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Summary

Superstring theory is one of the most plausible candidates for a theory describing
quantum gravity. Due to consistency reasons, this theory requires the existence of ex-
tra dimensions which are compactified. The low-energy effective field theory of string

compactifications is populated by hundreds of moduli fields.

String moduli correspond to massless scalar fields in the 4-dimensional Minkowski
spacetime, so they can act as mediators for new unobserved forces. However, they
are massless at three level: taking into account quantum correction they acquire mass.
The dynamics which stabilises the moduli generally also breaks supersymmetry, and
so the moduli masses are related to the masses of the soft supersymmetry breaking
terms. The requirement of TeV-scale supersymmetry in order to solve the hierarchy
problem leads to moduli masses in the range from 1 MeV to 10® TeV, depending on the
model. Furthermore, moduli couple only gravitationally so they have Planck suppressed

interactions with Standard Model particles.

Moduli are produced by the Big Bang, and in a lesser extend, by any phase transition.
Thanks to this features, after inflation the moduli come to dominate the energy density
of the Universe, until they decay. Light moduli decay very late in the history of our
Universe: after they decay, the reheating temperature has to be larger than O(1) MeV to
allow successful Big Bang Nucleosynthesis (BBN). If this is not the case, the theory would
suffer from a serious problem: the so-called cosmological moduli problem (CMP), which
is the stringy version of the Polonyi problem encountered in supergravity. Furthermore,
the decay of such particles generates a huge amount of entropy, which in turn could wash
out any previously generated baryon-antibaryon asymmetry. This might be a welcomed

effect if the mechanism generating the asymmetry in the early Universe is too efficient,



but it can also be a problem.

From the cosmological point view, the usual recipe to get rid of unwanted relic is to in-
voke a period of inflation. Hence, in order to solve this problem, one has to realize a short
period of (low temperature) inflation. This inflation has to take place at low temperature
and has to last no more than 10 e-foldings, in order not to affect density perturbation
(generated in “ordinary inflation”) and not to create too much CMB anisotropies. For
this reason, this kind of inflation should be different by ordinary slow-roll inflation. The
most successful model is thermal inflation. This mechanism is roughly based on finite-
temperature corrections to the effective potential of a scalar field named “flaton” which
drives this inflationary period. Fields with flat potential and large Vacuum Expectation
Value (VEV) are very common in supersymmetric extension of the Standard Model and
if they are in thermal equilibrium there can be finite temperature corrections to their
effective masses making them able to develop a short period of inflation, which, under

several circumstances, may solve, or at least relax, the cosmological moduli problem.



Abstract

I have studied the possibility to solve the cosmological moduli problem which affects
some string compactifications by the dilution induced by a low-energy period of thermal
inflation caused by finite temperature effects. I have then applied this general dilution
mechanism to the study of the cosmological moduli problem in the particular case of

type IIB Large Volume compactifications. The thesis in divided into five chapters.

The first chapter introduces the reader to moduli fields starting from the simplest

example: the Kaluza-Klein five dimensional theory.

The second chapter is devoted to the cosmological moduli problem and other cos-
mological problems caused by moduli fields. Here it should be stressed that the real
problem, that is the cosmological moduli problem, is that if the moduli decay after Big
Bang Nucleosynthesis, their decay would change the abundances of the light nuclei. Fur-
thermore there are also other important problems, as gravitini overproduction through
moduli decay, distortion from the black-body spectrum of CMB radiation and finally

stable moduli can overclose the universe unless the mass is below the eV-scale.

The third chapter contains a description of thermal inflation and something about
flaton cosmology. In the past decade a lot of work have been made in the context of
the cosmology with flat potentials. In particular, it has been recognized that they are
able to develop a short period of inflation different from the primordial one. Since this
mechanism is based on finite temperature corrections acquired by the flaton potential,
it has been called Thermal Inflation.

The fourth chapter is devoted to the type IIB stabilization mechanism known as the
Large Volume Scenario (LVS). Since all the parameters of the low energy effective field
theory are tied to moduli VEVs, the moduli need to be stabilized. Moduli stabilization



is today an area of attractive research and it seems to be (at least partially) understood
only in type IIB string theory. The Large Volume Scenario is a promising stabilization
mechanism since it leads to a dynamical solution of the gauge hierarchy problem (why
is the Higgs mass so smaller than the Planck mass?) by using a volume of the extra
dimensions which is exponentially large in string units. Here there are two Kahler moduli,
whose canonical normalisation leads to the moduli fields ® and y. It is found that the
first decays rapidly in the history of the universe, while the second is extremely long-
lived. Furthermore since the latter oscillates with a Planckian amplitude, it is subject
to the CMP.

In the last chapter, the dilution of the moduli number density has been computed,
starting from a more general case and then focusing on the light modulus x of the LVS. In
particular it is found that even if thermal inflation provides a huge dilution, there is still a
large moduli reproduction due to its relatively low mass. It seems that this modulus after
two stages of thermal inflation is able to reproduce as a typical modulus after one stage of
thermal inflation. The conclusion is that, even if the computations have been performed
by order of magnitude and there are many free parameters, this modulus seems to need
a further stage of thermal inflation, because it behaves as if it had “lost” one stage
of thermal inflation. Other possible way-outs would be either to increase the modulus
mass by paying the price of not having anymore low-energy supersymmetry, or invoking
a mechanism to suppress the original amplitude of the modulus oscillations. Another
interesting option would be to consider models where the visible sector is sequestered
from supersymmetry breaking, and so the modulus mass can be increased keeping still

at the same time TeV-scale supersymmetry.
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Introduction

String theory is a very plausible candidate for a high energy theory beyond the
Standard Model. Consistency of this theory requires ten spacetime dimensions: it is
expected that this ten dimensional spacetime is the product M3 x X of the four dimen-
sional Minkowski spacetime M'? with a six dimensional space X; the latter has to be
very tiny, which would explain why it has not been detected so far in high energy exper-
iments. Each choice of X lead to a different effective field theory (EFT) on Minkowski
spacetime which should be the theory that describes our world.

This poses a severe constraint for the space X. Indeed, this cannot be arbitrary
but it has to be such that the four dimensional effective field theory admits N = 1
supersymmetry (SUSY) which has then to be dynamically broken leading to TeV-scale
soft terms in order to solve the gauge hierarchy problem. It has been shown [1] that this

requires the internal space X to be a Calabi-Yau manifold of complex dimension 3.

Size and shape of Calabi-Yau are controlled by parameters called moduli. Compact-
ification to four dimensions typically produces dozens of hundreds of these fields in the

spectrum of the four dimensional theory.

All the five superstring theory contain moduli in the low energy EFT spectrum, so

the moduli problem is an independent feature.

The moduli parameters in string theory corresponds to massless scalars in four di-
mensional effective supergravity (SUGRA) and this implies the possibly of long range
interactions, ¢.e. they could be mediators for new forces. There are experiments search-
ing for a “fifth force” studying apparent deviations from inverse square law of Newtonian
gravity, but nowadays there is no compelling experimental evidence for such deviation,

although there some anomalous results which remain to be understood [2] . Futhermore,
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moduli couplings to matter fields are model dependent, which implies that matter fields
will experience different accelerations: this is a violation of equivalence principle, which

has been tested [3] by the ratio of inertial to gravitational mass up to 1073,

The very natural consequence is that all of moduli should be massive. Indeed, they
are massless at three level: taking into account quantum corrections they acquire mass-
squareds proportional to the second derivative of the effective scalar potential. The
latter determines the vacuum configurations of the theory as local minima, since it plays
the same role of potential energy for a quantum field theory. All the parameters of the
low energy effective field theory as the electron mass, the Yukawa and gauge couplings,
etc... are related to the vacuum expectation value (VEV) of moduli. Therefore, to do
realistic phenomenology, it is important to have models with stabilized moduli. Moduli
stabilization has been subject of study for many string theorists [15,16,17]. This goal has
been achieved in type IIB string, throught the Large Volume Scenario (LVS) [4]. Models
with unstabilized moduli generally suffer of lack of predictability.

But what can we infer about moduli masses? Since they receive mass from SUSY
breaking and non perturbative effects, one expects for them masses of the same order
of the gravitino mass. Furthermore, since in gravity mediated models the mass of the
soft terms is of order the gravitino mass and the solution to the gauge hierarchy problem
requires supersymmetry at the TeV scale, at the first sight one expects that the gravitino
and all the moduli share the same mass of O(1) TeV. However moduli masses also depend
on the stabilization mechanism: generally speaking there is no favoured value for their

masses. Put in other words, their masses are model dependent.

Constraints and bounds for their values come from cosmological observation. Indeed,
it is found that heavy moduli (i.e. moduli with mass O(100) TeV) decay very rapidly
while light moduli are long lived [4,12]. Because of their feature and since they behave as
non relativistic matter, soon after the inflation they come to dominate energy density of
the universe till they decay. After they decay, radiation era begins and the cosmological
history is the usual one. If these light moduli decay after Big Bang Nucleosynthesis, they
would destroy the successful predictions of the abundances of the light elements. This
problem is known as The Cosmological Moduli Problem (for the first time pointed out

in [25]). Furthermore the decay of such light particles might generate a huge amount of
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entropy, washing out any matter-antimatter asymmetry generated in the early universe.
This is however not necessarily a problem if this original mechanism was too efficient.
Also supergravity, the low energy limit of string theory, suffers from a similar cosmological
problem, namely the Polonyi Problem [13,14].

This is a quite general problem: fields with “almost” flat potentials and masses of
order of the soft supersymmetry breaking scale that couple only gravitationally are fatal
for standard cosmology. Fields with such feature have been called flatons ' and, despite
they could be troublesome, it has been recognized that they may be cosmological signif-
icant [18,19,20]. They are very common in supersymmetric extension of the Standard
Model and they are interesting because, under certain circumstances, they can drive a
short period of inflation that could be the solution to the CMP. This kind of inflation
is different from ordinary slow-roll inflation and it has been called thermal inflation,
for the first time developed in [21]and then revisited and improved in [22]. It could
be seen as a complement of ordinary inflation to diluite relics abundances. It works as
follows: in the early universe, if the flaton is in thermal equilibrium it can acquire finite
temperature contributions to its effective potential, forcing it to stay in a false vacuum
situation. A short period of inflation develops and when the temperature drops below a
critical value, the flaton rolls away from the origin and thermal inflation shuts off; then
the flaton start to oscillate around its vev. This inflation lasts only for a few e-foldings,
so the density perturbations accounting for CMB anisotropies and large scale structures
are appoximately left unaltered. There is also the possibility of two or more stages of

thermal inflation, where the second diluites the relic left over from the previous period.

IThis name is due to the flatness of the effective potential and should not be confused with inflaton.
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Chapter 1

String Compactifications and Light

Scalars

One of the most important problems in string theory is to connect it with what has
been measured in high-energy experiment. Toward this direction a lot of progress has
been made, but we still have many problems to solve and up to now there is no direct
evidence that elementary particles that we observe are strings. Around 1985 it was
established that there are five different ten-dimensional string theories: type I strings,
type IIA and IIB strings, Eg x Eg strings and SO(32) heterotic strings. Since these
theories are all supersymmetric, we are dealing with superstring theories. Furthermore,
since all of them unifies gauge theories with gravity in a consistent quantum theory, they

could be candidate for a quantum gravity theory.

In 1990 there was recognized that they are all part of a single eleven dimensional
theory, and that was called M-theory. The synthesis of the five different string theories
into a single underlying theory is a fascinating story that is far from fully understood

and remains a major area of research in string theory today.

If we want to connect string theory with experiments we first of all have to explain
why the observed space-time has only four dimensions rather than ten, that is what has
happened to the other six dimensions. This is usually achieved by compactifying six of
the ten dimensions on a compact six-dimensional manifold, sufficiently small to avoid

detection. Since supersymmetry has not been observed so far in particle experiments,

13
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we also need to understand how it gets broken on the way from the string scale to the
length scale probed by current experiments. It is often assumed that supersymmetry
is preserved at the characteristic length scale of the compact manifold and is instead
broken by some effect in the four-dimensional field theory at lower energies. In this
case the compact manifold must satisfy rather stringent mathematical conditions which
string theorists have studied in detail. In string compactifications the four dimensional
physics depend not only on the string length, but also on size and shape of the compact
manifold. The parameters characterizing a particular compactification are called moduli
and their values, together with that of another string theory field called the dilaton, must

somehow be determined in order to make contact with the observed particle physics.

Until few years ago it was not known how to stabilize the moduli because their poten-
tial was flat to each order of string perturbation theory with no particular values favored.
It turns out however, that a potential can be generated for the moduli by introducing
fluxes of closed string gauge fields along different directions inside the compact manifold.
The minima of this potential correspond to favored values of the moduli which in turn
determine couplings and particles masses in the four dimensional EFT. While this allows
us in principle to predict various features of particle physics from a given string model,
the moduli can be fixed in a huge numbers of ways and this lead to an enormous numbers
of different predictions that are a priori equally valid. This looks like a big trouble for
any theory, in particular for string theory, which suppose to predict from first principles
the behaviour of elementary particles that we observe in high-energy experiments. The
multitude of potential minima for the moduli goes under the name of string landscape
which has been studied by many string theorists in recent years. The program of con-
necting string theory to particle phenomenology faces many challenges in addition to
the landscape problem. There are essentially two approaches to string compactification.
The first is mostly based on the heterotic string theory and assumed both string length
and size of the compact manifold are of the order of the Planck length. The second one
is based on the so-called Dirichlet branes of type I and II theories and allows much larger
values for the string length and size of the compact manifold, even as large as the length

scale that will be proved in the upcoming experiments at the LHC.

