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Abstract
This thesis aims to examine the behaviour of the Fierz-Pauli theory of massive gravity

in a curved spacetime. Massive gravity has a long history, dating back to the 1930s when
Wolfgang Pauli and Markus Fierz first developed a theory of a massive spin-2 field prop-
agating on a flat spacetime background. The latter theory can be obtained by linearizing
the Einstein-Hilbert action of general relativity, leading to the kinetic part of the Fierz-
Pauli action, which alone describes massless gravity. Then, a mass term can be introduced,
making the theory massive. The Fierz-Pauli theory is linear, i.e. without considering self-
interactions. It was later realized in the 1970s that theories of a massive graviton generally
suffer from dangerous pathologies, including a ghost mode and a discontinuity with general
relativity in the limit where the graviton mass goes to zero. These problems arise whenever
we try to formulate non-linear theories. The discontinuity problem in the massless limit
was solved with the so-called Vainshtein mechanism in 1972. Solutions to the ghost’s prob-
lem had existed for some time in three spacetime dimensions, but they were not found in
four dimensions and higher until the work of Claudia de Rham, Gregory Gabadadze, and
Andrew Tolley (dRGT model) in the 2010s.

In this thesis, we consider the Fierz-Pauli theory of linearized massive gravity in an
Einstein space. The aim is to study the one-loop effective action of this theory employing the
heat kernel method, which consists in a variety of perturbation methods applied to minimal
second order operators on manifolds, which allow us to study asymptotic expansions and
singularities of Green functions. It is a powerful technique in mathematical physics, with
applications ranging from black hole entropy to mathematical finance. In the Fierz-Pauli
model of massive gravity, the operator entering the heat kernel is non-minimal, so we need
ways to relate it to minimal operators in order to avoid a rather tedious treatment of the
heat kernel expansion in the presence of non-minimal operators, which can be analyzed
either by means of covariant projectors [1] or by employing the reduction method suggested
by Barvinsky and Vilkovisky [2]. Our approach is based on computing the path integral of
the Fierz-Pauli action with the Faddeev-Popov procedure, using appropriate gauge-fixing
functions. In fact, the addition of a mass term to the action for massless gravity breaks the
gauge symmetry of the theory, which is the general coordinate invariance. Because of this,
the Fierz-Pauli theory of massive gravity is not a gauge theory and, of course, a gauge-
fixing cannot be performed. Nevertheless, by first introducing new fields in the theory with
the so-called Stückelberg trick, we can restore a gauge symmetry to the theory. These
manipulations allow us to perform the computation of the path integral and the evaluation
of the heat kernel coefficients by using the well-known Seeley-DeWitt method.
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Introduction

In this thesis, we use the heat kernel method to study the one-loop effective action of
linearized massive gravity, the theory of a spin-2 massive particle in a curved spacetime.
We specifically work in an Einstein space of dimension D with Euclidean signature.

In the first chapter we briefly introduce two quantum field theory concepts used later
on in the thesis: the Faddeev-Popov procedure and the background field method.

In the second chapter we explain in details what the heat kernel is and the technique
for calculation of heat kernel coefficients. We describe the Seeley-DeWitt method, valid
for minimal differential operators of second order, which allows us to write the one-loop
effective action of a quantum field theory as a power series of heat kernel coefficients, which
is possible if the theory is massive.

In the third chapter we describe the theory of massive gravity in flat spacetime.
Starting from the free Fierz-Pauli action, we can count the number of degrees of freedom in
the theory and then examine the discontinuity which arises when we consider the massless
limit of the theory. Finally, we describe the Stückelberg trick, used to introduce new fields
in the theory in order to perform a correct massless limit without losing degrees of freedom.
This chapter is the building block to extend the theory in curved spacetime.

The fourth and last chapter is the core of this thesis. Putting all the pieces together
from the previous chapters, we start with the Fierz-Pauli action in a spacetime with a
curved fixed background. In our case, we work in an Einstein spacetime. This action,
written in its initial form, is not useful for the calculation of the heat kernel coefficients
with the Seeley-DeWitt method as the kinetic operator is not minimal. So, we can perform
the Stückelberg trick described in chapter 3, introducing two new fields, in order to restore
a gauge symmetry to the theory. We can then choose appropriate gauge-fixing functions
and finally rewrite the action in a diagonal form, with all the operators of second order and
minimal. With the Faddeev-Popov procedure, described in chapter 1, we can compute the
path integral of the theory and then, with the Seeley-DeWitt method, described in chapter
2, we can calculate the heat kernel coefficients and write down the one-loop effective action
for linearized massive gravity in an Einstein spacetime up to the finite cubic terms in
curvatures in D = 4.
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1 Elements of quantum field theory

This chapter serves as a brief introduction. We quickly review two quantum field theory
concepts we will use again in the next chapters of this thesis: the Faddeev-Popov procedure
and the background field method. The main reference is [3].

1.1 Faddeev-Popov procedure

In this section we briefly describe the Faddeev-Popov procedure, used in the quantization
of gauge theories, in order to construct a well-defined QFT.

In order to start with our treatment, let’s consider the case of Maxwell theory, a gauge
theory which enjoys a U(1) local symmetry, in D = 4

S[A] =

∫
d4x

(
− 1

4
FµνF

µν

)
(1.1.1)

Z =

∫
DA exp (iS[A]) ∼ ∞ , (1.1.2)

with Fµν ≡ ∂µAν − ∂νAµ. The path integral diverges because we are summing over an
infinite number of gauge equivalent configurations

Aµ(x)→ Ag
µ(x) = Aµ(x) + ig(x)∂µg

−1(x) , g(x) = exp (iα(x)) ∈ U(1) , (1.1.3)

which have the same value of the action, S[Ag] = S[A] . The field space decomposes into
inequivalent gauge orbits.

We’d like to define the path integral in order to get a finite and gauge invariant result

Z =

∫
DA

Vol(Gauge)
exp (iS[A]) ∼ finite , (1.1.4)

with Vol(Gauge) as the infinite volume of the gauge group. This definition can be imple-
mented by using a gauge-fixing function à la Faddeev-Popov, where unphysical ghost fields
are introduced to exponentiate a measure factor. The gauge-fixing function should pick
just one representative from each gauge orbits, as shown in Figure 1.

Let’s start the description of the Faddeev-Popov procedure. The idea is to use a gauge-
fixing condition like in Figure 1 and insert the identity, written as

1 =

∫
df δ(f) =

∫
dy

∂f(y)

∂y
δ(f(y)) , (1.1.5)
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Figure 1: Gauge fixing

in the path integral to extract the volume of the gauge group. This can be generalized to
n-dimensions as

1 =

∫
dnf δ(n)(f) =

∫
dny det

(
∂f i(y)

∂yj

)
δ(n)(f(y)) , (1.1.6)

with f as a vector with n components. We can extend it also to functional integrals

1 =

∫
Dg δ

(
f(Ag(x))

)
Det

(
δf(Ag(x))

δg(y)

)
, (1.1.7)

with Dg as a gauge invariant measure so that∫
Dg = Vol(Gauge) (1.1.8)

and Det as a functional determinant, known as Faddeev-Popov (ΦΠ) determinant. The
"delta functional" δ(f(x)) means that the whole function f(x) is set to vanish.

Let’s now compute (1.1.4), plugging in (1.1.7)

Z =

∫
DA

Vol(Gauge)
exp (iS[A]) =

=

∫
DA

Vol(Gauge)

∫
Dg δ

(
f(Ag(x))

)
Det

(
δf(Ag(x))

δg(y)

)
exp (iS[A]) =

=
1

Vol(Gauge)

∫
DAg

∫
Dg δ

(
f(Ag(x))

)
Det

(
δf(Ag(x))

δg(y)

)
exp (iS[Ag]) =

=

∫
Dg

Vol(Gauge)

∫
DAδ

(
f(A(x))

)
Det

(
δf(Ag(x))

δg(y)

)∣∣∣∣
g=1

exp (iS[A]) =

=

∫
DAδ

(
f(A(x))

)
Det

(
δf(Ag(x))

δg(y)

)∣∣∣∣
g=1

exp (iS[A]) .

(1.1.9)

In these manipulations we have first inserted the identity (1.1.7) and then used the
fact that the action and the measure are both gauge invariant, namely S[Ag] = S[A] and
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DAg = DA. This is certainly true for the classical action, but it is an assumption for the
measure (related to the regularization methods used to make sense of the diverging Feynman
diagrams of the perturbation expansion). Then we have changed variables from Ag to A,
so that nothing depends on g(x) anymore and the integration on Dg can be factorized out
to cancel the infinite gauge volume Vol(Gauge). The final expression is correct, but can be
written in a more useful form:
(1) we can introduce ghosts, i.e. anticommuting fields c(x) and c̄(x) to exponentiate the
ΦΠ determinant.
(2) we can modify the gauge-fixing function to get rid of the delta functional from the
integral. Instead of setting f(A(x)) = 0 we can set f(A(x)) = h(x), with h(x) as an
arbitrary function, and then functionally average over the function h(x) with the gaussian
weight exp− i

2ξ

∫
h2, with ξ as a parameter. The physical quantities should not depend on

ξ. If we perform this calculations, we find

Z =

∫
DA

∫
Dc

∫
Dc̄

∫
Dhδ

(
f(A(x))− h(x)

)
×

× exp

[
i

(
S[A] +

∫
d4x d4y c̄(x)

δf(Ag(x))

δg(y)

∣∣∣∣
g=1

c(y)− 1

2ξ

∫
d4xh2(x)

)]
,

(1.1.10)

which is simplified by path integrating over h(x) to eliminate the delta functional and find
the gauge-fixed total action STOT in the exponent

Z =

∫
DA

∫
Dc

∫
Dc̄ exp

[
i

(
S[A] +

∫
d4x d4y c̄(x)

δf(Ag(x))

δg(y)

∣∣∣∣
g=1

c(y)+

− 1

2ξ

∫
d4xh2(x)

)]
=

=

∫
DA

∫
Dc

∫
Dc̄ exp

(
iSTOT [A, c, c̄]

)
.

(1.1.11)

Finally, the ghosts can be integrated out and eliminated, as, depending on the choice of the
gauge-fixing function, they contribute at most to an overall normalization factor.

To exemplify the above construction, let’s choose as gauge-fixing function

f(A) = ∂µAµ , (1.1.12)

which corresponds to the Lorenz gauge for the path integral in (1.1.9) and to a weighted
Lorenz gauge, called also Rξ for the path integral in (1.1.11). Under a gauge variation
δAµ = ∂µα

δf(A) = ∂µδAµ = ∂µ∂µα (1.1.13)

and so
δf(Ag(x))

δg(y)

∣∣∣∣
g=1

∼ δf(A(x))

δα(y)
= ∂µ∂µδ

4(x− y) (1.1.14)
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whose ΦΠ determinant can be reproduced by path integrating over the ghost fields c(x)
and c̄(x). Thus, the gauge fixed action reads

Stot[A, c, c̄] = S[A] +

∫
d4x

[
− ∂µc̄ ∂µc−

1

2ξ
(∂µAµ)

2

]
. (1.1.15)

The corresponding total lagrangian is

Ltot = −
1

4
FµνF

µν − ∂µc̄ ∂µc−
1

2ξ
(∂µAµ)

2 (1.1.16)

which, up to total derivatives, usually dropped, can be written as

Ltot = −
1

2
∂µAν∂µAν − ∂µc̄ ∂µc+

1

2

(
1− 1

ξ

)
(∂µAµ)

2 . (1.1.17)

In the Feynman gauge (ξ = 1) we have

Ltot = −
1

2
∂µAν∂µAν − ∂µc̄ ∂µc . (1.1.18)

The path integral is now well-defined; we can add sources and compute propagators, which,
in the Feynman gauge, read as

⟨Aµ(x)Aν(x)⟩ =
∫

d4p

(2π)4
exp

(
ip(x− y)

) −iηµν
p2 − iϵ

, (1.1.19)

⟨c(x)c̄(x)⟩ =
∫

d4p

(2π)4
exp

(
ip(x− y)

) −i
p2 − iϵ

. (1.1.20)

The Faddeev-Popov procedure will be used in chapter 4 to compute the path integrals
in the theory of massive gravity in an Einstein space.

1.2 Background field method

The effective action is the generator of one-particle irreducible (1PI) graphs. It is considered
as a classical action that includes all quantum corrections. The background field method is
a useful technique for computing the effective action. In this section we will present it for
a scalar theory.

The various generating functionals for a field ϕ with action S[ϕ] are

Z[J ] = exp
(
iW [J ]

)
=

∫
Dϕ exp

(
iS[ϕ] + iJiϕ

i
)

(1.2.1)
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and
Γ[φ] = minJ

{
W [J ]− Jiφi

}
, (1.2.2)

with Z[J ] as generating functional of correlation functions, W [J ] as the generating func-
tional of connected correlation functions, J as an arbitrary function called "source" and
Γ[φ] as the effective action, defined as the Legendre transform of W [J ]. In the background
field method we first split the variable ϕ as

ϕ(x) = φ(x) + ϕ̃(x) , (1.2.3)

with φ(x) as an arbitrary fixed classical background and ϕ̃(x) as the quantum field to
be quantized (path-integrated over in our case). φ(x) is just an inert spectator in the
quantization process.

Then, we define

ZB[J̃ ;φ] = exp
(
iWB[J̃ ;φ]

)
=

∫
Dϕ̃ exp

(
iS[ϕ̃+ φ] + iJ̃iϕ̃

i
)

(1.2.4)

and
ΓB[φ̃, φ] = maxJ̃

{
WB[J̃ ;φ]− J̃iφ̃i

}
. (1.2.5)

By changing path integration variables ϕ̃→ ϕ = ϕ̃+φ in (1.2.4) and (1.2.5) and considering
that the measure is invariant under translations, we find

ZB[J̃ ;φ] = Z[J̃ ] exp
(
− iJ̃iφi

)
(1.2.6)

so
WB[J̃ ;φ] =W [J̃ ]− J̃iφi (1.2.7)

and
ΓB[φ̃, φ] = Γ[φ̃+ φ] . (1.2.8)

Hence
Γ[φ] = ΓB[0, φ] . (1.2.9)

Therefore, the standard effective action Γ[φ] can be computed as the sum of 1PI vacuum
diagrams in presence of the background field φ.

Let’s now review once more the generating functionals in QFT and check perturbatively
that the effective action contains only 1PI diagrams. We use the Euclidean version of QFT.

The standard functionals in Euclidean QFT are defined by

Z[J ] = exp

(
1

ℏ
W [J ]

)
=

∫
Dϕ exp

(
− 1

ℏ
S[ϕ] +

1

ℏ
Jiϕ

i

)
(1.2.10)
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and
Γ[φ] = Jiφ

i −W [J ] , with φi =
δW [J ]

δJi
(1.2.11)

with the effective action Γ[φ] obtained by evaluating the right-hand side, using Ji = Ji(φ),
that inverts the defining relation φi = δW [J ]

δJi
. Now we can invert the Legendre transforma-

tion, defining Γ[φ] by

W [J ] = Jiφ
i − Γ[φ] , with Ji =

δΓ[J ]

δφi
. (1.2.12)

With these relations, we find an equation for the effective action Γ[φ]

exp

[
− 1

ℏ

(
Γ[φ]− δΓ[φ]

δφi
φi

)]
=

∫
Dϕ exp

[
− 1

ℏ

(
S[ϕ]− δΓ[φ]

δφi
ϕi
)]

. (1.2.13)

With a change of variables that implements the shift ϕ → ϕ + φ in the path integral, we
can write

exp

(
− 1

ℏ
Γ[φ]

)
=

∫
Dϕ exp

[
− 1

ℏ

(
S[ϕ+ φ] +

1

ℏ
δΓ[φ]

δφi
ϕi
)]

. (1.2.14)

We use this equation to study the ℏ expansion, i.e. the expansion in loops, which are
counted by the parameter ℏ. We recognize the structure of the background field method.

