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Introduction

This thesis is mainly dedicated to the study of the representations of
semisimple Lie algebras over an algebraically closed field F of characteristic
Zero.

A semisimple Lie algebra is a finite-dimensional Lie algebra L whose
maximal solvable ideal (the radical of L) is zero. It follows that the quotient of
every finite-dimensional Lie algebra with respect to its radical is semisimple.
Any simple Lie algebra is, for example, semisimple.

A semisimple Lie algebra L contains a commutative subalgebra H, called
the Cartan subalgebra of L, such that

L=H&EPLa

where ® C H* and L, is the set of common eigenvectors of all the elements
ady for h € H, with eigenfunction «. The set ®, known as the set of roots
of the Lie algebra L, is a set of roots in the abstract sense [1, pag. 42]. In
particular it is possible to write it as a disjoint union of two subsets: ®* and
®~, called, respectively, the set of positive and negative roots of L.

It turns out that a semisimple Lie algebra decomposes as a direct sum of
simple ideals and that simple finite-dimensional Lie algebras are determined,
up to isomorphisms, by their root systems.

A representation of a Lie algebra L on a vector space V is a Lie algebra
homomorphism of Lie algebras ¢ : L — gl(V'). Equivalently, one can say that
Vis an L-module. An L-module is called irreducible if it does not contain any

proper submodule and it is called completely reducible if it can be written
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as a direct sum of irreducible submodules. The first fundamental result on
the finite-dimensional representations of a semisimple Lie algebra L is due to
Weyl [1, pag. 28] and states the complete reducibility of a finite-dimensional
L-module. Weyl’s Theorem thus reduces the study of finite-dimensional L-
modules to the study of the irreducible ones.

In order to study the representations of a Lie algebra L, one can consider
the so-called universal enveloping algebra $4(L) of L. This is the associative
algebra with unity generated by the elements of L. For example, the universal
enveloping algebra of the Lie algebra sly(F) can be defined by generators and

relations as follows: it is generated by elements x, y, h with defining relations
hx —xh =2x, hy —yh = -2y, xy—yx = h.

Every (irreducible) representation of L is an (irreducible) representation of
(L) and viceversa. Hence the representation theory of associative algebras
comes into play when dealing with the representations of Lie algebras.

A standard cyclic module is a $(L)-module generated by a maximal vec-
tor, ie., a vector v such that z,.v = 0 for every z, € L,, € ® and
howv = A(h)v for every h € H, A € H*. The element X is called the weight
of v. In fact, it turns out that a standard cyclic module V' decomposes as a
direct sum of common eigenspaces with respect to the action of H - weight
spaces - and A is the highest among all weights of V| with respect to a partial
order. If V' is irreducible then its highest weight determines the isomorphism

class of V' completely. Moreover, the following fundamental result holds:

Theorem 0.0.1. Let L be a semisimple Lie algebra and let V' be an ir-
reducible L-module of finite dimension. Then V is isomorphic to an irre-
ducible standard cyclic module of highest weight \ for some dominant weight
A. Viceversa, every irreducible standard cyclic module with dominant highest

weight X is finite-dimensional.

Here by a dominant weight we mean an integral function A € H* such
that A(h;) € Z for every h; in a basis of H. One can show that this definition

does not depend on the choice of the basis.
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In the case of sly(IF), this theorem takes a particularly elementary but

striking form:

Theorem 0.0.2. The Lie algebra sly(IF) has exactly one irreducible repre-
sentation p of each dimension d, up to isomorphism; this representation is
realized in the space of homogeneous polynomials of two symbols X, Y of de-

gree d — 1, and defined by the formulas

0 0 0 0
p(h):Xﬁ_X_YE)_Y’ p(r) = X = =

The thesis is organized as follows: all the preliminary material is col-
lected and explained in Chapter 1, where almost no proof is given. On the
contrary, all the results contained in the rest of the thesis are proved in all de-
tails. Chapter 2 is dedicated to Weyl’s Theorem and its proof. In Chapter 3
we describe the irreducible sly(F)-modules, whose construction is completely
carried out by elementary methods. Chapter 4 contains the definition of the
universal enveloping algebra of a Lie algebra and the description of its struc-
ture. In particular we give a proof of the Poincaré-Birkhoff-Witt Theorem.
Chapter 5 contains the construction of the standard cyclic modules and their
detailed study, together with the proof of Theorem (0.0.1).

In Chapter 6 we show how the representation theory of Lie algebras nat-
urally applies to the study of Lie superalgebras. A Lie superalgebra g is
indeed the datum of a Lie algebra gg (even part) and a gg-module g; (odd
part). The properties of g; as a gg-module reflect on the structure of g, for
example on its simplicity, as shown in Proposition (6.7.1). Besides, we define
a Z-grading on g and show how this grading can be used, via representation
theory, as a tool to study the structure of the Lie superalgebra g. The idea of
describing Lie (super)algebras as Z-graded (super)algebras has proved to be
extremely powerful in the study of both infinite-dimensional Lie algebras and
Lie superalgebras. For example one can prove the simplicity of the infinite
dimensional Lie algebras of vector fields known as Cartan algebras, using

their natural Z-grading (see Section (7.5)). Besides, Kac-Moody algebras,
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i.e., the class of infinite-dimensional Lie algebras closer to the semisimple Lie
algebras, were naturally constructed as Z-graded Lie algebras [5].

In Chapter 7 we discuss some interesting examples and explain some
important constructions of Lie algebra modules. In particular we prove the
simplicity of the Lie algebra of derivations of the algebra of polynomials in
m commuting indeterminates and of the Lie superalgebra of derivations of

the Grassmann algebra.



Introduzione

Questa tesi e dedicata principalmente allo studio delle rappresentazioni
di algebre di lie semisemplici su un campo F algebricamente chiuso di carat-
teristica zero.

Una algebra di Lie semisemplice e una algebra di Lie L di dimensione
finita il cui ideale risolubile massimale (il radicale di L) ¢ zero. Ne segue che
il quoziente di ogni algebra di Lie finito dimensionale rispetto al suo radicale
e semisemplice. Ogni algebra di Lie semplice e, ad esempio, semisemplice.

Una algebra di Lie semisemplice L include una sottoalgebra commutativa

H, chiamata sottoalgebra di Cartan di L, tale che

L=Ho®EP La

acd

dove ® C H* e L, e l'insieme degli autovettori comuni di tutti gli elementi
ady, per h € H, con autofunzione «. L’insieme &, noto come l'insieme delle
radici dell’algebra di Lie L, ¢ un insieme di radici in senso astratto [1, pag.
42]. In particolare & possibile scriverlo come unione disgiunta di due insiemi:
®* e &, chiamati, rispettivamente, I'insieme delle radici positive e negative
di L.

Si ha che una algebra di Lie semisemplice si decompone in somma diretta
di ideali semplici e che le algebre di Lie semplici di dimensione finita sono
determinate, a meno di isomorfismo, dai loro sistemi di radici.

Una rappresentazione di una algebra di Lie L su uno spazio vettoriale V'
¢ un omomorfismo di algebre di Lie ¢ : L — gl(V). Equivalentemente si

dice che V ¢ un L-modulo. Un L-modulo ¢ detto irriducibile se non ammette
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sottomoduli propri ed e chiamato completamente riducibile se puo essere
scritto come somma diretta di sottomoduli irriducibili. II primo risultato
fondamentale sulle rappresentazioni finito dimensionali di una algebra di Lie
L si deve a Weyl [1, pag. 28] e afferma la completa riducibilita di ogni L-
modulo finito dimensionale. Il teorema di Weyl riduce, cosi, lo studio degli
L-moduli di dimensione finita allo studio degli L-moduli di dimensione finita
irriducibili.

Al fine di studiare le rappresentazioni di una algebra di Lie L, € necessario
considerare la cosiddetta algebra universale inviluppante (L) di L. Questa
e 'algebra associativa con unita generata dagli elementi di L. Per esempio,
'algebra universale inviluppante dell’algebra di Lie sly(F) puo essere definita
mediante generatori e relazioni nel modo seguente: ¢ generata dagli elementi

x,1y, h con le relazioni
hx —xh =2x, hy —yh= -2y, xy—yx=h.

Ogni rappresentazione (irriducibile) di L & una rappresentazione irriducibile
di $4(L) e viceversa. Quindi, quando si ha a che fare con le rappresentazioni
di algebre di Lie, entra in gioco la teoria delle rappresentazioni delle algebre
associative.

Un modulo ciclico standard & un ${(L)-modulo generato da un vettore
massimale, vale a dire un vettore v tale che z,.v = 0 per ogni z, € L,,
a € &t e h.v = A(h)v per ogni h € H, A € H*. L’elemento A & chiamato il
peso di v.

Di fatto risulta che un modulo ciclico standard V' si decompone in somma
diretta di autospazi comuni rispetto all’azione di H - spazi peso - e A e il piu
alto tra i pesi di V, rispetto a un ordinamento parziale. Se V' e irriducibile
allora il suo peso piu alto determina completamente una classe di isomorfismo

di V. Inoltre, vale il seguente risultato:

Theorem 0.0.3. Sia L una algebra di Lie semisemplice e V' un L-modulo
wrriducibile di dimensione finita. Allora V' é isomorfo a un modulo ciclico

standard irriducibile di peso pit alto A dove A e un opportuno peso dominante.
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Viceversa, ogni modulo ciclico standard irriducibile di peso piu alto A, con A

peso dominante, ha dimensione finita.

Qui con peso dominante si intende una funzione a valori interi A € H*
tale che A(h;) € Z, per ogni h; in una base di H. Si puo inoltre dimostrare
che tale definizione non dipende dalla scelta della base.

Nel caso di sly(F), tale teorema prende una forma particolarmente ele-

mentare e potente:

Theorem 0.0.4. L’ algebra di Lie sly(F) ha esattamente una rappresen-
tazione irriducibile p per ogni dimensione d, a meno di isomorfismo; la rap-
presentazione € data nello spazio dei polinomi omogenei in due simbolt X,Y

di grado d — 1, ed ¢ definita dalle formule

0 0 0 0
plh) = Xaw Yo, pl@)=Xo ply) =Y o5

0X aY 0X

La tesi e organizzata come segue: tutto il materiale preliminare ¢ rag-
gruppato e spiegato nel Capitolo 1, dove non e data pressoché alcuna di-
mostrazione. Al contrario, tutti i risultati contenuti nel resto della tesi sono
dimostrati in ogni dettaglio. Il Capitolo 2 e dedicato al teorema di Weyl e alla
sua dimostrazione. Nel Capitolo 3 vengono descritti gli sly(F)-moduli, la cui
costruzione e ottenuta interamente mediante 1'utilizzo di metodi elementari.
Nel Capitolo 4 viene data la definizione di algebra universale inviluppante di
una algebra di Lie e la descrizione della sua struttura. In particolare ¢ data
la dimostrazione del teorema di Poincaré-Birkhoff-Witt. Il Capitolo 5 tratta
la costruzione dei moduli ciclici standard e il loro studio dettagliato con la
dimostrazione del Teorema (0.0.3).

Nel Capitolo 6 viene mostrato come la teoria delle rappresentazioni si
applica naturalmente allo studio delle superalgebre di Lie. Una superalgebra
di Lie g ¢, infatti, il dato di una algebra di Lie gj (parte pari) e di un gg-
modulo g; (parte dispari). Le proprieta di g; come gg-modulo si riflettono
sulla struttura di g, per esempio sulla sua semplicita, come mostrato nella

Proposizione (6.7.1). Contemporaneamente, viene definita la Z-graduazione
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su g e viene mostrato come questa graduazione puo essere usata, tramite la
teoria delle rappresentazioni, come strumento per studiare la struttura della
superalgebra di Lie g. L’idea di descrivere le (super)algebre di Lie come
(super)algebre Z-graduate si ¢ rivelata estremamente potente nello studio sia
delle algebre di Lie infinito dimensionali che nello studio delle superalgebre
di Lie. Per esempio si puo dimostrare la semplicita delle algebre infinito
dimensionali di campi vettoriali note come algebre di Cartan, usando la loro
naturale Z-graduazione (guarda la Sezione (7.5)). Ancora, le algebre di Kac-
Moody, cioé, quella classe di algebre di Lie infinto dimensionali pit vicine
alle algebre di Lie semisemplici, che sono costruite in modo naturale come
algebre di Lie Z-graduate [5].

Nel Capitolo 7 vengono discussi alcuni interessanti esempi e vengono spie-
gati alcune importanti costruzioni di moduli di algebre di Lie. In particolare
viene provata la semplicita dell’algebra di Lie delle derivazioni dell’algebra
dei polinomi in m indeterminate che commutano e della superalgebra di Lie

delle derivazioni dell’algebra di Grassmann.
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Chapter 1

Preliminaries

1.1 Preliminary notions and results

In this first section some basic notions and fundamental results on Lie
algebras are collected. Differently from the rest of the thesis here almost no
proof will be given. For more details and all the proofs see [1]. Our main

aim is to set the notation and fix the main concepts.

Definition 1.1. An algebra (A, -) over a field F is a vector space over F with

a product - : A x A — A. By product we mean a bilinear map.

Definition 1.2. An algebra (A,-) is called associative if - is an associative
product, i.e.
(a-b)-c=a-(b-c).

Example 1.1. The field F with its product is an associative algebra.

Example 1.2. The ring of polynomials F[x] with the usual product of poly-

nomials is an associative algebra.

Example 1.3. The set of matrices M, ,,(IF) with the product row per column

is an associative algebra.
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Example 1.4. Given a vector space V' the linear space End(V') of endomor-
phisms of V' with the usual composition o of endomorphisms is an associative

algebra.

Definition 1.3. A Lie algebra is an algebra L whose product [, | : LXxL — L

satisfies the following properties:
[z, 2] =0 (1.1)
[z, [y, 2]] = [[=,9], 2] + [y, [%, 2]]. (1.2)

Remark 1. Properties (1.1) and (1.2) applied to [z + y,z + y| imply the

anticommutativity of the product:

Conversely, if F has not characteristic 2, property (1.3) implies property (1.1).

Example 1.5. Given an associative algebra (A4, -), we can define on A a Lie

algebra structure by setting:
[a,b] =a-b—b-a. (1.4)

We will call (4, [, ]), the Lie algebra associated to (A4, -) and we will denote
it simply by Aj.

Example 1.6. [, is a Lie algebra.

Example 1.7. We will denote by gl,,(F) the Lie algebra associated to (M, ,,(IF), -).
Similarly we will denote by gl(V') the Lie algebra associated to (End(V), o).

Example 1.8. The subalgebra of gl (IF) of matrices with O-trace is a Lie
algebra which we will denote by sl,,(FF).

Definition 1.4. Given an algebra A, a linear map D : A — A is called a

derivation of A if it satisfies the so-called Leibniz rule, i.e.

D(a-b) = D(a)-b+a- D(b). (1.5)
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Remark 2. Let D be a derivation of A. Then D(1) = 0.
Proof. D(1) = D(1-1) = D(1)-1+1-D(1) = 2D(1). Therefore D(1) =0. O

Remark 3. We denote by der(A) the subset of End(A) consisting of the
derivations of A. Then der(A) is a Lie subalgebra of End(A)y.

Proof. Let D, D’ be two derivations of A.

(D, D')(a-b) = (DoD — D' oD)a-b) =
D(D'(a-b)) — D'(D(a- b))
D(D'(a)-b+a-D'(b)) — D'(D(a) - b+a- D(b))
D'(b) +a- D(D'(b))—

D(D'(a)) - b+ D'(a) - D(b) + D(a) -
D'(D(a)) - b= D(a) - D'(b) = D'(a) - D(b) —a- D'(D(b)) =
D(D'(a)) -b+a- D(D'(b)) = D'(D(a)) -b—a- D'(D(b)) =
DoD'(a)-b+a-DoD'(b)—D'oD(a)-b—a-D"oD(b) =
[D, D')(a) - b+a-[D, D](b).
Therefore [D, D'] is a derivation. O

Example 1.9. We set W(m, 0) = der(F[zq, ..., 2y)).

From now on, when dealing with associative algebras, we will omit the

symbol of the product.

Let L be a Lie algebra over a field F.

Definition 1.5. A subspace K of L is called a Lie subalgebra of L if [z,y] €
K whenever z,y € K.

Definition 1.6. A subspace [ of L is called an ideal of L if for all x € I and
for all y € L, [z, y] lies in 1.

Example 1.10. 0 is an ideal of L.

Example 1.11. Z(L) = {z € L| [z,y] =0 for all y € L} is an ideal of L.
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Example 1.12. [L, L] = ([x,y] : ,y € L) is an ideal of L.

Definition 1.7. A Lie algebra L is said to be simple if L has no ideals except
itself and 0 and if moreover [L, L] # 0.

Definition 1.8. A linear map ¢ : L — L', where L, L' are Lie algebras,
is called a homomorphism of Lie algebras if ¢([z,y]) = [¢(x), #(y)] for all
x,y € L. ¢ is called an isomorphism of Lie algebras if ¢ is an isomorphism

of vector spaces and a homomorphism of Lie algebras.

Example 1.13. Given an element x € L, the linear map ad, : L — L
such that ad,(y) = [z,y] is a derivation of L. Moreover the linear map

ad : L — gl(L), ad(x) = ad, is a homomorphism of Lie algebras.

Definition 1.9. A Lie algebra L is said to be nilpotent if there exists some
i € Z, such that L' = 0 where L° = L and L' = [L*™!, L] for i > 0.

Remark 4. If L is nilpotent, then, for every x € L, ad, is nilpotent and we
say that x is ad-nilpotent.
The following theorem holds:

Theorem 1.1.1 (Engel’s Theorem). If all elements of L are ad-nilpotent,
then L s nilpotent.

For a proof see [1, pagg. 12-13].

Definition 1.10. A Lie algebra L is said to be solvable if there exists some
i such that L) = 0 where L(® = L and L®) = [L0~Y LG=Y] for i > 0.
Remark 5. If L is nilpotent then it is solvable.

Remark 6. L is solvable if and only if [L, L] is nilpotent.

Remark 7. Every finite dimensional Lie algebra has a maximal solvable ideal.

It is called the radical of L and it is denoted by Rad(L).

Definition 1.11. A Lie algebra L is said to be semisimple if Rad(L) = 0.
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Remark 8. L/Rad(L) is semisimple.

The following theorem holds:

Theorem 1.1.2 (Lie’s Theorem). Let L be a solvable subalgebra of gl(V'), V
finite dimensional. If V # 0, then V' contains a common eigenvector for all

the endomorphisms in L.

For a proof see [1, pagg 15-16].

Definition 1.12. A representation of a Lie algebra L on a vector space V' is

a homomorphism ¢ : L — gl(V).

Example 1.14. Let L be a Lie algebra. Then the map ¢ : L — gl(F)
defined by ¢(z) = 0 for all x € L is a representation of L called the trivial

representation of L.

Example 1.15. The map ¢ : gl (F) — gl(F") defined by ¢(z) = =z, is a
representation of gl () on F” called the standard representation of gl (IF).
Similarly the map ¢ : sl,,(IF) — sl(F") defined by ¢(x) = z, is a representation
of s, (F) on F™ called the standard representation of s, (F)

Example 1.16. For every Lie algebra L the map ad : L — gl(L) is a

representation of L on itself called the adjoint representation.

