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Riflettiamo ora su cos’e la matematica. Di per sé e un sistema astratto,
un’invenzione dello spirito umano, che come tale nella sua purezza non
esiste. E’ sempre realizzato approssimativamente, ma - come tale - € un
sistema intellettuale, e una grande, geniale invenzione dello spirito umano.
La cosa sorprendente e che questa invenzione della nostra mente umana e
veramente la chiave per comprendere la natura, che la natura e realmente
strutturata in modo matematico e che la nostra matematica, inventata dal
nostro spirito, e realmente lo strumento per poter lavorare con la natura,
per metterla al nostro servizio, per strumentalizzarla attraverso la tecnica.
Papa Benedetto XVI

(Colloquio con i giovani di Roma, 6 aprile 2006)

Let us now reflect on what mathematics is: in itself, it is an abstract
system, an invention of the human spirit which as such in its purity does
not exist. It is always approximated, but as such is an intellectual system, a
great, ingenious invention of the human spirit. The surprising thing is that
this invention of our human intellect is truly the key to understanding
nature, that nature is truly structured in a mathematical way, and that our
mathematics, invented by our human mind, is truly the instrument for
working with nature, to put it at our service, to use it through technology.
Pope Benedict XVI

(Meeting with youth of Rome, 6 April 2006)
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Introduction

The purpose of this study is to analyse the regularity of a distinguished
differential operator, the so-called Kohn Laplacian Oy, in two settings: on
the Heisenberg group Hl,, and on manifolds for which H,, is a model, that is,
the strongly pseudo-convex CR manifolds.

Our work begins with the presentation of H,, and of its properties. The
Heisenberg group is defined as C" x R with the product

(z,t)* (2, t") = (z+ 2, t +t' + 2Im(27"))

and it can be seen in two different ways: as a Lie group and as the boundary
of the Siegel Upper-Half Space. In this last definition, H, is an embedded
manifold and O, can be seen as the restriction to Hl,, of a differential oper-
ator on C"*'. On the other hand, looking at the Lie Group, we can view
O, as a sum of squares of the vector fields Re Z;,Im Z;, ..., Re Z,,,Im Z,,,
where 71, ..., Z,,T form a left-invariant (complex) vector fields basis for the
complexified tangent bundle CT'(H,,).
On H,, there exists “the CR complex” 0,, defined as

’ ’

hf= > . i) dz,
|J|=¢+1 \|I|=q,k=1,...,n
where fis a (0, ¢)-form f = Z]”:q frdz" and dz’ = dz;, A, ..., Adz;,. We can
also define its adjoint 5; with respect to the L*(dV) inner product, where
dV is the Lebesgue measure in C"* x R. It can be written as

By f = Z - Z ey 21 | dz7.
|J|=q—1 [Il=¢,k=1,...,n
Then we can form the operator O, = 51,5: + 5:51). It turns out that, on
(0, q)-forms, Oy acts diagonally, that is,

/

Ly Z frdz" | = Z (Lp—2qfr) dz",

1=q =q
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where L, is a scalar differentiable operator of order two:

Lo=—5 S (ZuZit Z70) +io.
k=1,...,n
Thus, for studying O,, it suffices to study L,. For these operatos we study
the local solvability, hypoellipticity and regularity in LP, Hélder and Sobolev
norms.

In order to obtain the main estimates for O, and its inverse, we study
the fundamental solution of £, on H,. To investigate its hypoellipticity,
again, we first study the solvability and hypoellipticity of L., that is true
when « is “admissible”, namely a # £(n + 2k) Vk € N. That enables us
to find solvability and hypoellipticity for O,. Finally, to be able to state LP
and Holder estimates for £, we take some time to talk about homogeneous
distributions on the Heisenberg group.

In the second part we start working mainly with a manifold M of real
dimension 2n + 1. We say that M is a Cauchy Riemann manifold (of hy-
persurface type) if there exists a subbundle, that we denote to be THO(M),
of the complex tangent bundle CT'(M) such that the complex dimension of
T (M) isn, T (M)NTHO(M) = {0} and where the integrability condition
is true. More, we say that a CR manifold M is strongly pseudo-convex if the
Levi form defined on M is positive defined.

Since we will show that the Heisenberg group is a model for the strongly
pseudo-convex CR manifolds, we study how to extend to them the conclu-
sions we found for H,,. In particular, we look for an osculating Heisenberg
structure in a neighborhood of a point in M, and we want this structure
to change smoothly from a point to another. In order to do so, we define
Normal Coordinates and we study their properties. More, we also exami-
nate different Normal Coordinates in the case of a real hypersurface with an
induced CR structure.

In the final part, we define again the tangential CR complex, its adjoint
and the O, operator on M. Then we start studying these new operators
showing some subelliptic estimates; first for 9, and 52, then for the O,. To
find this conclusions, we don’t assume M to be pseudo-complex anymore,
but we ask less, that is, the Z(¢) and the Y (¢q) conditions on the eigenvalues
of the Levi form of the defining function of M. This also provides local
regularity theorems for O, and show its hypoellipticity on M.



Chapter 1

Preliminaries

Goal. In this chapter we want to give some definitions and results as a first
view at the Cauchy—Riemann world. We will show some versions of the
Hartogs Extension Theorem and we will talk about the Levi pseudocovexity
in the complex space. Then we will also provide fundamental defintions, such
as the notion of the CR manifolds, the CR tangent complex d, and of the
Levi form for CR manifolds.

1.1 CR-operators and Hartogs Theorem

Definition 1.1.1.

Let M be an open set in C". Let p € M and let U € U, ie, U is a
neighborhood of p.

We say that M is a C* real hypersurface in C", with k € N, if 3p € C*(U,R)
(namely, a defining function) such that

MNU={z€U /p(z) =0} and dp(z) #0 on M NU.

Observation 1.1.2. M so defined divides U into Uy := {z € U /p(z) > 0}
and U_:={z €U /p(z) < 0}.

Definition 1.1.3.
With the same notations, we now call Tangential Cauchy—Riemann operator
a (0,1)-vector field on M, L, such that

— ° 0
L:Zaj(z)gj on MNU

J=1

where a;’s satisfy
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Zaj(z)a—_p(z) =0, thatis, Lp(z) = 0.
8z]~

We also call Lu = 0 the Tangential Cauchy-Riemann equation.

Notation 1.1.4. Given U an open set, take O(U) as the set of the holomor-
phic function on U.

Observation 1.1.5. If f € C*(U_)NO(U_) then, by continuity, Lf = 0 on
MNU.

This tells us that the restiction of a holomorphic function f to a hypersurface
will automatically satisfy Lf = 0.

Definition 1.1.6.

Let M be a C! hypersurface in C", n > 2.

f € CY(M,C) is called a CR-function if f satisfies the homogeneous tangen-
tial Cauchy-Riemann equation:

> a5 (2) =0
=1 7%

Va = (a1,...,a,) € C with 377, aj(%;(z) =0, z € M, and where p is a
C! defining function for M.

Observation 1.1.7. From observation 1.1.5, we can now say that the restic-
tion of a holomorphic function f to a hypersurface is a CR-function.

Is the opposite true? Namely, Given any CR-function f on M, can one
extend f holomorphically into one side of M7 In general the answer is no.

Example 1.1.8. Let M be the hypersurface defined by {y; = 0} in C™:
M:={ze€C" /|y =0}.

Consider f € C*(M,R), f(x1,22,...,2,) = f(z1) in U € Uy. Suppose f(x1)
is not real analytic at the origin and note that, by hypothesis, % = 0 for
71=2,...,n.

Then f is a CR manifold on M, still f can’t be holomorphically extended to
some neighborhood of the origin, or to just one side of the hypersurface M.

Now we give a result about the so-called inhomogeneous Cauchy-Riemann
equation Ou = f and then about the extension theorems. The basic 0 in C”
is defined in 1.5[1].
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Theorem 1.1.9.
Let f = E?Zl f;dz; and f; € CF(C") withn > 2, j=1,...,nand k > 1
such that the compatibility conditions are satisfied, namely

of; _ ofi
0z, 0z,

Vi,j:1<i<j<n.

Then there exists a function u € C5(C") such that du = f.

Proof. Set

flCZQ,...,Zn> — f1C+217227---azn) —
2m/ -z dende = 2mi ¢ dG A dc.

Then, from differentation under the integral sign, u € C*(C"). And since f
is compactly supported, u(z) = 0 when |z3| + -+ - 4 |2,| is sufficiently large.
By the properties of the Cauchy Integral Formula (2.1.2[1]), we have

o (2) = i),

Using again the Cauchy Integral Formula (2.1.1[1]), we have
of;

e =g L2 g nag

2mi (—=

and, on the other hand,

of1
au fl Ca227"'7 ) 1 £<C7227"'7Zn) _
s dCAdC = ! d¢AdC.
(’ﬁj 82327?2/ (—2 NG = 2m/(c (— 2z CAdC
Using the compatibilty condition for j > 1, % = g—g, we obtain
ou

5z () =Fia) ¥i=1..n

Hence Ou = f.

In particular, u is holomorphic on an unbounded component of the comple-
ment of the support of f (by definition of holomorphy). Since we already
know that u = 0 when |zo| + - - - + |2,| is sufficiently large, then u must be
zero on the unbounded component of (suppf)¢ (Identity Theorem 2.1.10[1]).
Thus u is compactly supported and that proves the theorem. O
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Theorem 1.1.10 (Hartogs Extension Theorem).

Let D be a bounded domain in C", n > 2, and K CC D such that D\ K is
connected.

Then f € O(D\ K) = f € O(D).

Notation 1.1.11. By f € Cf, (D) we mean that f is a (p,¢)-form in D
with C* coefficients.

Proof. Let x € C§°(D) be a cut-off function such that x = 1 in some neigh-
borhood of K. Then we have that —f(dy) € C@1)(C"). This function has
compact support and satisfies the compatibility condition. Thus, by the pre-
vious theorem, Ju € C$°(C") such that du = —f(Jx) and u = 0 in some
open neighborhood of C™ \ D.

We now define F' := (1 — x)f — u. We see that F' is the extension of f and
it’s holomorphic:

OF =0f - (1—x)— fox—0u=09f-(1—x) =0,
That proves the theorem. O]

Another version of the same theorem is:

Theorem 1.1.12.

Let f € C(D), D € C", n > 2, D domain. Let S be a smooth real hyper-
surface in C™.

Then f € O(D\ S) = f € O(D). Namely, f can be extended holomorphi-
cally to D.

Proof. In order to prove this statement, it would be enough to show that f is
holomorphic near each p € DNS. We will do it assuming p to be the origin.
In this case, we can write S as a graph, S = {z € C"/ y; = ¢(z1,2’)} where
2= (21,...,2,) € C", z; = xj +1y;, for j = 1,...,n, and ¢ is a smooth
function such that ¢(0) = 0 and d¢(0) = 0.

Hence VS > 0 30z > 0 and exists a polydisc Us in C"! centered at the
origin such that |¢(z1,2')] < B Vo e R:|z| < dg and V2’ € Us.

Let now (; > 0 sufficiently small and Sy > 3 sufficiently close to £, such
that we can assume {|x1| < dg,, f1 < w1 < fo} x Up, = Vo x Uz C D\ S
(x1 and 2’ can approch zero while y; can’t, so the set is not too close to .S).
Thus, by hypothesis, f € O(V, x Ug,).

Next, if we fix 2’ € Up,, f(#1,7') is continuous on V = {2, € C/ |z;| <
ds,, |y1] < B2} and holomorphic on V' except for the smooth curve {z €
C/ y1 = ¢(x1,2)}-

Then, by Morera’s Theorem in C, f(z,2’) is holomorphic on V' C C.
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Now we choose a contour of integration I' in Ug,, I' = I'y x --- x I}, where
I'={z € C/ |zl =r;} for j =2,...,n and such that I" C Ug,.
Now we define F': C" — C:

n o__ 1 f(Zl, </) .
Fla2) = iy / G 2) (G =y dn

If, for every j = 2,...,n, we call D; = {z; € C/|z;| < r;} and U = Dy X
- X D, then F' is holomorphic on V' x U. More, for (z1,2') € Vy x U,

F(z,2") = f(z1,7") (Cauchy Integral Formula for Polydiscs, 2.1.7[1]).

Then, by the Identity Theorem (2.1.10[1}), f is holomorphic on V' x U and

that completes the proof. ]

Without giving the proofs, for whose we refer to 3.2[1], here we state a
generalized version of the Hartogs Theorem.

Lemma 1.1.13. Let M be a hypersurface and r its C* defining function.
Let f be a CR-function of class C* on M.

Then f can be extended to a C*~! function f in some open neighborhood
on M such that 9f =0 on M.

Theorem 1.1.14.

Let D be a bounded domain in C*, n > 2, with connected C'* boundary. Let
f be a CR-function of class C* on dD.

Then Ve > 0 small, f extends holomorphically to a function F € C'=¢(D) N
O(D) such that Fisp = f.

1.2 Levi form and Levi Pseudoconvexity in
CTL

We will now see how a local one-side extension is related to the Levi Form of
the Domain. Then we will define the pseudoconvexity in C" and we are now
going to state some results. However, since we’ll not use them in the future,
we’ll not provide complete proofs of them, but the proofs are avaiable in 3.3

and 3.4[1].

Definition 1.2.1.
Let D be a bounded domain C C*, n > 2, and r its C? defining function.
Let p € 0D. The Hermitian form:

n
0*r _

L,(r,t) =
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defined Vt = (t1,...,t,) € C" with Y., 2 (p)t; = 0, is called the Levi form

i=1 9z
of the function r at the point p.

Observation 1.2.2. The Levi form is independent of the defining function
up to a positive factor.

Then the number of positive or negative eigenvalues of the Levi form is
independet of the choice of the defining function.

Proof. Let p be another C? defining function for D. Then p = hr, with
h € CYdD), h > 0.

Hence
9% _
t) = titn =
7,k=1
"L Or oh _ "L Oh or _ " 9% _
’ —Zj(P)a—zk(P)tjtk + Z a—%(p)a—%(P)tjtk + h(p) 2 9.0 )itk =,
J,k=1 J,k=1 J,k=1

since the first and the second sum are exactly the same,

> T T — R )
ity = r,t).
) 8zj8§k PItst P)Ep

= h(p)

Notation 1.2.3. For p € 9D we call

n " or
T)°(0D) := {t eC"/ ; a—%(p)tj = 0} :

that is the space of (1,0) vector fields which are tangent to 0D at p.

Theorem 1.2.4 (Local, one-side, Extension Theorem for CR-functions).
Let M be a hypersurface, p € M, r be a C? defining function for M in
U € U,. Let L,(r,t) <0 for some ¢t € T)°(M).

Then 3 U’ C U such that Vf € C2(M NU"), f CR-function, 3 F € C°(U",),
where U’y = {2z € U’ / r(z) > 0}, such that

|]WﬁU/ f
{ano on U, ={zeU /r(z)>0}
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Proof. By assuming p = 0 and via three changes of variables near it, we can

write the Taylor expansion of r at 0 as:
0?r

02’1821

That will help us define a suitable set U’ (and then U’ and U’ ) and, using
lemma 1.1.13, find the right extention. O]

r(21,0,...,0) = (0)]21]* + O(|21%).

Observation 1.2.5. If £,(r,t) has eigenvalues of opposite signs, then f can
be extended holomorfocally to both sides (say F; and F_ respectively) such
that F |, = F_|,, = f. Hence, F'y and F_ can be patched together to form
a holomorphic function defined in some open neighborhood of p.

Definition 1.2.6.
Let D be a bounded domain in C*,n > 2, r € C? his defining function.

e D is called pseudoconver, or Levi pseudoconvex, at p € 0D if:

L,(r,t) >0VteT"OD).

e D is strictly (or strongly) pseudoconver at p if

L,(r,t) >0 VteT(D), t+#0.

e D is a (strictly) pseudoconver domain if D is (strictly) pseudoconvex
Vp € 0D.

Definition 1.2.7.
Let D be an open set in C",n > 2. ¢ : D — [—00,+00) is pluriharmonic if

1. ¢ is upper semicontinuous, i.e., limsup ¢(z) < ¢(z9) with z,29 € D.
Z—20
2. Vz € D,Yw € C", whenever {z + 7w/ 7 € C} C D, ¢(z + Tw) is
subharmonic in 7, i.e., ¢ is continuous and the integral mean inequality
holds.

Theorem 1.2.8 (Characterization theorem).
Let D be a bounded domain in C*, n > 2.
¢:D—R, ¢ C? ¢is (strictly) plurisubharmonic <

2)tit, >0 teC" D
E)zjazk k (>0) VvteC" Vze

Jik=1
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Theorem 1.2.9.

Let D be a bounded strongly pseudoconvex domain in C*, n > 2 with r € C*
his defining function, k& > 2.

Then there exists a C* strictly plurisubharmonic defining function for D.

Corollary 1.2.10. Let D be a bounded pseudoconvex domain with C?
boundary in C"*,n > 2.

D is strongly pseudoconvex < D is locally biholomorphically equivalent to
a strictly convex domain near every boundary point.

1.3 CR-manifolds

In this paragraph we give the definition of CR manifold, that is one of the
main objects that we’ll study in this paper. Once we describe the space, we’ll
be able to work on it and we’ll start doing so with the definition of tangential
CR complex, in the next paragraph.

Definition 1.3.1.
Let M be a real smooth manifold of dimension 2n + 1, n > 2.
We denote its tangent bundle as

T(M) = | T.(0M),

xeM

where T,,(M) is a tangent space of z € M.
Then we also denote its complex tangent bundle as

CT(M) :=T(M) @g C.

Observation 1.3.2. Since dimgM = 2n+1, then also dimgT,(M) = 2n+1.
Locally we choose a chart, so we can write a basis of T,(M) as

9 2.9 9
o B B B |

T(M)={(p,X)/ pe M, X eT,(M)}

More, we can write

and
CTM)={(p,X)®a+ (q,Y)®ib/ a,b € R, (p,X),(q,Y) € T(M)},

whose real-dimension is 4n + 2 (complex-dimension is 2n + 1).
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Definition 1.3.3. Let M be a real smooth manifold of dimension 2n + 1,
n > 1, and let T*°(M) be a subbundle of CT'(M).
Let us take U C M, open. We say that

D, T (M)
is the space of all smooth sections of TH(M) over U.

Definition 1.3.4 (Cauchy-Riemann Manifold).
Let M be a real smooth manifold of dimension 2n+1, n > 1 and let T*°(M)
be a subbundle of CT'(M).
(M, T*°(M)) is a Cauchy-Riemann manifold with the CR-structure T (M)
if:

1. dim@Tl’O(M) =N

2. TV (M) NT% (M) = {0} where TOY(M) = THO(M)

3. the integrability condition stands

where the integrability condition says that
VX1, Xy € T(U, TMO(M)) = [Xy, Xo] € T(U, THO(M)).

Observation 1.3.5. One can note that in the case n = 1, the third condition
in void.

Example 1.3.6. The most natural CR-manifold are those defined by smooth
hypersurface in C".

Let p : C* — R smooth, with dp # 0 on M = {z € C"/p(z) = 0}. Then M
is a smooth manifold with dimp = 2n + 1.

Take TH°(C") as a subbundle of CT'(C"); if we define T%°(M) := T+°(C") N
CT (M), subbundle of CT (M), then (M, T'(M)) is a CR manifold with the
CR structure induced from C".

Definition 1.3.7.
Let (M, T*°(M)) and (N, T*(N)) be two CR manifolds. Let ¢ : M — N
be a smooth function and ¢, : T°(M) — TH0(N) its pushforward operator.

e We say that ¢ is a CR mapping if ¢, L is a smooth section of T12(N)
VL smooth section of TH0(M).

e If ¢! exists and is also a CR mapping, then we say that (M, T"°(M))
is CR diffeomorphic to (N, T*(N)).
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Lemma 1.3.8. Let (M,T"°(M)) be a CR manifold and N a manifold.

If ¢ : M — N is diffeomorphic, then ¢ induces a CR structure on N:
TY(N) := o, T (M).

Therefore ¢ becomes a CR diffeomorphism.

Proof. The first and second point of the definition of CR manifold are easly
satisfied. To check the compatibiliy condition is also easy. Indeed:

if X1, Xy € THYO(M), then [X1, Xs] € TH(M) and 0. X1, . Xs € THO(N).
So [0 X1, 0 Xa] = @i X1, Xo] € TH°(N) by definition of .. That proves the
lemma. [

Definition 1.3.9.
A smooth function g defined on a CR manifold (M, T"(M)) is called a CR
function if Lg =0 VYL smooth sections in 7% (M).

1.4 The tangential CR complex, 0,

We now want to discuss the definition of the tangential CR complex 0.
There are two ways to start:

e if M is a hypersurface sitting in C"*', 9, can be defined extrinsically
via the ambient complex structure 0.

e if M is a CR manifold, we can define 0, intrinsically without referring
to the ambient space.

1.4.1 Extrinsic approach

Notation 1.4.1. Let M be a smooth hypersurface on C**! and r a defining
function for M.

We take U open neighborhood of M and P4 ideal in AP4(C"*1), 0 < p,q <,n,
s.tVz € U, the fiber 179 is generated by r and Or, i.e., IP? = {rH, +0r AH,},
where H; is a smooth (p, ¢)-form and Hs a smooth (p,q — 1)-form.

Definition 1.4.2.
As we denote by AP9(C™*1), and P9, the restrictions of A?9(C"*') and
1P respectively to M, we can define

AP9(M) := the orthogonal complement of I”?, in AP9(C"*1)

I

and
EPY(M) = space of smooth sections of AP¢(M) over M
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ie. EPUM) =T(M,AP1(M)).
Before heading on, we give another definition that we will use soon enough.

We define a map
7o API(CMHY) — AP9(M)

by restricting a (p, q)-form ¢ in C"*!' to M, then projecting the restriction
to AP(M).
Observation 1.4.3.

e Note that, with this definition A”?(M) is not intrinsic on M.

e One can also note that E7"(M) = {0}.

Definition 1.4.4.
Now we can define the tangential Cauchy—Riemann operator as

0y : EPU(M) — EPTHL(M)
b — TP,

where ¢, is a (p, q)-form in C"*! such that 7¢; = ¢.
So we can write

o = Dy =TI

Observation 1.4.5. It’s good to note that the definition is indipendent by
the choice of ¢;.