Let’s now expand the classical action in a Taylor series

S[ϕ+ φ] =

∞∑
n=0

1

n!
Sn[φ]ϕ

n , (1.2.15)

with
Sn[φ] =

δnS[φ]

δφn
. (1.2.16)

With a similar notation, we can write

δΓ[φ]

δφ
= Γ1[φ] . (1.2.17)

Rescaling ϕ→
√
ℏϕ, we find

exp

(
− 1

ℏ
Γ[φ] +

1

ℏ
S[φ]

)
=

∫
Dϕ exp

(
− 1

2
S2[φ]ϕ

2 −
∞∑
n=3

ℏ
n
2
−1

n!
Sn[φ]ϕ

n+

+
1√
ℏ
(
Γ1[φ]− S1[φ]

)
ϕ

)
,

(1.2.18)
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which depends only on Γ̄[φ] = Γ[φ]− S[φ] . Expanding Γ̄[φ] in powers of ℏ

Γ̄[φ] =
∞∑
n=1

ℏnΓ̄(n)[φ] (1.2.19)

one obtains the following master equation

exp
(
−

∞∑
n=1

ℏn−1Γ̄(n)[φ]

)
=

∫
Dϕ exp

(
− 1

2
S2[φ]ϕ

2 −
∞∑
n=3

ℏ
n
2
−1

n!
Sn[φ]ϕ

n+

+
∞∑
n=1

ℏn−
1
2 Γ̄

(n)
1 [φ]ϕ

)
,

(1.2.20)

which we analyze by matching powers of ℏ in the perturbative expansion. In the exponential,
the first term 1

2S2[φ]ϕ
2 corresponds to the propagator, the second term

∑∞
n=3

ℏ
n
2 −1

n! Sn[φ]ϕ
n

to the vertices and the third one,
∑∞

n=1 ℏ
n− 1

2 Γ̄
(n)
1 [φ]ϕ, to the extra vertices that remove

diagrams which are not 1PI.

At one loop (n = 1), we get from (1.2.20)

exp
(
− Γ̄(1)[φ]

)
=

∫
Dϕ exp

(
− 1

2
S2[φ]ϕ

2 +O(ℏ
1
2 )

)
=
(
DetS2[φ]

)− 1
2
=

= exp
[
− 1

2
log
(
DetS2[φ]

)]
,

(1.2.21)

so that
Γ̄(1)[φ] =

1

2
log
(
DetS2[φ]

)
=

1

2
Tr
(
logS2[φ]

)
. (1.2.22)

Hence, at one loop, the effective action is given by

Γ[φ] = S[φ] +
ℏ
2
Tr
(
logS2[φ]

)
+O(ℏ2) . (1.2.23)

This approach will be generalized in chapter 2 for arbitrary fields in n dimensions and
used in chapter 4 to compute the one loop effective action of linearized massive gravity.
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2 Heat kernel

In this chapter we review the mathematical foundations of the heat kernel method and show
its connection with the effective action defined in the background field method in chapter
1. We also show the technique for computing the Seeley-DeWitt coefficients. Our main
reference is [4].

2.1 Generating functional, Green functions and effective action

Let’s consider an arbitrary field φ(x) on a n-dimensional spacetime given by its contravari-
ant components φA(x) that transform with respect to some representation of the diffeomor-
phism group. The field components φA(x) can be of both bosonic and fermionic nature.
The fermionic components are treated as anticommuting Grassmann variables [5]

φAφB = (−1)ABφBφA (2.1.1)

where the indices in the exponent of the (−1) are equal to 0 for bosonic indices and to 1 for
the fermionic ones. In order to build a local action functional S(φ) we also need a metric
of the configuration space EAB, i.e. a scalar product

(φ1, φ2) = φA
1 EABφ

B
2 , (2.1.2)

which enables us to define the covariant field components

φA = φBEBA , φB = φA(E
−1)AB , (2.1.3)

where (E−1)AB is the inverse matrix

(E−1)ABEBC = δAC , EAC(E
−1)CB = δA

B . (2.1.4)

The metric EAB must be non-degenerate both in bose-bose and fermi-fermi sectors and
satisfy the supersymmetry conditions

EAB = (−1)A+B+ABEBA , (E−1)AB = (−1)AB(E−1)BA . (2.1.5)

In the case of gauge-invariant field theories we assume that the corresponding ghosts are
included in the set of the fields φA and the action S(φ) is modified by the inclusion of the
gauge-fixing and the ghosts. In the future we’ll use the DeWitt notation i ≡ (A, x) and
φi ≡ φA(x) [6, 7]. The combined summation-integration looks like

φ1,i φ
i
2 ≡

∫
dnxφ1,A(x)φ

A
2 (x) . (2.1.6)
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Now let’s consider two causally connected in and out regions in the spacetime that lie in
the past and in the future respectively relative to the region. Let’s define the vacuum
states |in, vac⟩ and |out, vac⟩ in these regions and consider the vacuum-vacuum transition
amplitude

⟨out, vac | in, vac⟩ ≡ exp
{
i

ℏ
W (J)

}
(2.1.7)

in presence of some classical background sources Ji vanishing in the in and out regions.
The amplitude (2.1.7) can be expressed in form of a formal functional integral [8, 9, 10]

exp
{
i

ℏ
W (J)

}
=

∫
dφM(φ) exp

{
i

ℏ
[S(φ) + Jiφ

i]

}
, (2.1.8)

withM(φ) as a measure functional, determined by the canonical quantization of the theory
[11, 12]. W (J) is the generating functional for the Schwinger averages

〈
φi1 · · · φik

〉
= exp

{
− i

ℏ
W (J)

}(
ℏ
i

)k δkL
δJi1 · · · δJik

exp
{
i

ℏ
W (J)

}∣∣∣∣∣
J=0

, (2.1.9)

with
⟨F (φ)⟩ ≡ ⟨out, vac|T (F (φ)) |in, vac⟩

⟨out, vac | in, vac⟩
, (2.1.10)

with δL as the left functional derivative and T as the operator of time ordering. The first
derivative of the functional W (J) gives the mean field〈

φi
〉
≡ Φi(J) =

δL
δJi

W (J) . (2.1.11)

The second derivative determines the propagator〈
φiφj

〉
= ΦiΦk +

ℏ
i
Gik (2.1.12)

with

Gik(J) =
δ2L

δJiδJk
W (J) . (2.1.13)

The higher derivatives give the many-point Green functions

Gi1···ik(J) =
δkL

δJi1 · · · δJik
W (J) . (2.1.14)

The generating functional for the vertex functions, called the effective action Γ(Φ), is defined
by the functional Legendre transform

Γ(Φ) =W (J)− JiΦi , (2.1.15)
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where the sources are expressed in terms of the backgrond fields J = J(Φ), by the inversion
of the functional equation Φ = Φ(J) (2.1.11).

The first derivative of the effective action gives the sources

δR
δΦi

Γ(Φ) ≡ Γ,i(Φ) = −Ji(Φ) . (2.1.16)

The second derivative determines the propagator

δLδR
δΦiδΦk

Γ(Φ) ≡Dik(Φ) , with Dik = (−1)i+k+ikDki ,

DikGkn = −δin ,
(2.1.17)

with δR as a right functional derivative.
The higher derivatives determine the vertex functions

Γi1···ik(Φ) =
δkR

δΦi1 · · · δΦik
Γ(Φ) . (2.1.18)

From (2.1.15) and (2.1.8) it’s easy to obtain the functional equation for the effective action

exp
{
i

ℏ
Γ(Φ)

}
=

∫
dφM(φ) exp

{
i

ℏ

[
S(φ)− Γ,i(Φ)(φ

i − Φi)
]}

. (2.1.19)

By differentiating (2.1.16) w.r.t. the sources, we can express all the many-point Green
functions (2.1.14) in terms of the vertex functions (2.1.18) and the propagator (2.1.12). A
many-point Green function is represented by all kinds of tree diagrams with a given number
of external lines. Thus when using the effective action functional for the construction of the
S-matrix we need only the tree diagrams, since all quantum corrections determined by the
loops are already included in the full propagator and the full vertex functions. Therefore,
the effective equations (2.1.16) in absence of classical sources (J = 0)

Γ,i(Φ) = 0 , (2.1.20)

describe the dynamics of the background fields with regard to all quantum corrections.

Working directly with the effective action is an advantage. It contains all the informa-
tions needed to build the standard S-matrix [13, 14, 12] and it gives the effective equations
(2.1.20) that enable us to take into account the influence of the quantum effects on the
classical configurations of the background fields [15, 16].

The formal scheme of quantum field theory we have described has a concrete meaning
in the framework of perturbation theory in the number of loops [8, 9, 10]:

Γ(Φ) = S(Φ) +
∑
k≥1

ℏkΓ(k)(Φ) . (2.1.21)
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Plugging (2.1.21) into (2.1.19), shifting the integration variable in the functional integral
φi = Φi +

√
ℏϕi, expanding the action S(φ) and the measure M(φ) in the quantum fields

ϕi and equating the coefficients at equal powers of ℏ, we obtain the recurrence relations
that uniquely define all the coefficients Γ(k). All the functional integrals are gaussian and
can be calculated easily [17], as briefly described in the previous chapter. As the result,
the diagrammatic technique for the effective action is reproduced. The elements of this
technique are the bare one-point propagators, i.e., the Green functions of the differential
operator

∆ik(φ) =
δLδr
δφiδφk

S(φ) (2.1.22)

and the local vertices, determined by the classical action S(φ) and the measure M(φ). In
particular, the one-loop effective action has the form

Γ(1)(Φ) = −
1

2i
log

sDet∆(Φ)

M2(Φ)
, (2.1.23)

with
sDet∆ = exp(sTr log∆) (2.1.24)

as the Berezin superdeterminant [5] and

sTrF = (−1)iF i
i =

∫
dnx(−1)AFA

A(x) (2.1.25)

as the functional supertrace.
The local functional measure M(φ) can be taken in the form of the superdeterminant

of the metric of the configuration space

M = (sDetEik(φ))
1
2 , (2.1.26)

with
Eik(φ) = EAB(φ(x))δ(x, x

′) . (2.1.27)

In this case dφM(φ) is the volume element of the configuration space that is invariant
under the point transformations of the fields: φ(x)→ F (φ(x)). Using the multiplicativity
of the superdeterminant, the one-loop effective action with the measure (2.1.26) can be
rewritten as

Γ(1)(Φ) = −
1

2i
log sDet∆̂ , (2.1.28)

with
sDet∆̂i

k = (E−1)in∆nk . (2.1.29)

The local measure M(φ) can be also chosen so that the leading ultraviolet divergences in
the theory, proportional to δ(0), vanish [18, 19].
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2.2 Green functions of minimal differential operators

The construction of Green functions of arbitrary differential operators (2.1.22), (2.1.29)
can be finally reduced to the construction of the Green functions of the minimal differential
operators of second order [2] with the form

∆i
k =

[
δAB(□−m2) +QA

B(x)
]
g

1
2 (x)δ(x, x′) , (2.2.1)

with gµν as the metric of the background spacetime, g as the modulus of the determinant
of the metric tensor, ∇µ as the covariant derivative and □ ≡ gµν∇µ∇ν .

The Green functions GA′
B(x, x

′) of the differential operator (2.2.1) are two-point objects,
which transform as the field φA(x) under the transformations of coordinates at the point
x and as the current JB′(x′) under the coordinate transformations at the point x′. The
indices belonging to the tangent space at the point x′ are labeled with a prime.

Now we can construct the solutions of the equation for the Green functions[
δAC(□−m2) +QA

C

]
GC

B′(x, x′) = −δABg
− 1

2 (x)δ(x, x′) , (2.2.2)

with appropriate boundary conditions, using the Fock-Schwinger-DeWitt proper time method
[20, 21, 19, 6, 22] in form of a contour integral over an auxiliary variable s

G =

∫
C
i ds exp

(
− ism2

)
U(s) . (2.2.3)

The evolution function, called also heat kernel, U(s) ≡ UA
B′(s|x, x′) satisfies the equation

∂

∂is
U(s) =

(
1̂□+Q

)
U(s) , with 1̂ ≡ δAB , (2.2.4)

with the boundary condition

UA
B′(s|x, x′)

∣∣∣
∂C

= −δABg
− 1

2 (x)δ(x, x′) , (2.2.5)

with ∂C as the boundary of the contour C. The evolution equation (2.2.4) is as difficult
to solve as (2.2.2). However, the representation of the Green functions in form of the
contour integrals over proper time, (2.2.3), is more convenient to use for the construction of
the asymptotic expansion of the Green functions in inverse powers of the mass and for the
study of the behaviour of the Green functions and their derivatives on the light cone x→ x′,
as well as for the regularization and renormalization of the divergent vacuum expectation
values of local variables. To obtain the causal Green function (Feynman propagator) one
has to integrate over s from 0 to ∞ and add an infinitesimal negative imaginary part to
the m2 [6, 22].
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Let’s now single out in the evolution function a rapidly oscillating factor that reproduces
the initial condition (2.2.5) at s→ 0

U(s) = i(4πs)−
n
2 ∆

1
2 exp

(
− σ

2is

)
P Ω(s) , (2.2.6)

with the world function σ(x, x′) as half the square of the geodesic distance between the
points x and x′;

∆(x, x′) = −g−
1
2 (x) det

(
−∇µ′∇ν σ(x, x

′)
)
g−

1
2 (x′) (2.2.7)

is the Van Vleck-Morette determinant and P ≡ PA
B′(x, x′) is the parallel displacement

operator of the field along the geodesic from the point x′ to the point x. The function
Ω(s) ≡ ΩA′

B′(s|x, x′) is called transfer function and transforms as a scalar at the point x
and as a matrix at the point x′. This function is regular in s at the point s = 0, i.e.,

ΩA′
B′(0|x, x′)

∣∣∣
x→x′

= δA
′
B′ (2.2.8)

independently on the way how x→ x′. Using the equations [6, 22]

σ =
1

2
σµσ

µ σµ ≡ ∇µσ , (2.2.9)

σµ∇µP = 0 PA
B′(x, x′) = δA

′
B′ , (2.2.10)

σµ∇µlog∆
1
2 =

1

2
(n−□σ) , (2.2.11)

we obtain from (2.2.4) and (2.2.6) the transfer equation for the function Ω(s)(
∂

∂is
+

1

is
σµ∇µ

)
Ω(s) = P−1

(
1̂∆− 1

2□∆
1
2

)
PΩ(s) (2.2.12)

If we solve this equation (2.2.12) in form of power series in the variable s

Ω(s) =
∑
k≥0

(is)k

k!
bk , (2.2.13)

we can write the asymptotic expansion of the heat kernel as

U(s) ∼ i(4πs)−
n
2

∑
k≥0

(is)k

k!
bk , (2.2.14)

known as Minakshisundaram-Pleijel equation and then, from (2.2.8) and (2.2.12), we get
the recurrence relations for the bk

σµ∇µb0 = 0 , bA
′

0 B′(x′, x′) = δA
′
B′ (2.2.15)
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(
1 +

1

k
σµ∇µ

)
bk = P−1

(
1̂∆− 1

2□∆
1
2 +Q

)
P bk−1 . (2.2.16)

The coefficients bk(x, x′) are known as Seeley-DeWitt coefficients [23, 24, 25, 26].