Definition 1.13. A representation is said to be faithful if it is an injective

map.
The following theorems hold:

Theorem 1.1.3 (Cartan’s Criterion). Let L be a subalgebra of gl(V') where
V' is a finite dimensional vector space. If tr(zy) = 0 for all x € [L, L] and
y € L. Then L s solvable.

Corollary 1.1.4. Let L be a Lie algebra such that tr(adyad,) = 0 for all
x € [L,L] andy € L. Then L is solvable.
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For proofs see [1, pag. 20].

Definition 1.14. A vector space V endowed with an operation
S LxV =V
(z,y) = .y,
is said to be an L-module if the following conditions are satisfied:
1. (ax + by).v = a(z.v) + b(y.v),
2. z.(av + bw) = a(z.v) + b(zx.w),
3. [z,ylv=zyv—yz0
forall x,y e L, v,w eV, a,bel.

Remark 9. Having an L-module V' is equivalent to having a representation
of Lon V. If ¢ : L — gl(V) is a representation of L on V' we can define a

structure of L-module on V as follows:

z.v = ¢(x)(v). (1.6)

On the other hand, if V' is an L-module, then we can define a representation

of L on V as follows:
o(z)(v) = z.0. (1.7)

Example 1.17. If V is an L-module, then we can define an action of L on

V*, that turns V* into an L-module, as follows:

(z.9)(v) = —p(z.0) (1.8)
where x € L,pe V*and v € V.

Example 1.18. If V., W are two L-modules, then we can define the following
action of L on V ® W, that turns V ® W into an L-module:

r.(v@w)=(r.0) QW+ v& (r.w)

where x € L,v € V and w € W.
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Example 1.19. If V,W are two L-modules, then we can define an action of
L on the space Hom(V, W) of linear applications from V into W, that turns
Hom(V, W) into an L-module, as follows:

(.9)(v) = —p(z.v) + z.(p(v)) (1.9)
where x € L,p € Hom(V,W) and v € V.

Definition 1.15. A linear map ¢ : V' — V', where V.V’ are L-modules, is
called a homomorphism of L-modules if ¢(x.v) = z.¢(v) for all z € L and
velV.

Remark 10. The kernel of a homomorphism ¢ : V' — W of L-modules is an
L-submodule of V.

Definition 1.16. An L-module V is called irreducible if it has only two
L-submodules: itself and 0.

Example 1.20. The trivial representation of L is irreducible.

Example 1.21. The standard representation of gl,(F) and the standard
representation of sl,(F) are irreducible because gl (F) and sl,,(F) act in a

transitive way on F”.

Example 1.22. The adjoint representation of L is irreducible if and only if

L is simple.

Example 1.23. Let V be a gl,,(F)-module. Then V' is an irreducible gl,,(F)-
module if and only if V' is an irreducible sl,(F)-module because gl (F) =
sl,(F) @ (1,,).

Example 1.24. If V is an L-module of dimension 1, then V' is an irreducible

L-module.

Proposition 1.1.5. Let V' a be a finite dimensional L-module. 'V is irre-
ducible if and only if the L-module V* is irreducible.
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Proof. Let us prove that if V* is an irreducible L-module, then V is an
irreducible L-module. Let us suppose, by contradiction, that V' is not ir-
reducible, hence there exists a proper L-submodule V; of V. Let us define
Vi={p e V*]| ¢) =0forall v € Vi}. Let {vy,...,ux} be a basis of
V1 and let us complete {v,...,vx} to a basis {v1, ..., Vg, Vgy1,-.., 0.} of V.
Let, then, {¢1,...,¢,} be the dual basis of V*. Note that V! # 0 because
@j(v;) =0 for all j > k and i < k, and V! # V* because ¢1(v1) = 1 # 0.
Moreover V! is an L-submodule of V* because (z.9)(v) = —p(z.v) = 0 for
all o € V2 € L and v € Vi, hence V! is a proper L-submodule of V*,
but this is a contradiction because V* is irreducible. Let us now prove that
if V' is an irreducible L-module, then V* is an irreducible L-module. Let
us consider the canonical isomorphism g : V' — V** defined as follows, for
veV:

B(o) : V* = F, B0)(¢) = o(v). (1.10)
f is a homomorphism of L-modules indeed §(z.v)(¢) = ¢(x.v) = —(z.0)(v) =
—B(v)(z.p) = (x.6(v))(p) hence f(x.v) = z.f(v) and [ is an isomorphism
of L-modules. Since (3 is an isomorphism of L-modules, V** is an irreducible

L-module, therefore, thanks to what we proved above, V* is an irreducible
L-module. O

Definition 1.17. An L-module V is said to be completely reducible if it is a
direct sum of irreducible L-submodules or, equivalently, if each L-submodule
W of V has a complement W', i.e. there exists an L-submodule W’ such
that V =W @ W".

Let now L be a semisimple Lie algebra over an algebraically closed field
with characteristic 0. An element z € L is said to be semisimple if ad, is

semisimple.

Definition 1.18. A subalgebra of semisimple elements is called a toral sub-

algebra of L.

Every finite-dimensional semisimple Lie algebra L has a toral subalgebra.

And every toral subalgebra is abelian.



1.1 Preliminary notions and results

Definition 1.19. A subalgebra of a Lie algebra L is called a maximal toral
subalgebra of L if it is a toral subalgebra not properly included in any other

toral subalgebra.

Remark 11. Since H is abelian adp H consists of commuting semisimple en-
domorphisms of L hence the elements in ad; H are simultaneously diagonal-
izable. As a consequence

L=&L, (1.11)
where L, = {x € L | [h,z] = a(h)z for all h € H} with a € H*.

The set of nonzero a« € H* such that L, # 0 is denoted by ® and its
elements are called the roots of L relative to H. Lo = C(H). Moreover the

following proposition holds:

Proposition 1.1.6. Let H a mazximal toral subalgebra of L. Then H =
CrL(H).

For a proof see [1, pagg. 36-37].
Due to Proposition (1.1.6) the following decomposition, known as the Cartan

decomposition of L, holds:

L=H®EP L (1.12)

aced

Example 1.25. Let us consider a basis of sly(F) given by {z,y,h} where
01 00 1 0
CU = Y y - ) h =
(o) =(10)=(02)
then [x,y] = h, [h, 2] = 2z, [h,y] = —2y. It follows:
5[2(F) = <h> @E[Q(F)a @EIQ(F)_a

where a € (h)* such that a(h) = 2, sly(F), = (z) and sly(F)_, = (y).

Example 1.26. Let e;;, with ¢, 7 € {1,...,n}, be the matrix of M, ,,(F) such
that (e;j)rs = 0ir0;5. A maximal toral subalgebra of sl,,(F) is H = {diagonal
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matrices of M, ,,(IF) with 0-trace} = (e;; — €;41541 : 1 < i <n—1). Since, for
h = Z:zl hkekk and 7 7é j,

[, eij] =
[thekkaezj] =
=1

Z hk(5ki€kj - 5jk€ik) =

k=1 k=1

>
Ea
o
ol
T

o
<5

I

(hi = hy)ei,

the root system of sl,,(F) with respect to H is

aij<2hkekk) :hi—hj,i%j} (1.13)
k=1

and sl,(F)q,, = (ei;). Therefore

q):{OéijEH*

sl,(F) = Ho P sl (F)a (1.14)

acd

with 5[n(]F>aij = <€ij>-

Proposition 1.1.7. Let x, € L., v, # 0. Then there exists y, € L_, such
that

(Tas Yoo [Tas Yol = ha) =2 s1(F) (1.15)

and we denote (To, Yo, [Tas Ya| = ha) by sla(a).

1.2 Roots and weights

Definition 1.20. Given a euclidean space F, i.e. a finite dimensional vector

space over R, endowed with a positive definite symmetric bilinear form ( , ),

(a,8)
(8,8)"

we can define («, ) = 2

Remark 12. Note that (, ) is linear only in the first variable.

Given a nonzero vector a € E we can define a reflection o, with reflecting

hyperplane P, = {8 € E | (5, «) = 0}, as follows: 0,(8) = — (5, a)a.
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Definition 1.21. A subset @ of a euclidean space E is called a root system

in F if the following properties are satisfied:
1. ® is finite, spans E and does not contain 0.
2. If a € ® the only multiple scalars of @ in ® are o and —av.
3. If a, f € ® then o,(f) lies in ®.
4. If a, 3 € @, then (8, a) € Z.

Remark 13. The set ® of the roots of a semisimple Lie algebra L with respect
to a maximal toral subalgebra H of L is a root system, i.e. it satisfies
Definition (1.21)

Definition 1.22. We call the subgroup of O(F) generated by the reflections
0, With a € ® the Weyl group and we denote it by W.

Definition 1.23. A subset A of ® is called a base of ® if the following
properties hold:

1. A is a basis of F.

2. Each root 8 can be written as f = Y ko« with @ € A and k, € Z all

nonnegative or nonpositive.

We denote by ®* the set of all roots in ® which can be written as a sum
of elements in A with nonnegative integral coefficients (positive roots) and
we denote by ®~ the set of all roots in & which can be written as a sum of

elements in A with nonpositive integral coefficients (negative roots).

Example 1.27. Let us consider the Lie algebra sl,,(F). As we have already
seen, ¢ = {aij € H*’ %(Z}Ll hkekk> = h; — hj,i # j}, then A = {o; =
;i1 |1 <i<n—1}isabaseof @, indeed, if i < j, ay; = aj+ip1+. . . +ajq

and, if i > j, o; = —ayi = —(oj + ajp1 + ... + a4-1). It follows:

O(I)+:{()éijii<j}
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o (Di:{Oéij l>j}
The following theorem holds:
Theorem 1.2.1. Fvery root system ® has a base.

For a proof see [1, pagg. 48-49].

Definition 1.24. Let A be in E. A is called a weight if (\, «) € Z for every
a € ®. The set of all weights is denoted by A.

Remark 14. Let X be in E. X is a weight if and only if (A, o) € Z for every
a e A.

Before giving a proof of the Remark (14) we recall that:

2x
PV = —— o
{waaw‘“ }

is still a root system and AV = {a", a € A} is a base for V.

Proof. X is a weight if and only if, by definition, (\, a) € Z for all & € ®, that
is if and only if (A, ") € Z for all & € ®V so, if and only if (A, ") € Z for all
o € AV because (, ) is bilinear and A" a base for ®". But (\,a") = (), a).
So we have proved that A is a weight if and only if (\,a) € Zforalla € A. O

Definition 1.25. We say that A is dominant if (\,«) > 0 for all « € &+
and we denote the set of dominant weights by A*. We say that \ is strongly
dominant if (A, ) > 0 for all « € &7

Let A be {aq,...,q;} and let {\q,...,\;} be its dual basis with respect
to (, ), le. (N, ay) =0y

Proposition 1.2.2. A is a lattice with basis {\1, ..., \i}.

Proof. Let X\ be a weight. Then (\, ;) = m; € Z. Let us consider X' =
Zi’:l mz/\z Then <)\/,Oéi> = Zé’:l mj</\j,ai> = Zé’:l mj5,»j = m,;. Thus

A = X because (, ) is nondegenerate and (A — X, «a)) = 0 for all i. O
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Remark 15. Note that ® C A and o; = 22:1 m; j\; where m; ; = (a;, ),

i.e. the Cartan matrix expresses the change of basis between {A;,..., \/}

and {ay,...,q}.

Remark 16. W acts on A, i.e. w(A) € A for all w € W and A € A.

Proof. Let A € A. Then (w(\), ) = 2(1(”05/\(3)’04) = (w%(l)zgg_;(ﬁ)é)) = (\wa)) e

Z. O
We can define an ordering on the set of weights:

Definition 1.26. Let pu, A be two elements of A. Then we write u < \ if we
can write A = p + Y a;a; with a; € Z, and «o; € A.

Remark 17. Note that < is not a total ordering on A. Indeed if A =
{a1,...,a;} is a base of a root system ®, by Remark (15), & C A and

neither oy < @y nor oy < .

Proposition 1.2.3. Fvery weight is conjugated under VV to one and only

one dominant weight. If X is dominant, then w(\) < X for allw € W.

For a proof see [1, pag. 52, Lemma B].

Remark 18. A dominant weight is the maximal element with respect to < in

the W-orbit where it lies.

Remark 19. The maximal weight in a W-orbit is a dominant weight, but
it can happen that there exists a weight A\ which is not dominant and a
dominant weight p such that g < A. In this case Proposition (1.2.3) implies
that A is not W-conjugated with pu.

Lemma 1.2.4. Let A be in A*. Then {u € AT} N {p: p=< A} is finite.

Proof. Let p be a dominant weight such that pu < A, ie. A —p = > a0y
with a; € Z*. Then X\ + p is dominant, because (A + pu, o) = (A, ) + (i, «)
and these two summands are nonnegative for all @ € ®*. We have 0 <
A+, A —p) = (M A) — (u, 1) thus (g, ) < (A, A) hence there is a finite

number of possibilities because the set of weights is a lattice. ]
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1.3 The exponential map

Definition 1.27. Let x be an ad-nilpotent element of a Lie algebra L. Then

[e.9]

exp(ad,) = Z (ad.)

=0

i

— 1+ ad, + 2(ad) (1.16)

Remark 20. By the ad-nilpotence of z the sum is finite so exp(ad,) is well
defined.

Remark 21. exp(ad,) € Aut(L).

Proof. exp(ad,) = 1 + n, where 7 is a nilpotent summand, therefore it is
invertible because (1+7)(1—n+n*—n+...) = 1. Let us show that exp(ad,)
is a homomorphism of Lie algebras. First we will prove by induction onn > 0

that

(@l =3 (7 )lad ) L (1)

If n = 0 there is nothing to prove. For n + 1,

(ad$)n+1[y, z| =
(ad,)"(ad,)[y, 2] =
(ads)"[ad.(y), 2] + (ady)"[y, ads(2)] =

Z"O <n) ST W), @ +Z() y), (ad,)""*1(2)] =
- ) (ade)' (), (o)™ Z( ) ), (ad,)" " (2)] =

RZH <n K 1) [(ad..)' (y), (ad,)" 7" (2)]

- 1
=0

=1

”“) (" ) + (’Z’) Rearranging formula (1.17) we have:

where we used that ( i1

(ady)"[y, 2] [(adx)f(y) (adx)“(z)} (1.18)

nl i (n—4)!

1=
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Since ad, is nilpotent, there exists some k such that (ad,)® = 0. Suppose

that m is the minimum of the set {k € Z,| (ad,)* = 0}, then

lexp(ad,)(y), exp(ad,)(2)] =

. T
— 2! J!
rearranging in a way that i +j =mn forn =0,...,2m — 2 we have
2m—2 n 7 n—i
Z (Z {(ada:) (y) (ady) (Z)D
‘ 9 o ' 9
— \= i! (n—1)!

and by formula (1.18),
1

DR ULy LTIV RIS

n!

because of the nilpotency of ad,. O
Remark 22. In the proof of Remark (21) we only used that ad, is a nilpotent
derivation.

Remark 23. Let ¢ : L — L’ be a homomorphism of Lie algebras such that
x € L is ad-nilpotent and ¢(x) is ad-nilpotent. Then

exp(ady())o(y) = dlexplads)(y)) (1.19)

Proof. Let us prove by induction on n that

(ady())"(¢(y)) = ¢((ad2)"(y)). (1.20)

If n = 0 there is nothing to prove. Let us prove formula (1.20) for n + 1.

(ado(@)" " (B(y)) = (ads())"ads (@) (D(y)) = (ado@)" ([6(2), d()]) =
(ady(a))" (D[, y]) = (ady()" (¢(ade(y))) = o((ad2)"(ad.(y))) =

#((ad,)" ™ (y)) because ¢ is a homomorphism of Lie algebras and because of
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induction hypothesis. Since z is ad-nilpotent there exists some m € Z,
such that (ad,)" = 0, therefore cxp(adyi)ply) = Y2, U =

al
s (adg(x))" (¢(y)) _ st ¢((ads)*(y) _ P>t (adz)i(y)) = (3 (adz)i(y))

1=0 3! 1=0 1! 1=0 gl =0 4!

= ¢(exp(ad,)(y)) because ¢ is a homomorphism of Lie algebras hence ¢ is a

linear application.

Remark 24. In the definition of exp(ad,) we requested the nilpotency of ad,.
Anyway exp(ad,) is well defined even when ad, is not nilpotent but locally
nilpotent, i.e. it satisfies the following property: for all y € L there exists
some m, € Z such that (ad,)™y = 0.

Let us consider sly(F) = (z,y, h) where

S O I V) B O

Since x,y are nilpotent, they are ad-nilpotent therefore the maps exp(ad,)

and exp(ad,) are well defined. We set

o = explady) exp(ad_,) exp(ady). (1.21)
Remark 25.
o(h) = —h (1.22)
o(z) = —y (1.23)
oly) = —x (1.24)

Proof. A brief calculation shows that, with respect to the basis {z,y, h} of
5[2 (]F)

1 -1 -2
explad,) =1 0 1 0 (1.25)
0 1 1
and
1 0 0
explad_y) =1 -1 1 =2 |, (1.26)

1 0 1
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hence

0 —1 0
o= -1 0 o [, (1.27)
0 0 -1

ie. o(h)=—h,o(x) =—y, o(y) = —x. O

Proposition 1.3.1. Let x € L C gl(V') be locally nilpotent, and let y € L.
Then exp(x) y (exp(x))~" = exp(ads,)(y).

Proof. Notice that ad, = A\,+p_, where A, is the left multiplication by x and
p. is the right multiplication by z. A, and p_, commute, then exp(ad,)(y) =
cxp(ha + p-a)(y) = exp(ha) exp(p_a)(y) = exp(As) Yi2oF(p-a)'(y) =
exp(Ne) 3ot 7(=1)'ya’ = exp(A\.)(y exp(—z)) = exp(X.)(y (exp(x))™")

(O isg ity (exp(ax))™) = exp(x) y (exp(x))~".

Let us consider the map s = exp(¢(x)) exp(d(—y)) exp(¢(r)) where ¢ :

O

sl (F) — gl(V) is a representation. For z in sly(IF) we have

sp(2)s™" = exp(d(x)) exp(d(—y)) exp((x))d(2)(exp(¢(x))) ™
(exp(d(—y))) ™" (exp(¢(x))) ™"

by Proposition (1.3.1) we have:

(exp(d(x)) 6(2) (exp(o(2))) ™" = exp(adym))(6(2)) = d(eap(ad,)(2)).

exp(p(—y)) plexp(ady)(z)) (exp(p(—y))) ' =
exp(ady—y))(P(exp(ad,)(2))) = plexp(ad_y) exp(ad,)(z)).

cap(p(2)) plexp(ad_,) exp(ad,)(2)) (exp(d(x))) ™" =
exp(ady())(d(erp(ad—y) explad,)(2))) =
¢(exp(ad,) exp(ad_,) exp(ad,)(z)).

