forms is given by
B := A°H = spanc{(uv)*, k € Z}.

Proposition 4.3.4. The noncommutative algebraic 2-torus under the coaction of O(U(1)) is a
cleft extension B C A. In particular it is a quantum principal bundle.

Proof. Let us consider j : H— A sending

tk . uk
7k vk)”
for all k > 0. We show that j : H — A is a convolution invertible morphism of right H—comodules.

Aa(j (1) = Ap(u) =u®t = (j ®1d)A(1),

3 ) _ = (4.101)
Aa(G(™7)) =Aa(v) =vet = (j®id)AGF).
We provide an explicit inverse for the map j: H — A, thatis j~! : H — A sending
tk uk
k) k)
indeed 1.,k 1 k ky =1,k k, -k
% () =puo(J®j o At") =" )j (") =u"u" =1,
Jrj @) =puo (@) AY) = ")) (15) (4.102)

JriT ) =pe (@i o AT = j( )T =viv =1,

and similarly j=' % j =1 is easily verified.

Since every cleft extension is in particular a faithfully flat Hopf-Galois extension [4] we have the
claim. |

We now investigate in depth the differential calculi over H = O(U(1)) and A = Og(T?).
For the differential structure over H, we consider a bicovariant first order differential calculus
(I' = spang{dt}, d) with bimodule relations

tdr = g“dr,

4.103
1t dr = g~ ¥dir L. ( )

Here ¢ is a understood as a deformation parameter and a € R. Differentiating these relations we
find
dt Adt = —g%de A dr. (4.104)

Accordingly there are no non-zero higher order forms.
Proceeding with the calculus on A, we define a bicovariant first order differential calculus
(QY(A) = span{du, dv}, d) via relations

dur = udu, dvv=vdv, duv=e""%vdu, dvu=e"%udv. (4.105)
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Differentiating, we find _
du Adv+e @dv Adu=0,

du Adu =0, (4.106)
dv Adv =0,

and clearly higher order forms vanish.

Proposition 4.3.5. Q'(A) := span,{du,dv} is a right H—covariant differential calculus on the
noncommutative algebraic 2-torus. Moreover the map ver := ver’! js well defined.

Proof. \We show the coaction Ay : A — A ® H lifts to a morphism Al : Q1(A) - Q'(A) ® Q' (H).
We have
AL = Agi(a) +ver: QY(A) - (A®T) & (Q' ® H).

To properly define this map we need

Agi(ay(du) = (d®@id)As(u) = du®1,

' _1 (4.107)
Agi(a)(dv) = (d®id)Aa(v) =dvet™,
and then we extend Agi(4) to Q(A) by
Ag1ay(adu +a’dv) = Ax(a)Agia)(du) + Aa(a’)Agr(4)(dv). (4.108)
Moreover Agi(a) is well defined, since
Aﬂl(A) (du.v) = AQl(A) (du)AA(v)
=(duen)(ver?) (4.109)
=duv®1,
AQ1(A)(e_i0vdu) = e_iHAA(v)Am(A)(du)
-i6 -1
= ®t )(du®t
¢ ‘H(V Hdu®1) (4.110)
=e"vdu®1
= Agl (A) (duv)

and similarly Agi(a)(dv.u) = Agiay(e'?u.dv). To read more explicitly ver : Q'(A) - A®T we
consider a,a’ € A and develop

A (ada’) = As(a)(d @ id+id ®d)Aa(a’)

, , , , (4.111)
= apday ® a1a) +apa, ® ajda;.
Accordingly we define on the basis elements
ver(du) =u®dr, ver(dv) =ved . (4.112)
Therefore we have
ver(duv) = ver(du)As(v)
=(ued)(verl) (4.113)
=uv @drr?
ver(e %vdu) = e A (v)ver(du)
-i0 -1
=e VRt u®ds
( ) ) (4.114)

=e vy tdr

=e g v
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Similarly
ver(dvu) = ver(dv)Aa(u)

vedtHuer)
=vu®dr 't

4.115
= —yvu @t 2dit ( )

= —vu®t *tdt
= vu®r s,
ver(e'%udv) = e"% A (u)ver(dv)
=euen(ved™)
=e%uy @ rdr? (4.116)
=—¢'%uy @ 1172ds
=% ® t_ldt,
where we assumed a = 0. The map ver : Q'(A) — A ® I is thus well defined along the relations
between the generators of the first order differential calculus over A. Accordingly we define
ver(ada’) := apal, ® a1dad;. (4.117)
O

Proposition 4.3.6. Q2(A) := spans{du A dv} is a right H—covariant differential calculus on the
noncommutative algebraic 2-torus. Moreover maps ver™! and ver®? are well defined.