We can now move for further convenience to Euclidean time β ≡ is and exploit the
operatorial identity

logA = −
∫ ∞

0

dβ

β
exp(−βA) . (2.2.17)

By recalling the expressions (1.2.22) an (2.1.24) and setting A ≡ ∆̂, (2.1.28) becomes

Γ(1) =
1

2
log sDet∆̂ = −1

2

∫ ∞

0

dβ

β
sTr exp(−β∆̂) =

= −1

2

∫ ∞

0

dβ

β
exp
(
− βm2

)∫
dnx
√
g strU(β) ,

(2.2.18)

where the new notation str for the supertrace indicates

sTrA =

∫
dnx
√
g strA . (2.2.19)

By using the expansion (2.2.14) in Euclidean time β, the action (2.2.18) becomes

Γ(1) = −
1

2

∫ ∞

0

dβ

β
exp
(
− βm2

)∫ dnx
√
g

(4πβ)
n
2

str
∞∑
k=0

βk

k!
bk(n; x) , (2.2.20)

which is the general form of the effective action in terms of heat kernel coefficients. The n
in bk(n; x) refers to the dimension of the spacetime.

2.3 Calculation of Seeley-DeWitt coefficients

From the recurrence relation (2.2.16) we obtain the formal solution [27, 28, 29, 30]

bk =

(
1 +

1

k
D

)−1

F

(
1 +

1

k − 1
D

)−1

F · · · (1 +D)−1F , (2.3.1)

with the operator D defined by

(D − 2)σ = 0 , D ≡ σµ∇µ (2.3.2)

and F as
F = P−1

(
1̂∆− 1

2□∆
1
2 +Q

)
P . (2.3.3)
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Let’s also define the concept of coincidence limit of a function f

[f(x, x′)] ≡ lim
x→x′

f(x, x′) . (2.3.4)

In this section we’ll develop a convenient covariant and effective method that gives a practi-
cal meaning to (2.3.1). It will suffice to calculate the coincidence limits of the Seeley-DeWitt
coefficients bk and their derivatives.

First of all, we suppose that there exist finite coincidence limits of the Seeley-DeWitt
coefficients

[bk] ≡ lim
x→x′

bk(x, x
′) , (2.3.5)

that don’t depend on the way how the points x and x′ approach each other, i.e., the Seeley-
DeWitt coefficients bk(x, x′) are analytical functions of the coordinates of the point x near
the point x′. It can be proven that the Seeley-DeWitt coefficients can be expressed in form
of covariant Taylor series

bk =
∑
n≥0

|n⟩ ⟨n | bk⟩ , (2.3.6)

with |n⟩ as a complete set of eigenfunctions, By defining the inverse operator
(
1 + 1

kD
)−1

in form of the eigenfunctions expansion(
1 +

1

k
D

)−1

=
∑
n≥0

k

k + n
|n⟩ ⟨n| , (2.3.7)

from (2.3.1), we get

⟨n | bk⟩ =
∑

n1,···,nk−1≥0

k

k + n
· k − 1

k − 1 + nk−1
· · · 1

1 + n1
×

× ⟨n |F |nk−1⟩ ⟨nk−1 |F |nk−2⟩ · · · ⟨n1 |F | 0⟩ ,
(2.3.8)

where
⟨m |F |n⟩ =

[
∇(µ1

· · · ∇µm)F
(−1)n

n!
σν

′
1 · · · σν′n

]
, (2.3.9)

with
σµ

′
= ηµ

′
νσ

ν , ηµ
′
ν = ∇νσ

µ′
. (2.3.10)

As the operator F is a differential operator of second order, the matrix elements (2.3.9)
don’t vanish only for n ≤ m+2, so the summation (2.3.8) is always finite, and in particular
n1 ≥ 0, nj ≤ nj+1 + 2. The problem of computing Seeley-DeWitt coefficients is therefore
reduced to compute the matrix elements (2.3.9).
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The exact computation of the matrix elements is quite involved and will not be carried
out here; the results obtained by Avramidi [4], however, are in accordance with the earlier
ones by Gilkey [31] and De Witt [6, 32].

In order to show the outcome of these involved computations, it is useful to write the
operator (2.2.1) in the following simplified form

H ≡ −□− V . (2.3.11)

Now, we’ll denote by n = D the dimension of our spacetime manifold. The trace of the
heat kernel coefficients (2.2.14) can be written as

1

(4πs)
D
2

Tr

[ ∞∑
k=0

skak

]
≡ 1

(4πs)
D
2

Tr

[
exp

( ∞∑
k=0

skαk

)]
, (2.3.12)

where the functional trace Tr contains also a finite dimensional trace tr on the discrete
indices of the fields, with the new notation analogous to (2.2.19)

TrA =

∫
dnx
√
g trA (2.3.13)

and the heat kernel coefficients are related as

ak ≡
1

k!
bk with ak = αk + βk , (2.3.14)

with 

β0 = β1 = 0

β2 =
1
2α

2
1

β3 =
1
6α

3
1 + α1α2 .

(2.3.15)

By using (2.3.11) for the differential operator and by denoting the gauge field strength
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tensor as Rµν ≡ [∇µ,∇ν ], the first four coefficients are given by

α0(x) = 1 (2.3.16)

α1(x) =
1

6
R1 + V (2.3.17)

α2(x) =
1

6
□

(
1

5
R1 + V

)
+

1

180
(R2

µνρσ −R2
µν)1 +

1

12
R2

µν (2.3.18)

α3(x) =
1

7!

[
18□2R+ 17(∇µR)

2 − 2(∇µRνσ)
2 − 4∇µRνσ∇νRµσ+

+ 9(∇αRµνρσ)
2 − 8Rµν□R

µν + 24Rµν∇ν∇σR
µσ+

+ 12Rµνρσ□R
µνρσ − 208

9
Rµ

νRν
σRσ

µ +
64

3
RµνRρσR

µνρσ+

− 16

3
RµνR

µ
ρστR

νρστ +
44

9
Rµν

ρσRρσ
αβRαβ

µν+

+
80

9
RµνρσR

µαρβRν
α
σ
β

]
1+

+
2

6!

[
8(∇µRνσ)

2 + 2(∇µRµν)
2 + 12Rµν□Rµν − 12Rµ

νRν
σRσ

µ+

+ 6RµνρσRµνRρσ − 4RµνRµσRν
σ + 6□2V + 30(∇µV )2+

+ 4Rµν∇µ∇νV + 12∇µR∇µV
]
. (2.3.19)

The expressions above [33] will be used in chapter 4 to compute the heat kernel coeffi-
cients for massive gravity in curved spacetime.
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3 Massive gravity in flat spacetime

In this chapter we review the main aspects of massive gravity in a flat space. We will
first introduce the massless gravity theory and then see what happens when the graviton
becomes massive, leading to the Fierz-Pauli action for massive gravity. In chapter 4 we will
then formulate the massive gravity theory, but in a curved spacetime. Our main reference
is [34].

3.1 Gauge symmetries

Considering a field theory, we know the degrees of freedom (d.o.f.) are the particles, clas-
sified by their spin. In case of long range macroscopic forces, these degrees of freedom
are carried by bosonic fields, with integer spin s = 0, 1, 2, etc, due to the spin statistics
theorem. A field ψ, which carries a particle of mass m, satisfies the Klein-Gordon equation
(□ −m2)ψ = 0, whose solution a distance r from a localized source goes like ∼ exp (−mr)

r .
Long range forces have no exponential suppression, so they are described by massless fields
m = 0. Massless particles are described by how they transform under rotations trans-
verse to their direction of motion. The transformation rule is characterized by an integer
h ≥ 0 called helicity. When h = 2, the required gauge symmetry to have a manifestly
Lorentz covariant description is linearized general coordinate invariance. Asking for consis-
tent self-interactions leads uniquely to General Relativity (GR) and full general coordinate
invariance [35, 36, 37, 38, 39, 40, 41, 42].

Let’s now focus briefly on the nature of gauge symmetries. They are not fundamental
properties, but, to be more precise, redundancies in the description of a theory. In fact, we
can always fix the gauge and eliminate the gauge symmetry without breaking the global
symmetries, which are the true physical ones. Fixing a gauge doesn’t change the physics
of the system, but, in this case, the global symmetries and locality are not manifest. On
the other hand, if we start from a system with no gauge invariance, it’s always possible
to introduce gauge symmetry by putting in redundant variables. We will perform this
procedure by introducing Stückelberg fields in order to make any lagrangian invariant un-
der general coordinate diffeomorphisms. This possibility suggests that general coordinate
invariance is not a defining feature of GR. In fact, we can define GR as the theory of a
non-trivially interacting massless helicity 2 particle. The other properties are consequences
of this statement.

3.2 An historical overview

The theory of massive gravity propagates a massive spin 2 particle. A straightforward way
to formulate this theory is adding a mass term to the Einstein-Hilbert action, by giving a
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mass m to the graviton, in order to recover GR when m→ 0. As GR is the unique theory of
a massless spin 2 particle, we should consider that changing it means changing the degrees
of freedom. The possibility of a graviton mass has been studied since 1939, when Fierz and
Pauli [43] first wrote the action describing a free massive graviton.

However, introducing a mass produces new patologies in the theory, like non-linearities,
which increase as the mass shrinks, ghost-like instabilities and a very low cutoff. Also,
a new mechanism arises. The extra degrees of freedom carried by the massive graviton
must decouple themselves as m → 0 to restore GR. Unfortunately, this process is not as
clean as we should expect. In fact, in 1970, when there was a flurry of renewed interest
in quantum field theory, the linear theory coupled to a source was studied by van Dam,
Veltman, and Zakharov [44, 45], who discovered the curious fact that the theory makes
predictions different from those of linear GR even in the limit as the graviton mass goes to
zero. In fact, massive gravity in the m→ 0 limit gives a prediction for light bending which
is off by 25% from GR. This is known as vDVZ discontinuity.

This discontinuity is due to the fact that not all the d.o.f. decouple as the mass goes
to zero. The massive graviton has 5 spin states, which in the massless limit become the 2
helicity states of a massless graviton, 2 helicity states of a massless vector and a massless
scalar, which is a longitudinal graviton. So, the massless limit a massive graviton is not
simply a massless graviton, but a massless graviton plus a coupled scalar, which is the
reason of the vDVZ discontinuity.

If the linear theory is accurate, the vDVZ discontinuity represents a true physical dis-
continuity in predictions, violating our intuition that physics should be continuous in the
parameters. Measuring the light bending in this theory would be a way to show that the
graviton mass is mathematically zero rather than just very small.

The possible non-linearities of a real theory were studied by Vainshtein in 1972 [46], who
found that the extra degree of freedom responsible for the vDVZ discontinuity gets screened
by its own interactions, which dominate over the linear terms in the massless limit. Non-
linearities of the theory become stronger and stronger as the mass of the graviton shrinks.
What he found was that around any massive source of mass M , such as the Sun, there’s a

new length scale known as the Vainshtein radius, rV =
(

M
m4M2

P

)1/5
. At distances r ≲ rV ,

non-linearities begin to dominate and the predictions of the linear theory cannot be trusted.
The Vainshtein radius goes to infinity as m → 0, so there’s no radius at which the linear
approximation tells us something trustworthy about the massless limit. This opens the
possibility that the non-linear effects cure the discontinuity. To have some values in mind,
if we take M as the mass of the Sun and m with a very small value, say the Hubble
constant m ∼ 10−33eV , the scale at which we might want to modify gravity to explain the
cosmological constant, we have rV ∼ 1018km, about the size of the Milky Way.

Later on, in the same year, Boulware and Deser [47] studied some specific fully non-linear
massive gravity theories and showed that they possess a ghost-like instability. Whereas the
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linear theory has 5 d.o.f., the non-linear theories they studied turned out to have 6 and
the extra degree of freedom manifests itself around non-trivial backgrounds as a scalar field
with a wrong sign kinetic term, known as the Boulware-Deser ghost.

Meanwhile, the ideas of effective field theory were being developed and it was realized
that a non-renormalizable theory, even one with apparent instabilities such as massive
gravity, can be made sense of as an effective field theory, valid only at energies below some
UV cutoff scale. In 2003, Arkani-Hamed, Georgi and Schwartz [48] brought to attention
a method of restoring gauge invariance to massive gravity in a way which makes it very
simple to see what the effective field theory properties are. They showed that massive
gravity generically has a maximum UV cutoff of Λ−1

5 ∼ 1011 km. This is a very small
cutoff, parametrically smaller than the Planck mass and goes to zero as m → 0. Around
a massive source, the quantum effects become important at the radius rQ = ( M

MP
)1/3 1

Λ5
,

which is parametrically larger than the Vainshtein radius at which non-linearities enter. For
the Sun, rQ ∼ 1024 km. Without finding a UV completion or some other re-summation,
there’s no sense in which we can trust the solution inside this radius and the usefulness of
massive gravity is limited. In particular, since the whole non-linear regime is below this
radius, there’s no hope to examine the continuity of physical quantities in m and explore
the Vainshtein mechanism in a controlled way. On the other hand, it can be seen that the
mass of the Boulware-Deser ghost drops below the cutoff only when r ≲ rQ, so the ghost is
not really in the effective theory at all and can be consistently excluded.

Putting aside the issue of quantum corrections, there has been continued study of the
Vainshtein mechanism in a purely classical context. It has been shown that classical non-
linearities do indeed restore continuity with GR in certain circumstances. In fact, the ghost
degree of freedom can play an essential role in this, by providing a repulsive force in the
non-linear region to counteract the attractive force of the longitudinal scalar mode.

By adding higher order graviton self-interactions with appropriately tuned coefficients,
it is in fact possible to raise the UV cutoff of the theory to Λ3 = (MPm

2)1/3, corresponding
to roughly Λ−1

3 ∼ 10 km. In 2010, the complete action of this theory in a certain decoupling
limit was worked out by de Rham and Gabadadze (dRGT theories) [49], and they show
that, remarkably, it is free of the Boulware-Deser ghost. Recently, it was shown that the
complete theory is free of the Boulware-Deser ghost. This Λ3 theory is the best hope of
realizing a useful and interesting massive gravity theory.

3.3 The free Fierz-Pauli theory on flat spacetime

We want to study the action for a single massive spin 2 particle of mass m in a flat D-
dimensional spacetime (with d = D−1 space dimensions) with metric gµν , with the graviton
as a symmetric tensor field hµν . We will treat only the case with no external sources, i.e. no
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couplings to other fields (Tµν = 0). This action is known as the Fierz-Pauli action [43, 50]
and it can be expressed as a sum of two terms, a massless one and a massive one.

The massless term can be obtained by linearizing the Einstein-Hilbert action of general
relativity

SEH [g] =
1

2κ2

∫
dDx
√
g R(g) , (3.3.1)

with κ ≡M−D−2
2

P , MP as the Planck mass and g as the modulus of the determinant of the
metric. By expanding the metric as

gµν(x) = ηµν + hµν(x) , (3.3.2)

with ηµν as the Minkowski metric for flat spacetime and hµν(x) as a small quantum per-
turbation, i.e. the graviton, we can linearize the Einstein-Hilbert action. We will show
explicitely how to perform the linearization in Appendix A. Hence, the massless term, at
second order, has the following expression

S[h]m=0 =

∫
dDx

[
− 1

2
∂λhµν∂

λhµν + ∂µhνλ∂
νhµλ − ∂µhµν∂νh+

1

2
∂λh∂

λh

]
(3.3.3)

and is invariant under the gauge-symmetry

δhµν = ∂µξν + ∂νξµ = 2∂(µξν) , (3.3.4)

for a spacetime dependent parameter ξµ(x), which is broken by the following most general
mass term for the hµν field

S[h]m1,m2 = −1

2

∫
dDx

[
m2

1 h
µνhµν +m2

2 h
2

]
. (3.3.5)

However, it can be shown [51] that the total action S[h]m=0 + S[h]m1,m2 describes the
propagation of 5 d.o.f. only if

m2
1 +m2

2 = 0 , (3.3.6)

so we can use the notation m ≡ m1 and the mass term reduces to

S[h]m = −1

2

∫
dDx

[
m2

(
hµνhµν − h2

)]
, (3.3.7)

which corresponds to the Fierz-Pauli mass term. The coefficient −1 between the h2 and
hµνh

µν terms is called Fierz-Pauli tuning and it’s not enforced by any known symmetry. If
the condition (3.3.6) is not satisfied, a sixth ghost mode with negative energy appears [52],
and the theory does not describe a massive graviton. This is a consequence of Ostrograd-
sky’s theorem [53].
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Hence, the total action can be written as

S[h] = S[h]m=0 + S[h]m =

=

∫
dDx

[
− 1

2
∂λhµν∂

λhµν + ∂µhνλ∂
νhµλ − ∂µhµν∂νh+

1

2
∂λh∂

λh+

− 1

2
m2

(
hµνhµν − h2

)]
.