Hence

s¢(2)s = d(exp(ad,) exp(ad_,) exp(ad,)(2)) = ¢(o(2)). (1.28)

Summarizing:
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Proposition 1.3.2. Let ¢ be a representation of sla(F) on a vector space
V', let z be in sly(F) and let s = exp(p(x)) exp(dp(—y)) exp(p(x)) and o =
exp(ad,) exp(ad_,) exp(ad,). Then

sp(2)s™! = d(a(2)). (1.29)

Remark 26. s¢p(h)s™' = ¢(a(h)) = —¢(h).

Let, now, L be a semisimple Lie algebra, let o be a root in ®* and let
(Tas Yoy [Tay Ya| = ha) = 8la(a) = sly(F) be a copy of sly(F) into L. Let us
denote, for brevity z, = =, yo =y, ho = h. Then the following proposition
holds:

Proposition 1.3.3. Let k € H. Then sp(k)s™' = ¢(k — a(k)h)

Proof. We already know, by Proposition (1.3.2), that s¢(k)s™' = ¢(o(k)). If
k = h, there is nothing new and we know that s¢(h)s™! = ¢(a(h)) = —o(h).
As for the right hand side, ¢(h — a(h)h) = —¢p(h) because a(h) = 2. The
same thing holds for £k = Ah, by linearity. So let us now suppose that k
and h are linearly independent and let N = (z,y,h,k). Let us compute

the matrices associated to exp(ad,) and exp(ad_,) with respect to the basis
{z,y,h,k}.

00 -2 —ak) 0 -2 00
00 O 0 0 0 0

ad, = , (ad,)* =
01 0 0 0 0 00
00 O 0 0 00

because ad, (k) = [z, k] = —a(k)x. Similarly,

00 O 0 0 000
0 0 =2 —a(k -2 0 0 0

ad*y - a( ) ] (ad*y)2 =
1 0 0 0 000
00 0 0 0 00
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Therefore
I -1 =2 —a(k)
0 1 0
explad,) =
p(ad,) 01 1
0 0 0
and

, explad_,) =
-1 —1—a(k)
0 0
0 -1
0 0
0
0
=¢

—_
o O = O

0 0
-2 —a(k)
1 0
0 1

_ o O O
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Chapter 2

Weyl’s Theorem

2.1 The Casimir element

Let L be a semisimple Lie algebra of finite dimension, let ¢ : L — gl(V')
be a faithful representation of L and let 5 : L x L — F be the following

bilinear form on L:

Bla,y) = tr(p(z)e(y)).

Remark 27. [ is associative, i.e. B([x,y], z) = B(z, [y, 2])

Proof. B([x,yl, 2) = tr(¢([z,y])o(2)) = tr(lo(z), ¢(y)]o(2)) =
(

tr(p(x)p(y)o(2) — ¢(y)p(x)¢(2)) = tr ( (7)o (y)o(2) — ¢(2)d(y)d(x)) =
tr(o(x)[o(y), ¢(2)]) = B(x, [y, z]) where we used the linearity of the trace and

)
its property tr(ab) = tr(ba). O

Remark 28. The radical of the form, i.e. the set Rad § = {z € L| f(x,y) =
0 for all y € L}, is an ideal of L.

Proof. Let x be in Rad . Then, given z,y € L, 5([z, z],y) = B(x, [z,9]) =0

since [z,y] in L and 3 is associative. O

Remark 29. Rad (3 is solvable.

21
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Proof. ¢ is a faithful representation of L so ¢(Rad ) = Rad . For every
z,y € Rad 3,0 = p(z,y) = tr(¢(z)¢(y)) therefore, as ¢(Rad ) < gl(V'), by
Cartan’s Criterion, ¢(Rad () is solvable hence Rad (3 is solvable. n

Thanks to the Remarks (28) and (29) and to the fact that L is semisimple,
Rad 5 =0, i.e. §is nondegenerate. If {x,...,x,} is a basis of L, then there
is a unique determined basis {y,...,yn} of L such that 8(x;,y;) = d;; (dual

basis).

Definition 2.1. The Casimir element is defined as the following endomor-
phism of End(V):

Co = o(x:)(y:) (2.1)
i=1
where {z1,...,z,} and {y1,...,y,} are dual basis defined as above.

Remark 30. Cy is a homomorphism of L-modules.

Proof. Let [z, 2] = Y7 ayx; and let [z, y;] = 77 bijy;. B([2, ], y%) =
>y (T, ye) = Y05 aijdje = aip. On the other hand B([z, ], yx) =
—B([wi, @], yx) = =B, [x, ye]) = = 252 by B(xi, y5) = 2251 bijbij = —bus.
Therefore a;, = —by;. Now let us consider [¢p(z), Cyl. [¢(x), Cy] = >0 [o(x),
O(@i)o(yi)] = D201, (d(2)d(xi)d(yi) —d(xi)d(yi) o)) = D20, (d(@)d(wi)d(yi)—
O (x:)0(2) P (i) + (i) () o (yi) — (i) (i) o(x)) = 321 ([0(2), d(w)]d(wi) +
O(x:)[p(x), p(yi)]) = 2251 (D[, 2])d(yi) + (i) b ([, wil)) = D51 (@i ()
é(yi) + bidp(xi)p(yr)) = 0 because ay, = —b;. Thus 0 = [p(z),Cy] =
d(x)Cyp — Cpop(z) that is Cy is a homomorphism of L-modules. O

Lemma 2.1.1 (Schur’s Lemma). Let F be an algebraically closed field and
let V' be an irreducible L-module. If ¢ is an endomorphism of V' which is

also a homomorphism of L-modules with L a Lie algebra, then ¢ is \id with

Ain F.

Proof. Let A be an eigenvalue of ¢ and V) be an eigenspace. Then V) is a
L-submodule of V', indeed, if v in V) then p(z.v) = x.¢(v) = Az.v, hence,
by the irreducibility of V., V = V. O



2.2 Wey!l’s Theorem

23

Remark 31. By Schur’s Lemma, if ' is an algebraically closed field and ¢ :

L — gl(V) is an irreducible faithful representation, then Cy acts as a scalar.
Moreover tr(Cy) = tr(>_ ¢(x)o(yi) = >y B yi) = > iy 1 = dim L.

2.2 Weyl’s Theorem

Lemma 2.2.1. Let L be a semisimple Lie algebra and let p : L — gl(V') be
a representation of L in 'V with dim V = 1. Then ¢ = 0.

Proof. Since L is a semisimple Lie algebra, we have L = [L, L]. Tt follows that
every x € L can be written in the form x =), [y;, 2], o(z) = (O v, z]) =
2l p(z)] = 22i(e(wi)e(z:) — @(2)p(yi)) = 0 because, if 0 # v € V,
then o(z;)(A\v) = Aus,v for a proper p,, € F because dim V = 1, therefore
(i) o(2:)(Av) = Ay, prz;0 = Moz pry,v = ©(23)0(y) (Av), that is o(yi)e(z) =
e(zi)(yi)- O

Lemma 2.2.2. Let ¢ : L — gl(V) be a finite dimensional representation
of a semisimple Lie algebra L and let W be an irreducible submodule of

codimension 1 in V. Then there exists an L-submodule U such that V =
WeaelU.

Proof. We can assume that ¢ is a faithful representation because if ¢ is not
so, since L = @;L; with L; simple Lie algebras, L/Ker ¢ = ®;L;/Ker ¢, i.e.
L/Ker ¢ is semisimple and the homomorphism ¢ induced by ¢ on L/Ker ¢
is injective. Let us consider a basis {wy, ..., w,_1} of W and let us complete
{wy,...,w,_1} toabasis of V, {wy, ..., w,_1,v}. Since V/W is an L-module
of dimension 1, by Lemma (2.2.1), ¢ acts in a trivially way on V/W i.e. ¢(x)v
is in W for every v in V. Therefore the restriction of C; to W is in End(W).
Cy is a homomorphism of L-modules, C; restricted to W is an endomorphism
of W, W is an irreducible L-module hence, by Schur’s Lemma, Cy acts as a

scalar, A\, on W. Thus the matrix associated to Cy, with respect to the basis
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A *
*
A%
0O 0 0O

Rank Cy = n —1 = dim W because A\(n — 1) = tr(Cy) = dim L which
means that A is not 0. It follows that dim V = dim Ker Cy + Rank Cy =
dim Ker Cy 4+ dim W. Moreover Ker Cy N W = 0 because Cy acts on W

as the scalar A # 0 and Ker Cj is an L-submodule of V. For these reasons
V=W Ker C,. m

Lemma 2.2.3. Let V' be a finite dimensional L-module, with L a semisimple
Lie algebra, let W be an L-submodule of codimension 1 in V. Then there

exists an L-module, U, such that V =W @ U.

Proof. Let us prove this lemma by induction on dim W. If dim W =1, W is
irreducible then the lemma is proved for Lemma (2.2.2). So let dim W > 1.
If W is irreducible, then the lemma is proved, therefore let us suppose W
non irreducible. As W is not irreducible, there exists a proper L-submodule
of W, W', and W/W’ is an L-module of codimension 1 in V/W’ with
lesser dimension. Using induction there exists an L-submodule W such that
V/W' = W/W' @& W /W' and dim W /W' = 1, that is W’ has codimension
1 in W. Since dim W’ < dim W, using for a second time induction there
exists an L-submodule, X, of W’ such that W=WaoX. Bt XN W =0,
because X C W and W N W = W’. Hence X is an L-submodule of V such
that V =W @ X. O

Theorem 2.2.4 (Weyl’s Theorem). Let V' be a finite dimensional L-module.
Then V' is completely reducible.

Proof. Let us prove that, for every L-submodule W of V| there exists another
L-submodule, W', such that V.= W & W'. Let us consider A = {¢ €
Hom(V,W)| ¢lw = 0} and B = {¢ € Hom(V,W)| ¢lw = a id,a € F}.
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Since V, W are L-modules, Hom(V, W) is also an L-module with the action
of L on Hom(V, W) defined as follows: (z.p)(v) = —p(x.v) + z.(p(v)). If
¢ is such that |y = a id, (z.¢)(w) = —a(z.w) + z.aw = 0 hence A, B are
L-modules. Moreover the action of L sends B to A. Let us now consider
the projection m of V' to W. Notice that 7 lies in B, but not in A. An
element ¢ in B can be written as follows: ¢ = (¢ — am) + aw. The first
summand is an element of A and the second summand is an element of B,
so A has codimension 1 in B and, thanks to Lemma (2.2.3) there exists an
L-module C' such that B = A® C. Let ¢ # 0 be in C. Then, by Lemma
(2.2.1), z.p = 0 because L is a semisimple Lie algebra and dim C' = 1.
Hence ¢ is a homomorphism of L-modules because, for every x in L and
vinV, z.(¢(v)) = ¢(x.v). It follows that Ker ¢ is an L-module besides,
Ker o NW =0, because ¢ is in C' and ¢ # 0, so its restriction to W is not
0, and dim W + dim Ker ¢ = dim Im ¢ + dim Ker ¢ = dim V. Thus
V=W Ker . ]
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Chapter 3

Finite dimensional

representations of sly(IF)

In this chapter F is an algebraically closed field with characteristic 0 and
V # 0 is a finite dimensional sly(F)-module.

Let us consider a basis of sly(F) given by {z,y, h} where

=(oa)o=(00) =00 0)

then [x,y] = h, [h,z] = 2z, [h,y] = —2y. Since h is semisimple and F is an
algebraically closed field, h acts diagonally on V' and V admits a decompo-
sition as direct sum of eigenspaces V) = {v € V| h.v = Av}. When V) # 0

we call it a weight space and A a weight.
Lemma 3.0.5. Let v be in V. Then x.v lies in Vyio and y.v lies in Vy_s.

Proof. h.(z.v) = [h,x].v + x.(h.v) = 2z.0 + Ax.v = (A + 2)z.0.
h.(yv) = [h,ylv+y.(ho) = =2yv + dyv = (A — 2)y.v. O

Since V' is finite dimensional and eigenvectors corresponding to different
eigenvalues are linearly independent, there exists some A such that V, # 0
and Vy o = 0, i.e. for every v € V), x.v = 0. Any nonzero vector of V,, for A

as taken above, is called a maximal vector of weight \.
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3. Finite dimensional representations of sly(F)

3.1 Irreducible finite dimensional representa-

tions

Let us consider an irreducible finite dimensional sly(F)-module, V', and a
maximal vector vy in V. If we set v; = y.v;_1 for all © > 0, there exists some

m € Z such that v,, # 0 and v,,.1 = 0, because V is finite dimensional.
Theorem 3.1.1. {vy,...,v,} is a basis of V.

Proof. vy, ..., v, are linearly independent because they are eigenvectors with
different eigenvalues so if V' = (v, ..., vy) is a sly(F)-module, then by the
irreducibility of V', (vg,...,v,) = V. The action of y and h stabilizes V' by
construction. Let us prove by induction on i that z.v; = (A — i + 1)v;_;.
x.vg = 0 for the choice of vy, z.v;11 = z.(y.v;) = [z, yl.v; + y.(x.v;) = hov; +
iAN—i4+ Dywvig =(N=20)v; +i(A—i+ 1)v; = (i + 1)(X — i)v;. Hence the

action of z stabilizes V' too. O

Remark 32. Every weight space V), has dimension 1 because vy, ..., v, are

eigenvectors with distinct eigenvalues.

Remark 33. We can apply the calculus made above to the case i = m + 1.
In this case we obtain: 0 = z.v,41 = (m + 1)(A — m)v,,. Since m + 1 # 0
(it is the dimension of V' # 0), v, # 0 by hypothesis and the field F has

characteristic 0, it follows that A = m.

Summarizing:

Theorem 3.1.2. Let V' be an irreducible finite dimensional sly(F)-module
with F algebraically closed field with characteristic 0. Then

1. 'V is the direct sum of weight spaces V), relative to h with 1 = m,m —

2,...,—m+2,—m, where m = dim V —1 and dim V,, = 1 for each p.

2. V' has, up to nonzero scalar multiples, a unique mazximal vector of

weight m.
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3. The above formulas describe completely the action of sly(F) on V. In
particular there exists at most one irreducible sly(F)-module of dimen-

ston m + 1, for everym € Z,..

Corollary 3.1.3. Let V be a finite dimensional sly(IF)-module. Then the
eigenvalues of h on V' are all integers and each occurs along with its negative
an equal number of times. Moreover, in any decomposition of V into direct

sum of irreducible submodules, the number of summands is dim Vo + dim V.

Proof. If V' = 0 there is nothing to prove. If V # 0, thanks to Weyl’s
Theorem, it is possible to write V' as a sum of irreducible submodules: V' =
@ V; with V; irreducible. For each V;, by Theorem (3.1.2), all the eigenvalues
are integers and if [ is an eigenvalue, —[ is also an eigenvalue. Moreover if
dim Vj is even, 1 is an eigenvalue and dim (V;); = 1, if dim V; is odd, 0 is an
eigenvalue and dim (V) = 1, then the number of irreducible submodules V;

is dim Vo + dim V. O

We have just seen that for every m € Z, there exists at most one irre-
ducible sl,-module of dimension m + 1 which, from now on, we shall denote
by V(m). Is there an irreducible sly(IF)-module of dimension (m + 1) for
all m € Z,7 For m = 0 there is the trivial representation, for m = 1 the
standard representation, for m = 2 the adjoint representation and for the

other m it is possible to take a (m + 1)-dimensional vector space with basis

{vo, ..., vn} and define the action of sly(F) on this vector space in this way:
Y.U; = Vi1 (31)

rw; =i(m—i+ 1)v;q (3.2)

h.ov; = (m — 2i)v; (3.3)

with v,,.1 = 0. This is clearly an irreducible module of dimension m + 1 for
what we have proved in Theorem (3.1.1).
Equivalently, we can construct the irreducible sly(F)-modules explicitly as

follows. For every m € Z, let V,, be the vector space of homogeneous
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monomials of degree m in two symbols X, Y with coefficients in F. Of course

dim V,, = m + 1. The linear map
0 0 X 0 v 0

@ZE[Q(F)—) <X8—Y,Y8—X, 8_X_ 8_Y>
where
0
p(r) = Xa_Y
0
o(y) = Ya_X
0 0
p(h) = X(?_X - Yé_Y

is an isomorphism of Lie algebras. Indeed it is an isomorphism of vector
spaces and is a homomorphism of Lie algebras since [p(z), p(y)] = ©(x)e(y)—
p)e(@) = (X53)(YVax) — (Vax)(Xgp) = Xk — Y i = o(h) = o[z, 1)),
[p(h), o(2)] = 2X 55 = 20(x) = @([h,2]) and [p(h), p(y)] = —2Y 5% =
—2¢(y) = @([h, ).

We now define the following action of sly(F') on V,,:

0

Xzymfz - X Xzymfl — o XiJrlYTnfifl
B (XY™ = X (XY ) = (m— )
) ) 0 ) ) ) )
) X?,Y’H’L*l —-Y X'Lymfz — -Xzflymfwrl
g-(XY) = Y (XY =
ivm—1i\ __ 8 a ivm—i\ __ s viym—1t - ivm—i __
h (XY )_(X&X Yay>(XY ) =iX'Y (m— XY™ =

(2i — m) XY™

It follows that X™ is a maximal vector of weight m hence it generates an

irreducible submodule of dimension m + 1, i.e. the whole V,,.



Chapter 4
Universal enveloping algebras

The aim of this chapter is to define the universal enveloping algebra i of
a Lie algebra L and to prove some of its basic properties. Our principal aim
will be to use the representation theory of the associative algebra U in order
to study the representations of L. In this chapter F may be an arbitrary field
and L a Lie algebra on F.

4.1 Definition and some basic properties

Definition 4.1. A universal enveloping algebra of a Lie algebra L is a pair
(L, 7), where:

1. 4 is an associative algebra with 1 over a field I,
2. i: L — 4 is a linear map satisfying
i(lz,y)) = i(x)i(y) —i(y)i(x) (4.1)
where z,y € L,

3. for any associative F-algebra 2 with 1 and any linear map j : L — A
satisfying j([z,y]) = j(2)j(y) — j(v)j(z), there exists a unique homo-
morphism of associative algebras ¢ : {{ — 2 such that ¢ o = j.
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Remark 34. Denoting with i, the structure of Lie algebra on i, the map

1: L — 4 is a homomorphism of Lie algebras.

Theorem 4.1.1. 1. The universal enveloping algebra is unique up to iso-

morphism.
2. $l is generated by the image i(L).

3. Let Ly, Ly be Lie algebras with universal enveloping algebras (84, 11), (Yg, io)
and let f : Ly — Lo be a homomorphism of Lie algebras. Then there
exists a homomorphism of algebras ' : Uy — Uy such that izo f = foiy.