Proof. Let ¢1, ¢z be (p, q)-forms in C™*! such that 7¢ = ¢ and T¢, = ¢.
Then ¢y — ¢ = rg + dr A h, for some (p, q)-form g and (p, g — 1)-form h and
O(p1—p2) = 10g+0rNg—0OrA\Oh. Hence, by the definition of 7, 70(¢p1 — o) =

0 and this completes the proof. ]

Observation 1.4.6. As a final observation we see that the followings hold

o 0 EPO(M) 2 grr(ar) 2y 2y grni(ar) 0

1.4.2 Intrinsic approach

Notation 1.4.7. Let now (M, T"°(M)) be an orientable CR manifold with
dimg = 2n + 1, n > 1. Note that a real smooth manifold is said orientable
if there exists a non-vanishing top degree form on it.

Here we assume M to be equipped with a Hermitian metric <, > on CT'(M)
such that TH°(M) orthogonal to T%'(M).
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Definition 1.4.8.
With these notations, we define:

n(M) := orthogonal complement of T*°(M) @ T (M).

It comes immediately that n(M) is a line bundle over M.
We also denote:

TY(M)* := dual bundle of TH°(M)

and
ToY(M)* := dual bundle of T%'(M).

Observation 1.4.9. By definition, it means that forms in 7"(M)* annihi-
late vectors in T%Y (M) & n(M).

Definition 1.4.10.
Now, taken 0 < p,q < n, we define

APA(M) = AP(TH(M)") @ AY(TH (M)”).
AP9(M) can be identified with a subbundle of AP4C(T'(M))*.

Observation 1.4.11. According to this definition, note that A»4(M) is in-
trinsic to M (different from the extrinsic approach).

Definition 1.4.12.
Exactly as in the extrinsic case, we also define

EPY(M) := space of smooth sections of AP!(M) over M,
iLe. EPI(M) =T (M,AP9(M)).

Definition 1.4.13. _
Now we define the tangential Cauchy—Riemann operator Oy,

Dy : EPUM) — EPITY(M)
as follows.
o If ¢ € EP9(M), then
<hd, VAN AV)RL>=L<$, Vi A+ AV, >

VVi,...,V, e TY(M), L € T*Y(M).
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e Then 0, is extended to EP¢(M), ¢ > 0, as a derivation. Namely, if
¢ € EPI(M), then

<, (Vi A AV @ (Ty A+ ATgen) >=

1 at! L _ =~ _
—{Z(—l)]“L]—<ng,(Vl/\---/\V;))®(L1/\---/\Lj/\---/\Lq+1)>

Jj=1

1

¢+1 i<j
Observation 1.4.14. If we define the projection
Tpq : APIC(T(M))" — API(M),

then 0, = Tp.q © d, where d is the exterior derivative of M.

Observation 1.4.15. Again we can say that the followings hold

o 0 &P0(M) 2y gpr(ar) P 2 grnt(ag) - 0

Observation 1.4.16. Note that p plays no role in the definition of ;. So
it suffices to consider the action of 9 on (0, ¢)-forms, 0 < ¢ < n — 1.
As final observation, when (M, T'9(M)) is embedded as a smooth hypersur-
face in C"™ with the CR structure T"°(M) induced from the ambient space,
then 0, can be defined both ways and the definition are isomorphic.

Observation 1.4.17. We can now consider the inhomogeneous 9, equation
gbu = f

where u is a (0, ¢)-form and f is a (0, ¢+ 1)-form. Since 5? = 0, it’s necessary
that 0, f = 0, that is called compatibily condition.

This problem is not easy since we change the space from £%(M) to E%4T1 (M)
and we have to satisfy the compatibility condition.

We'll give a solution of this problem in observation 3.3.5.

+—{Z(—l)i“<¢,(X/1/\---/\V;,)®([Zi,ij]/\mA---/\fi---/\fjA--
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1.5 Levi Form and Levi Pseudoconvexity for
CR manifolds

In this paragraph, finally, we will talk about pseudoconvexs CR manifolds.
These are the manifold that can resemble the Heisenberg group, as we will
see in the next chapter.

Notation 1.5.1. Let (M, T"°(M)) be an orientable CR manifold with dimg M =
2n+1, n> 1.

Let Ly,..., L, be alocal basis for smooth sections of T'(M) over U C M,

U open. Then Ly, ..., L, is a local basis for T%*(M) over U.

We now choose a local section T of CT'(M) such that Ly, ..., Ly, L1, ..., Ly, T
span CT'(M) over U (we assume T is purely immaginary).

Then we can write CT(M) =< L1,..., Ly, L1,..., Ly, T >.

Definition 1.5.2.

We say that the Hermitian matrix (¢;;); j=1,.., defined by the condition

[L’Lazz] - C@JT mod Tl’O(M) @ T0’1<M)
is called the Levi form associated with the given CR structure.

Observation 1.5.3. Chosen p € M and a system of local coordinates
8%1, . 8%, note that ¢;;(p) = cp(%, %) where ¢, is an Hermitian inner
n g J

product in T,(M).

Observation 1.5.4. The number of not-zero eigenvalues and |sign(c;;); ;|
(absolute value of the signature of the matrix) are independent of the choice
of Ly,...,L,,Ly,...,L, and T.

Then, after eventually changing T" to —7T', it makes sense to consider whether
(¢ij)ij 1s positive definite.

Definition 1.5.5.

e The CR structure is called (strictly) pseudoconver at p € M if the
matrix (c;;(p))i; is positive (definite) semidefinite after an appropiate
choice of T

e If the CR structure is (strictly) pseudoconvex at every point of M, then
M is called a (strictly) pseudoconvex CR manifold.

o If the Levi form vanishes completely on an open set U C M, i.e. ¢;; =0
on U for 1 <4,5 <n, then M is called Levi flat.
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Theorem 1.5.6.
Let D c C*™! n > 1, a bounded domain with C* boundary.
Then

e D is (strictly) pseudoconvex < M := 0D is a (strictly) pseudoconvex
CR manifold.

e locally, a CR manifold in C**! is pseudoconvex < it is the boundary
of a smooth pseudoconvex domain from one side.

Proof. Let r be a defining funcion for D and p € 9D. We can assume
a%(}D) # 0, hence we define

or 0 or 0
Lyi=——— — ——— f =1...
F 0z, 0z, Oz 0z, or k SRR

Then Ly, ..., L, is a local basis for the tangential (1,0) vector fields near p
on the boundary.
If now

n+1 or
L(r) = Zajg = 0.
j

We can rewrite it as

Zajﬁ = —Qp+1 or . (*)
sz

Jj=1
Moreover, we can easily see that

or ~
L= (82n+1) Z aij;

j=1

it is done writing down this expression and using the previous equality in
this form .

Now we set n = Or — Or = Z?Zl(% — 2} and we compute:
J J

n

E Cij a,ﬁj =

i,j=1



24 1. Preliminaries

using the definition of ¢;; given in 1.5.2,

Z <n, [LZ,ZJ] > aﬂj =

i

= Z(LZ < T],Zj > —Lj < n,fl > —2< dU,Lz /\Zj >>CLZ‘6J' =
ij=1
since the first two terms cancel
= Z 4 < 857",L,-/\Zj > aﬁj =
ij=1
and by (x)

2

or <90r,LANL >=4

Zn+1

or

aZnJrl

:4‘

ij=1

Finally, looking at the two definitions, it’s now clear that one implies the
other. ]

We complete now this section with the next Corollary.

Corollary 1.5.7. Any compact strongly pseudoconvex CR manifold (M, T1°(M))
is orientable.

Proof. Let Ly, ..., L,,T (T chosen such that the Levi form is positive defi-
nite) defined as above and let the dual one forms be wy,...,wy,,n. Then we
consider the 2n + 1 form n Awy A+~ Aw, AWy A -+ A W,.

Note that, if we change basis, the form will differ only by a positive function.
Now a partion of unity argument will give the desired not-vanishing 2n + 1
form on M. That proves the lemma. O]



Chapter 2

The Heisenberg Group H,,

Goal. In this capther we are going to present the Heisenberg group, that is
the main example of speudoconvex CR manifolds. The ideas, the methods
and the results here used will be useful to understand the behaviour of the
more general speudoconvex CR manifolds.

2.1 Definition and Lie structure of H,

2.1.1 Definition of H,,

Definition 2.1.1.
We define the Heisenberg Group, H,,, as

H, := (C" x R, %)
where * is the following product:
(z,8) % (', t) := (2 4+ 2/, t + ' + 2Im(22'))

and where 2Z = 7| 2;Z;.

If we write z = x + iy and 2’ =2’ + 1y € C", it comes immediately that
2Z = (z+iy) (' +1y)) = za’+yy —i(zy —2'y) and so Im(z2") = —(zy’ —2'y).
Then we can rewrite the product as

(z,t) % (2, t) = (z+ 2, t+t' —2(xy — 2'y))

Again, if we identify C" x R = R?" x R and write the product just with real
variables, we get

(z,y,t) (', ) = (e + 2" y+ ¢, t +1 = 2(xy — 2'y)).

25
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Observation 2.1.2. We can easily see that
e [, is a non-commutative group.
e The neutral element is (0, 0).
e The inverse of (z,t) is (—z, —t).

e The center of the group, namely the elements that commute with all
the elements of the group, is {(0,¢) € C* x R}.

Proof. With an easy computation, we’ll just prove the third and fourth state-
ments.
For the third one we have,

(z,t)(—z,—t) = (2 — 2, t =t + 2Im(2(—2))) =0

because

2(=2) = (z+iy)(—a — iy) = (z+iy)(—a+iy) = 2y’ +i(ry—vy) = —a”—y".

On the other hand

so (—z, —t) is the inverse of (z,t).
For the last one, let (z9,to) be in the center of the group. V(z,t) € H,:

(z,1)(20,t0) = (20,t0)(2,t) & xYo — ToY = Toy — TYo < 2xYy = 270y <

S TYo = Ty < Yo =29 =0

since (z,t) is generic. Then the center of the group is exactly the set of
elements of this type: (0,¢) € C* x R. And the proof is complete. O

Definition 2.1.3.
On H,, there exists two different groups of automorphisms.

e The first one is the group of the anisotropic dilatations 6,, with r € R™.

o, : H,, — H,
(2, y,t) = (ra, 1y, 1°t)
These functions form a 1- parameter subgroup of the set of automor-

phisms Aut(H,). They will play a fundamental role in the study of CR
analysis.
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e The second one is the sympletic group Sp(2n,R), the group of linear
maps that preserve the sympletic form w((x,y), (2',y')) = zy — 2'y,
ie.,

VA € Sp(2n,R), w(A(z,y), A(@,y) = w((z,y), (2", 4)).

Observation 2.1.4. First we note that, if we write (z,y) = z and (2/,¢) =
2, then w((x,y), (',y)) = zy — 2’y = Im(2Z).
If now, with an abuse of notation, we set A(x,y,t) := (A(x,y),t), then we
have A((z,y,t) = (2',y', 1)) = A(z,y,t) - A(2',y',t') € C" x R.
Proof.

A((z,y,t) * (/¢ 1)) = Alx + 'y + o, t +t —2(xy' — 2'y)) =
by definition
= (A(z+2, y+y'), t+t' —2(xy/ —2'y)) = (A(z, y)+ A, ), t+t' —2(xy)/ —2'y)) =
by hypothesis

= (A(ZL', y) + A(l‘/, y/)7 tt — 2("}(‘4(‘@7 y)? A(l‘/, y/))) =

calling A(z,y) = z and A(2',y/) = 2/

=(z+2t+t —2w(z2,7) = (242t +t' + 2Im(z2)) =

= (Z>t) * (Z,>t,) = (A(l‘,y),t) * (A<x/a y/)a t/> = A(ZL’, yat) ) A(xlv y/vt/)

2.1.2 Lie structure of H,

We will now show that the Heisenberg group is, in fact, a Lie group; this will
lead to important conseguences in the study of its structure.

Recall 2.1.5. G = (G, ) is a Lie Group if
e (7 is a differentiable manifold,
® 1,02 — g1 * g2 = g1g- is differentiable,

e g1+ gy ' is differentiable.
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In this case, Vg,¢g' € G the left-invariant operator 7, is the operator such
that

7,1 C®(G) = C
7(F)d) = flg™'9).
Then we also have the following property: 7,7, = Tyq,.
Proof.
Toa (T ()(9) = 70, (F) 937 9) = f(97' 92" 9) = f((9201)79) = Tpugn (F)(9)

]

Definition 2.1.6.
It will be useful only later, but we can already give the definition of right-
invariant operator 79, g € GG, in the same way:

9. C®(G) — C
m()g) = flgg™).

And we also introduce the reflection operator J as

J:C™(G) - C
J(f)g) = flg™")

Definition 2.1.7.
We say that a vector field X on a Lie group G is left-invariant if X commutes
with 7, i.e.,

Vf e C™(G), Vg,g9' € G, we have X(7,(f))(g) = 74(X(f))(¢")

Definition 2.1.8.

Now we are ready to define a basis { X1, ..., X, Y1,...,Y,, T} for the tangent
space T'(H,) of left invariant vector fields so that it is

{02, .., 04,,0y,...,0,,,0:} at the origin.

We define it as:

X;, =0x;+2y;0t for j=1,....n
Y, =0y; —2x;0t for j=1,....n
T =0t
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Observation 2.1.9. This definition is made so that the following property
is true V(z,y,t) € H,:

Xif(x,y,t) = Ty 1(X £)(0,0,0) for j=1,...,n
Yif(2,y,t) = Tayn-1(Y;£)(0,0,0) for j=1,...,n
Tf(z,y,t) = T(:Byt (T'f)(0,0,0)

Proof. ¥j =1,...,n. Since X; is left invariant:

T(xy,t)~1 (Xjf) (Oa 07 O) = Xj(T(x,y,t)—lf)(Oa 07 0) = Xj (f((l', Y, t)*(xl7 yl7 t/>>>|(z/,tf):o =

Note that here (2/,y',t) = 2’ are temporary variables. By definition of X;
at the origin

= 0w (f (2, y, O)x(2", 4", )1 0y = O (a2, y+y i+ =2(2y —y2))) o =
O (o Mmoo+ 200 Vi s = Oy (P, 8)) + 200, f (2,3, )
Repeating the same argument for Y; and 7' completes the proof. ]

Observation 2.1.10. The only non-trivial commutators of the vector fields
X;,Y; and T are
[X;, Y] =—4T for j=1,...,n

This immediately tells us that all the higher-order commutators are zero.
Proof. Vi =1,....n
[X;,Y}] = [0a, +2y;04, 0, — 22;0;] = [0a,,0y,] — 2[0a;, ;0] + 2[y;04, 0y, ]+
—4[y;0, 10,] = Or;y, — Oyja; — 200, (20;) + 2204, + 2y;0ky, — 20y, (y;0,)+
—4y;0(x;0,) + 4x;0,(y;00) =

cancelling the two terms at the beginning and at the end of the line,

= —20; — 22j0,;¢ + 2204, + 20y, — 20; — 2y;0,,4 = —40; = —

O

Proposition 2.1.11.
If we look at the complexified tangent bundle, CT'(H,,), it’s easy to prove
that we can obtain a basis of left-invariant vector fields:

(Z,..., Zp, 21y Zn, T}

where Z; := 1(X; — iY;) and Z; := 1(X; +iY)).
If we want to compute them exactly, we find:

Zj = azj + Z.zjat and Zj = agj - iZjat

where z; = x; +1y; € C.
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Observation 2.1.12. In this case the only non-trivial commutators of these
vector fields are

[Z;,Z;] = =2iT for j=1,...,n.

And the proof is the same of observation 2.1.10.

Proposition 2.1.13.

Let us name L := span{Zi,...,Z,} =< {Z1,...,Z,} >. L is a subbundle
of CT(H,).

Then (H,, £) is a (strongly pseudoconvex) CR manifold of CR dimension n.

Proof. In order to prove that (H,, £) is a CR manifold, we should satisfy the
three conditions of definition 1.3.4.

1. dimcL = 3(dimcH, +1) = £(2n) =n

1
2
2. LNL ={0} where L =< {Zy,...,Z,} >
3. [Zl,Z]]:OVZ,jzl,,n

Finally, to prove that H, is strongly pseudoconvex, it will be enough to use
theorem 1.5.6 and prove that the Siegel Upper-Half space, that we will define
soon, is a strongly pseudoconvex domain. We will prove it in proposition
2.2.8. O

Definition 2.1.14.
Let us now endow the tangent bundle T'(H,,) with a scalar multiple of the
standard inner product in R?*"*!;

2n+1
<V,V’>::cZV}Vj’ forj=1,...,n

j=1

with ¢ chosen such that {Zy,...,Z,, Z1,...,Z,, T} is an orthonormal basis
in CT(H,,).

Observation 2.1.15. With this product we can define a norm in the obvious
sense and we have that

Z;| =< Z;,Z; >=1 and |X,| = |V}| = V2

for j=1,... ,n.
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Observation 2.1.16. The vector fields {X1,..., X, Y1,...,Y,} (as well as
{Z1,...,Zn, Z1,...,Zy,}) are homogeneous of order 1 with respect to the
dilatation ¢,, r € RT, i.e.,

V(fod,)=rV(f)od,

for V' any of the vector fields above.
On the other hand, the vector field T" is homogeneous of order 2:

T(fod,)=1r*T(f) o,

Definition 2.1.17.
We now define 7'(H,,)* as the dual bundle of T'(H,,), which inherits an inner
product from the one in T'(H,,).

Proposition 2.1.18.
For T'(H,,)* we need a dual basis of 1-forms {wy,...,wau41}, i.€., we ask

< Wy, Vi, >= 5jk

for V. an element of the basis and for j,k =1, .. e a
Then it comes that the dual basis of {Z1,...,2,,21,...,Z,,T} is given by

{le, NP ,dZn,dzl, “on ,dEn,G}

where

n

j=1 j=1

2.2 Siegel Upper-Half Space

Now that we know the Heisenberg group, we will see that it can be obtained
as an embedded CR manifold in C""!; more precisely, as the bound of a
domain.

Definition 2.2.1.
Let U,,.1 be the Siegel upper-half space:

Uni1 = {(2,w) € C" x C/ Imw > |z|*}
If we define p(z,w) = Imw — |z|? (that is called his defining function), then
Uni1 = {(Z,’UJ) e C" x (C/ p('sz) > 0}
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Observation 2.2.2. We can note that U, ,; is biholomorphic to the unit
ball in C"*! via the Caley transform:

C:Bpy1 — Upp
1
C’(z,w):< : i+w)

l—w 1—w

Notation 2.2.3. We can now consider the boundary of the Siegel upper-half
space, OU, 1 1:

U1 = {(z,w) € C" x C/ Imw = |z|*} = {(z,w) € C" x C/ p(z,w) = 0}

Definition 2.2.4.

In order to study Ol 1, we want to parametrize it. We write its elements
as [2,t] € C" x R, [z,t] = (2, t + i|]z|?).

For every point on the boundary, (2/,¢ 4 i|2'|?) € OU,+1, we can also define
a function:

Forprizr2) : Ungr = Upgy
Flopyippy(z,0) == (24 2w+t + 0|2/ + 2iz - )

where z - 2/ =370 | z; - 2/;.

The function F{./ ;.2 is a biholomorphic map.
Observation 2.2.5. We can parametrize the points in U, as:
(z,t +i|z]* +ih)

where h > 0.
Note that the following identity holds:

h = p(z,t +i|z]> + ih).

At this point we can say that F(Zl7t/+i|z‘2)(z,w) preserve p in the following
way:
1Y (F(z’,turi\z/\?)(zvt + ?:‘Z|2 + Zh)) =h= p(za t+ Z"Z‘2 + Zh)

Proof. First we prove that h = p(z,t + i|z|* + ih) is true. Indeed
p(z,t +i)z|> +ih) = Im(t +4|z|* +ih) — |2 = |2]* + h — |2|* = h.
For the second equality:
p (Flo iy (2t + 0|2 +ih)) = p(z+ 2, t+i|z|* +ih+t +i]2'|* + 2iz2") =

= |2|* + h + || + 2Re(22) — |z + Z/|* = h.



2.2 Siegel Upper-Half Space 33

Definition 2.2.6.
Finally we can define a product on 0l using the function F.s yy;.2):

[/ 8] % [2, 1] := Flo pyiepy (2.t + i]2]°)

Proposition 2.2.7.
The previous product can be written as

(2, ] % [z,t] = [z 4+ 2/, t + ' + 2Im(2Z")]
That shows us that we re-obtained the Heisenberg group and it is (0U,,41, *)
Now that we know this fact, we leave the notation “[z,¢]” and we will use
only the notation “(z,t)” of definition 2.1.1.
Proof. First we recall
|z 4+ 2| = |2* + |2']* + 2Re(z2/)  and 2z’ = Re(z2’) + ilm(z2/).
Then
i|z|? + il |2 + 222 = i|z + 2|* — 2iRe(2?) + 2iz2 = i|z + 2| — 2Im(27/).
Now
[/ 8] % [2,8] = Floppipy (2,6 +i]2]7) = (242, t i 2]+ +i]2 |+ 2i227) =
= (z+ 2, t+t' +ilz+ 2 — 2Im(z7)) =
since Im (22') = —Im (E) = —Im (2'72)
= [z 42t +t + 2Im(2'Z)]
[

Now that we proved this, we have to cancel the debt of proposition 2.1.13,
S0:

Proposition 2.2.8.

We will now prove that U, is a strictly pseudoconvex domain.

Then, from theorem 1.5.6, it comes that H,, = dlU,,,; is a strongly pseudo-
convex CR manifold. So the debt is paid.
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Proof. We know that the defining function of U, is p(z,w) = Imw — |z|?,
with (z,w) € C"xC. Just for the time of this proof, we’ll change the notation
and write

p(2) = p(Z, zp1) = Imzyyy — 2%,
with z = (2, z,41) € C* x C.
Recalling definition 1.2.1, can calculate the double derivatives of p.
For k =n+1,

dp Olmz,,; 0|z Olmz,; 1 ( Mnr1 . OYni1 ) i
_ o _ _ +1q —
0% 41 OYns1 2

0Zn41 0Zn41 0Zn41 0Zn 41 2

Then, Vj =1,...,n+ 1, we get:

P _ 0
82j82n+1

Now, for k #n + 1,

Op _ Olmz, 0127 912 9zl +.. .+ [l

0z, N 0z, 0z, 0z, 0z,
8(212_1 + ..+ an)
_ - = 2z
6zk
ThenVj=1,....n+1; j #k,
82
P_ —0
02,07
and 52
p
=1>0.
02,07,
So the proof is complete. m

2.3 Integration on H,

Here we want to add information on H,, giving definitions about norm, metric,
topology, measure, integrals. We’ll use them starting chapter 3.