In the second approach, which is referred as brane-world compactification, the gauge
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theories of the Standard Model (and Minimal Supersymmetric Standard Model) are
defined inside the world volume of stacks of D-branes. Gauge fields then correspond to
open string with both ends attached to branes in a particular stack, while quarks and
leptons correspond to open strings having their two end points attached to two different
stacks of D-branes. In order to have chiral matter, the two stacks of the D-brane must
be at angles or carry different magnetizations in the compact extra-dimensions. Simple
toy model of this type, where the compact manifold is a flat six dimensional torus, can
be studied in considerable detail and can serve as prototype for more general model
of string compactifications. Several technical issues need to be addressed in order to
make these models fully consistent. So called orientifold planes are introduced to enable
cancellations of certain tadpoles and supersymmetry can be fully or partially broken
introducing orbifold singularities into the compact geometry.

Semi-realistic models that are stringy extensions of the SM and MSSM have been
constructed using both the top-down and bottom-up approaches to string compactifica-
tion.

As a consequence of the compactification, a huge number of massless scalar fields
appear in the spectrum of the four dimensional EFT: all the five superstring theories share
this feature. This is very discouraging because these particles have not been observed
yet and might induce some problems, both phenomenologically and cosmologically. To
see the way these fields are tied to the compactification mechanism, it is useful to recall

the pedagogical example of the Kaluza-Klein theory of gravity.

1.1 Basics of Kaluza-Klein theories

1.1.1 A bit of history

It is an old idea that unification of forces may be tied to the existence of extra
space-time dimensions (EDs). Already in 1920 Oscar Kaluza developed a theory in
five dimensions, unifying Maxwell’s theory of electromagnetism and Einstein’s General
Relativity, the two theories well understood at that time. In this framework the electro-
magnetic field emerge as a component of gravity as a consequence of general coordinate

transformation invariance. However he was faced with two important questions. Firstly,
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is this fifth dimension a real, physical dimension or it is only a mathematical device?
Secondly, if it is a real meaningful dimension, why haven’t we seen yet in high energy
experiments? Kaluza himself didn’t really understand if this dimension has to be consid-
ered as a physical dimension: indeed, although there are experimental phenomena that
could be interpreted as a four dimensional coordinate invariance, there is no evidence for
a fifth dimension. Kaluza then demanded that all the derivative with respect to this di-
mension had to vanish: physics, in his opinion, was to take place in the four dimensional
Minkowski spacetime. This passed through the history as the cylinder condition.

In 1926 Oscar Klein showed that the cylinder condition is equivalent to a circular
topology for the fifth dimension: the total space M?® is factorized in the following way
M5 = M3 x S, where S is a circle of some radius R and M'? is the Minkowski space-
time. It is assumed that all the fields depend on it periodically and so one can perform
a Fourier expansion. In order to understand better what produces the compactification
mechanism, let’s see as example the behaviour of the fields in this space M?, focusing

our attention to the cases of scalar field, vector field and an antisymmetric tensor field.

1.1.2 Scalar field in M®

Let’s label the M® coordinate with 24 A = 0,1,2, 3,4, the M'? ones with 2* where
i = 0,1,2,3 and that of S' with y and let’s consider a five dimensional action for a

massless scalar field @ (z)
S5 = /d% O ® oM@ (1.1)
Periodicity in y allow us to write
+o0 my
D2, y) = (2" el 1.2
)= 3 e () (12)

for some set of four dimensional, orthonormal and complete eigenfunction ¢, (z*) (in
general these are complex object). Equation of motion are easily obtained by varying

the five dimensional action with respect to ®: obviously one has

OoM® =0 (1.3)
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where 9),0 = Us = 9,0" 4+ 0,0Y. Plugging the normal modes expansion in (1.1) one

has a relation for the eigenfunctions

> (30"~ 15 )utayeso (52 = 0

n=-—00
But the vanishing of a linear combination on a basis implies that all the coefficients of

the linear combination have to vanish, that is

(auaﬂ - Z-Z) dn(z") =0 (1.4)

This describes an infinite number of equations for four dimensional scalars fields whose
mass squared is related to the integer n by m2 = %Z. Only the zero mode is massless
while non-zero modes have a mass inversely proportional to the radius of the circle.
To recover the four dimensional action starting from (1.1) one has to substitute the

expansion of ® into (1.1) and integrate over the fifth coordinate y. The result is

s = [ [ar 30 (o000 2000~ 2 g a105,00) ) exp (")

n,m——0oo

~ e, [ Z (36,0 0%6a#) = 228 0 )5, ) )

= 27rR/d4 Z ( Ouon(x) 0% b (") — 13 |¢(x“)l2)

We are usually interested in the limit  — 0 in which ¢y remains light and ¢, with
n # 0 are heavy and can be discarded. We refer to this limit as dimensional reduction:

under this assumption one has
S5 — 9B / a*e (B0(a?) D on(a)) + ...
=S5* 4+ oo tower of massive state

The action of the five-dimensional massless scalar field is reduced to the action for a
massless four-dimensional scalar field plus a tower of massive state. We restrict our
attention to the zero mode, i.e. we discard the tower of massive fields: in this case
one speaks about dimensional reduction and this is formally equivalent to the cylinder

condition. If we keep all the massive modes we speak about compactification.
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1.1.3 Vector in M®

Now we move to the simpler next case: the abelian vector field in five dimensions
AM (™). Upon reduction to four dimensions, this object became equivalent to a vector
AP (") (the abelian gauge potential) and a scalar A* = p. The Fourier modes expansion
for both these fields reads

+o0
=X v ()

+oo
_ ny
o= mew ()
The five dimensional action is given by
5 1 5 MN
5

where the field strength FM¥ is related to AM via FMN = 9MAN — 9N AM | implying
MOy Ay — OMONn Ay = 0. Choosing a gauge such that O™ Ay, = 0 and Ay = 0, one
has O5Ax = 0. In this way this situation in the same of the massless scalar field for
each component of Ays: indeed the latter implies both U5 A, = 0 and Usp = 0. To each
massless state in five dimensions correspond a massless state plus a tower of massive
states in four dimensions. Plugging the normal modes expansion into the lagrangian and

integrating over the fifth variable y one readily has

2R ,  2TR
54 = /d4I (_ZF(O) MVF(%) + —28Hp08“p0 + .. )
95 95
So we have obtained a four dimensional theory of massless gauge potential, a massless

scalar field and an infinite tower of massive states.

Comment

The relation between the gauge coupling of the five dimensional and four dimensional

action is given by
1 2R

9 g
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This can be immediately generalized to the case of a D-dimensional compact manifold

(say a D-sphere of radius R)

being Vp the volume of the D-dimensional compact manifold.

1.1.4 Antisymmetric tensor field

Up to now we have considered a scalar field and a vector field defined in a five dimen-
sional manifold. Now we turn to the case of an antisymmetric tensor field Fj;y. First
of all we have to clarify the matter content of this object. Technically one has to study
the decomposition of SO(1,4) under SO(1,3) x SO(2): the result is F},, (antisymmetric
tensor in four dimension), Fy, and Fj,4 (four components vectors) and Fjs (scalar). In
the language of group theory this decomposition is written as 5®5 = 1664445 1. The
fact that the five dimensional antisymmetric tensor field is also equivalent to scalar and
four vectors in four dimensions is due to a particular symmetry known as duality. The
simplest example of duality can be found in Maxwell’s equations of electromagnetism:
indeed employing the covariant formalism these are described by the Maxwell tensor F},,

and its dual F, w- The latter is derived from the Levi-Civita symbol

+1 even permutation of 0123
e"?” = ¢ —1 odd permutation of 0123

0 two or more index are equal

€912 = 1 in the following way

~ 1
= S, (1.5)

where the pre-factor 1/2 takes the antisymmetric properties of both ¢*#? and F),, into
account. Furthermore, also F* is antisymmetric with respect to its index 1 and v and

the electromagnetic field equation in vacuo are

0 F" =0 Maxwell equations

0, F" =0 Bianchi identities
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The exchange F' <+ F corresponds to the swap F <> B in the equations above. Notice
that in four dimensions both the Maxwell tensor Fj,, and its dual FW have the same
number of index; in a generic D-dimensions this could not necessarily be true. In the

language of differential geometry an antisymmetric (p + 1)-tensor Ay, that is

M)
called (p + 1)-form and with this one, a field strength tensor can be constructed

Fary o vys = Onny Abty. My o]

and the latter is a (p + 2)-form. Let’s see what we can say about the dual: since the

dimension is fixed to D, the dual of Fyy, ., must have D — (p + 2) index, indeed

= D—p—1..M
Farovip o = €nyip F77F p

Example in D =4

We have just seen in four dimensions how we can derive a field strength tensor F*”
starting from the gauge potential A*. Indeed we found F), = 9,4, = 9,A, — 09, A, and
associated to F* there exists its dual F* given by (1.5). What can we say about a third
rank tensor? And what about its dual? Let’s consider a third rank field strength tensor
F,.,, and suppose it can be derived from a potential By, in this way F},,, = 0,5,
It is easy to construct its dual, indeed F), """’ = F° = 9°a. From these simple
considerations we find that the dual potentials that yield the fields strength have a
different number of index: indeed we have a two rank tensor B, and a scalar potential

a.

Example in D =6

Now let’s consider a six dimensional space. Suppose we have a third dimensional
field strength tensor Fj;x derived from a two index potential B;x in the usual way
Fryx = 0 Byg). We can construct FLMN, that is the dual of Fj;k, employing the six

IJKLMN: one has EIJKLMNF[JK — FLMN

dimensional Levi-Civita symbol € and F TMN =
8LBMN]. Here the potential B;; and its dual B]J have the same number of index.
Furthermore they both have 15 degrees of freedom. This can understand as follows: an

antisymmetric tensor of rank two in a generic D dimension has D(D —1)/2 independent
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component, so since D = 6 a generic two rank tensor By has 15 independent component.
Generalization to a generic tensor with M, ; index immediately follows. If we want
to find the degrees of freedom of a generic By, .. a,,, tensor we have to consider its
where i, = 1,...,D — 2.
These are (D _2) independent components: since in this particular case D = 6 and p =1

p+1

(because p + 1 = 2) we have 5t = 3 -2 = 6 degrees of freedom.

decomposition under the little group Bas,..ar,,, — Biy,.ips

1.2 Gravity in Kaluza-Klein theory

Here we recall some basic facts of Kaluza-Klein theory. Since the very last goal of
this section is to point out how the moduli emerge in higher dimensional theories, we
do not explain Kaluza-Klein theory in detail but we briefly summarize the main results.

Consider a five dimensional Minkowski spacetime described by the metric tensor

P ¢—1/3 G — f@QQbAMAV —KQA,
_K;QSAV ¢

Here  is a constant, ¢ is a scalar field and A, is a yet-undefined vector. A Fourier

expansions reads

(OV) k2 ¢(0) ALO) ASO) _ /‘6¢(0) ALO)

gap = ¢(0) -1/3 (Qu _,ﬂb(O)A,(/O) ¢(0) ) + oo tower of massive state

(1.6)
Now let’s consider the so called minimal extension of General Relativity: the five dimen-

sional Hilbert Einstein action is
5= [ V=5 OR s
and inserting (1.6) and reducing to four dimensions we arrive at

| 19,000"¢"
4 4 2 (4 0 0) pv
St = /d T\ =94 {MPI( R — ZLF/EV)F( Gl 6 M(¢(0))2

that is a unified theory of electromagnetism, gravity and scalar fields.
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1.2.1 Symmetries

The five dimensional theory is defined on M?® = M3 x S! where M3 is the Minkowski
spacetime and S! is a circle of radius R. The coordinate on S! is denoted by y. It is
assumed that the radius of the fifth dimension is very small ! in order to explain why
this dimension has not be seen in high energy experiments. The five dimensional theory
is invariant under general coordinate transformation

, 0z¢ 0xP
9aB = 9r'A 9/B gco
Furthermore the field equation are scale invariant, that is if g4p is a solution then also
Agap with A constant is a solution. However it is assumed that the fifth dimension is
compactified so as to have the geometry of a circle of very small radius. Then there is
a residual four dimensional general coordinate invariance, an abelian gauge invariance
associated with the transformation of the compact manifold and the overall rescaling. In
other words, the original five dimensional general coordinate invariance is spontaneously
broken in the ground state in four dimensional coordinate invariance plus an abelian
gauge invariance: this last feature allows the identification of A, with the gauge potential.
Let’s see these two last features in more detail. Recall that the line element can be written

employing (1.6) as

ds® = ¢ O ~1/3 ggf,)dx“dx” — O (dy — mALO)dx“)z (1.7)

y transformation

The most general transformation for the y variable is expected to be of the form
y =y =F("y)

In order to leave (1.7) invariant, the F' dependence of x* and y cannot be arbitrary.
Indeed the latter must be

y' = F(a",y) =y + f(a")

'For simplicity the radius is assumed to be of the same order of the Planck length, so that an energy

equal to the Planck energy is needed to resolve it
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so that differential on ¢’ leads to

;) Of (")
dy = dy + D daxt

and since we want (1.7) invariant

A0 = A0 4 LoJ(@")

# K OxH

dax (1.8)

It is well known that (1.8) represents the abelian gauge transformation associated to the

vector potential ALO) (modulo a constant x irrelevant for this purpose).