Proof. We show that A4 : A — A ® H extends to a morphism

A% Q% (A) — (Q*(A) @ H) @ (Q1(A) @ Q' (H)) ® (A ® Q*(H)) .

Ag2 4 verl.1 ver0:2
u i w = ada a a,a’,a ) v
Let us consider da’ Ada” € Q2(A) for a,a’,a” € A. We have

A\(add’ A da”) = Ax(a)(d @ id +id @d)Ax(a’) (id ®d +d ® id)Ax(a”)
= (ap ® a1)(dajy ® a1 + ay ® da})(daj ® a +af ® day (4.118)

1 ’ 1

= (ap ® a1)(daj A dajy ® ajay +dajay ® ajda’ — ajday ® daja?),
where we exploited that there are no non-zero two forms on H. Accordingly we consider

Ag2(a)(ada’ Ada”) = agdag A daf ® aya)al,

11 (4.119)
ver " (ada’ Ada”) = apdajal ® a1aiday — apajdal ® aida’ay,
and ver®2 to be the zero map. These maps are well defined, since

AQ2(A) (dl/t A dV) = AQl(A) (dl/t)Agl (A) (dV)

=(du®rn)(dver?) (4.120)
=(dundv)®l.
ver (du Adv) = duv @ tdr ! — udv @ drr™?
= —duv ® t~1dr — udv @ drt™?

(4.121)

= —(duv + udv) @ der !
= —d(uv) @ drr™;
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ver" N (dv Adu) = dvu @t~ 1dr — vdu @ dr 1t
=dvu @t~ 1dr + vdu ® r2drr
=dvu®drr™ +vdu @t dr (4.122)
=dvu@d ™ +vdu @ drr™?

=d(vu) @ drr L,
and so
ver ! (du A dv) + e ver (dv A du) = —d(wv) @ dit ™' + e d(vu) @ drr !
—d(uv) ® drt™ + d(e_iavu) ®dr! (4.123)
=—duwv) @ drr' +d(uv) @ drt™L.

O

Theorem 4.3.7. The differential calculus Q®*(A) on the noncommutative algebraic 2-torus is
complete.

Proof. This follows directly from Proposition |4.3.5H4.3.6 ]
Proposition 4.3.8. The base space 1-forms are generated by B. In other words BdB = Q'(B).

Proof. According to lemma [4.2.20] the non trivial statement is that BdB 2 Q!'(B). A generic
element in w € Q'(B) can be written as w = ageu*vidu + Bmnu™v"dv, for aie, Bmn € C. We have

Ag(akgukvf + Brnu™v") = a/kgAA(ukv[)A}A(du) +,8mnAA(umv”)A114(dv)
= a0 (X)) @ t* 7 (d @ id +1d @A) A a (1) + Bpn (™) @ ™7 (d @ id +id ®d) A4 (V)
= ae® v (du @ 1 41w @ (K7EAr) + Brpd™ (dy @ 1M 4y @ MY
= ageu*vidu @ K + Bu™vidy @ !
+ apeu*viu @ t*0ds — Bu™y @ 1M 2ds

= (o™i du + Bopu™v"dv) ® 1

if and only if

k—€+1

e vidu @t + BV dv ® " = (ageuvidu + Brnu"™V'dv) ® 1,

4.124
e’ viu @ *Cdr — Buu™™v @ 7" 2ds = 0. ( )

The first equation tells we must have k =€+ 1 =0 (or Bn =0) and m—n—1=0 (or axe =0),
which leads to

k—€+1

e vidu @t + Bntt™" dy @ ML = ak,kﬂukvk“du @1+ By ™ V'dv e 1. (4.125)

The second equation reads

arer*viu @ t*=Cdr — Bnu™™y @ £ 2ds

= gtV @ 17 = By ™YYy @ 1 dr

— (ak’k+lez(k+1)9uk+1vk+l —ﬁn,n+1un+1vn+l) ® Z_ldt,

which is zero if and only if

i(k+1)0uk+1vk+1

Xk k+1€ — B =0, (4.126)
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so we must have n = k, and accordingly aj gsie’F+)?

w € QY(B) reads

= Br.k+1- 1herefore a general element

e Vi du + ™" Av = ag g1V du + B TRy

= a1 WV vdu + eF KDk Ry
= ap eV (vdu + " FFD R R Qy i kDO (4.127)
= ak’kﬂukvk(vdu + dvu)
= gk (W) d(uv),
for any k € Z. Since B := A°°H = span{(uv)*| k € Z} we have the thesis. O

4.3.2 Quantum Hopf fibration and the Podle$ sphere

Let us consider the Hopf algebra H = O(U(1)). We introduce O,(SU(2)) as the free algebra
generated by elements a, 8, y,5 modulo relations

