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Abstract

In this thesis, we discuss the Kitaev model, a one-dimensional topological superconductor. In
the non-trivial phase, it shows two Majorana edge states that can be combined, in the ther-
modynamic limit, into a non-local zero-energy Dirac fermion which can be populated without
affecting the energy of the states. In this work, we find the analytical expressions of the Ma-
jorana, edge states for finite chain length and some extension of the model. In particular, we
consider generic boundary conditions and complex-valued parameters. In order to do this, we
extend the Lieb-Schultz-Mattis method to the fully complex case. Then we discuss the splitting
of the degeneracy of the ground state for finite systems and the emergence of the massive edge
states. Finally, we calculate the entanglement entropy of the complex Kitaev model from the
correlation functions by proposing an extension of the standard real method to the complex
case.



Sommario

In questa tesi viene discusso il modello di Kitaev, un superconduttore topologico unidimension-
ale. Nella fase non triviale presenta due Majorana edge states che possono essere combinati,
nel limite termodinamico, in un unico fermione di Dirac a energia nulla che puod essere popo-
lato senza influenzare ’energia degli stati. In questo lavoro, vengono trovate le espressioni
analitiche degli edge states per lunghezza finita della catena e per alcuni estensioni del modello.
In particolare vengono considerati i parametri del modello complessi e le condizioni al contorno
generiche. Per fare questo, il metodo di Lieb-Schultz-Mattis viene esteso al caso complesso.
Inoltre, vengono discussi lo splitting della degenerazione del ground state per sistemi finiti e la
presenza di edge states massivi. Infine, viene calcolata 'entropia di entanglement del modello
di Kitaev complesso dalle funzioni di correlazione proponendo una estensione del metodo reale
standard al caso complesso.
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Introduction

The field of Topological Matter has grown in the last decades into what is arguably one of
the most interesting and stimulating developments in Condensed Matter Physics. New kinds
of quantum states which present "interesting" properties like non-dissipative charge transport,
fractional excitations, non-abelian statistics of quasi-particles, etc. [6, 18] have been discovered.
For a long time, physicists believed that Landau’s symmetry breaking theory described all possi-
ble phases in materials, and all possible phase transitions [40]. However, in the 1980s, it became
clear that Landau symmetry breaking theory did not describe all possible orders. Actually it is
back in the 70’s that D.Koesterlitz and M.Thouless put on a firm theoretical background the
characterization of what now goes under the name of BKT transition. In the following decade,
M.Thouless introduced the notion of the topological order also in the context of the theory of
conductors [23] and D.Haldane in the context of magnetic materials [17] (for their achievements,
Koesterlitz, Thouless and Haldane won the Nobel Prize in 2016). Since then, both theoretical
and experimental progress has been made in this field starting from the Fractional Quantum
Hall (FQH) effect up to the most recent topological insulators and topological superconductors.
The topological order cannot be probed by any linear responses as for the symmetry breaking
order; it can be completely characterized by using only topological -hence global- properties,
such as non-dissipative edge states, geometric phases, topological invariants and non-local order
parameters [38].

Two states are in the same topological phase if they can be adiabatically connected through a
path in the parameter space that doesn’t cross a gapless phase. In addition, this transformation
must be slow (compared to the energy scales of the system) and must preserve the symmetries
of the system [4]. This idea of smooth deformations was brought in the context of condensed
matter physics from mathematics where topology is the study of the properties of a geometric
object which are preserved under continuous deformations, such as stretching and twisting but
not tearing.

One of the most important practical applications of topological phases is quantum computa-
tion. Implementing a quantum computer is arguably one of the most interesting and stimulating
challenges for physics and engineers of our century. One of the main problems in implementing
quantum computers is the decoherence of the quantum systems. Topological quantum com-
putation provides an elegant way to construct decoherence-protected states, as one encodes
quantum information in a non-local fashion that the environment finds difficult to corrupt [2].

This thesis focuses on the Kitaev model [21]|, a one-dimensional topological superconductor
which should act, at least theoretically, as a reliable quantum memory being intrinsically im-



mune to decoherence. It’s the simplest topological superconductor that presents both a trivial
and symmetry protected topological phase. The topological phase is characterized by the pres-
ence of the Majorana edge states, that is quasi-particle excitations localized at the beginning
and at the end of the chain. This model is important because it can be easily solved analytically
in the thermodynamic limit [21].

In this work, we will try to extend these results by finding the finite-size corrections. More-
over, we will consider some extension of the model; we will take into account generic boundary
conditions and we will discuss the more general case where both the hopping amplitude and
superconductive gap are complex parameters.

In fact, in general in quantum many-body systems the superconductive gap arises when the
electron-electron interaction is treated in the mean-field approximation. It is related to the
expectation value of a pair of creation or annihilation operators (the so-called "anomalous
correlators") and it’s generally complex. This phase produces observable effects when two su-
perconductors with different phases are placed close to each other as in the Josephson junction
which is made of two superconducting electrodes separated by a barrier [39].

Furthermore, the complex-valued hopping takes into account interaction with an external field.
Indeed, the action of a magnetic field on the fermions can be treated by considering that they
acquire a phase each time they jump from one site to the neighboring one. This is the Ahronov-
Bohm effect on a discrete lattice.

The diagonalization of the Hamiltonian requires a general method to include generic boundary
conditions. In fact, the Fourier transform is a useful tool only with periodic boundary con-
ditions. We will discuss two different equivalent methods to diagonalize a complex quadratic
Hamiltonian with generic boundary conditions. In particular, we will generalize the method
introduced by Lieb, Schultz and Mattis [26] to the fully complex case.

Once we diagonalize the model, we will find the analytical expressions of the Majorana edge
states and we will discuss their behavior for different values of the model parameters and for
generic boundary conditions.

Moreover, we will analyze the correlation functions to detect the critical point and the topologi-
cal phase in the fully complex case. In fact, we expect, in the topological region, the correlations
between the first and the last sites of the chain to be substantially different from zero because
of the non-local fermion that couples the edges of the chain.

Furthermore, at the critical point, the correlation function should show a power-law decay in-
stead of an exponential one.

Finally, we will calculate the entanglement entropy. Indeed, the quantum phase transitions are
governed by quantum fluctuations at zero temperature [11], and therefore we expect to observe
signatures of criticality on the level of entanglement.

In the real case, the entanglement entropy can be computed from the correlation functions by
exploiting the standard method discussed in [31]. Here we will try to generalize this method to
the full complex case.

The chapters of the thesis are structured as follows:

e In Chapter 1 we review the most important concepts in the field of Topological Matter.
In the first part of the chapter, we discuss the notions of Berry phase and Chern Number.



Then we introduce the concepts of single-particle Hamiltonian, boundary states, topo-
logical invariants, and bulk-edge correspondence via a concrete system: the SSH model.
Moreover, we will provide an overview of the classification problem of topological phases
of matter focusing on the systems of non-interacting fermions. Finally, we discuss the
Kitaev model emphasizing the equivalence with the XY model.

In Chapter 2 we present two methods to diagonalize a complex quadratic fermionic model
with generic boundary conditions that allow us to solve for the energy spectrum and the
eigenstates of the Hamiltonian.

In Chapter 3 we will solve analytically the LSM equations using the perturbation theory.
We will find that the eigenvalue problem admits two possible kinds of solutions: scattering
states, which are plane waves in the bulk, and edge states, whose eigenfunctions are located
at the edges of the chain. Moreover, we will see that, for generic boundary conditions,
the model has a new kind of quasi-particle excitations: the so-called massive edge states.

In Chapter 4 we will take as ansatz for the solutions of the LSM equations a linear
combination of plane waves. Then we will find the Majorana edge states for different values
of the parameters and generic boundary conditions for both the real and the complex cases.
Finally, a numerical analysis of the complex Kitaev model will be performed.

In Chapter 5 we will evaluate the correlation functions of the Kitaev model for finite chain
length and we will study the asymptotic behavior in the thermodynamic limit. Then we
will develop a new approach to calculate the reduced density matrix from the correlation
function in the fully complex case. Finally, we will discuss the structure of the eigenvalues
of the reduced density matrix and the scaling properties of the entanglement entropy.



Chapter 1

Topological phases of matter

Condensed matter physics deals with how the particles, at finite density and low temperatures,
can reorganize in the different phases of matter. The main paradigm being used in this field
is the Ginzburg-Landau theory, based on the mechanism of Spontaneous Simmetry Breaking.
It describes physical systems where the dynamic, specifically the Hamiltonian or the equations
of motions, has some symmetries but, for particular values of the parameters, the equilibrium
state of the model experiences a phase transition to a symmetry-broken ground state. Lan-
dau’s theory of phase transitions relies on a local order parameter that acquires a different
expectation value depending on the particular phase of matter. For a long time, physicists
believed that the Landau Theory described all possible orders and all possible phase transitions
in materials. However, in the past decades, it has become gradually apparent that Landau
symmetry-breaking theory may not describe all possible orders. In fact, new kinds of states
with the same symmetry but different topological order have been found.

Moreover, Topological insulators, i.e. materials with non-trivial symmetry-protected topolog-
ical order that behaves as an insulator in its interior but whose surface contains conducting
states, have been discovered.

In mathematics, topology is concerned with the properties of a geometric object that are pre-
served under continuous deformations. For example, 2D surfaces can be classified by the genus,
i.e. the number of holes it has. This number remains invariant under continuous deformations.
Similarly, in the context of Topological phases of matter, two insulating Hamiltonians are said
to be adiabatically equivalent if there is an adiabatic deformation connecting them with no clo-
sure of the gap that respects the important symmetries of the system (see Section 1.1).

In this chapter we will give an overview of the main concepts of Topological insulators like edge
states, bulk topological invariants and bulk-edge correspondence via two concrete Topological
systems: the Su-Schieffer-Heeger (SSH) model and the Kitaev model. In the first section we
briefly introduce two basic concepts: the Berry phase the Chern number. Then these concepts
will be applied to the simple case of a two-level system. In the second section we review the main
properties of the SSH model and then, after briefly recalling the quantum entanglement-based
view of Topological Phases of Matter, in the third section we mention the classification problem
of Topological Insulators of non-interacting fermions. Finally, the main topic of this thesis, the
Kitaev model, will be introduced and its equivalence with the XY model will be discussed.



1.1 Berry phase and Chern number

Let’s consider a system with Hamiltonian H(R) where R is a vector in the space of parameters
(they can be, for example, the chemical potential, the magnetic field etc...). We are interested
in the adiabatic evolution of the system as the parameters R(t) are varied along a path C in
the parameter space. In general, an Hamiltonian is said to be adiabatically deformed if [4]

1. its parameters are changed slowly (compared to the energy scales of the system) and
continuously;

2. the symmetries of the system are maintained;
3. the gap between the ground state and all the other excited states remains open.

At each point of the path R(¢) it is possible to introduce an orthonormal basis [n(R)) of H(R)
(the snapshot basis) which satisfies [6]

H(R)|n(R)) = En(R)[n(R)) (1.1)

The previous equation determines the eigenkets up to a phase that can be fixed by making
a gauge choice to remove the arbitrariness (the phase can be R-dependent). If the system is
initially prepared in the eigenstate |¢(0))) = |n(R(0))) and the gap around the state remain
finite during throughout the evolution, for the adiabatic theorem [5], it will stay in an instan-
taneous eigenstate [n(R(t))) of the instantaneous Hamiltonian. The system during this process
will acquire a phase |(t)) = e ®|n(R(t))) which, as shown below, contains the dynamical
factor related to the energy of the instantaneous eigenstates and the so-called Berry phase. The
time-dependent Scréedinger equation of the system

HRO)(0) = ih o 1(1) (12
implies that [6]
00 = 5 | BB~ [ (R In(R ) (1.3)

The first term is the standard dynamical phase. The second one comes from the fact that the
eigenkets change with time and is proportional to the Berry phase which is defined as

=i / (R |- (R )t = /C (n(R)|V gln(R))dR (1.4)
:/dR-An(R) (1.5)
c
where
An(R) =i(n(R)|Vg|n(R)) (1.6)

is the Berry connection (or Berry potential). Hence, the time evolution of the state is

(1)) = e o En(RED e (1) (R (1) (1.7)
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Under a gauge transformation |n(R)) — ¢X(®)|n(R)) the Berry connection transforms as
An(R) = A, (R) — VrX(R) (1.8)

In general, the Berry phase cannot be canceled by a smart choice of the phase x(R). Let’s
consider for example a closed path C for which R(0) = R(7T") where T is the time after which
the path has been completed. For such a path [n(R(T))) = |[n(R(0))) and so if a gauge
transformation is performed eX(RO)|n(R(0))) = eXRD)|n(R(T))) = eXB(T)|n(R(0))) and
then x(R(0)) — x(R(T")) = 2wm with m an integer. Therefore, in this situation, the Berry
phase cannot be canceled unless it’s an integer number. The Berry phase can be expressed as
a surface integral thanks to the Stokes theorem

fyn—/cdR-An(R)—/FdS-Fn(R) (1.9)

where F is a surface whose boundary is C and if we consider a 3D parameter space
F,(R)=Vgr x A,(R) =i(Vrn(R)| x |[Vrn(R)) (1.10)

is the Berry curvature. In the three dimensional space the Berry connection and the Berry
curvature can be thought of as the vector potential and the magnetic field of the electromagnetic
theory, respectively. As Berry himself showed [7], it’s possible to obtain a manifestly gauge
independent expression for the Berry phase that shifts the derivative from the states (which
gives problems when the numerical diagonalization of the Hamiltonian is performed) to the
Hamiltonian. Starting from the completeness relation ) |n(R))(n(R)| = 1 which holds at
every point of the path R and taking into account that

(mR)|VrH (R)|n(R))

(m(R)| Ve H(R)n(R)) = m#n (L.11)

we obtain that [6]

Y (n(R)|VRH(R)m(R)) x (m(R)|VrH(R)[n(R))

FnlR) = (Em(R) — En(R))?

(1.12)

n#Em

Remembering the definition of the Berry curvature (1.10), the previous formula shows that the
Berry curvature can be thought as the result of the interaction of the level |n(R)) with the other
levels |m(R)) # |n(R)) which have been projected out by the adiabatic transformation. The
limitation of the formula (1.10) is that it only works if the parameter space is three-dimensional.
Nevertheless, no condition has been imposed on the dimensionality of the parameter space when
the Berry connection has been defined. A more dimension-agnostic definition is possible by
means of differential forms, as discussed in [5]. However this description is out if the scope of
this thesis.
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Two level systems

In the following we obtain an expression for the Berry phase and the Berry curvature of a two-
level system. This system represent, for example, a toy model of an insulator or the dynamic
of a spin—% system. The generic form of the Hamiltonian is

H=eR)l2x2 +d(R) -0 (1.13)

where o = (04,0, 0) is Pauli vector and d(R) is a three dimensional vector that depends on
the parameters R. The system has two eigenstates |+ R) and | — R) with energies E; and E_,
respectively. The energies of the two levels of the system are Fy = ¢(R) =+ |d|. Then the Berry
curvature for the upper level reads

(+R|VRH(R)| - R) x (-R|VRH(R)| + R)
4R[?

F,(R)=—-Im (1.14)
The term proportional to the identity matrix can be neglected because it only defines the zero
of the energy and doesn’t affect the dynamics of the system.

Without loss of generality let’s assume that the degeneracy point R* (for which E{(R*) =
E_(R¥))isin R* = 0 and that close to this point (the region that will be considered) d(R) = R.
Then the Hamiltonian becomes H = R - o and E; = |R| and E_ = —|R|. Moreover, in this
particular case VR H = o. In order to simplify the calculations, let’s align the z-axis along R.
Then, if we set | + R) =|+) and | — R) = |-)

o|E) =|E)  oulE)=[F)  oylE) = +ilF) (1.15)

Then F,(R) = F14(R) = 0 because (£|o.|F) = 0. The only non-vanishing component is

{(tHlow[ =) (=loy[+) = (Hloy| =) {=lo+[+) 1
F..(R)=—Im 2 =3 (1.16)
where R = |R|. If the z-axis is not aligned with R, the rotational invariance implies that
R
F (R)=—— 1.1

L(R) =~ (117

This is the field generated by a monopole (in R parameter space) of strength —1/2 which is
located at R = 0. The Berry phase is

R 1
C)=— ] dS - — =—=Q(C 1.18
74(0) = = [ a8+ 25 = =50(0) (115)
Here Q(C) is the solid angle that C subtends at the degeneracy point. Therefore, the degeneracy
points act as sources of the Berry curvature. Then the integral of the Berry curvature over a
closed manifold is equal to 27 times the number of the degeneracy points contained inside. In
general, the Berry curvature integrated over a 2-D surface, usually the Brillouin zone (BZ), is

an integer

1
= — dS - F(k 1.19
n=gr | dS-FK) (119)

This integer is called the Chern number. The previous formula relates local properties (Berry
curvature) to local properties (Chern number).
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Figure 1.1: Picture of the SSH model. Every elementary cell consists of two sites A (red circles) and B(blue
circles). The hopping amplitudes are staggered. There is no hopping between sites of the same sublattice.

1.2 Su-Schrieffer-Heeger Model

In this chapter, we introduce the basic concepts of topological insulators. In particular, the
chiral symmetry, the topological invariants, and the bulk-edge correspondence will be discussed
through the analysis of the SSH model first developed by Su, Schrieffer and Heeger [34].