(3.3.8)

This action contains all the possible contractions of two powers of h, with up to two deriva-
tives.

Now, by putting the action in the hamiltonian form, we can count the number degrees
of freedom, which are D(D−1)

2 − 1 . We start by Legendre-transforming (3.3.8) only with
respect to the spatial components hij . The canonical momenta are

πij =
∂L
∂ḣij

= ḣij − ḣkkδij − 2∂(ihj)0 + 2∂kh0kδij , (3.3.9)

so
ḣij = πij −

1

D − 2
πkkδij + 2∂(ihj)0 . (3.3.10)

In terms of the hamiltonian variables, (3.3.8) becomes

S[h] =

∫
dDx

[
πij ḣij−H+2h0i(∂jπij)+m

2h20i+h00

(
∇2hii−∂i∂jhij−m2hii

)]
, (3.3.11)

with ∇2 ≡ gij∂i∂j , with i, j = 1, 2, ..., d and

H =
1

2
π2ij −

1

2

1

D − 2
π2ii+

+
1

2
∂khij∂khij − ∂ihjk∂jhik + ∂ihij∂jhkk −

1

2
∂ihjj∂ihkk+

+
1

2
m2
(
hijhij − h2ii

) (3.3.12)

Let’s first consider the m = 0 case. The time-like components h0i and h00 appear
linearly multiplied by terms with no time derivatives. By interpreting them as Lagrange
multipliers, two constraints are enforced:

∂jπij = 0 and ∇2hii − ∂i∂jhij = 0 . (3.3.13)

For D = 4, these constraints generate 4 gauge invariances, so the gauge orbits are 4 dimen-
sional and the gauge invariant quotient by the orbits is 4 dimensional [54]. These are the
two polarizations of the massless graviton, along with their conjugate momenta.
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Now let’s analyze the m ̸= 0 case. The h0i components appear quadratically and they
are auxiliary variables instead of Lagrange multipliers. Their equation of motion yield

h0i = −
1

m
∂jπij , (3.3.14)

which can be plugged into (3.3.11) to obtain

S[h] =

∫
dDx

[
πij ḣij −H+ h00

(
∇2hii − ∂i∂jhij −m2hii

)]
, (3.3.15)

with

H =
1

2
π2ij −

1

2

1

D − 2
π2ii +

1

2
∂khij∂khij − ∂ihjk∂jhik + ∂ihij∂jhkk+

− 1

2
∂ihjj∂ihkk +

1

2
m2
(
hijhij − h2ii

)
+

1

m2
(∂jπij)

2 .

(3.3.16)

The component h00 remains a Lagrange multiplier enforcing a single constraint

C = −∇2hii + ∂i∂jhij +m2hii = 0 . (3.3.17)

The Fierz-Pauli tuning is crucial to the appearence of h00 as a Lagrange multiplier. If it’s
violated, then h00 appears quadratically and it’s an auxiliary variable.

A second constraint arises from the Poisson bracket

{H, C}PB =
1

D − 2
m2πii + ∂i∂jπij (3.3.18)

with the Hamiltonian H =
∫
ddxH. For D = 4 we have 10 total degrees of freedom,

corresponding to the 5 polarizations of the massive graviton and their conjugate momenta.
If the Fierz-Pauli tuning is violated, then we have no constraints and 12 d.o.f. The 2 extra
d.o.f. are the scalar ghost and its conjugate momentum.

From (3.3.8) we can also derive the equations of motion, which read

δS

δhµν
= □hµν − ∂λ∂µhλν − ∂λ∂νhλµ + ηµν∂λ∂σh

λσ + ∂µ∂νh− ηµν□h+

−m2(hµν − ηµνh) = 0 ,
(3.3.19)

with □ ≡ ηµν∂µ∂ν . If we act on (3.3.19) with ∂µ, with m ̸= 0, we find the constraint

∂µhµν − ∂νh = 0 , (3.3.20)

which, plugged back in (3.3.19), gives

□hµν − ∂µ∂νh−m2(hµν − ηµνh) = 0 . (3.3.21)
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By taking the trace of this we get h = 0, which implies ∂µhµν = 0. By applying this two
conditions to (3.3.19), we have

(□−m2)hµν = 0. (3.3.22)

Hence, the equations (3.3.19) are equivalent to the equations
(□−m2)hµν = 0

∂µhµν = 0

h = 0 .

(3.3.23)

This form allows us to count the number of d.o.f. more easily. In fact, in D = 4, the first
expression is an evolution equation for the 10 components of the symmetric tensor hµν and
the other two expressions are constraints. The first of the two gives 4 constraints, killing
4 real space d.o.f., while the second one determines the trace, killing 1 degree of freedom.
In total, we have 5 real space degrees of freedom, in agreement with the analysis we have
done.

Note that the tracelessness constraint h = 0 is not satisfied if the Fierz-Pauli tuning is
not present, i.e. the condition (3.3.6) is not satisfied. In this case, one degree of freedom is
not removed, leading to a theory with 6 d.o.f. in D = 4: a ghost-like scalar mode inside hµν
becomes propagating. At the classical level a ghost is a field with negative kinetic energy
which gives rise to an unbounded Hamiltonian and thus causes fatal instabilities; at the
quantum level ghosts must be avoided in order to ensure unitarity. It is therefore crucial
to work with the above Lagrangian with correct relative coefficient in the mass term. In
D = 4, it describes the on-shell propagation of a traceless, transverse and symmetric tensor
field hµν with 5 massive degrees of freedom. This allows us to identify hµν with a massive
spin-2 field with helicities ±2, ±1, 0.

The first equation in (3.3.23) is the standard Klein-Gordon equation, with the general
solution

hµν(x) =

∫
ddp√

(2π)d2ωp

(
hµν(p) exp (ip · x) + hµν∗(p) exp (−ip · x)

)
, (3.3.24)

with p as the spatial momenta, ωp =
√

p2 +m2 and the D−momenta pµ on shell, so that
pµ = (ωp,p). Next we expand the Fourier coefficients hµν(p) over some basis of symmetric
tensors, indexed by λ,

hµν(p) = ap,λ ϵ̄
µν(p, λ). (3.3.25)

We will fix the momentum dependence of the basis elements ϵ̄µν(p, λ) by choosing some
basis ϵ̄µν(k, λ) at the standard momentum kµ = (m, 0, 0, 0, . . . ) and then acting with some
standard boost L(p), which takes k into p, pµ = L(p)µνk

ν . This standard boost will choose
for us the basis at p, relative to that at k. Thus we have

ϵ̄µν(p, λ) = L(p)µαL(p)
ν
β ϵ̄

αβ(k, λ) . (3.3.26)
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Imposing the conditions ∂µhµν = 0 and h = 0 on (3.3.24) then reduces to imposing

kµ ϵ̄
µν(k, λ) = 0, ηµν ϵ̄

µν(k, λ) = 0 . (3.3.27)

The first says that ϵ̄µν(k, λ) is purely spatial, i.e. ϵ̄0µ(k, λ) = 0. The second says that it is
traceless, so that ϵ̄ii(k, λ) = 0 also. Thus, the basis need to be only of symmetric traceless
spatial tensors, λ = 1, . . . , d(d+1)

2 − 1. We also demand the basis to be orthonormal

ϵ̄µν(k, λ) ϵ̄∗µν(k, λ
′) = δλλ′ . (3.3.28)

This basis forms the symmetric traceless representation of the rotation group SO(d), which
is the little group for a massive particle in D dimensions. If Rµ

ν is a spatial rotation, we
have

Rµ
µ′Rν

ν′ ϵ̄
µν(k, λ′) = Rλ′

λ ϵ̄
µν(k, λ′) , (3.3.29)

where Rλ′
λ is the symmetric traceless tensor representation of Rµ

µ′ . We are free to use any
other basis ϵµν(k, λ), related to the ϵ̄µν(k, λ) by

ϵ̄µν(k, λ) = Bλ′
λ ϵ̄

µν(k, λ′) , (3.3.30)

where B is a unitary matrix.

Given a particular spatial direction, with the unit vector k̂i, there’s an SO(d − 1)
subgroup of the little group SO(d) which leaves k̂i invariant and the symmetric traceless rep
of SO(d) breaks up into three reps of SO(d−1), a scalar, a vector and a symmetric traceless
tensor. The scalar mode is called the longitudinal graviton and has spatial components

ϵijL =

√
d

d− 1

(
k̂ik̂j − 1

d
δij
)
. (3.3.31)

After a large boost in the k̂i direction, it goes like ϵL ∼ p2/m2. As we will see later, in the
massless limit, or large boost limit, this mode is carried by a scalar field, which generally
becomes strongly coupled once interactions are taken into account. The vector modes have
spatial components

ϵijV,k =
√
2k̂(iδ

j)
k (3.3.32)

and after a large boost in the k̂i direction, they go like ϵL ∼ p/m. In the massless limit,
these modes are carried by a vector field, which decouples from conserved sources. The
remaining linearly independent modes are symmetric traceless tensors with no components
in the k̂i directions and form the symmetric traceless mode of SO(d−1). They are invariant
under a boost in the k̂i direction and in the massless limit they are carried by a massless
graviton. In the massless limit, we should therefore expect that the extra degrees of freedom
of the massive graviton should organize themselves into a massless vector and a massless
scalar.
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Upon boosting to p, the polarization tensors satisfy the following properties: they are
transverse to pµ and traceless,

pµ ϵ
µν(p, λ) = 0, ηµν ϵ

µν(p, λ) = 0 (3.3.33)

and they satisfy orthogonality and completeness relations

ϵµν(p, λ) ϵ∗µν(p, λ
′) = δλλ′ , (3.3.34)∑

λ

ϵµν(p, λ) ϵ∗αβ(p, λ) =
1

2
(PµαP νβ + PµβP να)− 1

D − 1
PµνPαβ , (3.3.35)

where Pαβ ≡ ηαβ + pαpβ

m2 . The right hand side of the completeness relation (3.3.35) is the
projector onto the symmetric and transverse traceless subspace of tensors, i.e. the identity
on this space. We also have the following symmetric properties in p, which can be deduced
from the form of the standard boost,

ϵij(−p, λ) = ϵij(p, λ) , i, j = 1, 2, . . . , d (3.3.36)

ϵ0i(−p, λ) = −ϵ0i(p, λ) , i = 1, 2, . . . , d (3.3.37)

ϵ00(−p, λ) = ϵ00(p, λ) . (3.3.38)

The general solution to (3.3.19) thus reads

hµν(x) =

∫
ddp√

(2π)d2ωp

∑
λ

[
ap,λ ϵ

µν(p, λ) exp (ip · x) + a∗p,λ ϵ
∗µν(p, λ) exp (−ip · x)

]
.

(3.3.39)
The solution is a general linear combination of the following mode functions and their
conjugates

uµνp,λ ≡
1√

(2π)d2ωp

ϵµν(p, λ) exp (ip · x), λ = 1, 2, . . . , d. (3.3.40)

These are the solutions representing gravitons and they have the following Poincarè trans-
formation properties

uµνp,λ(x− a) = uµνp,λ(x) exp (−ip · a) , (3.3.41)

Λµ
µ′Λν

ν′ u
µ′ν′

p,λ (Λ−1x) =

√
ωΛp

ωp
W (Λ, p)λ′λu

µν
Λp,λ(x) (3.3.42)

where W (Λ, p) = L−1(Λp)ΛL(p) is the Wigner rotation and W (Λ, p)λ′λ is its spin 2 repre-
sentation Rµ

ν → (B−1RB)λ′λ. Thus, the gravitons are spin 2 solutions.

In terms of the modes, the general solution reads

hµν(x) =

∫
ddp

∑
λ

[
ap,λu

µν
p,λ(x) + a∗p,λu

µν∗
p,λ (x)

]
. (3.3.43)
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The inner (symplectic) product on the space of solutions to the equations of motion is,

(h, h′) = i

∫
ddxhµν∗(x)

←→
∂0 h

′
µν(x)

∣∣∣∣
t=0

. (3.3.44)

The u functions are orthonormal with respect to this product,

(up,λup′,λ′) = δd(p− p′)δλλ′ , (3.3.45)

(u∗p,λu
∗
p′,λ′) = −δd(p− p′)δλλ′ , (3.3.46)

(up,λu
∗
p′,λ′) = 0 (3.3.47)

and we can use the product to extract the a and a∗ coefficients from any solution hµν(x),

ap,λ = (up,λ, h) , (3.3.48)

a∗p,λ = −(u∗p,λ, h) . (3.3.49)

In the quantum theory, the a and a∗ become creation and annihilation operators which sat-
isfy the usual commutation relations and produce massive spin 2 states. The fields hij and
their canonical momenta πij , constructed from the a and a∗ will then automatically satisfy
the Dirac algebra and constraints of the Hamiltonian analysis, providing a quantization of
the system. Once interactions are taken into account, external lines of Feynman diagrams
will get a factor of the mode functions (3.3.40).

3.4 Propagator

We can rewrite (3.3.8) in the following form by integrating by parts

S[h] =

∫
dDx

1

2
hµνOµν

αβ h
αβ , (3.4.1)

with

Oµν
αβ =

(
η(µαη

ν)
β − ηµνηαβ

)
(□−m2)− 2∂(µ∂(αη

ν)
β) + ∂µ∂νηαβ + ∂α∂βη

µν , (3.4.2)

which satisfies
Oµναβ = Oνµαβ = Oµνβα = Oαβµν , (3.4.3)

with
ηµ(αηβ)ν =

1

2

(
ηµαηβν + ηµβηαν

)
. (3.4.4)

∂(α∂β) =
1

2
(∂α∂β + ∂β∂α) (3.4.5)
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Proof. The calculations are trivial and straightforward. We start with the total action
(3.4.1) and rearrange the terms in order to write the action in diagonal form

S[h] =

∫
dDx

[
− 1

2
∂λhµν∂

λhµν + ∂µhνλ∂
νhµλ − ∂µhµν∂νh+

1

2
∂λh∂

λh+

− 1

2
m2

(
hµνhµν − h2

)]
=

=

∫
dDx

[
1

2
hµν□h

µν − hνλ∂µ∂νhµλ + hµν∂µ∂νh−
1

2
h□h+

− 1

2
m2

(
hµνhµν − h2

)]
=

=

∫
dDx

[
1

2
hµν□ η(µαη

ν)
βh

αβ − hµν∂λ∂νhµλ+

+ hµν∂
µ∂νηαβh

αβ − 1

2
hµν□η

µνηαβ h
αβ+

− 1

2
m2

(
hµνη

(µ
αη

ν)
βh

αβ − hµνηµνηαβ hαβ
)]

=

=

∫
dDx

1

2
hµν

[(
η(µαη

ν)
β − ηµνηαβ

)
(□−m2)+

− 2∂(µ∂(αη
ν)

β) + ∂µ∂νηαβ + ∂α∂βη
µν

]
hαβ .