Definition 2.3.1.
We define a homogeneous norm on H,, by setting

(2 8)] = ((|2]* + )
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with (z,t) € C" x R. We can write it as

@3, 0] = (@2 4+ 9?2 +#2)’
with (z,y,t) € R® x R* x R.
Observation 2.3.2. This norm satisfies the following properties:
L [(z,0)] <0, |(2,t)] =0< (2,t) =0
2. [(z,t) * (2, 1) < (=, 1) + [(Z, )]
3.0, (I(z,1)]) = r((,1)|

Namely, the norm is homogeneous of degree 1 w.r.t. 9,.
where 9, has been defined in 2.1.3.

Observation 2.3.3. During this study, while we almost always use the ho-
mogeneous norm, we shall occasionally use the euclidean norm

1
ul] = [|(z, y, )| = (Jz|* + |y|* + 7)=.

When we do, we also shall denote the vector addition by +.
We can write down the following obvious inequality:

Jul| < |ul < [Jul|*  when |u] <1.

Observation 2.3.4. [Triangle inequality]
There exists a constant ¢ > 1 such that, Yu,v € H,,

u+ ] < c(ful +[v])

Proof. By homogeneity, we may assume that |u| 4+ |v| = 1. Then the set of
pairs (u,v) € H,, x H,, satisfying this equation is compact, so we can take ¢
to be the larger of the maximums values of |u + v| on this set. O

Observation 2.3.5. We also notice that the topology induced by the metric
d ((Z7 t)a (Z/a t/)) = ‘(Zv t) * (Z/7 t/)_1’ = ’(.%’ - $/, Yy — y/>t - t/ + 2(.Ty/ - m/y))]

is equivalent to the Euclidean topology on R?*" x R.
H,, becomes, then, a locally compact topological group. As such, it has the
right-invariant and the left-invariant Haar measure.

Recall 2.3.6. We call a measure p the right-invariant or left-invariant Haar
measure, on a locally compact Hausdorff topological group G, if the followings
are satisfied:
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p is left-invariant: u(gE) = w(E) VE C G, g € G, gE = {ga/ a € E}
or
w is right-invariant: p(Eg) = w(E)VE C G, g € G, Eg = {ag/ a € E}

o u(K)<ooVK CCG
e 1 is outer regular: u(E) =inf{u(U)/ E CU C G,U open} VE C G

e 4 is inner regular: p(E) =sup{u(U)/ K C E C G, K compact} VE C
G

Proposition 2.3.7.

The ordinary Lebesgue measure on R?"*! is invariant under both left and
right translations on H,,. In other words, the Lebesgue measure is both a left
and right invariant Haar measure on H,.

Proof. For the right translation:

f((z,y,t) (2, v/, 1)) dedydt =
Hn

= [ fla+ay+y t+t =2y —2'y))dedydt =
Hp,

by the obvious change of variables, we have that the Jacobian is equal to

10 —2
01 22 |=1,
00 1

then
= / f(x,y, t)dxdydt.

n

Observation 2.3.8. It’s easy to see that, denoting
B(0,r) = {(2,1) € Ho/ |(2,1)] < 7}

the ball of radius r > 0, we have
|B(0,7)| = / dxdydt = 7’2"+2/ dzdydt = r*""2|B(0, 1)|.
B(0,r) B(0,1)

2n + 2 is called the homogeneous dimension of Hi,.
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Observation 2.3.9. Since < dz;,dr; >=< dy;,dy; >= % for j=1,...,n,
the volume element is

1
dV = Q—dedydt = 27"dxdydt.

Definition 2.3.10.
Given f,g € L'(H,), we also define the convolution f * g as

frgleyt):= | fla,y,)g((z,y, )7 (@', ¢)da'dy dt’
Hy,
Observation 2.3.11. The following property is easy to check:

frglzy,t)y= [ flz,y.t)g((z,y,t)" (2, v, t))de' dy'dt’ =
H,

= x,y,t) (2t -t oy ) dd dy' dt =
H,

= flx =2 y—y,t—t =2y —2'y))g(a', o/, t")dz'dy'dt’.
H,

Observation 2.3.12. If we set g(x,y,t) := g((z,y,t)""), we can also prove
that

/ (f*g)(z,y,t)h(z,y,t)dxdydt = flx,y,t)(h*g)(x,y,t)dedydt

n Hn

provided that both sides make sense.

2.4 CR operators on H,

We are now going to define the operators we will work with in the future:
the tangent complex 0y, its formal adjoint 9, the Kohn Laplacian O, and
the operator L,.

2.4.1 The tangential CR complex 0, on H,, and its for-
mal adjoint 7,
Notation 2.4.1. We denote:

o dz' :=dz; N+ Ndz;, a (0,¢)-form, where I = (iy,...,1,) is a strictly
increasing multi-index.
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) EII the summation restricted to strictly increasing multi-indices.

o CFyHn), L%(J,q)(]HIn), ... the spaces of (0,q)-forms with coefficients
smooth, L2, etc.

Definition 2.4.2. a B
Now we remind that {Zy,... Z,,Z1,... Z,, T} is an orthonormal basis of

CT(H,) and we take a (0,q)-form ¢ = Y, ¢sdz!, ¢; € C=(H,). We
define the tangential CR complex 0y on H, as:

/

5b¢ = Z sz((b[)dzk N dEI

[7|=q k=1

Observation 2.4.3. We can rewrite it as

where

0, if J#A{k}UI
€1, = { parity of the permutation that rearranges (k, iy, ... ,iq)
in increasing order, if J = {k} U I.
Definition 2.4.4.

Let now dzdt denote the left-invariant Haar measure on H,, defined in recall
2.3.6. On the space L%O 9 (H,,) we consider the inner product:

<6051, = [ @G0 6.0 € L, (H)

n

This is, in fact, the integral of the inner product
((rb(zu t)? ¢(Z7 t)) - Z (¢[(Z, t)E[(Z, t)) :
[1=q

Definition 2.4.5. /
Take a (0,q)-form ¢ = 37, ¢1dz’, ¢r € C*(H,) and g a (0,¢ — 1)-form

9= 17=g-1 g9sdz7 and g; € Cg°(H,).
The formal adjoint 52 of 9, is defined as the operator such that

<0y, 9 >=< ¢, 09 > .
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Proposition 2.4.6. B ,
We can actually compute 82 and find that, for a (0, ¢)-form ¢ = Zm:q ¢rdz’,
¢r € C*(H,), we get:

/ /

@) =0, [ D oudz" | = > | = D esZlon) | dz’

l7l=q |J]=g—1 k=1,..n

Proof. With a (0, ¢)-form ¢ = Zil‘:q ¢1dzt, ¢r € C*(H,) and g a (0,q— 1)-
form g = Z]Jq:qq gpdz” and gy € C°(H,), we get:

! !

<0y, 9 >=< ¢, 009 >=< > _¢rdz" Y | Y el Zi(gr) |z’ >=

[Il=¢q |J|=q \ k=1,...,n

computing the inner product

:Z /qf); Z €£J/7k(gJ/) dzdt | =

[[|=q \ /H» k=1,..n |J/|=q—1

- Z Z € G12Z1(g g )dzdt | =

Il=q \k=1,..n |J'|=q—1 Hx

integrating by parts

! /

- Z / o Z eij/Zk(bI EJ/dZdt =
Hr, =

=< Z Z €£JZ]€¢[ dEJ, Z gyd?J/ >=

|J]=qg—1 \ k=1,....n |J'|=q—1
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/

=< Z Z er, Zudr | dz7 g >

|J|=q—1 \ k=1,..n

And the proof is complete.

2.4.2 The operator 0, , and the operators £,

Definition 2.4.7.
We can finally define the equivalent of the laplacian for the Heisenberg group,
the Kohn Laplacian for (0, q)-forms:

Db,q = 51)5: + 5:51)

In order to study the Kohn Laplacian, it will be very useful to define imme-
diately another operator:

I — — ,
Loi=—3 ;(zkzk + ZZy) +iaT

for a € C.
Proposition 2.4.8.
With respect to the fixed orthonormal basis {dz1,...,dz,,dz,...,dzZ,,0}

on CT'(H,)* (see proposition 2.1.18) and given ¢ = Z;”:q ¢1dz! a smooth
(0, ¢)-form, the operator O, is given by

Db,q(¢) - Z En—2q¢ldzl

l|=¢

Observation 2.4.9. O, , is diagonal on the space of (0, ¢)-forms with respect
to the basis {dz'}.

Jir L2 fi,
Uog | ¢ | = :
fz‘n £n72qfin
ie.
L—2q
Opg = = L 241

‘Cn—2q



2.4 CR operators on H, 41

Proof. We now prove the proposition.
Take f = > x|, [xdZ", fix € C®(H,) a (0, g)-form. From proposition 2.4.6
we get:

a@N=0 [T Y. ™ || =0 X |- Y &Zifx|d
|K|=q |J|=q—1 k=1,...n|K|=q

using observation 2.4.3 for a (0, ¢ — 1)-form (and with different names for the
indices)

/
- Z Z ez | — Z e 2 fx Azl =

|LI=q \ I=1,...,.n k=1,....,n|K|=q

= — Z Z 65165]7[ (Zka) dEL

|[Ll=q \ k=1,..n |K|=q

On the other hand, using 2.4.3 and then 2.4.6 again,

/ /

@) =0, [ > > e Zi(fx) | a2 | =

= — Z Z fKEg i (?]f}() dZL

|Ll=q \ Jj=1l...,n |K|=q
i=1,...n |H|=g¢+1

Hence

Opqf :ngZf‘i‘gngf =

!/ !/

!/ /
=-> Y N e ZiZi+ > el ZiZ; | frdzt =

|Ll=q |K|=q \l, k, |J]|=¢—1 i, j, |[H|=q+1

and we write it as

_ Z Z —Opk) fxdz" = Y > (Opk) frdz".

|L|=q |K|=q |L|=q |K|=q
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Then we need to evaluate

!/ !/
§ K L7 § H Hryp7r7

We defined the coefficient €’s in observation 2.4.3. We remind
el A0 K={k}UJand L={I}UJ
and that |J| =q— 1, |K|=|L| = q.

Moreover,
el #0 H={j}UK and H={i} UL
and |H| =q+ 1.
Step 1

Let’s consider for a second what happens when €5€/; # 0 and efyef] # 0.
In this case we can say that

K=Lek=1i=j

Indeed, if K = L, then e, # 0 forces K = {k} U J and €5 # 0 forces
L={k}UJ. Thus k =1.
In the same way e # 0 and €/] # 0 force H = {j} UK and H = {i} U L.
Hence 1 = j.
The reverse arrow is absolutely trivial.

Step 11
First we suppose K = L. By hypothesis we know that, when the coefficient

€’s are not zero, than we know k =1, 1 = J.

K K _ H H _ T
We also observe that €6, = 1 and €jjc€3% = 1. So we can write:

/ l
O = — Z?ka+ZZJ7] =

keL J¢L

using the same index k

!/

- 3Y G 22 - § (YEeal Yia ) -

keL k¢L

using [Zy, Zy) = —2iT

1 e — 1 . .
_ _§Z(Zkzk+Zka) —5(22qT—2z(n—q)T) =
k=1
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1 — — .
=-3 > (Zv2i + Z1Zy) +i(n = 29)T = Lo—a
k=1
This proves the statement for the terms along the diagonal.

Step I11
Therfore we are left to prove that the remaining off-diagonals terms are all
zero. In order to do so, we suppose K # L.

Again, when at least some coefficient €’s are not zero, we know something;:
k # 1 and j # ¢ but still {k,j} = {l,i}. So k =i and [ = j. Also, it tells us
that |[K NL| =q— 1.

Indeed, if |K N L| = ¢, then K = L, that is impossible here. And
|K N L| <q—1is also impossible because K and L have .J in common and
|J]=q—1.

Notice that, given K and L, J, k and [ are uniquely determined.
Hence

/ !/

§ K L7 § H Hryz77

I, k, |J|=q—1 i, J, [H|=q+1
the summations disappear because all the indices are determined,
K L7 H Hor7 K L7 H _H 7 7

And, using again the definition in observation 2.4.3, we observe that

K L __ H H
€kg€y = —€KrCkL-

Finally we get that, since k # [
Qi = ﬂ:[Zk,Zl] =0.

That completes the proof. ]
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Chapter 3

Study on the £, and 0O,
operators on H,,

Goal. Now that we know the operators O, and L., we want informations
about their behaviors. So we are going to study them and, via the funda-
mental solutions for £y and L, show that they are hypoelliptic on H,,.

3.1 Fundamental Solution for £

Recall 3.1.1. Remind that D(H,,) and D’'(H,,) are, respectively, the set of
smooth function on H,, and the set of distributions on H,,.
We say that E € D'(H,) is a fundamental solution for an operator P if

PE =96
in the distribution sense. That is,
< PE,¢ >=< 9,0 >= ¢(0) V¢ € D(H,,)
where ¢ is the Dirac distribution.

Definition 3.1.2.
As an example, we’ll start studying the operator

J —
Lo = _ﬁl;(zkzk + ZiZy,).

In general, this second order term is called the sub-Laplacian on the stratified
Lie group H,.

45
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Recall 3.1.3. A Lie group g = (G, %) is stratified if
e it is nilpotent (namely, it possesses a central series)
e it is simply connected (informally, without holes)
e g admits a vector space decomposition
g=Vi® - dVy
such that [V4, V)] = V)4 for 1 < j <m and [V4,V,,] = {0}.

Observation 3.1.4. In our case, we observe that H, is a step-two stratified
nilpotent Lie group; namely the Lie algebra is stratified with m = 2 where

Vi=<2Zy,....700,Z1,...,Zp> and Vo=<T > .

Observation 3.1.5. By theorems 8.2.3 and 8.2.5[1] about hypoellipticity
and estimates of sums of squares of vector fields, it follows immediately that
L satisfies a subelliptic estimate of order % and is hypoelliptic.

We now want to construct an explicit fundamental solution ¢ for L.

Observation 3.1.6. Recalling the definitions of nonisotropic dilatation o,
in 2.1.3 and of norm |(z,t)| in 2.3.1, we can say that Ly is homogeneous of
degree 1 with respect to 9,.

It is also reasonable to guess that a fundamental solution g for £, should
be given by some homogeneous function.

In fact,

Theorem 3.1.7.
Set

po = |(z, 1) 72" = (]| +£*) "2
and let § be the Dirac distribution. Then

/30@0 = o0

where

co = n2/ ((|2> 4+ 1)? + t*) 72 " Ldzdt.

Therefore ¢, 1(,00 is a fundamental solution for L.
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Proof. For € > 0 we define

V|3

poe(z,t) = (12" + ) + %)

A simple calculation shows that

_n_q
9 2 N 2 2
= n’e? ((‘E +1) e4+<—) e4> =
€ €
_n_q
9 2 A2\ 2
(5 - ()) o
€ €
9 _n
= ne 22 (()E : + 1)
€

Then )
/ Lopoe(z,t)dzdt = / ) (—(z,t)) dzdt =
H.,, H,, €

with the change of variables (2/,¢') = 1(z,t), d2'dt’ = e " ?dzdt
= o ((2,t)ddt' = .
Hy

Hence
lir% Lopoe = cpd in the distribution sense.
€E—>

On the other hand,

lir% Lopo.e = Lopo in the distribution sense.
€E—r

Then
Lopo = cpd

and the theorem is proved.
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3.2 Fundamental Solution for £,

We now proceed to search for an explicit fundamental solution in Hl, for the
operator

J —
Lo=—3 ’;(zkzk + ZwZy) +iaT, e C.

Observation 3.2.1. Observe that £, has the same homogeneity properties
as Lo with respect to 6, on H,, and that L, is invariant under unitary trasfor-
mations in the z-variable (since the norms ask just for |z|).

Then we can expect that the fundamental solution will have other similar
important properties.

From these observations, we intend to look for a fundamental solution
©Ya(z,t) of the form

a2, t) = (2, )7 f(tl(2,0)]77)

After a routine, but lenghty, calculation, in order for ¢, to be a solution
of Lop, = 0 away from the pole, we see that f must satisfy the following
ordinary second order differential equation:

(1—w?)2f"(w) — ((n+ Dw(l — w?)? +ia(l — w?)) f'(w) + inow f(w) = 0
where w = t|(2,t)|72.
By setting w = cosfl, we get f(w) = g(f), 0 < 0 < 7. Then the equation is

reduced to
d d
(seneﬁ + ncos@) <% + @oz) g(0) =0

which has two linear indipendent solutions:

il

° qi(f) =e”

. T eia9
o go(f) = e fo (Sene)ndﬁ

The only bounded solutions for 0 < 6 < 7 are g(f) = ce~*? with ¢ € C. It
follows that

f(w):c<w—im>a:c(ﬂ>a

(2, 8)[7

If ¢ =%, then we get:
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alent) = et i (T ) = I ie T

= |(z,t)|—2(”+a) (z(t _ z|z|2))a _ |(zyt)|—2(n+oc) (|z|2 +z't)a _
since |(z,1)]? = (|z|* —{—itQ)% = (|2 +it)(|2]2 — z't))%,
= (|2 + i) (|22 + it) (|22 — it)) " =
= (|2* +it)" (1= +it) 3 (|2 —it) ™" = (2P + i) (= i)

Definition 3.2.2.
Then, for a € C, we define

Pa - Hn —C
fale:0) = (af = i) (af i)
and, for € > 0,
Pae + Hn —C
Poe(zt) = (|22 + & — it) (|22 + & + it) "

Observation 3.2.3. We observe that

e ©, € C°(H, \ {0}) and locally integrable in H,, (and hence it defines
a distribution)

o v, € CH,)

Proof. Here we prove that ¢, is locally integrable. First we observe that

n n a ]_ _%
a2, )] = | (2" —it) "2 (|2 +it) "2 (|2]* —it) "= <m> =
4 oyn (22—t ~%
e t 2 —
(= + i) <|z|2 + it
since }i}i;;’i =1,

= |2 + i) ] = ||2* + it F = |(z,8)] 7"

Now, given B(0,1) the unit ball with respect to the distance given by the
nonisotropic norm on H,,, we can integrate on B(0, 1), switch to polar coordi-
nates and find out that the integrate is finite. That completes the proof. [
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Observation 3.2.4. Moreover, using the Lebesgue’s dominated convergence
theorem, we see that ¢, converges in the distribution sense to ¢,. That is,

/ Gac(z,)(2,t)dzdt — Va2, t)(2,t)dzdt, Yy € C3°(H,).
n Hyp,

Definition 3.2.5. We recall the Euler I function as
[:C\N; - R
[(s) := / e 5t
0

where Ny = {0,—-1,-2,... }.
It’s possible to show that this function satisfy the property I'(s) = sI'(s —1).

Theorem 3.2.6.
We are now ready to state that, for a € C,

£o¢§0a = Ca50

where o
2 — nﬂ.n

NEDINED

2 2

Co —

Then @, := ¢ '¢, is a fundamental solution for £,

Remark 3.2.7. Notice that ¢, # 0 < the denominator doesn’t have a pole,
ie, a# £(n+2k), ke NU{0}.
Therefore we will call the numbers +(n + 2k) non-admissible values.

Proof of remark. Let k € NU {0}

n+ o
2

#—k & nta#-2k & ta#-n-2k &

& a# E£(—n—-2k) & a#E(n+2k).
[

Proof of theorem. Set ((z,t) := |z]* + €2 — it for € > 0. Then p, (2,t) =

_nta___n—-«a

CE 2 CE 2 .
Recalling that Z; = 0., +4%;0; and that Z; = 0z, — 120, for 1 < j < n, all
the following properties are true:

o 7;(=2a7,¢°! and Z,C0 =2azC.
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e Z;C. =0 and Z;¢°=0

o TC* = —iaC® " and TC' =iaC’ '

We check the first property of every point:

Z;C¢ = (0., +12;0,) (27 + € — it)* = al? ™' (z; — i7;) = all ' 2z;

Z,Ce = (0., +12;0,) (22 + € + i) = al® ' (z; +i°Z;) =0

TC = 0y(2Z + € —it)* = a1 0,(27 + € — it) = —ial* .
We also note that

Gac(z,t) = (|22 + & —it) T (|22 + E 4it) 3" =

n4+a n—a
2 t T2 2 t T2
((‘3’ +1—i—> 62) ((‘5) +1+i—2> 62) _
€ €

€ €2

_n—a
2
—n+a

Z|2 ot
+1+Z—2 € =
€

€

= E_Qn (90&71 @) 51) (Z,t) .
Since L, is an homogeneous operator of order —2 with respect to | - |, we

have that
Loac(z,t) =Ly (6_2” (S%J o 6%>) (2,t) = e 2L, (cpajl o 5%> (z,1)

Therefore, for ¢ € Cg°(H,),
< Lopalz,t), Y >= lm < Lopae(z,t), 9 >=
e—0+

= 61_1355r . Loz, t)(2,1)dV =

— lim 2 / Lo (par082) (28) (2, )V =

e—0+

with the change of variables (Z,%) = d1(2,1),

= lim LoPar (2, f) (1ode)(Z, f)dV = 1i%l+ Loai (z,t) (Yod.)(z,t)dV =
n €E— Hn

e—0+ H
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since we have uniformly convergence on ¢ domain, we compute the limit as
€ — 0 under the integral sign and we get

=1(0,0) / Loai (z,1)dV = ca1p(0,0),

if we call
Ca :—/ Lopar(z,t)dV.

Now it only remains to compute c,.
A straightforward calculation show that

n+a+2 n—a+2

Lopai(z,t) = N —a®)(|zP+1—it) 2 (|zf*+1+it) 2

Then
Co = / Loar(z,t)dV = on Lopan (2,t)dzdt =
n Hn
]. n o n —
= on | (0 =) (|2 + 1 —it) 7 (2 4 i) dadydt =
H

n

by setting a = % and b = W,

1
= on (n® — o) (|2]* + 1 —it)"*(|2|* + 1 +it) "dedydt =
Hyp,

n2 — o2
_ / (|z|2+1)_”_1dxdy/(1—it)_a(1+z't)_bdt.
2" cn R

Let’s compute the two integral separately. The first integral is

/ (|z|2 + 1)_"_1dmdy =

using polar coordinates and reminding |S(0,1)] = 575,

2 /oo 7,,271—1
I'(n) Jo (1472t

t=1+4+7r% 4 =dr

_ T / (L — )t =
1
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s=1t"1

by the definition of I'(n)

I'(n+1)
To compute the second integral, we start with some assumptions. We assume
that —n < o < n. So we have that

2
n+a20:n+2+a22$a=$21

and Lo
n—a20:>n+2—a22:>b:¥21.