Ba =qapf, ya=qay, O6B=qBo, Oy=qyo
yB=By, da-as=(q-q "By, ad-q 'py=1

Proposition 4.3.9. A =0,(SU(2)) is a right H—comodule algebra under the right H—coaction

) a B a B t 0) (a®t B!
Ap:A—> AQH, (7 6)'_)(7 6)®(0 t‘l)_(y®t 6®t‘1)' (4.129)

(4.128)

Proof. We check that A4 satisfies the axioms of a right H—coaction on A, indeed

. 0
(AA®1d)oAA(‘; g):AA(Z §)®(6 z—l)

(5 2o el )

5 . (4.130)
a
Zb J®A% fJ
:(id®A)oAA($ g);
moreover
(id@e)oAA(‘; §)=(id®e)o((; ?)@(6 tf]l):(‘y” g) (4.131)
[m]

Notation 4.3.10. With | - | we indicate the degree of an element in A; |f]| is explicitly defind by
the relation Aa(f) = f @M/, for any f € {a,B,7y,6}.

Remark 4.3.11. The subalgebra B := A°°H of coinvariant elements under the right H—coaction A
is known as the Podles sphere [23] 22]. By a quick calculation it is easy to deduce generators of B
must be of the form fg, where f,g € {a,8,v,6} and either |f| =1 and |g| = —1 or the opposite.
Modulo commutation relations we have 3 non equivalent generators for B and we shall fix

Bi=af, B_=vy5 Bg=vyB. (4.132)

One finds
B_By=ydyB =qyyop
= q*yyBs = ¢*yPBys (4.133)
=q*BoB_,
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and similarly

B_B, = ¢°Bo(1 - ¢?Bo), B.B_ = By(1 - By). (4.134)
Proposition 4.3.12 ([4]). B € A is a quantum principal bundle. ]

We define a first order differential calculus (Q'(A), d) over A as the free left A—module generated
by
et =g lady — ¢ %yda, e =6db-qpds, €° =é8da - qBdy, (4.135)

with commutation relations
e f=glflret, Vf =qg?/fe, (4.136)
where f € {a,B,y,6} and |a| = |y| = 1, whereas |B| = || = —1.

Proposition 4.3.13. Q'(A) is a right H—covariant differential calculus. Moreover the map ver =
ver®! is well-defined.

Proof. We need to show that A4 : A > A ® H extends to a morphism
A} = Agi(a) +ver : Q1 (A) > (Q'(A) @ H) @ (A ® Q' (H))

restricting to the usual coaction on A. Such extension is completely determined by the generators.
We want ) )
Agi(a)(e") = Agi(a)(q~ ady — ¢ "yda)
= g7 Aa(@)Ag1(4)(dy) — ¢ 2AA(Y)Agi(a) (da)
=g N aen(deid)(y®r) —g 2(ye1)(da®1)

=et @1’

(4.137)

and similarly Agi4)(e”) =e™ ® t=2. Moreover

Ag1(ay(€”) = Agi(a)(6da — gBdy)
=Aa(6)(d®id)As(a) — gAA(B)(d ®id)AA(y)
=60t H)(da®r)—g(Bet ) (dy®1) (4.138)
= (6da —gBdy)® 1
=e"®1,

and so we define

AQ1(A)(ei) =e" ® li2, and AQI(A)(BO) = 60 ®1.

Proceeding in a similar fashion for ver : Q'(4) — A ® Q'(H) we need

ver(e”) = ver(sde — gBdy)
=sa @t tdr—gBy ot tdr (4.139)
= (6 — qBy) ® 1™ tdr;

ver(e*) = ver(g tady — ¢ 2yda)
=g lay @ tdr — g 2ya ® tdr

= (¢ tay — g %ya) ® rds (4.140)
=g Yay - g tya) @ tdt

=0
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ver(e”) = ver(6dB — gBdo)
=61 ! —gBs @t tdrt

4.141
= (qB6 - 6B) @t 1dr™t ( )
=0,

where for ver(e*) we exploited the commutation relations. Accordingly we define
ver(e¥) :=1®@1 'ds, ver(et) =0. (4.142)

With these definitions the map Ai‘ := Aq1(a) + ver extends correctly to (Q(A), d) provided Agia)
and ver satisfy the commutation relations among A and Q'(A). We have

Agi(a)(e*f) = Agr(ay(eF)Aa(f)
= (e* o) (foi)
=t f @ r*%!/]
_ M ot @ #2]
= q"1AA(f)Ag1(4) ()
= Aq1(a(q” fe*),

Agr(a)(€°f) = Agi(a)(e)Aa(S)
="®1) (forllh
— eOf Q1]
— q2|f|f€0 Q1]
= ¢*P1AL(F)Agr (4 (")
= Agi(a)(g° fe0),
ver(e* f) = ver(e)Aa(f)
=0
=g IAA(f)ver(e®)
=ver(g! fe*).
ver(e’f) = ver(e”)Aa(f)

=1 et (f el

~ ferld (4.146)

= fortdr (/!