(3.4.6)

It is then straightforward to verify the property (3.4.3).
■

The equations of motion (3.3.19) can be written as

δS

δhµν
= Oµναβhαβ = 0 . (3.4.7)

Going to the momentum space, we can then derive the propagator Dαβσλ, which has to
satisfy

OµναβDαβσλ =
i

2

(
δµσδ

ν
λ + δνσδ

µ
λ

)
. (3.4.8)

By solving it, we get

Dαβσλ =
−i

p2 +m2

[
1

2

(
PασPβλ + PαλPβσ

)
− 1

D − 1
PαβPσλ

]
, (3.4.9)

with
Pαβ ≡ ηαβ +

pαpβ
m2

. (3.4.10)
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Let’s now see what happens when m = 0. The massless action (3.3.3) can be written as

S[h]m=0 =

∫
dDx

1

2
hµνE

µν
αβ h

αβ , (3.4.11)

with

Eµν
αβ = Oµν

αβ|m=0 =
(
η(µαη

ν)
β−ηµνηαβ

)
□−2∂(µ∂(αηη)β)+∂µ∂νηαβ+∂α∂βηµν (3.4.12)

and the symmetries (3.4.3).
If we act on a symmetric tensor Yαβ we have

EµναβYαβ = □Y µν − ηµν□Y − 2∂(µ∂αY
ν)α + ∂µ∂νY + ηµν∂α∂βY

αβ . (3.4.13)

The massless action (3.3.3) is invariant under the gauge symmetry (3.3.4). This leads to
the following conditions

∂µ

(
EµναβYαβ

)
= 0 , Eµναβ(∂αξβ + ∂βξα) = 0 . (3.4.14)

Now, in order to find the propagator, we must fix the gauge freedom. Choosing the de
Donder gauge corresponds to

∂µhµν −
1

2
∂νh = 0 . (3.4.15)

In this gauge the equations of motion simplify to

□hµν −
1

2
ηµν□h = 0 (3.4.16)

and the solutions also satisfy (3.4.15). We can now add the gauge fixing term

LGF = −
(
∂νhµν −

1

2
∂µh

)2

(3.4.17)

to the lagrangian of (3.4.11). Quantum mechanically, this comes form the Faddeev-Popov
gauge fixing procedure described in chapter 1. Hence, we have

L+ LGF =
1

2
hµν□h

µν − 1

4
h□h =

1

2
hµνÕµν,αβhαβ , (3.4.18)

with
Õµναβ =

1

2

(
ηµαηνβ + ηµβηνα − ηµνηαβ

)
□ (3.4.19)

and (3.4.16) as the equations of motion.
Going to the momentum space we obtain the propagator

Dαβσλ =
−i
p2

[
1

2

(
ηασηβλ + ηαληβσ

)
− 1

D − 2
ηαβησλ

]
, (3.4.20)

which satisfies (3.4.8) with Õ instead of O.

Comparing (3.4.20) with m→ 0 and (3.4.9), there’s a difference in the coefficient of the
last term, which is 1

D−1 w.r.t. 1
D−2 . This a sign of a discontinuity in the m→ 0 limit.
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3.5 Linear response to sources and vDVZ discontinuity

We now add a fixed external source Tµν(x) to the action (3.3.8)

S[h] =

∫
dDx

[
− 1

2
∂λhµν∂

λhµν + ∂µhνλ∂
νhµλ − ∂µhµν∂νh+

1

2
∂λh∂

λh+

− 1

2
m2(hµνh

µν − h2) + κhµνT
µν

]
,

(3.5.1)

with κ =M
−D−2

2
P as the coupling strength to the source. The equations of motion are now

sourced by Tµν ,

δS

δhµν
= □hµν − ∂λ∂µhλν − ∂λ∂νhλµ + ηµν∂λ∂σh

λσ + ∂µ∂νh− ηµν□h+

−m2(hµν − ηµνh) = −κTµν .
(3.5.2)

In the case m = 0, acting on the left with ∂µ gives identically zero, so we must have the
conservation condition ∂µTµν = 0 if there is to be a solution. For m ̸= 0, there’s no such
condition.

We now want to find the retarded solution of (3.5.2), to which the homogeneous solutions
of (3.3.8) can be added to obtain the general solution. Acting on the equations of motion
(3.5.2) with ∂µ leads to

∂µhµν − ∂νh =
κ

m2
∂µTµν . (3.5.3)

By plugging this back into (3.5.2), we find

□hµν − ∂µ∂νh−m2(hµν − ηµνh) = −κTµν +
κ

m2

[
∂λ∂µTνλ+ ∂λ∂νTµλ− ηµν∂∂T

]
, (3.5.4)

with ∂∂T ≡ ∂µ∂νTµν . By taking the trace of this, we find

h = − κ

m2(D − 1)
T − κ

m4

D − 2

D − 1
∂∂T . (3.5.5)

By applying this to (3.5.3), we find

∂µhµν = − κ

m2(D − 1)
∂νT +

κ

m2
∂µTµν −

κ

m2
∂µTµν −

κ

m4

D − 2

D − 1
∂ν∂∂T , (3.5.6)

which, when applied along with (3.5.5) to the equations of motion, gives

(□−m2)hµν = −κ
[
Tµν −

1

D − 1

(
ηµν −

∂µ∂ν
m2

)
T

]
+

+
κ

m2

[
∂λ∂µTνλ + ∂λ∂νTµλ+

− 1

D − 1

(
ηµν + (D − 2)

∂µ∂ν
m2

)
∂∂T

]
.

(3.5.7)
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Hence, the equations of motion imply the three equations (3.5.7), (3.5.6) and (3.5.5). Vicev-
ersa, these three equations imply the equations of motion (3.5.2).

Taking (3.5.7) and tracing, we find

(□−m2)

[
h+

κ

m2(D − 1)
T +

κ

m4

D − 2

D − 1
∂∂T

]
= 0 . (3.5.8)

Under the assumption that, for (□ − m2)f = 0, we have f = 0 for any function f , the
equation (3.5.5) is implied. This will be the case with good boundary conditions, such as
the retarded boundary conditions we impose when we are interested in the classical response
to sources. The equation (3.5.6) can also be shown to follow under this assumption, so
that we may obtain the solution by Fourier transforming only the equation (3.5.7). This
solution can also be obtained by applying the propagator (3.4.9) to the Fourier transform
of the source.

When the source is conserved, we are left with just the equation

(□−m2)hµν = −κ
[
Tµν −

1

D − 1

(
ηµν −

∂µ∂ν
m2

)
T

]
. (3.5.9)

The general solution for a conserved source is then

hµν(x) = κ

∫
dDp

(2π)D
exp (ipx)

p2 +m2

[
Tµν(p)−

1

D − 1

(
ηµν +

pµpν
m2

)
T (p)

]
, (3.5.10)

with Tµν(p) as the Fourier transform of the source

Tµν(p) =

∫
dDx exp (−ipx)Tµν(x) . (3.5.11)

To get the retarded field, we should integrate above the poles in the p0 plane.

Now, we can study with more details two particular solutions: the first for a point source,
the second for the massless graviton. They will be useful to study the vDVZ discontinuity.

We now specialize to 4 dimensions, so that κ = 1/MP and we consider as a source the
stress tensor of a mass M point particle at rest at the origin

Tµν(x) =Mδµ0 δ
ν
0δ

3(x), Tµν(x) = 2πMδµ0 δ
ν
0δ

3(p0) . (3.5.12)

Note that this source is conserved. The general solution (3.5.10) gives

h00(x) =
2M

3MP

∫
d3p

(2π)3
exp (ip · x) 1

p2 +m2
,

h0i(x) = 0 ,

hij(x) =
M

3MP

∫
d3p

(2π)3
exp (ip · x) 1

p2 +m2

(
δij +

pipj
m2

)
.

(3.5.13)
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Using the formulae ∫
d3p

(2π)3
exp (ip · x) 1

p2 +m2
=

1

4π

exp (−mr)
r

, (3.5.14)

∫
d3p

(2π)3
exp (ip · x) pipj

p2 +m2
= −∂i∂j

∫
d3p

(2π)3
exp (ip · x) 1

p2 +m2
=

=
1

4π

exp (−mr)
r

[
1

r2
(1 +mr)δij+

− 1

r4
(3 + 3mr +m2r2)xixj

]
,

(3.5.15)

with r ≡ √xixi, we have

h00(x) =
2M

3MP

1

4π

exp (−mr)
r

,

h0i(x) = 0 ,

hij(x) =
M

3MP

1

4π

exp (−mr)
r

[
1 +mr +m2r2

m2r2
(1 +mr)δij+

− 1

m2r4
(3 + 3mr +m2r2)xixj

]
.

(3.5.16)

Note the Yukawa suppression factors exp (−mr), characteristic of massive field.

We can also write these expressions in spherical coordinates for the spatial variables.
Using

[F (r)δij +G(r)xixj ]dx
idxj = (F (r) + r2G(r))dr2 + F (r)r2dΩ2 , (3.5.17)

we find
hµνdx

µdxν = −B(r)dt2 + C(r)dr2 +A(r)r2dΩ2 , (3.5.18)

where

B(r) = − 2M

3MP

1

4π

exp (−mr)
r

,

C(r) = − 2M

3MP

1

4π

exp (−mr)
r

1 +mr

m2r2
,

A(r) =
M

3MP

1

4π

exp (−mr)
r

1 +mr +m2r2

m2r2
.

(3.5.19)
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In the limit r ≪ 1/m, these reduce to

B(r) = − 2M

3MP

1

4πr
,

C(r) = − 2M

3MP

1

4πm2r3
,

A(r) =
M

3MP

1

4πm2r3
.

(3.5.20)

Corrections are suppressed by powers of mr.

In order to have a comparison, let’s compute the point source solution for the massless
case as well. We choose the Lorentz gauge (3.4.15). In this gauge the equations of motion
simplify to

□hµν −
1

2
ηµν□h = −κTµν . (3.5.21)

By taking the trace, we find

□h =
2

D − 2
κT (3.5.22)

and upon substituting it back in (3.5.21), we get

□hµν = −κ
[
Tµν −

1

D − 2
ηµνT

]
. (3.5.23)

This equation, along with the Lorenz gauge condition (3.4.15), is equivalent to the original
equation of motion in Lorenz gauge.

By taking ∂µ on (3.5.21) and on its trace, using the conservation of Tµν and comparing,
we have

□
(
∂µhµν −

1

2
∂νh

)
= 0 , (3.5.24)

so that the Lorentz condition is automatically satisfied when boundary conditions are satis-
fied with the property that □f = 0 implies f = 0 for any function f , as is the case when we
impose retarded boundary conditions. We can then solve (3.5.21) by Fourier transforming

hµν(x) = κ

∫
dDp

(2π)D
exp (ip · x) 1

p2

[
Tµν(p)−

1

D − 2
ηµνT (p)

]
, (3.5.25)

with Tµν(p) =
∫
dDx exp (−ip · x)Tµν(x) as the Fourier transform of the source. In order

to get the retarded field, we should integrate above the poles in the p0 plane.
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Now we specialize to D = 4 and we consider as a source the point particle of mass M
at the origin (3.5.12). For this source, the general solution (3.5.25) gives

h00(x) =
M

2MP

∫
d3p

(2π)3
exp (ip · x) 1

p2
=

M

2MP

1

4πr
,

h0i(x) = 0 ,

hij(x) =
M

2MP

∫
d3p

(2π)3
exp (ip · x) 1

p2
δij =

M

2MP

1

4πr
δij .

(3.5.26)

We can also write these expressions in spherical coordinates for the spatial variables. Using

[F (r)δij +G(r)xixj ]dx
idxj = (F (r) + r2G(r))dr2 + F (r)r2dΩ2 , (3.5.27)

we find
hµνdx

µdxν = −B(r)dt2 + C(r)dr2 +A(r)r2dΩ2 , (3.5.28)

where

B(r) = − M

2MP

1

4πr
,

C(r) =
M

2MP

1

4πr
,

A(r) =
M

2MP

1

4πr
.

(3.5.29)

Now, let’s study the vDVZ discontinuity. We want to extract some physical predictions
from the point source solution. We assume we have a test particle moving in this field and
responding to hµν like a test particle in general relativity responding to the metric deviation
δgµν = 2

MP
hµν We know that if hµν takes the form 2h00/MP = −2ϕ, 2hij/MP = −2ψδij ,

h0i = 0 for some functions ϕ(r) and ψ(r), then the newtonian potential experienced by the
particle is given by ϕ(r). Furthermore, if ψ(r) = γϕ(r) for some constant γ, called PPN
parameter and if ϕ(r) = −k

r for some constant k, then the angle for the bending of light
at impact parameter b around the heavy source is given by α = 2(1 + γ)/b. By looking at
(3.5.26), the massless graviton gives us the values

ϕ = −GM
r
, ψ = −GM

r
, (3.5.30)

using 1
M2

P
= 8πG. The PPN parameter is therefore γ = 1 and the magnitude of the light

bending angle for light incident at impact parameter b is

α =
4GM

b
, (3.5.31)
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For the massive case, the metric (3.5.16) is not in the right form to read off the newtonian
potential and light bending. In order to simplify things, we notice that while the massive
gravity action is not gauge invariant, we have assumed that the coupling to the test particle
is that of GR, so this coupling is gauge invariant. Thus, we can make a gauge transformation
on the solution hµν and there will be no effect on the test particle. In order to simplify the
metric (3.5.16), we go back to (3.5.13) and notice that pipj

m2 term in hij is pure gauge, so we
can ignore this term. Thus, our metric is gauge equivalent to the metric

h00(x) =
2M

3MP

1

4π

exp (−mr)
r

,

h0i(x) = 0 ,

hij(x) =
M

3MP

1

4π

exp (−mr)
r

δij .

(3.5.32)

Then, in the small mass limit

ϕ = −4

3

GM

r
, ψ = −2

3

GM

r
δij . (3.5.33)

The newtonian potential is larger with respect to the massless case. The PPN parameter is
γ = 1/2 and the magnitude of the light bending angle for light incident at impact parameter
b is the same as in the massless case

α =
4GM

b
. (3.5.34)

If we want, we can make the newtonian potential agree with GR by scaling G→ 3
4G. Then,

the light bending would change to α = 3GM
b , off by 25% from GR.

Hence, linearized massive gravity, even in the limit of zero mass, gives predictions which
are one order different from linearized GR. If nature we described by either one or the other
of these theories, we would, by making a finite measurement, be able to tell whether the
graviton mass is mathematically zero or not, in violation of our intuition that the physics
of nature should be continuous in parameter. This is the vDVZ discontinuity (van Dam,
Veltman, Zakharov) [55, 56, 57, 58]. It’s present in other physical predictions as well, such
as the emission of gravitational radiation [59].

3.6 The Stückelberg trick

In this section we’ll study the origin of this discontinuity. We’ll see that the correct massless
limit of massive gravity is the massless gravity plus extra degrees of freedom, as expected
since the gauge symmetry which kills the extra degrees of freedom only appears when the
mass is exactly zero. The extra d.o.f. are a massless vector and a massless scalar which
couples to the trace of the energy momentum tensor.
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Taking the limit m→ 0 straight away in (3.5.1) doesn’t yield to a smooth limit, because
some d.o.f. are lost. In order to find the correct limit we have to introduce new fields and
gauge symmetries in the massive theory without altering it. This is called Stückelberg trick.

First, we can show an example, related to the theory of a massive photon and later
apply the same procedure to massless gravity.

Let’s consider the theory of a massive photon Aµ coupled to a source Jµ, not necessarily
conserved.