The SSH model is an example of a Topological band insulator that belongs to the symmetry
class BDI [5](see also Section 1.3). It was first introduced as a model of the trans-polyacetylene.
Polyacetylene is the simplest linear conjugated polymer. It consists of weakly coupled chains
of CH units forming a quasi-one-dimensional lattice. Three of the four valence electrons for a
particular carbon atom in the chain are used in bonding with the nearest carbon atoms and
the hydrogen atom. The fourth electron creates a double bond between a pair of carbon atoms.
The alternating single and double bonds (these are o and o plus IT bonds, respectively) will be
considered for simplicity in one dimension. The extra electron, that is responsible for forming
the II bond, will be treated in a tight-binding approximation. The Hamiltonian with OBCs
reads (see Fig. 1.1) [20, 4]

N N-1
H=—(t+0t)> [chepi+he]—(t—0t) > [ch ;e + b (1.20)
=1 m=1

For simplicity, let’s take ¢ > 0 and |§t|] < ¢t. The staggered hopping amplitudes (¢ + dt) and
(t —dt) refer to the single bonds and the double bonds. Here a unit cell with two atoms, labeled
A and B has been defined.

Moreover spinless electrons (even though the real SSH model includes spin) have been consid-
ered. The SSH model has a bulk and a boundary. The bulk is the long central part of the chain;
the boundaries are the two ends, or edges, of the chain. The bulk properties can be studied by

13



assuming periodic boundary conditions. In this case

N
H ==Y "[(t+dt)cly jepi+ (t —dt)cly ;,ep4] +hee (1.21)
=1

with ¢;4 v = ¢;. Let’s define

1 ikj
Coi = —— E ee 1.22
a?] /N k a7k ( )

where a = {A, B} and k = 2wq/N, ¢ =0, ..., N — 1. The Hamiltonian in Fourier space becomes

H=> c Huk)enp = (ch . ch ) H (k) (CA:’“> (1.23)
k

. CBk
where the Block Hamiltonian H (k) can be written as

—(t+dt) — (t — dt) cosk
H(k)=d(k)- o, d(k) = —(t — dt)sink (1.24)
0

The Hamiltonian H (k) is a two-band Hamiltonian (see equation (1.13)). Then the eigenvalues
are

Eo(k) = £|d(k)| = £/2(t2 + 0t2) + 2(t2 — 6t2) cos k (1.25)

In the half-filling situation, where all negative energy eigenstates of the Hamiltonian are occu-

pied, the energy gap A separating the lower filled band from the upper empty band is A = 4/6t|
(0 > 0). Therefore without the staggering, i.e. § = 0, the gap closes and the model behaves
like a conductor (see Fig. 1.2). The polymer polyacetylene, at half-filling, undergoes a Peierls
instability to a dimerized state. The Peierls’ theorem states that if the energy-savings due to
the new band gaps outweighs the elastic energy cost of rearranging the ions, the lattice distor-
tion becomes energetically favorable. A detailed analysis of this process necessitates a model
where the positions of the atoms are also dynamical. Nevertheless, the energy-saving due to
the new band gaps can be understood by analyzing the effects of a slight staggering on the dis-
persion relation. As the gap due to the staggering of the hopping amplitudes opens, the energy
the of occupied states is lowered, while unoccupied states move to higher energies. Thus, the
staggering, if the elastic force between the ions is weak, is energetically favored.

1.2.1 Fully dimerized limit

The SSH model becomes particularly simple in the fully dimerized cases 0t = t and dt = —t
(with open boundary conditions). In these two limits the eigenstates are even and odd linear
combinations of the two sites forming a dimer.

1. 6t = t. The Hamiltonian becomes

N
H=—2t)"[cl ;cpi+hc] (1.26)

=1

14



(a) (b)

0 n 2

k
(e)

Figure 1.2: Dispersion relations of the SSH model (1.25) for different values of the hopping amplitudes: (a)
(t+6t) =1, (t—0t) = 0; (b) (t+6t) =1, (t—95t) = 0.6; (c) (t+0t) =1, (t—6t) = 1; (d) (t+0t) = 0.6, (t—dt) = 1;
(e) (t+9t) =0, (t —dt) = 1. In both cases (a) and (e), the energy eigenvalues don’t depend on the wavenumber
k. The energies are F4 (k) = +1; this is the so-called flatband limit (see Section 1.3.3). In this special cases the
nonuniversal information about the energy band is removed and only the topological information which classifies
the different phases is present.
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Figure 1.3: Fully dimerized limits for the SSH model. The trivial case 6t = ¢ has no intracell hopping and
there is no unpaired mode. The topological case §t = —t has only intercell hopping and as a consequence there
is one isolated site per edge (empty circles) that can host a zero energy excitation.

There is only intra-cell hopping. The eigensates are |i, A) £ |¢, B) with i € 1,..., N. Here
li, A) and |i, B) denote the states of the chain where the electron is on the sublattice site
A and B of the unit cell 4, respectively. They satisfy

H(Ji, A) + |i, B)) = £(—2t)(|i, A) + |i, B)) (1.27)

for i =1,..., N. The system is in the trivial phase with constant energies Ey = £2|¢|.

. 0t = —t. The Hamiltonian is

N-1

H=—2t>"[cl ;. 1cp; +h] (1.28)
=1

In this case each dimer is shared between two neighboring unit cells
H(li,B)£|i+1,A)) =4(=2t)(|i, B) £ ]i + 1, A)) (1.29)

for i =1,...., N — 1. There are two other eigenstates. Indeed, the previous Hamiltonian
doesn’t contain the modes c4 1 and cp v and therefore they can be excited with no cost
of energy. Then there are two more zero energy eigenstates

A, 1) =l ,[0)  |B,N) = y]0) (1.30)

16



which satisfy
H|A1) =0 H|B,N)=0 (1.31)

These states are called edge states because they are localized at the beginning or at the
end of the chain.

From equation (1.25) we see that the gap closes for 6t = 0 at £ = w. Thus, the topological phase
occurs at 0t < 0 while the trivial phase occupies the region ¢ > 0. The edge states survive
in the whole topological phase although they acquire an exponential tail protruding inside the
bulk. These two edge states have non vanishing components only on the sublattice A or B
because of the chiral symmetry (see the following discussion).

1.2.2 Chiral simmetry

A system has the chiral symmetry represented by the unitary and Hemitian operator I" if (see
Section 1.3.2 for a more detailed description)

IT'=r"r=1 {IH}=0 (1.32)

The operator I is required to be local. In the SSH chain this means that for ¢ # ¢’ the chiral op-
erator I' must satisty (i,a|l'|i,b) = 0 for any a,b € {A, B}. Starting from the anticommutation
relation (1.32) one obtains that the spectrum of a chiral symmetric Hamiltonian is symmetric
i.e. for any state |ug) with energy F there is a chiral symmetric partner I'lug) = |u_g) with
energy —F. This property implies that nonzero energy eigenstates have equal support on both
lattices A and B [4]. The only relevant symmetry (which does not alter the topological prop-
erties) of the SSH model is the chiral symmetry [5]. The bulk momentum-space Hamiltonain
H (k) satisfy

o, H(k)=—H(k)o, (1.33)

This is a direct consequence of that d,(k) = 0 for every value of k. Therefore the path of the
endpoint of d(k), as the wavenumber goes through the Brillouin zone, k € [0, 27] , is a closed
path (a circle of radius (t — 0t) centered at (—(t + dt),0)) on the (d,,d,)-plane. The topology
of this loop can be characterized by an integer: the bulk winding number v. This counts the
number of times the loop winds around the origin of the (d, dy)-plane. Fig. 1.4 shows the path
of the endpoint of d(k) for different values of (¢4 dt) and (¢ — 6t). For example, panels (a) and
(b) in Fig. 1.4 show a curve with v = 0; in Fig. 1.4 panels (d) and (e) have v = 1. In Fig.
1.4(c) instead the winding number v is undefined. Therefore in the trivial phase §t > 0, v = 0;
in the topological region 0t < 0, v = 1. Let’s define the unite vector

. d(k)

4 = ] (1.34)

which, substantially, projects the curve of d(k) to the unit circle of the (d,,d,)-plane. Then
the winding number is given by

v L[ (d(k) X dkci(k;)> dk (1.35)



< <
d, dy
(@ (b)
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(e)
Figure 1.4: Paths of the endpoints of d(k) (1.24) in the (d.,dy)-plane as a function of k € [0, 27] for different

values of the hopping amplitudes: (a) (¢t +0t) =1, (¢t — 6t) = 0; (b) (¢t +dt) =1, (t — 6t) = 0.6; (c) (t + ) =1,
(t—46t)=1;(d) (t+6t) =0.6, (t —t) =1; (e) (t+t) =0, (t—4t) =1.

18



Figure 1.5: Three fully dimerized domains. The domain walls host zero energy eigenstates (empty circles) that
can be localized on a single site (as for ¢ = 3) or on a superposition of sites (as the odd superposition of the ends
of the trimer shared between the n = 5 and n = 6 unit cells).

In the SSH model the points for which 6t > 0 or §t < 0 are adiabatically connected because
one can draw a path between them that doesn’t cross the gapless phase 6t = 0. To change
the winding number one needs to pull the path of d(k) through the origin of the (ds, dy)-plane.
This transformation is not adiabatic because it requires the closure of the gap. Therefore the
points connected by an adiabatic transformation have the same winding number. The winding
number v is an example of topological invariant i.e. an integer number that doesn’t change
under adiabatic transformations. Let’s define N4 and Np as the number of the edge modes at
the left end of the chain in the sublattice A and B, respectively. Then, in the trivial region
N4y — Np and v are 0; in the topological region Ny — Np and v are 1. Therefore, remembering
that the bulk winding number was obtained from the bulk Hamiltonian only, the bulk properties
of the model are related to the edge ones. This is an example of the bulk-edge correspondence,
a recurring theme in the theory of topological insulators.

1.2.3 Bound states and domain walls

Edge states can occur also at domain walls between different insulating domains of the same
chain. The domain walls are the boundaries between different insulating regions. Let’s consider
the three fully dimerized domains each characterized by a different value of t (see Fig. 1.5).
There are two types of domain walls which host zero energy excitations: one containing a single
site and one containing a trimer. In fact, in the trimer case, the odd superposition of the two
end sites satisfy

H(|5,B) —16,B)) =0 (1.36)

Out of the fully dimerized limits the edge states penetrate the bulk with an exponentially
decaying tails [4].

1.3 Classification of topological phases of matter

There are several ways to classify the topological phases of matter. In the first part of this
section we discuss the general quantum entanglement-based viewpoint of Topological Phases of
Matter. Then we give an overview of the classification problem of the Topological Insulators and
Superconductors of non-interacting fermions which understanding is now very well established
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and complete. In particular, we review in some detail the "Ten-Fold Way" in the bulk approach
in the translationally invariant case which is the cornerstone of the classification of the non-
interacting fermion systems. However, it must be said that the general classification problem of
the topological phases of matter is still evolving and is currently a very active field of research.
There is an interesting perspective on the classification problem which exploits the existence
of the Quantum Anomalies (well known in the context of Elementary particle physics). In this
approach, the boundary cannot be thought of as a consistent quantum theory in isolation from
the topological quantum state in the bulk. It turns out that the Quantum anomalies persist
even in the interacting regime and therefore they can be used to classify these systems. In many
cases there are significant differences between the interacting and the non-interacting topological
insulators. Nevertheless, it has been found that the fully interacting classification follows closely
the non-interacting template. Recently, progress has been made also in the topological phases
of systems of Bosons [10] where Group Cohomology appears to play an important role in the
classification. Following the same line, for the fully interacting fermion phases, the Group Super
Cohomology [16] has been proposed. However, a full description of the Quantum Anomalies,
the Group Cohomology and the systems of Bosons is out of the scope of this thesis.

As a final remark, it must be stressed that the problem of classification of the topological
phases of matter is not just strictly theoretical. In fact, in the last decades, new distinct types
of Topological Insulators have been discovered thanks to the theoretical predictions made on
the classification scheme of all possible Hamiltonians.

1.3.1 Quantum entanglement-based viewpoint of Topological phases of mat-
ter

Quantum entanglement turns out to provide an important perspective on Topological phases
of matter. There are two types of quantum states: the Short Range Entangled (SRE) states
and the Long Range Entangled (LRE) states. A SRE state is a quantum state |s) that can be
continuously transformed into a final direct product state |s); [27]

|s)r = E[efifggif dgH(g)H5>7 |s)f = ]s1)1 @ [s2)2 @ |s3)3 @ ... (1.37)

where H (9) is a local Hamiltonian on which no symmetry condition are imposed and 7y is
the time ordering acting on the parameter g. A quantum state is a Long Range Entangled
(LRE) state if it’s not a Short Range Entangled (SRE) state. LRE states have an intrinsic bulk
topological order that is they usually show "interesting" properties like ground state degenera-
cies, anyonic excitations which can carry fractional excitations, etc.. Quantum systems can be
grouped in the following two general categories:

1. No symmetry constraints. In this case the system under consideration is not subject
to any symmetry constraint. There is only a single SRE phase because every state can be
continuously transformed into each other.

2. Symmetry Constraints. Now the system is invariant under some symmetry group G.
SRE states are called "standard" SRE states if they arise from spontaneously breaking
of the symmetry of the system. Instead, if the symmetry is not broken, the SRE states
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are called Symmetry Protected Topological (SPT) states. In the latter case, there can
be several distinct phases with the same symmetry. The Topological Insulators of non-
interacting fermions belong to this category. Finally, LRE with symmetry constraints are
called Symmetry Enhanced Topological phases (SET).

In the following, we are interested in the systems of non-interacting fermions which, as explained
above, provide the simplest examples of the SP'T phases. SPT phases have a bulk gap and don’t
exhibit any "interesting" bulk properties. Nevertheless, the boundary is non-trivial i.e. it could
spontaneously break the symmetry, have an intrinsic (boundary) topological order or be gapless.
In particular, the boundary of a non-interacting fermion system is always gapless.

It turns out that all possible Hamiltonians can be classified according to the behavior under
certain "special" symmetries. They are are the time-reversal, the charge-conjugation (particle-
hole) and the chiral symmetry. The time-reversal and the charge-conjugation symmetries are
not ordinary symmetries because they are realized (on the Hilbert space of the first quantized
Hamiltonian) by antiunitary operators instead of unitary operators. There is a maximum of
10 types of Hamiltonians that respond differently to these three symmetries [27]. All these
Hamiltonians can be classified within the "Ten fold way" framework which will be introduced
below.

1.3.2 Role of symmetries

Let’s consider a non-superconducting system. In second quantization it’s described by the
second quantization Hamiltonian [27]

o= Z@;HABJJB =T HY (1.38)

A,B

where zZAﬂL and 1/3 are fermionic creation and destruction operators satisfying the usual anticom-
mutation relations. The indexes A and B denote the lattice site (or a combined index, such as
the lattice site and the spin). The Hamiltonian H = H 4p is a matrix of numbers and is called
first quantized Hamiltonian. The previous analysis can be extended also to superconductors.
All that is necessary is to replace the column vector 1) by the Nambu spinor § = (1[1, (&T)t) In
this situation, the following discussion goes through analogously.

A Hamiltonian is invariant under a group Gp of unitary realized symmetries if there exists a
set of matrix U (one for each element of the group) that commute with the first quantized
Hamiltonian

UHU'=H (1.39)

In the second quantized language this corresponds to the following action of the operator U on
fermion creation and annihilation operators

U™ = Ulpgp Ui = 9LUsa (1.40)
B B

The second quantized Hamiltonian commutes with U

UHU = H (1.41)
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If H has a unitary (on the Hilbert space of the first quantized Hamiltonian) symmetry, we can
block-diagonalize it and then consider the topological properties of each "symmetry-less" block
individually.

In this situation, the vector space spanned by the single-particle eigenstates decomposes into a
direct sum of vector spaces associated with certain irreducible representations A of the group Gy.
Each irreducible representation defines a Bloch Hamiltonian H®. If we consider all possible
Hamiltonian, the set of all bloch Hamiltonians that can be obtained doesn’t depend on the
symmetry group G [27]. In particular, there can be only ten possible set of these matrices.
In quantum mechanics, any symmetry must be realized by a unitary or an antiunitary operator
acting on the Hilbert space. Since the block Hamiltonians H® are completely independent of
any unitary realized symmetries, they can only be classified according to the behavior under
the antiunitary (on the Hilbert space of the first quantized Hamiltonian) symmetries. In order
to classify all possible Hamiltonians, we need to consider only one time-reversal and only one
charge conjugation operation as well as the unitary chiral symmetry [27].

Time-reversal symmetry The action of operator 7 that implements the time-reversal sym-
metry on the fermion Fock space is

ToaT ' = U aps  TONT ' =3 0L (Ur)pa  TiT ' =—i (1.42)
B B
where Ur is the associated unitary operator. The second quantized Hamiltonian is time-reversal
invariant if
THT '=H (1.43)

The time evolution operator U (t) = et g mapped into

TU@)T ! = e TiTHH — o=i=OH _ fr(—y) (1.44)
as desired for time-reversal. The condition (1.43) implies for the first quantized Hamiltonian
THT'=H T=UrK (1.45)

where K is the antiunitary operator that implements complex conjugation, KHK ' = H*.
In fact, being the time-reversal symmetry an antiunitary symmetry, the previous relation must
involve the complex conjugation operation. It is easy to show that the square of the time-reversal
operator T2is a unitary operator with associated matrix 72 = UrUr. Applying time-reversal
twice, any state must return to the same state up to an overall phase factor ¢*®. The last
condition implies that 72 = +1. Therefore, if the Hamiltonian is time-reversal invariant, there
are two ways in which it can respond.

Charge conjugation The second fundamental antiunitary symmetry is the charge conjuga-
tion (particle-hole) symmetry C. The action of the second quantized operator C on the fermion
Fock space is

CpaC™t = Z(UQT)AB@; CPLCTt = p(Us)pa  CiC' =i (1.46)
B

B
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where Ug is the associated unitary matrix. The second quantized Hamiltonian H is charge-
conjugation invariant if and only if

CHC'=H (1.47)
Then the first quantized Hamiltonian satisfies
CHC™'=-H C=UcK (1.48)

Repeating the same steps done for the time-reversal symmetry it follows that C? = 41. Thus,
also in this case, there are two ways in which a charge conjugation invariant Hamiltonian can
respond to the symmetry.