Proof. 1) Let (4,7) and (*B,j) be universal enveloping algebras for the Lie
algebra L. Then, by the defining property (3), there exist a unique homo-
morphism 5’ : 4 — 9B such that 7 o7 = j and a unique homomorphism
7" B — U such that ¢/ o j = i therefore i’ o j’ is a homomorphism of 4 into 4
such that (i’ o j') o4 = 7. Now note that 1y has the same properties and it is
obviously a homomorphism, hence, by the defining property (3), i’ o j' = 1g.
Similarly 7' o i’ = 1g. It follows that j’ is an isomorphism.
2) Let B be the subalgebra of 4 generated by i(L). Then i can be consid-
ered as a homomorphism of L into B, so there exists an associative algebras
homomorphism 7’ : 4 — 9B such that i o7 = 4. i’ can also be considered as a
mapping from 4 into 4; 1y has the same properties and by the uniqueness in
the definition ¢/ = 1y. Hence Y = 1y(Y) = ¢/ (L) C B, but B is a subalgebra
of U so LU =B.
3) From the defining property (2), is([z,y]) = ia(z)iz(y) — i2(y)iz(x), there-
fore the composition iy o f is such that (i2 o f)([z,y]) = w(f([z,vy]) =
(), F@)]) = (F@)ia(F () — ix(F)ial () = (120 ) (@) (00 ) (3) —
(i3 0 f)(y)(iz o f)(z). Hence, by definition, there exists a unique homomor-
phism of associative algebras, which we can call f’, of 4y into 44 such that
floiy=1ig0 f.

O

Let us now show the existence of the universal enveloping algebra for a

Lie algebra L.
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Let (L) be the tensor algebra on L, i.e.

= @ Ti(L) (4.2)

where T°(L) = F and T(L) = L ® ... ® L (i copies). The vector space
operations are the usual ones and the associative product is indicated by
“®” and is defined on homogeneous generators of T(L) by the rule (z; ®
o RTy) R (N R . RYy) =11 R QT QY Q... Ry, € T™(L). T(L) is
an associative graded algebra with 1 and has the following universal property:
if ¢ : L — A is a F-linear map, where 2l is an associative algebra with 1, there
exists a unique homomorphism of algebras ¢ : T(L) — 2 such that (1) =
and ¢ extends the inclusion of L into T(L), i.e., calling i : L — T(L) the
inclusion of L into T(L), there exists a unique homomorphism of algebras
¥ T(L) — A such that ¢(1) =1 and ¥ 0oi = ¢. Let now J be the two sided
ideal in T(L) generated by all t ® y — y ®  — [z,y] with x,y € L. Define
MWL) =%(L)/J, let m: T(L) — YU(L) be the canonical homomorphism and

i = m . Then the following theorem holds:
Theorem 4.1.2. (U(L), 1) is the universal enveloping algebra for L.

Proof. Let 21 be an associative algebra with 1 and 7 : L — 2, a homo-
morphism of Lie algebras. We want to show that there exists a unique
homomorphism of algebras j' : (L) — 2 such that j' oi = j. By the
universal property of (L) there exists a homomorphism of algebras j”

T(L) — A. Let, now, z,y be in L. Then j"(z @y —y @z — [z,y]) =
J"(x)7"(y) — 7" (y)3"(x) — j"(|x,y]) because j” is a homomorphism of alge-
bras, but j"(z) = j(z),j"(y) = j(y), " ([z,y]) = j([=,y]) since z,y, [z, y] € L
and j([z,y]) = [j(z),7(y)] because j is a homomorphism of Lie algebras.
Hence z ® y — y @ © — [z, y] lies in Kerj” and j” induces a homomorphism
of algebras j' : Y{(L) — 2 such that j' oi = j. We have now to prove the
uniqueness of such a homomorphism. The tensor algebra T(L) is generated
by 1 and L and this implies that (L) is generated by 1 and i(L). Two ho-
momorphisms which are identical on a set of generators are necessarily the

same homomorphism. Hence uniqueness holds. O
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From now on, given a Lie algebra L and thanks to point 1 of the Theorem
(4.1.1) and thanks to the Theorem (4.1.2), we will identify the universal
enveloping algebra of L with $(L).

Remark 35. Since the two sided ideal J is generated by all z @ y —y @ x —
TY(L) and © maps T°(L) = F

isomorphically into ${(L) so Ll(L) contains at least the scalars.

[z,y] where z,y € L, J is included in €,
Remark 36. Let ¢ : L — gl(V) be a representation of L on V. Then,
according to the defining property (3) of the universal enveloping algebra,
we can extend ¢ in a unique way to a homomorphism of algebras ¢ : (L) —
End(V'). On the other hand given a homomorphism of algebras ¢ : (L) —
End(V), we trivially have a representation of L on V given by the map
¢ o i which is also a homomorphism of Lie algebras. Hence, studying L-
representations is the same as studying $(L)-representations with, in the

latter case, the advantage of working with an associative structure.

4.2 Poicaré-Birkhoff-Witt Theorem

We shall now prove the Poincaré-Birkhoff-Witt Theorem which gives us
the structure of the universal enveloping algebra of a Lie algebra. We denote

by x;,x;, - - - x;, the image of z;, ® x;, ® -+ - ® x;, in U(L) = F(L)/J.

Theorem 4.2.1. Let {x;, i € I}, where I is an ordered set, be a basis of a

Lie algebra L. Then the monomials

mi . ma

Mn
i1 Liy

T cxp i < <y, My € Ly

form a basis for the universal enveloping algebra $A(L).

Proof. We know that {z;, ®z;,®- - -®x;,, i1,12,...,i, € [} is abasis of T(L),
therefore the images of these elements in $(L) generate 4(L), but what is new
is that the images of monomials with ordered indices generate L(L). Seeking

Jacobson notation, we refer to the monomials in T(L) with ordered indices
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as standard monomials. We want to see that z; xz;,...z;, with arbitrary
11,19,...,1, in I can be rewritten as a sum of images of standard monomials.
Let z;,z;, ... z;, be with indices not correctly ordered. Then there is at least

one index j such that i; > i;,1, but x;,2;, | — 2, 2, — [25,,2;, ] liesin J so

Ty Ty o iy, = Ty Ty (T Ty — Tig oy Tiy — [Ty Tip )] ) Wiy oo Tiy
FTiy Ty Ty T Ty Ty T Ty Ty [Ty Ty [ Ty

Note that the first summand of the right-hand side is 0, the second summand
has a lower number of couples of indices out of order and the third is of lower
degree (it is the product of n— 1 elements of L instead of n elements). Hence
by a double induction first on the degree, then, for each fixed degree, on the
pairs of indices not correctly ordered, we are able to see that the monomials
Ty, - xy, with i <idg < ... <, in I generate U(L).

Now let us prove the linear independence of the images of standard mono-
mials. Given a tensor monomial z;, ® --- ® x;, we say that its defect is the
number of pairs of indices j < j' such that i; > i;;. Of course the defect is
0 if and only if the monomial is standard. Let us prove that there exists a

linear map

f:%(L)— (L)
such that f is the identity map on standard monomials and
fl@q® - ®x,)=f2y, @ @y, Ty, -+ Q Ty, (43)
(X @ @ @i, 24, ] @ - D x3,).

We define this mapping by induction first on n, the degree of tensors, and,
for each fixed degree, by induction on the defect. If n = 0,1 the mapping is
well defined because all the monomials is these cases are standard. So f is
defined on T°(L)+T*(L). Fix n > 2 and define f(z;, ®---®uz;, ) using (4.3):

[y @ @x,) = f(2i, ® - Quyy, Oy, ® - R 13,)
+f(xi1 ®...®{xij7xij+1]®”.®xin)'

The second summand in the right-hand side has lower degree than z;, ®

-+ ® x; and the first one has smaller defect. We need to prove that the
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map is well defined because of the sequence of applications of (4.3): so we
have to prove that (4.3) is independent of the choice of the pair (ji, jrr1)-
If the defect of the monomial is 0 then the monomial is standard and f is
well defined; if the defect is 1, f is well defined too by (4.3) because, if j
is such that o; > 441, v, @ - @ 2;,,, ® 15, ® -+ @ x;, is standard and
Ty ® - @ w4, 74,,] ® - ® 1z, has degree n — 1. Suppose that the defect
is 2 or greater. Let j, 5/, with j < j’, be two indices such that i; > i;;; and
i > 141, then there are essentially two cases: 7' > j+1and j/ = j+ 1. If
we are in the first case, setting z;, = a, x;,, =, Ty, =c and Ti,, = d we

have

L. ®a®b®..0cRd®...)=
(.. ®®a®...0cRd® ... )+ f(..Qa,®..0cRdR® ...)

where we applied (4.3) to a ® b. Then, appling (4.3) to ¢ ® d we obtain

(.. ®0Re®..0dRc®... )+ f(.00®a®...Q¢d®...)
+f(..®[0N)®..0doc®..)+ f(..®[a,l®...0¢d®...).

If, instead, we apply (4.3) first to ¢ ® d and then to a ® b, we have:

.. ®a®b®..0dRc®...)+ f(..Ra®bI®...Q¢d®...)
=f(.00®a®..0d®c®.. )+ f(..®[al)®..0d®cR®...)
+f(.0Ra®..Qcd®..)+f(..®[a,b]®...®cd&...)

which is the same expression obtained above.

If we are in the second case and we set z;, = a, z;;,, = b= i, and T, =

we have
(. ®aRbec®...)=f(..0®aRc®...)+ f(...®[a,b]®@c®...)
=f(..Qb®c®a®..)+ f(..00Qa,c]®...)+ f(...®[a,l)|@c®...)
=f(..%c@b@a®..)+ f(..0bdRax..)+ f(.. bR [a,]®...)
+f(..®a,)®c®...)
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on the other hand, appling (4.3) first to b ® ¢ we have

o
f
f

Then appling (4.3) to the last three summand

flo.®c@ba®...)+f(..0a,b®cx..)+ f(...00& [a,c

—

Jacobi identity, therefore the expressions

fl. ®@cob®a®.. )+ f.0bd®a®.. )+ f(..0bRa,d®...
+f(..®a,b®c®...

and

. ®c@b®a®..)+ f(..Qa,b@c®..)+ f(..0bR[a,c] @ ...
+f(...@bdRa®...)+ f(...® ([¢,[a,b]] + [[a, c],b] + [a, [b,c]]) & ...

are the same and f is well defined.
Due to (4.3), f(J) =0 so f induces a linear map

¢:ML)=%(L)/J — %(L)
such that, given 1y <1y < ... <4, in [,

A(Ti, 24, - -+ T4,) = P[4, @ T4, ® -+ D 23,])

. ®aRbRc®..)=f(.0a®cRbR...)+ f(.. ®aR b, ®...
(.®c®aRb®.. )+ f(...Qa,dRb®...)+ f(...®a® b, ®...
(. ®cRb®a®...)+f(.®c®[a,b®...)+f(..Qa,cdRb® ...

+f(..®a®[bd®...).
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The mapping is well defined because if we take another representative of the
class [z;, ® x;, ® - - - ® x;,] they differ for an element in J so they are mapped
to the same element. Moreover z;, ® z;, ® -+ @ x;, with 173 < iy < ... <4,
in [ are linearly independent hence taken a trivial linear combination of

Lij1 Ly ** = Ty, with il SZQS Sln in ],

> Wiy yig,.yiny Tia iy * ** Ty = 0

11 SiZS---Sivzl el

its image under ¢ is

E iy jigooying iy & Tig @ -+ @ X, =0
i1 <ig<...<in, €I
and Wiy izoing = 0 due to the linear independence of z;, ® z;, ® -+ ® Tin, s

thus z;,z;, - - - x;, are linearly independent. ]

As just seen, in the proof of Poincaré-Birkhoff-Witt Theorem we have

strongly used the Lie structure of L.

Corollary 4.2.2. The natural mapping i : L — %(L) — ML) such that

i(xj) = x; is injective.

Remark 37. Due to the Corollary (4.2.2), we can consider L as a Lie subal-
gebra of U(L).



Chapter 5
Lie algebras representations

Throughout this chapter L is a semisimple Lie algebra over an alge-
braically closed field ' of characteristic 0, H is a fixed Cartan subalgebra
of L (i.e. a maximal toral subalgebra of L), ® is the corresponding root

system and A is a base of ®.
Lemma 5.0.3. 1. N(A) = @, co+ La is a nilpotent subalgebra of L.
2. B(A) = H® &, co+ La is a solvable subalgebra of L.

Proof. Let o € Lo, v3 € Lg, h € H. Then, by Jacobi identity, [h, [z, z5]] =
[t (25, ] — 25, 1By l] = — [y B3] — [, a(h)2] = B(R) s 73] +
a(h)[xa, z5] = (a + B)(h)[Ta,xs], ie. [Ta,r5] € Lars. Therefore N(A)
and B(A) are Lie subalgebras of L because, if , 5 € ®* and a + 3 € P,
a+pedt.

DIN(A), N(A)] = >, sea+[Las Lsl = 324 sep+ Lats, but @F is finite so
there exists an 7 such that [N(A)*, N(A)] = 0 that is N(A) is nilpotent.
2)[B(A), B(A)] = [H,H|+[H,N(A)]+[N(A), H)]+[N(A), N(A)], the first
summand is 0 and the last three summands are in N(A) which is nilpotent.
So [B(A), B(A)] is nilpotent and B(A) is solvable. O

Proposition 5.0.4. Let L be a semisimple Lie algebra and let ¢ : L — gl(V)

be a representation of L on a vector space V. If x € L is a semisimple element

39
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then ¢(x) is a semisimple element of gl(V'). If x € L is a nilpotent element
then ¢(x) is a nilpotent element of gl(V').

Proof. Since z is a semisimple element of L, ad, is semisimple, therefore

there exists a basis of eigenvectors {x, ..., x,} of L with respect to ad,.
ady(@)(0(xi)) = [0(z), d(xi)] = ¢([z,z:]) = ¢lada(z:)) = d(Nizi) = Aig(x:)
because ¢ is a homomorphism of Lie algebras. Therefore ¢(x1), ..., d(x,)

are eigenvectors and they generate ¢(L), i.e. adg(,) is semisimple because
we can choose those ¢(x;) which are linearly independent and we obtain a
basis of eigenvectors. Let us now consider a nilpotent element x € L. Since
ady()(¢(y)) = ¢(adyy) by induction (adyx))™(¢(y)) = ¢((ads)™y). Hence
adg(y) is nilpotent because by w-nilpotence there exists some i € Z, such
that (ad,)" = 0 then (adg)) (¢(y)) = ¢((ad,)'y) =0 for all y € L. O

Let V' be a finite dimensional L-module and let ¢ : L — gl(V') be the
representation associated to the L-module V. Thanks to Proposition (5.0.4),
the set ¢(H) consists of semisimple elements, moreover ¢(H) is abelian,
therefore the elements of ¢(H) are commuting semisimple endomorphisms
hence they are simultaneously diagonalizable, i.e. H acts diagonally on V.
Then V = >V, where A € H* and V), = {v € V]h.v = A\(h)v for all h € H}.
If Vi, # 0 we say that V) is a weight space and \ is a weight of V.

Remark 38. The sum of weight spaces is direct.

Proof. Let V! ="V, and let us suppose that the sum is not direct. There-
fore there exist vy,...,v, € V', with v; € V},, and p; # p; if @ # j, such that
v1 + ...+ v, = 0. Let us suppose moreover that s is the minimum number
of elements in V'’ such that v; + ...+ vy, = 0. Since u; # ug, there exists
some h € H such that py(h) # pa(h). 0= h.(vi,...,v5) —pi(h)(vy, ... ,vs) =
(pa(h) = pa(h))or + (p2(h) — pa(h))va + ...+ (ps(h) — pa(h))vs = (p2(h) —
p(h))vy + ...+ (ps(h) = pa (h))vs and (pa(h) — pa(h))va # 0 by the choice of
h. Since (u;(h) — pq(h))v; is 0 or is an eigenvector (uz(h) — py(h))ve + ... +
(us(h) — p1(h))vs is a sum of m eigenvectors, with 1 < m < s — 1, but this

is against the hypothesis of minimality of s. Hence the sum is direct. O]
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Remark 39. The sum of all the weight spaces of V' is an L-submodule.

Proof. Let V' be the sum of all the weight spaces of V. If x, € L,,h € H
and v € V), then h.x,.v = [h, x40 + x5.hov = a(h)zsv + A(h)zv =
(a(h) + A(h))xq.v = (a+ N)(h)za.v, e, 4.0 € Vigq TV, O

If dim V = oo Weyl’s Theorem does not hold, nevertheless we can still
define weight spaces in the same way, the sum of weight spaces, V', is always
a direct sum and it is also a submodule of V. Hence we proved the following

result:
Lemma 5.0.5. Let V' be an L-module. Then
1. Given o € ®, A€ H*, L, maps Vy into Vyi,.
2. The sum V' =3\ . Vi is direct and V' is an L-submodule of V.

3. If dimV < oo, then V =V,

5.1 Standard cyclic modules

Definition 5.1. Let V be an L-module, then vt € Vj is called a maximal
vector of weight A if it is a nonzero vector killed by all L, for o € &%, i.e.

o0 =0 for every a € &F.

Remark 40. It is clear that the notion of maximal vector depends strongly

on the choice of the base A.

Remark 41. If dim V < oo, V contains at least one maximal vector.

Proof. Let ¢ : L — gl(V) be the representation of L on V associated to
the L-module V. By Lemma (5.0.3), B(A) = H ® @_c¢+ La is a solvable
subalgebra of L, thus ¢(B(A)), which is isomorphic to B(A)/Ker(¢), is a
solvable subalgebra of gl(V'). Moreover dim V' < oo, therefore, by Lie’s The-
orem, V' contains a common eigenvector of all endomorphisms in ¢(B(A)),

i.e. there exist A € (B(A))* and a nonzero vector v such that xz.v = A(z)v
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for all z € B(A). On the other hand N(A) = @, .4+ Lo is nilpotent thus
every endomorphism of ¢(N(A)) is nilpotent and all its eigenvectors are 0.

Hence A(z) =0 for all z € N(A) and v is a maximal vector. O
Remark 42. If dim V = oo there is no need for a maximal vector to exist.

Example 5.1. If L is simple and ~ is the highest root relative to A, then

any vector in L., is a maximal vector for the adjoint representation.

Proof. Let x be a vector in L., then, for all &« € ®F, 2.2 = [24,2] € Loty =

0 since + is the highest root. O]

Definition 5.2. An L-module V = $(L).v", where v is a maximal vector,
is called a standard cyclic module and the weight of v is called the highest
weight of V.

Theorem 5.1.1. Let V be a standard cyclic L-module with maximal vector
vt €V, and let @t ={5y,...,Bn}. Then:

1.V =(ygyg - -ygj;.vﬂ ri € Ly), ys, € L_g,.

2. V=@, Vi

3. The weights of V' are of the form p = X — > ki with k; € Z,
i.e. all weights satisfy j < X\, in particular dim V,, < oo, dim V\ = 1.

a; EA

4. Bvery submodule W of V' is direct sum of weight spaces.

5. V is an indecomposable L-module with a unique maximal submodule

and a unique irreducible quotient.

6. Fvery nonzero homomorphic image of V is also standard cyclic of

weight .