S[A] =

∫
dDx

[
− 1

4
FµνF

µν − 1

2
m2AµA

µ +AµJ
µ

]
, (3.6.1)

with Fµν ≡ ∂µAν−∂νAµ. The mass term breaks the would-be gauge invariance, δAµ = ∂µξ
and for D = 4 this theory describes the 3 degrees of freedom of a massive spin 1 particle.
Recall that the propagator for massive vector is −i

p2+m2

(
ηµν +

pµpν
m2

)
, which goes like ∼ 1

m2

for large momenta, invalidating the usual power counting arguments.
The limit m → 0 is not a smooth limit because we lose a degree of freedom. For

m = 0 we have Maxwell electromagnetism which in D = 4 propagates only 2 d.o.f., the
two polarizations of a massless helicity 1 particle. Also, the limit doesn’t exist unless the
source is conserved as this is a consistency requirement in the massless case.

The Stückelberg trick consists of introducing a new scalar field φ so that the new action
has a gauge symmetry, but it’s still dynamically equivalent to the original action. It will
expose a different m→ 0 limit which is smooth, so that no d.o.f are gained or lost. So, we
make the replacement

Aµ → Aµ + ∂µφ , (3.6.2)

following the pattern of the gauge symmetry we want to introduce [60]. This is not a change
of field variables. It is not a decomposition of Aµ into transverse and longitudinal parts
and it’s not a gauge transformation as the lagrangian (3.6.1) is not gauge invariant. This
is creating a new lagrangian from the old one, by the addition of a new field φ. Fµν is
invariant under this replacement, since the replacement looks like a gauge transformation
and Fµν is gauge invariant. The only thing that changes is the mass term and the coupling
to the source

S[A,φ] =

∫
dDx

[
− 1

4
FµνF

µν − 1

2
m2(Aµ + ∂µφ)

2 +AµJ
µ − φ∂µJµ

]
, (3.6.3)

where we have integrated by parts in the coupling to the source. The new action now has
the gauge symmetry

δAµ = ∂µξ δφ = −ξ . (3.6.4)

By fixing the gauge φ = 0, called unitary gauge, we recover the original massive lagrangian
(3.6.1), which means that (3.6.3) and (3.6.1) are equivalent theories. They both describe
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the 3 d.o.f of a massive spin 1 particle in D = 4. The Stückelberg trick is a terrific illustra-
tion of the fact that the gauge symmetry represents nothing more than a redundancy of the
description. We can consider any theory and make it a gauge theory by introducing redun-
dant variables. Also, given any gauge theory, we can always eliminate the gauge symmetry
by eliminating the redundant degrees of freedom. However, removing redundancies is not
always a smart thing to do. In Maxwell electromagnetism it’s impossible to remove the
redundancies and at the same time preserve manifest Lorentz invariance and locality. The
theory is still Lorentz invariant and local, but not manifestly. With the Stückelberg trick
presented here, on the other hand, we are adding and removing extra gauge symmetry in a
rather simple way, which doesn’t mess with the manifest Lorentz invariance and locality.

We see from (3.6.3) that φ has a kinetic term, in addition to cross terms. Rescaling
φ→ 1

mφ in order to normalize the kinetic term, we have

S[A,φ] =

∫
dDx

[
− 1

4
FµνF

µν − 1

2
m2AµA

µ −mAµ∂
µφ− 1

2
∂µφ∂

µφ+

+AµJ
µ +− 1

m
φ∂µJ

µ

] (3.6.5)

and the gauge symmetry reads as

δAµ = ∂µξ δφ = −mξ . (3.6.6)

Considering now the m→ 0 limit, assuming a conserved source, the action becomes

S[A,φ] =

∫
dDx

[
− 1

4
FµνF

µν − 1

2
∂µφ∂

µφ

]
(3.6.7)

and the gauge symmetry is
δAµ = ∂µξ δφ = 0. (3.6.8)

It is now clear that the number of d.o.f. is preserved in the limit. For D = 4 two of the
three d.o.f. go into the massless vector and one goes into the scalar.

Now, let’s consider the Fierz-Pauli action (3.5.1) in the following form

S[h] =

∫
dDx

[
Lm=0 −

1

2
m2
(
hµνh

µν − h2
)
+ κhµνT

µν

]
, (3.6.9)

with Lm=0 as the lagrangian of the massless graviton (3.3.3). We aim to preserve the
gauge symmetry (3.3.4) in the massless case, so we introduce a Stückelberg vector field Aµ

patterned after the gauge symmetry so that hµν is transformed in the following way

hµν → hµν + ∂µAν + ∂νAµ . (3.6.10)
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The Lm=0 term remains invariant because it’s gauge invariant and (3.6.10) looks like a
gauge transformation, so all that changes is the mass term

S[h,A] =

∫
dDx

[
Lm=0(h)−

1

2
m2
(
hµνh

µν − h2
)
− 1

2
m2 FµνF

µν+

− 2m2(hµν∂
µAν − h∂µAµ) + κhµνT

µν − 2κAµ∂νT
µν

]
.

(3.6.11)

Proof. Let’s see how the term −1
2m

2
(
hµνh

µν − h2
)

transforms under the introduction of
the Stückelberg field Aµ. First, let’s look at the terms hµνhµν and h2 separately

hµνh
µν → hµνh

µν + 4hµν∂
µAν + 2(∂µAν∂

µAν + ∂µAν∂
νAµ) (3.6.12)

h2 → h2 + 4(∂µA
µ)2 + 4h∂µA

µ . (3.6.13)

Now, as
1

2
FµνF

µν = ∂µAν∂
µAν − ∂µAν∂

νAµ (3.6.14)

we can write

∂µAν∂
µAν + ∂µAν∂

νAµ = ∂µAν∂
µAν − ∂µAν∂

νAµ + 2 ∂µAν∂
νAµ =

=
1

2
FµνF

µν + 2(∂µA
µ)2 ,

(3.6.15)

so (3.6.12) can be rewritten as

hµνh
µν → hµνh

µν + 4hµν∂
µAν + FµνF

µν + 4(∂µA
µ)2 , (3.6.16)

leading to

hµνh
µν − h2 → hµνh

µν − h2 + FµνF
µν + 4(hµν∂

µAν − h∂µAµ) . (3.6.17)

The term κhµνT
µν changes as follows

κhµνT
µν → κhµνT

µν − 2κAµ∂νT
µν , (3.6.18)

by integrating by parts, leading to (3.6.11).

■

There’s now a gauge symmetry

δhµν = 2∂(µξν) , δAµ = −ξµ . (3.6.19)
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At this point we may consider rescaling Aµ → 1
mAµ to normalize the vector kinetic term

then take the massless limit, but we would end up with a massless graviton and a massless
photon, having only 4 d.o.f. out of 5 (in D = 4). The massless limit is still not smooth.
We have to introduce another field, which is the scalar Stückelberg φ

Aµ → Aµ + ∂µφ . (3.6.20)

(3.6.11) becomes

S[h,A, φ] =

∫
dDx

[
Lm=0(h)−

1

2
m2
(
hµνh

µν − h2
)
− 1

2
m2 FµνF

µν+

− 2m2(hµν∂
µAν − h∂µAµ)− 2m2(hµν∂

µ∂νφ− h□φ)+

+ κhµνT
µν − 2κAµ∂νT

µν + 2κφ∂∂T

]
,

(3.6.21)

with ∂∂T ≡ ∂µ∂νTµν , integrating by parts in the last term. The term FµνF
µν is invariant

under U(1) transformations like (3.6.20), so it is not modified and the rest of the compu-
tation is trivial. There are now two gauge symmetries:

δhµν = 2∂(µξν) , δAµ = −ξµ . (3.6.22)

δAµ = ∂µΛ , δφ = −Λ . (3.6.23)

Now we can rescale Aµ → 1
mAµ , φ→ 1

mφ , so

S[h,A, φ] =

∫
dDx

[
Lm=0(h)−

1

2
m2
(
hµνh

µν − h2
)
− 1

2
FµνF

µν+

− 2m(hµν∂
µAν − h∂µAµ)− 2(hµν∂

µ∂νφ− h□φ)+

+ κhµνT
µν − 2

m
κAµ∂νT

µν +
2

m2
κφ∂∂T

]
,

(3.6.24)

and the gauge symmetries become

δhµν = 2∂(µξν) , δAµ = −mξµ (3.6.25)

δAµ = ∂µΛ , δφ = −mΛ . (3.6.26)

Now, in the m→ 0 limit, assuming a conserved source, otherwise φ and Aµ become strongly
coupled to the divergence of the source, the theory takes the form

S[h,A, φ] =

∫
dDx

[
Lm=0(h)−

1

2
FµνF

µν − 2(hµν∂
µ∂νφ− h□φ) + κhµνT

µν

]
, (3.6.27)

with all 5 d.o.f. in D = 4. To see this, let’s un-mix the scalar and the tensor with a field
redefinition

hµν = h′µν + πηµν , (3.6.28)
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where π is any scalar. The massless spin 2 part changes as follows

Lm=0(h) = Lm=0(h
′) + (D − 2)

[
∂µπ∂

µh′ − ∂µπ∂νh′µν +
1

2
(D − 1)∂µπ∂

µπ

]
. (3.6.29)

Proof. Considering the massless lagrangian

Lm=0(h) = −
1

2
∂λhµν∂

λhµν + ∂µhνλ∂
νhµλ − ∂µhµν∂νh+

1

2
∂λh∂

λh , (3.6.30)

let’s perform the field redefinition (3.6.28)

Lm=0(h) = −
1

2
∂λ(h

′
µν + ηµνπ) ∂

λ(h′µν + ηµνπ)+

+ ∂µ (h
′
νλ + ηνλπ)∂

ν (h′µλ + ηµλπ)+

− ∂µ (h′µν + ηµνπ) ∂ν(h
′ +Dπ) +

1

2
∂λ(h

′ +Dπ)∂λ(h′ +Dπ) =

= −1

2
∂λh

′
µν∂

λh′µν + ∂µh
′
νλ∂

νh′µλ − ∂µh′µν∂νh′ +
1

2
∂λh

′∂λh′+

+ (D − 2)∂µπ∂
νh′µν + (D − 2)∂µπ∂

µh′+

+
1

2
(D − 2)(D − 1)∂µπ∂

µπ .

(3.6.31)

which leads to (3.6.29).

■

By taking

π =
2

D − 2
φ (3.6.32)

in (3.6.28) we can cancel all the off-diagonal terms in (3.6.27) by trading in for a φ kinetic
term. Hence, (3.6.27) takes the form

S[h′, A, φ] =

∫
dDx

[
Lm=0(h

′)− 1

2
FµνF

µν − 2
D − 1

D − 2
∂µφ∂

µφ+

+ kh′µνT
µν +

2

D − 2
κφT

] (3.6.33)

Proof. By (3.6.28) and (3.6.32), the following terms are modified as follows

−2(hµν∂µ∂νφ− h□φ) = −2(h′µν∂µ∂νφ+ ηµνπ∂
µ∂νφ− h′□φ−Dπ□φ) =

= −2(D − 1)∂µπ ∂
µφ = −4 D − 1

D − 2
∂µφ∂

µφ ,
(3.6.34)

50



Lm=0(h) = Lm=0(h
′) + 2

[
∂µφ∂

µh′ − ∂µφ∂νh′µν +
D − 1

D − 2
∂µφ∂

µφ

]
=

= Lm=0(h
′) + 2

D − 1

D − 2
∂µφ∂

µφ ,

(3.6.35)

κhµνT
µν = κh′µνT

µν + κπηµνT
µν = κh′µνT

µν +
2

D − 2
κφT , (3.6.36)

leading to (3.6.33) when plugged into (3.6.27).

■

The gauge transformations now read

δh′µν = 2∂(µξν) , δAµ = 0 (3.6.37)

δAµ = ∂µΛ , δφ = 0 . (3.6.38)
In D = 4 there are now manifestly 5 degrees of freedom, two in a canonical massless
graviton, two in a canonical massless vector and one in a canonical massless scalar.

In chapter 4 we’ll study the Fierz-Pauli action for massive gravity in a curved spacetime
and perform the same procedure.

Note that the coupling of the scalar to the trace of the stress tensor survives the m = 0
limit. This is the origin of the vDVZ discontinuity. The extra scalar degree of freedom does
not affect the bending of light by coupling to the trace of the stress tensor (for which T = 0),
but it does that by affecting the newtonian potential. This extra scalar potential exactly
accounts for the discrepancy between the massless limit of massive gravity and massless
gravity.

As a side note, one can see from this Stückelberg trick that violating the Fierz-Pauli
tuning for the mass term leads to a ghost. Any deviation from this form and the Stückelberg
scalar will acquire a kinetic term with four derivatives ∼ (□φ)2, indicating that it carries 2
d.o.f., one of which is a ghost [61, 62]. The tuning is required to exactly cancel these terms,
up to a total derivative.

Returning to the action (3.6.24) for m ̸= 0 and a source not necessarily conserved, we
now know how to apply the transformation hµν = h′µν +

2
D−2φηµν , which yields

S[h′, A, φ] =

∫
dDx

[
Lm=0(h

′)− 1

2
m2(h′µνh

′µν − h′2)− 1

2
FµνF

µν+

+ 2
D − 1

D − 2
φ

(
□+

D

D − 2
m2

)
+

− 2m(h′µν∂
µAν − h′∂µAµ)+

+ 2
D − 1

D − 2
(m2h′φ+ 2mφ∂µA

µ) + κh′µνT
µν+

+
2

D − 2
κφT − 2

m
κAµ∂νT

µν +
2

m2
κφ∂∂T

]
.

(3.6.39)
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Proof. Let’s see how the terms in (3.6.24) are modified when the transformation hµν =
h′µν +

2
D−2φηµν is applied

Lm=0(h) = Lm=0(h
′)− 2

D − 1

D − 2
φ□φ , (3.6.40)

κhµνT
µν = κh′µνT

µν +
2

D − 2
κφT , (3.6.41)

hµνh
µν = h′µνh

′µν +
4D

(D − 2)2
φ2 +

4

D − 2
φh′ , (3.6.42)

h2 = h′2 +
4D2

(D − 2)2
φ2 +

4D

D − 2
φh′ , (3.6.43)

−2(hµν∂µ∂νφ− h□φ) = −2(h′µν∂µ∂νφ− h′□φ) + 4
D − 1

D − 2
φ□φ , (3.6.44)

−2m(hµν∂
µAν − h∂µAµ) = −2m(h′µν∂

µAν − h′∂µAµ) + 4m
D − 1

D − 2
φ∂µA

µ . (3.6.45)

These expressions lead to (3.6.39).

■

The gauge symmetries read

δh′µν = ∂µξν + ∂νξµ +
2

D − 2
mΛηµν , δAµ = ∂µΛ−mξµ, δφ = −mΛ . (3.6.46)

We can go to a Lorentz-like gauge, by imposing the gauge conditions [63, 64]

∂νh′µν −
1

2
∂µh

′ +mAµ = 0 , (3.6.47)

∂µA
µ +m

(
1

2
h′ + 2

D − 1

D − 2
φ

)
= 0 . (3.6.48)

The first condition fixes the ξµ symmetry up to a residual transformation satisfying the
equations (□−m2)ξµ = 0. It is invariant under Λ transformations, so it fixes none of this
symmetry. The second condition fixes the Λ symmetry up to a residual transformation
satisfying (□−m2)Λ = 0. It is invariant under ξµ transformations, so it fixes none of this
symmetry. We add two corresponding gauge fixing terms to the action, resulting from
either Faddeev-Popov gauge-fixing procedure or classical gauge-fixing,

SGF1[h
′, A] = −

∫
dDx

[
∂νh′µν −

1

2
∂µh

′ +mAµ

]2
, (3.6.49)
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SGF2[h
′, A, φ] = −

∫
dDx

[
∂µA

µ +m

(
1

2
h′ + 2

D − 1

D − 2
φ

)]2
. (3.6.50)

These have the effect of diagonalizing the action

STOT [h
′, A, φ] = S[h′, A, φ] + SGF1[h

′, A] + SGF2[h
′, A, φ] =

=

∫
dDx

[
1

2
h′µν(□−m2)h′µν − 1

4
h′(□−m2)h′+

+Aµ(□−m2)Aµ + 2
D − 1

D − 2
φ(□−m2)φ+

+ κh′µνT
µν +

2

D − 2
kφT − 2

m
κAµ∂νT

µν+

+
2

m2
κφ∂∂T

]
.