Chiral symmetry The last symmetry that must be considered to fully characterize all the
possible Hamiltonians is the chiral symmetry. The second quantized operator S which imple-
ments chiral symmetry reads

S=7¢C (1.49)
The relations (1.42) and (1.46) imply that action on the fermion Fock space is [27]

SUaST =Y (UM apvl  SOLST =D dpUipa  SiSTH =i (1.50)
B

Here Ug = UrU¢.. The second quantized Hamiltonian H is chiral invariant if

~

SHS'=H (1.51)
The first quantized Hamiltonian satisfies
SHS™ = —-H S§=UpU} (1.52)

Moreover, S? = 1. Thus, a chiral invariant Hamiltonian can respond only in one way to the
chiral symmetry. The chiral symmetry, unlike the previous symmetries, is a unitary operator
acting on the Hilbert space of the first quantized Hamiltonian. From now on, for simplicity,
we will denote the Bloch Hamiltonians H® by H. Tt turns out that there are 10 different
ways in which the first quantized Hamiltonian H can respond to the time-reversal, the charge-
conjugation and the chiral symmetry (see Tab.1.1). In fact, one obtains that the chiral symmetry
is fixed by the behavior of the other two symmetries but for the case where the Hamiltonian
is not invariant under time-reversal nor under particle-hole operations [27]. Each of these 10
possibilities is called symmetry class.

1.3.3 Classification by topology of the bulk in the translationally invariant
case

Let’s consider now a translational invariant system with, as usual, a gap in the excitation
spectrum. In this situation, we can consider the single-particle Hamiltonian H in momentum
space H(k) where k is a d-dimensional vector in the Brillouin zone (a d-dimensional torus).
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In the simplest case of a model with no symmetry conditions (class A) with n filled and m
empty bands, the Bloch Hamiltonian H(k) can be adiabatically deformed into the flatband
Hamiltonian (see Section 1.2)

Q(k) =URAUT(K) A= <16” _?n> U(k) € U(n+m) (1.53)

which assigns +1 to the energy levels above the gap and —1 to those below the gap. By
definition, any topological properties will remain unchanged by such continuous deformations.

—.

Due to the degeneration of the levels, if U(k) is of the form

v = (k)0 UL(F) € U(m), Us(F) € Un) (1.54)
0 Us(k)

then Q(K) = A as in the case where U(k) = 1n4m. Hence U(k) is an element of the coset space

Gmm+n(C) =U(n+m)/[U(m)xU(n)]. Therefore we have established that every ground state

of the simplified Hamiltonian Q(E) is described by a map from the Brillouin zone into space

Gm,m+n(c);

Q : BZ = Gmin(C) (1.55)
k— O(k) (1.56)

Each map describes a ground state. In a similar way we can consider the cases of the other
symmetry classes, which yield a different space for Q(E) [27]. Let’s assume, for simplicity, that
the Brillouin zone is a d-dimensional sphere. The number of topologically different maps Q,
or, equivalently, the number of topologically distinct ground states, is given by the Homotopy
group (for the class A)

Td(Gm,min(C)) (1.57)

Here d is the dimension of the Brillouin zone.

For example 74—2(Gpm m4n(C)) = Z and therefore for every integer there is a different ground
state. The ten classes are divided into complex and real ones.

The charge conjugation and the time-reversal symmetries impose a sort of reality condition on
the Hamiltonian (see equations (1.45) and (1.48) that involve complex conjugation). Therefore
the first two classes, which don’t possess any invariance under either of the two antiunitary
symmetries T or C, are called complez. Instead, the remaining eight classes are called real. The
resulting classification is summarized in Tab. 1.1 which is taken from [5]. The symmetry classes
are labeled with the Cartan’s name.
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cin - - + 7 O Lo Lo Z O O O

Table 1.1: The "Ten fold way". Symmetry classes of non-interacting fermionic first quantized Hamiltonians
based on the works of Schnyder et al. [32] and Kitaev [22]. The symmetry classes are labeled with the Cartan’s
name (first column). The different symmetry classes can be characterized by their different behaviors of the
first quantized Hamiltonian under time-reversal (7'), charge-conjugation (C), and chiral symmetry (S = T'C). If
there is no symmetry the entry @ is found. If the symmetry is present, the sign of the square of the symmetry
is listed. The remaining columns report the Homotopy groups for the dimensions d = 1, ..., 8 of space.

They differ by the sign of the squares of 7:, C and S. The symbols Z and Z5 indicate whether
the space of quantum ground states is partitioned into topological sectors labeled by an integer
or a Zs quantity. The previous analysis focused on the topology of the bulk states in the
presence of translational invariance. The Table of Topological Insulators and Superconductors
can also be obtained by analyzing the boundaries of the system which exhibit "anomalous"
properties. For example, the boundaries of the non-interacting fermionic Topological insulators
always conduct electrical current or heat. Following this approach, the classification problem of
Topological Insulator in d spatial dimensions can be solved by studying the lack of the Anderson
Localization in d = d — 1 spatial dimensions. However, this description is out of the scope of
this thesis.

1.4 The XY chain

Spin models are important because they are the simplest systems in which quantum phase
transitions occur. In this chapter we present the XY chain in a transverse magnetic field
which is the simplest non-trivial model showing a genuinely quantum mechanical behavior.
Moreover, we introduce the Jordan Wigner transformation: a powerful tool, in 1 dimension,
that allows us to map a system of interacting spins onto an equivalent system of interacting
fermions. The idea behind this description is that often, in many-body systems, the best way of
understanding a physical system is to map it onto a mathematically equivalent but physically
different system whose properties are already understood. Furthermore, the model with PBCS
will be diagonalized with the help of a Fourier transform followed by the Bogoliubov rotation
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obtaining a simple system of non-interacting fermions (the quasi-particle description). This
allows us to solve for the energy spectrum and the eigenstates of the original Hamiltonian.

1.4.1 The model

The XY model in a magnetic field consists of N spin 1/2 arranged in a row and having only
nearest neighbor interactions involving only the  and the y components of the spin operators.
The Hamiltonian is [12]

H=JY[(1+7)SESE + (1 —7)SYSY )+ Th Y S; (1.58)

1

where v is the parameter characterizing the degree of anisotropy in the zy-plane.
In the following we will consider only the ferromagnetic case J = —1. The operators S¥, S
S? may be represented by the usual Pauli spin matrices (7 = 1) setting S*™¥* = %JI’W where

¥ = <(1) é) oY = (S _OZ> o (é _01) (1.59)

The commutation relations between the Pauli matrices are
(e =o' {0,067} =269 [o%, 07] = 2ieTFok (1.60)

where €% is the Levi-Cita symbol. For v # 1 the XY model shows his genuinely quantum
mechanical behavior because the different components of .S; appearing in H do not commute
with each other. The effect of the term multiplied by (1 — «) is to oppose the ordering of the
z-components but to favor the ordering of the y-components.
Let’s define

a; =S —iSY  al =S¥ +iSY (1.61)

where a; and aZT are respectively the lowering and the raising operators. These operators partly
resembles fermionic operators in that

{ai,az} =1 a? = (aT)2 =0
and they partly resemble Bose operators in that

la},a;] = [a},al] = [ai,a] =0 i#]

In one dimension the model can be solved by mapping the spins into fermionic operators by
introducing the so-called Jordan-Wigner transformation

i—1 i—1
¢ = eXp[iTFZ a;aj]ai =1](1- 2a;-aj)ai (1.62)
j=1 j=1
i—1 i—1
cl-L = ajexp[—iwz:a;aj] = H(l - 2a;aj)aj (1.63)
j=1 j=1
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The Jordan-Wigner transformation is a highly non-local map which, substantially, associates
a spin up to an empty site and a spin down to an occupied one. The non-local part of this
mapping is called the Jordan-Wigner string and fixes the anticommutation relation between
sites by counting the parity of the overturned spins to the left of the sites on which is applied.
The equations (1.62), (1.62) imply the following fermionic anticommutation relations [26]

{eicly=0;;  {eiejb =0 {c.cl} =0 (1.64)

From the definitions (1.62) and (1.63) it follows that cfe; = ajai so the inverse transformation
is simply

a; = exp| ch -cjle H (1-— 2! icj)e (1.65)

i—1 i—1
aT—ceXmec ;] :H 1—20 1ci)e (1.66)
J=1 Jj=1

In the case of open boundary condition the range of the summation index in the Hamiltonian
(1.58) is 1 <1i < N —1 (except for the magnetic term for which 1 < ¢ < N). On the other hand,
if we consider the periodic boundary conditions then 1 <i < N and S§,, = ST,5% , = S7.
Fori=1,...N—1

aTaiH = CECZ‘_A,_l (1.67a)
al I+1 = CTCIH (1.67b)
so that for the open chain
N-1
1 hIN
H = -3 Z [c;rci_H + c;r_HcZ + ¢, CI_H + CZ_HCZ + ycit16] + hZc G5 (1.68)
i=1 =1

For the cyclic chain there are two more terms

a;rval eZ”mc}LVcl (1.69a)
a}rvaJ{ e”mc}rvci (1.69b)
where 0 = Zj L C ] . The Hamiltonian is
N-1 N
1 hN
H= -5 [cTciH + cgﬂci + ’yc;rcg+1 + yeipi6i] + hz cj»c,- - —
i=1 i=1
IRt Tt
(eycr + clcN +yeye) +yeien) (1.70)
where ™ = Hé\f:l(l — 20;0]-) is the parity operator. The Hamiltonian describes spinless

fermions hopping on a lattice, with superconducting-like interaction which creates/destroys
them in pairs. Although the Hamiltonian doesn’t conserve the number of fermions, since they

27



are created /destroyed in pairs, the parity is conserved. This observation allows to separate the
theory in two disconnected sectors with parity £1, where the plus sign characterizes configu-

rations with an even number of particles and the minus the one with an odd number.

From

the boundary terms in (1.70) it follows that for an even number of particles the anti-periodic
boundary conditions must be imposed; for an odd number of particles instead the periodic

boundary conditions are required. Namely

{cj+N =—¢j for ™ =1  (even particle number)

Ci4N = Cj for ™ = —1 (odd particle number)
With those definitions, the Hamiltonian (1.70) can be written as

N N LN
H = ~3 ;[cjciﬂ + c;rﬂci + ’yc}c;f_H + yeip1c] + h ; c;-rcj -5

where the appropriate boundary conditions must be taken into account.
The next step is to move into Fourier space. Let’s define !

s
ela .
kj
c;i = ey
j E,
vN %

where k = 2mq/N and, taking into account the conditions (1.71),

13 1 .
g==,=,... N —35 for ¢™"

’Lk_]c

A
||M2

=1  (even particle number)
g=0,1,...... N —1 for ¢™ = —1 (o0dd particle number)

The Hamiltonian in Fourier space becomes 2

hN
H= Z —cosk) ckck + 5 sin k(cge_g + ol kcL)] -

In matrix form, we can write
1 h —cosk —vysink c
_ 2 t v k
H= 2 Zk: (Ck C*k) <—7 sink cosk — h) <ch_,€>

The Hamiltonian can be diagonalized through the Bogoliubov transformation

¢k \ _ [ cost sinb Nk
cT_k, ~ \—sinf; cosby nT_k,

(1.71a)
(1.71Db)

(1.72)

(1.73)

(1.74a)
(1.74Db)

(1.76)

(1.77)

(1.78)

'The anticommutation relations in real space {c;, ¢/} = &, imply that in momentum space {cq,cl.} = dq.%

[12].
>The following relation has been used

1 s
Nzez(k k') :5kk;’
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Then

Nk = cos Ogcp, — sin chT_k 77T_k = sin ¢y, + cos chT_k (1.79)
The Bogoliubov angle 6y, is defined by
1 ~vsin k
_1 1.
O 5 arctan (h oS k) (1.80)

In terms of the Bogoliubov quasi-particles the Hamiltonian describes free fermions

1

H =[x — 3)] (1.81)
k

where

A = \/(h —cosk)? ++2sin’k (1.82)

Since the spectrum is always positive one obtains that the previous rotation is correct only if
h —cosk > 0;if h —cosk < 0 then n; and 77;2 must be exchanged.

Even particle number

The ground state of the model in this sector is defined by

97q 1 1
GS): =0 k=—,qg==,....N — = 1.83
nk‘ >+ N , q 27 ) 2 ( )
and is empty of quasi-particles. Instead the vacuum state is defined by
l0) =0 vk (1.84)
Imposing (1.83) one obtains [12]| the ground state in terms of physical fermions
(N-1)/2] , ;
|GS) 4 = l_IO (cos 9kq+% + sin Hkﬁ%ckq% c’tq,%)‘m (1.85)
q:
where [z] is the integer part of z. The ground state energy is [12]
L V-1
Ef = -3 ZO Akq+% (1.86)
q:

In this sector the Hilbert space is generated by applying the creations operators 77«; in pairs to

the ground state (in this sector the states have an even excitations number).
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0Odd particle number

The state of no quasi-particle excitations is defined as

2
mlGS)_ =0 k:%q,qzo,...,N—l (1.87)
and its energy is
| N1
q=0

This state is not allowed by the conditions of odd excitations. The lowest energy state in this
sector is

GS')— = ¢ [ (cosby, +sinby,cf el )l0) (1.89)
where [z] is the integer part of x.

Partition function

The partition function is

N-1 5 N-1 5
7 — oN—-1 H) cosh |:2Akq+%:| {1 + H tanh |:2Akq+%:|}
q:

q=0
N-1 3 N—1 3
1 oN-1 H cosh [zAkq] {1 — H tanh [2Akq] }

q=0 q=0

(1.90)
In the thermodynamic limit, the free energy per site is
1 1 1 I

= ~3 A}gnoo N InZ = ~3 In2— 2775/0 In cosh [ge(w)] dw (1.91)

where the terms containing the hyperbolic tangent, being bounded, have been neglected in the
thermodynamic limit.

1.5 The Kitaev model

One of the main problems in implementing quantum computers is the decoherence of the quan-
tum systems. Kitaev in his paper [21]| proposed a relatively simple theoretical one-dimensional
quantum system ("quantum wire") which should avoid this problem or, at least, act as a reliable
quantum memory. In general, quantum states are sensitive to two kinds of errors. The first
one is the classical error represented by an operator o7 which flips the j-th qubit changing |0)
to |1) and viceversa. The second one is the phase error o; which changes the sign of all states
with the j-th qubit equal to 1 relative to the states with the j-th qubit equal to 0. Classical
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errors can be avoided by taking as qubit a site that can be either empty or occupied by an
electron (the spin degree of freedom is neglected). In this way, single classical errors become
impossible because the electric charge must be conserved. Even in superconducting systems,
single classical errors can never occur because the fermionic parity (i.e. the electric charge
modulo 2) must be conserved. It’s important to notice that two classical errors can still happen
at two sites simultaneously. This situation can be avoided by providing a medium between dif-
ferent fermionic sites with an energy gap in the excitation spectrum in order to avoid a strong
interaction between them. However, this method does not protect from phase errors which are
described within the context of fermionic chains by the number operator c;cj. The situation can
be improved by employing Majorana fermions which are defined as the real and the imaginary
part of the fermionic operators ¢; 3

¢
2C.
C]

i@ —i L) . @
moj—1 = e’z Cj +et mgj = 1€ 120;{ — 1612Cj (1.92)

The 2N operators moj, mo;—1 are called Majorana fermions because they satisfy the relations
and so they are their own antiparticles. They satisfy
{mi, m]’} = 25@' (1.94)

The last anticommutation relation is substantially different from the standard fermionic ones.
Indeed equation (1.94) implies that m? = mj»z = 1.This means that there is no Pauli exclusion
principle for Majorana fermions. Indeed, acting twice with m; gives us back the same state. In
fact, it is not even possible to speak about the occupancy number of a Majorana mode because

the standard construction miml = 1 is trivial and then counting doesn’t make any sense [25].

Inverting (1.92) one obtains that the number operator becomes c;cj = 2(1 4 2mg;_1my;) and

so the phase error would require interaction between two different Majorana sites which could
be avoided. Therefore, in theory, a Majorana site is immune to any kind of error.
Unfortunately, Majorana fermions are not readily available in solid-state systems. Kitaev [21]
proposed a toy model model which gives rise to Majorana fermions as effective low-energy
degrees of freedom. This phenomenon can occur only if superconductive systems are considered
[21].

The Kitaev model is a topological superconductor that belongs to the symmetry class BDI (see
Section 1.3). However, for the topological properties that we explore below, only the charge
conjugation symmetry is crucial [5].

The Hamiltonian is

1 .

H = Z[_t(cj'cjﬂ + c;ch) — u(c}cj - 5) + Acjcj + A C}L-Hc;r-] (1.95)
J

where ¢ is the real hopping amplitude, j is the chemical potential and A = |A[e? is the complex

induced superconductive gap. The previous Hamiltonian (for A real) coincides with that of the

XY model after the Jordan-Wigner transformation if t = 1/2, A = +/2 and p = —h.

3the phase ¢ is not strictly necessary in the present discussion but has been inserted for compatibility with
the following treatment.
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Figure 1.6: A picture of the two special cases. In the case 1 the model is in the trivial phase. In the case 2
the system is in the topological region and there are two unpaired Majorana fermions at the boundary.