Overall rescaling

Consider the line element (1.7). Clearly the transformations

y=y =Ny
(0) 0) — 34O
A = AT =AA
1
PO — ¢'© = ﬁgb(O)

imply
ds* — ds"* = \*/3ds”
This means that if ds? is a solution and A is a constant, then ds”? = \?/3ds? is also a

solution. This reflects the fact that classical gravity is a scale invariant theory.

Comments

We have just pointed out that the price to pay to built a five dimensional theory
unifying gravity and electromagnetism is the appearance of a massless scalar field ¢
in the spectrum of the four dimensional theory. In the original Kaluza-Klein theory ¢
was called radion while in the string theory context it has been called modulus. ¢ is a
massless modulus field that parameterize the flat direction in the potential and so (¢(®)
and then the size of the fifth dimension is arbitrary and the theory does not provide any
way to fix it. In other words, it looks like all the values of the radius are equally good.
This is a manifestation of the fact that the theory cannot prefer a flat five dimensional

Minkowski spacetime over M3 x S or over M? x S! x St as a solution.
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Now one can asks what kind of manifold can produce a theory ”roughly similar”
to the SM one with SUSY at the TeV scale (and a little but non vanishing value of
the cosmological constant in order to justify the recent observation of the accelerated
expansion). The answer was found in [1]: the internal manifold must be Calabi-Yau one
of complex dimension three. Size and shape (and therefore the volume) of the Calabi-
Yau are controlled by moduli and the compactification on this manifold leads to the
appearence of dozen of hundreds of these parmeters in the spectrum of the low energy
EFT. The geometrical moduli can be divided into complex structure and Kahler moduli
and since all the parameters of the low energy theory are tied to their VEV, moduli
need to be stabilized. As said in the introduction, a theory with unstabilized moduli will
suffer of lack of predictability.

Recent developments (fluxes, perturbative and non perturbative effects) allows to fix
the volume and the shape of EDs leading to a large but discrete set of solutions. In a
typical model the latter are estimated to be of the order of 10°%, leading to the so-called
string landscape of solutions. From a mathematical point of view all of them are equally
good, but from the physical it is expected that only one will describe the world we live

in.

1.3 Scales and hierarchies

The aim of this section is to point out the scale of energy of the fundamental theory.
We work in natural unit 4 = ¢ = 1 and the only free parameter is assumed to be the
string tension o’. The string length I, is tied to the tension by I, = 27v/a/ and the
string mass is M, = I[;'. Now consider the Einstein-Hilbert action in a D dimensional

spacetime
S ~ MEQ/de\/_—gR (1.9)

where M, is the D dimensional (or fundamental) Planck mass and R is the D dimensional
Ricci scalar. In the example of type II string compactification the D = 10 string frame

action takes the form

SNMSS/dma: —ge R (1.10)
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being ¢ the dilaton and the string coupling is g, = ¢!?). Comparing (1.9) and (1.10) we
e find the relation between the fundamental Planck scale and the string scale. Setting
D =10 in (1.9) one has

M, ~ M, g~ V/*

s

Now we focus our attention to the case D = 4 and we call the four dimensional Planck
mass simply as Mp;. Comparing now the four dimensional Einstein - Hilbert action and

the ten dimensional string action we find
M3, = M? Vol (X;) (1.11)

where Vol (Xg) denotes the overall volume of the internal manifold. The latter can be

written in terms of the string length and an dimensionless quantity ) as

1%
Finally from (1.11) follows the relation

Mp,

Mszm

(1.12)

To estimate Kaluza-Klein mass we first recall the toroidal compactification. A stringy
ground state of Kaluza-Klein and winding integers n and w has mass?

N n2 wQ R2

Mick = 3 (1.13)

O/2
where R is the dimensionful Kaluza-Klein radius, that can be written in terms of the

string length as R = R,ls where R, > 1. If this holds, then we can estimate Kaluza-Klein

mass as
M

R,

mgKk ~

and if we assume V ~ R® we readily get

Ms MPl

where the last relation follows immediately from (1.12).

2Strictly speaking (1.13) holds only for toroidal compactification, but it suffices to estimate the

relevant mass scale.
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How large can EDs be?

So far we have pointed out all the relevant mass scale for a typical theory. These
can be written as a function of the (four dimensional) Planck mass and an dimensionless
volume, as in (1.12) and (1.14). Furthermore, the Planck mass Mp; can be written in
terms of the fundamental Planck mass M, and the volume of the D-dimensional internal

manifold X as

M3, = MP~2Vol(Xp_4) (1.15)
~ MP—2RP™ (1.16)

Since in high energy experiments we have explored regions near O(10716) ¢m, consistency
requires R < O(1071%) and so M, > O(1) TeV. In Kaluza-Klein theories there are no
reasons to suppose a large value of the volume and it has usually been assumed that
M, ~ Mp;. However the actual value of M, has to be determined dynamically by

moduli stabilization.



Chapter 2

The Cosmological Moduli Problem

Despite the differences between the various type of string theory, the presence of a
moduli sector is a generic and model independent feature. String moduli are fields that
interact only via gravitational strength interactions and hence have Planck-suppressed
couplings to Standard Model’s fields. Their potential is exactly flat in the supersym-
metric limit but become curved due to supersymmetry breaking and non-perturbative
effects, obtaining then a defined vev. Moduli are produced by Big Bang and, in a lesser
extend, by any phase transition. After (ordinary) inflation, they are expected to be far
from the low energy minimum and they begin to oscillate. Energy stored in the oscilla-
tions redshifts as a=(¢) (a(t) being the scale factor) so they behave as non relativistic
matter, opposed to radiation. This, in turn, implies that moduli can dominate the energy
density of the universe until they decay: thanks to their long lifetime this occur late in
history of the universe, spoiling the successful predictions of Big Bang Nucleosynthesis
(BBN). This happens because they decay at a temperature too low to allow nucleosyn-
thesis; furthermore decay product may destroy hydrogen leaving an overproduction of
helium and entropy release will reset the baryon/antibaryon asymmetry. These are the
main problems, but there are also other as overproduction of gravitini and dark matter.

Let’s see this in more formal term.

27
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2.1 Moduli dynamics

It is usually assumed that the history of the universe begin with a period of inflation.
This period is invoked to solve the problems left over by the Hot Big Bang theory, such as
flatness, horizons and also provide an explanation for Large Scale Structures and CMB
anisotropies. However inflation can’t provide an exhaustive explanation about topologi-
cal defects and relics (this problem was noted in [21]). Since universe had undergone to
many phase transitions, one expects topological defect may be produced: so why haven'’t
we seen them yet? The usual answer to this question is that these objects were diluited
by the inflation, so even if universe is populated by a huge amount of them, they can’t
be seen because they are diluited too much.

However, the problem is not so simple, especially when one tries to conciliate the
Standard Cosmology Theory with SUSY and SUGRA. The problem essentially lies in
the fact that relics and other potentially dangerous fields may be produced after the
end of the inflation, and typically this is the case. Let’s focus our attention on moduli.
In the previous chapter we learnt that the price to pay to have a theory unifying both
electromagnetism and gravity was the appearance of a scalar, non-physical field in the
spectrum of the four dimensional effective theory; this was due to the compactification
on the circle S*. Then after the discovery of strong and weak forces, and later of SUSY,
physicists were faced with this question: what is the manifold that, after compactifi-
cation, can give a four dimensional SUSY theory? As pointed out in [1], the manifold
must be a Calabi-Yau one of complex dimension 3. Compactification on this manifold
typically produces dozen of hundred of these scalar fields, in modern language are called
moduli, which parametrize size and shape of the Calabi-Yau.

Moduli are produced in the first universe as coherent oscillation and, in a lesser
extend, by any phase transition. Inflation cannot address the moduli problem because
an excessive number of these is produced after the inflation has ended. Let’s see this in
detail. Consider a modulus ®; its evolution is governed by the effective potential, which
depends not only on ®, but also on other scalar fields ¢ and the temperature 7. An

useful parametrization is [35]

Ver(®,0,T) = Voo, T) + Vi(o, T) + Va(¢, T) + ...
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where ellipses denotes higher order irrelevant terms. Referring to the present, the V,,’s

are given by

Vo(o, To) = Vi(eo, To) = 0 (2.1)
Vo =mZ/2 (2.2)

where ¢g, Ty and mg denotes the present VEV of ¢, the temperature and the present
mass of ®. The vanishing of Vj is due to the extremely small value of the cosmological
constant. In the early universe this values are significantly different: it is expected that
Va(é,T) ~ o> H? and so the effective mass mg is thought to be different from the present

value mg. The expected form is

o’ H?

Veg(®,T) = %% (® — ®)* + (& — @)%+ ... (2.3)

Here &, is the VEV of ® in the early universe and generally it is different from .
The displacement from the true VEV is quantified by 6® = ® — &, and introducing the
variable ®, defined as &5 = &, — &g ~ Mp; we can rewrite the effective potential as

27172
CH 55— )24 (2.4)

2
Ver(®,T) = % (50)2 +

(m2 + a®H?) o*H? 2

To obtain a more accurate results one has to solve the equation of motion for ®
O+ 3HD + (m2 + o*H*)® = o*H*®, (2.6)
We can treat both a and ®; as time independent constant and we set as initial conditions

o(t;)
o(t;)

P, (2.7)
0

This equation has to be solved during inflation, where H(t) can be treated as time
independent constant, and both during radiation-dominated era (when H = 1/2¢) and

matter-dominated era (for which H = 2/3t).
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2.1.1 Moduli dynamics during inflation

In this section we study the behaviour of the moduli fields during inflation. Compu-

tation can be found in A.1 so we limit our discussion to some comments.

Comments

We can consider some interesting limit for the solutions of (A.12). Let’s consider
and suppose a < 1 and mg/H < 1 and set z = o® + m2/H? Clearly * < 1 and a

Taylor expansion of the square roots yields

- 2( 5 mg
5”1—5351—5((”@

Calling ®; the modulus’s value after inflation, this is given in terms of the e-folding

Net o?
Py~ P; — Q; — Puin) | 55—
d 3 ( )(mg—koﬂHZ)

number Ny by

H?2
ma+a2H?"

ing the role of H due to expansion, ® is frozen at some initial value ®;.

and in this case Ny < This is the behaviour during inflation: before consider-

If mg < H but a ~ 1 the final modulus value is

73Nef
Dp 2 Dy + (@ — i) x O(e72)

showing that independently from the initial value ®; the modulus tends to reach the

temporal minimum ®,,;, ~ ;. Finally we consider the limit my > H. The modulus

exponentially approaches to the minimum ®,,;, ~ %@1 with exponentially decreasing
0

oscillations.

2.1.2 Post-inflationary dynamics

In the post-inflationary dynamics, the equation of motion (2.6) get a further compli-
cation due to the time dependence of H(t) encoded by H = p/t where p =  (RD) and
p= % (MD). Introducing a new variable z = mgt, the solution is [35]

So—1,
B(2) = pa’a, 21l

Y, (2)

0

+Cy (2.8)
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where 12 = 02 — p*a? > 0 for 6 = 21 ] (z) and Y, (2) are Bessel functions and S, ,(z)

is the Lommel function

S,02) = 5| le) [ s = 06) [ rvima]

+2“1F<“_;+ 1)r<“+ _2”+ 1) {sin (M;VW)J,,(Z) — cos <”;”w>yy(z)]

From the initial condition follows the values of the constants C; and Cy

C, = A1 ®; + B1a*d,
Cg = Ag‘I)Z + BQOéQ@]_

where

A= 2ol [5 Y (2) — 0V, (=)
Ay = =52 [5 Ty(2) = 0.,(=)]

By = — =27 [V, (2:)So-1,0(21) — Vi (2:)Sp_1,(2:)]p°

By = =] [J)(2:)So-1,0(z1) — S (2:)Sp_1 ,,(2:)]p°
and the primes denotes the differentiation with respect to z. We are interesting in
moduli abundance coming from coherent oscillations. For z > 1, ®(z) is dominated by
the oscillatory tail

o)~ (2)' s {cyoon [ - LI [ Lt 2]}

T 2 2

From this last relation we can estimate moduli number density ng as

1
ne = 0%~ (%)Z_%mo(O% +C3) (2.9)

and the energy density as pg = nemg. We can introduce the quantity Ye defined as

Yp = 12 (2.10)
S

where s is the entropy density of the radiation

27?2
== g, (TT?
s 459( )
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Unless some entropy is produced, the quantity Y remains constant during the history

of the universe and so it has a crucial role in the calculation of moduli abundances. Its

value is
Most of the cosmological implications are associate to the amplitude of the oscillations
C2? 4 (2 1/2
6 = (L) (2.12)
s

which represent the initial moduli misalignment. If this value gets too large, moduli are
able to oscillate to a relatively long epoch, leading to a matter dominated-era before the

radiation one and spoiling the predictions of the Big Bang Nucleosynthesis.