Given s € C, if Re(s) > 0 the following formula is true:

/ e " a e = T(b)s".
0

Set s = 1+ t, then we define the function

~

ft):=Tb)(1+it)" = / e~ 2(1+it) b= 7, / o Tt b=,
0 0

This function is the Fourier transform of

e b=t foraxz >0
S {O , for x < 0.

Similarly we obtain that

—0o0

00 0 0
g(t) =T(a)(1—it) " = / e~ 1= gty = / e ey dy = / e llem p|o g
0 0

is the Fourier transform of

(z) 0 , forx >0
xT) =
g e l|z|e=t | for x < 0.

Hence,

P ()T () / T it — i)t /_ T At =
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by the Plancherel theorem (Parseval identity)
= 27/ f(x)g(—z)dx = 27r/ e 2t 2y =
changing y = 2x and usinga+b—2=n

ml'(n+1)
2n '

This implies

> b1 — ip)-a :2’”771"(n—l—1) §
/ R e T

—00

for —n < a<n.
In fact, the left-hand side of this equality defines an entire function of a from
the following equality:

/ (14 4t)7°(1 —at)~dt :/ (1+it) "2 ot iy,

o0 —00

Thus (x) holds for all a € C.

Hence,
n’ — o 2 —n—1 . \—a SN —b
Ca =~ (]2]> + )™ dady | (1—it)™(1 +it)~"dt =
" R
o n*—ao* 27"tl(n+ 1) B antlo—2n
2 Tn+ 1) () (=32) — () (5)
That completes the proof of the theorem. []

3.3 Hypoellipticity of £, and O,
Now, using theorem 3.2.6, we show that £, and O, are, in fact, hypoelliptic.

Definition 3.3.1.
Recalling definition 2.3.10 and observations 2.3.11 and 2.3.12 about the
convolution, if a # +(n + 2k) Vk € NU {0}, we define

Kof = fx®, Vf € CX(H,).

Observation 3.3.2. We can immediately say that K, f € C*>(H,,).
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Theorem 3.3.3.
If feCe(H,) and a # +(n + 2k) Vk € NU {0}, then

EaKaf = Ka[’af = f
Proof. Since L, is left-invariant (see definition 2.1.7), we have
LoKof =Lo(fxPn)=fxLoPo=fx0=F.

On the other hand, we can take g € C§°(H,,).
Note that —a # £(n +2k) < a # £(n + 2k). Then we just saw that
L_K_,f = f and we say

/ g(u) f(u)dV(u) = / (L-aK ag) (u)f(w)dV (u) =

by integration by parts,

[ K)o fw)dV () / (g% ®_0) (u) Lo f (u)dV (1) =

H, n

by observation 2.3.12

= [ g)(Eaf <o) wav(a) -
and since ®_, = @, (that comes immediately by the definition of ¢, and
Ca);

~ [ s@(eus > v)@av) = [ gl Kaloswaivw).

n n

Then f = K,L,f and the proof is complete. ]
Theorem 3.3.4.

L, is hypoelliptic < a # £(n + 2k) Vk € NU {0}

In particular,
O, is hypoelliptic on H, for (0, ¢)-forms when 1 < ¢ < n.

Proof.

=]

If « = £(n+ 2k), k € NU{0}, the function ¢,(z,t) defined in 3.2.2 has a
pole and then is a nonsmooth solution of £,p, = 0. This proves the first
arrow.

(<]
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On the other hand, if a # £(n+2k), we take f € D'(H,,) such that L,f =g
is smooth on some open set U € C. We want to prove that f is also smooth.
Let V C U be an open set relatively compact in U. Let also take a cut-off
function ¢ € C§°(U), ¢ =1 in some open neighborhood of V.

Then (g is smooth and, by the theorem 3.3.3, £,K,(Cg) = (g. Hence, to
show that f is smooth on V', it’s enough to show that h := ((f — K,(Cg)) is
smooth on V.

Since h is a distribution with compact support, we can say, using 3.3.3 again,
that £,K,h = h. Then, on V (where ( = 1), we have:

Loh=Lof —LoKo(C9) =9—Cg=9g—g=0.

The fact that ®, is just singular at the origin garantees that L,K,h =
Loh * @, is smooth on V. Then h is smooth on V and then f is so.

The hypoellipticity of 0, on (0, ¢)-forms when 1 < ¢ < n follows immediately
from proposition 2.4.8:

O0(0) = Y Lo agbrdz’.

[=q
This proves the theorem. O]

Observation 3.3.5. We finish this chapter giving a solution for the problem
stated in observation 1.4.17, namely finding a solution for the inhomogeneous
0y equation.

At the beginning the problem was stated in the form ”Solve dyu = f where
u is a (0, q)-form and f is a (0,q + 1)-form”.

To find a suitable u is difficult because f and uw don’t belong to the same
space and, more, we have to satisfy the compatibiliy condition 0y f = 0.
Hence, it’s easier to handle the operator O, that goes from (0, g)-forms to
(0, g)-forms and doesn’t have a compatibily condition. Since we already
studied the O, operator, now we can state the following theorem and solve
the problem.

Theorem 3.3.6.

Let f € Co,9(Hy), 1 < g <n.

If 0,f = 0 in the distribution sense, then u := EZKn_qu satisfies Oyu = f
and u € C’fom (H,, loc).

1
Moreover, if f € C(’)“(O’q) (H,), k € N, then u € C(kOJrqg (H,, loc).



Chapter 4

The (Generalized Heisenberg
Group H,, ;.

Goal. In this chapter we define the generalized Heisenberg group M., j, an
extension of H,,, and we provide a short presentation of the exetended results.

4.1 Extended definitions and results

Definition 4.1.1.

For 1 <k <n, let

Qi = {(2,2041) € C" x C/ Imzni1 > 21> + ...+ |2)® = [zeal® — ... — |2a]*}

The boundary of €2, is identified with the generalized Heisenberg group
H, :=C" xR by
T aQnd — Hn,k

k n
<z’,t+i (ZW -y \zj|2>> — (2, 1)
j=1 j=k+1
i.e., identifying 0€, , = H, s, we write

k n
(1) = (z’,t—i—i (Z|ZJ|2 — Z |zj|2>> .
Jj=1 j=k+1

Proposition 4.1.2.
Let (z,t), (w,u) € H, .
The group structure of H, ; is defined by

k n
(z,w)*x(w,u) = (z,w)(w,u) := (z +w,t +u+ 2Im (Z 2;W; — Z zj@j))

j=1 j=k+1
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Observation 4.1.3. One can verify immediately that

Z; =0, +1z;0;, for1 <5<k
Zj:c?zj—z'z_jat, fork+1<j<n
T:8t

are left-invariant vector fields on H,, ; such that

— =27, for1 <7<k
Z5 2l =4 .. .
21T, fork+1<j5j<n

and that all the other commutators vanish.

Proposition 4.1.4.

From observation 4.1.3, it follows that the Z;’s define a non-degenerate CR
structure on H,, ; such that the Levi form (defined in 1.5.2) has k positive
eigenvalues and n — k negative eigenvalues.

Definition 4.1.5.
Without loss of generality, we can assume k > ¢ and we shall call a CR
structure as in 4.1.4 k-strongly pseudoconvez.

Observation 4.1.6. As we did for H,,, we can fix a left-invariant metric on
H,, » which makes the basis Z;,...,%,,21,...,Z,,T orthonormal.
Its dual basis is given by

{dz1,...,dzp,dZy, ..., dZ,, T}
where dz; = z; +1y;, 1 < 7 <n and

k n

T=di+2) (ridy; —yidu;) —2 Y (wdy; — yiday).
Jj=1 Jj=k+1
More, as in observation 2.3.9, the volume element is
1
v = 2—ndxdydt.

Definition 4.1.7.
Now we calculate Oy on H, .
Let K ={1,...,k} and K’ ={k+1,...,n}. VJ, such that |J| = ¢, we set

ay =K\ J|+|K'0J| = |KNJ|— K\ J|
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Proposition 4.1.8.
Hence, if f = Zileq f1dz7 € Co0,9 Hn ) 1s a (0, ¢)-form with compact
support on H, ., we get:

Dbf = <5b52 +5b*gb> Z dezJ = - Z ((Z ZmZm Zimz’m> fJ) dzj -

|J|=q |J|=q m#J meJ
/ 1 n
-3 (A5 7 ) ) .
|]=q m=1

Observation 4.1.9. Note that —n < a; < n and that
aj=nsJ=K and a;j=-n<&J=K.

Theorem 4.1.10.
0O, is hypoelliptic for (0, g)-forms, 0 < ¢ <n, on H,, ; if ¢ # k and ¢ # n — k.
The conclusion of theorem 3.3.6 also holds for H, ,, when ¢ # k and ¢ # n—k.

The proof of the first statement of the theorem follows from theorem 3.3.4
changing the coordinates z;, k +1 < 7 < n, to Z;. The proof of the second
statement is the same as in theorem 3.3.6.
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Chapter 5

Estimates for £, on H,

Goal. The goal of this chapter is to show some regularity theorems for L,
on H,,. In order to prove them, we need a lot of additional results. However,
since some of them will rely on Calderén-Zygmund results and principal
values theory, we will sometimes skip the details of the proofs. Every proof
can be found in sections 8, 9 and 10[6].

In section 5.1 we’ll just prepare our devices, then we’ll arrive to state LP and
Holder estimates for L,,.

5.1 Homogeneous and PV Distributions on
H,

We already gave the definitions of left and right invariant operators and of
the reflection operator in 2.1.6. Using them, we now define:

Definition 5.1.1.
Let f € C3°(H,) and G € D’'(H,,), then we can define the functions

(G * f)(u) : H, — C
(G * F)(w) (v) = (GIT.f))(v) = G(T f(u'v)) = G(f(v™'u))

and

(f*G)(u):H, —»C
((f % @) (w) () = (G(JT"))(v) = G(J f(ww™)) = G(f(vu™"))

We can think at this “*” as an extention of the convolution where, instead
of two functions, we have a function and a distribution.

61
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Observation 5.1.2. We can observe immediately that (Gxf)(u), (f*G)(u) €
C>(H,).

Definition 5.1.3.

We already know Xy,...,X,,Y],...,Y,, T is an orthonormal basis for left
invariant vector fields and that, in a neighborhood of the origin, it is equal
t0 Opyy ooy Opyy Oy o5 Oy s O

In the same way, we define a orthonormal basis for right invariant vector
fields and we call it Ry, ..., Royy1-

It will also be useful to denote {X,,Y;, 1<j<n}as{L;, 1 <j<2n}

Observation 5.1.4. The operator K, : C§°(H,) — C*(H,) (defined in
3.3.1) is continuous and can be extended as an operator K, : &'(H,) —
D'(H,,). We can do the same for £,, L; and R; see (p.444 [6]).

Observation 5.1.5. So we have that X;, Y, commute with 7,, Vj =1,...,n,
and R; commutes with 7%, Vj =1,...,2n.

Definition 5.1.6.
We also define the distribution Dy € £'(H,), where 6 is a general tangent
vector at the origin, by

5f of
D = — < df(0),0 >= — < 0 0> .
() = = < df(0) Z(a% o) + 50,
It is a diretional derivative calculated in zero.
Notation 5.1.7. In particular, for 1 < j < 2n, we set
Dj:: Dazj, lszl,,n
Dy, it j=n+1,...,2n

They are the diretional derivatives, calculated in zero, in the directions given
by the coordinates.

Observation 5.1.8. If f € C§°(H,,), we have the following properties:
o Lif=fxD,

Definition 5.1.9.
If F e D'(H,) is a distribution, we also define

e D« F :=R;F
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Since we want to talk about homogeneity, we define:

Definition 5.1.10.
If f:H, — R, we define

fr(u) == f(ru) YueH,, ¥r >0

and
fr(w) :==r"2"2f(r 'u) Yu € H,, Vr > 0.

Definition 5.1.11.
Given this notation, we obviously say that f is homogeneous of degree \ <

fr(u) = f(ru) = f(u) Yu € H,, Vr > 0.

This notion extends naturally to distributions: F' € D'(H,) is homogeneous
of degree A <

F(g") =r"F(g) Vg € C(H,), ¥r > 0.
Example 5.1.12. § is an homogeneous distribution of degree —2n — 2.

Proof.

O(f7) = 00" 2 f(r~tu)) = 7722 f(0) = r 7 RA(S).

O
Proposition 5.1.13.
Let F' € D'(H,) be a homogeneous distribution of degree A, then
L;F, R;F are homogeneous of degree A — 1, Vj:1 < j < 2n.
Proof. The proposition is proved with a straightforward computation. [

Lemma 5.1.14. If f is a homogeneous function of degree A\, A € R, f €
C'(H, \ {0}), then there exists a constant C' > 0 such that

, 1
[f(uw) = F)] < Clu—ol[ul™, i fu—v| < JJul,

and .
|f(uw) — f(u)] < Clw|lu*, if w| < §|U|-
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Proof. We may assume, by homogeneity, that |u| = 1. Then |u —v| < 3
and so v is bounded away from zero. So, by the mean value theorem and by
observation 2.3.3 respectively, we get

|[f(u) = f(v)] < Cllu —v]| < Clu—wv].
The same argument in the second case yields
|f (uw) = f(u)] < Clluw —ul| <
since w — uw is smooth
< [luw —ul| < Cllw]] < Clwl.
O

We shall now be particularly concerned with functions and distributions
which are homogeneous of degree —2n — 2, since 2n + 2 is the homogeneous
dimension of Hj,, (see observation 2.3.8). We start with the notion of ”"mean
value”.

Proposition 5.1.15.

Let f : H, — C be an homogeneous function of degree —2n — 2 and locally
integrable away from the origin.

Then there exists a constant jir, that we name mean value, such that

H Flu)g(ful)dV (u) = py /OOO g(r)r~tdr

Vg : (0,4+00) — R measurable so that either integral is defined.
Note that, strickly speaking, the mean value should be p; divided by | B(0, 1)].
This is a mean value kind of theorem.

Proof. We set

A _ f1§|u‘gr f(w)dV(u), forr>1
= - frg\u|g1 f(w)dV(u), for0<r<1.

Ag(r) is a continuous function on (0, 00) and it’s possible to see that
Ag(rs) = Ap(r) + As(s).

Hence there exists a constant iy such that Af(r) = prlogr. Without loss of
generality, we suppose r > land 1 <a < b <.
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Taking g = x(a,b), where x(a,b) is the characteristic function of (a,b), we
should prove that

/“<u|<bf(u)dv(u) = [f /ab rtdr;

that is true because it is exactly As(r) = puslogr restricted on (a,b). So the
proposition is proved when ¢ is the characteristic function of an interval.

Then the proof is completed by forming linear combinations and passing to
limits to obtain general ¢g’s. O

Example 5.1.16. As a trivial example, we can denote ;1 = ¢y and take
f(u) = lu[7*"% and g(u) = r*x(a,b), 0 < a < b < co.
Then we have

a<|u|<b colog 2, for A = 0.

Definition 5.1.17.
If f: H, — Cisahomogeneous function of degree —2n—2, continuous away
from the origin and its mean value s is zero, then f defines the distribution:

(PVf):C(H,) - C

(PVf)(g) := PV : f(u)g(w)dV (u) = lim f(u)g(u)dV (u)

6—)0-‘1- |u‘2€
and we will prove that the limit exists.

Proof. Since py = 0, we have
f(u)h([u])dV (u) =0
H,

for all measurable h. We take h(u) = x(e < |u| < 1) and we multiply
everything for ¢(0). Then we have

/ o 090V () =0

(PV)(g) = f(u)g(u)dV (u)+

lu[>1

' El_i}gl* (/e<|u<1 Flujglu)dvw) = /e<|u|<1 f(u)g(O)dV(u)) -



66

5. Estimates for £, on H,

= /||>1 f(u)g(u)dV (u) + lim Fu) (g(u) — g(0)) dV (u) =

since g(u) — g(0) = O(|ul), the integral is absolutely convergent

= f(u)g(w)dV (u) + f(u) (g(u) = 9(0)) dV (u)

[u|>1 lu|<1
and we are done. O

Observation 5.1.18. From the definition it’s evident that PV f is homoge-
neous of degree —2n — 2.

Definition 5.1.19.
A distribution F' € D'(H,,) is said to be regular if there exists f € C*(H,, \
{0}) such that

F(g) = | flu)g(w)dV(u) Vge 5 (Ha\{0}).

Hy,

If that happens, we say that F' agrees with f.

Proposition 5.1.20.

Let us take F' € D'(H,) a regular homogeneous distribution of degree A which
agrees with f € C*°(H,, \ {0}).

Then

1. f is homogeneous of degree A
2.ifA>-2n—-2= feD(H,\{0}) and F = f
JifA=—-2n—2=pur=0and F = (PVf)+c

Proof. 1.

The first point is obvious from the definition.

2.

For the second point, we observe that, since f is homogeneous of degree
A > —2n —2, then f is locally integrable and thus define a distribution (that
we will call “f” as well). So F' — f is a distribution supported at 0, that is,
a linear combination of ¢ and its derivatives.

But § is homogeneous of degree —2n — 2 and then we see that for any g €
Ce°(H,,), with (F' — f)(g) # 0, we have both

(F = f)(g) = 0(r"2) as 1 — oo
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and, by hypothesis,
(F = )g") =rF = f)(9),

which is a contradiction. Hence F' — f = 0.
3.
If 4 =0, then FF— PV f is homogeneous of degree —2n — 2 ans supported at
the origin, hence is a multiple of 9.

. . . o
For the case u # 0, we just give the idea of the proof. If we set g = C_J;’
where Cj is the mean value of the function |- |[72"72, then it’s possible to
prove that both the distributions

F'(h) == F(h) = PV(f = B]-[7*""2)(h)
and

G(h):=p (h(u) — h(O))|u\*2"’*2dV(u) + h(u)|u\*2"*2dV(u)
lu|<1 |u|>1

agree with |- |72"72? away from the origin. Hence I’ = G + H where H is a

linear combination of ¢ and its derivatives. From this we find a contradiction

using the same homogeneity argument of point 2. O

The third point of this proposition allows us to give the following defini-
tion:

Definition 5.1.21. We call PV distribution a regular homogeneous distri-
bution of degree —2n — 2 and we include § among the PV distributions.

PV distributions play the role of the classical singular integral kernels on
H,, and here we have the analogue of the Calderéon-Zygmund theorem:

Proposition 5.1.22.
If F e D'(H,) is a PV distribution, then the mapping

Co” (Hy) — O (HL,)
g gx* I
extends to a bounded transformation on LP(H,), 1 < p < oo.

Proof. We refer to [8] for the case p = 2, and to [9] or [3] for the extension
to the other values of p. In section 15 of [6] there is also the proof of a
generalization of this theorem. ]

A similar result is avaialable for kernels of higher homogeneity:
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Proposition 5.1.23.

If F € D'(H,,) is a regular homogeneous distribution of degree A\, with —2n —
2<A<0.

Then the mapping

Cg (Hy) — GG (Hn)
g—gxF

extends to a bounded transformation from LP(H,) to LY(H,), 1 < p,q < oo,

where
1 1 A

q p m+2

2n+42

The same mapping also extends from L'(H,) to L,._ > (H,), Ve > 0.

loc

Proof. This proposition is proved in the 15th section of [6]. ]

Before proceeding, we need to make some remarks about the right-invariant
version of the operator £y. We first note that Lo = —3 Y7 (X7 +Y}) =

—z 321 LJQ-, so the corresponding right-invariant operator is Ry = —1 321 R?-
Lemma 5.1.24. We can recognize that

RoPo =0
where @ is the fundamental solution of L, f = 9.

Proof. This comes from theorem 3.3.3. Indeed, if Dy = — Z?il D; «x D; is
the distribution kernel of Ly, then Ly®q = & * Dy and RyPg = Dy * Py and

both of these expressions are equal to §. m
More, since we can write Rog®g = Dy x &y = — 2321 DjxD;x®y, we get:

2n

j=1

We now come to the deepest new result of this section, which provides
us in effect with a set of "noncommutative Riesz transforms” with which to
manipulate derivatives.

Theorem 5.1.25.
If € D'(H,) is a PV distribution, there exist regular homogeneous distri-
butions Fi, ..., Fy, of degree —2n — 1 such that

2n
F=) D;«F,
j=1
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Proof. Since this proof is quite long, we are going to skip some details.
Using lemma 5.1.24 we may formally write

2n
F==) Dj*Djx®x*F
j=1
and thus call F; := —D; * &g x F'. Therefore, to prove the theorem we have

to show that ®y x F' can be defined as a regular homogeneous distribution
of degree —2n with the property that Ro(®g x F') = F. If we do that, we’ll
have that Fj is a regular homogeneous distribution of degree —2n — 1 and
then the thorem will be proved.

From now on, we’ll divide the proof in steps.

Step a) If F' = ¢, we have immediately that ®q x F' = &g *x § = P is regular,
homogeneous of degree —2n and the property holds.

Step b.1) Thus, by the third point of proposition 5.1.20, we may assume that
F = PV f for some f with us = 0.

Given vy # 0, we choose € > 0 small such that {u € H,, : |u| < € and |vpu™"| <
¢} = @. Then, setting w = vou™', we may define

Do« F(vg) := PV / Dy (vou ) f(u)dV (u) =

n

and using the same argument of 5.1.17, we get

- /| (@oeo™) = Bl )V () +

+ /w<E Do (w) f(w vg)dV (u) —|—/ o (vou) f(u)dV (u).

[ulz€,|w|=e
All these three integrals are absolutely convergent. The same formula, with
v instead of vy but where still w = vyu™", can be used to define @ x F'(v) for
any v close to vy so that vu™ # 0 when |v] < € and w™'u # 0 when |w| < e.
Thus, differentiating under the integral sign, we can conclude that &g x F'
is C*° away from the origin and, with a straightforward calculation, that is
homogeneous of degree —2n.

Step b.ii) Now we are left to prove that Ro(®y * F') = F and this can be
done with an approximation argument. Using the same ideas of section 3.2,
we can define a function @, such that

R07€q)076 — 0 as € — 0.



70

5. Estimates for £, on H,

We can also define a C'* function @, * F'(v) like the one above.
The main point is now to show that

Oy x ' — g x [ when € — 0

as distributions; that would prove the theorem. By the Lebesgue dominated
convergence theorem, it will suffice to show that |®q . * F(v)| < C|v|=?". To
prove that we would need a lot of calculation and the lemmas we previously
stated. We skip this part. O

5.2 L? Estimates for £,

We now introduce some Sobolev-type spaces which differ from the classical
ones in that they take into account the characteristic splitting of directions
on H,. Then we’ll use them to provide our estimates.