1.5.1 Phases of the Kitaev chain

Inverting (1.92) one finds

e

¢
2

—

. et
(maj1+img;)  cj=—-

Cj = (TTLijl - imQj) (196)

2

Then, the Hamiltonian (1.95) in terms of Majorana fermions reads

H=g > [-umajimaj + (|A] + tymajmajs1 + (A = t)maj—1ma;is] (1.97)
J

where only the imaginary terms appear because the Hamiltonian must be Hermitian. In order

to fully characterize the phases of the model let’s consider the two special cases by imposing

also OBCs:

1. [A]=t=0,u<0. Then H=—p Zj-vzl(c}cj —3) = —%‘ évzl maj—1ma;. The Majorana
operators maj_1, ma;j from the same site j are paired together to form a ground state with
zero occupation number, as shown in Fig. 1.6, Case 1. Therefore in this case the system

is in the trivial phase.
2. |Al =t >0 and p = 0. The Hamiltonian becomes

N-1

H =1t Z m2;5Mm2j41 (198)
J=1
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The Majorana operators mg;maj1 from different sites are paired together, as shown in
Fig. 1.6, Case 2. The operators mi,my don’t appear in the Hamiltonian so they can
be collected in a non-local Dirac fermion ¢y = %(ml + imgn) which can be populated
without affecting the energy of the state. These Majorana fermions are called edge states
because they’re localized at the beginning or at the end of the chain. Thus, in this case,
the edge state is also a zero mode. If one defines the operators ¢; = 5(m2J +imaj41) and

;= %(mgj — imgj+1), the Hamiltonian becomes H = 2t EN 1(6T ¢j — f) There are two
ground states |1);) defined by the condition ¢;|¢;) = 0 for j = 1,...N — 1 with opposite
parity (see the following discussion).

Parity operator In general, the parity operator measures if the number of occupied
states, in this case the number of spinless fermions, is even or odd. It is usually defined
as

P= H(l —2clej) = H(—imQj,lmQj) (1.99)

where the multiplication is over all the sites of the chain. Given the fact that the only
eigenvalues of c;cj are 0 (empty j-th state) and 1 (occupied j-th state) then the parity
operator can only take the following values:

1 even number of fermions
P= v . (1.100)
0 odd number of fermions
In the previous case the parity operator can be written as
N-— N-—
H 1 — 26 Cj H ’imQj_lmQj) (—imlmgN) (1.101)

The first ground state |1)) can be defined as the one with no ¢; particles where j = 0, ..., N;
the second one host instead a zero-energy fermion [i1) = 5:5|’l/)0>. From (1.101)

{Prw = |4o)

. (1.102)
Plr) = (1 = 26yco) Y1) = —[t1)

Then |1p) has even fermionic parity while 1) has an odd parity. The degeneracy of the
ground state is a sign of the presence of edge modes and of a topological phase. Therefore,
for this particular values of the parameters, the system is in the topological region.

The bulk spectrum can be obtained by imposing PBCs and performing a Fourier transform
followed by a Bogoliubov transformation in a similar way of what done in the previous section.
The energy eigenvalues are:

Ay = :I:\/(2tcosk + )2 + 4|A|2sin? k —7<k<mw (1.103)
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Then, the gap closes for 2|t| = |u| at K = £7. Thus, we expect that the topological phase occurs
at 2|t| < |u| while the trivial phase occupies the domain 2[t| > |u| (JA] # 0). To verify the
conjecture one has to find the boundary modes. The edge states survive in the whole ordered
phase, although the other terms of the Hamiltonian hybridize them so that they acquire a tail
protruding inside the chain [21](see the following discussion and chapters 3 and 4). In the
thermodynamic limit the zero-modes read [21]

l_ () ’ . _ 2 _ A42 2
{b Yjehal valalymy kAP A (1.104)

s s :t prm—
b =37 (el + axT Ymy; 2(t+1A))
The coeflicients o/, , o/ take different values for the two phases:

1. If |u| > 2|t|, only one of the coefficients o/, , o’ (or o/, a” ) is non vanishing. This makes
it impossible to satisfy some boundary conditions and then the zero-modes cannot exist

[21].

2. If |u| < 2Jt| instead the boundary conditions are satisfied and thus the Majorana fermions
exist in the whole topological region. In particular if |u| < 2t (|z4|, |x—| < 1) the Majorana
fermions b’ and b” are localized at the beginning and at the end of the chain, respectively.
On the other hand, if |u| < —2t (x|, |x—| > 1) the positions of b’ and b" are exchanged.

In the following the Majorana modes localized at the beginning and at the end of the chain will
be called 91, and ¥R, respectively. The previous linear combinations of Majorana fermions can
be collected in a zero energy non-local Dirac fermion ¥ by taking ¥ = %. However, the
formulas (1.104) are valid only in the thermodynamic limit and in order to find the analytical
solutions for finite chain length N a different approach must be adopted. For finite systems,
the boundary state energy is not exactly zero and so, in this situation, the degeneracy of the
system is split. In chapter 3 and 4 we will provide explicit solutions also for finite N.
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Chapter 2

Diagonalization of a complex fermionic
quadratic Hamiltonian

In the previous chapter the Kiteav model which, as already discussed, is equivalent to the
XY model after the Jordan-Wigner transformation has been diagonalized only in the case of
real coefficients and periodic boundary conditions. The goal of the next chapters will be to
diagonalize it for complex parameters and a more general class of boundary conditions by
analyzing the behavior of the energy spectrum and of the eigenstates of the Hamiltonian. In
particular, the structure of the boundary states for different values of the model parameters
and for generic boundary conditions will be discussed.

We will consider the following Hamiltonian:

N-1
_ i i i ot ‘
H = Z [—tcjcj+1 — t*cj_ch — JCiCy + chcj+1 + A'cjqic
j=1
+ x(—tc}r\,cl - t*c]icN + Ac}r\,ci + A*eren)] (2.1)

where t = |t|e? is the complex hopping parameter, A = |A|e*® is the complex superconductive
gap.

The second line of eq.(2.1) represents the hopping and the interaction between the first and last
site of the chain, thus incorporating the boundary conditions: we choose the parameter x to
vary in the interval [0, 1] so to interpolate between OBCs for x = 0 and PBCs for « = 1.

The first line of eq.(2.1) is the most general (translational invariant) quadratic BCS-like Hamil-
tonian that we can write by assuming that the fermions may also interact with an external
magnetic potential. In this case, the superconducting gap is complex, while, the action of the
magnetic field on the fermions, can be treated by considering that they acquire a phase each
time they jump from one site to the neighboring one. This is just the Ahranov-Bohm effect in
a discrete lattice.

The superconductive gap A breaks the U(1) global symmetry of the model into the Zy sym-
metry. Thus, the phase in A doesn’t affect the spectrum as we see by performing the global
gauge U(1) transformation ¢; — '/ 2cj on the Hamiltonian. However, as we will see in the
next chapters, the wavefunctions, and in particular the ground state, depend on the phase of
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the superconductive gap.

The goal of this chapter is to extend what was done in the previous chapters for fermions that
interact through a quadratic potential to the complex case and generic boundary conditions. As
seen in the previous chapter, Fourier transform is a useful tool to diagonalize the Hamiltonian
with PBCs: this is so because in this case, plane waves are in the domain of the Hamiltonian
and indeed allow to write down the set of all eigenstates, which yields an orthonormal basis for
the Hilbert space, after a Bogoliubov transformation. For more general BCs, it may happen
that plane waves do not provide the complete set of eigenstates, as it may occur, for example,
when there are bound states or edge states [21].

Starting from the Hamiltonian it is possible to diagonalize a complex quadratic fermionic model
without using the Fourier and the Bogoliubov transformations in at least two different ways
which will be described along with this chapter.

In the first section we will present an algebraic diagonalization method [28] while in the second
one we discuss the complex extension of the Lieb, Schultz and Mattis procedure [26]. These
two methods will allow us to calculate the energy eigenvalues of the system and the profile of
the eigenstate wavefunctions in the real space. They don’t show a manifest dependency on the
chosen BCs of the system and thus they can capture the energy levels that live outside the bulk
band and can be used to investigate possible edge modes.

2.1 Algebraic diagonalization

In this section we discuss an algebraic method for diagonalizing a fermionic quadratic Hamil-
tonian [28| using, for compatibility with the next section of the chapter, the notation adopted
by Lieb, Schultz and Mattis [26]. A generic complex quadratic Hamiltonian can be written as

N
Z c) ch] (c! ch] ciBjicj)] (2.2)

The Hermicity of the Hamiltonian requires that A is a Hermitian matrix, while the anticom-
mutation rules among the ¢;’s require that B is an antisymmetric matrix. Namely
Let’s introduce the Nambu spinor

C1
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where 7' denotes the transpose.
The Hamiltonian can be written in matrix from as

(CT )T ((CTC)T> + %Z Aji (2.5)

where we have introduced the Hermitian matrix

T= (_j; j) (26)

The last additive constant in (2.5) is due to the fermionic commutation relation {CI, cj} = 0ij.
The matrix T, being Hermitian, has real eigenvalues and can be diagonalized by a unitary
matrix U such that UT = U~ L.

The spectrum of T is symmetric, i.e. for any eigenstate with eigenvalue A\ there is another
eigenstate with eigenvalue —A\.

Therefore the diagonalized Hamiltonian has the following structure

H :% (n* #")D <(7]?)T> + % ZAu =

H=

N |

1
=D N+ 5O Ai = DA Ap>0  k=1,...N 2.7)
k 7 k
where .
gt hi
Aq . :
—».T EIT
D=U"'TU = Angl : U= gigp gfsz (2.8)
" Aa HE
W gnt
and

((n?)T> =u ((cTC)T> (2.9)

The N-dimensional vectors g, Ek have in general complex coefficients and are defined up to a
phase that doesn’t change the product 77;:7714-
We recall that the matrix U is built by putting the eigenvectors of T in column. Thus, the

eigenvalue equation gives

AG + Bhji = Mgy (2.10)
—B*gr — A*h} = Ayhl '
or .
A* Gy + B*hy, = Ag gy (2.11)
—Ahy, — Bgi, = Aphy, .
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These equations represent the generalization of the so-called Lieb-Schultz-Mattis conditions [26]
to the complex case, as we will see in the next section. From the relation U™'U = UTU = 1
the following relations can be derived

Z[sz'gk’z’ + higihwi] = Opwr (2.12)
> lgkilusi + hrigii] = 0 (2.13)

7

Here gp; and hy; denote the i-component of the vectors g and ﬁk, respectively. Likewise, from
UU ! =1, we get

> lgwigh; + hiihai] = i (2.14)
k

> [hiigki + gribig]l =0 (2.15)
k

If the Hamiltonian is real the matrix 7" is symmetric and then it can be diagonalized through an
orthogonal matrix U such that U T = U~1. Moreover the coefficients g, and hj, can be chosen
real because T is real. From the relation U 'U = UTU = 1 we obtain

Z[gkigk'z‘ + hiili] = Okrr (2.16)
Z[gkihk/i + hkigri] =0 (2.17)
and from UUT = 1, we get
Z[Qkigkj + hiihij] = 64 (2.18)
k
Z[hkigkj + grihi;) =0 (2.19)
k

Therefore the coefficients g and Hk, which can be read out from the matrix U, and the energy
eigenvalues can be found numerically by diagonalizing the matrix 7'

2.2 Lieb-Schultz-Mattis method

Lieb, Schultz and Mattis proposed in their paper [26] another method to obtain the equations
(2.11) in the real case. They presented also a procedure for decoupling them by obtaining an
eigenvalue equation from which the eigenvalues can be found. The goal of the next section will
be extending it to complex coefficients.
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2.2.1 Lieb-Schultz-Mattis method in the complex case

Let’s start again from the Hamitonian (2.5). We search for a linear transformation of the form
(2.20)

N

N
M = Z[gkici + hkic;r} Z gmcl + hicil (2.20)
i=1 i=1

which is canonical and which gives for H the form

N

H = Z Akﬁ;tnk + constant (2.21)
k=1

The transformation (2.20) must be canonical to preserve the fermionic commutation relations
{nk, 77;2,} = Ok’ {Mk, My } = 0. This allows us to obtain some constraints on the coefficients gi;
and h]m'

(s = [gkigis + hihi] = Ok (2.22)

and

(M} = > _[grilui + higrei] =0 (2.23)

i

These relations coincide with (2.12) and (2.13). The constant in H can be determined from the
invariance of TrH under the canonical transformation. From (2.5) one has

H]=2N"1%" 4, (2.24)

while, from (2.21), one obtains
Tr[H] = 2V~! Z Ag + 2" - constant (2.25)
k

The constant is thus

1
constant = 2(2; Aji — %:Ak) (2.26)

A less trivial task is to determine the coefficients gx; and hy;. Let’s start from (2.21) and
consider the following commutator !

e, H] = [, Z Akrn};,nkr + constant] = Agng (2.28)
k/

'Tf A, B, C are three operators the following relation holds
[AB,C] ={A,B}C — B{A,C} (2.27)
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Using the definitions (2.20), we find
s H) = [(griAa — haiB) e + (—haiAsi + giiBar) ]
il

=AY _lgric + hicf] (2.29)
1

Therefore the coefficients gg; and hy; must satisfy

Argrr = > (griAa — hei Bjy) (2.30)
Aphiy = > (=hki Ay + griBi)
In vector notation, the previous relation can be written as
A* Gy, + B*hy, = Mg, (231)
—Ahy, — Bgi, = Aphy, '

Here g and Hk denote the N-dimensional vectors with components gi; and hg;, respectively.
In matrix form, if % is fixed, equations (2.31) become

A" B* g\ _ g
(s 20 () =2 () 2
where we have used the shorthands g = g and hy = h.
In particular we have

A* B*h =A
g+ g (2.33)
The last two equations can be decoupled to obtain an eigenvalue equation from which the
spectrum of the Hamiltonian can be found. Taking the sum and the difference of the two

previous equations

A*(g+ h*)+ B*(h+g*) = A(g — h") (2.34)
A*(g—h*)+ B*(h—g*) = A(g + h*)
and defining the new variables
z=g+h" w=g—h" (2.35)
the following equations hold
A*z+ B*z* = A
it v (2.36)
A*w — B*w* = Az
Splitting the real and the imaginary part
A=Ar+iA; B=Br+iB; z=zrp+iz1 w=wpg+iwy (2.37)
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where
AL =Ap AT =_—4A; BY=-Br BY'=-B;

the equations (2.36) can be written as

{(AR — ’iA])(ZR + iZ]) + (BR — iB[)(ZR — iZ[) = A(U)R + Z"LU[)
(AR — iA[)(U)R + iw;) - (BR - iB[)(wR — iw[) = A(ZR + iZ[)

Separating the real and the imaginary part, we obtain

Ar+Br A;r— B;p 2R —A WR
—A[—B[ AR—BR ZT - wr
Ar—Br Ar+Br\ (wr) _ INEL
—Ar+Br Ar+Bg) \wr) = \zr

M:<AR+BR A[—B[>

Defining

—Ar—Br Ar—Brgr
(2.40) and (2.41) become

()= () () =a ()

These relations can be decoupled into the following eigenvalue equations

()@ v -

where
Ar—Br A;r+ By Ar+Br A;— By
=M'M =
W <—A[+B[ AR—I-BR) (—A[—B] AR—BR>
_ (Mu M12)
Mo Maa
with
M1 = (Agr — Br)(Ar + Br) + (A1 + Br)(—Ar — By)
My = (Ar — Br)(Ar — Br) + (Ar + Br)(Ar — Br)
Moy = (—Ar+ Br)(Ar+ Br) + (Ar + Br)(—Ar — By)
Mag = (—Ar + Br)(Ar — Br) + (Ar + Br)(Ar — BRr)

and V= MM, Since the matrix W is symmetric, the block components M;; satisty

Ml =My My =My My = My
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(2.43)

(2.44)
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The real case can be obtained by simply putting A; = By = 0. In this case the coefficients g
and h are real and, using that z; = wy = 0, equations (2.44) in vector notation are reduced to

Wy, = Ao (2.48)
Vi = A (2.49)

where W = (A—B)(A+B),V = (A+B)(A—B), ¢ = §i+hyi, and ¥y, = g, — hy,. These are the
LSM equations first obtained by Lieb, Schultz and Mattis in their article [26]. The eigenvalues
can be found by diagonalizing the matrix W and W in the complex and in the real case,

respectively. In the complex case, the relations between g and h and the LSM eigenfunctions z
and w are (for k fixed)

1 1
g= §(z+w) h= 5(2—10)* (2.50)

In the real case they read (restoring the vector notation)

— 1 - hnd - 1 — -

Ge =5 bn+ k) =5 (0k —¥i) (2.51)
The coefficients gg; and hy; give the profile of the wavefunction in the real space (see equation
(2.20)).
Therefore, once the analytical expressions of the normalized LSM eigenfunctions z and w (or,
in the real case, ¢5 and 1) are known, the coefficients gi and hy can be easily obtained by

simply adding or subtracting them. The next chapters will aim to find the LSM eigenfunctions
z and w (or ¢ and ).
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Chapter 3

Perturbation theory for the analytical
solutions of the LSM equations for the
finite Kitaev chain

In principle, the LSM equations (2.44) can be solved analytically to find the energy spectrum
and the eigenstates of the original Hamiltonian. In this chapter, we discuss the solution of the
real Kitaev model where the matrix to be diagonalized can be decomposed in an unperturbed
symmetric Toeplitz one, whose eigensystem is known, plus a perturbation for which the effects
are evaluated.

Firstly Golub [14] provided a general method to find the eigenvalues and the eigenfunctions of a
perturbed symmetric matrix starting from the knowledge of the eigensystem of the unperturbed
matrix. Subsequently Bunch et al. [8] improved this treatment including the explicit computa-
tion of the updated eigenvectors. In the first part of this chapter we present a slightly different
version compared to the one developed in [8] which can be applied to every symmetric matrix.
In the second part of the chapter, we will apply the general method to the Kitaev chain.