2.2 Cosmological Moduli Problem

Consider a modulus ¢ with effective mass me moving in a Freedman-Robertson-

Walker background: oscillations” amplitude fulfill

O+ (B3H+Te)P+Ve=0 (2.13)

where H = H(t) = £(t) is the Hubble parameter, T'e ~ m3 /M3, is the decay rate and
V& denotes the derivative of the potential energy respect to ®. When H > mg, at some
time t < t;,, the friction term dominates in the evolution equation forcing ® to stay at
some initial value, say ® = ®,,. Then, when Hubble parameter become of the same order
of modulus mass (H ~ mg), at t > t;,, modulus starts to oscillate around the minimum
and soon dominates the energy density. This occurs because at ¢t > t;,, the moduli
energy density at temperature T}, ~ (meMp;)'/? is pp ~ m2®?2 while, since Friedmann
equations implies H ~ T?/Mp; for radiation, its energy density is pr.q ~ H2M?%,. Since
for a modulus we expect ®;, ~ Mp;, one has p,.q ~ pe. Moduli coherent oscillations
will soon dominate energy density of the universe because oscillations energy decrease
as a~3 while radiation energy density decrease as a~*: then we are entering in a moduli
dominated universe. Then, consider the relation

pf}gj> - G) (2.14)
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If the field @ is stable, oscillations may overclose the universe. Imposing pe(T") < perit ~
(1073eV)* one finds that a scalar fields of mass mg > 10725¢V will overclose the universe.
But generally moduli decay and so many other problems arise. The scalar field ® decays
at temperature Tp for which H(Tp) ~ T'g; evaluating (2.14) at ' = Tp when moduli
energy density is pe(Tp) = (e Mp;)? one can find the decay temperature, that is

po(Tp) ) V3

Pd>(Tm)
— (m 1/2 (F@MPI>2 V8
(o) (2200

_ m<11>1/6M1311/6q);L2/3

Moduli decay reheat the universe. We can estimate the reheating temperature Ty
supposing the decay product promptly thermalize Try ~ (po(Tp))"/* ~ (TeMp;)'/?,
that is

3\ 1/2
Trs ~ (ﬁ) (2.15)

In order not to upset nucleosynthesis is required Try > O(10) MeV and this put a
lower bound on modulus mass. Indeed it has to be m3 /Mp ~ 107*(GeV)* and so
m3 ~ 10" (GeV)’: we conclude that moduli whose mass is mg > O(100) TeV are not
dangerous for Standard Cosmology because they decay before BBN. However moduli with
mass lower than this bound have a reheating temperature too low to allow successful
nucleosynthesis: this is The Cosmological Moduli Problem of string theories. In fact, if in
this case the moduli decay into photons and their energy exceeds the binding energy of
light nuclei, photo-dissociation process are allowed and abundance of light elements may
be profoundly altered, causing a significant discrepancy between theory and observation.
Knowing the abundances of Hydrogen, Deuterium and Helium today we can infer bounds

of moduli number density, masses and lifetimes [27].

There are also others problems, as we can see in the next section.
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2.3 Other cosmological problems

2.3.1 Gravitino overproduction

If me > msy/s, the decay of a modulus into gravitini is allowed. This, together with
the fact that gravitini may also be produced by scattering process caused by thermal
radiation after moduli decay, leads to an overproduction of gravitini at low energies
whose decay products can destroy light nuclei produced in early universe. As an example,
for gravitino mass 10273 GeV, scalar masses must be large than O(100) TeV to ensure
the validity of BBN [6] (here scalar masses denotes any scalar field that interact only

gravitationally).

2.3.2 Baryogenesis

Moduli decay generate a huge amount of entropy: this is quantified by

A_S<TRH>N(TRH>3:< (/M) 2 )

= S(TD) TD mél/ﬁM;ll/6q)i—n2/3
P2
me Mpy

Since for a modulus ®;, ~ Mp; and mg ~ mgs ~ O(1) TeV, it is expected that A ~ 10'.
This is an enormous increase of entropy that can erase the previous baryon-antibaryon
asymmetry. At high temperature there are mechanisms to generate this asymmetry: for
example the electro-weak baryogenesis [23]which uses electroweak phase transition and
sphalerons. However, the reheat temperature after flaton decay will be too low to make
this mechanism works. Maybe the most efficient mechanism could be the Affleck-Dine
(AD) baryogenesis [24], because it can generate huge asymmetries which can survive to
the full entropy production of the thermal inflation needed to diluite moduli to acceptable

levels.



Chapter 3
Thermal Inflation

In the previous chapter we have noticed the cosmological difficulties associated to
string moduli. From a cosmological point of view this problem could be solved by a
short period of low energy inflation, such to leave unaffected the large scale density
perturbation accounting for the CMB anisotropies and the large scale structure.

Indeed following [21]the problems of flatness and horizon as well as the formation of
large scale structures are solved by the (ordinary) inflation while a short second period
of weak-scale energy inflation diluites relics left over and solves the CMP.

Let’s see why this kind of inflation should be different from the slow-roll one. This
essentially lies on the bound imposed by the slow-roll conditions: necessary condition for
the slow-roll inflation is that the inflaton mass must be less than the Hubble parameter.

Since to avoid too much moduli reproduction there must be
Vit~ 107 to 10° GeV (3.1)

one has a severe constraint on the inflaton mass: knowing H ~ Vol/ ?/Mp; one has
H ~ O(1) MeV and to have inflation is needed mi,s < O(1) MeV, i.e. the inflaton
should have a very low mass. But thermal inflation naturally occurs at the energy scale
displayed in (3.1) and since at these scales H < my one can expect that under optimistic
circumstances the thermal inflation to solve the CMP. Indeed a generic modulus is ex-
pected to have a mass of the same order of my, defined as the mass of the supersymmetric
partners of the Standard Model’s particles: slow-roll inflation can’t solve the problem

because it occurs at H > mg while moduli are generate at H ~ mg and in a lesser extend
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by any phase transition at H < mg. Therefore, in order to address the problem it is
needed inflation at H < mg and thermal inflation is the most plausible candidate. Since
flatons have central role in thermal inflation, before going further it is useful to examine

carefully their properties and dynamics.

3.1 Flaton’s dynamics

Flaton’s dynamics is determined by the form of its effective potential. The effective
potential in early universe is generally expected to be different from the effective potential
today: while the first is fundamental for the dynamic at high energy, the latter play a
central role in the low-energy dynamic. It is necessary to know both them to have a
complete picture of the flaton’s dynamic. First of all we need to clarify what is meant

for high (resp.) low energy effective potential.

3.1.1 High energy Effective Potential

In early universe, the interactions of a given field o with other fields ¢, modify
the form of its effective potential V(o). So we have to clarify the statement ”effective
potential of ¢”. There exists only one effective potential V| and this is a function of all
the scalar fields V (o, ¢, 1, ...). In early universe it is reasonable to assume the fields are
displaced from their VEVs, so saying effective potential of a given field we have in mind
the full effective potential where all the others fields are taken with their current time
average, so that terms like o2¢? gets replaced by o%(¢?); (here (... ); denotes a temporal
average). Even if the effective potential V(o) changes with the history of the universe,
we can always assume a vanishing gradient at the origin: this is due to the invariance
respect with one ore more Z,. Indeed if we expand the full potential V' (o, ¢,v,...) as
a power series of its fields, each term is expected to be invariant upon one (or more)
Z,, symmetry, unless it consist in just the first power of of one field. As an example,
a term like 02¢? is Z, invariant with respect both o and ¢. Since only a few leading
terms are important, it is reasonable to assume the full effective potential contain one
or more Z, symmetry and so a vanishing gradient at the origin. Now let’s say what

we can infer about the effective mass squared V”(0) in early universe. During inflation,
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all the fields are expected to acquire contribution of order +H? due to expansion to
their effective mass square: this is precisely what happens for the moduli, because they
feel only gravitational strength interaction. For other fields one can think to a stronger
contribution, that is +a?H? with o > 1: this is true for flatons ¢ with a smaller VEV.
If we set (o) = M then we can identify o = Mp;/M. This is what we think to happened
during inflation. After inflation it is not clear what the mass-squared will be. If the
interaction is of gravitational strength, one expect contributions of the same order of
+H?%. We can say that near the origin the flaton can have unsuppressed interactions
with other fields. Let’s consider an interaction term like A|o|?¢?: when the flaton o is
in the vev it gives a contribution 2\(o) = 2AM to m7. Since M is large, if myg is small
then A must be small. If instead my is of the same order of M and it is generated by
this interaction, then A ~ 1 is expected for the flaton near the origin and the field ¢
becomes light. This address the fact that the flaton near the origin can have unsuppressed
interaction with light fields. If these fields have an effective mass of order |o|, the flaton
will be in thermal equilibrium in the regime |o| < 7', because fields with effective mass
greater than 7T are too rare to be maintained in thermal equilibrium. If this is the case,
one can consider the finite temperature correction to the effective potential, that in turn
gives a contribution (7% — m32) to the effective mass. The effective potential acquires
a local minimum in the origin for some T bigger than Tx ~ my ~ m, being mgy the
effective T' = 0 mass squared. In this situation the flaton is forced to stay at the origin.
At T ~ T¢ the phase transition occurs and the flaton moves from the origin towards its

true VEV, that is the true minimum of the effective potential.

3.1.2 Low energy Effective Potential

Consider a flaton o. In the limit of absolutely flat potential there is a U(1) symmetry,
so the effective potential depends on ¢ only through |o|. In reality one cannot speak
about "low energy effective potential of ¢”: there exists only one effective potential V'
and this is a function of all the scalar fields V' (¢,1,0,...). Saying low energy effective
potential one has in mind V (¢, 1, 0,...) where all the fields ¢, except the flaton are
evaluated at their VEVs, so terms like 1?¢? get replaced by (1)?)(¢?). The U(1) symmetry

may survive or may be broken: if it remains exact, the Goldstone boson corresponding
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to the angular direction is massless; if it gets broken, the Goldstone boson will acquire
mass. Its mass depends from how the symmetry is broken: if the symmetry is slightly
broken the Goldstone boson is light, while if it is strongly broken the Goldstone boson
became just another flaton. In what follows we consider the case when the symmetry

survive.
Global U(1) symmetry

We consider the case where the symmetry survive. The effective potential along the

flat direction can be written as

|O.|2n+4

V(|o]) = Vo —m? ya|2+ZA AT (3.2)

n=1

where mg ~ 10? to 10® GeV is the true effective mass of the flaton and higher order non
renormalizable terms make the effective potential "almost flat” near the VEV. We have
in mind the case where the true mass squared at the origin is negative: this assigns a non
vanishing VEV, but rather (o) = M > mg and we can safely assume M > 101°GeV (see
appendix A.6 how to reach this conclusion). Vj is tuned to have a vanishing cosmological
constant at the VEV Vi = m2M? and

m2 =2(n+1)mg
MM = [2(n 4 1) (n + 2)\,] " 'm2
= 2(n +2)]'m2M?

where m, = V”(M)/2 has been used. Observe that the potential (3.2) does not contain
the term A|o|*: this term is forbidden by discrete or continuous gauge symmetry in
combination with SUSY. SUSY breaking generate this term with suppressed coupling
A ~ (mg/Mp;)? and it is negligible for all flatons that are not moduli.
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3.2 Cosmology with flatons
3.2.1 Flaton initially held at the origin
Suppose that the flaton is trapped at the origin because of finite temperature correc-
tion, giving to it a positive effective mass squared. The energy density is
2
p=Vo+o=g.T" (3.3)
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where g, is the effective number of species in thermal equilibrium. When the flaton
is held at the origin, the vacuum energy Vy dominates and a short period of inflation
develops. This era starts at T}, ~ Vol/ Y~ (moM)Y? and ends at Thnq ~ mgo when the
flaton rolls away from the origin and move towards the true VEV M and start oscillating

around it. The e-folding number is estimated as

T 1 M
g ~1 in ~ 1 M
N ! (Tend) 2 ! (mO)

< . . .
and we can safely assume N ~ 10, so thermal inflation can never replace ordinary

inflation. Recall that the latter takes place at a very high energy scale: in most of the
models V;/* ~ 1016 GeV and the lowest value proposed is Vy/* ~ 10'2 GeV while thermal
inflation follows the bound displayed in (3.1). After the end of thermal inflation we enter

in a matter dominated era by flaton particles.

Conditions for the trapping

In the previous section we speak about a trapping due to the finite temperature
correction: this has to be meant as a contribution to the scalar potential of the flaton.
Let’s see how this is made possible. Consider a flaton o: in order to be held at the origin
it has to interact rapidly with the fields in the thermal bath of the universe. Suppose
there is a very massive scalar field ) that interact with the flaton through the interaction
glo*¥ (here g is a coupling constant). Recalling (3.2), the one loop thermal corrections

associated to ¢ will alter the effective potential, that in turn looks as

Ver(lo]) = Vo + (977 = mp)|o|* + ... (3.4)
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At high temperature the flaton has a positive effective mass squared that forces it to
stay in a false vacuum situation. When the temperature drops below the critical value
T ~ ;f—/oz the phase transition occurs and the effective potential develops two minima.
The flaton then starts rolling towards the 7" = 0 minimum and begins to oscillate around
it. Once the minimum has been reached, the mass terms for 1 is generated and we can

say that m, ~ M.