Definition 5.2.1.
Let A be the algebra of all the left-invariant operators on H,.

Observation 5.2.2. Since {X1,...,X,,,Y1,..., Y} = {L1,..., Lo, } gener-
ate the Lie algebra of H,,, together with the identity operator I, they generate
A and induce a filtration Ag C A; C Ay C ... on A.

Namely, for £ € NU {0}, we define

By ={LaLay " La;- Loy [ 1 <a; <20, i=1,...,j, j <k}

e.g. By ={L1, Lo,..., Ly, } and By is the set of all pairs of kind L;L;.
We also define
A, =< B, U {[} >c,

so Ay is the linear span of By U {I} over C.

Definition 5.2.3.
For 1 < p < 0o, we now define our Sobolev-type spaces:

SRP(H,,) == {f € LP(H,,) s.t. Df € LP(H,) VD € A;}.
Observation 5.2.4. We can immediately state some properties about S*?(H,,).

e S*P(HL,) is a Banach space under the norm

1 £llko = 11F1lp+ > IDfl,

DeBy,
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o C°(H,) C S*P(H,) where C5°(H,) is dense on S*?(H,,).
e Since T'=[L, 41, L1] € As,

SPP(HL,) C{f e L (H,) / Df € L} (H,) VD € A;,0<j <k}.

loc loc

Notation 5.2.5. Let’s suppose that the distributions we’ll use in this chapter
will always be regular. That is, we’ll always have a function that agrees with
the distribution.

Definition 5.2.6.
If U C H, is an open set, we define

S*P(U, loc) == {F € D'(H,) s.t. oF € S**(H,) Yo € C(U)}
where we say that a regular distribution F'is L? if the function that agrees
with F'is LP.
Observation 5.2.7. It follows immediately that
S*P(H,) C S*P(H,, loc)

Moreover, if U = U;’il V;, where V; C H,, open, then

S*P(U, loc) = ﬂ SEP(V;, loc).

j=1
However, the virtue of the spaces S*?(H,,) becomes evident in the follow-
ing proposition:
Proposition 5.2.8.
If FF e D'(H,) is a PV distribution, then the mapping
Co® (Hy) — C>(HL,)
g—gxF

extends to a bounded operator on S*?P(H,,), 1 < p < oo, k € NU {0}.

Proof. For each fixed p, we prove the proposition by induction on k. The
case k = 0 is the proposition 5.1.22. Suppose now that the assertion is true
for k. Let g € C5° and h = g * F. Then, by the definition of norm for
é;kdj(ﬁﬂn)u

2n
1Plles1p < 1Pllip + D 1Lshlkp <

i=1
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by the boundness in the inductive hypothesis ||A||r, < C||g]|xp, SO

2n
< Cllgllep + Y 1Ly <

j=1
and by the definition of norm again
2n
< Cllgllkrp + Y 11Lshllky
j=1

By theorem 5.1.25, we may rewrite F' = ijl D, x Fy, whence

Lih=hxD; =gxFxD; = Z?glg*(Dl*Fl)*Dj = Z?ﬁl(g*DZ)*(Fl*Dj) =
= 37" (Lig) * (L;Fy). By proposition 5.1.13, L;F is a PV distribution, so
by inductive hypothesis,

2n

1Lll1 < D CillLiglliy < Cllglliri e

=1
The proof is complete. O

Finally, after these preliminares, we are ready to return to the operator
L. and its fundamental solution ®,.

Proposition 5.2.9.
Suppose « is admissible, that is a # +(n + 2k) with £ € NU {0}, and let
f € C§(H,). Then

1. The mapping

Ce(H,) — C*(H,)
f= Kof =[x

extends to a bounded mapping LP(H,,) — LI(H,), where 1 <p < g <

oo and 1 = ]lj — %H

The same mapping also extends to a bounded mapping
nFi

LY(H,) — L (H,) Ve > 0.

loc

2. The mappings

C(H,) — C*(H,)
=LK f=fx®,xD;, 1<j<2n

extend to bounded mappings from LP(H,) — L"(H,), where 1 < p <

11 1
7"<ooa,ndr—p TR
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3. The mappings

Cse(H,) — C*(H,)
extend to bounded mappings on S*P(H,) for 1 < p < oo and k €
Nu {0}.

Proof. This proposition follows immediately from propositions 5.1.13, 5.1.22
and 5.1.23, since @, is a regular homogeneous function of degree —2n. [

As a consequence, we obtain the following estimates for L,:

Theorem 5.2.10.
If v is admissible, 1 < p < oo and k£ € NU {0}, then

1 lkr2p < chp (1Lafllkp + 1fllp) VS € G5 (H)

Proof. By theorem 3.3.3 we have that f = K,L,f and so, by point 3. in
proposition 5.2.9 applied to L, f,

HLiLjKa<£af)|lk,p < Ck,p”ﬁaf“km

and so
LiLj fllkp < crpllLafllkp-

2n 2n
But we have that || f{|k+2p < |[f]lp + 22550 15 fllp + 225 =1 [LiLji fllkp- So,
to conclude, it suffices to show that

L3 fllp < e (L3S Ml + 11F115).

And this can be done by applying the Taylor’s theorem to f(uy(t)) where ()
is a one-parameter subgroup generated by L; and then using the translation
invariance of || - ||, and Minkowski’s inequality. O

Now we are going to state the main L” regularity theorem, that will be
complemented by theorem 5.3.10.

Theorem 5.2.11.
Let’s take o admissible and F,G € D'(H,,) such that L,F = G on U C Hi,.

o If G € S*?(U,loc), then F € S*2P(U, loc)

e IfGe Ll (U)and%:

loc

1 1
1—3—n—+1>0,then

F € LYU,loc), iftp>1
F e Lr<(U,loc) Ye > 0, if p=1.
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Proof.

I)

Given any V CC U, choose ¢ € C§°(U) with ¢ = 1 on V and set H :=
Ko(¢G). Then if G € S*P(U,loc), we have by point 3. in proposition 5.2.9
that L,L;H € S*?(V), with 1 <i,j < 2n.

We claim that also L;H and H are in LP(V), and hence H € S*22(V).
Once it is shown, we have to note that L,(F' — G) = G(1 —¢) =0 on V.
So, since L, is hypoelliptic, F' — H € C*(V). Hence F € S*%P(V) for all
V CcC U and we are done.

1)

The second case is proved exactly in the same way, taking G € L} (U) and
finding out that, with an assumpition on p, H € L(V) or H € Li<(V).
After the same claim we arrive to say that F € LY(V) or F € L1=¢(V).

To prove the claim, let

W={v'u: v &suppp,ucV}
W is bounded, therefore we may choose ¢ € C3°(U), with ¢ = 1 on W.
Then, for u € V,
H(u) = (¢G) * (0Pa)(u) and  L;H (u) = (pG) * (PP + Dj)(u)

and so H and L;H are in LP(V'), being convolutions of L? and L' functions.
That completes the claim and, hence, the proof. O

5.3 Holder Estimates for £,

Since here we want to talk about Holder estimates, it is natural to introduce
a family T'”’(HL,) of Lipschitz and Holder spaces on the Heisenberg Group
which are defined in terms of the norm |u| = |(z,t)] = (|2|* + ¢*)2 instead of
the Euclidean norm || - ||. We’ll then show the estimates.

Definition 5.3.1.
We define the spaces:

e for 0 < <1

I?(H,) = {f € L™(H,) N C°(H,) s.t. sup flow) = )] < oo} :

u,v€EH,, \U!B

o for =1

IM(H,) = {f € L™(H,) N C°(H,,) s.t. sup

u,v€EH, |u|
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e for =k+ ' wherekeNand 0< 3 <1

T8 (H,,) = {f e L®(H,) N C°(H,) s.t. Df € I¥(H,) VD € Ak} .

If f € TA(H,), we'll call f a Hélder function.!

Observation 5.3.2. The spaces I'’(H,,) are Banach spaces, respectively,
under the norms:

o for0< <1

1115 o= 1/l + sup 1L = S(0)I

u,v€H, ‘u’ﬁ ’

o for =1

Ul o= [ flle + sup L0+ o) = 2/(v)

u,v€EH, |U|

Y

e for =k+ ' where ke Nand 0 < 3 <1

1F1ls = Wlflloo + D 1Dl

DeBy,

The first theorem of this section says essentially that the convolution with
a PV distribution is a bounded operator on I'’(H,,) V3, 0 < 8 < oo.

Theorem 5.3.3.
If Ko € D'(H,) is a PV distribution and f € I'’(H,), 0 < 3 < oo, has
compact support, then

f* Ky eT'P(H,).

The proof will be accomplished by some results. For the purpose of the
demostration, we call K the function which agrees with K, away from zero
and we may assume Ky = PV(K).

Lemma 5.3.4. If f € I'’(H,,) with compact support, 0 < 3 < 1, then

f* Ko € I°(H,)

IFuther notions about these spaces and their relationship with the standard Holder
spaces can be found in [6], chapter 20.
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Proof of the Lemma. We call g :== f x Ky. Then we have, with v € H,

g(v) = f* Ko(v) = PV(K) (f (vu‘l)) = PV/ flou™ YK (u)dV (u) =

’U,EHn

= lim flou™ K (u)dV (u) + flou™ ) K (u)dV (u) =

€0 Je<ul<1 u|>1

using exactly the same argument of 5.1.17,
= lim (flou™) = f(0)) K (u)dV (u) + flou™) K (u)dV (u) =
€20 Je<lul<1 lu|>1
and then the limit disappear by definition of I'*(H,),
= /| (flou™) = f(0)) K (w)dV (u) + . flou™) K (u)dV (u).
ul<1 u|>1
Hence, if we suppose that W, is the support of the function u — f(vu™!),
g <C [ WPl v Ol [l ()
lu|<1 [u|>1,ueW,

Using example 5.1.16 and the fact that, for large v, W, is contained in a set
of the form a;|v| < |u| < aslv|, with aj,as > 0, we see that the right-hand
side is bounded uniformly in v, so that g is bounded.

Next we have, given w € H,, and from the definition of PV,

g(v) =PV /|u§B|w| fou™ K (u)dV (u) —i—/ flou MK (u)dV (u) =

u|>B|w|

= gw(”) + 9" (v).

where B > 2. Now we can write

<

gu(0)] = \ [ ) - ) Kavi)
|u|<Blw|

< C/ [ulP~2""2dV (u) < C(Blwl|)”.
[ul<Bluw|

Thus, since v is arbitrary, we have
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On the other hand, we can set

o) o { KL 1l Bl
u) =
0, if |u| < Blw|

and use the fact that pux = 0 to have

g* (vw) — /f vwu ) K (u)dV (u /f vu” ) K (u)dV (u) =

:/ (f(ku_l) — f(vw)) Kw(u)dV(u)—/ (f(vu_l) — f(vw)) K (uw)dV (u)+

n n

+/ (f(vu’l) — f('u)) (K" (vw) — K*(w)) dV (u).

The first two integrals cancel each other by a change of variables and we
divide the third one as

/ +/ +/ — L4+ L+1
|u|>B|w|,|uw|>Blw| |u|>Blw|,|uw|<Blw| |u|<B|w|,|uw|>Blwl|

To estimate them we take B large enough so that the region of I (respectively
I3) is contained in a set of the form {Blw| < |u| < B'|w|} (respectively
{b|w| < |u| < Blw|}) with B’;b > 0. This is possible by lemma 2.3.4.

By example 5.1.16 and lemma 5.1.14, we have

|11 §/>B| ||(f(vu—1)—f(v)) (K (uw) — K (u))| dV (u) <

<C [ul =2 wldV (u) < Clw] (Blw|)”™ < Clwl’.

|u|2Blw]

L] < / (Fou™) = £(v)) K (w)| dV (u) <
Bluw|<[ul<B'|uw|

< C/ lu[?~2" 24V (u) < Clwl?.
Blw|<|u|<B’|w|

I3 can be estimated likewise, since |K (uw)| < Clw|=?"~2 over his region of
integration.
All together we get

o) — )] _ .

jw]? -

and that completes the proof. ]
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Lemma 5.3.5. If f € I”(H,,), 1 < 8 < 2, then

f* Ky eT'’(H,)

Proof of the Lemma. We call g := f x K, again and, thanks to lemma 5.3.4,
we already know that g € I'"~}(H,,). So we just have to prove that L;g €
P=YH,), 1 < j < 2n.

Using theorem 5.1.25, we can write Ky = Zle Dj;x K;, where Kj is a regular
homogeneous distribution of degree —2n — 1. Then

2n 2n
Lig=f*KoxD; =Y fxDyxKxD;=> Lf*LK.

=1 =1

Since L;K; is a PV distribution and L;f € I'*~!(H,), by lemma 5.3.4 we
conclude that L;g € T?~1(H,,). O

Proof of the Theorem. If we can show that f € T''(H,) implies f * Ky €
I''(H,), then the theorem will follow by induction on the greatest integer in
B, by the argument in the proof of the last lemma.

But this boundness on I''(H,,) will follow immediately from the last two lem-
mas together with the following proposition that provides a characterization

of T'Y(H,). O

Proposition 5.3.6.
The following holds:
fel(H,) —

Vr>13f; € T2(H,) and 3f, € 'z (H,)
with ||f1||% < C7r ! and ||f2||% < C7, C indipendent of 7,
such that f = f; + fo.
For the proof of this proposition we need two other lemmas:

Lemma 5.3.7. If f € I”(H,,), 1 < 8 < 2, then
|f(vw) + flow™) —2f(v)|

sup < 0.
v,weH, |w|/3

Proof of the Lemma. Applying a uniformly smooth partition of unity, we
may assume that f has compact support. We use theorem 5.1.25 to write

2n 2n
f=f*x0=fx (ZDj*Hj> => g+ H;
j=1 j=1
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where g; = f* D; = L;f € I'""}(H,) and H; is a regular homogeneous
distribution of degree —2n — 1.

If we set ®%(u) := H;(uw) + Hj(uw™") — 2H;(u), with u,w € H,, we can
say that

fluw) + flow™) = 2f (v Z/ gj(vu” (IDw (w)dV (u).

By the same homogeneity argument as in the proof of observation 2.3.4, we
have

1
@5 ()] < Cleolul™"7%, if |w] < Slul.
In particular ®¥ € L*(H,).

It’s also possible to prove that

/ O (u)dV (u) = 0,

n

In fact it would be obvious if H; € L'(H,,). As it is, we consider H;y,, where
X is the characteristic function of {u € H, / |u| < r}. Since H;x, € L'(H,),

[ [Hxetuw) + ™) = 2Hpx ()] av (o) =0

and

Hjxr(uw) + Hjxe (uw™") — 2H; X, (u) — @Y (u), as r — oo.

By the Lebesgue dominated convergence theorem, we conclude that
fH Q¥ (u)dV (u) = 0.
That enables us to write

fluw) + flow™) — 2/ (v Z / g5 (vut) — g;(0)) B (u)dV () =

|u|<2w] |u|>2|w|

Applying our estimate about |®}(u)|, we get

/u|>2u)

< Clwl2w])’™" < Clwl”.

|Ia| = <C [ul " wlPful TPV (u) <

|u|>2[w|
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On the other hand

/US2w

and, since |u| < 2|w| implies that |uw| < Blw| and |uw™!| < B|w| for some
large B (see observation 2.3.4),

|| =

< @) / 1B (u)|dV (u) <

u|<2w]

<aClf [V < Ol [ v <
|u|<B|w|

u|<Blw]

< Clw|’~!(Bluw|) < Cluwl”.
That proves the lemma. O]

Lemma 5.3.8. If g € C''(H,), then

lg(vu) — g _ "
Sup S < C; [1Zi91lso-
Proof of the Lemma. Assume first u = (z,0), z € C". If L is the normalized
generator of the one-parameter subgroup through u, then, by the mean value
theorem, |g(vu) — g(v)| < C||ul| ||Lg||so. Since ||u|| = |u| for u = (2,0), the
lemma is proved in this case.

In general we have u = (z,t). We choose z, € C" and write u = upujuguy ‘uy ',
where up = (2,0), u; = (3izV/t,0) and us = (3izoV/t,0). Since |ug| = [2] <
lu| and |ui| = |ug| = [t|"/? < |u|, we can write g(vu) — g(v) as a five-fold
collapsing sum and paaly the the result we just established. O

Proof of the Proposition.
(<] Set
AL f(v) = flow) + flow™ = 2f(v)).

We suppose that, V7 > 1,
f=fit fo, where || fille < C77F and || folls2 < C7.

Then we have ||A2 f1||oo < 2C|w|Y?771 and, by lemma 5.3.7, ||A2 fo|oe <
Clw|*?r.
Hence

1A% folloo < Clw] 277" + Jw[*?7),

so we can take 7 = |w|™"/? and conclude that f € I''(H,).
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[=] Conversely, we suppose f € T''(H,). We choose ¢ € C§° supported in
|v] <1 and satisfying ¢(v) = p(v™!) and an v =1. Set ¢1, € B(0, 5),

o1 (v) 1= 22k

So [y ¢r =1 Vk and {4} is an approximation to the delta.

Set fr := f*xr and g := fr — fr_1. Since f is uniformly continuous, f; = f
uniformly, and we can write f = fo + > 1 G-

It’s long but possible to prove that 3C' > 0 indipendent of £ such that

gillse < C27%, [|Ligillo < C and ||L;iL;gy[ < C2F

with 1 <1,7 < 2n.

From that and from lemma 5.3.8 we get that ||gk||1/2 < C27%/2 and ||gx||3/2 <
C2k/2,

Therefore we write f = (fo + S0, gx) + Y oren+1 9k = f1 + f2 where

N N
1f1llsz = 1fo+ ) grllse < CD2¥% < C2V/7

k=1 k=1
and . N
[ folly2 = 1| Z Gkll12 <C Z 27k < 027N,
k=N+1 k=N+1

This provides a decompotition of f for 7 = 2¥/2 N € N and the proposition
5.3.6 follows immediately. ]

We prove now a theorem on kernels with homogeneity higher then —2n—2.
This result complements proposition 5.1.23.
For simplicity, we consider only integral degrees of homogeneity, which suf-
fices for the applications.

Theorem 5.3.9.
Let K be a regular homogeneous distribution of degree k —2n — 2, k € N,
and let f be a function of compact support. Then

1. if f € TP(H,), 0 < B < oo, then f * K € TVHF(H,,)

loc

2. if f € LP(H,), B =k — 222 > 0, then f x K € Iy, (H,)

loc

where

r?

loc

(H,) := {f € C(H,) st. of € T°(H,) Vo € CZ(H,)}.
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Proof. As usual we call g = f x K. If we take D € By \ By_1, then
Dg=D(f+«K)=fxDK

and DK is a PV distribution (because its degree is exactly —2n — 2).
Hence, by theorem 5.3.3, Dg € T’(H,) VD € B \ Bi_1; so g € I‘ﬁ;k(Hn)
and the first point is proved.

To prove the second point we take

ko = min{k € N such that £ > (2n + 2)/p}

and
B() = k’o — (2n+ 2)/p

Note that 0 < By < 1.

As above, by considering derivatives on the kernel K, it suffices to prove the
assertion for ky and 35. Now we can divide the proof in two cases: [y = 1
and 0 < By < 1. Anyway, the second case is done as in the first case making
a similar estimate.

So now we suppose 5y = 1. Then 1 = ky — (2n + 2)/p. We have

R
o

(0w =glou)=29(0)~2000) < 11 [ 1R Cw) + K (o) = 2K P av(0))
with &+ 5 = 1.
By the same homogeneity argument as in the proof of lemma 5.1.14, we get

| K (uw) + K (vw™) — 2K (u)]| < Clw|?|ulF~2"1

Hence
1
v

(/uzm [ (o) + I (™) = 2K(U)!”'dV(u)) <

bS]

Y e

< Clul” ( / IU|(k_2”_4)p/du> = Cluw*w|*2n @i’
[ul>2[w]

whenever k — 2n — 4+ (2n + 2)/p’ < 0. However, since 1 = ko — (2n + 2)/p,
it follows that k —2n —4+ (2n+2)/p' = -1 < 0.
Thus

1
Y

(/u|>2w |K (uw) + K (uw™") — QK(U)V’/dV(u)) < Clul.
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Since |u| < 2|w| implies |uw| < Blw|, and |uw™!| < B|w| for some B > 2,
by observation 2.3.4

e

(/|u|§2|w| K (ww) + K (uww™") = 2K (u)|p’dV(u)> <

1
o

< [ K av) <

1
<C (/ |u|(k’—2n—2)p’dv(u)) P _ C«|w|k—2n—2+(2n+2)/p’
[ul|<Blw]

3

if k—2n—24 (2n+2)/p’ > 0 (and it is actually 1). So, at the end,

't!\‘ -

([ 1) + )~ 2x@P V) < Clul

n

The proof is complete. ]
We can now state the Lipschitz regularity theorem for L,:

Theorem 5.3.10.
a admissible and F, G € D'(H,) satisty L,F' =G on U C H,,.

o IfGel?

loc

e IfGel?

loc

(U), with 0 < 8 < oo, then F € TV(U).

loc
(U), with =2 — Q"ZTH > 0, then FF e L, (U).

Proof. The proof proceeds just like the proof of theorem 5.2.11, using theo-
rem 5.3.9. D
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Chapter 6
C R-manifolds

Goal. In this chapter our goal is to define the coordinates that will allow
us to see some CR manifolds as generalizations of the Heisenberg group.
The purpose of doing so is to generalize to the CR manifolds the results we
already found for the Heisenberg group about the Kohn Laplacian. We start
defining our tools for the case of k-strongly pseudoconvex manifolds, then we
will define the so-called Normal Coordinates for general pseudoconvex CR
manifolds and in the specific case of an hypersurface. Finally, we will provide
an example.

6.1 0O, 52 and O, on k-strongly speudoconvex
CR Manifolds

To define O, on some CR manifolds, we must impose a Hermitian metric on
M. We want to restrict ourselves to a class of metrics with respect to which
the eigenvalues of the Levi form are +1.

In the first chapter we stated the general definition of Levi form. Here we
see how to costruct a metric with this property on the eigenvalues. For that,
we’ll need two lemmas.

Definition 6.1.1.
Let us remind the definition of CR manifold at 1.3.4 and of Levi form at
1.5.2 and let M be a CR manifold of real dimension 2n + 1.
We can also say that the Levi form on T%°(M), namely <, >, can be defined
by:

<ZW>p=—i<dr,Z \W >

VZ,W € T°(M) and where 7 is a nonvanishing real one-form which anni-
hilates THO(M) @ T (M).