_ M f ey,

(4.143)

(4.144)

(4.145)

and
ver(¢?1 e = ?V1 7 @ i1t s, (4.147)

O

We define a second order differential calculus (Q%(A), A,d) over A as the free left A—module
generated as Q%(A) = span{e* A e, et A e”} with commutation relations [2]
et he =—qg 2 net, e A =—gTte net, de’ =gt Ae,

4.148
dei:¢qi2[2]q—2ei/\€0, ei/\et:eo/\eozo’ ( )

where [2], = (1 -¢?)/(1 - q).
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Proposition 4.3.14. Q?(A) is right H—covariant. Moreover, maps

ver™ ! Q%(A) - QN(A) ® Q' (H),

4.149
ver®? : Q%(A) - A ® Q*(H) ( )
are well defined.
Proof. The morphism ver®? is trivial since no-nonzero 2-forms occur on H. We define
Agziay(e" AeT)i=e" ANe” ®1, Agzia) (e’ A ") =et ne’ @12,
_ R (4.150)
Agaiay(e” Ne')i=e” Ne ®t
This is well-defined because it is compatible with all relations of 2-forms. In fact
Ag2ay(e" AeT) = Agi(a)(eM)Agi(a)(e)
=(e"®@1’)(e” ®172) (4.151)
=etrhe ®1;
Agz(a)(e* A e”) = Agi(a)(€)Ag1(a)(e”)
=(e*®r?)("®1) (4.152)
= et A’ @12,
Agz(A)(—q2e_ Aet) = —qZAgz(A)(e_ Aet)
= —q*Aqi(ay(e7)Ag1(a) (")
20 = o =2\ (L o 12
=—q“(e” @t °)(e" ®1t°)
(4.153)
=—g’e  rnet®1
=e"®e " ®1
= Ag2(a)(e" NeT);
Agz(a)(—q'e® A e*) = =" Mg () (") Ag1(a)(e*)
= —g*(" ®1)(e* ® 1*?)
= —ge" A e* @ 1*2 (4.154)
—e* ne' @1t
= AQQ(A) (ei A 60).
Ag2(ay(de?) = (d ®id)Agi () (")
=de’®1 (4.155)
=ethe ®1,
AQQ(A) (d€+) = (d ® ld)Agl(A)(€+)
=det ®1?
2 + 40 o 2
=—q“[2],2¢" Ne @t
1 %l (4.156)

= —q2[2]q72(e+ ® l‘2)(€0 ®1)

= —q*[2] ;-2 Aq1(a) (€M) A1 a) (")
= Agz(A)(—q2[2]q-2e+ A €Y).
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Ag2(a)(de”) = (d ® id)Ag14)(e”)
=de” @172
= q_2[2]q-2e_ AN @172
=q?[2],2(e” @17 (" ® 1)
= q7?[2]4-2001 (4) (€ ) Ag1(4) (")
= Agz(a)(q 2 [2]42¢” A €).

and so we extend Agz(4) to a map on Q?(A) by

(4.157)

Ag2a)(ae’ Ae” +bet A e +ce” nel) = Ax(a)Ag2ay(e" AeT)
+Aa(b)Agz(a) (et AeT) +Aa(c)Agz(ay(e” AeP).
(4.158)
Moving to the vertical map per'! we have
ver (et AeT) = Agia)(e)ver(e”) +ver(e™)Agi(a(e”)
=0 (4.159)

=ver1(deY),

ver' ! (e* A e?) = Agia)(e)ver(e”) +ver(e*)Aqi(4)(e?)

=A e*)ver (e
9:<A> (ﬂ Joer( 1) (4.160)
=(e* @) (1®t "dr)
— eJ_r ® ti2_1dt,
and so we define
verbl(et AeT) =0, verll(ef Ael) = et @2 ldr. (4.161)

With these definitions on the generators the map ver!! extends correctly to Q2(A) provided the
commutation relations among generators of Q2(A) are preserved. The relation ver!>!(—g%e~ Aet) =
verb!(e* Ae”) =0 is obvious.