3.1 A general perturbation method

We suppose that V is a N x N real symmetric matrix for which the eigensystem problem is

known. We assume that
V =QDQ" (3.1)

where D € RV*V is diagonal and Q7 = Q~'. In the following discussion we will consider only
the rank-one perturbation case for which the perturbed matrix is defined as

V=V +ouw’ (3.2)

where u and v are two vectors that, unlike what was done in 8], may be different. Here o € R
is the coefficient of the perturbation.
The matrix V' can be rewritten as

V=QD+ow"Q" Qz=u Qu=v (3-3)
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and therefore the problem is reduced to finding the eigenvalues of
C =D +ozw" (3.4)
Using that det(1 4+ zy”) = 1 +y7z, the secular equation can be written as

det(D + ozw’ — dj1) =

det((D — dp1)(1 + (D — di1) " LozwT) =
N

(H(dz —dy)) (1 + O'Z d'wl zi ) =0 (3.5)
i=1 % T Yk

=1

where dj, with k =1, ..., N are the eigenvalues of the matrix C' and z; and w; are respectively
the components of the vector z and w.
Thus, the perturbed eigenvalues dj solve the transcendental equation

(3.6)

The previous equation is valid for every value of the coefficient 0. The perturbed eigenvectors
qr are, by definition, the solution of

Vi — dyg =0 (3.7)
where dj, are the perturbed eigenvalues. The previous equation can be rewritten as
(QDQ" + cuv™) Gy, — dii, = 0 (3.8)

Then
(Dg + ozw)zp =0 (3.9)

where 2, = QT and Dy = D — dj,1. The solution of (3.9) is 8]
z = 0D, 'z (3.10)
where 6 is an arbitrary normalization constant. Therefore the normalized eigenvectors ¢i read

QDk_lz

g (3.11)
1Dy 2]l

gk =
If the rank of the perturbation is greater than one, the more complicated multiple rank pertur-
bation theory must be implemented. Nevertheless, it is still possible to obtain an approximate
formula in order to find the perturbed eigenvalues by decomposing the multiple rank perturba-
tion into a sum of rank-one ones. Let’s define

V=V+> o] (3.12)



where [ is the number of rank-one perturbation terms. Repeating the same steps and taking
into account that det(1 + X) ~ 1 + tr(X) for X < 1, the following approximate formula can
be obtained

l N
1+ o220~ (3.13)

imim di—d
where z;; and w;; denote the i-component of the vectors z; = QTuj and w; = QTUj, respectively.
This expression is valid as long as 0; < 1 for j =1,...,1.
3.2 Application to the Kitaev model

In this section we will apply the previous method to the real case t = A with generic BCs (see
eq.(2.1)). The explicit form of the LSM matrices A and B of the Kitaev model is

- —t —xt 0 A —zA
—t - . -A 0
A= R B= R (3.14)
-o=p =t o0 A
—xt -t —pu A -A 0

where t and A are real parameters.

They are Toeplitz matrices, i.e. matrices in which each descending diagonal from left to right
is constant [15]. From the explicit forms of the matrices W and V in (2.48) and (2.49) it can
be shown that ¢y; and 1y, differ only by the vector index exchange j —+ N — j + 1. Therefore
in the following only the matrix W will be considered. Set V = W where if t = A

a b d
b a
W = R (3.15)
.a b
d b a+c
having set
a = 4t + p?
b=2t
H (3.16)
c=4t?(2? — 1)
d=2xtu
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In general, the previous matrix is not even Toeplitz and therefore difficult to diagonalize. Nev-
ertheless, W can be seen as an unperturbed matrix

a b
b «a

W, = | (3.17)

Q
ISE~

plus three rank-one perturbation terms.

The unperturbed matrix W, = 4t + u? + QtMWu is a standard tridiagonal Toeplitz matrix for
which the eigensystem is known [29]. The solution can be found through an ansatz of the form
bgj = eV + B,

The term proportional to the identity matrix gives only an additive contribution to the eigen-
values Ag of W,.

Then, let’s consider first the Toeplitz matrix

0 1
1 0
W, = R (3.18)

1
1 0

From the eigenvalue equation Wuqbqj = )\g%j we obtain the following system

Pg(j—1) + Sg(jr1) = Ngbqj  J =2, N1
Pg2 = Njdq1 (3.19)
Pa(N—1) = AodgN
The first equation is the bulk condition and the last two are the boundary conditions from
which the relation between the coefficients o and 8 of the eigenvector ¢,; and the allowed ¢ can
be found.
From the bulk relation we obtain that /\2 = 2cosq.

Using the second equation of (3.19), some long but straightforward algebra shows that « = —f.
The last boundary condition in (3.19) fixes the allowed values of q. Namely:

T
N+1

Thus, the real unperturbed normalized eigenfunctions are

[ 2 . T ..
bgi = Niﬂsmq‘y q:N+1z i=1,..,.N (3.21)
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The diagonal contribution gives only an additive constant to the eigenvalues AZ of W, and so

A2 =4t + 1 + dtpcosq g = i i=1,..,N (3.22)

We will now consider two different cases.

1. Let’s take into account the case with x = 0 and pu # 0 so the only perturbation term is
4t2(x? — 1) and the perturbation vectors u and v are v = v = (0,0, --,1). The matrix Q*
can be built by putting the eigenvectors (3.21) of the unperturbed matrix in the rows.

Namely
: s . 2 . Nm
Sin W Sin F e Sin ?
. s : s : s
or =/ 2 [Styyr ST o SN (3.23)
N +1 : : : '
: Nt i 2N . N2r
S1n N+1 S1n NFT cee S1n NE1
Using that
iy Nm
Sin 7Nﬁ1
0 2N
SIN T+
T N+1
z2=Q u= ) (3.24)
- N3¢
S NFT

and applying (3.6), the following transcendental equation for the perturbed eigenvalues
Ai can be derived
N _: 2 Nmi

- 8¢2 sin
F(A2)=1— N+1ZA2_ _N; =0 (3.25)
=1 "4 k

Fig. 3.1-3.4 show the case * = 0 and g # 0. The unperturbed eigenvalues Agi (3.22),
which are located inside the bulk spectrum (1.103), are represented in the graphs by the
vertical asymptotes (they are the poles of eq.(3.25)). The perturbation drags the first
energy level out of the bulk spectrum. Thus, the lowest energy state becomes a zero-
mode.
However, outside the topological phase, the zero-mode, as expected, enters the bulk band
becoming a bulk state.
Using (3.11), if z = 0, u # 0 we obtain the perturbed eigenvectors which can be written
as (up to a normalization constant)

N n iy . Nmi 1
2im1 <51n N+1> (bm N+1> A2 —AZ
T

N : 271 . Nmi 1
- doict <sm N+l> <sm N+1> e
1

Pr =
£ (i 42)” ()|

(3.26)
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Figure 3.1: Graph of the secular equation for N = 10, x = 0 and g = 0.5. The second panel is a zoom of the

lowest eigenvalue.
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Figure 3.3: Graph of the secular equation for N = 10, z = 0 and pu = 2. The second panel is a zoom of the
lowest eigenvalue.
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lowest eigenvalue.
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Figure 3.5: The blue line and the red line represent the unperturbed (3.21) and perturbed eigenfunction (3.27)
of the first energy level for x = 0, 4 = 0.1 and N = 30, respectively. Adding the perturbation, the eigenfunction
becomes peaked at the end of the chain.

where the Agi’s (3.22) are known exactly being the solution of the unperturbed problem.
In general, the zero-mode energy Aio is exactly zero only in the thermodynamic limit.
However, for finite chain length N and OBCs Azo ~ 0 and equation (3.26) reduces to

N : Ly s
D im1 [(Sm Nf-1) <Sm J]\7V+11> %i}
- sz\il [(Sin J\%Tl) (Sm ]]\/errll> é}
Pro ~ : ‘ (3.27)
2
N T
Dt {(sm 1]\\7[+21> Algj

Given that the first components of the vectors are almost zero due to the destructive
interference in the summation, the zero-mode eigenvector ¢y, is peaked at the end of the
chain. The profile of the wavefunction is shown in Fig.(3.5)

2. Let’s consider now the case with x # 0, 4 # 0 where all the three perturbations must be
considered. Using (3.13) the transcendental equation reads

2 Nmi

- 8t2(z2 — 1) sin
2\ N+1
FAg) =1+ N +1 ZA?.

Stxu sin N+1 sin N+1
=0 3.28
N3 Z (3.25)

The case z = 0.3, N = 10 is plotted in Fig. 3.6-3.9 for different values of u. We see
that if © #£ 0, the zero-mode acquires a mass becoming a Dirac mode. A Dirac mode is a
non-local and non-zero energy state located inside the gap whose eigenfunction is localized
at the edges [37]. In the region |u| < 2, the energy of the massive mode increases as p
increase. At the point p = 2 the energy is almost zero. In the region |u| > 2 the Dirac
mode enters the bulk band becoming a bulk state.

However the formula (3.28), unlike the exact formula (3.25), is valid as long as x and p are
not so large that they cannot be treated as a perturbation. In order to find the exact explicit
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Figure 3.6: Graph of the transcendental equation for N = 10, x = 0.3 and ¢ = 0.5. The second panel is a
zoom of the lowest eigenvalue.
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Figure 3.7: Graph of the transcendental equation for N = 10, z = 0.3 and p = 1. The second panel is a zoom
of the lowest eigenvalue.
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Figure 3.8: Graph of the transcendental equation for N = 10, z = 0.3 and p = 2. The second panel is a zoom
of the lowest eigenvalue.
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expressions of the perturbed eigenvalues and eigenvectors, the more complicated multiple-rank
perturbation theory must be implemented [30]. Nevertheless, simpler solutions can be found
by directly diagonalizing the matrix W without using the perturbative approach. This analysis
will be carried out in the following chapter.
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Chapter 4

Ansatz approach to the analytical
solutions of the LSM equations for the
finite Kitaev chain

In the previous chapter, we found the solutions of the LSM equation (2.48) for the finite Kitaev
chain in the simplest cases by implementing the perturbation theory. However, to proceed
further and analyze the other cases, the more complicated multiple-rank perturbation theory
must be implemented [30]. This chapter aims to develop an equivalent approach which consists
in directly diagonalizing the matrix W (real case) or W (complex case) introduced in section
2.2 to find simpler expressions for the eigenvectors and the eigenvalues for all the values of the
model parameters.

4.1 Real case

According to the Lieb-Shultz-Mattis method the real case solutions ggk satisfy the equation (2.48)
where A and B are given by eq.(3.14). Thanks to the translational invariance of the bulk, we
can suggest as ansatz for the solutions the superposition of the plane waves ¢; = e 4 Be=
Here the coefficients a and S generally depend in the wavevector k. The bulk structure, i.e.
the central part, of the matrix W is Toeplitz and fixes the functional form of the eigenvalues.
The first and the last rows fix the coeflicients o and 8 and the allowed values of k.
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Let’s define the bulk matrix Wp as the following pentadiagonal symmetric Toeplitz matrix:

Wp = c a b ¢ (4.1)
b b ¢

Here

a = 2(t? + A?) + p?
c=1t2— A?

This is exactly the bulk structure (for which 3 < 5 < N — 3 where j is the row index) of the
matrix W for every value of the parameters.
The eigenvalue equation yields

A2 (e 4 Be ™Iy =[(t2 — AZ)(e2* + e7 ) 4 2tp(e 4 )
+ 1+ 2(8 + A?)](ae™ + pem™) (4.3)
which correspond to the eigenvalues
A? = (2tcosk + p)? + 4A%sin? k (4.4)

According to the Hermicity of the Hamiltonian the quadratic energy eigenvalues Az must be
real. We split the real and imaginary part of the momentum k = k 4+ in, so that

etk = \etr (4.5)
where A = ¢ > 0. As a consequence we find

A2 =t (A + A% cos? ks — (A= A H2sin? k) + 2tu( X + A Y cosk
12 = A2 (A= A"H2cos? k — (A + A7H2sin? k)
4+ 2i(A = A sinw((t2 — AD(XN+ A7) cos k + put) (4.6)
Then, the Az vanish if at least one of the following three conditions hold:
L. A-2x1H=0

2. sink =0
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3. (2 = A2) A+ A Ycosk+ut =0

The first condition corresponds to scattering states and the last two conditions to the edge

states which, if they have zero energy, are also zero-modes. Let’s examine each of them.

1. The first condition gives . '
A=At o =1k =

Using (4.7), (4.4) becomes
Aj = (2tcosk + p)? + 4A%sin’ K
Maxima and minima, of Ai are the solutions of

o
ok

In the interval [0, 27], we have:

= —4sink[2cos k(t? — A%) + ut] =0

e sink =0 — k = 0,7 In these points the energy is equal to
A2 = (£2t 4 p)?
where the upper sign is valid if kK = 0 and the lower sign if Kk = 7.

® COSk = —2@2“7_%2). The energy is

2A2
A2 = 4N2? — e
¢ (2 — A%)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

Then, because of | cos k| < 1 there are also two other stationary points in the interval

[0, 27 if [pt] < [2(£* — A%)|
2. The second condition of reality gives
k=07 — e* =4 =+

Here the upper sign is valid if K = 0 and the lower sign if Kk = 7.
The corresponding eigenvalues are:

A2 = (2t coshn + p)? — 4A?sinh?p

3. On the other hand, if the third condition is valid

A} = (2t cos (k + in) + p)? + 4A% sin? (k + in)

(4.12)

(4.13)

(4.14)

In this situation & and 1 are not independent. Explicitly, we find (if (2 — A?)cosk # 0)

ut
2(t2 — A?) cos k

coshn = —

In the following subsections, we will examine the solutions in some typical cases.
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4.1.1 Case l: t=A,x#0, u#0

Let’s consider the case t = A. The solutions qgk must be the eigenfunctions of the matrix (3.15).
The eigenvalue equation gives

bn(j—1) + adkj + bdp(i1) = Midu; j=2,---,N—-1 (4.16a)
agr1 + bora + dern = Ajdr (4.16b)
dor1 +bdn—1 + (a + c)pry = ALdrn (4.16¢)

The first equation is the bulk equation and the last two are the boundary equations. We can
now use eq.(4.16b) to fix, up to a normalization factor, the coefficients o and .
Some long but straightforward algebra shows that :

¢rj = sinkj + £(k) cos kj (4.17)
where dsin kN
sin
b = deos kN (4.18)

The boundary equation (4.16¢) gives

d(sink + &(k) cosk) + b(sink(N — 1) + £(k) cos k(N — 1))
+ c(sin kN + £(k) cos kN)
= 2bcos k(sin kN + £(k) cos kN) (4.19)

Solving numerically equation (4.19) it can be shown that there are N — 1 real independent
solutions (the two trivial solutions k& = 0,k = 7 for which the eigenvector is null must be
discarded). The last boundary solution can be determined assuming that & is a complex number.
The eigenvalues (4.4) read

A =4t + p® + dtpcosk (4.20)

The boundary state exists only in the region |u| < |2¢|. From the explicit form of the eigenvalues
(4.20) it can be demonstrated that the edge states drop out form the scattering spectrum only
if Kk = for ut > 0 or k = 0 for ut < 0, where, as usual, x is the real part of the wavenumber
k. In these two cases the boundary states satisfy the condition 2 we have seen in the previous
subsection.

The analytical expression for the edge states can be written in terms of hyperbolic functions.
In particular, they can be obtained by substituting k = 7 +in if ut > 0 or k = in if ut < 0 in
(4.17).

In the trivial case p = 0 the matrix (3.15) is diagonal with N — 1 eigenvalues equal to 4¢> and
one eigenvalue equal to 4% 4 4t%(22 — 1). For = 0 the energy of the edge state is zero; for
x # 0 the mode acquires a mass until it reaches the rest of the bulk band for = = 1.

Solving numerically equation (4.19) it can be shown that the module of the imaginary part of
the complex solution increases when x decreases. Therefore, being the hyperbolic cosine the
derivative of the hyperbolic sine and vice versa, as * — 0 the function ¢g,; becomes more
peaked at the end of the chain.
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(c)z=1

Figure 4.1: Energy levels for N = 50,t = A = 1 as a function of p for different values of . To obtain the
spectrum, we have numerically calculated the eigenvalues of the matrix W in (2.48). The red line shows that
for OBCs, in the topological region, at least in the thermodynamic, the ground state of the model is doubly
degenerate. If x # 0, the degeneracy is lifted.

The spectrum (4.4) can be easily calculated numerically by finding the eigenvalues of the matrix
w.t

Fig. 4.1 shows the energy levels Ax as a function of y for different values of = in the case
t=A=1.
The red line shows the lowest one-particle excitation energy. For OBCs, in the region |u| < 2|t],
at least in thermodynamic limit, there is a zero one-particle excitation energy. Therefore the
ground state of the model is doubly degenerate. In fact, there are two distinct ground states
with opposite fermionic parity (see the discussion in Section 1.5). Nevertheless, for a finite
chain length and out of the fully dimerized limit, this energy turns out to be slightly different
from zero and therefore the ground state degeneracy is removed.
However, if z # 0 the degeneracy is lifted in the whole topological region for every value of N.
Indeed, in this situation, the massless edge state, which is present only if x = 0, acquires a mass
becoming a Dirac mode until it disappears in the bulk band for x = 1.