85
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Observation 6.1.2. The Levi form can be written as

1
< ZW >p= §i<r,[Z,W] >

VZ,W € T(M).

Definition 6.1.3.

Let M be a CR manifold of real dimension 2n + 1.

We say that M is nondegenerate if its Levi form, namely <, >, is nonde-
generate for every point,

i.e.,

17 € TVYOM) sit. < 2,7 >1,=0VZ € TY(M).

Notation 6.1.4. We say that M is strongly pseudoconvez if the matrix
generetad by the Levi form is positive definite.

We say that M is k—strongly pseudoconvex if the matrix generetad by the
Levi form has k eigenvalues bigger than zero.

Lemma 6.1.5. Suppose M is a k-strongly pseudoconvex CR manifold, with
k <n.

Then there exist smooth subbundles ET(M) and E~(M) of T'°(M) such
that

o TVYO(M)=ET(M)® E~ (M)
e The Levi form is positive definite on E*(M) and negative definite on
E=(M)
e ET(M)LE~ (M) with respect to the Levi form, i.e.,
<ete  >=0 Vet € EN(M), Ve~ € E~(M).

Proof. Choose an arbitrary Hermitian metric <,> on T%°(M). The Levi
form determines, for each & € M, a linear transformation A¢ : TH0(§) —
TH0(€) which is selfadjoint with respect to <, > by the equation

< Z, AW >=< ZW >, YZ, W € T*(¢).

Ag¢ is non singular, has k positive and n — k negative eigenvalues for each ¢
and varies smoothly with &.

Now we define the fiber of ET(M) at &, namely E* (), to be the space
spanned by the eigenvectors of A, with positive eigenvalues and E~ (&) to
be the orthogonal complement of E*(£) with respect to the Levi form (not
<, >). Ttis clear that <, > is positive definite on E7 (&) and negative definite
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on E~(&).

Once we have them, we can build the fiber bundle E*(M) as gy E7(E)
if we know that E*(§) varies smoothly with &; then we can do the same for
E~-(M).

To check the smoothness, we fix {g € M and we choose a neighborhood V
of & such that, V§ € V, the positive eigenvalues of A, lie in some fixed
interval (a,b), with 0 < a < b < oco. We may then define a projection
Pe: T;°(M) — E*(€) for £ € V by

1
Pf = — (Z — Ag)_ldz

271 ~

where 7 is a contour in the right half-plane enclosing (a, b). P varies smoothly
with £, so E1(§) does ([10]). O

Lemma 6.1.6. Suppose M is a k-strongly pseudoconvex CR manifold, with
k <n.
Then there exists an Hermitian metric <, > on TV°(M) such that

V¢ € M, Jabasis Zy,..., 2, for T"°(M) near ¢ so that
< ZZ‘, Zj >= (51‘]‘ and < Zi7 Zj >1= Ei(sij

1, <k
—1, i>k
From the proof it’s clear that we can write the metric explicitely.

where €; =

Proof. If k =n, ¢; = 1 and we simply take <, >=<,>.
If £ < n, by lemma 6.1.5 we choose a plitting T"%(M) = ET(M) & E~ (M)
and define <, > on Tg’O(M) for each £ € M by

<IZW>s=<Zt W' >, —< 2", W >

where Z, W € TEI’O(M) and Z = Zt + Z7 and W = Wt 4+ W~ are the
splittings fo Z and W.
Then we obtain a basis Zi,..., 7, by choosing Zi,...,Z; to be an or-

thonormal basis for E7(M) and Zy,1,...,7Z, to be an orthonormal basis
for E~(M). O

Observation 6.1.7. From now on we will consider the class of Hermitian
metrics <, > on CT'(M) such that

1. <, > satisfies the conditions in lemma 6.1.6
|T170(JVI)
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2. <, > 1m0 determines <, >0 ) by the equation < Z, W >= < Z, W >
3. THO(M) LT (M) with respect to <, >
4. < 71,7 >=1 in the induced metric on CT'(M)*.

This metric can be found by fixing 7, choosing the splitting 7%°(M) = E* &
E~ if k < n and choosing an orthogonal complement for T (M) & T%(M).
We assume that M is equipped with a metric satisfying these propersties.

Notation 6.1.8. We denote by T the vector field dual to 7.

Then Z,...,Zn, Z1,...,Zy, T is an orthonormal basis for CT'(M).
We also denote the dual basis on CT'(M)* by wy, ..., wn, W1, ..., Wn, T
That also means that every (0, ¢)-form ¢ can be written as

o=> o’

|J]=q

where ¢; are complex valued functions on M.
Finally, we denote the volume element as d(-).

Definition 6.1.9.

Suppose M is a k-strongly pseudoconvex CR manifold, with £ < n. We now
introduce the notation &£ for error terms. In the following propositions we
will use it to regroup lower-order forms so to focus on the higher-order one.
If ¢ = Z|J|=q pyw’ is a smooth (0,q)-form on M, then & will denote an
expression of the form

E@)= D axee”

|J|=q,| K|=¢q

with ayx € C®(M).
More, if Z € TVO(M),

EZo)= Y asalZig)w™

[J|=q,|K|=q
=1,....,n

with a g ECOO(M) -
Similar expressions can be written for £(Z¢) and E(T'¢).

Finally we denote

E(A,B) == E(A) + £(B).
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Example 6.1.10. For example, using observation 6.1.2, the equation <
Zi, Z; >1= €0;; at lemma 6.1.6 can be written as

[Z:,Z,)f = —2ie;6i;Tf +E(Zf, Zf)
with Z € TH0(M) and f € C>(M).
Notation 6.1.11. Let J,[ be such that |J|=¢gand [ =1,...,n.
0,iflgJ
i = {(—1)2‘?@1 N NGj o NWj, A ATy, i L= 7,
Observation 6.1.12. [t’s easy to see that we also have

wl, ifl g J

Bi@ nw) = {0 ifle.J

and
w’ ifleJ
DA @) =Y e
0, ifl ¢ J

In the next three propositions we’ll use the same arguments and ideas of
paragraph 2.4.2.

Proposition 6.1.13.

Suppose M is a k-strongly pseudoconvex CR manifold, with £ < n. Remind-
ing the definition of CR complex 0, given in paragraph 1.4.2, we compute it.
If feC®(M), we have

of = Z(Ejf)wj
=1
Hence, if ¢ =37 ;,_, ¢ w7 is a smooth (0, ¢)-form, then

Do =Y (Zig)mAw' + ) ¢,0,@) =
|1=q |J1=q
I=1,...,n
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Definition 6.1.14.
Let us take a smooth (0, ¢)-form ¢ and a smooth (0, g — 1)-form .
We now define the formal adjoint 8: of 0, as the operator such that

< 0y0,0 >=< 6,041 > .

Now we can even define the self-adjoint Kohn Laplacian O, on (0, g)-forms
as

Db = 5{,5: + 525{)

Proposition 6.1.15.
Suppose M is a k-strongly pseudoconvex CR manifold, with £ < n. Now
we can compute the complex adjoint and say that, V¢ smooth (0, ¢)-form,

o =— Y (Zio,))mw’ +E(9).

Proposition 6.1.16.
Suppose M is a k-strongly pseudoconvex CR manifold, with £ < n. We also
have that, V¢ € CF (M),

Koo =— > (ZZip))wsw; AT+ E(Z¢, ¢)

and

5b52¢ = — Z (Z-ZlqﬁJ)wi A (wl_le) + 5(?(5, ¢)

Finally, we compute O, and we obtain

Opp = Z [<—% Z (Z1Z,+ Z, 7)) +iaJ,kT> oy

|J]=q I=1,....,n

w! +E(Z¢, Zo, ).

where ay, = [{1,.. ., E}\J|+{k+1,... .0} J| = {1,...,k}nJ| — {k+
1L,...,n}\ J|.

Observation 6.1.17. We note that 0O, is expressed by the same formula as
on H,, modulo lower order error terms.
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6.2 Normal Coordinates on Strongly Pseudo-
convex CR Manifolds

Although it would be possible to speak about normal coordinates for k-
strongly pseudoconvex (or nondegenerate) C'R manifolds, from now on we
will consider only the case k = n. That is, we’ll talk about strongly pseudo-
convex C'R manifolds.

Our object here will be to find, for every point in M, an “osculating Heisen-
berg structure” to M at the point; i.e., V&, € M, we want to find coordinates
21y ..., 2p,t for M near & such that they vary smoothly with & and

0 _ 0 . 0
Zj:a—zj—l-ZZja, ]:1,...,n and T:a

modulo suitably small error terms near &.

6.2.1 Definition of Normal Coordinates

Notation 6.2.1. Reminding lemma 6.1.6, we write
X;=Z;+Z; and Y, :=i(Z; — Z;).

We also write

= =Xj, Ejyn =Y, forj=1,...,n,

and
EO =1T.
In this way, when we consider the set {X,;,Y;,T / j=1,...,n}, we will just
write it as {Z; / j =0,...,2n}.
Accordingly, we denote its dual basis by {o; / 7 =0,...,2n}. It follows that
wj; = 0j + iO’jer

j=1,...,n, and

T = 09.
Further, we will write the standard coordinates on R*" ™ as (x1, ..., 20, Y1, -, Yn,t) =
(Ui, Usp, up) = v and z; = x; + 1Y; = Uj + (Ujin.

Remark 6.2.2. We take a function v : [0,1] — M, X € T(M) and X1 is
the column matrix of the coefficients of X with respect to a basis of T'(M).
We call integral curve the solution 7 of the following Cauchy Problem:

{v<s> = X1 (~(s))
Y(Or) = &umr
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Definition 6.2.3.
Suppose M is a strongly pseudoconvex CR manifold, fix § € M and take
u € U C R*™! where Uy is a starshaped neighborhood of 0.
We define the ezponential map E¢ as
Eg : Ug — M
u = Ee(u)

so that Eg¢(u) is the endpoint n(1) of the integral curve n(s), 0 < s < 1, of
the vector field Z?ZO u;Z; with n(0) = &.
Observation 6.2.4. Wa can say that

o B € C™(U)

25

o dE; : T(U) — T(M) and (dE) ( o >| ~ 5.
0
So E is a diffeomorphism
Eg : Ug — Vé,
where Us C Ug is a neighborhood of 0 which can be assumed starshaped,

while Vg is a neighborhood of §. It follows also that £ ViV = Ugis a
coordinate mapping on V.

Definition 6.2.5.
With the same notation of observation 6.2.4, we call Normal Coordinates the
coordinates induced from E L. Ve — Us.

Definition 6.2.6.

Take f a function on Ve. For this function we define the Heisenberg-type
order as follows.

We say that f is O', and we write f = O!, &

f=0 (Z(!%’(n)\ +ly; () + !t(n)ﬁ) asn— & neM.

=1
Inductively f = OF & f = 0(0O!- O*1).
Observation 6.2.7. If f € C>~(V;), then

f=0"& f=0 (Z(I%‘(n)l + |y () + It(n)|>

i=1
and

f=0"« f=0 (Z(\%‘(n)!2 +ly ) + !t(n)!> :

Jj=1
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Theorem 6.2.8.

Suppose M is a strongly speudoconvex CR manifold and the previous nota-
tions hold.

With respect to the coordinates u = (z,y,t) on V¢ defined by E: ' we have:

0 9 o .0 L0
= o, +y78t+z( x+08yl)+08t

6’ 0 0
Y 1 2
5 x]8t+2( +anl>+()at

for j=1,...,n. And

9 N I 0
T = at+z<0 T 8y,)+0 ot

The proof of this theorem is composed of three parts.

First step of the proof of the Theorem.

Let us write generally
2n P

k=0
with j = 0,...,2n and where Bj;, are functions on M.
Since we already noted that Bj;(0) = 0, (see observation 6.2.4), we only

need to verify that Bjo = 2uj, +O? and Bji,y 0 = —2u;+ 0% for 1 < j < n.
The idea we’ll use is borrowed by chapter V of [2]. Let (A;x);x be the inverse
transpose of (Bji);, that is,

(Ajk)je = (Bjk) -
Thus, reminding that Ef goes from A'(U) to A'(Ve) and that o; € A (Uy)

({o;}; is the dual basis of {¥;};, see notation 6.2.1) and du; € A'(V}),
j=1,...,2n, we have that Efo; = Zk 1 Ajrduy,.

Lemma 6.2.9. If u € Us and s <1, then

ZAjk(su)uk = u;.
k=1



94

6. CR-manifolds

Proof of the Lemma. For u € Uy, consider the mapping p, : [—1,1] — Us
defined by p,(s) = su. Then, by definition of E;, we have

d (Eé‘ © /“'Lu ( ) Z u]\_‘.ﬂE‘g(su)

and, dually,

(Ef ° MU)* (Uj)|E§(su) = ujdsls'
On the other hand, by definition of i, i, (duy) = uxds and, since Efo; =
S0 Ajrduy, the lemma follows immediately. O

Second step of the proof of the Theorem.
Let us now define the functions cji, : Us — C by

2n

55,2k = ) CikmEm,

m=0
with j,k,m=0,...,2n.
Since 2do;(X NY) = Xo;(Y) — Yo;(X) — 0;([X,Y]), we have the dual
equation
1 2n
do, = —3 Z Cikm0; N O (%)
j,k=0

For u € Ug and —1 < s < 1, we also define the matrices A(s,u) and I'(s, u)
by
Ajp(s,u) == sAji(su)

and

L (s, w) g Cimk (sU)u

Lemma 6.2.10. For v € Ug and —1 <5 <1,

0s

Proof of the Lemma. Define p: (—1,1) x Us — Ug by p(s, u) == pu(s) = su
and set O';- = (E¢ o p)*o;. By lemma 6.2.9 we can say,

w)=1T—T(s,u)A(s,u)

2n 2n

am‘(s Y ZAml s,u)(wds + sdu;) = ZAml(s,u)dul + Upds.  (xx)
1=0
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On the other hand, since exterior multipliction and differentiation are func-
tional, (%) implies that

2n
/ 1

dam‘(w) =3 Z cjkm(su)(aj A Uk)\(s,u>~ (% % %)

3,k=0

Substituting (*x) in (%) and collecting the coefficients of ds A du;, we have

0A,, 1 (< S
s L 5ml = —5 (Z CjkmAkluj - Z Cjkm‘Ajluk>

J,k=0 J,k=0
and, since Cjrm = —Crjm
2n
a-’élml
= Ol — E LAk
ds
k=0
This proves the lemma. O

Third and final step of the proof of the Theorem.
Now we have, by Taylor’s theorem,

B(su) = I+ sBWY(u) + s>BP(u) + ...

since B(0) = I and where BM), B®) . are certain matrices.
It is clear that B(u) = I + BW(u) + 0% as u — 0, thus it will suffice to

determine B](-(l)), 1<5<2n.

But we may also write
A(su) = T+ sAV (u) + s2A®@ (u) + ...
and the equation BA” = I implies that B = —(AM)H Moreover,
A(su) = s + AV (u) + s*A@ (u) + ...

and, if we write I'(s,u) = I'®(u) + sT'M (u) + ..., lemma 6.2.10 implies that
AW = 170,
Hence BY = L(TO)H or, since Fg%) =322 Conj (0)tury and ug = t = O2,

2n

2n
1 1 1
B = 1 a0 = O 0% (1)
m=0

m=1
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Therefore, it only remains to determinate the coefficients ¢,,;0(0), with 1 <
m,j < 2n.
Now, by definition of c,

4[Zj7Zk’] = [vaXk] - [Y;ﬁYk] - i[vayk’] - Z[Y;’Xk] =

2
= Z(Cjkl — C(jn) (k) — 1Cj(ktm)l — TC(j4n)kl)
1=0
But C°°(T"°(M)) is closed under brackets, so the coefficient of =y = T must
vanish. Hence cjro = ¢(j1n)(k+n)0 a0d Cj(ktn)o = —C(j+n)ko- Likewise,

2n

A[Z;, Zy) = Z(Cjkl + Cjn) k)l T Cj(ktn)l — C(Gj+n)kl) =i
1=0

and, by the equation in example 6.1.10, the coefficient of =g = T in this
expression is —8id;;. Hence here we have cjuo = —C(j4n)(ktn)o a0d Cj(kin)o —

C(jn)ko = —8djp.
Solving these equations, we find that, for 1 < j, k < n,

Ciko = C(j+n)(k+n)0 = 0 and Ci+n)k0 = —Cj(k+n)0 = 45jk-
Substituting in (%) for 1 < j < n, we see that
Bjo = Bl + 0% = 2uj,, + 0% and Byjymo = Bl + O* = —2u; + 07,
and this completes the proof of the theorem. n

Corollary 6.2.11. With the same hypothesis of the theorem, we can easly
say

Z;= a4w% +§:Gﬂ +O%§>+w;

forj=1,...,n

6.2.2 Smooth Behaviour of the Normal Coordinates

We now investigate what happens when the base poin £ varies.

Definition 6.2.12.
We define the set
Q:={(&n) € M xVe}

and we remind that V; is a neighborhood of £ in M.
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Observation 6.2.13. () is a neighborhood of the diagonal in M x M.

Definition 6.2.14.
Further, reminding from observation 6.2.4 that E "V, M= U C
R?"! = H,,, we denote by O the coordinate mapping F:

@g:Vg—>U§CR2n+IEHn
n— O¢(n) == E; ' (n),
Then we set

0:Q - R*™! =H,
(& n) — O n),

where

O(&,n) = B¢(n) € Us C R* =T,
We call © our Normal Coordinate Map.
Observation 6.2.15. Note that, if M = H,, then we have O(&,n) = £ 1.

Notation 6.2.16. Accordingly with notation 6.2.1, we denote the coordi-

nates ©(¢,7) € Hy, as u(€,n) = (x(§,1),y(§,n), (7).
We also set p(&,n) = |O(&,n)], | - | being the Heisenberg norm.

We show the importance of this coordinates in the following theorem

Theorem 6.2.17.
Suppose M is a strongly pseudoconvex CR manifold. We have that all the
following properties hold:

L. ©(n) =-6(n¢) =06(n¢) " € H,.
2. © € C®(Q,H,).

3. 07 : A'(Ug) — AY(V),
©%(dV),, is the volume element on M at e.

4. Suppose &, n and ¢ vary over a compact set in M so that (£,7), (§,(), (n,¢) €
Q and p(¢,¢) < 1 and p(&,m) < 1.
Then there exist C, Cy > 0 constants such that

0(&,1) — O(¢, )| < Culp(€,C) + p(E.C)2p(€, 1))

and

p(¢,n) < Ca(p(€,¢) + p(&;m)).
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Proof. The first three points are easy to prove: 1. comes directly from the
definition and 2. follows form theorems of ordinary differential equations on
smooth dependance of solutions on parameters.

3. follows form the fact that ©f maps the orthonormal basis wy, . .., wp, W1, ..., Wy, T
of CT¢(M)* to the orthonormal basis dzy, . .., dz,, dz1, . . ., dZ,, dt of CT(H,)*.
For 4., we first note that we can regard £ as a function of ( € M and u €
Ue C H, by the equation £ = E¢(u). Hence we may write (&, 1) = f(n,, ),

where f(n,¢,0) = O(¢,n).
We now expand f in a Taylor series at 0: in coordinates we have

wi(€m) = wi(Cm) + D ag(n, Qua(é,¢) + O (Z |Uk(§7C)’2)

where the aj;, are smooth functions which vanish for n = (.
Hence, by the mean value theorem and observation 2.3.3, we have that

[uo(&:m) —uo(C,m)| < Co(n, O)p(€,C) (%)

and
[ui(§,m) —ui(C,n)| < Cp(€,¢), for 1 <j<2n. (¥

On the other hand, for any u € H,,, we have |ug| < |u|, for 1 < k < 2n, and
luo| < |u|% conversely |u] < (2n + 1) max{|uo|2, w1, - . ., [uan]}-
In particular,

©(&,n) —O6((,n)| <

< (2n+1) max{|uo(€, n)—uo(C, )2, [ur (&, ) —=wr (G, ), - - -, |uan (€, m) —uan (¢, )|}

Substituting (*) here, we can say that

0(¢,1) — O(¢, )] < Crl(p(€,C) + p(&,C)2p(€,m)?)

and the first inequality is proved.

To prove the second one it suffices to show that, if p(&, () < e and p(&,n) <,
then p(¢,n) < Cye. To prove that, we write O(¢,n) = (0(¢,n) — O(&,n)) +
©(&,m) and we use the first inequality and observation 2.3.4 to get (c is a
constant),

p(¢m) < c(|O(¢,n) — O n)| + p(&,n) <

< cCi(p(C.€) + plC. €)2p(€,m)?) + ep(€) < Che.
That completes the proof. O

NI
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6.3 Normal Coordinates on a Hypersurface

Now we are going to talk about the special case in which M is an hyper-
surface embedded in a complex manifold. In this case we’ll show a different
construction for the normal coordinate map ©(£,n) on M.

Definition 6.3.1.

Suppose V is a strongly pseudoconvex complex manifold with dim¢V = n+1,
and M is a real hypersurface with the induced CR structure.

We assume that there exist a real valued defining function r defined on a

neighborhood of M so that M ={u €V / r(u) =0} and dr # 0 on M.

Definition 6.3.2.
Following the path of section 6.1, we give here other definitions.

e Reminding the way we defined a general Levi form in definition 6.1.1,
here we choose an explicit nonvanishing one-form

T:=4(0 — O)r

annihilating T°(M) @ T%Y(M), in term of which our Levi form is
defined (we can replace r by —r if necessary to make the Levi form
positive).

e Then, using lemma 6.1.6, we choose a metric <,> on M so that the
four conditions at observation 6.1.7 are satisfied.

e Finally we take T as the vector field dual to 7 with respect to the
metric.

Notation 6.3.3. Let V) be a coordinate chart on V' with complex coordi-
nates wy, . ..,w, such that, on My := M NV}, there is an orthonormal basis
Zy,y. .., Zy for THYO(M).

From now on we will construct normal coordinates for the region M, with
respect to the basis Z1,...,2,, 21,...,Z,,T.

Definition 6.3.4.
Let
J:CT(V)—=CT(V)

be the almost-complex structure tensor on V' (that is, a differentiable endo-
morphism such that J? = —1); and let

P:CT(V)—T"(V)

1
Pi= (1 —iJ)
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be the projection onto the holomorphic tangent bundle T1°(V).
Now we define

Zo = P(T),
so Zy, ..., Zy form a basis for T'(V') along Mj.