In [2] (page 109) the following relations are provided:

da = @e® + gBe*, dB=ae” —q 2B, dy=vye’ +qdet, d6=vye —q26e°. (4.162)

Therefore

ver’! o d(e?) = ver™! o d(q_la Ady - q_2yda)
=ver (g7 da A dy — ¢ 2dy A da)
=g 'ver’!(da A dy) — g %ver (dy A da)
= g tverb (e’ + gBe™) A (el + goet)] — g 2ver [(yel + gse™) A (e’ + gBe™)]
=perb!(ae® A Se*) +verl L (Bet A yel) — g toert i (yel A Bet) — g loert (St A ael)
= As(@)ver(e”)As(6)Agi ) (€") + Aa(B)Ag1(a) (€M) Aa(y)ver(e”)
— g Aa(y)ver(e))Aa(B)Agi(a)(e") — g7 AA(0)Agr(a)(e")Aa()ver(e”)
=(eon(lot tdn(er)eteor)+ (Bt et o) (yo)(1let tdr)
—¢ ' yeonertdnBeotr (et er?)—g (@ (et @) (@) (1@ dr)
= —adet @ dit + BeTy @ tdt + g lyBet @ dit — g 6T @ tdt
= (—q%ade’ + gByet + qyBet — Sae™) @ tdt
= —(g* (a6 — ¢~ 'yp) + (6 — qyB))e* @ 1dt
= —(g®+1)et ®dr,
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which equals
ver ! (=¢?[2]2e" Ae”) = —(1+¢%)e" @ rdr. (4.163)

Moreover

ver’! o d(eo) =ver’! o d(6de — ¢Bdy)
=ver>!(dé A da — gdB A dy)
=ver"' [(ye —q726e") A (e’ + gBe*) — glae™ — q*Be’) A (ve” + goe™)]
=verb(ye™ Aae — g716e? A Bet — gae™ Aye® + g7 Be0 A Set)
= A(¥)Aq1(ay(eT)AA(@)ver(e?) — g7 Aa(S)ver(e))Aa(B)Agi a)(e”)
— gAa(@)Agia)(e7)Aa(y)ver(e”) + ' Ax(B)ver(e”)Ax(6)Agr(a)(e™)
=(yon)(e @t ) (ae)(1@rtd)-¢g (@ H(A1ertid)(Ber ) (et ®r?)
—ga®n(e- @t ) (yen(lotrtd)+¢g i (BeorH(1ertdn(s®r (et ®r?)
=ye a®t 'dt + g6Bet @ t71dt — qae "y @ 171t + gBSet @ 17 ds
= (qya +q6B — g>ay + ¢*B6)et @ t~1dr
=0.

ver ! o d(e”) = ver'! o d(6dB — ¢Bd9)
=per!(ds A dB - gdB A df)
=ver"![(ye~ —q726e") A (@e” — g 2Be’) — q(ae™ — g 7*Be’) A (ye~ — q7?5e")]
=verb (=g 2ye” ABe® — g7 26" Aae™ + g e A e +q1Be AyeT)
= —q A7) A1 (a) (eT)Aa(B)ver(e”) — g 2 Ax(S)ver(e”)An(@)Agr(ay(e”)
+q 'Aa(@)Agi(a)(eT)AA(S)ver(e?) + g Ax(B)ver(e®)Aa(¥)Agia)(e7)
=—g2(yon(e ot HBeorHAertd) -g2(derH(lerid)(eer)(e” @1?)
+qg N a®n(e o) 6orH(lertd)+q¢g i (BorH(1ertd)(y®r(e” ®@t7?)
= —q 2ye Bt 3dt + g 26ae” @17 2dir + g lae s @ 173dr + ¢ Bye 2!
= —g 3yBe” @173dt + g *6ae” @ 173dt + g 2ade” @ 173dt — g3 Bye 17 3ds
=q 2 (—g B+ q 26+ as — g By)e” @t 3dr
=q (- 'yB+q (s + (g —q By) +ad —q ' By)e” @17 dt
=qg2(1+q e ®@173ds,

which equals

vert(g72[2] -2e” A e®) = g2 (1 + g P)vert (e A eY)

q =q 2(1+q He @173t (4.164)
Finally
ver'! (—g™1e” A e®) = —¢™ (Mg (a) (e”)ver(e®) + ver(e”)Agi(4)(e))
= —g™ver(e")Aq1(a)(e®)
= ¢ (1o ldr)(e* ® 1*?)
= —g™e* @1 tdr 1*? (4.165)

— _q¢4ei ® t_ldl‘ tJ_rQ
=et @ ldr

=perbl(e* A eD).
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In the various calculations we exploited
dre? = ¢*%dr,  dir™? = ¢~ 2de

beside the various commutation relations between the generators of the algebra and Proposition
(4.3.1)). O

We define a third order differential calculus (Q3(A), A,d) over A as the free left A—module
generated as Q3(A) = spans{e* A e™ A €%}, with commutation relations

dle* Ae”)=—g 2d(e” Aet), d(ei A eo) = —q¢4d(eo A ei) . (4.166)
Proposition 4.3.15. Q3(A) is right H—covariant. Moreover the vertical maps

ver®!: Q3(A) - Q%*(A) ® Q'(H),
ver™ 2 : Q3(A) - QN(A) ® Q*(H), (4.167)
ver®3 : Q3(A) - A ® Q3(H),

are well defined.