Thermal correction to the flaton itself

One can also consider thermal correction to the flaton itself. However, as pointed
out in [31], these are irrelevant because they can neither trap the field nor cause a phase
transition. Let’s consider one loop thermal correction: these describe an ideal gas of non
interacting particles and they have the standard form

/ drz®In <1 Fe V Z2+m<2)/T2> (3.5)
0

4

Vi T)=+—
1(m07 ) 27'('2

where the upper (lower) signs are for bosons (fermions). Since we are interested in
high temperature regime 7" > myg, we have to look for solution in the approximation
mo/T < 1. It is found that

2T T°m3

Vi(mo, T) = — o+

3
5 S+ O(Tm}) (3.6)

where a = 1 for bosons and a = 7/8 for fermions. These corrections can be interpreted
as a o independent shift in the potential: this corresponds to add a constant to the
energy density and so equation of motion are left unaltered. But one can go beyond the
one loop approximation, hoping to find a correction to m32 proportional to o?: it happens
that this correction occurs at the (n + 1)-loop and it is of the order T'(T?/Mp;)?", so it
is negligible.
This can also be understood in a simpler way as follows: since one loop thermal
correction goes as
Vi~ 72 = 722171 (3.7)
dlo|
and in (3.2) there isn’t the term Ao* we cannot have a term proportional to 02 and then

we cannot give to the flaton the effective mass required to be held at the origin.
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3.2.2 Flaton initially displaced from the origin

Now suppose that the flaton field is displaced from the origin, that is it has a large
value in early universe. In this case the flaton cannot be held in thermal equilibrium
because we know its interactions are too weak. The potential energy can be parameterize
as

V(lol) = m3(lo] = M)? + a?H?(|o| — 00)? (3.8)

Here M denotes the true VEV, i.e. the minimum of the effective potential at small H
while o( is the minimum of the effective potential at large H. To simplify our analysis
let’s suppose 0( time-independent, so the only time dependence is encoded in H. Then

we have to distinguish both the cases a ~ 1 and a > 1.

Case o~ 1

For flatons such as moduli is expected o ~ 1. Furthermore since moduli feel only
gravitational strength interaction we set M ~ Mp;. For large H the minimum is oy
and when H drops below m the flaton moves towards the true minimum and start to

oscillate around it with large amplitude, since |og — M| ~ M.

Case a > 1

If > 1, things drastically changes. Indeed, as pointed out by Linde [37]the flaton
reaches the true minimum without appreciable oscillations. Put in other words, the flaton
is all times near to the small H minimum. If this is the case, cosmological production of

flaton fields is strongly suppressed.

3.2.3 The flaton decay rates and reheating temperature

After the thermal inflation has ended, the flaton moves toward its true vev and starts
to oscillate around it. We enter in a matter dominated era by flaton particles because
they behave as matter (opposed to the radiation) and so they redshifts as a=%/2. It
is commonnly believed that the interactions with other fields take away some of the
oscillations energy, so oscillations amplitude decrease faster. If oscillations amplitude

is sufficiently small and interactions are sufficiently weak, each field decay at a single
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particle decay rate I'. The decay temperature T can be estimated setting I'~! ~ H 1
recalling H = gv/*T?/Mp; we find

T Mp;\ 2

gx

The assumption that each flaton decay at a single particle decay rate is thought to
be incorrect because one has also to take into account non linear-relaxation effect as
parametric resonance. As soon as oscillations begin, parametric resonance can drain off
much of the oscillations energy, converting it in marginally relativistic scalar particles
(also spin 1 particles may be produced while fermions cannot be produced in a significant
number because of the Pauli exclusion principle). If the decay product thermalize they
get converted into relativistic radiation while if nothing happened to the produced scalar
particles they are expected to decay after few Hubble times at one particle decay rate.
Nowadays it is not clear how parametric resonance can create particles which thermalize
successfully; it is however clear that the flaton components of the produced particles
cannot thermalize because the interactions are too weak to be maintained in thermal
equilibrium. Any radiation produced by parametric resonance will redshift away in few
Hubble times, so after the end of thermal inflation the energy density is dominated by
non relativistic scalar particles, including the flatons. Each particle will decay at a single
particle decay rate, so we are expected to find only the long-lived particles, that dominate
the energy density until they decay.
To simplify our analysis we assume each flaton decay at a single particle decay rate.
To estimate the decay temperature Tp we need the relation between the decay rate I'
and the VEV M of the flaton. From a naif dimensional analysis it is expected that
T ~ md/M? where mg ~ 103GeV and set g, \/* ~ 1!
Tp ~ %4 GeV? (3.10)
Now we are going to point out some bonds on Tp: in particular, since Tp and M are

inversely proportional, it follows that the larger is M, the smaller gets 7).

! According to the Standard Model, gi/ 4 range from 1 to 2 if T2 100 MeV and amounts to 4 when
T 2 100 GeV in supersymmetric extension of the Standard Model
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Electro-weak baryogenesis

Electro-weak baryogenesis requires 7' 2 100 GeV so from (3.10) it follows that M <
102 GeV

Thermalization of stable LSP

Thermalization of stable LSP requires 77 2 1GeV so from (3.10) it follows that
M < 10" GeV

Successful nucleosynthesis

Successful nucleosynthesis requires 7 2 10 MeV so from (3.10) it follows that M <
1016 GeV

Comment

The most serious problem lies in the nucleosynthesis: this because thermal inflation
can provide itself a mechanism for baryogenesis [36]. Otherwise baryogenesis can also be
implemented through Affleck-Dine mechanism [24].

If the decay product promptly thermalize, the reheating temperature Tj is equal to
the decay temperature Tp. From the discussion above it should be clear that a modulus
with a Planckian VEV is nothing but a disaster for standard cosmology. Indeed the
reheating temperature (in this approximation) associated to a modulus with the same
mass of the flaton amounts to Tr ~ O(107*)MeV, that is five order of magnitude below

the bound required to allow nucleosynthesis.
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Chapter 4

Moduli stabilization

One of the mayor problem facing the past decade was to find a well-defined vacuum
solution with all moduli stabilized. This is a very important task because values of low
energy parameters, such as coupling constants, fine-structure constant are tied to moduli
VEVs. Having a model with moduli stabilized we are able to do realistic phenomenology
and compute all the relevant scales: Kaluza-Klein mass, gravitino mass and also masses
of different particles in moduli sector. This issue has been successfully attempt in the
context of type IIB string theory (for exhaustive reviews see [8,9]). In this framework
there are Kahler moduli, complex structure moduli and the dilaton. Most of the geo-
metric moduli are stabilized by fluxes and for the remainig moduli was at first proposed
the KKLT scenario, then ameliorated and extended in the Large Volume Scenario. Here

there is a simple overview.

4.1 KKLT Mechanism

String theory type IIB take place in 10 dimensions and has 32 supercharges. The
ten dimensional bosonic massless field consist of the metric (gan), the dilaton (¢), RR
antisymmetric forms (Cy, Cy, Cy with the self-dual field strength) and NS-NS antisym-
metric tensor (Bs). To obtain the four dimensional model we compactify on Calabi-Yau
orientifold. Fluxes for the RR 3-form F3 = dCy and NS-NS 3-form Hs; = dBs can be
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turned on and quantisation conditions must be imposed

1 1

—_— Fy=n,€Z — Hj; = 7
(2r)a / s (2mpa’ / e

where ¥, represent the 3-cycles of Calabi-Yau manifold. Furthermore, fluxes should
satisfy tadpole condition.

The superpotential at three level is independent of the Kéhler moduli and is given
by the Gukov-Vafa-Witten superpotential [10 |

W= [ G3AnQ=W(S,U)
CcY

where G3 = F3 —1SHj3, being S the dilaton-axion field and €2 the holomorphic (3,0)
form of CY and the last equality enforce the superpotential’s dependence of the dilaton,
as it appears in G3 and of the complex structure moduli U through §2.
Kahler potential is the sum of three terms, depending on different moduli: it is given
by
K=-2n[V]+In {—z/
c

where the first term depends on Kéahler moduli via CY volume V, the second on complex

Q/\Q} —In(S+59)
Y

structure moduli U and the last on dilaton- axion field. CY volume is given by

K Lt
V=[ JAIAT =T
oy 6
Here J represent the Kahler class and t; are moduli measuring the size of 2-cycles. The

corresponding 4-cycles moduli 7; are defined by

oV kytit
ot; 2
The complexified Kahler moduli are
Ty = 7j + b,

where the real parts are 4-cycles volumes and the imaginary parts b; are axionic fields

coming from RR four-form. The standard N’ = 1 SUGRA scalar potential is given by

V = KA DuW DWW — 3|W %)
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where the index A, B run over all moduli fields, D,W = 9,W + Wo4K is the Kéhler-
covariant derivative and K42 = (K,5)7", being K4 = 94K. Scalar potential at three
level has the important property that the sum over Kahler moduli and —3|W|? exactly
vanishes: it is no-scale type. Let a, b denote the dilaton and complex structure moduli

and 7, j the Kahler moduli, so one has

V = e8(K® D,W DWW + K9 D;W DWW — 3|W?)

(K D,W DyW)

= Vno—scale

Since V,,,scale 1S positive definite, one can stabilize complex structure moduli and dilaton
by solving D,W = 0 = D;W. The W satisfying this constraint is then set to W, and
from now regard as fixed. To stabilize Kéhler moduli, non perturbative correction to
superpotential have to be included. The full non-perturbative superpotential is expected
to be
W=Wo+) Aeh
i

Here, a;’s and A;’s are model-dependent constant. No-scale structure is broken and
this non perturbative effects allow 7" moduli to be stabilized by solving DyW = 0. To
understand better the situation, let’s consider only one modulus [11], denoted by 7 and
the corresponding axion set to zero. Kahler potential, superpotential and scalar potential

are given by

K=-3n(T+T)
W = Wo + Ae_“T
V = MKTT | DeW)? = 3|W )

The condition of unbroken SUSY allows to find Wy, whose expression is

2
W() = —Ae T (1 + g CLT)

and in a straightforward way the scalar potential minimum

a2A26—2aT

V=-3W)?=—
eIl 67
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This is a SUSY, AdS (Anti-de Sitter) minimum. The important feature is that no scale
is broken by non perturbative contribution W,, to superpotential W. Since each term
in W, is exponentially suppressed on Kahler moduli, we generally expect a similar sup-
pression occurs in scalar potential. However, this is not consistent with the neglect of
o' and g, correction because these go as some powers of Kéhler moduli and so dominate
exponentially suppressed terms coming from W,,,. Their neglect can be justified if com-
plex structure and dilaton moduli are stabilized at a very small value of Wy, so one has
to fine-tune W, to a very small value, that is the stabilization only works for a small
parameters range.

Now, one needs to uplift this minimum to a de Sitter one (introducing positive energy
density) and the lifting term has to be choose in a way to give vanishing cosmological
constant.

If one consider more than one Kéahler modulus, the expression of the scalar potential
is more complicated. In particular one has to check that the minimum is a true minimum

and not only a saddle point (minimum respect one variable).

4.2 Large Volume Scenario

KKLT Scenario presents some difficulties:

consistency requires Wy < 1 while fluxes prefers Wy ~ O(1);

moduli are stabilized in two steps;

AdS and SUSY minimum,;

SUSY broken by uplifting mechanism, so it is not well controlled.

Large Volume Scenario goes along the line of KKLT, with the difference that perturbative

o' corrections are now included to Kéahler potential and no-scale structure is broken

£(S + 85)¥ 2}
2

K=-2In [V—i— +1n[—z/ Q/\Q:|—111(S+S)
oy
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where £ = —x/2(27)3 with x the Euler number of the Calabi-Yau three-fold. For large

volume, corrections go as inverse powers in the volume

£(S + 9)3? E(S+9)¥? (S 4+ 8)? 1

and will dominate in the scalar potential the exponentially suppressed terms coming from

In {V—i—

non perturbative contribution to superpotential. Using the superpotential one finds that

scalar potential is split into three terms
V= 6’C(Vnpl + Vnp? + Va’) (4.1)
where the explicit expression are

Vit = KO W,,05 W,y
Vnp? = ’Cl; [81WanC3(WO + Wnp> + ’CZ(W() -+ Wnp)83Wnp]
Vi = (KIKIC; — 3)|W 2

Inserting these relations in (4.1) one has a full analytic expression of scalar potential.
Since we are interested only on the solutions at large volume, we can take only the
leading terms in the scalar potential. For concrete calculations one can use the P 1 169
Calabi-Yau with two Kahler moduli: T, = 7, + b, and Ts = 75 +1bs. Their name suggest
that 7, modulus is stabilized big and 7, is stabilized small. The Calabi-Yau volume can

be written in terms of Kahler moduli yielding

1
V=@ - (42)

In terms of these we can write Kahler potential and superpotential

1 3/2 3 3 )
K=—2In(— — T+ — 4.3
(9\/§ (Tb Ts ) 292/2 ( )
W =Wy + A,e %" (4.4)

where ¢ is the term that take into account perturbative o’ correction and g, is the string
coupling. After extremizing the axionic field one has the supergravity scalar potential

at large volume. The latter at the leading order is given by

)\\/T_se_z"“s B pas|Wolrse™ s N v|Wol?