!The numerical analysis has been implemented via the software Wolfram Mathematica.
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4.1.2 Case2:t=A,x=0,u#0

In this situation the previous equations take a simpler form. From (4.17), setting d = 0, the
eigenvectors become, up to a normalization constant

drj = sinkj (4.21)

and (4.19) can be written as
sinkN = —% sink(N +1) (4.22)

For OBCs the analytical expression of the boundary states are relatively simple.
If ut > 0, setting k = m 4 in, the zero-mode reads

Proj = (—1) sinh7j (4.23)

where 7 is the solution of

sinhnN = 2% sinhn(N + 1) (4.24)

Instead, if ut < 0, then k = in, and the zero-mode can be written as
Gkoj = sinhny (4.25)

where 71 solves

sinhnN = —% sinhn(N + 1) (4.26)

The two hyperbolic sines in (4.24) and (4.26) intersect in only two equivalent and opposite
points (the trivial point & = 0 must be discarded). Inverting (4.20)

A7 — 4% — 2
k = arccos (W) (4.27)
w
The wavenumber of the zero-mode (Azo ~0) is
4t2 2
ko ~ arccos (—ZLZLH) (4.28)

We see that as p — 0 the module of argument of the arccosine increases and the eigenfunction
¢r,j becomes more peaked at the end the chain.
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41.3 Case3: t#A, x#0, u=0
Ift # A,z # 0, = 0 the explicit form of the matrix W is

a+d 0 e f
0 a 0 . f
e 0 a ’
W = oo (4.29)
a 0 e
f . a 0
0 f e 0 a+c
having set
(a = 2% + 2A?
c= (22 - 1)(t+ A)?
d= (22 -1)(t—A)? (4.30)
e=1>—A?
Kf:t2:U—:EA2

The eigenvalue equation gives

ehr(j_2) + adrj + edy(ra) = Mgy =3, N =3 (4.31a)
(a+ d)dr1 + edrs + forv—1) = Aidr (4.31b)
a2 + edpa + forn = Aidra (4.31c¢)
Fér1 + edpn—3) + adpn-1) = A dr(n—1) (4.31d)
féra + edpn—2) + (a+ )dpn = Aidrn (4.31¢)
In this case, we consider the following ansatz for the wavefunctions:
b = el 4 Bem I 4 pei(k+7r)j + geUk+m)] (4.32)

The form of the ansatz is slightly different from the previous one, but it’s still compatible with
the analysis done at the beginning of the chapter.
If N is even, the first set of solutions read

o1 =coskj — (—1) coskj + £(k)(sinkj — (—1)? sin k) (4.33)
where, using (4.31b),

£(k) = —dcosk —ecos3k — fcosk(N — 1) 4+ 2ecos2k cosk
- dsink +esin3k + fsink(N — 1) — 2ecos 2k sin k

(4.34)
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The values of k can be found by replacing the previous ansatz in (4.31d). The second set of
solutions is

¢rj = coskj + (=1)7 cos kj + £(k)(sinkj + (—1)? sin k) (4.35)

where, using (4.31c),
—ecosdk — f cos kN + 2e cos? 2k

k)= 4.
§) esindk + fsin kN — 2e cos 2k sin 2k (4.36)
Then, solving numerically (4.31e) the second set of solutions is completely determined.
If N is odd the general ansatz is more complicated. Namely
o1 =(coskj + (—1)7 cos kj) + d(sinkj + (—1) sin k7)
+ 7(coskj — (—1)7 coskj) + w(sinkj — (—1) sin kj) (4.37)

The coefficients 9§, 7,w and the allowed values of k can be determined by solving numerically
(4.31b), (4.31c), (4.31d) and (4.31e) .
The eigenvalues (4.4) are

A7 = 2t2 + 2A% 4 2(t* — A?) cos 2k (4.38)

Thus, now the edge states drop out form the scattering spectrum only if k = 7/2 for |t| > |A]
or k = 0 for [t| < |A]

Both values of k of the edge states are compatible with the analysis done at the beginning of
the chapter (see the conditions 2 and 3).

Also in this case an analytical expression for the edge states can be written in terms of hyperbolic
functions.

In particular, they can be obtained by substituting k = in if |t| < |A] or k = 7/2+1inif [t| > |A|
in (4.35) for N even and in (4.37) for N odd.

Fig. 4.2 and Fig. 4.3 show the energy levels Ay as a function of p for different values of = in the
casest =1,A=2and ¢t =2,A =1. In the topological region, for OBCs, as in the case t = A,
at least in the thermodynamic, the ground state of the model is doubly degenerate. However,
if © # 0 the degeneracy is lifted.

Now if p = 0 the levels are no longer degenerate at the point 2|A| as in the case t = A.
Nonetheless, the topological transition is still at the point || = 2|t| and the underlying physics
of the model is the same as the case t = A.

414 Case4d: t#A, =0, u=0

For OBCs the expressions of the previous subsection take a simpler form. The first set of
solution is

¢ =coskj — (—1) coskj + £(k)(sinkj — (—1)? sin kj) (4.39)
where, using (4.31Db),

—dcosk — ecos 3k + 2e cos 2k cos k

== 4.4
§(k) dsink + esin 3k — 2e cos 2k sin k (4.40)
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Figure 4.2: Energy levels for N = 50,¢ = 1, A = 2 as a function of y for different values of x. To obtain the
spectrum, we have numerically calculated the eigenvalues of the matrix W in (2.48). The red line shows that

for OBCs, in the topological region, at least in the thermodynamic, the ground state of the model is doubly
degenerate. The degeracy is lifted for x # 0.

66



(c)z=1

Figure 4.3: Energy levels for N = 50,t = 2, A = 1 as a function of y for different values of x. To obtain the
spectrum, we have numerically calculated the eigenvalues of the matrix W in (2.48). The red line shows that
for OBCs, in the topological region, at least in the thermodynamic, the ground state of the model is doubly
degenerate. The degeracy is lifted for x # 0.
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If N is even the values of k can be found by solving eq.(4.31d) which in this case reads

elcos k(N — 3) + &(k) sin k(N — 3)]
= (2ecos2k)[cos k(N — 1) + £(k) sink(N — 1)] (4.41)

If N is odd eq.(4.31e) becomes

elcos k(N —2) + &(k) sin k(N — 2)] + c[cos kN + &(k) sin kN]
= (2e cos 2k)[cos kN + £(k) sinkN]| (4.42)

The two previous equations give only N/2 independent solutions.
The second set of solutions is A
¢rj =sinkj + (—1)? sinkj (4.43)

The allowed values of k£ can be found by solving the following two equations. For NN even,
eq.(4.31e) becomes
esink(N — 2) + c¢sin kN = 2e cos 2k sin kN (4.44)

Instead, if N is odd, eq.(4.31d) reads
esink(N —3) = 2ecos2ksink(N — 1) (4.45)

The last two equations give the remaining N/2 solutions.

For OBCs the analytical expression of the boundary states are relatively simple.
Let’s consider N even.

If |t| < |A|, setting as usual k = in, the functional form of the zero-mode reads

Proj = sinhnj + (—1)7 sinhnj (4.46)
where 7 is the solution of
esinh (N — 2) 4+ ¢sinhnN = 2e cosh 2nsinh nN (4.47)
The solution ¢y, ; in this case never changes the sign.
If |t| > |A]
, 4
Phoj = (—1)2 sinhyj + (1) sinhnj (4.48)
where n solves
esinhn(N — 2) — e¢sinhnN = 2e cosh 2nsinhnN (4.49)

Thus, when [t| > |A| the solution ¢y, ; take both positive and negative values.
Let’s consider now N odd.
If |¢] < |A]
Gkoj = coshnj — (—1)j coshnj + ((n)(sinhnj — (—l)j sinh n7) (4.50)
where

—d coshn — ecosh 31 + 2e cosh 21 cosh n

¢(n) = (4.51)

dsinhn + esinh 3n — 2e cosh 2n sinh n
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Here 7 is the solution of (4.42) with k = in.

If [t| > |A|
Okoj =(—1)"7 sinhnj — (~1)"F sinhn;
+(n)((=1)7 coshmy — (~1) 7 coshny) (4.52)
where dsinhy + e sinh 37 — 2e cosh 27 sinh
—dsinhn + esinh 3n — 2e cosh 27 sinh n
¢(n) = (4.53)
d coshn — e cosh 3n + 2e cosh 2n cosh n
and 7 solves (4.42) with k = /2 + in.
Inverting (4.38)
1 A2 —2(t* + A?)
k = — arccos ( 302 — A7) (4.54)
The momentum of the zero-mode (A%0 ~0) is
1 2 + A2
ko ~ 5 arccos (7521_A2> (4.55)

If [t| — |A| the module of argument increases and the eigenfunction ¢y,; becomes more peaked
at the end of the chain.

4.2 Majorana edge states in the Kitaev model for finite chain
length

For OBCs, in the topological phase, as discussed in section 1.5 for the fully dimerized limit,
there are two Majorana edge states which are localized at the beginning and at the end of the
chain. It is thus possible to define a complex fermion out of them which is an eigenstate of
the Hamiltonian and, at least in the thermodynamic limit, can be populated without affecting
the energy of the state. However, for finite chain length, in general, this non-local fermion has
quasi-zero energy and thus the degeneracy in the spectrum (see Section 1.5) is split. Moreover,
as previously explained, if = # 0, the degeneracy is removed in the whole topological region. In
this section, we will extend the analytical expressions of the Majorana tails for OBCs (1.104),
which hold in the thermodynamic limit, for finite chain length N. Furthermore, we will find
the analytical expression of the Majorana edge states for generic boundary conditions.

4.2.1 Analytical expressions

Now we want to express the mode 7 in terms of the Majorana modes mgoj_1 and mg;. Let’s
start from the following transformation

(mgjfl + ’ingj) CT == (m%,1 - iTHQj) (456)
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Figure 4.4: Profiles of the wavefunction of the two Majorana zero-modes for N = 10, z = 0 and p = 0.

Taking into account that if A — |Ale’® with A = |A| then, up to an overall constant, Jij =

eﬂ%gkj and h%,j = ei%hkj where gi; and hy; are the LSM coefficients of the real problem one
finds that

Nk = Z[gllfjcj + h;;jC;] =
= Z [ (gkj + hij)maj—1 + 2(gkj — hygj)ma;| =
1 .
=3 Z[¢kjm2j—1 + i)y jmay] (4.57)
J

Thus, the boundary state becomes

Mo = 5 (o + i) (4.58)

where to = 3 drojmaj-1, g =D, Yryme; and «, f = {L, R}.

The Majorana modes localized at the beginning and at the end of the chain will be called vy,
and Y g, respectively.

Therefore the normalized exact boundary solutions ¢y,; and 1y,; of the real problem found in
the Sections 3.2 and 4.1 for almost all the values of the model parameters are the analytical
expressions of the exponentially decaying Majorana tails for finite chain length N.

We can now obtain the results of the articles [21, 37] for which A — |A|e’® and therefore the
functions ¢; and vy are exchanged.

In particular, we consider first the case A = ¢ > 0 and pu = 0 for which the matrix W is diagonal
and the zero-mode is given by gf_fko = (1,0,....,0) and ﬁko = (0,0,....,1).

Fig. 4.4 shows the coefficients ¢,; and 1y,;. Therefore using (4.57)

1(m1 + iman) (4.59)

My = 5

which is the same result obtained in chapter 1.5.
Ift = A =1, then 4 = 0 and z_ = —% and the expressions (1.104), which hold in the
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thermodynamic limit, become
f(/)L = Z(aLx{)mQj_l ’le = Z((X’il‘:])m% (460)
J J

The previous formulas coincide with those obtained in [37]

YL = Z (—g)jil ma2j—1 YR = Z (-%)Nﬁj ma; (4.61)

J 7
. -1 N
ol = (-4) 7 o = (-4)"
Thus, up to a normalization constant, we obtain
/ A / p\N=I
Phoj = (_5) Vhoj = (‘5) (4.62)

where the prime symbol indicates that the expressions refer to the thermodynamic limit. Using
the results of section 4.1, if z =0 and p > 0

Oroj = (—D)N I ginhp(N —j+1)  ¢g,; = (—1)? sinhnj (4.63)

The previous two equation are equivalent if

p\N=i ;. .
(—5) ~ (—1) sinh7j (4.64)

Fig. 4.5 shows an example of the normalized eigenfunctions vy,; and 1/;270 j for N = 6 for
which the finite size effects are evident. For N finite they are both localized at the right edge
of the chain where they are quite coincident but they differ slightly in the tail that penetrate
inside the bulk. Writing the hyperbolic sine in exponential form and neglecting the exponential
decaying factor from (4.64) we obtain that

2
n~In— 4.65
p (4.65)

Indeed, doing the same approximations made before, eq.(4.65) is the solution of (4.24). The
last relation is also valid for finite N in the limit n > 1 andso p < 1. If u <0

AL
( 2) sinh 7] (4.66)
and in this case 5
n~In— (4.67)
|l

In the sections 3.2 and 4.1 the analytical expressions of the coefficients ¢; and 1;; have been

derived from an eigenvalue equation so, if ¢5; and v; are chosen real and normalized, they are
defined up to a sign. The exact sign can be determined by finding the coefficients g; and hy;
numerically and then taking the linear combinations ¢x; = gi; + hi; and Yg; = gi; — hij (see
Chapter 2).
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Figure 4.5: Majorana tails ¢}, ; = (—%)Nﬁj (blue) and tx,; = (—1)7 sinhnj (red) fort = A =1,z =0, = 1.5
and N = 6.

We now examine how the edge states change while we change either the chemical potential u
or the boundary parameter x.

Fig. 4.6 represents the coefficients ¢y ; and 1y,; for = 0 and different values of p. As
expected, the Majorana tails, which are localized at the ends of the chains, become less peaked
as |u| — 2[t|. Out of the topological phase instead, there are no more hyperbolic solutions and
so the lowest energy level is no longer a boundary state.

The graph 4.7 represents instead the tail for different values of . As z — 1 the Majorana tails
become less peaked. If x = 1 the matrix W becomes circulant. A circulant matrix is a special
kind of Toeplitz matrix where each row vector is rotated one element to the right relative to
the preceding row vector [15].

In this situation the solutions for the eigenvalues and the eigenvectors are well known [15]. If
x =1and N is even (see Fig. 4.7) the previous eigenfunctions tend to the expressions

—1)i+1
oy = (469)
—1)J+1
Yrj = (\/% (4.69)
Their energy is
A2 = (4t + p? — 4tp) (4.70)

Finally, Fig. 4.8 shows the situation for some examples with ¢ £ A. As expected, the behavior
of the edge states and so the physics underlying the model is the same as the case t = A.

4.3 Complex case

To find analytically the eigenvectors and the eigenvalues of the systems (2.44) for arbitrary
values of the parameters is a quite difficult and involved problem. In the following, only the
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Figure 4.6: Majorana tails ¢i,; (blue) and ¥uw,; (red) for N = 10,2 = 0,t = A = 1 and different values of p.
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Figure 4.7: Majorana tails ¢x,; (blue) and vx,; (red) for N = 10,t = A = 1, 4 = 0.5 and different values of x.
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Figure 4.8: Majorana tails for N = 10,¢ = 1, A = 2 and different values of z and pu.

periodic boundary conditions case and the simplest non-trivial one will be analyzed analytically.
At the end of the chapter instead, a numerical analysis will be performed for a large number of
situations.

Let us recall that, in the complex case, we have to consider the Toeplitz matrices

—u -t —xt* 0 A —zA
—t* —u . -A 0
A= R B= R (4.71)
o—p =t o0 A
—xt —t* —u A -A 0

where t = |t|e??, A = |Ale®.

4.3.1 Bogoliubov transformation with complex operators

In the case of periodic boundary conditions (z = 1), the Hamiltonian can be diagonalized
through the Fourier transform and the Bogoliubov rotation extending the standard procedure
carried out for the XY model (see Section 1.4). In this case, there are no edge states but
the following analysis is very useful because, from the explicit form of the eigenvalues, we can
understand how the complex parameters of the Hamiltonian can affect the phase transition.

74



For PBCs, the complex Kitaev Hamiltonian (2.1) becomes

N
H = Z —tc! 1Ci+1 — }H ,ucch + Ac cl i1t A%cpc] (4.72)
J=1

where
Cj+N = Cj (4.73)

Given that Fourier transforms are defined as

e't ikj e ' —ikj
Ci = —— ee cp = e C; 4.74

with o
k= q=0,..,.N—1 (4.75)
the Hamiltonian can be rewritten as
H= % S U2t cos (k + ) — p)cher + (—21¢] cos (k — 0) — el ey
k
+2|A|e?(sink)clel |, + 2|Ale™ (sin k)e_ger) (4.76)

which can be expressed in matrix form

1 —2|t|cos (k+6) — p 2|Alei® sin k o
_ L t _
H = 2 Zk,: (Ck C_k) ( 2‘A|€—’¢ sin k 2|t|cos (k —0) + Cik (4.77)

The eigenvalues are

= 2|t|sinksin 6 + \/(Q\t\ coskcos @ + )2 + 4| A2 sin? k (4.78)

where k = 2mrq/N,q = 0,...,N — 1. For N — oo the values of k fill continuously the interval
[0,27]. Instead if the previous function is considered in the interval [—m, 7| then the values of
k must be taken as

N N
b @ {q:—]%[,....,Q—l N even (479>

q:_Tlv"‘ﬂb Nodd

As expected, the spectrum doesn’t depend on the phase ¢.