Proof. We start noticing ver®? and ver™? are trivial since QX(H) =0 for k > 1. We need to show
the coaction Ay : A — A ® H extends to Q3(A) in the correct way. On the generator we have:

Ags(ay(e* Ae™ A el) = Agia)(e")Agiia)(e7)Aqr(a(e?)
(et @) (e” @t ) (" ®1) (4.168)
et hne A" ®1;

ver®>i((e* Ae)nel) = Ag2(a)(e’ A e )ver(e’) + vert (et A e_)Agl(A)(eO)
=(ethe" ®1)[1®r tdr]

4.169
=(etAe )@t tdr ( )
=ver®! (et A (e” A €D)).

Accordingly we define
A ethne A i=etrhe A’ @1,
a2 ) (4.170)

ver> (et Ae  Ae) = (et AeT) @1 dr.

With these definitions the map A3 := Ags(4) + ver®! provides a complete third order differential
calculus over A provided the commutation relations between elements of the calculus are preserved.
We have

Ags(a) © d(ei A eo) = Ags(a)(de* A ¥ —e* Ade)

= Agz(a)(de*)Agi(a) (7)) = Agi(a)(e%)Ag2(a)(de)
=(de* @) (" ®1) - (e* @) (de’ ® 1)
=(de* A’ — et Ade”) ®1*

= d(ei A eo) ® 12 )

= —qj’4d(e0 A ei) 1"

= AQS(A) (—q14d(€0 A\ ei)) .
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and Agsay o d(e" Ae™) = Ags(a)(de™ Ae™ —e* Ade™)
= Ag2(a)(de™)Agiay(€7) = Agr(a)(e")Ag2ay(de™)
=(de* @) (e” @17 - (e @) (de” ®172)
=(de*Ae  —e"AdeT)® 1 (4.172)
=d(e"reT)®1
=—q2d(e Aet)®1
= Agg(A)(—q_Q d(e” Ae™)).
Moving to the vertical maps we find

per>! od(et Ae”) = ver®!(det Ae” —et Ade)
= Ag2(a)(de)ver(e”) +ver ! (de)Agi 4y (e7)
— Agi(a)(e")ver! (de™) — ver(e*)Agz(a)(de”)
=—[(g>+ et @rdt](e” @172 - (" @12 (g 2(1+q He” ®@173dr) (4.173)
=g HP+Dethe @t dt—qg2(1+q¢ %) et Ae @1 de
=—(q 2 +q —qg P -g et ne @17 dr
=0,

which equals.

—g%ver®  od(e” Aet) = —g*ver® (de” Aet —e” Ade”)
- q_2ner1’1(de_)AQ1)(A) (€+) - q_zAgl (A) (e_)nerl’l(de+)
=—q (¢ 1+ ¢ e @t73dt) (e @ 1) — g 2 (e” @172 ((1+ ¢*)e” ®tdr)
=gt +qg e Aet @t 3di? — g 2(1+¢Y)e” Aet @t dr
=(1+qg e Aet @t tdr—qg2(1+¢%e Aet @t 1dr
=[1+g2-g%2-1le ret @t 'ds
=—¢’[l+q2-g2-1let ne @t 'ds
=0.
Moreover
—ver®(e¥ Aet) = —ver?1(de® A et — € A det)
= —(ver" ! (de®)Aqi (4 (€") = Agi(a)(e”)ver’! (de*) — ver(e)Agz 4 (de™))
= Ag1(a)(e”)ver’ ! (de™) + ver(e)Age 4 (de™)
= (" ®@1)(-(¢*+ et @t~ 1dr) + (1 @t~ Ldr)(de” ®@ 1%)
=—(g*+ 1) et @r7ldr — gldet @ 1dt,
(4.174)
which equals
gver®to d(e+ A eo) = gver®!(det A e” — e A de)
= g*(ver ! (de?)Ag1(4)(€°) — Agi(a)(de*)ver(e?))
=g [(~(*+Det @t tdr)(e® ® 1) — (de* @ 1) (1 @ r~Ldr)] (4.175)
=q* (> + et A @17 dr — g'det ®@ rdr
=—(g>+1)e' Aet @17 dr — gtde” @ rdr.
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Finally