3/2 3 9/2
37’b/ Ty Tb/

V:

(4.5)
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with A = 8(asA,)? and p = 4A,. This potential has a non-SUSY AdS minimum at
V ~ e®™ > 1 with 7, = ¢%/3/g,. This minimum has a negative cosmological constant
and there exists various method to introduce positive energy and uplift this to a de
Sitter one (for the details of this construction see [11,26]). The stabilized exponentially
large volume can generate hierarchies because to small variations of a7, correspond large

variations of V. The gravitino mass ms/, is given by

Wi

Phenomenological reasons require ms;, ~ O(TeV) from which ¥V ~ 10" in string unit

and the string scale is related to the volume by

Mp,

Mszm

From (4.5) we can compute moduli masses. These are given by m? ~ K"V, and
m?2 ~ K*V,, with

Mp,
My, ~ W (46)
My, ~ M%lnv (4.7)

Also the axionic partners b, and by of 7, and 7, receive masses after stabilization: b, has

the same mass of 7, while b, is essentially massless.

4.3 Canonical normalization

Once the minimum has been located (A.17) (A.18) we can expand the lagrangian

Cb> — = (1) + o = (22’; i gj’> (4.8)

where (T) = (7;) (i = b, s) represent the VEVs and d7 = (§7); (i = b, s) are the real

around it. Setting

fields, one has the following lagrangian

Liree = 0,017 IC- 061 — Vo — 611 - M? - 67 — O(67)° (4.9)

"'We shall not analyse in depth the cosmological role played by axion fields.
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To write (4.9) in terms of the canonical normalized fields ® and y, related to 7, and 7y

Via
¢ X
0T = Vo—= + v, —= 4.10
o \/§ X \/5 ( )
one has to impose the normalization condition for the kinetic terms
Vo - IC- Uy = 5‘1)7)( (411)
and the eigenvalues equations for ve and vy
K M*vg = mive (4.12)
K 'M?*v, = mi’ux (4.13)

being

e — ((%)b> o — ((%)b)
(va)s * ()

As shown in appendix A.5 the lagrangian is terms of ® and y has the following form

1 1 1 1

We can also consider and interaction term between the small modulus and the electro-

magnetic field, described by the interaction energy
Vtmt = TSF;LVF“V

and add this to the lagrangian, which become

L=0,0t" K- -0 —Vy— 67" - M*- 61 — O(67)° — 7,F,, F* (4.15)
:Efr,«ee :zjnt

that is, in terms of ® and x

1
2

1 1 (P(ve)s + X(UX)S)

2.2 v
m2y 2, M
X ! 4N/2(7,) Mpy

2(1)2_
Me™ — 5 4

1 1 ,
L= 5((9#(1)8#(1)4-58#)(8#)(—‘/0 — FW,F’H

(4.16)
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The coupling of the two moduli to photons, denoted by A, is

)\ o <U<I>)s
* T Ty
\/§<TS>
)\ — (/UX)S
XYY \/§<Ts>
To go further we need explicit expression, eigenvalues and normalized eigenvectors of
JIC'M?. This is given by

’C—IMQ —

2014 () [Wo|2v ( —9(1 - 7¢) 6as(m)(1 — be + 1662)) (417)

3(m)92  \ U1 — 5et4e?) 2l (] _ 3¢ 4 6¢?)

()17 ()17

where € = (4a,(r,))~". To obtain the eigenvalues mg and m?2 one can observe since we

have m3 > m? in first approximation

_ 8a2|Wo|?(7,)/?v A
2 Lag2y ~ 9% s - 2
mg ~ Tr (ICT" M?) ~ 3(m)? v Mp, (4.18)
2 Det (K'M?)  27|Wol*v M3, (4.19)

XTI (KTM?) da(r) ()2 T VIV

Finding the eigenvectors of I~ M? we can write d7, and 07, in terms of the canonical
normalized fields ® and y (see A.5) [4,12]

o VYA \3/4 P é - X - 1/6 i 2/3y X
o (\/6< b> < s> ) JV[PZ\/§ " ( 3< b>) MPZ\/§ O(V )MPl " O(V )MPI
(4.20)

(26 s Y (VB X ey D X
0T = ( 3 (1) (74) )Mplﬁ + ( o )Mpl\/i @] % +0(1)
(4.21)

From this we deduce that 7, is mostly y while 7, is mostly x. There is however an
important mixing which is subleading and coefficients depending on different powers of
V.

The dimensionful y lagrangian is

1 1 1 1/ V6 X
Ly = =0, xO"x — =mix*— =~ F,, " — - = [, F"
X T AT S T T e 4(2%(78)) Mp, "
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which show that the coupling of y to photons is not only suppressed by Mp;, but there

is a further suppression factor proportional to
as(Ts) ~ InV ~ In(Mp;/ms3s)

The dimensionful coupling of y to photons is

W (3) e
7 \2)  MpnV

different from the naif expectation \,,, ~ 1/Mp; while the dimensionful coupling of @

\ 2 ()3 Y12 1
PNV () AMp ) Mp, M,

This shows that the interactions of ® with photons are suppressed by the string scale

18

and therefore the decay rates are much faster than is usually assumed for moduli fields.

4.3.1 Decay rates and lifetimes

the discussion of the previous section allows to estimate decay rates and lifetimes of
the two fields. From (4.18) and (4.19)

Mo = (thV pl) GeV ~ 10° GeV (4.22)
Mpy _

Since we know the coupling constant A\, and )., we can estimate the decay rates

'y, and I'y ., of ® and x into photons

by 3

Do sy = ( 6‘2: %) GeV ~ 107° GeV (4.24)
Ay M3

Iy = ( 6’27: M—%) GeV ~ 107 GeV (4.25)

The lifetimes are related to the decay mode by I''! = 7. From the relation M;ll ~

10718 GeV™! ~ 10 % sec we can write

7o ~ 10717 sec (4.26)
7 ~ 10% sec (4.27)
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As expected, the heavy modulus decay suddenly in the history of the universe while the
light modulus has a lifetimes longer than the age of the universe? and their lifetimes

differs of a factor 10*2 sec.

2Remember that the age of the universe is estimated about 10'7 sec.



Chapter 5
Cosmology with Thermal Inflation

We are going to see how the thermal inflation can provide a solution for the CMP.
Before going further it is instructive to summarize the main results of the previous
chapters.

We have learnt that compactification leads to an enormous number of massless scalar
fields (called moduli) in the spectrum of the low energy EFT. These fields are gauge
singlet and interact only via gravitational strength interaction, so they are expected to
have Planck-suppressed couplings to Standard Model’s particles.

Classically moduli are massless, so they could mediate new, non-physical forces. This
happens because their potential is flat to all order in the SUSY limit. However SUSY,
if it is realized in Nature, can’t be an exact symmetry, otherwise s-particles would have
been observed long time ago. So SUSY must be broken at some low energy ! and taking
into account SUSY breaking and quantum corrections, moduli acquire mass. At a first
sight, their mass is expected to be of the same order of the gravitino mass. Furthermore,

since they feel only gravitational strength interactions, they have a very long lifetime:

2
% (here N denotes the
P

decay channel). Since in gravity mediated models the gravitino mass is estimated as
3

msja ~ O(1) TeV, modulus lifetime amounts to 74 ~ 10" sec N~ M) , that is

indeed in the most general case one expects that 74 ~ N1

me
much more than the age of the universe. Thanks to their relatively weak interactions,

they came to dominate the energy density of the universe, until they decay. When the

!Phenomenological reasons and stabilization of Higgs’ mass require a SUSY theory at the TeV scale
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decay occurs, the reheating temperature is very low and nucleosynthesis cannot take

place. This is the CMP in the context of (super)string theories.

Then we describe the thermal inflation and we say that this mechanism could provide
a solution to the CMP: this essentially lies in the fact that the decay of the flaton release

a huge amount of entropy. Let’s see how this can happened.

5.1 Cosmology with Thermal Inflation and CMP

Now we explain how the cosmological history can be recast if thermal inflation really

takes place.

5.1.1 Before Thermal Inflation

It is commonly believed that the history of the universe begin with a period of
inflation. This period is typically invoked in order to solve the problems of flatness and
horizons. After the inflation, the inflaton decay and (supposing that the decay product
promptly thermalize) the universe gets reheated.

Depending on the specific model of inflation, moduli can oscillate either after or before
the end of the primordial inflation. Indeed there are some models of inflation with a low
reheating temperature and moduli oscillations begin before the end of the inflation. If
this is the case, one can also consider a dilution of moduli abundance due to inflation.
Note however that the moduli problem could not be solved by choosing the model of
the primordial inflation, even if one assumes an extremely low reheating temperature
O(10) MeV.

If ¢ is the inflaton and Iy, its decay rate, moduli oscillations begin after (before) the
end of the inflation if I'y, > me (I'y < ma).

As said in 2.1, when H ~ mg moduli begin to oscillate with amplitude ®;, ~ Mp;.
Moduli number density amounts to ne = %mq, 2 and the energy stored in the oscillations
is pp = menge. Moduli abundance is encoded in Yg defined in 2.1. Suppose first that

the oscillations begin after the full reheating of the inflation: if this is the case, then the



5. Cosmology with Thermal Inflation

57

cosmic temperature is

1/4
Tose = ( %0 ) meMpy (51)

20,
Setting g. ~ 200 we have T,z ~ O(10%) GeV. The ratio between moduli number density
to the radiation entropy is

Yy — 2 _ sma P, o me®, ([ Mp V2D, \? (5.2)
s e T3, (meMpy)/? me Mpy .

OSC

Since for a modulus ®;, ~ Mp;, we have Yy ~ (’)(ﬂ)l/ 2. In the opposite case moduli

oscillations begin before the end of the inflation. The<I> reheating temperature at the end
of the inflation Ty, is
90 \ /4
Try = (7r2g*) L'y Mp (5.3)
and moduli abundance is
Yo = SZ;R“” (E—;) (5.4)

5.1.2 Moduli dilution from Thermal Inflation

When the cosmic temperature is in the range 10® GeV < T' < 103 GeV we suppose
the universe experience the thermal inflation. The entropy released in the decay of the

flaton amounts to

s 4V

- after 3Tp

A= — 2on? 3 (5-5)
Sbefore 4—59* Tend

2 associated to the flaton ¢ and T, is the

where Tp denotes the decay temperature
cosmic temperature at the end of the thermal inflation . The decay temperature is
related to the decay rate T, of the flaton: indeed I', ~ m2 /M?  where as usual M = (o).
To estimate the order of magnitude of A, set m, ~ O(10%) GeV, M ~ O(10'?) GeV and
recall \/01/4 ~ 107t0 108 GeV and T.pq ~ m,: one has A ~ 10'%. Moduli abundance get

a huge dilution: at the end of the thermal inflation the moduli abundance drastically

changes
Yq; lmq><I>~2 1
Yo — Y= =2 — 0 x — 5.6
P [} A %g*Tc‘;&SC A ( )

2We suppose that decay product promptly thermalize, so that the decay temperature is equal to the

reheating temperature
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However, as pointed out in 2.1, during the thermal inflation the moduli are a bit displaced
from the minimum (in 2.1 this displacement was called misalignment). This displacement
is quantified by d® ~ (Vo/m3M3,)®s, ~ Vo/m3Mp; and this causes a further oscillation
for the modulus. Usually moduli produced during thermal inflation are called Thermal
Inflation Moduli, in order to distinguish them for the Big Bang Moduli. Clearly there
is not a huge reproduction but this may still be dangerous. The abundance of thermal

inflation moduli is

1 2 2
—mq>5(I> 1 VE) _16

Yorr = 200w w0 (5.7)
%Q*Tfnd A mgm%M]%l

while the total moduli number density is

Yo + Y4
Yo roT = % (5.8)

If moduli oscillations begin before the full reheating of the inflation, then Tos > Tr,

3Th, [ P 1 B o f P\ 1
Yy = 2 fe [ Zin ) o — L 102rY2 MY — 5.9
T (Mpl> “A o P\ ) CA (5:9)

However moduli can be produced by the decay of the flaton, so in order to have a further

dilution of moduli abundance, a second stage of thermal inflation can be implemented.

5.1.3 Double Thermal Inflation

We have just seen that even after the thermal inflation, the moduli oscillations can
still be dangerous and this is due to the fact that during the thermal inflation the moduli
are expected to be displaced from the low energy minimum: this distance is quantified
by 6®. We can consider a second stage of thermal inflation to dilute moduli abundance
left over from the first stage. In the simplest model one can consider two non interacting

flatons o; with i = 1,2 and assume their potential is of the form (3.2),
V(|o1l,]o2]) = Vi + Vo = mZ |o1|* — m2 |oa|* + . .. (5.10)

where the ellipses denote the higher order terms that stabilize each flaton near the VEV
(0i) = M;, Vi ~ m2 M7 are the value of the potentials energies at the origin. The

temperature for which the phase transitions occurs are set to T¢;. The mechanism
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works as follows: when the background temperature drops below the value T, the first
flaton is destabilized from the origin and rolls towards its true VEV M;. Meanwhile
the other flaton is still held at the origin and when the background temperature drops
below the critical value T o also the second flaton is destabilized from the origin and
rolls towards its true VEV M,. Since we have implicitly supposed T > T 9, it follows
that m,, > m,,. Finally suppose that T¢,4  ; ~ m,, denotes the temperature for which
the i-th thermal inflation shuts off. From (5.5) the entropy production coming from both
the stage of thermal inflation can be estimated

3/2

A, Tny W

~ T3 5/8
Tend,l ‘/2

Vs

3
7—1(end,27—1[)72

Ay ~

In order to make the mechanism work we suppose Vi > V5.