Proof. 1) Given a basis B = {ya,,..., ¥z, P1,--- i, x5, ..., 25,  of L,
where x5, € Lg,,yp, € L_p, and {hy,...,h} is a basis of H, by Poincaré-
Birkhoff-Witt Theorem {yj! ---y5" R hfla:gll cexgt |ty siri € Ly} is a
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basis of 4(L), so t(L).v" = (yj -- -y}};’zhil e hfllel cexgn vt si, i € Ly ).
vt is a maximal vector then h;. v = ¢;o with ¢; in F and xg,.0" = 0 for all
Bi thus U(L).v™ = (yg! -y o)

2) Since h.yp - ypt vt = (A= pifi — .. = PmbBm)Yp Y5 v because
h.ysv™ = [h,yslvt +ys.hot = —=F(R)ys.vt + A(h)ygvt = (A= B)(h)yz.v"
forhe H,V = ZME}H V,, thatis V' = @ueH+ V), because the sum of weight
spaces is direct.

3) We have just proven that weights are of the form p = A—3"" p;5; where
B; € ®F. Any root of ®* is of the form 3; = ZajeA a; jo with a;; € Z,
hence p = )\—ZajeA(Zi a; jpi)aj and a; jp; € Zy. Givenyp -+ -y vt €V,
= Aif and only if a; jp; = 0 for all j, that is a;; = 0 or p; = 0 for all i.
If p; = 0, yp, doesn’t appear in yg' ---yp".v™; if p; # 0 then a,; ; = 0 for all
1, i.e. Za‘j a; jo; is not a root, but the 3;’s are roots therefore p; = 0 for all
i. It follows that = A if and only if y5 - --yg".0" = vF. Vi = (vF), ie.
dim V\ = 1. Now let fix a weight =X —>_

many generators of #(L).v" have this weight, i.e. how many k; and a;; in

ayen 530 We want to find how
Z there are such that s; = >, k;ja; ;. Since 0 < k;, a;; < s, there is only a
finite number of k; and a; ; such that s; = ). k;a; ; hence dim V,, < oo.

4) As V is the direct sum of weight spaces, for a given vector w in W there ex-
ist v1,...,v,, with v; in V,, and p; # p; for i # j, such that w = v +...4v,.
Let’s see that v; € W for all 7. Let us suppose that there exists a vector
w € W such that w = vy + ... + vy, v; € V), and v; € W for some j and
let w such an element with the minimum number n of summands. All the
summands v; in the expression are not in W otherwise permutating indices
we can suppose W = vy + ...+ Uk + Vgs1 + . . . + v, with the first £ summands
such that v; € W and the last n — k& such that v; ¢ W but in this case
w— vy —...— v is still in W and it is equal to vy + ... + v, so the number
of summands is less than that of w and this goes against the minimality of
the summands of w. As pu; # us there exists a vector h € H such that
p1(h) # pa(h). The element h.w = py(h)vy +- - -+ pp(h)v, lies in W because
W is a L-submodule. On the other hand p;(h)w € W so h.w — p(h)w € W
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and h.w — p(h)w = (ua(h) — pi(h)ve + ... + (un(h) — p1(h))v,. Therefore
there is an element in W which is sum of m < n — 1 summands not in
W but this goes against the minimality of w. Hence all the v;’s lie in W.
We have just seen that W C €D ,cp. (W N'V,). The converse is trivial so
W= @MGH*(W NVy).

5) Let us suppose that W is a proper L-submodule. Since W is a proper
L-submodule, v* ¢ W (otherwise the action of L on v™ gives all V| but
W #V), ie. W C D, V. because dim Vy = 1. It follows that V is in-
decomposable because the same property holds for every proper submodule.
Moreover, if W, W’ are proper L-submodules of V', then W, W’ C &,:,\V,,
hence W + W' is a proper L-submodule, because W + W' C @,2,\V,. It
follows that V' has a unique maximal L-submodule. Indeed if there were two
distinct maximal submodules their sum would properly includes both sub-
modules against maximality. Finally if W is a maximal L-submodule then
V/W is the unique irreducible quotient of V.

6) Let ¢ @ U(L)wT — M be a homomorphism of L-modules. By defi-
nition ¢(yg! -+ -y v*) = ypl - ypné(vT) and ¢(v™) is a maximal vector
with highest weight A because given an element z, € L, with a € &7,
Tad(v") = 0(za0™) = 0 and ho(vh) = o(hat) = 6(AR)*) = A(R)o(v)
for every h in H. m

Corollary 5.1.2. Let V' be as in Theorem (5.1.1). Suppose further that V
is an 1rreducible L-module. Then vt is the unique mazimal vector in V', up

to nonzero scalar multiples.

Proof. Let v, w"™ be maximal vectors with highest weights A\, o. Since V is
irreducible, V' = 4U(L).v", so 0 = X — > a,en ki with k; € Zy, and V' =
U(L)w*, s0 A =0 =3, cahja; with h; € Z,. 1t follows that k; = h; = 0,

that is A = o, and w™ = cvt with ¢ € F since dim V) = 1. ]
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5.2 Existence and uniqueness of the irreducible

standard cyclic module

Our next aim is to show that there exists an irreducible standard cyclic

L-module with highest A € H* which is unique up to isomorphism.

Theorem 5.2.1. Let V, W be standard cyclic L-modules of highest weight \.
If V and W are irreducible, then they are isomorphic.

Proof. Let us consider the L-module X = V @& W and the vector 2t =
(vT,w™) where v and w™ are maximal vectors of highest weight X in V, W
respectively. 7 is a maximal vector in X because z,.21 = (2,07, 24w ") =
0 for all z, € L, where @« € ®* and x* has highest weight A because
h.at = (ho™, hawt) = (A(h)vT, A(R)wt) = A(h)(vt,w™) for all h € H. Let
Y be the L-submodule of X generated by x*. Then Y is also a 4(L)-module
and it is generated by z* so it is standard cyclic. Let us now consider the
natural projections p : Y — V and p' : Y — W which are the restrictions
to Y of the projections onto the first and second factors. The maps p,p’ are
homomorphisms of L-modules and they are surjective because p(xt) = v
and p'(z7) = w™. Ker p and Ker p’ are L-submodules of Y and Y/Ker p &
V and Y/Ker p" = W hence Y/Ker p and Y/Ker p’ are irreducible and
by the uniqueness of the irreducible quotient of a standard cyclic module
Y/Ker p=Y/Ker p' thatis V= W. O

Thanks to the Theorem (5.2.1), we only need to prove the existence of
the irreducible standard cyclic module of weight A € H*.

Remark 43. A standard cyclic module contains a one dimensional B(A)-

submodule spanned by its maximal vector.

Let us fix A € H* and let D) be a one-dimensional vector space spanned

by a vector v. We define the following action of B(A) on Djy:

hot = Xh)vt Vhe H

2o =0 Ya e dt.
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D, is a B(A)-module because z,.x5.07 — z5.2,.07 = 0 = cxoipvt =
[0, zglvT and h.xavt — zh.hot = =A(h)zavt = 0 = a(h)z,vt =

[h, zo].vT. On the other hand D()) is also a $(B(A))-module and it makes
sense to consider the tensor product Z(A) = U(L) @y p(a)y Dr which is a
$U(L)-module under the left action of $4(L). Moreover 1 ® vt generates Z(\)
as a U(L)-module, it is nonzero because LU(L) is a free (B(A))-module, it
is annihilated by all the z, € L, with a € ®* and the action of h € H gives
A(h)1 ®@vT. Hence 1 ®@ v is a maximal vector with highest weight A, that is
Z()) is a standard cyclic module.

Theorem 5.2.2. Let A € H*. Then there exists an irreducible standard
cyclic module V() of weight \.

Proof. Given A € H* we can construct a standard cyclic module Z(X) of
highest weight \ as above. Since any standard cyclic module has a unique
irreducible quotient V/W, because of Theorem (5.1.1), 5, and V/W is stan-
dard cyclic of highest weight A, because of Theorem (5.1.1), 6, indeed V/W is
a nonzero homomorphic image of V, V/W is the irreducible standard cyclic
module we are looking for. We will denote by V() the unique irreducible
quotient V/W of Z(\). O

Let us see another result which was unthinkable before having treated the
previous arguments. If V' is a finite dimensional irreducible L-module then,
by Remark (41), there exists at least one maximal vector v*, of weight A in
H*  which necessarily generates V' as an L-module because of the irreducibil-
ity of V. V is also a {(L)-module and v generates V' as a {U(L)-module.
Hence V' = {(L).vt, i.e. V is a standard cyclic module. Moreover V is
an irreducible standard cyclic module therefore, by Theorem (5.2.1) V' is

isomorphic to V(). Summarizing this argument we have:

Theorem 5.2.3. Let V' be a finite dimensional irreducible L-module. Then
V' is isomorphic to V() for some X in H*.

Notice that, thanks to Weyl’s Theorem and Theorem (5.2.3), any finite
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dimensional L-module V' is a direct sum of irreducible standard cyclic mod-
ules V(\;) for some \; € H*.

Example 5.2. Let L be a simple Lie algebra of finite dimension. Then the
adjoint representation of L is irreducible, moreover L = L(«) where o € ®

is the highest root, i.e. a € ® and oo + a;; & P for all o; € A.

Example 5.3. Since the standard representation of sl,(F) is finite dimen-

sional and irreducible, F" = V() for some weight A. Let us recall that:

s,(F) = H® P sl (F)a

acd
with

o H={e;—ei1i+1:1<i<n-—1),
o d={t(a;+...4+j1):1<i<j<n}={ay;:1<ij<ni#j}
o 50(F)a,; = (eij)-
Moreover choosing A = {a; = ay;11} as a base of ® we have that:
e T ={a;+...+aj1:1<i<j<n}={w:1<i<j<n},
o b ={-;—...—a;1):1<i<j<n}={w;:1<j<i<n}

Therefore v is a maximal vector of F™ if it is an eigenvector for every h € H*
and e;;vt =0 for 1 <i < j<n—1. It follows that

vt =e (5.1)

indeed e;je; = 0if ¢ < j. In addition (e; — €;41i+1)e1 = ;1 hence the highest

Welght A is such that )\(6” — ei+1i+1) = 52‘1.

5.3 Necessary and sufficient condition for fi-

nite dimension

In Section (5.2) we identified every finite dimensional irreducible L-module
V with an irreducible standard cyclic module V() for a proper A in H*. Our

next aim is to decide which among the V' (\)’s are finite dimensional.
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5.3.1 Necessary condition for finite dimension

Let us now suppose that V(A) is finite dimensional. Choosen a simple
root a; in ®, i.e. a root lying in the base A of ®, we can find in V() a copy
of sl(IF), sla(;) = (Tay, Yous [Tass Yoy ) = hay ), therefore we can consider V()
as a sly(a;)-module. A maximal vector for the action of L is also a maximal
vector for the action of sly(a;) and its weight is completely determined by
the evaluation of the weight on h,,, which is the base of a maximal toral
subalgebra of sl (). In particular A(h,,) is a nonnegative integer due to the

structure of the finite dimensional sly(IF)-modules.

Theorem 5.3.1. Let V' be a finite dimensional irreducible L-module of high-

est weight X. Then A(h,,) is a nonnegative integer.

More precisely, thanks to the structrure of the finite dimensional sly(IF)-
modules, it is true that given any finite dimensional L-module V', and one
of its weight u (not necessarily a highest weight), p(ha,) = (i, ;) € Z when
a; € A. Therefore, recalling the definitions (1.24) and (1.25), we can say that
the weights occurring in a finite dimensional representation are also weights

in an abstract sense and that the highest weight A of V' ()) is dominant.
Theorem 5.3.2. If dim V(\) < 0o, then X is a dominant weight.

We have, thus, seen that a necessary condition for V(A) to be finite
dimensional is that A is dominant. Given V(A) with A\ dominant, what can

we say about its dimension?

5.3.2 Sufficient condition for finite dimension

Lemma 5.3.3. Let « be a root in T, let (To, Yo, [Tas Ya] = ha) = sla(a) =
slo(F) be a copy of sla(F) into L, let ¢ : L — gl(V) be a representa-
tion of L on V' such that ¢(x,), ¢(ya) are locally nilpotent and let s, =
exp(Pp(za))exp(d(—ya))exp(Pp(za)). Then, if v is in 'V, sytv is in V. In
particular dim 'V, = dim V,_,,.
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67

then, given v in V,, ¢(k)s; v = s, d(k—a(k)h)v = s, (u(k)v—a(k)u(h)v) =

so (1 = p(h)a)(k)v) = (p — p(h)a)(k)sgtv = oap(k) sg'v because pu(h) =
(p, @). Therefore s 'V, C V, , and dim V,, < dim V,,, because s;' is an

Proof. By Proposition (1.3.3), for every k in H, so¢(k)s;' = ¢(k — a(k)h)
1

automorphism, thus dim V,, = dim s;'V,. On the other hand s;'V,, , C
Vowoan = Vy, 1.e. dim V,,,, < dim V,, hence dim V,, = dim V,_,,. ]

Lemma 5.3.4. Let (z;,y;, [z, y;)) = hi) = sla(ay) = slo(IF) be a copy of sly(FF)
into L. Then the following identities hold in (L) for k>0, 1 <4,j <I:

1. (2, y¥™ =0 for all i # j

2. [hy, yf ™ = —(k + Day(hy)yi ™+

5. [ 1] = — (s + Dbk — h).
Proof. For any a € (L) we have:

k1

_ k+1
= ay;

[ k+1]

a, yz k+1a = (

a = [a,y; 1y +v;a, yi).
(5.2)
1) Let us prove identity (1) by induction. If & = 0, [x;,v;] € La;—a, = 0 for

y ayt —yFa)yi+yray,—y

all ¢ # j because A is a base for ® hence o; —a; is not a root. Let us suppose
that [z;,4¥] = 0. Then, by equation (5.2), [z;, yF™] = yF[x;, 3] = 0.

2) Let us prove identity (2) by induction. If k = 0, [h;, ;] = —ai(h;)y;. Let
us suppose that [h;,y¥] = —ka;(h;)yF. Then, by equation (5.2), [hj, yF™] =
g yF1ys + yE [y, i) = —keu(hy)yfys — yfai(hy)ys = —(k + e (hy)y; .

3) Let us prove identity (3) by induction. If & = 0, [z;,y;] = hi. Let
us suppose that [z;,y¥] = —ky**(k — 1 — h;). Then, by equation (5.2),
sy = [, yf gyl s vl = =k (k= 1= ho)ys + yfhe = —ky; ' (k-
Dyi +kyf " hiyi +yfhy = —k(k = 1)yf + kyFhi + kyf ' [hi, vil +yFhi = —k(k —
Dyl + (k + Vyfhi — kyf " ai(hi)ys = —k(k + Dyl + (b + Dyfhy = —(k +
1)y¥(k — h;) where we used that a;(h;) = 2. O

Theorem 5.3.5. If A € H* is a dominant weight, then V() is finite dimen-

sional.
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Proof. Let vt be a maximal vector of weight A in V/(\) and set m; = )\(h-)
for all i such that a; € A. We want first to see that y[*' = 0. z;.4/" oyt =
[z, 97 oot + oy 0t = [z, ¥t because v is a maximal vector.
By Lemma (5.3.4), z;. ylmﬂrl vt = 0if j # 4 and 2y ot = —(my +

Dy (m; — hi).vt = 0 because mut = A(h)vt = h. v+ In other words

m;+1 m;+1 mi+1

zjy Tt =0 for all j, i.e. either y;
vector. For any h € H, hy™ vt = [h,y/ ot 4y hot = —(m; +
D (h)y ot £ )y ot = (A= (my+ Day) (h)y ot de. ot
lies in Vi_(m;4+1)a,- Since m; = A(h;) = (N, i) € Zy, A — (m; + 1oy # A,
therefore "' v = 0 because V()\) is irreducible and, by corollary (5.1.2),

vt =0or ¥ 0T is a maximal

a maximal vector of any irreducible standard cyclic module is unique up to
scalar multiples.

mitl yt =0, the subspace (v*, g0t ...,y wt) is a sly(a;)-module

Since y;
because it is closed under the action of y;, it is closed under the action
of h; by Lemma (5.3.4(2)) and z;.yfot = 0, if & = 0, and, if & > 0
ziyfot = (v, yflot + yF et = [w,yflot = —kyF Nk -1 — b))t =
—k(k — DyF Lot + Ah)kyF Lot = ey Lot where ¢ is a scalar. Hence
V(M) admits a non trivial sly(c;)-module for every ¢ such that «; € A.
Let now V' be the sum of all finite dimensional sly(«;)-submodule of V(\).
V' # 0 because we have proved above that there is a non trivial finite
dimensional sly(q;)-submodule. We want now to prove that V' is an L-
submodule of V/(\). Let W be a sly(q;)-submodule and let us consider
W'=73 5525 W. Then W' is an sly(a;)-submodule, indeed, given a vector
we W, x,.xgw = [x;, 250+ 3.2, W = 1T, 45.W + xg.wy where wy € W
and ¢; € F, y;.xp.w = [y, 5] w0+ T5.9;.0 = 2% p_q, W+ T5.we Where wy € W
and ¢ € F, and h;.xp.w = [h;, x5).w + xg.hi.w = B(h;)xg.w + xg.ws where
ws € W. Hence x;.25.w,y;.25.w, h;.xg.w € Zﬁeﬂb x3.W. In this way we
have proved that a vector of any sly(a;)-submodule is sent, through the ac-
tion of L, to a sly(«;)-submodule, hence it still lies in V', that is V' is an

L-submodule of V(A). It follows by the irreducibility of V' that V' = V().
Note that the maps ¢(x;) and ¢(y;) are locally nilpotent therefore, by corol-
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lary (5.3.3), if p is a weight, o,p is also a weight and dim V, = dim V_,,.
By Proposition (1.2.3), every weight is WW-conjugated to a dominant weight,
but the dominant weights u such that g < A are, by Lemma (1.2.4), in a
finite number. Since W is a finite group, the number of weights of V' (\) is
finite and, as dim V,, < oo for every weight p, we deduce that dim V(A) is

finite because V() is a direct sum of weight spaces. O
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Chapter 6

Lie superalgebras

6.1 Superalgebras

Definition 6.1. Let A be an algebra and M an abelian group. An M-grading
of A is a decomposition of A into a direct sum of subspaces A = BpeprAa
such that A,As C A,i5. An algebra equipped with an M-grading is called
M-graded. If a € A,, then we say that a is homogeneous of degree o and we
write deg a = .

Definition 6.2. A subspace B of an M-graded algebra A is called M-graded
if B=@aem(BNA,).

Remark 44. A subalgebra or an ideal of an M-graded algebra is an M-graded

subalgebra or ideal.

Definition 6.3. A homomorphism ¢ : A — A’ of M-graded algebras is a
homomorphism of algebras which preserves the M-grading in the sense that

¢(Aa) C A,y where p is an automorphism of M.
Let Zy = 7Z/27 be the residue class ring mod 2 with elements 0 and 1.

Definition 6.4. A superalgebra is a Zs-graded algebra A = Ay @& A;. The
elements of Ay are called even and the elements of A7 are called odd. Given
an element a € A we denote deg a by p(a) and we refer to p(a) as the parity

of a.