—ver> (" Ae) = —ver?!(de® Aem —e® A de)
= —(ver"!(de®)Aqi () (€7) — Agi(a)(e”)ver’! (de™) — ver(e?)Agz (4 (de™))
= Ag1(a)(e”)ver’ ! (de™) + ver(e)Agz ) (de”)
=" ®1) (g 21 +g e @t 3dr) + (1 @t~ Ldr)(de” @ 172)
=q 2(1+qHe " Ae” @173dt — g *de” @ 173dr
= (g 2(1+qg %’ Ae —gtdeT) @ 1731,

(4.176)
that is

q_4ner2’l o d(e_ A eo) = q_4ner2’l(de_ Ae’ —e” Ade?)
= g *(ver"! (de ) Agi(a) (€”) — Agi(a)(de )ver(e?))
=¢ ' [(¢(g 7+ e ®@t3dr) (" ® 1) = (de” @172 (11 dr)]
=g 2qg +De A @173dr — g *de” @t 3dr
= (¢ q%(g %+ e A’ — g dem) @ t73dr
=[g2(1+q e’ Ae  —gtde ] @134t
(4.177)

Theorem 4.3.16. Q°*(A) is a complete differential calculus.

Proof. According to the last propositions we have the existence of vertical maps and right
H—covariance up to the third order calculus. Moreover QK(A) = 0 for k > 3 since e* A et =
e"ne” =ePAe =0. We conclude Q*(A) = A Q' (A) @ Q%(A) ® Q3(A) is a complete differential
calculus over A. O

Remark 4.3.17. In [2] (Proposition 2.35, page 111) it is stated that Q' (B) is spanned by

dx = —1B86e* — aye™,
dz = d(y6) = 6%et +y2%e™, (4.178)
dz = —g d(ep) = —gB%e* — ga’e™.

Still in [2] (page 112) the following relations are provided.

Se* = adz + ¢ Lydx,
Be* = q *ydz — gadx,

4.179
ae” =¢*Bdx — ¢ 16dz, ( )
ve = -=8dx — gBdz.

These are of particular interest in the proof of the next proposition. m]

Proposition 4.3.18. Q°(B) is a differential calculus.

Proof. let us consider a generic element w € Q'(B). We may write

w=ae"+be +ce, a,b,ceA, (4.180)
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and since we must have A}L‘(w) =w®1 we find
Al (ae™ +be™ +ce’) = As(a)A)(e¥) + Aa(b)A)(e™) + Aa(c)A) ()
=(@at' (e o)+ (betP) (e~ ®17?)
+(coiNee1+1®rdr] (4.181)
=aet @112 v+ be” @17 %P 4 cet @11l v c @ 1!l dr
= (aet+be” +ce¥)®1
if and only if we have one the following combinations

lal =-2,|b|=2,¢=0, a=c=0,|b|=2, b=c=0,]al=-2, a=b=c=0. (4.182)

Accordingly every element in Q1 (B) must be of the form w = ae* +be~ with the stated prescriptions.
We write down the possible elements of degree 2, -2 in terms of generators:

degree 2 : @%,9%, ay; degree -2 : 62, B, By.

We now show that every possible element of the form ae* + be™ with a of degree —2 and b of
degree 2 gives rise to an element of the form BdB. For elements of the form be™ we find
a@’e” = a(¢*Bdx — ¢ 16d2)
= g?aBdx — ¢ %addz;
y?e” = y(-6dx - ¢Bdz)

(4.183)
= —yddx — qypdz;
aye = a(-ddx — gBdz)
= —addx — gafdz.

Each of the above expressions define elements of the form BdB as we are always pairing degree 1
and degree —1 elements. By the same reasoning we exploit elements of the form ae*, for which

Bet = Blq *ydz — qadx)
= g *Bydz — qfedx;

6%¢* = 6(adz + g Lydx)
= Sadz + g Loydx;

6Be* = 6(q~2ydz — qadx)
= ¢ 26ydz — géadx.

(4.184)

Moreover, in [2] (Proposition 2.35, page 113) it is stated that the volume form can be expressed in
terms of elements in B and Q'(B). Therefore Q*(B) is a differential calculus. O

4.3.3 Crossed product calculus

In this section we study the relevant example of crossed product calculi. We recall that Theorem
provides a 1 to 1 correspondence between crossed product algebras and cleft extensions
B C B, H. Since every cleft extension is also a faithfully flat Hopf-Galois extension, we conclude
every extension B C B, H is a quantum principal bundle. Classically a cleft extension can be
thought as a trivialisation of the bundle.