5.1.4 Moduli dilution from double Thermal Inflation

From the result of the previous section we can estimate moduli abundance during the
overall history of the universe. Big Bang Moduli experienced a double thermal inflation,

so they get a huge dilution

Yq> (1)1211 1 1 q)?nTéSnd s 1T§nd , 2

Yo — Y = ~ X —— X ——

(5.11)

This clearly depends upon the VEVs M;, the vacuum energies V;, the temperature at
the end of each inflationary stage T.nq; and the modulus mass mg. For typical values it
has been found that Y3 ~ O(107!8) and thus Big Bang Moduli abundance is diluted to
a safer level. Recall that when nucleosynthesis begin there must be Yg ~ 10712t0 10715,
Moduli produced at the first stage of thermal inflation. Now we focus our attention on

moduli produced by the first stage of thermal inflation: their abundance is estimated as

OLLVy i My

Yo ~
VA,

(5.12)
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that amounts to O(107!%). Finally the abundance of moduli produced at the end of the

second stage of thermal inflation is

Q2 V2 /mi My, @2Vt v

3/4 ~ s aad T 32
v, mgeMp, — mgMpg,

Yo ~

(5.13)

This shows that the reproduction of moduli after a double stage of thermal inflation is

strongly suppressed, because the Yg goes as the inverse of the second power of Mp;.

5.2 CMP in LVS models

As we have already pointed out, in LVS we are faced with two kind of Kahler moduli,
whose canonical normalization leads to the fields & and y. The first is the modulus
controlling the volume of the small 4-cycle 7,: it has mass mg ~ O(10°)GeV and in
early universe it starts to oscillate with stringy amplitude, so it has a very short lifetime.
Indeed it is found that 7o ~ 10~ !7sec: its decay occurs before the BBN, hence it is harm-
less and we don’t have to worry about it. Instead we can consider entropy production
from its decay as a dilution source for dangerous moduli [28].

The canonically normalized modulus associated with the 4-cycles 7, controlling the
overall volume has mass m, ~ O(1)MeV and in early universe stars to oscillate with
Planckian amplitude so this is subject to CMP. The modulus abundance follows directly
from the previous discussion: indeed it amounts to Y, ~ O(10'). Such a huge number
of x moduli is a cosmological disaster! If we try to dilute its abundance with a single
thermal inflation we find that the y abundance after thermal inflation is reduced to
O(107°) but there is a huge reproduction due to its low mass: indeed thermal inflation

moduli are reproduced with abundance

Gev)3 (5.14)

My

Y, 11 ~ 0(10—5)<

where (5.7) was used with m, ~ 10® GeV. So if by one side thermal inflation gives a huge
dilution of the y moduli coming from Big Bang, by the other it creates a reproduction
that yields Y, 71 ~ O(10%) for m, ~ 1 MeV. So a further stage of thermal inflation is

needed to relax this problem. But instead consider the y moduli reproduction after the
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second stage of thermal inflation: even if this quantity goes as My}, there is still a non

negligible reproduction, indeed for typical values one has
Yorr, ~ O(107%) (5.15)

Also this is due to the fact that this modulus has a mass well below the GeV. This is
the result expected for a typical modulus at the end of the first thermal inflation: so this
modulus seems to need a further sources of dilution. Clearly we have take into account
only entropy coming from the thermal inflation and computations have been taken by
order of magnitude, however it looks as thermal inflation in LVS fails in diluting the
light modulus abundance.

There are however three possible way-outs:

1. If one does not insist on low-energy supersymmetry, then the mass of x can be
increased so to make this modulus decay before BBN. Of course, one would then

have to rely on tuning in order to solve the gauge hierarchy problem.

2. In the presence of a primordial mechanism that suppresses the initial amplitude
of the modulus oscillations, x would initially store much less energy, resulting in a
very suppressed original production of Big Bang moduli. See [37] for an example
of such a mechanism which would relax the CMP that could be then completely

solved by a late period of thermal inflation.

3. In this analysis, we considered models where the soft terms acquire masses of order
the gravitino mass: M,,p; ~ mg/2. However, in models where the visible sector
is sequestered from supersymmetry breaking, the soft terms can be hierarchically
lighter than the gravitino: M, < m3/2. In this case, the modulus mass could be
increased above 100 TeV evading the CMP but still keeping TeV-scale supersym-

metry for the solution of the hierarchy problem.
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Appendix A

Computational detalils

A.1 Moduli equation of motion

Let’s consider the equation (2.6) treating H(t) as time independent constant with
the initial conditions provided by (2.7). First of all we have to locate the minimum of ®

solving

V;:ff(q)a T)

/ _
eff((I)vT) - aq)

=0
This implies
me®* + o*H?*(®* — &) =0

whose solution for ®* is
. a?H?
T om+o?H? !
Since Vi (®*,T') > 0, ®* clearly defines a minimum for the effective potential, so we set
o’ H?
"= — P =D, Al
m2+ o?H? (A1)

Then let’s consider the secular equation associated to (2.6)
N+ 3HA+ (mi+ o*H?) = o*H?*®, (A.2)

The most general solution for this second order differential equation is the sum of the

homogeneous solution and a particular one. The homogeneous equation is
N4 3HN+ (m2+a*H?) =0 (A.3)
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A.1 Moduli equation of motion A. Computational details

The discriminant is

A =9H? — 4(mj + o*H?) (A.4)

and we have to consider the case A > 0 and A < 0 separately.

Case A >0

Here we consider the case A > 0. The relation (A.4) can be recast to

H 2
<37) >mg + o’ H? (A.5)

and the solution of (A.3) can be written as

_ —3H £ \/9H? — 4(mg + o’ H?)
2

4(mZ+a2H?)
_3H + \/9H2 {1 - Ong
2

4(m2+a2H?)
—3H + 3H, 1 — Ardtelit)
2

_ 3H {1 - \/1 A(m3+ 042H2)}

A

2 9H?

3H 4 m2

=——11 l——(a2+ 2

]
Settingﬁ:\/l—gl(az—i-g—g’) one has

A:

3H
2

From the theory of differential equation we can write the solution as

(15 6] (A.6)

O(t) = creMt + cpe?! (A7)
To avoid a cumbersome notation we impose (2.7) directly on (A.7). This leads to

By = Ml 4 cpetti (A.8)

= Cl/\1€)\1ti + CQ)\Q@AQti (Ag)
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where ®; is fixed. From the second one obtains

A
ettt = —¢, 2t (A.10)
A1
so that
i = € (All)
A1
Since
do 145
N 1-5
e 28
N 1-8
one has
1+
Aot — (I)z
Cy 2ﬁ
1+ 75 26 23
and so the value of the two integrations constants
1-p
— —(D —A1t;
C1 26 €
Ccy = ——1 +ﬁ(1> Aoty

26
The solution of the homogeneous equation is then
1— B@Ae_ 3H(;75) (t—t; ) 1 + B(I) 1+5 (t—ti)
26 26

and recalling the expression of ®,,;, we can write the most general solution as

O(t) =

1 —3(1— 1— 301
D(t) — Ppyin = (P; — Pryin) [ ;ﬁﬁ SR H ) _ WB e S H () (A.12)

Case A <0
Now we move to the case A < 0, that is 9H% — 4(m2 + o*H?) < 0 and this means
that 4(m2 + o?H?) > 9H?2. A little algebra yields
o?H? 9H? >
>0

4 1 —
mo( Tz Am2  Am2



A.2 Kahler metric components A. Computational details

that is

In this case, setting ' = \/1 — (% — az) i—; we can write the solution as
0

sin[f'mo(t —¢;)]| (A.13)

O(t) — Prin = D5 — Pruin ezt {COS[ﬁlmo(t —t;) — 2/8'my

A.2 Kahler metric components

Starting from the expression (4.3) of Kéhler potential let us calculate the matrix

where

1, 7 running over Kahler moduli. Let’s start with the first element: one has

OK 0K 0m 10K

= — = — ="
b 8Tb 8TbaTb 267’(,
_ L, 3/27,"
20 R L
3 7';/2

_57.5’/2 - 7_3/2 + &
Deriving now with respect to Tj
0Ky 0Ky O, 10K,
8TB aTb aTg 2 aTb
— (1) (%) {(1/2)71,1/2(75/2 — 7?1+ ¢) - 1,*(3/2)r,"
2/\2 (" =7+ &)
B (3) (1/2)7 — (3/2)7

1 3
4 T;

ICbE =
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Now let’s calculate the off-diagonal elements. Since the Kéhler metric is symmetric, one

needs to calculate only element.

oKy 0Ky oty laICg
oT,  0r, 0T, 2 Ot

1/2
TAEC—————

B _(9) 7',)1/27'51/2
8 (75/2_73/2+§/)2

97'51/2

87‘5’/2

Kg =

It is easy to see that
1/2
3 Ts

K==
27—1)3/2 _T3/2+£/

and

0K, 0K,0r, 10K,

oT,  Or, 0T, 2 O,

_ (32 - ) - n (32
- \4 (Ti?/z _ 7_83/2 + 5/)2

’CS§ -

3 7'5/273_1/2

8 (75/2 _ 7_3/2 oL
3

~ 32 12
87, " Ts

Kahler metrics components are

3 _9n”
K 472 87’175/2
ii = | g

5/2 3/2 _1/2
8Tb/ 8Tb/ TS/

Now, since we are interested in KV = (Ki;

is non singular, so the inverse of (A.14) exists. It can be calculated from

C D —(D—-CA'B)"'CA™'  (D-CA'B)!

<A B) o ( (A—BD'C)'  —A'B(D-CA'B)"

(A.14)

)~1, we have to invert (A.14). Kéhler metric
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One has
3 92\ 3\ '/ o9nl 3 277,
D—-CA'B= 3/2_1/2 (_ 75/2)( 2) (_ 75/2) — L 32 12 2
87, " Ts 87, 4ty 87, 87, " Ts 87;
3 1
87'5’/27'81/2 s

g 32 1/2

(D—-CA'B)™t ~ %

The second and the third elements are given by

— 1/2 3/2 2
_A—IB<D_CA—IB)—1N_ i ! _97_3/ 87—1)/ 7_51/
w) e )5

=477

g3/ 1/2 g1/ 3\
—(D-CA'BylcA o - 2= - )=
o-cateeat () (- 7)) (55)

b

=477
Then we have to calculate the first element of (A.14). One has
A ppic_? 972\ (8727 or*\ 3 2?3 Lof !
_47'1;2 87',;5/2 3 87'1,5/2 _471;2 87',)7/2 _47'1)2 72

b
4 2
(A— BD™'C)™' ~ %

At the leading order in 7, we find

472
- =X 47y T,
S
87’3/27'1/2
477, b °

3

A.3 Minimum of the scalar potential

The explicit expression of the scalar potential is

_ )\agTslme_QasTS B wWolasrse™@™  v|Wo|?

3/2 3 9/2
T
Ty b Ty

v

(A.15)



A. Computational details

69

and it has to be minimized with respect to 7, 75, so we look at the solutions of
8_V 4
0Ty 0T

Let’s start with the first of these relations

0

oV 3xa2aPe 20 3u|Wolasmee ™™ Ou| W2
0= o 5/2 + ! - 11/2
b 27, b 27,

_ (3/\a§7'81/2@2a57-5> <7_3 B 2M|WO|7'51/2 3/ . 3V|W0|2 )

11/2 b —asts b 1/2
27/ AasesTs )\agTs/ e=2asTs

b

This can be recast in a second order equation: to this purpose, set z = 7'5 / 2, then this
relation is equivalent to

o 2u[Wo|ri? W Wel2
x° - — x+ 73 =0
)\ase QAsTs )\a/gTs/ 6—2(157'3

whose solutions are

Wl (M|W0|Tsl/2)2 30| W, 2
=" 4 —

Aag e~ sTs Aag e~ sTs a7 % e—2as7s
S

Wl 1| Wolra/2\ 3UA
=070 4 Lind RAA) 1—
A e sTs Aa e sTs M27'83/2

1/2
[ WalTs (1j: L 31/)\>

- - 3/2
A e~ sTs quTS/

Now let’s minimize with respect the other variable 7

oV Aa? | Wholas
0= O = 20 (1)t ) - MO g g 7
0T 75/2 T
Aa? { 1 | Wo
= —2e T | —— (1 —dagty) — — 77— (1 — a,7s)
7'5’/2 27/ /\asTbg/2e—asTs

This requirement is equivalent to

1 —da,r, | Wo|

1/2 - 3/2
27'5/ /\asrb/ e @sTs

(1 — ayTs)

. 2,u|I/V0|7'31/2 1—a,Ty
e s!s —

)\GST:/Q 1 - 40/57-3

(A.16)
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We can simplify the last factor observing that 7, > 1. For computations, set y = a,7

and perform a Taylor expansion in the limit y > 1. One has !