53



54

6. Lie superalgebras

Remark 45. The only automorphism of groups ¢ : Zy — Zs is the identity,
hence every homomorphism of superalgebras ¢ : A — A’ is such that ¢(A,) C
Al

Definition 6.5. A superalgebra is called
e commutative if ab = (—1)P(@P(®)pq
e associative if (ab)c = a(bc)
e anticommutative if ab = —(—1)P(@P)pq,

Example 6.1. Let M be an abelian group and V' = ®,cpV,, an M-graded
vector space. Then the associative algebra End(V') is naturally equipped
with the induced M-grading End(V') = @aecrr End, (V') where

End, (V) ={z € End(V) | (V3) C Vais}.

In particular, for M = Z,, the associative superalgebra End(V') = Ends(V)®
Endy(V).

Example 6.2. Let A(n) be the Grassmann algebra in n variables &, ..., &,.
Then, setting p(&) =1 for all i = 1,...,n, we obtain an associative superal-

gebra called the Grassmann superalgebra.

6.2 Lie superalgebras

Definition 6.6. A Lie superalgebra is a superalgebra g = gg & g7 with a

product [, ] : g x g — g satisfying the following properties:
[aa b] = _(_1)p(a)p(b) [bv CL] (61)
[a, [b, c]] = [[a, 0], ] + (=1)PPO[b, [a, ] (6.2)

The first property is the anticommutativity of the bracket and the second
property is the analogue of the Jacobi identity for Lie superalgebras.
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Example 6.3. If A is an associative superalgebra, then the bracket defined

as follows
[a,b] = ab — (—1)P@P®)pq (6.3)

gives to A a structure of a Lie superalgebra.
Proof. |a,b] = ab — (—1)P@PO)pq = —(—1)P(@r®)(pg — (—1)P@PC)gp) =
— (—1)P9PONp al, therefore property (6.1) holds. Moreover
(@)p®)[p heref holds. M
[CL, [ba C]] = [av be — (_1)p(b C)Cb]
a(be) — (=1)POPEg(cb) — (—1)PO+PEDP@) (he) g4
(_1)(p(b)+p(0))p(a)(_1)17(17) (cb)a—

a(be) — (=1)POPCq(ch) — (—1)POFPEP@ (he) gt
(—1)POP(@)+p()(pla)+p(0)) (cb)a

and

a8 ] + (=1 a, ] =
[ab — (=1)P@POpg, ] + (=1)POPO[p ge — (—1)P@PCeq] =
(ab)c — (—1)P@WPO) (hg)c—
(=1)POE@+PO) o (gh) 4 (—1)P@PO) (—1)PR@+PO) ¢ (hg) 4
(—1)P@POp(ge) — (—1)P@PO)(_1)P@P()p(q)—
(— 1)p(a)p(b) (— 1>p(b)(p(a)+p(0)) (ac)b+
(—1)Pl@p®) (_qyplap(e) (1) PO @+ (0q)p =
a(be) — (- > PO ch) +

) —
(— 1)p(a)p(b)+p(c)(p(a)+p ( b)a — (— 1) (b)+p(c)) (bc)a
where we use the associativity of the product in A and the definition (6.3).

Thus property (6.2) holds. O
Remark 46. For a,b € gy, properties (6.1) and (6.2) become

[a,b] = —[b, a] (6.4)
[a, b, ]} = [[a, 8], ] + [b, [a, ] (6.5)
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thus gg is an ordinary Lie algebra.

Remark 47. For a,b € gg, ¢ € g1, property (6.2) becomes [[a, b], ¢] = [a, [b, ¢]]—

b, [a, c]]. Hence the operation [, | restricted to gg X g7 gives gi a gg-module
structure.
Remark 48. The operation [, | restricted to g7 X g7 is commutative because,

if a,b € g1, [a,b] = [b,a] hence the linear map ¢ : S%g; — g5, w(ab) =
[a, b] is well defined and ¢ is a homomorphism of gg-modules. Indeed, given
a € gy, b,c € g7 and using the definition of the action on S%g;, p(a.(bc)) =
p((a.b)e + bla.c)) = ¢(la,blc + bla, c]) = [[a,b],c] + [b, ]a,c]] = la,[b,c]] =
la, (bc)] = a.(¢(bc)) where we used the linearity of the map ¢, the Jacobi
identity (6.2), the fact that p(a)p(b) = 0 and the fact that g is a gg-module
with the action given by [, |.

Moreover the following proposition holds:
Proposition 6.2.1. Let us have:

1. a Lie algebra gg,

2. a gg-module g1,

3. a homomorphism of gg-modules ¢ : S*g1 — go with the condition

(p(ab)).c + (¢(bc)).a + (¢(ca)).b =0 fora,b,c € g1 (6.6)
where “.” denotes the action of g5 on gi.
Then g = gy®g1 is a Lie superalgebra with the product | , | defined as follows:

e if a,b € gy, |a,b] = [a,b] where the latter [ , ] is the one of the Lie
algebra gg,

e ifacgy, be g, [a,b] =ab,
e ifa€gi, b€ g, [a,b] =—[b,a] = —b.q,

e ifa,b € gi, [a,b] = p(ad).
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The definitions of solvable, nilpotent, simple and semisimple Lie superal-

gebras are the same as for Lie algebras, i.e:

Definition 6.7. Let g be a Lie superalgebra and let g = g, gV = [g, 9],
g = [gt=V, g(=Y] for 4 > 1. Then a Lie superalgebra g is called solvable if
there exists some i € Z, U {0} such that g = 0.

Definition 6.8. Let g be a Lie superalgebra and let g° = g, g* = [¢g"!, g
for ¢ > 1. Then a Lie superalgebra g is called nilpotent if there exists some
i € Z, U{0} such that g* = 0.

Definition 6.9. A Lie superalgebra g is called simple if g contains no non-

trivial ideals.

Definition 6.10. A Lie superalgebra g is called semisimple if g contains no

solvable ideals.

Definition 6.11. Let g = g5 @ g7 and h = hg @ b1 be two Lie superalgebras.

Then a linear map ¢ : g — b is a homomorphism of Lie superalgebras if

¢([z,y]) = [9(x), ¢(y)].

6.3 The superalgebra [(V) and the supertrace

Let V = V5 @ Vi be a Zsy-graded space. We have already seen in Ex-
ample (6.1) that the algebra End(V') endowed with the induced Zs-grading
becomes an associative superalgebra. Hence End(V) is a Lie superalgebra,
by Example (6.3) and we denote End(V') with the Lie superalgebra structure
by (V') or [(m,n) where m = dim V5 and n = dim Vj. Let us now consider a
homogeneous basis of V' i.e. a basis {€1,...,€m,€mi1,- -, Emint of V where
{e1,...,en}isabasis of V5 and {€,, 11, ..., Emin} is a basis of V3. The matrix

of an element of {(V') with respect to this basis is of the form

(@)
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where A is a (m x m)-matrix, B is a (m X n)-matrix, C'is a (n X m)-matrix,
D is a (n X n)-matrix.

Note that the even part I(V')g of (V') consists of matrices of the form

(0 2)

and the odd part [(V); of [(V') consists of matrices of the form

()

Indeed an element a of I(V')j is such that a(V5) C V5 and a(V;) C Vi hence

its matrix with respect to an homogeneous basis has the form:

A 0
0 D)
On the other hand an element b of I(V')1 is such that b(V5) C V; and b(V;) C

V5 hence its matrix respect to an homogeneous basis has the form:

()

A B
Definition 6.12. Let a = ( D ) be in [(m, n). Then we call supertrace

of a the number

str(a) =tr(A) — tr(D). (6.7)
Remark 49. Since the trace is linear, the supertrace is linear.

Remark 50. The supertrace of the matrix of an operator a € {(V') does not

depend on the choice of a homogeneous basis. Indeed, let I € [(V) and let

A B (A B
a= , a =
C D c' D

be two matrices of [ with respect to two different homogeneous base. Then
A is conjugated to A" and D is conjugated to D', hence tr(A) = tr(A’) and
tr(D) = tr(D").
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We now want to prove that str([a,b]) = 0 for any a,b € I(V).

Definition 6.13. Let g = g5 ® g7 be a Zy-graded space and let f: gxg — F
be a bilinear form on g. Then f is called consistent if f(a,b) = 0 for any
a € gy and b € gi, f is called supersymmetric if f(a,b) = (=1)P@P®) f(b, q)
and, if g is a Lie superalgebra, f is called invariant if f([a,b],c) = f(a, [b, c]).

Proposition 6.3.1. 1. The bilinear form (a,b) = str(ab) on (V') is con-

sistent, supersymmetric and invariant.
2. str([a,b]) =0 for all a,b € (V).

Proof. 1) (Consistency) If a and b are the matrices of an even and an odd

element with respect to an homogeneous basis, they have the following form

=(05) (e d)
»=(0 ) (e 0) (o V)

and (a,b) = str(ab) = 0.
(Supersimmetry) If a € (V) and b € I(V)1, (a,b) = 0 via the consistency.

hence

Moreover, identifying the endomorphisms with the associated matrices re-

spect to an homogeneous basis, we have

A 0 0 B
a= , b=
0 D c 0
b 0 B A 0 0 BD
a = =
cC 0 0 D CA 0
thus (b,a) = str(ba) = 0 = (a,b). If a,b € I(V)g, via the usual identifications

A 0 A0
a = , b=
0 D 0 D

hence

we obtain
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AA" 0 AA 0
ab = , ba =
0 DD 0 D'D

but tr(AA") = tr(A’A) and tr(DD') = tr(D'D) so str(ab) = str(ba). If

a,b € 1(V)1, via the usual identifications we obtain

0 B 0 B
a = , b=
C 0 (G
BC" 0 B'C 0
ab = , ba =
0 CB 0 (B

so (a,b) = str(ab) = tr(BC")—tr(CB') = tr(C'B)—tr(B'C) = —(str(ba)) =
(=1)POP@) (p q),

Let us now prove 2), then we will prove the invariance of ( , ).

2) str([a,b]) = str(ab — (—=1)P@POha) = str(ab) — (—1)P@PO)str(ba) = 0
because of the supersymmetry of the bilinear form ( , ). Indeed str(ab) =
(a,b) = (=1)P@PC)(p q) = (—1)P@PC)str(ba).

(Invariance) Since

therefore

hence

b, ac] = blac) — (—1POE@E) (ge) —
b(ac) — (_1)p(a)p(b)(ab)c+
(_1>p(a)p(b)<ab)c _ (_1)p(b)(p(a)+p(c))(ac)b =
b, ale + (=1 Pa(be — (=1)POPch) =
b, alc + (_1)10(a)p(b)a[b7 d,

using 2) we have

0 = str([b,ac]) =
str([b, alc + (—1)PPP@ab, c]) =
—(—=1)POPDstp([a, ble) + (—1)POPDstr(alb, ]).

Therefore ([a,b], c) = str([a,blc) = str(alb, c]) = (a, [, ). O
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6.4 Derivations

Definition 6.14. Let A be a superalgebra. A derivation of parity s € Z, is
an endomorphism D € End(A) with the property

D(ab) = D(a)b+ (—=1)P“*aD(b). (6.8)

We denote by ders(A) C End(A) the space of all derivations of parity s and
we define der(A) = der(A)s @ der(A)s.

Remark 51. Let D a derivation of A. Then D(1) = 0.

Proof. D(1) = D(1-1) = D(1) - 1 + (=1)?®*W1. D(1) = 2D(1). Therefore
D(1) = 0. O

Remark 52. The space der(A) C End(A) is a subalgebra of the Lie superal-
gebra [(A).

Proof. Let D, D be to derivations of der(A). Then

[D, D)(ab) = (DD — (=1 DD) (ab) =
D(D(a)b+ (—1)"P¥@ gD (b))—
(—1)"P¥P) D(D(a)b + (1) PP aD(b)) =
D[)(&)bJr(_ )(p( D)+p(a))p D)D( )D(b
b
b
b
(—=1)PPPD) (_1)p(P)pla) (_1)P@r(P) Py D(p) =
DD(a)b + (_1)p(D)p(a) (_1)p(D)p(a)an)(b)_
(=1)PPPDHD(a)b — (—1)PPIwD) (_1)pDIp(a)(_1)p(@p(D [) D(b) =
(DD(a) ~ (~1)"P*DDD(a)) () +
(—=1)P@O@D+PD) (D D(b) — (—1)PP D)pp (b)) =
[D. D)(@)h+ (~1)" P Pha[D, D](b).

+

(

(=1)PP2@ D(a)D(b) + (—1)PPIr(@)(— 1)p(D)p(a) D(
(=1)PPPD) HD(a)b — (—1)PPD) (1 )pD)eD)+0(@) D) D(
(—1)PP(D)(_1)P(P)w(a) f(g) D

)
)—
)—
)—
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Hence [D, D] is a derivation. Moreover, since Dy, Dy, D5 € der(A) C End(A),
(D1, Do) = _(_1)p(D1)p(D2)[D2’ D]

and

(D1, [Ds, D3]] = [[Dy, Ds], Ds] + (=1)?"PVPP2)[ Dy [Dy, Ds]].

O
Example 6.4. Let g be a Lie superalgebra. Then the map
ad, : g — g, b [a,b] (6.9)
where a € g, is a derivation of g.
Proof. adq([b,c]) = [a, [b,c]] = [[a,b], ] + (=1)"?®[b, [a, c]] = [ada(b), c] +
(=1 P @b, ady(c)]. O

The Jacobi identity hence means that, for a € g, ad, is a derivation of

the Lie superalgebra g.
Remark 53. The space of the derivations of g of the form ad, is an ideal of

der(g).

Proof. Since [D, ad,)(b) = D([a,b]) — (—1)PPP@[q D(b)] = [D(a),b] +
(—1)P@rD)[q D(b)] — (=1)PPP@)[q, D(b)] = [D(a),b], [D, ad,) = adp(q), i-e.
the space of the derivations of g of the form ad, is an ideal of der(g). O

6.5 Linear representations of Lie superalge-

bras

Definition 6.15. Let V = V5 @ Vi be a Zs-graded linear space. A linear
representation ¢ of a Lie superalgebra g = gg @ g7 is a homomorphism of Lie

superalgebras ¢ : G — (V).
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In this case we often say that V is a g-module and we write x.v instead
of ¢(x)(v) with € g and v € V. By definition g;.V; C Viy; and [z, y|l.v =

o[z, y))(v) = [6(x), 6(y)](v) = P()b(y)(v) — (1)1 D D g(y) () (v) =
z.(y.v) — (—1)deg 2)deg )y (3.9).

Remark 54. The map ad : g — I(g) with (ad(z))(y) = [z,y] is a linear

representation of g and it is called the adjoint representation.

Definition 6.16. A g-module V is called irreducible if it has no nontrivial

submodules.

6.6 Z-gradings

Definition 6.17. A Z-grading of a superalgebra A is a decomposition of A
into a direct sum of finite dimensional Zs,-graded subspaces A = @®;czA; for
which A;A; C A;+;. A Z-grading is said to be consistent if Ay = @;czA;
and A; = ®iezAgit1-

Remark 55. If g is a Z-graded Lie superalgebra, then g, is a Lie superalgebra,
because [go, go] € go and the anticommutativity and the Jacoby identity for
go follow from the anticommutativity and the Jacobi identity on g. Moreover,
since [go, 9i] C g, the restriction of the adjoint representation to gy induces

linear representations of gy on the subspaces g;.
Remark 56. We point out that Definition (6.17) can be, of course, given also

for algebras, i.e. in the completely even case.

Definition 6.18. A Z-graded Lie superalgebra g = @®;czg; is called irre-

ducible if the representation of gy on g_; is irreducible.

Definition 6.19. A Z-graded Lie superalgebra g = &,czg; is called transitive
if [a,g_1] =0 for a € g;, i > 0, implies that a = 0.

Example 6.5. Let V = V5 @ Vj be a Zy-graded space. Then (V) has
a consistent Z-grading (V) = 11 & (V)5 & [; where, with respect to an
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homogeneous basis of V', [_; consists of matrices of the form

(o)

and [ consists of matrices of the form

(o)

6.7 Criteria of simplicity

Proposition 6.7.1. Let g = g5 ® g1 be a Lie superalgebra. If the repre-
sentation of gy on g1 is faithful and irreducible and (g1, 91) = @o, then g is

simple

Proof. Let I = Iy ® I1 be a nonzero ideal of g. [7 is a submodule of gi
because for x € gy and y € Iy, [z, y] lies in [ since [ is an ideal, and it is odd
hence lies in [7. Since gj is an irreducible gg-module, I3 is either 0 or gi. If
I; =0, for all x € [j and y € g7 [z,y] = 0 and, since the representation of g
on g is faithful, I5 = 0, i.e. [ = I5 & I1 = 0 which is against our hypothesis.
Hence I; = gi. On the other hand g5 = [g1, 91] = [[1, 1] C Ig, i.e. Iy = gp
and, consequently, I = g. O

Proposition 6.7.2. Let g = ®;>_19; be a Z-graded Lie superalgebra. If g is
transitive and irreducible, [g_1,91] = go, (80, 01] = g1 and g; = g} for i > 0,

then g is simple.

Proof. Let I = ®;>_11; be a nonzero ideal of g. I_; is a go-submodule of g_;
because for all € gg and y € I_1, [z, y] lies in [ since [ is an ideal y € I and
lies in /_;. Since g is irreducible, the go-module g_; is irreducible, i.e. either
I 1=00orl =g, . IfI ;=0,forallz € Iyand y € g_; [x,y] = 0 because
it lies in /4, then x = 0 by transitivity, i.e. [y = 0. Repeating by induction
on ¢ the same argument for x € I; for all ¢ > 0 we obtain I, = 0 for all ¢,

i.e. I =0. Hence I = g_;. It follows that go = [g-1,081] = [[-1,91] C 1o,
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ie. Ip = go, and g1 = [go,01] = [lo,01] C I, i.e. I; = g1. Moreover
gi=9g, CLCl,ie I[;=g;foralli>0and I =g. O

Remark 57. Proposition (6.7.2) can be given also for a Lie algebra g, i.e.

when g is a completely even Lie superalgebra, with the additional request of
9, 9] #0.
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Chapter 7

Examples

7.1 Outer tensor product

In Example (1.18), we considered the tensor product of two representa-
tions of a Lie algebra L and we defined on it a structure of an L-module. This
construction does not preserve the irreducibility, namely, the tensor product

of two irreducible L-modules is, in general, not irreducible.

Example 7.1. Let us consider the standard representation of sly(F) and
its adjoint representation. Then the sly(IF)-module V = F? ® sl,(F) is not

irreducible.

Proof. We already showed that F? and sly(F) are irreducible sly(F)-modules
of dimension two and three respectively. Let {e;,e2} be the canonical basis
of F? and let {z,y,h} be the standard basis of sly(F). We showed that e
and r are maximal vectors in F? and sl,(FF), respectively. By Example (1.18)

it thus follows that the vector
vy =e @ (7.1)
is a maximal vector, indeed
r.(e1®@x) = (re1) @ + e, @ [w,2] =0

67



68

7. Examples

besides,
hiey®e)=(he)) @z +e®hr]=e @z +26 @x =36 @1 =30y .