Notation 6.3.5. For 0 < j < n, we may write
t 0
Z; = Cip—,
J kZ:O jk@wk

.....

Let (djk) i := (c]k)]_,f be its inverse transpose, which is also smooth on M.

Definition 6.3.6.
We now fix £ € My and, for n € V}, we define

G=Y di(©)(wi(n) —wi(€), 0<j<n
k=0

Then

0 0
o = chk(f)—| = Zj
13

We now need a couple of lemmas.
Lemma 6.3.7. With all the previous notations, we have that
dr, = =Im (dGo)
Proof. First we note that
dr = Or + Or = Or + Or = 2Re0r

since r is real.
So we have that
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using the last equality of definition 6.3.6,
=2Re ) (Z;7)(§)d¢;, =
j=0

since Z; is tangential to M, for j =1,...,n,

= 2Re ((Zor)(€)dCy),) -

Since Zy = 3(T —iJT) and T is tangential, Re(Zor) = 0. Hence, it’s clear
that

2Re ((Zor)dy) = 2Re(Zor)Re(d(y) —2Im(Zor)Im(d¢y) = —2Im(Zyr)Im(d(p).
On the other hand, with a straighforward calculations,
2Im(Zyr) = 2Im < dr, Zy >= — < dr, JT >=
=— < Jdr, T >=<i(0—0)r,T >=<71,T >= 1.

Thus
dr'& = _21m<ZOTO|§)Im(dCO|§) = _Im (dC0|§)
and the proof is complete. ]
In particular, (i, ..., (., Re ({p) form a coordinate system for a neighbor-

hood of ¢ in My, which is a first approximation to normal coordinates.

Lemma 6.3.8. Again, with the previous notations, we can say

0?r ,
——— (&) =0j, for 1 <4, k<n.
9G;0C
Proof. Using again definition 6.3.6 and the fact that r is real, we can say

0*r
d¢;0¢),

(&) =2<00r,Z; N Zy > (§) =< d(0—0)r, Z; N Z), > (€) =

I—i<dT,Zj/\7k><€>: ik

by definition of Levi form, since the Z,’s are orthonormal. This prove the
proposition. O]

Proposition 6.3.9.
From lemmas 6.3.7 and 6.3.8, we see that the Taylor expansion of r at £ in

Ve

:—ImCO+Z]C]|2+Re Z (€)¢i¢k + OIGolI¢] + 1<)
CgaC

7,k=001
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Definition 6.3.10.
We now define new coordinates z,..., 2z, near £ using the so called Lewv:
Procedure. We set

zj = (j, for 1 <75 <mn,

and

Zo = Go — Z anaCk &) G-

Observation 6.3.11. With the last definition, we can write that

0 0

w— =5 =Zj, forall j=0,...,n
0zj. 06,
In particular we have that det (837 (5)) = 1; so {z}j=0..n
G,k=0,...,
{z0,...,2n} in fact form a coordinate system near &.

Proposition 6.3.12.
Moreover, using proposition 6.3.9 and the new coordinates, » now has the
Taylor expansion

r=—Imz+ Y |z + O(zllz| + |2]°) = =Im¢ + > |z]* + O°

j=1 j=1
while O? has the same meaning as in definition 6.2.6, with z, repleacing ¢.

Observation 6.3.13. The significance of proposition 6.3.12 is that M is
highly tangent at ¢ to the hypersurface {z € C™*' / Imzy = 37, |2[*},
which is the geometric model for the Heisenberg group (see chapter 2.2).

Definition 6.3.14.
If we define z; and y;, j =1,...,n, by

Zzj=x;+wy;, J=1,...,n,
and
t := Rezo,

then
{z1,.. . @Y1, ooy Yny t}

form a coordinate system for a neighborhood of & on M. They will be our
Normal Coordinates.
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Now we proceed to show that they have the desired properties.

Notation 6.3.15. As in proposition 6.3.12, we use the notation O* for func-
tions on either M or V', with the understanding that 2 replaces ¢ in the latter
case. We note that with this convention the restriction of an O* function on
V to M is again OF.

Theorem 6.3.16.
We are finally ready to write

L0 0 0,0
Z]_82j+zzj(9t+;082k+08t

and
0 ~ 0 = 0 0
-9 1 9 1 9 19
aﬁl;o 92 +;O oz

Proof. The assertion about 7' is simply that

0
T =2
€ ot)e’
which is true since
0 0
ot . ¢ <820|5> e( 0|§> g
To prove the assertion about Z;, we wish to construct a local basis {Z1,....Z,}
for THO(M) near £ such that
~ 0 0 0
Zi=—+4iz;— + O0*=.
I 9n T T
If we can do it, we’ll have
~ 0
Zile = 5, = Zile
Te

and hence

and the theorem follows.
What is left now is to actually construct such a basis. In order to find vector
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fields which are both holomorphic and tangent to M, we introduuce the (non-

holomorphic) coordinate system (x1,...,Zn, Y1, .., Yn,t,r) for V near &.

In these coordinates, M is the hiperplane {r = 0}, so the vector fields %,
% and g restricted to M are identical with the vector fields -2-, -2~ and
Y t Ox;° Oy;

0

% on M in the normal coordinates (x1,...,%n,¥1,...,¥n,t) on M. We can
also say that a vector field on V is tangent to M < the coefficients of %
in it is zero. The almost-complex structure J is given in terms of the old

coordinates of definition 6.3.10 (zq,...,2,) = (o, .-, Tn,Y0,---,Yn) by the

matrix
0O -1 0 0
1 0 -1
JO - 0
: -1 0
: o1 0 -1
O ... ... 0 1 0

Therefore, in the new (non-holomorphic) coordinate, it’s given by AJyA™!,
where A is the Jacobian matrix of the transformation (xq, ..., Zn, Yo, - - - Yn) —
(L, 7 @1,y Ty Y1y e ey Yn)-

Since t = xg and r = —yo + Y7, (v + y7) + O, a straightforward calcutal-
ion shows that the projection P = %(I —4.J) onto the holomorphic vectors is
given by

0 1 /0 0 0 0
Pl=—)|==-(=—+i— 12 12
(m) 2(m+”m)+06%+oaw
o\ 1[0 .0 0,0
})(_?) =3 (8r Zat)‘+() o O o
0 1/ 0 0 0 0 0 0
pPl=)=2( 21 —;— il — — gy — 22 22
(m) Q(mjzw)+4@& %m)+0m+03w
0 1/ 0 0 0 0 0 0
Pl—)=2(=—4+;,— iy = — . — 22 22
(8%) Q(aijrZaxj)Jrz(y]af xjar)JrO@tJrO&r’
for y =1,...,n. We denote the coefficients of%inP(%) by a. Then, near
3
-1 _ 1
a " =24+0 #0
and

o\ 0 1 9
1 e _Z N 1)y 7
“P<m) or " (¥+O>m‘
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Also we can compute

1P i_i —1 i_i +1 (Z'l"—i- ‘)g—l-(—i —0—%)2 +
ox;  oy;)  2\oz, oy R CEPT Vi T gy

0 0 0 1 o 1 0
2 2 _ Y i, N i, 2y
+Oa+08r azj+2Z(ZJ+O)at—i-QZ(Zj—i-O)aT

for all 7 = 1,...,n. We call b the coefficients of % in this expression: b =

zi(z; + 0%).

Now we set

Then we can compute

.9 1 L0 1 )
Zj_8z3+ z(zj+0)at+b (QH—O)(%
o 1 , 0 1 , )
=—+3 - 2
8zj+22(2’j+0)8t z(z]+0)( +O)(22~|—O)6t
) 0,0
=05, g T

Thus Z; is tangent to M, has the required form and lies in T'°(M) by
construction. Then the claim, and so the theorem, is proved. O

As in paragraph 6.2.2, we wish now to let the base point £ vary to study
the regularity of these coordinates.

Notation 6.3.17. Exactly as in paragraph 6.2.2, taken (£,n) € M x M, we
denote the coordinates (z1, ..., z,,t) of n with respect to £ by

@<€7 77) = (’Zl(fa ?7)7 e 72”(57 77)7 t(£7 77))

Again, we call © our Normal Coordinate Map.

Observation 6.3.18. Looking back at the four properties of theorem 6.2.17,
it’s clear from the construction that © depends smoothly on (§,7) € M x M
(property 2.). Moreover, properties 3. and 4. of © in 14.10 are still valid,
with the same proof. Property 1. is not quite true, but we have the following
subsitute result.

Theorem 6.3.19.

2 (&) = —zi(n, &) + O
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and
tE,n) = —t(n, &) +O°

where OF means “OF of n with respect to & or viceversa; the same proof
works both ways.

Proof. We refer to the definitions of z; and ¢ in terms of the original coordi-

.....

6.3.6, we have

n

25(&m) + 25(0.€) = Y (dn(€) — d(m))(wi(n) — wi (), 0<j<n.

k=0

which is O? in the sense that it vanishes to second order in all directions as
1 approches &. That proves the first equality.
Next, by definition 6.3.10, we write

20(6,m) = Gol€.) — Zam )G(& MGk, m) =

adding the case 7,k =0,

Gol&m) zzam (G(&mG(&m) + O%(&,m) =

using the fact that the quadratic form given by second derivatives is invariant
under linear changes of coordinates,

= donl(&) (wr(m)—wi(€)—i Y al (E)(w; (1) —w; (€)) (wi(n)—wi(§))+O° (&, m).
Therefore we get

20(6m) + 20(m,€) = D (don(§) — dor(m) (wi(n) — wi())+

i Y (G O+ g ) ()~ ) no) — n(€) + O¥(evn

J k=0 &uj@wk ijﬁwk

and we call this equality (). Next, by lemma 6.3.7,

dry, = —TmdCo, = ~Tm Y _ doy (&) duwy, =
k=0
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= 0 (Auel€) s — don(E)i)
k=0

which implies that

_Oor
But this is valid for any &, so
0
dOk——QZ—T k:O,...,n.
&uk

Expanding dy, in a Taylor series at &, we have then

ok () — ok (€) = —2i 3 =t (€) w5 () — wylE))+

n

-3 - a% @01) — @3(6)) + O,

On the other hand, expandmg dor at n, we get

dor (&) — dor(n =—2zZ

w;(§) — w;(n)+

&uk@w]

243 5 T (€)@, )~ 3,(0) + 00, ).

But here the error O%(n, £) is second order in all directions,so it’s also O*(&, n).
Therefore, subtracting the first from the second and divinding by 2, we obtain

doe(n) — doe(€ —zz( T ) () — ()4

&ukaw] &uk@wj

&uk@wj &uké)wj

< d*r *r _ _ )
iy (&) + (n) ) (@;(n) = @;(€)) + O(E n)-
=0
Substituting the last result in (*), we have immediately

20(§,m) + 20(n,§) =
O?r _ _ 5
¢ Z ( awkawj (n)) (wi(n) — wi(€))(@;(n) —w;(€)) + O*(&,n)

8wk8w]

But thls sum is real, so

t(&m) +t(n,€) = Re (20(&,m) + 20(n,€)) = O°(§,m).
This completes the proof. O
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6.4 An Example of Normal Coordinates

In this paragraph we want to show an explicit simple example about how
we find our Normal Coordinates and how we use them to rewrite a basis of
T(M) in the form that resemble the Heisenberg group (see theorem 6.2.8).

Here we take n = 1 and M = R3. So we have that
(x,y,0) e M
is a coordinate system and
Oy, 0y, 0p € T(M)

is a basis of T'(M).
We fix a point & = (xg,yo,60) € M. Locally, close to &, we take another
basis for T'(M):

X; = (—cosby+ (0 — by)sinby)0, — (sinby + (6 — ) cos by)0,
XQ = 89
X3 = $8in6y0, —  cos 60,

X1, X, are obviously linearly indipendent and X3 = —%[X 1, Xal.
In fact,

[Xl, Xz] = X1X2_X2X1 = (— COS 90 + (0 — 00) sin 00) 6§0—(sin QO—I—(Q—Q()) COS 90)6%—}-

y
—0p(— cos 0p0, + (0 — ) sin 0,0, — sin 60, — (0 — by) cos 6,0,) =
= —cos 0902 + (0 — 0p) sin 0902y — sin o0z — (6 — 6o) cos Oodiy+
+ cos 09, —sin g0, — (0—0p) sin 09, +sin 0,95, +cos 09, +(0—0) cos 0,95, =
= —sin0y0, + cos b0, = —4X;.
Thus {X;, Xs, X3} is a basis for T'(M).

We want an explicit calculation of the exponential map
Eey : Uy CR* = M
u=(a,b,c) = E¢(u) = Eg (a,b,c)

where Eg (a,b,c) = (1) and v(s), 0 < s < 1, is the integral curve of the
vector field X = aX; + Xy + ¢ X3 with v(0) = &.



6.4 An Example of Normal Coordinates 109

In order to compute it, first we have to solve the Cauchy Problem.
So now we look for the integral curve « : [0,1] — M, that is the solution of:

{fy(s) = X1 (~(s))

7(0r) = &
where
a(—costy + (6 — 0p) sin ) + § sin by
X1 = | —a(sinfy + (0 — ) costly) — § cos bty

b

We denote v(s) = (71(s),72(s), 13(s))- So
Y(s) = XTI (v(s))
J1(s) = —acos by + a(v3(s) — o) sin Oy + § sin by
< 4 Ya(s) = —asinby — a(y3(s) — p) costly — § cos by
Y3(s) = b
using the boundary conditions,

’}/3(8) = bs + 90
= ¢ 7(s) = —ascosby + a% sin fp + § sin 6y + g

Y2(s) = —assinfy — a% cos g — 5 cos by + yo.
Then, for s = 1 we have

r=y(1l)=x9—acosby+ %absin@o + ¢ sinfy
(%) Sy =(1) =yo — asinby — %abcos 0y — § cos by
9:’}/3(1) :b—|—90

At the end we really found
E¢ (a,b,c) =~(1) = (x,y,0) € M.
We know that there exist Uz, C R® and Vg, C M such that
By - Ugy = Ve

is a diffeomorphism.
It follows also that

Egol : vao — U{o
E¢ (a,b,c) — (a,b,c)
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is a coordinate mapping on Vg, and (a, b, ¢) are our Normal Coordinates. So
we invert the system to see (a, b, c) explicitly.
From the system (x), note that b = 0 — 6y, we get

T — 9= —acosby+ %a(@ — 0p) sin by + 7 sinfy
Y —yo = —asinby — 1a(f — ) cos Oy — < cos by

L (T —00890+%(9—90)Sin00 isin@o a
y—yo) \—sinby—3(0—0)cosby —3cosby) \c
and we name

e (—cos@o—l—%(ﬁ—é’o)sinﬁg %sin@o >

—sinfy — %(9 — ) cos by —icos@o

Then
1,1 , 1., 1 , 1
det A = T 90—5(9—90) 8111«90008004—1 sin 60+§(9—90> cos Oy sin 6y = 2

and so

Al —cos 8y —sin 6y
~ \4sinfy +2(0 — y) cosBy —4cosby+2(0 —0y)sinby ) -

(- (2)-

c Y—%Y

- a\ —cos b —sin 6y T — I
c¢)  \4sinfy+ 2(0 — 0y) cosby —4cosby+2(0 — ) sinby ) \y— yo

a = —cosbty(x — xp) —sinby(y — yo)
= ¢ b=10-10
¢ = (4sinby +2(0 — ) cos o) (v — xo) + (=4 cos o + 2(0 — bo) sin6o) (y — wo)

Thus we have that

Now that we found the normal coordinates, we want to show how X7, X5, X3
react when we write them using the new coordinates.

So we take f: R® — C, f(a,b,c) = f(a(z,y,0),b(x,y,0),c(x,y,0)) and close

to & we can write
O f(a,b,c) = —cosby0, f(a,b,c) + (4sin by + 2(0 — 6y) cos by) O..f (a, b, c)
(%) § Oy f(a,b,c) = —sinbyd, f(a,b,¢) + (—4cosby + 2(0 — bp) sinby) . f (a, b, ¢)
g f(a,b,c) = Opf(a,b,c)+ (2cosby(x — xo) + 28in0y(y — o)) O.f (a, b, ¢)
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Then we find
Xy f(a,b,c) = (0 + 2b0,) f(a,b,c)

Xof(a,b,c) = (0 — 2a0.) f(a,b,c)
Xsf(a,b,¢c) = 0.f(a,b,c)

that actually is the basis of T'(H,,) (see definition 2.1.8 and theorem 6.2.8).
In fact,
Xif(a,b,c) = (—cosby+(0—0)sinby)0, f (a, b, ¢)—(sin By+(0—0y) cos 0y)0, f (a, b, ¢).

Substituting from (%), this expression has now terms in d, and in 0.. We
isolate them and deal with them separately.

O)
(—cosby+ (0 —by) siny)(— cos 0y) 0y — (sin by + (6 — ) cos b)) (— sin 0y)0, =

= (cos? Oy — (6 — ) sin Oy cos By + sin? Oy + (6 — 0) cos Oy sin 0y)9, = 0,

d.)
(—cosby + (0 — by) sinby) (4sin by + 2(6 — 0y) cos by) O+

—(sinfy + (0 — 6y) cosby) (—4 cos by + 2(0 — 0y) sinby) 0. =
:(—4 cos O sin By —2(0 — 0 cos? Oy +4(0 —0y) sin® Oy +2(6 — ) * sin O cos O+
+4 sin 0y cos Oy —2(0—0y) sin® Gy+4(6—0 ) cos® O—2(6—0;)? sin b cos 90) 0. = +2b0..

Then
Xif(a,b,¢c) = (0 + 200.) f(a,b,c).

The second one is
Xof(a,b,c) = 0gf(a,b,c) = 0Opf(a,b,c)+(2cosby(x — xo) + 2sinby(y — yo)) O f (a, b, c).

Firse we compute

1
2 cos bp(z — xg) = 2 cos by (—a cos By + §absin 0o + 2 sin 90) =

1
= —2acos’ Oy + abcos Oy sin Oy + 50 cos by sin 6,

and

1
2sinOy(y — yo) = 2sin by (—a sin 6y — iab cos By — Ecos 00> =
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1
= —2asin? 6, — ab cos 0, sin Oy — 50 sin 0y cos 6.

Then we get
Xof(a,b,c) = (0y — 2ad.) f(a,b,c).

Finally we look at Xj5.
1 . 1
Xsf(a,b,c) = 7 5in 000, f(a,b,c) — 7 508 000, f(a,b,c).

Substituting again from (%), we have terms in J, and in 0d.. As for X, we
isolate them and deal with them separately.

Ou)
1 1
2 sin Oy(— cos by)0, — 7 608 Oo(—sinby)d, =0

ac)

isin 0o (4sin by + 2(0 — 6y) cos by) (90—}l cos Oy (—4 cosby + 2(0 — 0y) sinby) 0. =

1 1
= <Sin2 0o + 5(0 — 0) sin B cos Oy + cos® By — 5(9 — 6p) cos By sin 00) 0. = 0,.

Then
Xsf(a,b,c) = 0.f(a,b,c)

and that completes the exericise.



Chapter 7

Subelliptic Estimates for 0, on
M

Goal. In this final chapter we want to study the 0-Laplacian O, on a CR
manifold M. The 0,-Laplacian is not elliptic, since it has a one-dimensional
characteristic set. However, under certain conditions, it is possible to estabish
a %—estimate for the O, operator and also to prove its hypoellipticity. At last,
we will also show the existence and regularity theorems of the 0, equation.

7.1 Subelliptic Estimates for ),

Recall 7.1.1. Let (M, T"(M)) be a compact orientable CR manifold of real
dimension 2n+ 1 with n > 1. We already described its structure and defined
the tangent 0, operator in sections 1.3, 1.4 and 1.5. Then, in paragraph 6.1,
we studied 9, and we defined it’s adjoint 52 and the O, operator in the case
of k-strongly pseudoconvex CR manifolds.

Observation 7.1.2. Although here we are not asking for the k-strongly
pseudoconvexity, we can think about our operators as in definition 6.1.14
and propositions 6.1.15 and 6.1.16. In short we’ll introduce a condition even
weaker than the k-strongly pseudoconvexity.

Definition 7.1.3. B
In order to give subelliptic estimates, we restrict 0, to the Hilbert spaces of
L§ (M) of (0, q)-forms with L? coefficients.

Then we can write the domain of 9, as
Dom(dy) := {¢ € L§ (M) / Oy € L ., (M)}

113
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We can now define 9, in the standard way (as in definition 6.1.14) and we
say that

Dom(d,) := {¢ € L3 (M) / 3g € L} ,_,(M) s.t. < g,9) >=< ¢,0p) >

V1p € Dom(9y), ¥ (p,q —1) — form}.

Finally the classical definition of O, := 9,0, + 0,0, yields that the Laplacian
is defined on

Dom (D) i= {6 € L, (M) / ¢ € Dom(d,) N Dom(3}),

0y¢ € Dom(8,) and 9,¢ € Dom(gb)}.
Notation 7.1.4. We denote W*(U), s > 0, the Sobolev space defined by
W (U) ={u e L2(U) / [a(§)|(1 +[¢[*)? € L*(U)}
that is an Hilbert space with the norm
lulls = (€)1 + I€[*)2] 2

Accordingly, we call W (U) the space of (0,q)-forms with coefficients in
W (U).

Definition 7.1.5.
We define an Hermitian form @), on smooth (0, ¢)-forms by

Qu(,¥) = (B0, 04¥) + (3,6, By¥) + (6,0) = (Tp + 1), ¥)
for ¢,1 € E99(M) (we recall this notation from chapter 1.4).

Recall 7.1.6. Locally we can assume we have an orthonormal basis
{Ly,...,Ly,L1,...,L,, T} for CT(M), and its dual basis on CT(M)*
{wi, .., Wn, W1, ., W, T}

Then we can express a smooth (0, ¢)-form ¢ as

where ¢;’s are smooth functions.
We remind, from proposition 6.1.13, that a direct computation yields

Oy = Z Z Lips)w; Aw’ + E(o)



7.1 Subelliptic Estimates for (), 115

and, from proposition 6.1.15,

/

Go=— > Y (Liojx)o" +&(9).

Notation 7.1.7. We also abbreviate ||¢||;2 with ||¢|| and write

16117 =Y I[Lugps|* + [0l
k,J

and

16112 == | Zegul* + 161>
k,J

Recalling theorem 1.5.6, we first state a general result.