(3.6.51)
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4 Heat kernel for linearized massive gravity

This chapter is the core of the thesis. We start with the Fierz-Pauli action in a spacetime
with a curved fixed background. We perform the Stückelberg trick to restore a gauge sym-
metry to the theory. We can then choose proper gauge-fixing functions and rewrite the
action in a diagonal form with all the operators of second order and minimal. With the
Faddeev-Popov procedure, we can compute the path integral of the theory. These calcula-
tions allow us to use the Seeley-DeWitt method to compute the heat kernel coefficients and
finally write down the one-loop effective action for linearized massive gravity in an Einstein
spacetime up to the finite cubic terms in curvatures in D = 4.

4.1 Introduction

We want to study the Fierz-Pauli action describing the propagation of a massive graviton
(represented by the symmetric tensor field hµν), with mass m, on a fixed curved background
with metric gµν and no external sources (Tµν = 0). We are working in an Einstein space of
dimension D, defined by the conditions:

Rµν =
R

D
gµν , (4.1.1)

Λ =

(
D − 2

2D

)
R , (4.1.2)

with
Rµν = Rλ

µλν = gκλRκµλν , (4.1.3)

R = Rµ
µ = gµνRµν , with R > 0 on spheres, (4.1.4)

with Rκµλν , Rµν and R as the Riemann tensor, Ricci tensor and Ricci scalar respectively
and Λ as the cosmological constant.

Einstein manifolds are indeed a special class of Riemaniann manifolds whose metric
satisfies Einstein field equations

Rµν −
1

2
gµνR+ Λgµν = 0 . (4.1.5)

By contracting (4.1.5) with gµν we get

R− 1

2
DR+DΛ = 0 , (4.1.6)

which leads to (4.1.2). By plugging (4.1.2) back into (4.1.5), we also find (4.1.1), as

Rµν −
1

2
gµνR+

D − 2

2D
gµνR = 0 . (4.1.7)
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There’s a reason why we are working in an Einstein space and not in a generic curved
spacetime. A massless graviton can consistently propagate only in an Einstein background
[65, 66]. On the other hand, in the case of massive gravity, we know from the literature
that we can formulate consistent theories in an arbitrary background [67, 68, 69], but
this seems to be possible only by linearizing the non-linear dRGT theory on the curved
background. It’s also possible to formulate alternative consistent theories of a massive
graviton in maximally symmetric spaces [70], which are, however, a subcase of Einstein
spaces, as the Riemann tensor is proportional to the Ricci tensor with the condition

Rµνρσ =
R

D(D − 1)
(gµρgνσ − gµσgνρ) . (4.1.8)

Moreover, we can formulate different consistent theories in Petrov-type D spaces [71], which
are a class of Ricci symmetric spacetimes, i.e. spaces with a covariantly constant Ricci
tensor, identified by the condition

∇ρRµν = 0 , (4.1.9)

but it’s possible only for the partially massless case (which will be analyzed in Appendix
B). However, in the case of the massive Fierz-Pauli theory, the one studied in this thesis,
the only acceptable background which keeps the consistency is the Einstein one, as we shall
explain below.

The spacetime we work on has a Euclidean signature. This is particularly important
because the one-loop effective action (2.2.20) is written with the Euclidean time and we
want to keep consistency.

4.2 Fierz-Pauli action on curved spacetime

The action for the Fierz-Pauli theory in a generic curved background with Euclidean sig-
nature is obtained by substituting in the action on flat spacetime (3.3.8) all the partial
derivatives with the covariant ones and also adding all the possible non-minimal couplings
to the background curvature with dimensionless coefficients ci. As a result, we can write
the most general action for a massive spin 2 field in curved spacetime, with second order
terms, quadratic in derivatives and consistent with the flat limit.

SFP [h]m=0 =

∫
dDx
√
g

[
1

2
∇ρhµν∇ρhµν −

1

2
∇µh∇µh −∇ρhµν∇νhµρ+

+∇µh∇νhµν + c1Rh
µνhµν + c2Rh

2+

+ c3R
µανβhµνhαβ + c4R

αβhασhβ
σ + c5R

µνhµνh

]
,

(4.2.1)

with ∇µ as the covariant derivative and g as the modulus of the determinant of the back-
ground gµν . As already mentioned, the extension of the Fierz-Pauli theory to curved back-
grounds leads to the appearence of ghosts. In order to get rid of them, we can consider
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all the couplings with the curvature of the spacetime and the resulting constraints, coming
from the equations of motion. The values of the dimensionless coefficients can then be fixed
in order to ensure the propagation of only 5 physical d.o.f., avoiding the presence of ghosts.
We don’t perform the calculations in this thesis as they are pretty cumbersome, but they
can be found in [65]. After the computations, we see that the only consistent background
is Einstein, defined by (4.1.1) and (4.1.2). The coefficients are set to

c1 = − 1
D

c2 =
1
2D

c3 = c4 = c5 = 0 ,

(4.2.2)

leading to

SFP [h]m=0 =
1

2

∫
dDx
√
g

[
∇ρhµν∇ρhµν −∇µh∇µh − 2∇ρhµν∇νhµρ+

+ 2∇µh∇νhµν −
2R

D

(
hµνhµν −

1

2
h2
)]

.

(4.2.3)

By using the well known commutation relation between two covariant derivatives [72][
∇µ,∇ν

]
hγα = Rγ

λµνh
λ
α +Rλ

ανµh
γ
λ , (4.2.4)

which, taking into account Einstein manifolds simplifications, leads to the following relation

−2∇ρhµν∇νhµρ = −2∇νh
µν∇ρhµρ − 2Rµανβh

µνhαβ +
2R

D
hµνhµν , (4.2.5)

we can rewrite the action (4.2.3) in the following form

SFP [h]m=0 =
1

2

∫
dDx
√
g

[
∇ρhµν∇ρhµν −∇µh∇µh − 2∇νh

µν∇ρhµρ+

− 2Rµανβh
µνhαβ +

R

D
h2 + 2∇µh∇νhµν

]
.

(4.2.6)

The action above describes the propagation of a massless spin 2 particle (2 degrees of
freedom) and it is invariant under the gauge symmetry

δhµν = ∇µξν +∇νξµ = 2∇(µξν) . (4.2.7)

In order to describe massive gravity, this symmetry must be broken by the introduction of
the mass term

S[h]m =
1

2

∫
dDx
√
g

[
m2

(
hµνhµν − h2

)]
. (4.2.8)
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Hence, the total action for massive gravity in an Einstein space with Euclidean signature
is [34]

SFP [h] = SFP [h]m=0 + S[h]m =

=
1

2

∫
dDx
√
g

[
∇ρhµν∇ρhµν −∇µh∇µh − 2∇νh

µν∇ρhµρ+

− 2Rµανβh
µνhαβ +

R

D
h2 + 2∇µh∇νhµν+

+m2

(
hµνhµν − h2

)]
.

(4.2.9)

As we will see in Appendix B, for R = D(D−1)
D−2 m2, m ̸= 0, the action has a scalar gauge

symmetry and propagates 4 d.o.f. in D = 4. For all other values of m2 and R, it has no
gauge symmetry and propagates 5 d.o.f in D = 4. The Fierz-Pauli action (4.2.9) can be
put in the diagonal form:

SFP [h] =
1

2

∫
dDx
√
g hµνχ

µναβhαβ , (4.2.10)

with the operator χµναβ as

χµναβ =
(
−□+m2

)[
gµ(αgβ)ν − gαβgµν

]
− 2Rµ(α|ν|β) +

R

D
gµνgαβ+

− 2gαβ∇(ν∇µ) + 2g(µ(α∇ν)∇β) ,

(4.2.11)

with the notation
Rµ(α|ν|β) =

1

2

(
Rµανβ +Rµβνα

)
, (4.2.12)

gµ(αgβ)ν =
1

2

(
gµαgβν + gµβgαν

)
, (4.2.13)

∇(α∇β) =
1

2
(∇α∇β +∇β∇α) . (4.2.14)

Proof. The calculations are trivial and straightforward, similar to the ones performed in
chapter 3 to derive (3.4.1). We start with the total action (4.2.9) and rearrange the terms
in order to write the action in diagonal form
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SFP [h] =
1

2

∫
dDx
√
g

[
∇ρhµν∇ρhµν −∇µh∇µh − 2∇νh

µν∇ρhµρ+

− 2Rµανβh
µνhαβ +

R

D
h2 + 2∇µh∇νhµν+

+m2

(
hµνhµν − h2

)]
=

=
1

2

∫
dDx
√
g

[
− hµν□hµν + hµνg

µν□gαβhαβ + 2hµν∇ν∇βhµβ+

+ 2h∇µ∇νhµν + hµν
R

D
gµνgαβhαβ − 2hµνR

µ(α|ν|β)hαβ+

+ hµνm
2hµν − hµνm2gµνgαβhαβ

]
=

=
1

2

∫
dDx
√
g hµν

{(
−□+m2

)[
gµ(αgβ)ν − gαβgµν

]
− 2Rµ(α|ν|β)+

+
R

D
gµνgαβ − 2gαβ∇(ν∇µ) + 2g(µ(α∇ν)∇β)

}
hαβ ,

(4.2.15)

leading to (4.2.10).

■

The terms −2gαβ∇(ν∇µ) + 2g(µ(α∇ν)∇β) make the operator non-minimal in the heat
kernel sense. In fact, we can rewrite χµναβ in the following form

χµναβ = χ̃µναβ − 2gαβ∇(ν∇µ) + 2g(µ(α∇ν)∇β) , (4.2.16)

with

χ̃µναβ =
(
−□+m2

)[
gµ(αgβ)ν − gαβgµν

]
− 2Rµ(α|ν|β) +

R

D
gµνgαβ (4.2.17)

being a minimal operator.

4.3 Comparison with linearized Einstein gravity

We now want to unveil the connection between the massless part of the action and the action
of linearized Einstein gravity in the de Donder gauge. Let’s rewrite the action (4.2.3) in
the following form:

SFP [h]m=0 =

∫
dDx
√
g

[
− 1

2
hµν□hµν + hµν∇ρ∇νhµρ +∇µh∇νhµν+

−1

2
∇µh∇µh −

R

D

(
hµνhµν −

1

2
h2
)]

.

(4.3.1)
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We impose the de Donder gauge,

∇νhµν −
1

2
∇µh = 0 , (4.3.2)

by means of the gauge-fixing action

SdD[h] =

∫
dDx
√
g

[
∇νhµν −

1

2
∇µh

]2
=

=

∫
dDx
√
g

[
∇νhµν∇ρh

µρ +
1

4
∇µh∇µh−∇νhµν∇µh

]
.

(4.3.3)

The action becomes
Slin[h] = SFP [h]m=0 + SdD[h] =

=

∫
dDx
√
g

[
− 1

2
hµν□hµν + hµν∇ρ∇νhµρ +

1

4
h□h+

− hµρ∇ρ∇νhµν −
R

D

(
hµνhµν −

1

2
h2
)]

.

(4.3.4)

With the identity

hµν∇ρ∇νhµρ = hµν∇ν∇ρhµρ +
R

D
hµνhµν −Rµλνρh

µνhρλ , (4.3.5)

we finally obtain the action written in the following diagonal form

Slin[h] =

∫
dDx
√
g
(
hµνE

µναβhαβ
)
, (4.3.6)

with
Eµναβ = □

(
1

4
gµνgαβ − 1

2
gµ(αgβ)ν

)
+

R

2D
gµνgαβ −Rµ(α|ν|β) (4.3.7)

which is precisely the linearized Einstein gravity action considered in [73].

Proof. By plugging (4.3.5) into (4.3.4) we can reach the final form of the action and then
diagonalize it like in the previous section.

Slin[h] =

∫
dDx
√
g

[
− 1

2
hµν□hµν −Rµανβh

µνhαβ +
1

4
h□h+

R

2D
h2
]
=

=

∫
dDx
√
g

[
− 1

2
hµνg

µ(αgβ)ν□hαβ − hµνRµ(α|ν|β)hαβ+

+
1

4
hµνg

µν□gαβhαβ +
R

2D
hµνg

µνgαβhαβ

]
=

=

∫
dDx
√
g

{
hµν

[
□

(
1

4
gµνgαβ − 1

2
gµ(αgβ)ν

)
+

+
R

2D
gµνgαβ −Rµ(α|ν|β)

]
hαβ

}
.

(4.3.8)
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This leads to (4.3.6).

■

By fixing the gauge, we can immediately obtain an action with a minimal operator like
(4.3.7), which is not possible in (4.2.10) because of the mass term which breaks the gauge
symmetry (4.2.7).

4.4 Stückelberg vector field

The partition function is given by the path integration of the Fierz-Pauli action over all the
possible field configurations:

Z[gµν ] =

∫
Dh exp

(
− SFP [h; gµν ]

)
. (4.4.1)

Note that the issue of summing over gauge-equivalent configurations is absent since the
gauge symmetry is broken by the mass term, which plays the double and unnatural role
of both mass term and gauge fixing [74]. In the following, we aim to restore said gauge
symmetry. To do so, we can introduce the Stückelberg vector field Aµ, patterned after the
m = 0 gauge symmetry:

hµν → hµν +
1

m

(
∇µAν +∇νAµ

)
. (4.4.2)

In fact, the massless SFP [h]m=0 term remains invariant. The mass term (4.2.8) changes as
follows

S[h]m → S[h]m + SSTU [h,A] , (4.4.3)

with

SSTU [h,A] =

∫
dDx
√
g

[
1

2
FµνF

µν − 2R

D
AµAµ + 2m

(
hµν∇µAν − h∇µA

µ
)]

, (4.4.4)

having defined
Fµν ≡ ∇µAν −∇νAµ . (4.4.5)

Proof. As the spacetime is curved and the derivatives are covariant, we have to consider
the relation

∇µAν∇νAµ = (∇µA
µ)2 −RµνA

µAν = (∇µA
µ)2 − R

D
AµAµ , (4.4.6)
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which holds up to total derivatives and can be further simplified considering that we work
in an Einstein space (4.1.1). This leads to the presence of the term −2R

D AµAµ in (4.4.6).
Taking into account this point, the rest of the computation is trivial and analogous to the
one performed in the previous chapter to derive the expression (3.6.11). Let’s see how the
term 1

2m
2
(
hµνh

µν − h2
)

transforms under the introduction of the Stückelberg field Aµ.
First, let’s look at the terms hµνhµν and h2 separately

hµνh
µν → hµνh

µν +
4

m
hµν∇µAν +

2

m2
(∇µAν∇µAν +∇µAν∇νAµ) (4.4.7)

h2 → h2 +
4

m2
(∇µA

µ)2 +
4

m
h∇µA

µ . (4.4.8)

Now, as
1

2
FµνF

µν = ∇µAν∇µAν −∇µAν∇νAµ (4.4.9)

we can write

∇µAν∇µAν +∇µAν∇νAµ = ∇µAν∇µAν −∇µAν∇νAµ + 2∇µAν∇νAµ =

=
1

2
FµνF

µν + 2(∇µA
µ)2 − 2R

D
AµAµ ,

(4.4.10)

so (4.4.7) can be rewritten as

hµνh
µν → hµνh

µν +
4

m
hµν∇µAν +

1

m2
FµνF

µν +
4

m2
(∇µA

µ)2 − 4R

m2D
AµAµ , (4.4.11)

leading to

hµνh
µν−h2 → hµνh

µν−h2+ 1

m2
FµνF

µν+
4

m
(hµν∇µAν−h∇µA

µ)− 4R

m2D
AµAµ (4.4.12)

and finally to (4.4.4).