This means that v;” = e; ® z is a maxmal vector of weight 3 in V, hence it
generates an irreducible sly(F)-submodule of dimension 4. This shows that V/,
which has dimension 6, is not irreducible. Now note that v;r = 2e9Rx+e1Qh

is also a maximal vector in V', indeed:
r.(2e0 1+ e ®h) =2(ze) x + e ® [z, h] =0
and

h.2ea@x+e®@h)=—-2eaQx+4des @ +e1@h =
201+ e @h = vy

It follows that vy generates an irreducible sly(F)-module of V of dimension
2. Therefore, by Corollary (5.1.2), V=V (3) @ V(1). O

We shall now introduce the concept of outer tensor product of two mod-

ules.

Definition 7.1. Let L, K be Lie algebras, let V' be an L-module and let W
be a K-module. Then we can define a linear action of L® K on V @ W as

follows:

(z4+y)(vew)=(xwv)@w+v® (y.w) (7.2)

where x € L, y € K, v € V,w € W, and we extend this definition on V & W
by linearity.

Remark 58. The linear space V ® W with the action of L & K described in
Definition(7.1) is an (L & K)-module.

Proof. By construction we need to prove that:

(lz+y,i+7).(v@Ow) = (+y).(GF+7)-(vQW) — (F+7).(x+y).(vRW). (7.3)
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We have ([z +y,& + 9]).(v @ w) = ([,2] + [y,9])-(v ® w) = ([z,2].v) @
w4+v ([y,g)w) = (z.20 —Z2x0) Qw4+ v (ygw — Jyw) = 2.2.0 ®
wW—2T.20QwW+vRyygw — v y.y.w where we used the structure of L-
module and K-module on V' and W, respectively, and the linearity of the
tensor product. On the other hand using the definition of the action and the
linearity of the tensor product, the right hand side term of (7.3) is equal to
TZORQWHTUVRYW+TUVRXYW+VRY. YW —T.20QW—TVRY.W—IT.0Q
YW —vRYYw =.20QwW —T.2.0Q0 W+ v Qy.y.w — v Y.y.w. O]

Notation 1. Given an L-module V and a K-module W, we will denote by
V XIW the tensor product V @ W with the L & K-module structure given in
Definition (7.1). We will call V' &I W the outer tensor product of V' and W.

Proposition 7.1.1. Let V' be an irreducible L-module of finite dimension
and let W be an irreducible K-module of finite dimension. Then VXIW is

an irreducible L @ K-module.

Proof. Let S be anonzero L& K-submodule of VXIW and let z = 22:1 ; QW;
with v; € V and w; € W, be a nonzero element of S. Let us consider the set

{vi,,...,v;, } of elements among the v;’s such that:
1. the v;,’s are linearly independent,
2. every element v; is a linear combination of the v;,’s.

Then we can write z = > ;" | v;, W, for some w;, € W. Since the projection
map py : VW — V is a homomorphism of L-modules, py(S) is an L-
submodule of V' and it is nonzero because py(z) = > ", v;, # 0. Therefore
pv(S) =V due to the irreducibility of V. On the other hand we can repeat
the same argument for W considering the set {w;,,...,w;,} of the elements
among the w;’s with the same properties as above. Hence py (S) = W. Let
now B = {vy,...vs} be a basis of V and B’ = {wy,...,w,} be a basis of W.
Since py (S) =V, for every vy € B, there exists some Z € S such that v, =
pv(%). We can write 2 =371 300 ) aivi @ wj = 3 5y 0 © (35 ajjw;) =
Y i, v ® w; where we set w; = Z;Zl a;jw;, hence vy = py(2) = >0, v,
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i.e. we must have w; = 0 for ¢ # k and w, # 0 because z # 0. It follows
that Z = v, ® Wg. Moreover py (U(K).2) = W because pw(Z) # 0 and
W is an irreducible K-module, therefore, for w; € B, there exists some
element z € Y(K).Z such that py (2) = w; hence for every k € {1,...,s} and
j € {1,...,r} there exists an element of S of the form v, ® w;. It follows
that S =V X W. O

7.2 The action of gl,(F) on (F")*

Let us consider the canonical basis {ey,...,e,} of F" and its dual basis
{@ers -y @e, b of (F™)*, ie. @, (ej) = 0;;. We can identify every vector ¢,
with the row vector e = (0,...,0,1,0,...,0) with 1 in the i-th position. The
vector space F" is a gl,, (F)-module with the standard action given by matrix

multiplication, hence (F™)* is a gl,,(F)-module with the following action:

(X.9)(v) = —p(Xv) (7.4)

where X € gl (F), ¢ € (F")* and v € F". Note that (X.¢,)(e;) =
— e, (Xej) = —pe, (34 Xijer) = —Xij, Le.

Xope, == Xijipe,. (7.5)

Accordlng to the identification of ., with €}, we identify X.¢., with X.e}
—Zj Xijpe, with — Z Xjje; thus, according to these notations, the

action is the following:

Xef ==Y Xie; = —eX. (7.6)

7.3 Example 1: the Lie superalgebra [(m,n)

Let V = V5& Vi be a Zy-graded space with dim Vg = m and dim Vi =n
and let H = {v1, ..., Vm, Umat, - Umint be a homogeneous basis of V' where

{v1,..., vy} is a basis of Vg and {vp11, ..., Umin} is a basis of Vi. We already
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noticed in Example (6.5) that the Lie superalgebra [(m,n) has a consistent

Z-grading [(m,n) = 1_1 ®1(m,n); ®l; where, with respect to H, [_; consists

0 0

c o)’
[(m,n)g consists of the matrices of the form

A 0

0 D
and [; consists of the matrices of the form

(07)

with A € M, n(F), B € My, ,(F), C € M, ,,(F) and D € M, ,(F). From

now on we will identify the endomorphisms in [_y,(m,n); and [; with their

of the matrices of the form

matrices with respect to the homogeneous basis H. Then
o [(m,n); = gl,,(F) @ gl,(F) as Lie algebras,
o [ ZF"K (F™)* as [(m,n)g-modules,
o [} =F" X (F")* as I(m,n)g-modules.

Notation 2. We denote by (A, D) the matrices in I(m,n)g, i.e. ((m,n)s
{(A, D) | Aegl,(F),D e gl,(F)}.

We recall that [ is a [(m, n)g-module with respect to the adjoint action

A 0 0 0 0 0
, = : (7.7)
0 D cC 0 DC—-CA 0
Lemma 7.3.1. The Lie algebra l(m,n)s is isomorphic to the Lie algebra
gL, (F) & gl,,(F).

Proof. Let us consider the linear map:

¢ : gl,(F) @ gl,,,(F) — {(m,n)g
D+ A (A, D).
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The linear map ¢ is an isomorphism of linear spaces, moreover ¢([D+ A, D+
A)) = oD, D) + [A,A]) = ([, 4], [D, D)) = (AA — AA, DD — HD) =
(AA,DD) — (AA,DD) = (A, D), (A, D)] = [¢(D + A), ¢(D + A)] hence ¢ is

an isomorphism of Lie algebras. O]

Lemma 7.3.2. The set of matrices M, ,,(F) is an l[(m,n)s-module with the

following action:

(A,D).C = DC — CA. (7.8)

Proof. The action is linear on [(m,n); and on M, ,,(F) by the definition
of the action. Moreover [(A, D), (A, D)].C' = (AA - AA,DD — DD).C' =
DDC — DDC — CAA + CAA, and (A, D).(A,D).C — (A, D).(A,D).C =
(A,D).(DC — CA) — (A, D).(DC — CA) = DDC — DCA— DCA+ CAA —
DDC+DCA+DCA—-CAA=DDC+CAA—DDC—CAA, hence M,,,,,(F)

is an [(m, n)g-module. O
Remark 59. The l(m,n)g-modules [_; and M, ,,(FF) are isomorphic.

Proposition 7.3.3. The l(m,n)g-module [y is isomorphic to the outer ten-
sor product F™ X (F™)*.

Proof. Let us denote by e;; the matrices with (e;;),s = 0;0;5 and let us
consider the map:

¢ Mym(F) — F*" X (F™)* (7.9)

eij > €; @ €;

extended on M, ,,(F) by linearity. The linear map ¢ is an isomorphism
of vector spaces. Note that ¢(De;;) = ¢(>_, Drierj) = >, Drid(er;) =
> Driler®e}) = (32, Drier)®e; = De;@e; and —¢(ei;A) = —o(32, Ajueir) =
=D Apolen) = =D Ajrle ®@ep) = e @ (= 2o, Ajwey) = € @ (—ejA). Tt
follows that ¢((A, D).ei;) = ¢(Deij — e;A) = De; @ € + e; ® (—ejA) =
De;®ej+e @ Ae; = (D+ A)(e; @ef) = (A, D).¢(eij), hence ¢ is an

isomorphism of {(m, n)g-modules. ]

By the same argument we can prove the following results:
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Lemma 7.3.4. The Lie algebra l(m,n)y is isomorphic to the Lie algebra
gl,,(F) @ gl,,(F)

Lemma 7.3.5. The set of matrices M, ,(F) is an l[(m,n)g-module with the

following action:

(A,D).B = AB — BD. (7.10)
Remark 60. The l[(m,n)s-modules [; and M,, ,(F) are isomorphic.

Proposition 7.3.6. The [(m,n)g-module ly is isomorphic to the outer tensor

product F™ I (F™)*.

7.4 Example 2: the classical Lie superalgebra
A(m,n)
Definition 7.2. We define
sl(m,n) = {a € [(m,n) | str(a) =0} (7.11)
where str(a) is the supertrace of a.

Remark 61. The subspace sl(m,n) is an ideal of [(m,n) of codimension 1.

Proof. Thanks to Proposition (6.3.1(2)), str([a,b]) = 0 for all a,b € I(m,n).
In particular, if a € sl(m,n) and b € I(m,n), str([a,b]) = 0, i.e. [a,b] lies
in sl(m,n). Finally the condition on the supertrace forces sl(m,n) to have

codimension 1 in {(m,n). O

Remark 62. The subspace sl(m,n) inherits the Z-grading [ @ sl(m,n)s® [,

from [(m,n) where [_; consists of the matrices of the form

(e0)

sl(m,n)y consists of the matrices of the form

(0 5)
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with tr(A) = tr(D), because of the condition on the supertrace, and [

consists of the matrices of the form

(07)

with A € M, ,»,(F), B € M,, ,(F), C € M, ,,,(F) and D € M, ,(FF).

Remark 63. If m = n, sl(n,n) contains the one dimensional ideal consisting
on the scalar matrices Als,. On the contrary, if m # n, the unique scalar

multiple of the identity in sl(m,n) is 0 (since char F = 0).
Definition 7.3. We define

A(m,n) =sl(m+1,n+1), form#nm>0n2>0 (7.12)
A(n,n) =sl(n+1,n+1)/(lant2), n >0 (7.13)

Remark 64. The Z-grading of s{(m+1,n+1) induces a Z-grading of A(m,n)
of the form A(m,n) =1_1 ® A(m,n)s & (4.

Lemma 7.4.1. For m # n, the Lie algebra A(m,n)j is isomorphic to
5li1(F)®Bsl, 1 (F)BF L and the Lie algebra A(n,n)g is isomorphic to sl (F)®
5[n+1(F).

Proof. According to notation 2 we denote the elements of sl(m + 1,n + 1)
by (A, D) where A € gl (F), D € g, (F) and tr(A) = tr(D). We can
write (A, D) € sl(m + 1,n + 1) as follows:

tr(A) tr(A) tr(A) tr(A)
A D :(A— s, D — 1, ) ( 1paq, )
(4,D) m+1"" T e R P P
(7.14)
Since tr(A— f;(fl) Lyy1) = 0and tr(D— %171“) =0, A- %17”4’_1 and D —

tr(A)
n+1

of s, 1(F) (sl,41(F)) can be written as a difference between a matrix of

gl,1(F) (g0, (F)) and a diagonal matrix. On the other hand the set of the

tr(A)l tr(A)
m+1 M+l

Therefore, as in Lemma (7.3.1), we can say that s{(m+1,n+1)5 = sl,,1(F)&®

1,41 lie in s, (F) and in sl, 1 (F) respectively. Moreover every matrix

matrices of the form ( 1n+1> is a Lie algebra isomorphic to Fy.
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sl (F) @ {(mjgmﬂ, A nﬂ) e IE‘} > 5041 (F) @ shooy (F) & Fp. Tt
follows that if m # n A(m,n)g = sl,41(F) & sl,41(F) @ Fr, and A(n,n); =

ﬂwH4m+nwu%szGmmm@amxm@{(Auﬂwﬂnﬂ)i
F})/(lanra) st (F) @ sby (F).

O m

Proposition 7.4.2. The sl(m+1,n+1)5-modules Iy and F*" ' X(F™)*KF
are isomorphic. In particular, for A(m,n), |-, 2 F""' X (F"H)* KT, if
m #n, and [_; 2 FH X (F*T)* if m = n.

Proof. Let us consider the case m # n. Given (A, D) € sl(m+ 1,n + 1)5 we

set A=A— 1y and D = D — "( )1n+1, thus we can write (A, D) as
follows: () (4)
P tr tr
A D)= (A, D)+ 2y ). 7.15
(4.0) = (A.5) + (1, ) (7.15)

The action of sl(m + 1,n + 1)5 on {_; is the following:

A0 N A s 0 0 0
0 D 0 tr(A) "\ C o0
nt1 —ntl

< 0 0>+< 0 0)
™ 1 r(A r(A
DC—CA 0 Mo -xdeo g

0 0

DC — CA+ tr(A) (%)C !

The following action of sl(m + 1,n + 1) on My1.m+1(F)

m—-n

(A,D).C = DC — CA +tr(A) <(n Ty 1>>C (7.16)

turns M,,+1 41 (F) into a sl(m+1, n+ 1)g-module which is isomorphic to the
sl(m+1,n+ 1)g-modules I_; (the proofs are identical to the ones of Lemma
(7.3.2) and Remark (59)). We now want to prove that the sl(m + 1,7+ 1)g-
modules M, 1,11 (F) and F*" X (F™+!)*KF are isomorphic. Let us consider
the map:

©: My (F) = F"H R (F")* KT (7.17)
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€ij — e X 6; ®1
and extend ¢ on M, 11 ,+1(F) by linearity.
The map ¢ is an isomorphism of vector spaces and ¢ is a homomorphism of
sl(m + 1,n + 1)g-modules, indeed

m—n

(n+1)(m+1)

(A,D)-eij:Deij_ez’j/i"i_tr(A)( )€ij'_>Dei®€;®1+

(n+1)(m+1)

_ei®e;¥~l®1+t7“(A)< )ei@)ej@l:

~ « * A * il
boger-uogietsasger(oty) -

(D + A +tr(A) <<n +TT)Z?:+ 1)>).(ei ®e; 1) =
(A, D).(e; ® e ® 1) = (A, D).p(ei)

where De;; — [)ei®e;'f®1 and —eijfl — —ei®e;f~1®1 by the same arguments
as those used in the proof of Proposition (7.3.3). Hence ¢ is an isomorphism
of sl(m + 1,n + 1)g-modules.

For the case m = n the proof is the same of the one of Proposition (7.3.3). O
With an identical proof the following proposition holds:

Proposition 7.4.3. The sl(m+1,n+1)g-modules l; and F" 1 X (F"1)*KF
are isomorphic. In particular, for A(m,n), [} 2 F*"IX(F*™Y)*XF, if m # n,

and Iy X FH XK (FH)* if m=n.
Remark 65. [, is an irreducible A(m,n)g-module.

Proof. Since the Lie algebras sl,,,,1(F) and sl 1 (F) act transitively on F™*!
and on F"*! respectively, F™! is an irreducible s, ;(F)-module and F"*!
is an irreducible sl,,,;(F)-module. Therefore (F"1)* is also an irreducible
6, 11(F)-module by Proposition (1.1.5). Hence, by Proposition (7.1.1), Iy
is an irreducible A(n,n)g-module. Moreover F is an irreducible Fy-module
hence, by Proposition (7.1.1), l; is an irreducible A(m,n)zg-module also for
m #n. m
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Lemma 7.4.4. The superalgebra A(m,n) is transitive.

A 0
Proof. Let us consider a matrix a € sl(m+1,n+1)5, a = ( 0 D ) where

We want to prove that [a,l_;] = 0 implies a = 0, i.e.

(A) = tr(D).
A . .
< 0 > ( > ] = 0 for all C' € M, (F) implies A =D = 0.

A0 0 0\] 0 0
0 D 7 €ij 0 Deij—eijA 0 ’

therefore 0 = De;; — €;;A, 1.e. De;j = e;;A. Since De;; = > ) Dyex;
and GijA = Z;nzl Ajkeik, D“ = Ajj and Dlm = 0 for k 7£ i, Ajk = 0 for
k # 7. Moreover this holds for all s = 1,...,n and 7 = 1,...,m. Hence

0
only scalar multiple of the identity in A(m,n) is 0.

0 B
0

0 B 0 0
that [b,l_1] = 0 implies b = 0, i.e. , = 0 for all
0 0 C 0

C € M, ,,,(F) implies B = 0.
0 B 0 0 Beij 0
O = Y = Y
0 0 €ij 0 0 eijB
therefore 0 = Be;; = Y -, Byieyj, i.e. By, = 0 forall k = 1,...,m. On
the other hand we can choose e;; with ¢ = 1,...,n, hence By; = 0 for all

k=1,....mandforalli=1,...,n,ie. B=0. ]

A 0
a = ( D ) is a scalar multiple of the identity, i.e. a is 0 because the

Let us now consider a matrix b € [, b = ( > We want to prove

Lemma 7.4.5. [l_1,l1] = A(m,n)g

s o tmmmn(3).(4 3]

and tr(BC) = tr(CB). So we want to prove A(m,n)g C [l_1,1]. Smce

0 0 0 orer; 0
{ | e ] _ | Owi€y ,ifi # k and j = [ we get all
eij 0 0 0 0 duen

o)
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0 0 0

the matrices of the form < > ,if k =1 and j # [ we get ( e(l)] 0 ) , Le.
Cik

[[_1,11] contains all the elements out of the diagonal of matrices in A(m,n)g.

e;; 0

If k=1 and 7 = [ we have ( (])j ) whose linear combinations give all
Cii

the diagonal elements of a matrix with O-supertrace. O]

Definition 7.4. A finite dimensional Lie superalgebra g = gg @ g7 is called
classical if it is simple and the representation of gz on gi is completely re-
ducible.

Proposition 7.4.6. The Lie superalgebra A(m,n) is classical.

Proof. Since F"*! is an irreducible sl,,, { (F)-module, (F™*1)* is an irreducible
$l41(F)-module and F is an irreducible Fj-module, by Proposition (7.1.1),
Fl R (F ) RF =y, if m # n, and F*T X (FP* = ) if m =
n, are irreducible sl(m + 1,n + 1)g-modules. Thus A(m,n) is irreducible
because [_; is an irreducible A(m,n)g-module. By Lemma (7.4.4), A(m,n)
is transitive, by Lemma (7.4.5) [I_1,l;] = A(m,n); and by Remark (65)
[A(m,n)g, 1] = 1. Hence by Proposition (6.7.2) A(m,n) is simple. Moreover
Amyn); =1, @ 1 2 PR (FH) REF @ Fr ) (F) )E, if m £ n,
and A(n,n); =11 &, & F"M X (F*)* @ Frr K (FT)*) if m = n, are
completely reducible A(m,n)g-modules. It follows that A(m,n) is a classical

Lie superalgebra. O]

7.5 Example 3: the Lie algebra W (m,0)

Let us consider the Lie algebra F[xq, . .., ,,] of polynomials in m symbols

T1yeooyTm.