In section we considered B a o—twisted left H—module algebra, and a Hopf algebra H. We
introduced the crossed product algebra as the tensor product B ® H equipped with an associative
unital product uy : (B® H) ® (B® H) — (B® H). For details we remind to Lemma 2.2.3]
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Definition 4.3.19 (|20], Definition 3.3). Let (Q!(B),dp) be a first order differential calculus on a
o—twisted H—module algebra B with measure - : H® B — B and 2-cocycle 0 : H® H — B. We
say that (Q'(B),dp) is a o—twisted H—module differential calculus if there exists a linear map
-+ H® QY (B) = Q'(B) such that

h - (bdgb’) = (h1 - b)(ha - dgb’)
dg(h-b)=h-dgb (4.185)

dpoo =0,
for every h € H and b, b’ € B.

Theorem 4.3.20 ([20], Theorem 3.7). Given (Q'(H), d;) a bicovariant first order differential calculus
on H and (Q'(B),dp) a o—twisted H-module first order differential calculus on B, we obtain a
right H—covariant first order differential calculus (Q' (Bf,H), dy,) on B H, where

Q' (Bi,H) = (Q'(B) ® H) ® (B ® Q'(H)),

) (4.186)
dy, : BioH — Q' (Bi,H), b®h> dgb®h+b®dyh.

O

Remark 4.3.21. In the proof of this Theorem an explicit form for the right H—coaction on Q! (Bf,H)
is provided. Since B, H is a right H—comodule algebra with

Apg,m:BicH — BIcH®H, b®hw— b®hi® hy, (4.187)

we define
Apy g+ @ (BioH) — Q' ((BioH) ® H), (4.188)
WRh+b®N> WM ®ha+b®ny®n1+b®1_1 & np. '

This map is differentiable, indeed

1
Apy,

g ody, (b®h) =Ay, (dgb®h+b®duh)
= A}gﬁaH(de ®h) + A}gﬁ(rH(b ® dyh)
=dgb®hy @ ha + b ® (dh)o ® (dgh)y + b ® (dgh)_1 ® (dgh)o
=dgh®h @ ho+b@dyhi ® ha+b® hy @ dghy
=dy, (b®h1) ®ha+ (b®h1) ®dyhs

= dﬂo— o ABﬁo—H(b ® h),

(4.189)

where we exploited left/right colinearity of differential on H. Therefore Q'(Bf,H) is a right
H—covariant first order differential calculus over Bf,H, and the vertical map ver = ver%! is well
defined. O

We generalise Definition [4.3.19|to higher order forms on the crossed product algebra Bfi,H.

Definition 4.3.22 ([20],Definition 3.13). Let (Q*(B), dp) be a differential calculus on B. We say that
it is a o—twisted H—module differential calculus if there exists linear maps - : H ® Q¥ (B) — QK (B),
for all k > 1, such that
h- (b°dgb' A -+ AdgbF) = (hy - b°)(hy - dgb') A -+ A (hier - dgb®),
h-dgb=dg(h-b), (4.190)

dpoo =0,

for all b,b°,--- ,bX € Band h € H.
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Theorem 4.3.23. [[20], Theorem 3.15] Let (Q°*(B),dp) be a o—twisted H—module differential
calculus over B, and let (Q°(H),dy) be a bicovariant differential calculus over H. Let us define

Q" (BfoH) = H Q" (B) & Q'(H), (4.191)
i=0

for alln > 0, and let

(N A(w @) = (-1)"(wA (-2 0)o(-1®n"1)) ® (70 A1),

. (4.192)
dy, (w®n) =dpwen+(-1)'wedyn,

for w € Q(B), n € Q/(H) and ' € QX(B), n° € Q'(H). Then (Q*(B§,H,dy ) Is a right
H~—covariant differential calculus on Bf,H with respect to which the right H—coaction Agy g is
differentiable. O

Proposition 4.3.24. Let Q*(H) be a complete differential calculus and let Q°*(Bf,H) be the
corresponding (complete) crossed product calculus. Differential forms over the base space are the
ones Q*(B) ® 1 = Q°*(B).

Proof. Every differential calculus defined as in Theorem [4.3.23] is complete since the right

H—coaction extends to higher order forms as a morphism Agﬂ q: Q* (B, H) — Q°*(Bii,H) ®

Q°*(H). Let B® y be a coinvariant form in Q®*(Bf,H). We have

Apy 1 (B®Y) =B@Y[1] ® Y2

seye (4.193)

if and only if A*(y) =y ®1. If y € QO(H) = H, than y must be a scalar multiple of the unit.
On the other hand, given a k—form y = h%dh' A --- A dh* on Q°*(H), we have
k k
R ... hY ® h9dhy A -+ A dhE = 0. (4.194)
Applying (e ® id) to the above equation gives
y =hPdnt A - AdRF = 0. (4.195)

O
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