Inserting this result in (A.16)

1/2
_ w|WolTs 3 3 1

@sTs — 1— — O — A17
€ 2)\%75/2 [ dasts  16a272 + a373 ( )

Now, the previous result

Wo|ri/? 3UA
75/2:—’“‘ ol (1:|: - 2 >

)\asefasfs NQTSB/Q

allows us to obtain an implicit equation for 7,: combining these relations one finds

1/2 3/2 -1
75/2:M|W0\Ts (1j: - 3vA )2)\as7'b [1 3 3 —i—O( 1 >]

3/2 12 |7 o 2.2 3.3
A 1272 ) p|Wolrd! dasry 160277 adts

3 3 1\ 3U\
1=2|1- — @) 1+,/1— ——
{ dasts  16a2T2 * (ang)] ( MQTE/Q )

Multiplying both sides of this equation for the square-bracket term

1 3 3 1 3vA
-1 — — O =1+,/1— ———
2 [ dasts 160272 + <a§7’§’)} 7—3/2

12
1 3 3 1 3UvA

“l1- - O — )| -1=x,/1- 2

2 [ dasts 160272 - (ag’ﬁ')} /127'53/2
1 3 3 1 RIZD

- - o =t f1- 22

2 dagts 160272 + (ang’) MQTS/Z

Squaring both sides

I, 3 9 6 o 1\]_, 3
4 20,7, (da,7,)?  (4ayTs)? atd) | 2

'For this result Wolfram Alpha has been used




A. Computational details 71

A little algebra yields

2 1
[T P S of L
4\ Ts v l 2a,7s  (4asTs)? + adt3

Since y = as7s > 1 we can expanding the term in square bracket

1 5 17! 1 9 1
1— — — — 14+ — ol =
{ 2y 16y2} - 2y * 16> - (y3)

and finally we obtain an implicit relation defining the minimum for 7,, that is

oo L I (A.18)
— T, =V N .
4N ° 2a,7s  (dagTs)?

A.4 Mass matrix elements

This section is devoted to the calculation of mass matrix elements. This is given by

1 0%V 0%V
2 o107,
M2=2| 9% vOTs Al
1] 2 BQV 82‘/ ( 9)
O1s0Ty or2

We need the second derivative of the scalar potential evaluated at the minimum. Remem-
ber this is characterized by (A.17), (A.18). The first derivative of the scalar potential

with respect to 7, and 7, has been calculated in the previous section; using the previous
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results one has

*V. 0 [ 3Aa2rs/2e2asms

3u|WolasTse™ 9V|W0’2:|

02y N a_Tb 27’5’/2 Ty 271111/2
B 15)\@37'51/26_2%75 12u|Wolastse™ @™ 99|, |?
4P 7 4r 32
_ 15xa2n? |:/L’W0‘Tsl/2 (1 33 )r
47,)7/2 2/\a57'§’/2 dasts 160272
120 Wo|ay T, {M|W0|T§/2 (1 33 )] 99w | Wy ?

7 a7 dagrs 16272 4732
152 WP (1 3 3 ) L@ WP (1 K
O 16An? 20,75 (4a,7)? 27,2/ 2a,7,

99| W, |2
177
RGIAR (1+ L, )(1_ 3, 3 )
47-1713/2 2a,7s  (dagTs)? 2a,7s  (dagTs)?
_24|VV0|2V<1+ 1 N 9 )(1_ 3. 3 )
71713/2 2a,7s  (dasTs)? 20,7y  (4aTs)?
99|, |2
PR
_ 15|Wo v (1 1 ) _ 24[WPy <1 1 > N 99 |Wol?
47-1713/ 2 20T, 7133/ 2 4a,t, 4Tb13/ 2

The first element of (A.19) is given by

82‘/ . 9|W0|2V
o7 o

1+ !
20T,

(46;5)2)

(A.20)

in agreement with [4]. Others elements are easy calculated: they are given by

82‘/ B 2(1,3’W0|2V

L S
dasts  (4asTs)?

2 9/2
or: T,
82V . _3as|WO|2V 1 — 5 + 4
0Ty T, - 7_()11/2 dagt, (40,57'5)2

(A.21)

(A.22)
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so together with (A.20) and recalling (A.19) one has

2y as 2y
e (14 58) -t (1o p o)
ij _ 427—b sTs 227—b 2 sTs sTs (A23)
3as|Wo v af|Wol|*v
- 27|_b119‘2 (1 - 4as‘rS + (4as47'5)2> L_;’/O2| (1 - 4a57'S + (4as67'5)2)
A.5 Lagrangian in terms of canonically normalized

fields

In this section we show how to write (4.16). Let’s begin with the kinetic terms

T Hor = gvT X Hl—v
0,01 - KC-0"0T =0, \/5((1)) +\/§( )] IC(?[\/_¢—|—

1 1

7%

where the normalization condition (4.11) was used. Now let us see the potential energy,

in particular the mass term has
ot - M? . 6r =677 K- -K'M?*. 61

_ [3(%)T+%(vx) } KK M {%vqfi— 50 }
= [ S5twe)+ S| ke [ Tt
= %%‘DQ + ;mXXQ

where eigenvalues equations (4.12) were used. Then we have to recover the Maxwell

lagrangian and the interaction term; for this purpose set Mp; = 1

KTs Flu F* = k ((15) + 075) F W F"
= K (Ts) Flu F* + k075 F,) , M
Setting
1
Kk (Ts) Fl F* = 2 G G"

and evidently

1
F, F¥"=——@a,G"
K 4 (15
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one obtains

v v 1 v 1 v
/€<TS>FHVFM —FK(STSFW,FM IA_LG'WJGM +l€57—5mGMVG#

0T
(7s)

Renaming G with F' and recalling the expression of §7, in terms of ® and y

1 P(vg)s s
K T F,uVFlW — _F;WFMV o ( (U‘b) + X(UX) )
4 4\/§<7—S>

The matrix K" M? of (4.17) is obtained by a simply multiplication of matrix. This is

1
= 1 GG + 5 GG

a tedious calculation, but there are no difficulties in having the expression (4.17). Its

eigenvalues are mg and m? and we know that m3 > m?2, then at the leading order in ¢

Tr (K" M?) = (mj +m?) ~mg
Det (K~'M?) = mémi
Det (IC™' M?) )
——Zl ~m
Tr (KK~ M?) X
These quantities are easy calculated

2a (T4 ) | Wo|*v
T3 [ —9(1—"7e)+

- (4555) ()
_ 8a}(r)' | Wol*y
3(m)3

4CLS <Tb>3/2

Tr (K™'M?) = ()12

(1 — 3e + 662)

Det (JC-1 M2) = 20 (ngjgﬂ;oﬁ’/z { —9(1-7e)- —4‘287 <;ﬁ>/z/2 (1 —3€+66%)—
+ 6a4(7) (1 — 5e + 16€?) - (1 — 5e + 16¢2) %}
 18ay (1) Wy |'v?
<Tb>15/2 (Ts>1/2
Det (KK~ M2) (18as<Ts>2|Wo|4V2) ( 3(m)° >
Tr (]C—lMg) (Tb>15/2<7's>1/2 8a?2 (TS>1/2\W0|21/
27|Wo|*v

T day (15) ()92
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Next we want the eigenvectors relatives to these eigenvalues. In other words we have to

K M? (Ev‘b b) =m2 <(U‘I’;b> (A.24)

(
(v A25
(0,) ) (A.25)

solve

Let’s start with (A.24). Recall that 7, > 7, > 1, € = (4das(7,))"! and we are interested

at the leading order in 7.

2a,(7)|Wo|*v —9(1 = Te) Gas(m) (1 —5e +16€%) ) ((va)o) _ o ((ve)s
3(m)?2 \ =S (1 - Be+4e2) 21— 3e+66%) ) \ (va), *\ (va)s

This is equivalent to the following relations

a2 Ts 1/2 021/ As(Ts 021/
8a 3><7—b>|;/v | (Vo )y = %[ 9(ve)p + 6a5<7'b>(v¢)8] (A.26)
8a2 () V2 [Wy |2v 2, (T [Wol?v [ 6(r)1/2 day(m)?

3<Tb>3 'Ucb)s = 3<Tb>9/2 |: <7_ >1/2 (U ) + W(’U@)S} (A27)

From the first of these

8a? (1, )2\ Wo|?v ) 2a,(1s) |[Wo|*v
Vg )y ~ — S L
3(m)? P 3 ()

6as(m) (ve)s

while the second tells us nothing new. We have the relation between (ve), and (ve)s

(va) 8a(t )V Wol?v  3(m)"/? 1

Vp)s =

® 3()3 20 (1) [Wo|2v 6a,(T)
2<Tb>1/2

= 3ry ek
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Employing the normalization condition

1=vL K vy = ((U@)b (vq>)s> (i: E:) (Ezz;z)

3 9 (rs)1/2
= (vo) (1 Aol i T B(m) ! (ve)
= Wa)p 3(r) 172 ) | 9(r)1/? 3 2omy1/2 | \Ve)b
)

3(Ts

o

B 1
— (U@)g (0 m + O(’Tb 5/2)> <2<7'b>1/2) (U<I>)b

[y + 06D ook

from which it is easy to see that
v — (Uq:')b \/6<Tb>1/4 <TS>3/4 (A 28)
" 248 (), ) |
Now we have to solve (A.25)

2a,(1,)|[Wo|?v —9(1 — Te) 6as(Ty) (1 — 5e + 16€2) (V)b 2 (Uy )b
3(my) /2 S (1 — e + 4¢) das(m)/2 (1—3e+6€%) ) \(vy)s N\ (vy)s

(1s)1/2 (rs)1/2
so we have
27|Wo|*v 20, (T, ) | Wo|*v
i R B S A ULV Rl B BN 6a s A .29
4as<Ts><Tb>g/2 (Ux)b 3<Tb>9/2 (Ux)b+ a <Tb>(v><) ( )
27|Wo|*v 2a,(1s) |[Wo|*v 6()1/? dag ()32
- = — —_— s A.30
4as<75><7—b>9/2 (Ux)s 3<Tb>9/2 <7_8>1/2 Vo )p + <7_8>1/2 (Ux) ( )

From the first of these

2a (74 ) | Wo|*v 27|Wo|?v
(vx)s ~ W( as()) W(Ux)s
27 27€2
- 16a§<7—s>2<7—b> (UX)S - as <Tb> (Ux)b
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Normalization requires

1=o" K- v, = ((Ux)b (vx)s> (llgbz ;ﬁ:) (EZX;I;)

r)1/2
T 272 4(735)2 _Zinis/? 1
= (s <1 m) 9(rs)1/? 3 pre | (Vb
)

8 ()52 8(mp)3/2(rs)1/2 as (T

— T 3 24362 Ts 1/2 9 Ts 1/2 8 E2 1
= (Ux)b <4<Tb)2 - 8as<’<rb>;/2 _827'1,;5/2 + 8113(7'b>51/2<7's>1/2> ( 272 ) (Ux)b

as(Tp)

= (@F (325 + OUm) ™) O((m)~2) ( o ) (v

~ | + Ot 02

from which one has the expression (v, )p, that is

4

(0x )b = §<7b>

Remembering the first of (A.29) we obtain

27|W0|2I/ 3<Tb>9/2 4 | %7‘ a ) (o
Tay () ()72 2a (o) W \ 347 = [ 9\/;< b) + G X)S}

27|Wo |*v 3?81 4, 2y [4
da, (r) (1) 20, (ry) [Wol2v — 8a2(r,)? \EW = (162 )\[3%)

and since € < 1 we are left with

4
9\/;<Tb> ~ 6a(7) (Ux)s

The correctly normalized eigenvector is

vy = ((vx)b> _ \/§<Tb> (A31)

but
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A.6 The VEV of the flaton

In this section we want to justify the assumption (o) = M > 10'° GeV. Keeping |o|

as variable, the critical points are the solution of V'(|o|) = 0. This implies

27 2n
m+2 _ mgMp; A 392
o] (n+ 2n, (A.32)

We now verify that this is a minimum for the effective potential. The second derivative
is

V'(lo]) = —2ma + 2(n + 2)(2n + 3)\, M " o2 (A.33)
and using the result (A.32)

2 2n

= (2n+ 1)m}

Since (2n+1)mZ > 0, the critical point found in (A.32) is a minimum, so setting (o) = M,

one has the following relation

2M2n
Atz = Mol A 34
(n+2)\, ( )
and the flaton has an effective mass squared m? = V" (M)/2, that is
m2 = 2(n+1)m (A.35)
We can rewrite (A.34) as a function of m?2 instead of m
m2
M2n+2M};l2n — o <A36)

2(n+1)(n+2)\,

To estimate the VEV, suppose that only the first term of (3.2) dominates and Ay ~ 1,
then it is easy to see that M = (3A;)~Y4(moMp;)*/? ~ (3X\;)~1/* x 1010 to 10! GeV. If
there are two terms and the second is dominating with Ay ~ 1, then M = (4\5) Y% (mg)Y/?(Mp;)?/? ~
(4X1)71/6 x 10" GeV. So the claim M > 10'° GeV is justified. The height of the barrier
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Vo follows from V(M) =0

0:»@_n£M2+Adugww%:

1
VozmgM2<1— )

n+2
m2M?
" 2(n+2)

2 2n
msMp,

(n+2)\,

)
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