However from equations (2.11), which hold for generic boundary conditions, we can show that
although the eigenvalues don’t depend on the phase ¢ the coefficients gx; and hg; do. If A —
|Ale?® with A = |A| the LSM equations for the new coefficients g}, h}, become

A* 7 B* —i¢h7 = A 7
{ N (4.80)

—AR) — Be'®gl = Aphl,
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and so, up to an overall constant, ¢’ = e~?g and b/ = h.
The Hamiltonian (4.77) can be diagonalized through the Bogoliubov transformation

Ck _ COos Gk €i¢ sin Gk Nk
<CT]€> N <e_i¢ sin 9k COSs ek nik (481)
whose inverse is
e = COs ekck - €i¢> Sin ch-l‘_k; (482&)
TIT_,C — e ¥gip Orcr + cos chT_k (4.82b)

with
(4.83)

1
0;, = — arctan (

2|A|sink
2

p+ 2[t| cos 6 cos k
In this case, unlike the real case, the eigenvaules Ay and —A_; have different values as well

as different signs. In terms of the Bogoliubov quasi-particles the Hamiltonian describes free
fermions

1 1

H = o 3 [Awnfm = Aownoin’ ) = 3 [Aw(nfne = ) (4.54)
k k

Using the relations (4.82a), (4.74) the LSM coeflicients g;; and hy; for periodic boundary
conditions can be written as

e T —ikj
Gkj = Te cos 0y, (4.85a)
N
hy; = —e'— e i gin 6, (4.85b)
VN

Since the spectrum is always positive one obtains that the previous rotation is correct only if
i+ 2[t| cosfcosk < 0.
If i+ 2|t| cos@cosk > 0 then 7 and ?7;2 are exchanged and so the replacement g — h*, h — ¢*
must be performed.
The ground state of the model is defined by

2mq

m|GS) =0 k= 1=0..N~1 (4.86)

Instead the vacuum state is defined by the relations

2
cx]0) =0 k="4 4=0,..,N—1 (4.87)
N
Imposing (4.86) one obtains that the ground state in terms of physical fermions can be written

as
[N/2]

IGS) = H1 (cos O, + ¢ sin b, cf, ¢, )|0) (4.88)
q:
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where [z] is the integer part of z.

If we perform the global gauge U(1) transformation ¢; — e~*c; on the Hamiltonian, the BCS
term Ac}c} 41 acquires an additional phase equal to 2¢.

Thus, as expected, we see that in the ground state to global gauge U(1) symmetry is broken
into the Zo symmetry.

The same analysis can be done using antiperiodic boundary conditions. The results are similar.

4.3.2 Casel: |[t|=|Al=1,2=0,u=0,0#0,6=0

Let’s consider the simplest non-trivial case [t| = |[A] = 1,2 = 0, = 0,0 # 0,¢ = 0 where the
explicit form of the matrices (2.46) is

a+c 0 b
0 a 0
b 0 a
My = o (4.89)
a 0 b
0 a 0
b 0 a+d
having set
a=4
b= —2sin%6
(4.90)
c=—2+42cosf
d=—(2+2cos0)
and
e+f 0 g
0 e 0
h 0 e
Mis = o (4.91)
e O g
0 e 0
h 0 e+ f
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where

e = —4sinf
= 2sinéd
f=2sin (4.92)
g =2sinf(1 + cosb)
h =2sinf(1 — cosf)
The ansatz for the eigenvalue equations (2.44) is the 2N dimensional vector
ZR\ ae*i 4 Be~iki
(z[) = (pez‘kj 4 ge—iki (4.93)
where j =1,..., N.
Owing to the block structure of the matrix W, the first eigenvalue problem in (2.44) splits into
two sets of bulk equations related to the rows j and N + 7, for j = 3,--- , N — 3, and in four
boundary equations for the rows j = 1,2, N + 1, N + 2.
The first set of bulk equations gives
A2(ae™ 4 Be™*I) =(—4sin®  cos 2k + 4) (e + fe=7)
+ (4sin 6 cos 2k — 4sin 0) (pe™* + ge™H)
+ (4i cos B sin @ sin 2k) (pe'td — ge=k7) (4.94)
It is then possible to separate the real and the imaginary part of e?*/, namely
¢*l = coskj + isinkj (4.95)

so, remembering that coskj and sinkj are two linearly independent functions, we can easily
derive two equations from (4.94):

A (o + B) = (—4sin? 0 cos 2k + 4)(a + B) + (4sin 6 cos 2k — 4sin ) (p + o)

+(4i cosOsinfsin 2k)(p — o) (4.96)
A2 (o — B) = (—4sin’ O cos 2k + 4)(a — ) + (4sinf cos 2k — 4sinb)(p — o)
+(4i cosOsinfsin2k)(p + o) (4.97)

The second set of bulk equations gives
A2 (pet™ 4 ge ™) =(4sin O cos 2k — 4sin 0) (ae™ + Be*7)
+ (—4i cos 0 sin 0 sin 2k ) (e — Be~k7)
+ (—4sin? 0 cos 2k + 4) (pe'™T + ge™*7) (4.98)
which, repeating the same steps, are equivalent to:

AZ(p+ o) =(4sin6 cos 2k — 4sin 0) (o + B) + (—4i cos O sin 0 sin 2k) (o — f3)

+ (—4sin? @ cos 2k +4)(p + o) (4.99)
A (p — o) =(4sinf cos 2k — 4sin 0)(a — B) + (—4i cos O sin O sin 2k)(a + 3)
+ (—4sin® O cos 2k + 4)(p — o) (4.100)
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Adding (4.96) to (4.97) and (4.99) to (4.100), we get the following equivalent equations, written
in matrix notation:

—4sin? 0 cos 2k+4 4 sin 6 cos 2k—4 sin 8+41 cos 0 sin 0 sin 2k «
4 sin 0 cos 2k—4 sin §—41 cos 0 sin 0 sin 2k —4sin? 0 cos 2k+4 P
(0%
= A2 ( (4.101)
P

The solutions of the secular equation are

A7 = (2sinksinf + V4 cos? k cos? 0 + 4 sin k)? (4.102)

The previous equation, as expected, coincides with the result (4.78) if |t| = |A| =1, = 0.
Ideed, it can be demonstrated, starting from the eigenvalue equations (2.44) and taking as
ansatz for the eigenvectors a linear combination of plane waves, that the functional form of the
eigenvalues, for generic boundary conditions and values of the model parameters, is exactly the
one in (4.78). However, in general, the values of k can be determined by solving non-simple
transcendental equations.

Since the physics of the model is the same for odd and even N and the eigenvector solution is in
general very complicated, in the following we consider the case N odd for which the eigenvectors
can be written in a simpler form.

There are 5 possible different set of solutions (if 6 # 7/2)

1. For the first case, we can write

SR\ _ ~(sin kj+sin (k+)j)+5(cos kj+cos (k+)7)
<ZI> - ('y(sin k(N+1—j)+sin (k+m)(N+1—j))+6(cos k(N+1—j)+cos (k+m)(N+1—j)) ) (4103)

where the ratio of the two coefficients £ = §/7 is
(a — A2)sin2k + bsin4k + esin k(N — 1) + gsin k(N — 3)

— (-1 4.104
§=( )(a—Ai)cos2k+bcos4k+ecosk(N—1)+gcosk(N—3) ( )
The solutions for k can be found by solving the boundary condition:
Ai(sink(N — 1) + £ cos k(N — 1)) = e(sin 2k + £ cos 2k)
+ h(sin4k + £ cos 4k)
+a(sink(N — 1)+ Ecosk(N — 1))
+ b(sin k(N — 3) + {cos k(N — 3)) (4.105)
2. The second set of solutions is obtained by taking
ZR\ _ ( 7(sin kj+sin (k+7)j)+6(cos kj+cos (k+m)j) ) (4.106)
27 —v(sin k(N+1—j)+sin (k+m)(N+1—35))—8(cos k(N+1—j)+cos (k+m) (N+1—j)) :
We get (£ =6/7)
€= (1) (a — A2)sin2k + bsin4k — esin k(N — 1) — gsin k(N — 3) (4.107)

(a — A2)cos2k + beosdk — ecos k(N — 1) — gcos k(N — 3)
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The k are fixed now by the equation:
—AZ(sink(N — 1) + £cos k(N — 1))

e(sin 2k + £ cos 2k)
+ h(sin4k + £ cos 4k)
—a(sink(N — 1) + {cosk(N — 1))
—b(sink(N — 3) + &cosk(N — 3)) (4.108)

. The third set of solutions is of the form

ZRY _ ( 7(sin kj—sin (k+)5)+6(cos kj—cos (k+)j) ) (4.109)
27 y(sin k(N+1—j)—sin (k+7)(N+1—j3))+6(cos k(L+1—j)—cos (k+m)(N+1—j3)) :

Then we obtain (£ = /%)
(a+c—Af)sink + bsin3k + (e + f) sinkN + gsin k(N — 2)

(1 4.110
&= )(a+c—Ai)cosk+bcos3k+(e+f)coskN+gcosk:(N—2) ( )
The equation for k is
AZ(sin kN + &coskN) = (e + f)(sink + £ cos k)
+ h(sin 3k + £ cos 3k)
+ (a+d)(sinkN + £ coskN)
+ b(sink(N —2) + £ cos k(N — 2)) (4.111)
. The fourth set of solution is
ZRY\ _ ~(sin kj—sin (k+m)j)+8(cos kj—cos (k+)7)
<ZI> - ( —v(sin k(N+1—j)—sin (k+m)(N+1—j5))—6(cos k(N+1—j)—cos (k+m)(N+1—j)) ) (4112)
with (£ =0/7)
€= (1) (a+c—A2)sink + bsin3k — (e + f)sinkN — gsin k(N — 2) (4113)
B (a+c—A2)cosk +bcos3k — (e + f)coskN — gcos k(N — 2) '
The equation for k is
—AZ(sinkN 4 £coskN) = (e + f)(sink + £ cos k)
+ h(sin 3k + £ cos 3k)
— (a+d)(sin kN + £ coskN)
—b(sin k(N —2) + {cosk(N —2)) (4.114)

. There are also two boundary states (in the complex case the spectrum is doubly degener-
ate) of the form

0 *b./g
| @] e
B a
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with zero energy.

The vectors wgr and wy differ from zp and z; only by the vector index exchange j — N —j+ 1.
Then we can find the coefficients g and h through the relations (2.50). However, since the
spectrum is doubly degenerate, the coeflicients of the linear combination of the eigenvectors
belonging to the same eigenspace must be determined numerically.

4.3.3 Numerical analysis of the complex Kitaev model

As previously discussed, the analytical solution of the complex case for arbitrary values of the
parameters is very difficult. Nevertheless, the Hamiltonian can be easily diagonalized numeri-
cally with the methods developed in chapter 2. Let’s consider the Hamiltonian of the complex
Kitaev model for generic boundary conditions (2.1).

The functional form of the eigenvalues is (see the previous section)

Ay = 2|t|sinksin 6 + \/(Z\t\ coskcos @ + )2 + 4| A2 sin? k (4.116)

where, in general, the values of k are determined by solving transcendental equations.

Several comments are now in order.

The energy levels don’t depend on the phase ¢ because it can be removed by the global gauge
transformation c¢; — cjei%. Moreover if A = 0,z = 0 the energy levels don’t depend also on 6
as can be seen by performing the U(1) local gauge transformation ¢; — cje*iaj.

If x # 0 or A # 0 the phase 6 can no longer be removed by a U(1) local gauge transformation.
From (4.116) it is easy to see that the gap closes at the point |u| = |2t cosf| for k =mor k= —7
signaling a phase transition. Indeed for |u| < |2t cos| the model is in the topological phase;
for |u| > |2t cosf)| it is in the trivial phase.

Fig. 4.9 shows the energy levels for open boundary conditions as a function of u for different
values of f. The numerical data confirm that the gap closes at |u] = |2t cosf| and that in the
region |u| < |2t cos 8| a zero-mode is present.

Fig. 4.10 shows instead the energy levels for x = 0.3. As expected, the point of the phase
transition does not change, but the zero-mode acquires a mass becoming a Dirac mode.

Fig. 4.11 represents the case |t| = |A| = 1 for § € [0,2n]. The transition point is |u| =

|2t cos 0| and then when arccos (|pu]/2|t]) < 6 < m — arccos (|u|/2]t|) the edge state goes inside
the bulk band.
Let’s consider the real limits # = 0 and § = 7 where ¢ = || and ¢ = —|t| respectively. In this
situation, the eigenvalues are have the form (4.4). If = 0 the equation that fix &k is (4.22) and
if t » —t then k — k + 7 and therefore the eigenvalues don’t change. Instead, if x # 0 the
equation that must be considered is (4.19). If N is even the same reasoning done above holds.
For N odd instead the levels are slightly shifted but the general structure doesn’t change.
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Figure 4.9: The graphs represent the energy levels as a function of p for N = 50, [t] = |[A]| = 1,6 = 0,2 =0
and different values of 6.
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Figure 4.10: The graphs represent the energy levels as a function of p for N =50, |t| = [A] =1,¢ = 0,2 = 0.3
and different values of 6.
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Figure 4.11: Energy levels as a function of 6 for N = 50, |t| = |A| =1, ¢ = 0 and different values of x and z.
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Chapter 5

Quantum correlations in complex
fermionic systems

5.1 Correlation functions for the complex Kitaev model

Correlation functions are powerful tools useful to understand different thermodynamic aspects
of quantum many-body systems. They measure the order of a system and describe how micro-
scopic variables, such as spin and density, at different positions are related. The Kitaev model
is a short-range model and therefore from the general theory, the two-point correlators in the
gapped phase should have an exponential decay with the distance. Instead, at the critical point,
the model becomes scale-invariant and the correlation functions should have a power-law decay.
In the first part of this section we will analyze the behaviors of the correlators for finite chain,
generic boundary conditions and for different values of the Hamiltonian parameters. In the
second part we will obtain some integral expressions for the correlation functions in the ther-
modynamic limit and we will evaluate their behavior both outside and inside the critical point.

5.1.1 Finite chain behavior of the correlation functions

The two-point standard and anomalous correlation functions are defined as
Cij = (GS|cle;|GS) (5.1)
Fij = (GS|clc|GS) (5.2)

A simple explicit expression of the correlators C;; and F;; in terms of the LSM coefficients gy;
and hg; can be obtained. Inverting equation (2.9) one finds
Iy ) (5.3)

BRIGRE S
c n hi -~ hNy G - gn

QS
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and thus the following relations hold
¢ = Z[szﬂk + i) (5.4)
k
cf = > lgwim} + i (5.5)
k
Thus, the two-point fermionic correlators can be written as

Cij =Y hjihu (5.6)
k

Fij =Y hiigks (5.7)
k

The previous equations are valid for a generic quadratic fermionic Hamiltonian and not only
for the Kitaev model.

Owing to the fermionic anticommutation rules, the matrix C;; is Hermitian and IF;; is antisym-
metric.

Then, using the results of the chapters 3 and 4, we can write the analytical expressions of the
correlation functions of the Kitaev model for finite chain, generic boundary conditions and for
almost all the values of ¢,A and p (at least in the real case).

Fig. 5.1 shows the correlations |C;;| between the sites ¢ = 1 and j = 2,.., N in the real case for
different values of z and pu.

In the topological phase, the correlations between the first and the last sites are different from
zero because there is a non-local fermion i.e. an eigenstate of the Hamiltonian, that couples the
edges of the chain.

Indeed in this phase the coefficients hy,; are peaked at the end of the chain (they can be written
in terms of hyperbolic functions) and they give a high contribution to the summation if i ~ 1
and j ~ N.

In the limit x = 1 the correlations are symmetric around the center of the chain.

Using the explicit expression of the coefficients g; and hy; it can be demonstrated that also the
anomalous correlation function |F;;| follows the same behavior of C;; with the distance.

If t and A are complex parameters C;; and [F;; are generally complex and so in order to observe
the behavior of the correlations between the lattice sites the complex modulus of C;; and [F;;
must be taken.

In this case the point of transition between the topological phase and the trivial phase is shifted
to the value |u| = |2t cos 0| (see Fig. 5.2).

We can obtain some simple analytical expressions for PBCs (x = 1) of C;; and F;; . Using
(4.85) we obtain

Cij = gk 5 e (5.8)
- ik(i—j)
Fij = — Ek g e (5.9)

where, due to the fact that, as previously explained, the spectrum is always defined positive , the
upper sign is valid when g+ 2[t| cosf cos k < 0 and the lower sign when p + 2|t| cos 6 cos k > 0.
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Figure 5.1: Behavior of C;; in the real case for N =40, |t| = |A] =1, § = ¢ = 0 and different values of z and
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5.1.2 Asympotic behaviour of the correlation functions

The asymptotic behavior of the correlation functions can be analyzed analytically by taking the
thermodynamic limit of the periodic boundary expressions (5.8),(5.9) and solving the resulting
integrals for j > i. In the thermodynamic limit where N — oo equations (5.8), (5.9) become

) 2
T dk1F cos (20k) tikgi—g) _ Oij /de Fcos (20k) tin(i—j)
[Tk 1 c0s(200) siny) _ dk T cos (20k) inii 1
Cis /0 2w 2 ¢ 2 * 0o 2m 2 ‘ 510
2w : 2 e
F mic—® / dk sin (201) +ik(i—j) (5.11)
o 27 2

In this limit, obviously, the edge effects are no longer visible. If ¢ = 0 both C;; and IF;; are real.

. . T T — 1 . — tan (29k)
Moreover considering that 6, € [—7, %], cos (20;) Wiero and sin (26y) T G

we obtain that

p+ 2|t| cos @ cos k

cos 20, = sgn (u + 2|t| cos O cos k 5.12
(i + 218 )\/(,u+2|t|cosecosk)2+4|A\2sin2k (5.12)
) 2|Alsink
sin 260y, = sgn (pu + 2|t| cos 6 cos k) (5.13)
V(1 + 2[t| cos O cos k)2 + 4|A2sin? k
Therefore the correlation functions can be written as
dij .
Cij = ?+9(l—]) (5.14)
o [P dE2|A|sink

F;: = je™ haiid —ik(i—j) 1

; =tle /0 2 2R e (5.15)

where

2T dk p+ 2|t| cosOcosk i
i) = or —ik(i—j)
9(i=J) _/0 o 2A(k) ¢

and A(k) = v/(u + 2|t| cos 0 cos k)2 + 4|A[2sin? k. If § # 0 then, unlike the real case, A(k) # A
where Ay are the eigenvalues (4.116) of the complex Kitaev Hamiltonian. The asymptotic
behavior of the previous integrals can be evaluated by considering an integration contour in the
complex plane. Let’s consider the case i < j.