Definition 7.1.8.
Let D be a relatively compact subset with C'*° boundary in a complex Her-
mitian manifold of complex dimension n + 1, with n > 1.
D is said to satisfy the condition Z(q), 1 < q < n, if the Levi form associated
with D has

at least n + 1 — ¢ positive eigenvalues

or
at least ¢ + 1 negative eigenvalues

at every boundary point.

Observation 7.1.9. Obviously condition Z(q) is satisfied for all ¢ with 1 <
q < n on any strongly pseudoconvex domain.

Theorem 7.1.10.

Let D be a relatively compact subset with C*° boundary in a complex Her-
mitian manifold of complex dimension n + 1, with n > 1. Suppose that
condition Z(q) holds for some ¢, 1 < g < n.

Then we have

/8D [fffdo < C (Hngz—’— HE*JCHQ + ||f||2)

for f € £%(D) N Dom(d").
Furtheremore we have that

171y < ¢ (B0 + 118" 111+ 1711)

= ok

for f € Dom(0d) N Dom(0 ), where C' > 0 is independent of f.
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Proof. Let p be a defining function for D, let zp € D be a boundary point
and let U be an open neighborhood of 2. For any f € £%4(D) N Dom(d"),
with support in U, the proof of proposition 5.3.3[1] (with ¢ = 0) shows that

W N=3 S Ly 3 / pitfis Fosdot

|J|=q k=1,....,n |J|=q j.k=1,..., oDNU

O (111" 1) 1711+ A1) -

We may assume that the Levi form is diagonal at x, namely p;x(x) = A5+
bir(z) for 1 < j, k < n, where \;’s are the eigenvalues of the Levi form at z,
d;x is the Kronecker delta and b (zo) = 0.

If follows that

Z > / pintfisFrsdo =) (Z&) / | f1*do+cO Z / |fsPdo
[J|=q j.k=1,..., |J|=¢ \keJ |J]=q

where ¢ > 0 can be made arbitrary small if U is chosen sufficiently small.
Integration by parts also shows

L fol* = = ([Lis Zid £, ) + | LSl P+ O (A1) =

> / fodo — ¢ / Foldo + O (NI + 171P)
oD oD

Hence, if condition Z(q) holds on 0D, then for each fixed .J either there
is k1 € J such that \g, > 0 or there is ko ¢ J such that Az, < 0. Then, for
€ > 0 we have two cases:

Qu(f, f) >ez Z T fs |2 —1—62( 3 )\k>/aD|fJ\2da+

|J|=q k=L1,..., |J|=q \kEJAL<0
3 (0w =0 [ iniao)
/=4 op

O ((IBA11+ 118" £1) A1+ AT+ 1111

or

Q(f. ) =ed HZka\|2+eZ< 3 )\k>/ | f]2do+

|J|=¢ k=1,...,n |J|=q¢ \k€J <0
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=0 Y (M0 [ 1nfao)

[J]=q

+O (1B + 118" AN 1AL+ AL+ 117112)

Then, choosing € and ¢ small enough and using small and large constants,
we obtain the first statement. The second one follows by a partition of unity
argument. O]

Now we return to the subelliptic estimate for Oy on (0, ¢)-forms on M.

Observation 7.1.11. If the CR manifold M is embedded as the boundary
of a complex manifold D, topologically one can’t distinguish whether M is
the boundary of D or M is the boundary of the complement of D.

Thus, in order to obtain a subelliptic estimate for (0, ¢)-forms on M similar
to theorem 7.1.10, we shall assume that condition Z(¢q) holds on both D
and its complement D¢. That’s equivalent to say that conditions Z(q) and
Z(n —q) hold on D.

Now we write this condition formally in terms of eigenvalues and we call

it Y(q).

Definition 7.1.12.

Let M be an oriented CR manifold of real dimension 2n + 1, with n > 1.
M is said to satisfy the condition Y (q), 1 < q < n, if the Levi form associated
with M has at least either

max{n + 1 — ¢q,q + 1} eigenvalues of the same sign

or
min{n + 1 — ¢, ¢ + 1} pairs of eigenvalues of opposite sign

at every point of M.

Observation 7.1.13. It follows that condition Y (¢) holds on any strongly
pseudoconvex CR manifold M when 1 < ¢ < n — 1 (they satisfy the first
condition). On the other hand Y'(n) is violated on any CR manifold.

Observation 7.1.14. From here to the end of this chapter we’ll suppose
almost everywhere that condition Y(g), for some ¢ with 1 < ¢ < n, holds
on a compact, oriented, CR manifold (M, T"°(M)) of real dimension 2n + 1,
n>1.
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Theorem 7.1.15.
Under the hypothesis of observation 7.1.14, we have

16113 < CQu(6.9)

uniformly V¢ € £%4(M), C > 0.

Proof. Since condition Y (¢) implies that the vector fields L1, ..., L,, L1, ..., Ly,
and their Lie brackets span the whole complex tangent space, using a parti-
tion of unity, the proof is a consequence of 8.2.5[1] in case m = 2, and of the
following theorem. O

Theorem 7.1.16.
Under the hypothesis of observation 7.1.14, for any zy € M there is a neigh-
borhood V,, of z; s.t.

16l[7 + 11011+ > |Re(Tds, ¢s)| < CQu(¢, 0)

|7|=q
uniformly V¢ € £%9(M) with support contained in V,,, C' > 0.

Proof. From recall 7.1.6 we take ¢ = Z‘/ﬂ:q ¢ w7 with ¢; € C°(V,,).
That yields

ab¢ Z Z 3¢J W]/\w —|—8(¢)

Then

Bl = S S TenlP+ S S @) <TionTisn > +

|J|=q j¢J |J],|L|=q j,I=1,....n

O(llelizllol)-

where
0,ifleLorjeJor{juJ#{l}UL
JjJ .

€7 = J
L sign of the permutation <ZL> , otherwise

(see also definition 2.4.3).
Using this fact, we rearrange the estimate:

10691 = Z Z L0117 — Z > < Libik, Lidjx > +

|J|=q j=1,..., |K|=q—1j,k=1,...,n



7.1 Subelliptic Estimates for (), 119

+O(llelIzllelD-
Using integration by parts, we have

< Lidpr, Lydjx >=< —LiLjdx, dix > +O(||0|[z]|¢]]) =

=< Ludrrc, Lidjx > + < [Ly, Lilowr, djx > +O(/[6][1]10]] + l|¢lIz]l@l])-

Hence, using recall 7.1.6 again, we obtain

1060]]* = Z Z 1Z50.411 110, + Z Y <Ly L)k, drrc > +

|J|=q 3=1,-., |K|=q—1j.k=1,....,n

+O([[ollcllll + llllzllel)-

To handle the commutator term, we assume the the Levi form is diagonal
at xo and that ¢;1(xg) # 0 (see definition 1.5.2), thanks to condition Y'(g). It
follows that c11(xo) = & > 0 for zg € Vy,, if V,, is chosen to be small enough.
Now, if f is a smooth function with f(x¢) =0 on M, we have

‘Re < Ty, fér, > | < |Re < }H[Ll,mmm >[ +0(|6lIzlI8l)

< Csupl|f| (lellz +11¢l17) + OlelizlIgl)-

Thus, if we denote the eigenvalues of the Levi form at xg by Aq,..., \,, we
can write

Z Z ||LJ¢J||2+ZZ)\ Re <T@y, 05>+

|J]1=q 3=1--., |J|=q 7€J

+cO([[ll + llgll7) + Ollgllzllel) - (+)

where ¢ = supy, |f| > 0 can be made arbitrary small, if necessary, by
shrinking V.
Now we integrate by parts to get

IL;os0°> = [|Lj¢s||> — AjRe < Ty, 5 > +

+cO([ll7, + lI¢l17) + Ollgllzliol + 1l Izl Io])-

Next, we set

O'(J) = {j / )‘j > 0 if Re(< Toy, o >) >0 V )\j < 0 if Re(< Toy, >) <O}
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It follows that, for any small € > 0, we have

16117 > elloll7 + (1 — ) Z > el =

|J|=q jea(J)

>ellgllF = (1=e) > > ARe<Tés 6, > —c(|lo]f +|6][%) - Cllgl*

[J|=g jeo(J)

Substituting what we just found in (x), we obtain

Qu(0, ) Z elld|z—(1—¢) Y > ARe<Toy, 6>+

|J|=q j€a(J])

+ Y NRe<Tos05 > —c(lloll + 19]17) — Ol4ll1zll¢l) =

|J|=q j€J

= l[¢ll%+ D asRe <T¢y, 6, > —c(ll8]]7 + |I6][%) — OIgllzl[¢l]),

|J|=¢

where
Yoo (l—e DY N+e Z A;.
jeJ\o(J) jea(H\J jeJno(J

Note that, since Y (¢) holds at xg, one of the following three cases must hold:

1. If the Levi form has max(n+1—gq,q+ 1) eigenvalues of the same sign,
then there exists a j € J and k ¢ J so that \; and \; are of the same
sign which may be assumed to be positive, if necessary, by replacing T’
by —T.

2. If the Levi form has min(n+1—g¢, g+ 1) pairs of eigenvalues of opposite
signs, then there are j,k ¢ J so that A\; > 0 and A\, < 0.

3. If the Levi form has min(n+1—gq, ¢+ 1) pairs of eigenvalues of opposite
signs, then there are j,k € J so that A\; > 0 and A\, < 0.

Then it’s not too hard to verify that, by choosing € > 0 to be small enough,
a; can have the same sign of Re < T¢;, ¢; > (when Re < T¢;, ¢p; >7# 0).
Then we get,

Qu(¢,0) > C [ |I8l[7 + > [Re < Ty, ¢, > | = (so)lg][7 — (le)l[¢]”

|J]=¢



7.2 Subelliptic Estimates for 0, + [ and O, 121

where (sc) is a small consant and (lc¢) is a large one.
Since

ILj¢s11> < C (IILj¢s]1* + [ Re < Toy, ¢ > | + cO(l[]7 + ll¢l17) + OlleI1zl141]) .

we can choose ¢ and (sc) sufficiently small to obtain

16117 + lgl1Z + D I Re(Tos, 6.)| < CQu(6, ¢)

[J]=q
The proof is complete. O

Corollary 7.1.17 (Corollary of Theorem 7.1.15).
Under the hypotesis of observation 7.1.14, @, is compact with respect to
Laq(M ).

Proof. Using Friedrichs’ lemma (see D.1[1]) and theorem 7.1.15, we obtain

Qu(6,6) > Cllol}

for ¢ € Dom(d,) N Dom(d,). In particular, Q, is compact with respect to
Laq(M). [

7.2 Subelliptic Estimates for 0, + I and 0O,

We now focus on the operator O, + I. It’s easy to see that it’s injective on
L§ ,(M). We give here a Lemma and then an important theorem.

Lemma 7.2.1. Under the hypothesis of observation 7.1.14, let U be a local
coordinate neighborhood and let {(}i=1,. o be a sequence of real smooth
functions supported in U such that ¢ =1 on the support of ;. for all k.
Then, if £ = 1, we have
Gl < Cli@ + Dol
and, Vk > 1,
1ol < CllGu (O, + Dol + 11D + Do

uniformly V¢ € £%9(M) supported in U, with C > 0.
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Proof. The lemma will be proved by induction. Here we identify the function
(1 with the operator of the product with (;. For k = 1, by theorem 7.1.15,
we have the inequality

169113 < CQu(G19,Gi9) = 110661011 + 18,1017 + 1119

Reminding definition 2.4.4, we estimate the first piece on the right-hand side
as follows:

106610]|* =< DuC1¢, D19 >=
=< 10p, BpC1p > + < [Ob, C1] ¢, 019 >=
=< Op, (TP > + < Dpd, [C1, D] C1op > + < [By, (1] @, o1 >=
=< 0,000, (10 > + < 05016, [C1, Dl d > + < [C1, D] b, [C1, Dol d > + < [0, (1] 6, Do > .

We can also calculate and note that

Re (< 05610, [G1, Bp)¢ > + < [0, C1], BpCrp >) = 0.

A similar argument holds for ||8,¢;¢||%.
Thus we have

160} < CQG0,¢1¢) < CRe < (B, +1)6, (¢ > +O([|¢]]*) <

< O3+ D)ol - lol] + O(l]1*) <
since [[¢]|* < |[(T, + I)¢|],

< Cl|(By + g

This establishes the initial step.
Let us assume that the assertion is true for all integers up to & — 1, then we
prove it for k. With an pseudodifferential operator argument, we can find

kol < € (116 + Dolfts + 160l ) <

then, by induction hypothesis,

< € (IG(@+ DIz +116(0 + DollEs + 13 + DIl <

< C (la@+ Dollts + 1@+ DeIP).

This completes the proof. O
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Theorem 7.2.2.

Under the hypothesis of observation 7.1.14, given o € L%VQ(M ), let ¢ €
Dom(0,) be the unique solution of (O, + I)¢ = a.

If U C M and o, € E¥(U), then ¢, € E¥(U).

Moreover, if ( and (; are two cut-off functions supported in U such that
(1 = 1 on the support of {, then Vs > 0 there is a constant C such that

1€o11241 < Cs ([|Gall? + [|al]?) -

Proof. If «,, is smooth then the estimate follows from lemma 7.2.1. There-
fore it only remains to show that o, € E%4(U).

Since (), is not elliptic, we shall here apply the technique of elliptic regular-
ization to Q). The sketch of this proof can be found at 8.4.2[1], while the
details about the elliptic regularization are at 5.2.1-5.2.5[1] (pages from 93
to 103). In order to prove the theorem, we will also need A.7 and A.8[1]. [

A few consequences follow immediately from this theorem.

Theorem 7.2.3.
Suppose the hypothesis of observation 7.1.14, given o € Lqu(M), let ¢ €
Dom(0O,) be the unique solution of (0, +I)¢ = .. Let U C M and let ¢ and
(1 be two cut-off functions supported in U such that (; = 1 on the support
of ¢.
If oy, € Wg,(U) for some s > 0, then (¢ € Wi+ (U) and
1¢ol1341 < C (IIGall2 + [lall?)

with C' > 0.
Proof. Let (o be a cut-off function supported in U such that {; = 1 on the
support of ;. Choose sequences of smooth (0, ¢)-forms {5, }, and {7, }, with

suppf, C supplo and  suppy, C supp(l — (o)

such that
Bn — (oo in W(iq(]\/[) and v, — (1 — (o) in Laq(M).

Hence «,, := (8, + 7, — a in Lqu(M) and (o, — Qo in Wi (M).
Let ¢, € Dom(0,) be the solution of (Oy+ )¢, = v, S0 ¢, — ¢ in Laq(]\/[).
Then, theorem 7.2.2 shows

1¢(Pn — &m)llsr1 < C|Ci(an — am)l]s + ||am — aml]s.
It follows that (¢, is Cauchy in WOS;I(M ) and lim,, oo (¢, = (¢ in WOSZI(M ).
Hence we have

1€ ]|s41 < C (l|Grexl]s + [ler]]) -
This proves the theorem. O
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Theorem 7.2.4.

Suppose the hypothesis of observation 7.1.14, given a € L%VQ(M), let ¢ €
Dom(0,) be the unique solution of (O, + )¢ = a. Let U C M and let ¢ and
(1 be two cut-off functions supported in U such that (; = 1 on the support
of .

If ia € Wi, (M) for some s > 0, and if ¢ satisfies (O, + AI) = « for some
constant A, then (¢ € Wit (M).

In other words, O, + A is hypoelliptic for every A. Moreover, all the eigen-
forms of O, are smooth.

Proof. Let o/ := a+ (1 —\)¢, then (0,4 1) = o/. The assertion follows from
theorem 7.2.3 and an induction argument. O]

Theorem 7.2.5.
Suppose the hypothesis of observation 7.1.14 and ¢ € Dom(O,).
If (O, 4 I)¢ = a, with a € W (M), s > 0, then ¢ € Wi (M) and

ol]s1 < Cllad]s
where the constant C' is independent of a.
Here there are some important conseguences:

Corollary 7.2.6. Suppose the hypothesis of observation 7.1.14.
The operator (0, + I)~! is compact.

Proof. Since (O, + I)~" is a bounded operator from L§ (M) into Wg (M),
s > 0, the assertion follows from Rellich’s lemma (see A.8[1]). O

Corollary 7.2.7. Suppose the hypothesis of observation 7.1.14.

The operator O, + I has a discrete spectrum with no finite limit point, and
each eigenvalues occurs with finite moltiplicity. All eigenvalues are smooth.
In particular, Ker(Oj) is of finite dimension and consists of smooth forms.

Proof. By corollary 7.2.6, the spectrum of (0, + I)~! is compact and count-
able with zero as its only possible limit point. Since (O, + I)~! is injective,
zero is not an eigenvalue of (0, + I)~! and each eigenvalue has finite molti-
plicity. Also X is an eigenvalue of O, + I if and only if A! is an eigenvalue
of (O, + I)~!. This proves the corollary. O

Proposition 7.2.8.
Suppose the hypothesis of observation 7.1.14 and let ¢ € Dom(Oy).
O, is hypoelliptic. Moreover, if Oy¢ = o with a € W (M), s > 0, we have

161151 < C (lalls + 1¢l1%)

where the constant C' > 0 is independent of a.
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Proof. We show the estimate by an induction on s. If s = 0, theorem 7.2.5
implies
16117 < CII(By + Dl|* < C (Jlall* + [1o]]) -
In general, if we assume the assertion holds up to step s — 1, we have ¢ €
We (M),
We apply theorem 7.2.5 again and, using the induction hypothesis, get
16121 < CINBy+ D < C (IBIE + 11611 < C (lal2 + 1917 -

]

7.3 Solvability and Regularity for the 0;,-Equation

Now that we found the hypoellipticity of 0,, we will use it to study the 0,-
equation on M and finish this chapter as we did in observation 3.3.5.

Definition 7.3.1.
Let 1 (M) denote the space of harmonic forms on M, i.e.,

/Hg’q(M) = Ker(Oy).

Thus (M) consists of smooth harmonic (p, g)-forms and is of finite di-
mension.

Observation 7.3.2. Using corollary 7.2.7, O, is bounded away from zero on
the orthogonal complement (H{ (M ))L, namely,

1060 = Aull4]

for all ¢ € Dom(O;) N (Hg’q(M))L, where \; is the smallest positive eigen-
value of Op.

It follows from theorem 7.2.3 and lemma 4.1.1[1] that the range of O,
R(Op), is closed. Also the following strong Hodge type decomposition holds
on Lj (M):

Proposition 7.3.3.
Suppose the hypothesis of observation 7.1.14.
Lg,q(M ) admits the strong orthogonal decomposition

Lj (M) = R(Cy) & Hg (M) =

= 0,0, (Dom(T,)) & 8,0, (Dom(Ty)) & H ,(M).
where R(0,) denotes the range of O,.
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Proof. Since R(0O,) = (7—[8,(1(M))L and R(9,0,)LR(8,0,), the decomposi-
tion follows. ]

Definition 7.3.4.
We can thus define the boundary operator as follows

Ny : L} (M) — Dom(0,)

If a € Hf (M), we set
Nyao .= 0

If « € R(O,),
Nya := ¢

where ¢ is the unique solution of Oy¢p = « with ngJ_Hg’q(M).
Then we extend N, by linearity.

Observation 7.3.5. It’s easily seen that NV, is a bounded operator.

Notation 7.3.6. Let H® denote the orthogonal projection from L(Q)’q(M) into
HY (M).

Theorem 7.3.7.
Suppose the hypothesis of observation 7.1.14.
Then there exists an operator

Ny : L§ (M) — L§ (M)
such that
1. N, is a compact operator.
2. for any o € L3 (M), o = 0,0, Ny + 9,0y Nyax + H'av.

3. NyH® = H°N, = 0.
NyO, = O,N, = I — H® on Dom(3,).

4. If N, is also defined on Lqu(M), then Ny0, = 0N, on Dom(0y).
If N, is also defined on L2 __ (M), then N,d, = 8, N, on Dom(d,).

p,q—1
5. Ny(E%9(M)) C E%9(M) and, for each positive integer s, the estimate

[INba] |51 < Cllalls

holds uniformly for all o € Wy (M).
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Proof. 1. follows from proposition 7.2.8 and Rellich lemma (see A.8[1]).
2. is just a restatement of proposition 7.3.3.

3. follows immediately from the definition of N,

For 4., if & € Dom(0,), we use both properties 2. and 3. to get

Nbgboz = Nbgb(gbgsz + gngNb)Oé = Nbgb<525bNb)Oé =

= Nb(ngZ)ngbOé = Nb(gbgz + Eng)ngba = NbDbébNbOé =

Using point 3., B
== abNbOz.

A similar equation holds for 5:
For 5., if @ € E%4(M), then a — H’a € £%9(M) and we have

O,Nya = o — Hla.

Using proposition 7.2.8, O, is hypoelliptic and then Nya € £%9(M). More,
we have
[Ny |51 < C([[BNoar|[s + [ Noarl]) <

< C (llalls + 1H"a]s + [lo]) <
< Clla]]
where in the last step we use that H3 (M) is of finite dimension to conclude

|Hball, < G| |Hbal| < Cllall. ’ O

Corollary 7.3.8. Suppose the hypothesis of observation 7.1.14.
Ran(0) is closed on Dom(9y) N L2, (M).

pg—1
Proof. Since R(9,)L Ker(d,), we have R(d,) = 8,0, (Dom(Oy)). O

Definition 7.3.9.
Let M be a compact orientable CR manifold. The Szego projection S on
M is defined to be the orthogonal projection S = H® from L*(M) into
HO(M) = Hi o (M).

Theorem 7.3.10.
Let M be a compact orientable CR manifold that satisfy condition Y'(1).
Then the Szego projection S on M is given by

S =1 —3,N,0p.

Proof. According to theorem 7.3.7, there exists an operator Ny on Lg,(M).
The conclusion comes easily. [
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Theorem 7.3.7 gives the following solvability and regularity theorem for
Oy

Theorem 7.3.11.

Let M be a compact orientable CR manifold that satisfy condition Y'(1).
For any a € L§ (M) with Oy = 0 and Hba = 0, there is a unique solution
¢ of Oy = o with ¢_L Ker ().

If a € E%(M), then ¢ € EPTH(M).

Furthermore, Vs > 0, if « € W (M), then ¢ € Wos;%(M) and

18]+ < Cllals.

Proof. By point 2. of theorem 7.3.7 we have here av = ébEZNba. Then we
simply take ¢ := 9, Nya and ¢ is unique by the condition ¢ Ker(d,). The
smoothness of ¢ follows from point 5. of theorem 7.3.7.

The estimate can be proved with a partial of unity and pseudodifferential
operator argument. O
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