Remark 66. By definition of derivation of an algebra, if D is a derivation of
A = Flxy,...,xy], then D(1) = 0. It follows that the images D(z;) define

a derivation of A completely, due to the linearity of D and the Leibniz rule
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(1.5). In particular, the maps

0
afli'i

0
8_9Q(xj) = 0y

tA A (7.18)

fori,j =1,...,m extend uniquely to derivations of A.

Notation 3. We will denote the Lie algebra of derivations der(F[zy, ..., z,)])
by W(m,0).

Proposition 7.5.1.

L9
mem:{ngy%—
i=1 O;

P GIF[xl,...,xm]} (7.19)

Proof. The vector fields X = ", PZ-% are derivations because -2- is a

8901-
derivation for every i. Let now D € W(m,0). Then D(z;) = P, for some
P, € Flzy,..., %) It follows that D = > P2 O

Remark 67. If we set deg x; = 1 for i = 1,...,m, we obtain a Z-grading of
Flzy, ..., zn)
F[le,...,xm] = EBkzoF[le,...,.fEm]k (720)

where, by an abuse of notation, we denote by F[z1, ..., x,,]; the vector space

(T - -:L‘ika%j>. This Z-grading induces a Z-grading of W (m,0):
W(m,0) = @>_1W(m,0)
with
W(m,0), ={D € W(m,0) | D(F[z1,...,2xn]i) CFlxy,...,Tn|iax} =

0
(X,

Note that W (m,0)_; = <a%1’ c %> and that [8‘?%, %] € W(m,0)_o =

0 consistently with

00 _ 09
8:132- 8:16]- N 8:16]- 8331 ’
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Proposition 7.5.2. 1. W(m,0) = @y>_1W(m,0) is transitive.

2. The Lie algebras W(m,0)o and gl,,(F) are isomorphic.

3. The W(m,0)o-modules W(m,0)_y and (F™)* are isomorphic.

4. W(m,0), = W(m,0)% for k >1 and m > 2.

5. W(m,0) is simple for m > 2.

Proof. 1) Let us consider a € W(m,0)so such that [a, W (m,0)_;] = 0.
We want to prove that a = 0. We can assume a € W(m,0), i.e. a =
Yoty Pz with Py € Flay, ..., plira, then 0 = [a, W(m,0)_] if and only

if 0 = [a,%] =, [Pi%,%] =—>. (gf?)a%i for all j = 1,...,m.
Therefore % = 0 for all © = 1,...,m. Since this relation holds for every

j=1,...,m, P, is a scalar. On the other hand P; € Flzy,..., x|k with
k > 0, hence P; = 0 because the only scalar in Flzy, ..., 2] with £ >0
is 0.

2) Since [W(m,0)q, W(m,0)o] € W(m,0)o and W(m,0) is a Lie algebra,
W(m,0), is a Lie algebra. W(m,0), = {ZiPii ‘ P, € Flzy, ... ,l'mh} =

ox;
2,722 | 4,7 =1,...,m). Let us define the following linear map:
Ox;
0
gb : g[m(F) — W(m, 0)0, €5 —> IL‘Z% (722)
J

Since the linear map ¢ is linear and surjective by construction and dim g, (F) =
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dim W (m,0)o, ¢ is an isomorphism of vector spaces. Moreover

514, B) = ¢( >~ Ayess Y Buc ) -
i,j=1 k=1
Z Z AijBruo([eij, em]) =

i,j=1k,l=1
Z Z AijBkl¢(5jk€iz - 5li€kj) =

ij=1k,l=1

Z Z Angkl(gijb(ezl Z Z Angkl(Slz¢(€kj)

i,j=1kl=1 ]lkll

Z ZAZ]BNZL’Z Z ZAszkzxk

i,7=1 [=1 1,j=1 k=1

and

[6(A),6(B)] = > AyBuld(es;), dlen)] =

ij—lkl—l
Z Z AzyBkl |:xz ] :|
i,j=1k,l=1
Z Z Aszk:l< hTig 5lz$k; )
1,J=1k,l=1
Z Z Az]lexza Z Z A’LjBkak
i,j=1 =1 L1 1,j=1 k=1

Therefore ¢ is an isomorphism of Lie algebras.
3) W(m,0)_1 is a W(m,0)p-module with respect to the restriction of the

adjoint action,

8 0
Let us define the following linear map:
v (F™) — W(m,0)_q, aa ) (7.23)
X

Since the map 1 is linear, surjective and dim (F™)* = dim W(m,0)_1, ¢ is

an isomorphism of vector spaces. Moreover, thank to the isomorphism of Lie
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algebras defined in (7.22),

() (o)) o(( ) (£0)) -
W < - ZJ ; Aijbk&cie;) = — Zj Aijbia%

and

(ZAZ]:@ > Zbkek

7,7=1
- 0
(B} (Sva) - S 3 bl

0 0 0 o 0
Zk:Aubk (mlaxj oy - 5ik6—xj - wza_xka_x) =

- Z Awb

i,7=1

i,7=1

Therefore v is a homomorphism of W (m, 0)p-modules and an isomorphism
of vector spaces. It follows that v is an isomorphism of W (m, 0)¢-modules.

4) W(m,0); = <xixja%k>. Let us prove that W(m,0), = W(m,0)} by in-
duction on k. If & = 1 there is nothing to prove. Let us suppose that
W(m,0), = W(m,0)*¥ and let us prove that W(m,0),1 = W(m,0)".
W (m,0)5*t C W (m, 0)z41 because of the Z-grading of W (m,0), so we only
need to prove that W (m,0)541 C W (m,0);+".

20 8]:

0z; " O,
0 0 oP; \ 0
0jiy Pjiy — oz, + djin Pjiy — oz, — X4, Ty (ﬁ) a—xj
with j,41,19,93 € {1,...,m}. Let usconsiderr € {1,...,m}, P; = ST

with ji,...,Jk1 € {1,...,m} with j; #r forall l = 1,...,m. Let us con-
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sider, moreover, iq,is € {1,...,m}. Therefore, if iy # i,
0 0 0
Ljy - Ijk+1877 xilxha? = Tjy Ijk+1xi287
i1 r r
and, if il = ig,
0 0 5 0
L oo T — X Ljo —— =20 -0 Ti —.
J1 Jk+1 85611 ) 1712 8£Cr J1 Jk4+1711 8:&

On the other hand, for ji, ..., jk—sy1 € {1,...,m} with j; # r and s > 1,

s a 2 8
LpTjy - xjk—s+1 or y Ly o -
r r

0
2ty — — sty - =
r J1 Jk—s+1 6$T T J1 Jk—s+1 axr

0
s+l o _
(2 - S)ZET Zj; x]k—s-u ox

T

0
2 _
LTy L1 o lexrle "Ly o
T T
3 ) 0 50
X, T T, ZTpX S X xz
rvJ1 Jk 18T I Jk—1 aTv raxr )
i.e.
) 0 9|, 9 , 0
T, L X4, —,Tpd] T,T Ty ) —, T . — | =
r<J1 Jk 18‘@7»’ T 81’r 71 Jk—1 axr7 raxr

Hence all the generators of W(m,0)y41 lie in [W(m,0)g, W (m,0);] =

(W (m,0)5, W(m,0);] = W(m,0)i™. Tt follows W (m,0)s1 = W(m,0)F™
for all k> 1 and m > 2.

5) Let us prove that [W(m,0)_y, W(m,0);] = W(m,0)o. As before we only
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need to prove that [W(m,0)_1,W(m,0);] 2 W(m,0)e. Since [% fi} =
2:&'%7 W(m,0)o € [W(m,0)—1, W(m,0)], ie.

W(m, 0)o = [W(m,0)_1, W(m,0)y].

Let us prove that [W(m,0)o, W (m,0);] = W(m,0);. We only need to prove
that [W(m,0)q, W(m,0);] 2 W(m,0),. Notice that

o [wigk ot ] = a2,
o [migh a2 | = 2wy fori £
° _xl%,xia;ik: :21‘1'3;56;2]6.

Since all the generators of W (m, 0); lie in [W(m,0)o, W (m,0);], W(m,0); C
[(W(m,0), W(m,0)], i.e. [W(m,0)o, W(m,0);] = W(m,0);. Summariz-
ing: [W(m,0), W(m,0)] is clearly nonzero, W (m,0) is transitive, (F™)* is
an irreducible gl (F)-module, hence W(m,0)_; is an irreducible W (m, 0)-
module, i.e. W (m,0) is irreducible, [W(m,0)_1, W (m,0);] = W{(m,0)o,
[(W(m,0)o, W(m,0);] = W(m,0); and, for £ > 1 and m > 2, W(m,0), =
W (m,0)%. Therefore W (m, 0) is simple for m > 2 by Proposition (6.7.2). [

Remark 68. Note that, in the case of W(1,0) = der(Flz]), 2*%L € W(1,0),
but W(L,0)2 = [W(1,0);,W(1,0);] = 0 because [aﬁ%,bx?%] — 0. It
follows that T (1,0)% # W (1,0)2. Nevertheless we can show that W (1,0) is

also simple.

Proof. Note that [W(1,0),W(1,0)] # 0. Let now I be a nonzero ideal of
W (1,0) and let z be a nonzero element of I. Since W (1,0) has a Z-grading,
I = @I and z = S8 |z with z € W(1,0);. By transitivity 0 #
[z, W(1,0)_1] C I, therefore there exists an element D € W(1,0)_; such
that 0 # [2, D] = S2F [z, D] = S5 (2001, D) = 2971 % € 1. Tterating

this argument we prove that there exists a nonzero element of INW(m,0)_;.
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On the other hand INW(m,0)_; = W (m,0)_, because dim W(m,0)_; = 1.
Hence I O W(m,0)_;. In particular, = € I. It follows that I DO W (1,0),
for every k > —1 because —(k + 2)2FH L = [wk”%, %} € I. Thus I =

W (1,0). O

7.6 Example 4: the Lie superalgebra W (0,n)

Let us consider the Grassmann superalgebra A(n) in n symbols &1, ..., &,.

In this section we write §¢; instead of & A §;, therefore & = —&;&;.

Remark 69. By definition of derivation of a superalgebra, if D is a derivation
of A = A(n), then D(1) = 0. It follows that the images D(¢;) define a
derivation of A completely, due to the linearity of D and the Leibniz rule
(6.8). In particular, the maps

0
&3

tA— A (7.24)

0
6_@(€j) = 0y
fori,5 =1,...,n extend uniquely to derivations of A.

Notation 4. We will denote the Lie superalgebra of derivations der(A(n)) by
W(0,n).

Proposition 7.6.1.

W (0,n) = {D = iaa% P € A(n)} (7.25)

Proof. >, Pia% are derivations because a%- is a derivation for every i. Let

now D € W(0,n). Then D(§;) = P; for some P, € A(n). It follows that
_\n 9

D=5%7", Pige; - O

Remark 70. If we set deg & = 1 for ¢ = 1,...,n, we obtain a consis-

tent Z-grading of A(n) which induces a Z-grading of W(0,n): W(0,n) =
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Srs_1W (0, n), with
W(O0,n), ={D € W(0,n) | D(A(n);) C A(n)r} =

0
{2 rag

deg P,=Fk+1, izl,...,n}.

Note that W(0,n)_, = (8%1, ce %) and that [a%i, a%-] eW(0,n)_o =0
consistently with
0 0 0 0

6&8—@ = _8_@-8&' (7.26)

Proposition 7.6.2. 1. W(0,n) = @~ ,W(0,n); is transitive.
2. The Lie algebras W(0,n)o and gl,,(F) are isomorphic.
3. The W(0,n)o-modules W (0,n)_1 and (F™)* are isomorphic.
4. W(0,n), = W(0,n)} for k> 1.
5. W(0,n) is simple for n > 2.

Proof. 1) Let us consider a € W (0,n)>¢ such that [a, W (0,n)_4] = 0. We

want to prove that a = 0. We can assume a € W(0,n)g, i.e. a = ., Pia‘z

with P, € A(n)gs+1. Then 0 = [a, W (0,n)_;] if and only if 0 = [a, B%J} =

[Zipia%,(% = —(=1)1y, (g?;)a% for all j = 1,...,n. Therefore
g?’ =0 for all i = 1,...,n. Since the relation holds for every j = 1,...,n,

P; is a scalar. On the other hand P, € A(n);yq with & > 0, hence P, = 0
because the only scalar in A(n)g; with £ > 0 is 0.

2) Since W (0,n)o € W(0,n)5 and [W(0,n)e, W(0,n)s] € W(0,n), W(0,n)g
is a Lie algebra. W(0,n)y = {ZiPia% | deg P, = 1} = (fia%j | 4,7 =

1,...,n). Let us define the following linear map:

b gL, (F) = W(0,n)o, e > f% (7.27)
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Since the linear map ¢ is linear and surjective by construction and dim gl,,(F) =

dim W(0,n)g, ¢ is an isomorphism of vector spaces. Moreover

¢([4, B]) = ¢( > Aieig, Y Bue ) B
i,j=1 k=1
Z Z AijBug(leij, en]) =

ii=1 ki1
n
E E A;iBro(djkeq — diierj) =
ij=1k,l=1
n

Z Z AijBrdjrdleq) — Z Z AijBridug(er;) =

1,j=1 k,l=1 1,j=1 k,l=1

Z Z A”LJ legz 65 Z Z ngkzgk 85

i,j=1 =1 i,7=1 k=1

and

[6(A),6(B)] = Y Y~ AijBuld(eiy), dlew)] =

ijflkll

Z Z AijBi [@a&,skaﬁ}

1,j=1k,l=1

Z Z AUBkl( ]kézag 5l2£k8€ )
J

i,=1k,l=1

Z ZAUB]l& 85 Z ZAZJBkZSk ag

i,j=1 =1 i,j=1 k=1

Therefore ¢ is an isomorphism of Lie algebras.
3) W(0,n)_; is a W(0,n)p-module with respect to the restriction of the
adjoint action, W(0,n)_; = (8%1, e 9.3, Let us define the following linear

map:

b (FY) = W(0,n)_1, ef — (7.28)

0%
Since the map 1 is linear, surjective and dim (F")* = dim W(0,n)_1, ¢ is

an isomorphism of vector spaces. Moreover, thank to the isomorphism of Lie
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algebras defined in (7.27),

((Brsae) () =+ (( S (3204

(8 ( - Z Z Aijbk(skie;> == Z Az‘jbz‘%
ij ok i,j J

1’7]

and

( Z Awgz a§]> @Z}(Z kaZ) =

i,7=1
(Z]ZIA”&%) (Z kf){k) Zzlg i k[&@ﬁ 3§k]

0 0
>3 Ak (51 06, 06, ”“as 5, a@)

i,j=1 k
— Aiibi—
Z J @gy

2,j=1

Therefore v is a homomorphism of W (0, n)g-modules and an isomorphism of
vector spaces. It follows that ¢ is an isomorphism of W (0, n)s-modules.

4) W(0,n); = <§i§j%>. Let us prove that W (0,n)r = W(0,n)¥ by induction
on k. If & = 1 there is nothing to prove. Let us suppose that W (0,n); =
W (0,n)f and let us prove that W(0,n),41 = W(0,n);™". We only need to
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prove that W(0,n), 1 € W(0,n)kt.

0 0
& fml@, €j1§j2a_§l =

0 0
5mj1£i1 e gik_,_lgjza_gl - 5mj2€i1 e 5ik+1€j1 8_&_'—

T Ty P N
511 f’bk-q—lg]lgh agm 85[ ( ]') 5]15]2 agl (511 §Zk+1)a§m
0 0
(=11, 658, - 'fmla—&y =

0 0
5mj1£’i1 U 5ik+1€jza_€l - 5mj2€i1 e fik+1£j1 a_&+

o 0 9 B

€i1 e 5ik+1§j1§jza§+ma_§l - (_1) 5]'16]'26_&(&1 e 5ik+1)a€+m+
0 0

1\ 2kH1R2(k+ 1) ¢ e Y S
( 1) 521 511@-&-1531532 8€m 86[
0 0

5mj1€i1 e gik«rlnga_& - 6mj2€i1 o 'gikJrlgjl a_fl_

0 0
(—1)k§jlsza—§l(fz’1 - 'fml)y

with iy, ... ig11, J1, g2, m, L € {1,...,n}, is # i, if s # r and j; # ja. Therefore

0 0
Sir - .EikJrl%? &2&1#2@ =
k 0 g
_<_1) gi2§ilc+2 3&2 (&1 e £Zk+1)¥“ =
0
k JE—
(_]‘) §i2§ik+2§i1§i3 T gik+1£ =
0

—&ir&iy - -&HQE-
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Besides
o 0
§iv i g7 Sinina e | =
i 8§’Lk+3 " a§“
) 0
(=g e e e V2
( 1) §11§Zk+2 6611 (511 £Zk+l)8€ik+3
0
_1\k+1le I
( 1) 511£Zk+2622 §1k+1 a&k_M
0
éll €Zk+2 agik+3 .

Since the elements of the form §i1"'§ik+za§% with i; # iy for j # j
and i;,m € {1,...,n} are generators of W(0,n)s11 we have proven that
W(0,n)51 C [W(0,n), W(0,n)1] = [W(0,n)%, W(0,n),] = W(0,n)F.

5) Let us prove that [WW(0,n)_1,W(0,n);] = W(0,n)o. As before, we only
need to prove that [W(0,n)_1, W(0,n);] 2 W(0,n)s. We have [%,ﬁj&%] =

5ij§l% — 5il§j%. Therefore [%,&{j%] = fj% which are generators of
W(0,n)o. Now let us prove that [W(0,n)y, W(0,n);] = W(0,n);. Note
that fi%f[fk%} = 5jl£i£k3§im - 5]‘1@&5185% - 5mz‘flfka%~ Therefore, given
ivgokom € {1, n} with k£ j and i £ m, €, &8sl | = &gl ie.
W(0,n); C [W(0,n)y, W(0,n);]. Summarizing: W(0,n) is transitive, since
(F™)* is an irreducible gl, (F)-module, W (0,n)_; is an irreducible W (0, n)o-
module, hence W (0, n) is irreducible, W (0,n)y = [W(0,n)_1, W(0,n)4],

W (0,n); = [W(0,n), W(0,n);] and W (0,n), = W(0,n)% for k > 1. There-
fore W(0,n) is simple for n > 2 by Proposition (6.7.2). O

Remark 71. The Lie superalgebra of derivations W (0, 1) is not simple, indeed

W(0,1) = W(0,1)_; & W(0,1)y and [d%,gd%] = 4 hence W(0,1)_y is a

nonzero ideal properly contained in W (0, 1).
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