In this situation we follow the path in the upper half-plane shown in Fig. 5.3 in the limit
M — oo for which the contributions of the segments C'| and C”, vanish.

The Cauchy Theorem implies that

i+ 2[t| cos @ cos z
2X(2)

where

G(z) = (5.17)
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Figure 5.3: Integration contour in the complex plane used to evaluate the integrals (5.14) and (5.15). The red
dashed line indicates the branch cut of the function A(z).

and z = k + iy.
If |t| cos O, 1 > 0, the function G(z) has one pole at the point z = w4 i§ where £ is the solution
of

(2|t cos B cosh & — p)? — 4|A|? sinh? € = 0 (5.18)

The presence of this pole leads to a branch cut on the line 7 + iy being the square root a
two-valued function in the complex plane. The cut can be chosen in the following way

i\/—(2|t| cosfcoshy — )2 +4|A2sinh®y  z =71 +iy,y > ¢

Az) = (5.19)

—iy/—(lt]cosBeoshy — p)? + A|APsinh?y  z =7 +iy,y > €

The integrals along the paths Cy and Cy, are zero because the integrating functions are periodic
with period 2. Thus the function g(i — j) = g(R) where R =i — j can be written as
g(R) = *21L+
_ _inR /oo dy (2|t| cos O coshy — p)e Y
g 2m \/—(Q\t\ cos @ coshy — p)2 + 4|A|2sinh? y

(5.20)

If j > ¢ and so |R| > 1 the integration function becomes exponentially small and is significantly
different from zero only in the region near the point y ~ €.

To solve the integral, let’s define the variable k = y —€&. The condition y ~ £ implies that k ~ 0.
In this limit, we can perform the following expansions:

— (2|t| cos @ cosh (€ + k) — u)* + 4|A|*sinh? (€ + k) ~ ak + bk? (5.21)
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where

a =sinh 26(4| A% — 4[t|? cos® 0) + 4|t|p cos O sinh & (5.22)
b = cosh 26(4|A* — 4[t]? cos® 0) + 2|t|p cos O cosh & (5.23)
so that
(2]t| cos O cosh (€ + k) — )
/-~ 2lt] cos O cosh (€ + k) — 1)2 + A2 sinh? (€ + k)
N 2|t| cos @ cosh & — VR <2]t] cosfsinh  b(2¢ cochoshf ,u)) (5.24)
Vak Va 22
Inserting this expansion in (5.20), using that [1]
*® _ ko Tla+1
the leading contribution for large distances of C(R) is
C(R) _dro 1 JiR ,~RE <2|t|cos€cosh£—,u>
2 2vVTR Vva
1 SR~ RE <2|t|cos€sinh§ B b(2[t]cos€cosh§—u)>
4/7R3 va 2a2
2537’0 1 SR~ RE <2|t|cosecosh§ - u) (5.96)
2 2V R Va
Therefore, since /™ = (— 1)R the correlation function C(R) is real.
The correlation length & = Z can be found by inverting equation (5.18).
If |t| cos @ = |A| we obtain
1 Aft[2cos? 0 + p2\]
=2 = h 0.27
$=¢ [ ( 1ljecos (5:27)

Fig. 5.4 shows the correlator C;; for different values of p. From the previous formula we see
that & — 0if =0 or g — oo.
Indeed, if ¢ — oo only the term H ~ —p)_, c ¢; is significant and then the Hamiltonian
becomes local and has zero correlation length.
At the critical point g = 2|t| cos 6, from (5.27), we see that the correlation length &' diverges.
In this case the function g(R) reads

(2[t| cos @ cosh k — p)e™

_ iR / o (5.28)
T \/ (2|t| cos B cosh k — )2 + 4|A|2 sinh? k
In the limit £ < 1, using the following expansion
— (2|t| cos @ cosh k — p)? + 4| A|?sinh? k ~ 4|AP*k? + ck? (5.29)
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Figure 5.4: Plot of the correlation functions |C;;| for |[t| = |A]|=1,0=¢ =0, N=40,i=1and j=5,...,N
for different values of .
The blue dots represent the values computed numerically form (5.14); the red line is the function (5.26).

where
4
c= glA\Q — [t|*cos® 6 (5.30)

we find that
(2]t| cos O cosh k — )
\/—(2]t] cos @ cosh k — )2 + 4|A|2 sinh? k

|t|cos® 5 (|t|cos®  c|t|cosB
~k k — 5.31
oAl 7\ 2] T 16jAP (5:31)

Substituting the previous expansion in (5.28) it follows that the correlation function has the
algebraic decay

Co(R) :(53770 B ‘t‘COS‘gemRi it <\tc059 B c|t|cos0>

2 dx;|A| R2  wR* \ 24|A]  16|AP
Oro |t| cos @ irr 1
2 T amAlf R

(5.32)

where the subscript ¢ points out that the previous expression holds at the critical point.
The same analysis can be done for the anomalous correlator F(R).
Repeating the same steps, one finds

o [ d 2|Alsinh ;
F(R) = —e™* / ny |2[sinhy e Re= Ry (5.33)
3 77\/—(2]t|0089008k—,u)2+4]A\QSinh2y
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Figure 5.5: Plot (a) shows the numerical results of the critical correlation function |C;;| (blue dots) and the
plot of (5.32) (red line) for |t| = |A|=1,0=¢ =0, N =40, p =2,i=1and j =5, ..., N; (b) numerical results
of the critical correlation function |F;;| (blue dots) and the plot of (5.37) (red line) for |t| = |A]|=1,0 = ¢ =0,
N=40,u=2i=1and j=5,..,N.

If £k <1, we have
2|Alsinh (£ + k)
\/—(2|t| cos f cos (€ + k) — p)2 + 4| A|2 sinh? (€ + k)
2|A|sinh & <2]A\ coshé  2b|A| sinhf)
NELLLIN _
Vak Va 202

where a and b are given by the expressions (5.22) and (5.23). Then the anomalous correlation
function takes the form

(5.34)

o€ e 5| Al sinh £ B

F(R) ~ —¢ e_id)eiﬂRe*f?f (2]A| coshé  20|A| sinh§>
arR 4\/ER% va %3
TR, —RE :
O |A|sinh & (5.35)
arR

At the critical point, we can use the expansion

2|A|sinh k ~ 12 <1 _ C) (5.36)

2
\/—(Z\t\ cosf cosh k — 1)2 + 4|A|2sinh? k 6 8lA|
to find R R R
el  eim 1 c L eim
F.(R) ~ —e ™ — e e :
(R)=—e o p —¢ <6 8\A]2> “ R (5:37)

Here the subscript ¢ denote that the previous expression holds at the critical point.
Therefore point the algebraic decay with the distance of the critical anomalous correlation
function F.(R) is slower than that of the critical correlation function C.(R) (see Fig. 5.5).
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5.2 Entanglement entropy

The word entanglement was first introduced by Scréedinger [33] to describe some global states
of compound systems that cannot be written as the product of states of the subsystems. Basi-
cally, the concept of separability fixes the criteria to establish whether a state is entangled or
not [19].

In recent years, entanglement measures have been used to characterize the properties of a
quantum many-body system [24, 3]. The thermodynamic entropy, being an extensive e quan-
tity, obeys a volume law, and one could think that also the entanglement entropy of a local
quantum-many body system has an extensive character. However, for ground states of systems
with short-range interactions one typically finds an area law in gapped regions [11]. This means
that if one selects a region, the scaling of the entropy is linear in the boundary area of the
region.

The emergence of an area law for the entanglement entropy provides support for the intuition
that short ranged interactions require that quantum correlations between a distinguished region
and its exterior are established via its boundary surface.

In this chapter we will analyze the behavior of the critical point with respect to the complex
parameters of the complex Kitaev Hamiltonian trough the study of the entanglement entropy.
Indeed, the quantum phase transitions are governed by quantum fluctuations at zero tempera-
ture [11], and therefore we expect to observe signatures of criticality on the level of entanglement.
In addition, it turns out that the entanglement spectrum is also an indicator of topological order
[35].

In general, the reduced density matrix of a fermionic quadratic model can be obtained in dif-
ferent ways; one of them is via correlation functions as discussed by Peschel and Eisler in [31].
This section aims to extend this method to the complex case where the correlation functions are
not generally real and the standard formulas cannot be applied. At the end of the section, this
general method is applied to the complex Kitaev model. Moreover, we discuss the dependence
of the critical point with respect to the complex Hamiltonian parameters by analyzing the de-
generacy structure of the eigenvalues of the reduced density matrix and the scaling properties
of the entanglement entropy with the subsystem size.

5.2.1 Entanglement entropy for complex operators from correlation func-
tions

Suppose to divide a one-dimensional chain of length N in two subsystems A and B containing
[ and N — [ sites respectively. The density matrix of the total system is defined as

p=|GSYGS] (5.38)

The reduced density matrix pa of the subsystem A can be obtained by tracing out the degrees
of freedom of B from the total p

pa(l) = Trpp (5.39)

The subsystem A is in general in a mixed state defined by pa4.
From the Wick theorem, it can be demonstrated that, for a system of non-interacting electrons,
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the reduced density matrix p4 can be written as an exponential of a free fermionic operator [13]

e He
pPA= —F (5.40)
where l
1
He = Z [C;[DZ']'CJ' + i(CjEijc;[ + h.C.)] (5.41)

ij=1
Here Hp is the entanglement Hamiltonian whose eigenvalues can be determined from the cor-
relation function C;; and [Fy; of the subsystem A (for which 1 <4,j <1).
Indeed, it is possible to derive some equations of these correlation functions in terms of the eigen-
values of the entanglement Hamiltonian which can be therefore calculated explicitly thanks to
the already known values of the correlators (see Chapter 2 and equations (5.6) and (5.7)).
In general, the entanglement Hamiltonian H g is different form the original Hamiltonian H of
the system. Nevertheless, it’s still quadratic in the fermionic operators and therefore it can be
diagonalized through the method introduced in Section 2.1. Namely

<(X>T<)T> =u ((cTc)T> (5.42)

gt hi
=T E'T
vt= |9y N 5.43
Gl o4
B
where now U~! is a 2] x 2[ unitary matrix. In this basis #g takes the diagonal form
l
He = erxhxn (5.44)
k=1
Then we have py = ®pi where
k
o~k XEXk S 15
Pk = Tte < (5.45)
In matrix form we can write
[+ ek) 1 0
Pk = < 0 (14 e k)1 (5.46)
Noting that (14 %)~ + (1 +e~“)~! = 1 one has
Tr {PXZXH] =(1+ eék)*léhk/ (5.47)
Te [y | = (1L %) 716, (5.48)
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Thus, inverting (5.42) the correlation functions can be written as

Cij = Tr[pcle;] = > (1 + e%) gragiy + > (1 + e %) " hjhuy (5.49)
k k

Fij = Trlpelel] = > (1 +e%*) gpihi; + > (1+ e %) " hi,005 (5.50)
k k

Using the relation (1 + e%)™! — (1 + e %)~! = — tanh (%) we obtain

Cy =% 4+ 2 3 [ tan (L] (anaoty — hishes) (551)
k
Fi; = %Z [— tanh (%)} (gkihy; — Mgigks) (5.52)
k

where we used the relations (2.14) and (2.15).
Using (2.12) and (2.13), in matrix notation we have

(C— 1) gy +Fhy = —1 tanh (%) gy (5.53)
(€8 R - o ()

The last system coincides with the LSM complex equations (2.31) if A* = C — % , B* =TF and
AL = —% tanh (%“) Then, repeating the same steps of section 2.2, the equations in (5.53) can

be decoupled. Using (2.44) we obtain

Cr—%5—-Fr —C;—F; CrR—5+Fr —Ci+F; ZR
Cr — Ty CR—%—FFR Cr+TFy (CR—%—]FR 2]

T <sz;> - itanh2 (%’“) CI;) (5.54)

T — CR—%—FR —C;—TFyg CR—%—{—FR —Cr+Fyg
Cr—Ty Cr— % +Fg Cr+F; Cr— 35 —Fr

where
(5.55)

and, as usual, z =g+ h* = zr + iz1.
If C and F are real matrices, taking into account that C; = F; = z; = 0, equation (5.54)
becomes

T = 7 tanh (5)¢k (5.56)

where T = (C— % —F)(C - 1 +F) and &% = G + hi. This is exactly the formula obtained by
Peschel and Eisler in [31]. If & are the eigenvalues of T, the eigenvalues of Hp are

e, = 2arctanh(2+/&x) (5.57)

Therefore from the already known correlation functions, the eigenvalues of the entanglement
Hamiltonian can be easily calculated using (5.57). The von Neumann entropy S,y is defined as

Sun(l) = —Trapalogy pa (5.58)
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Using the additivity of the von Neumann entropy, which holds in the case of a independent

states, we obtain
!

Sun(l) == _ Tupglogs pi (5.59)
k=1
In matrix form we can write
(L +e*)Tlogy (1 +ek)! 0

prlogy pr. = < 0 (14 e=)~1log, (1 4 e—¢)~1 (5.60)

Therefore the von Neumann entropy takes the form

l

Sony = Y [(1+e*)  ogy (14 ¢%*) + (1+ e~ %) ' log, (14 e~*)] (5.61)

k=1

As previously explained, the entanglement entropy generally S, x (1) obeys an area law, meaning
that, for one-dimensional systems, the entropy saturates to a constant [11].

At the critical point instead, for one-dimensional systems with local Hamiltonian and periodic
boundary conditions, the entropy no longer obeys an area law. One finds [9]

Sun(l) = glogQ [];7 sin (%)] ta (5.62)

where c is the central charge of the underlying conformal field theory and a is a nonuniversal
constant.

5.2.2 Entanglement entropy for the complex Kitaev
model

In the following, the previous analysis is applied to the complex Kitaev model. Fig. 5.6 shows
the entanglement entropy as a function of the size [ of the subsystem A for the real case and
different values of u. At the critical point, as expected, the entropy scale as (5.62); out of the
critical point instead, it saturates to a constant.

The eigenvalues of the reduced density matrix p4 and the entanglement entropy don’t depend
on ¢.

In fact, if A — |Ale’® both F and B acquire a phase ¢® and so, since the eigenvalues Ay
of the standard LSM procedure don’t depend on ¢, neither do the entanglement Hamiltonian
eigenvalues.

On the other hand, if 0 is different from zero and x = =£1 the entanglement Hamiltonian
eigenvalues are equal to those of the real case with ¢ — |t|cosf as can be easily seen from
the explicit structure of the ground state (see Chapter 4.3.1 and Fig. 5.7). The graph 5.8
represents the largest four eigenvalues \; of the reduced density matrix p4 as a function of u for
different values of 6 as performed in [36]. The entanglement spectrum is clearly distinguishable
in the two phases, especially since the non-trivial phase has a degeneracy structure as do all
symmetry protected topological phases [35]|. In particular, the degeneracy of the eigenvalues in
the topological phase is even. Indeed, in this case, it can be seen that one eigenvalue of the
entanglement Hamiltonian is zero.
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Conclusion and outlooks

In this thesis we obtained the wavefunctions and the spectrum of the complex Kitaev model
both analytically and numerically. In an attempt to do this, we have discussed two methods to
diagonalize a complex quadratic Hamiltonian for generic boundary conditions. In particular,
we extended the LSM method to the fully complex case to diagonalize the complex Kitaev
model where both the hopping parameter and the superconductive gap are complex. We solved
analytically the LSM equations by exploiting two methods: the perturbative and the ansatz
approach. Within the perturbative approach, we derived some analytical solutions for the real
case where t = A and for both x = 0 and x # 0. However, for z # 0 we obtained only an
approximate formula for the eigenvalues which is valid in the limit where p and x are small
parameters. Within the ansatz approach we found simpler expressions and we solved also the
case t £ A, ;p = 0 and the simpler non-trivial complex one. In this way, we showed that the un-
derlying physics of the model for ¢t # A is the same as the case t = A. In the topological region,
for OBCs, we found that, in the thermodynamic limit, the ground state is doubly degenerate.
As expected, in general, this degeneracy is removed for a finite chain length. However, if z £ 0
this degeneracy is lifted in the whole topological region for each value of N. In the fully complex
case we derived that the transition point is shifted from |u| = 2|t| to |u| = |2t cos §|. Moreover,
the complex phase ¢ of the superconductive gap doesn’t affect the spectrum. However, the
wavefunctions and in particular the ground state depend on ¢.

Then, we have obtained some relative simple analytical hyperbolic expressions of the Majorana
edge states for the real hopping case and we showed that they survive even when z # 0 (x # 1).
These eigenstates become more peaked at the edges of the chain as p,x — 0 and t — A.

In the last part of this work, we calculated the correlation functions both analytically and
numerically for a finite chain and in the thermodynamic limit. As expected, the correlations
between the first and the last sites are substantially different from zero in the topological phase.
Furthermore, the correlation length diverges at the critical point where the correlation functions
have a power-law decay.

The entanglement spectrum confirms our previous results. In particular, we recovered that the
critical point depends on the complex hopping phase and that at the critical point the entropy
no longer obeys an area law. Besides, the topological phase has the expected degenerate struc-
ture.

A possible further study can investigate the role of the complex hopping phase on the Ma-

jorana edge states. In fact, in this case, the LSM coefficients are both complex and the phase
cannot be eliminated by a simple redefinition of the Majorana operators. Thus, the Majorana
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operators, being simply the real and the imaginary part of the Dirac operators, may mix in a
non-trivial way.

Furthermore, it could be interesting to test if, for different domains, as for the SSH model, the
number of the edge states increases with the number of the domain walls where these states
should be localized.

Finally, we could try to understand how our results obtained for a 1-D chain could be extended
to a two-dimensional lattice.
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