■

Now the total action has a gauge symmetry:

δhµν = 2∇(µξν) δAµ = −mξµ . (4.4.13)

Now, let’s consider the following gauge-fixing condition:

∇νhµν −
1

2
∇µh+mAµ = 0 , (4.4.14)
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which is implemented inside the path integral with the following gauge-fixing term

Sgf [h,A] =

∫
dDx
√
g

[
∇νhµν −

1

2
∇µh+mAµ

]2
=

=

∫
dDx
√
g

[
∇νhµν∇ρh

µρ −∇νh∇µhµν + 2mAµ∇νhµν+

+
1

4
∇µh∇µh−mAµ∇µh+m2AµAµ

]
.

(4.4.15)

So, we can compute STOT [h,A] = SFP [h] + SSTU [h,A] + Sgf [h,A]

STOT [h,A] =
1

2

∫
dDx
√
g

[
∇ρhµν∇ρhµν −

1

2
∇µh∇µh − 2Rµανβh

µνhαβ+

+
R

D
h2 +m2

(
hµνhµν − h2

)]
+

+

∫
dDx
√
g

[
1

2
FµνF

µν + µAµAµ −mh∇µA
µ

]
,

(4.4.16)

with
µ ≡ m2 − 2R

D
(4.4.17)

as an "effective mass". Following the Faddeev-Popov (ΦΠ) procedure, evaluating the ΦΠ
determinant to be inserted in the path integral [75] as Det[Υµ

ν ], with:

Υµ
ν =

(
−□+m2 − R

D

)
δµν , (4.4.18)

the resulting partition function reduces to

Z[gµν ] =

∫
Dh

∫
DA exp

(
− STOT [h,A; gµν ]

)
Det[Υµ

ν ] . (4.4.19)

We have implicitely introduced the ghosts and then integrated them out to leave the
Faddeev-Popov determinant.

Proof. Considering the gauge-fixing function

fµ(h,A) = ∇αh
µα − 1

2
∇µh+mAµ (4.4.20)

and the gauge symmetry (4.4.13), we can immediately compute

Υµ
ν =

δfµ

δξν
= ∇ν∇µ +□ δµν −

1

2
· 2∇µ∇ν −m2δµν =

=
(
−□+m2

)
δµν +∇ν∇µ −∇µ∇ν =

(
−□+m2 − R

D

)
δµν

(4.4.21)
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as
[∇α,∇µ]Vα = RµνV

ν =
R

D
Vµ (4.4.22)

considering the Einstein space condition (4.1.1).

■

4.5 Redefinition of the Stückelberg vector field

In order to eliminate the mixed term −mh∇µA
µ let’s make the following change of variables

for the vector field Aµ

Aµ → Aµ + α∇µh , (4.5.1)

with α as a real parameter to be determined.

The only part of STOT (4.4.16) which changes is:∫
dDx
√
g

[
µAµAµ −mh∇µA

µ

]
→

→
∫
dDx
√
g

[
µAµAµ −mh∇µA

µ − 4R

D
αAµ∇µh+ 2m2αAµ∇µh+

− 2R

D
α2∇µh∇µh+m2α2∇µh∇µh−mαh□h

]
=

=

∫
dDx
√
g

[
µAµAµ +

(
−m+

4R

D
α− 2m2α

)
h∇µA

µ+

+

(
− 2R

D
α2 +mα+m2α2

)
∇µh∇µh

]
.

(4.5.2)

Now, we can choose a value for α such that the term
(
−m+ 4R

D α−2m2α
)
h∇µA

µ vanishes.

We immediately see that, by choosing

α =
mD

4R− 2Dm2
, (4.5.3)

the action (4.4.16) becomes

STOT [h,A] =
1

2

∫
dDx
√
g

[
∇ρhµν∇ρhµν − X∇µh∇µh − 2Rµανβh

µνhαβ +
R

D
h2+

+m2

(
hµνhµν − h2

)]
+

+

∫
dDx
√
g

[
1

2
FµνF

µν + µAµA
µ

]
,

(4.5.4)
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with

X ≡ Dm2 −R
Dm2 − 2R

. (4.5.5)

By looking at (4.5.3), we can see that α is not properly defined for m2 = 2R
D . We will

study this case in Appendix C, where we will show that the shift (4.5.1) is a convenient but
not crucial step to get to the final result.

4.6 Stückelberg scalar field

Now, by introducing the Stückelberg scalar field φ

Aµ → Aµ +
1

m
∇µφ , (4.6.1)

the µAµA
µ term changes as follows

µAµA
µ → µAµA

µ + µ

(
2

m
Aµ∇µφ+

1

m2
∇µφ∇µφ

)
. (4.6.2)

The total action has an additional gauge symmetry

δAµ = ∇µϵ δφ = −mϵ . (4.6.3)

Now, let’s consider the following gauge-fixing condition:

∇µAµ +
µ

m
φ = 0 , (4.6.4)

which is implemented inside the path integral with the following gauge-fixing term

Sgf ′ [A,φ] =

∫
dDx
√
g

[
∇µAµ +

µ

m
φ

]2
=

=

∫
dDx
√
g

[
(∇µAµ)

2 +
2µ

m
φ∇µA

µ +

(
µ

m

)2

φ2

]
.

(4.6.5)

We get:

STOT [h,A, φ] =
1

2

∫
dDx
√
g

[
∇ρhµν∇ρhµν − X∇µh∇µh − 2Rµανβh

µνhαβ+

+
R

D
h2 +m2

(
hµνhµν − h2

)]
+

+

∫
dDx
√
g

[
∇νAµ∇νAµ +

(
m2 − R

D

)
AµAµ+

+
µ

m2
∇µφ∇µφ+

(
µ

m

)2

φ2

]
.

(4.6.6)
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The associated ΦΠ determinant corresponds to Det[Y ], with

Y = −□+ µ . (4.6.7)

The resulting partition function reduces to

Z[gµν ] =

∫
Dh

∫
DA

∫
Dφ exp

(
− STOT [h,A, φ; gµν ]

)
Det[Υµ

ν ]Det[Y ] . (4.6.8)

Again, we have implicitely introduced the ghosts and integrated them out.

Proof. Considering the gauge-fixing function

f(A,φ) = −∇µAµ −
µ

m
φ (4.6.9)

and the gauge symmetry (4.6.3), we can immediately compute

Y =
δ̃f

δ̃ϵ
= −□+ µ . (4.6.10)

■

Let’s now rewrite STOT (4.6.6) in order to highlight the three different contributions of
hµν , Aµ, φ

STOT [h,A, φ] = Sgr[h] + Svec[A] +
µ

m2
Ssca[φ] , (4.6.11)

with

Sgr[h] =
1

2

∫
dDx
√
g

[
∇ρhµν∇ρhµν − X∇µh∇µh − 2Rµανβh

µνhαβ +
R

D
h2+

+m2

(
hµνhµν − h2

)]
,

(4.6.12)

Svec[A] =

∫
dDx
√
g
(
AµΥ

µ
νA

ν
)
, (4.6.13)

Ssca[φ] =

∫
dDx
√
g
(
φY φ

)
, (4.6.14)

with Υµ
ν given by (4.4.18) and Y by (4.6.7).
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4.7 Decomposition of the gravitational field

The gravitational term is not in a diagonal form, so let’s rearrange it by decomposing the
field into its traceless part Φµν and scalar part ϕ

hµν = Φµν +
1

D
gµνϕ , (4.7.1)

with
gµνΦµν = 0 , ϕ = gµνhµν . (4.7.2)

By doing this, we finally have

Sgr[h] = Sgr1 [Φ] + k Sgr2 [ϕ] , (4.7.3)

with
Sgr1 [Φ] =

1

2

∫
dDx
√
g
(
ΦµνYµναβΦαβ

)
(4.7.4)

and
Sgr2 [ϕ] =

∫
dDx
√
g
(
ϕY ϕ

)
, (4.7.5)

with
Yµναβ =

(
−□+m2

)
δ(αµδ

β)
ν − 2Rµ

(α
ν
β) (4.7.6)

and Y defined in (4.6.7), with

k ≡ m2D(D − 1) +R(2−D)

2D(Dm2 − 2R)
. (4.7.7)

We immediately see that Ssca[φ] (4.6.14) and Sgr2 [ϕ] (4.7.5) have the same form.

Finally, this decomposition leads to

Z[gµν ] =

∫
DΦ

∫
DA

∫
Dφ

∫
Dϕ exp

(
− STOT [Φ, A, φ, ϕ; gµν ]

)
Det[Υµ

ν ]Det[Y ] ,

(4.7.8)
with STOT [Φ, A, φ, ϕ; gµν ] given by

STOT [Φ, A, φ, ϕ; gµν ] = Sgr1 [Φ] + Svec[A] +
µ

m2
Ssca[φ] + k Sgr2 [ϕ] . (4.7.9)
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4.8 Seeley-DeWitt coefficients

It is now possible to path integrate over all the field species, producing the following func-
tional determinants

Z[gµν ] =
(
Det

[
Yµναβ

])− 1
2
(
Det[Υµ

ν ]
) 1

2
. (4.8.1)

As the operator F appears in both Ssca[φ] (4.6.14) and Sgr2 [ϕ] (4.7.5) up to some prefac-
tors, which may be absorbed in the overall path integral normalization, its determinant is
cancelled out with the one stemming from the ΦΠ procedure [76, 77].

Recalling that the determinant of Yµναβ refers to the traceless modes only, for our
calculation it’s useful to make the operator Ỹµναβ

Ỹµναβ =
(
−□+m2

)
δ(αµδ

β)
ν − 2Rµ

(α
ν
β) (4.8.2)

appear, with the same form as Yµναβ (4.7.6), for a full rank-2 tensor Ψµν , as discussed in
[76, 77]. This is immediate with the following decomposition:

Ψµν = Φµν +
1

D
gµνψ , (4.8.3)

with
gµνΦµν = 0 , ψ = gµνΨµν , (4.8.4)

which leads to the action

S[Ψ] =
1

2

∫
dDx
√
g
(
ΨµνỸµναβΨαβ

)
=

=
1

2

∫
dDx
√
g
(
ΦµνYµναβΦαβ

)
+

1

2

∫
dDx
√
g
(
ψ Y ψ

) (4.8.5)

and then

ZΨ[gµν ] =

∫
DΨexp

(
− S[Ψ]

)
=

=
(
Det[Ỹµναβ]

)− 1
2
=
(
Det[Yµναβ]

)− 1
2
(
Det[Y ]

)− 1
2
.

(4.8.6)

Therefore, the path integral of linearized massive gravity is given by

Z[gµν ] =
(
Det

[
Ỹµναβ

])− 1
2
(
Det[Υµ

ν ]
) 1

2
(
Det[Y ]

) 1
2 (4.8.7)

and finally, the one loop effective action is given by

Γ[gµν ] = −log[Z] =

=
1

2
log
(
Det

[
Ỹµναβ

])
− 1

2
log
(
Det[Υµ

ν ]
)
− 1

2
log
(
Det[Y ]

)
.

(4.8.8)
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The latter equation highlights that it’s possible to show that the Seeley-DeWitt coefficients
are given by the contributions of the three different operators. Recall that the mass term is
singled out in the Schwinger–De Witt parametrization, and transformed into an exponential
term in front of the effective action. Indeed, the mass term acts as a cut-off for infrared
divergences, making the integral over the proper time convergent at the upper limit [78, 79].
Therefore, it is possible to exploit the already known coefficients previously computed in
the literature. In fact, we can write the one-loop effective action in terms of the Seeley-
DeWitt coefficients ak(D; x), as in (2.2.20), with D as the spacetime dimensions and the
coefficients defined in (2.3.14)

Γ(1) = −
1

2

∫ ∞

0

dβ

β
exp
(
− βm2

)∫ dDx
√
g

(4πβ)
D
2

str
∞∑
k=0

βkak(D; x) , (4.8.9)

with β as the Euclidean time and str as the supertrace defined in (2.2.19). The heat kernel
expansion can then be obtained from (4.8.8) using the notions from chapter 2, giving:

str[ak(D; x)] = tr[agrk (D; x)]− tr[aveck (D; x)]− tr[ascak (D; x)] , (4.8.10)

with agrk (D; x), aveck (D; x) and ascak (D; x) as the heat kernel coefficients for the operators
Ỹµναβ (4.8.2), Υµ

ν (4.4.18) and Y (4.6.7) respectively and tr as the trace defined in (2.3.13).
These coefficients can be computed with the well-known method described in [4] and plugged
in (4.8.9). The following results for the first four coefficients have been previously computed
in [79].

Thanks to the second Bianchi identity

∇µRαβνρ +∇νRαβρµ +∇ρRαβµν = 0 , (4.8.11)

which can be contracted to

∇ρRµναρ = ∇νRµα −∇µRνα (4.8.12)

and to
∇νRµν =

1

2
∇µR , (4.8.13)

known as the contracted Bianchi identities, we can find ∇µR = ∇νRµν = 0, by plugging
(4.1.1) into (4.8.13), as Rµν ∝ R. Moreover, by taking the covariant derivative of (4.1.1),
we get ∇αRµν = 0, so that the equation (4.8.12) together with the last result implies that
∇ρRµναρ = 0 as well. Therefore, on Einstein manifolds all covariant derivatives of the form
∇µR, ∇αRµν and ∇σRµνρσ vanish identically. Because of this, many terms in (2.3.19)
vanish.

In order to express the heat kernel coefficients, let’s first introduce the following notation

E31 ≡ R3, (4.8.14)
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E32 ≡ RRµνρσR
µνρσ = RR2

µνρσ, (4.8.15)

E33 ≡ Rµν
ρσRρσ

αβRαβ
µν , (4.8.16)

E34 ≡ RαµνβR
µρσνRρ

αβ
σ . (4.8.17)

For the operator Y we have

tr[asca0 (D; x)] = 1 , (4.8.18)

tr[asca1 (D; x)] =
2R

3
, (4.8.19)

tr[asca2 (D; x)] =
40D − 1

180D
R2 +

1

180
R2

µνρσ , (4.8.20)

tr[asca3 (D; x)] =
140D2 − 1890D − 1

2835D2
E31 +

1 + 28D

7560D
E32 +

17

45360
E33 +

1

1620
E34 . (4.8.21)

For the operator Υµ
ν we have

tr[avec0 (D; x)] = D , (4.8.22)

tr[avec1 (D; x)] =

(
D

6
+ 1

)
R , (4.8.23)

tr[avec2 (D; x)] =
5D2 + 58D + 180

360D
R2 +

D − 15

180
R2

µνρσ , (4.8.24)

tr[avec3 (D; x)] =
35D3 + 588D2 + 3512D + 7560

45360D2
E31 +

7D2 − 62D − 714

7560D
E32+

+
17D − 252

45360
E33 +

D − 18

1620
E34 .

(4.8.25)

For the operator Ỹµναβ we have

tr[agr0 (D; x)] =
D(D + 1)

2
, (4.8.26)

tr[agr1 (D; x)] =
(D + 4)(D − 3)

12
R , (4.8.27)

tr[agr2 (D; x)] =
5D2 + 3D − 122

720
R2 +

D2 − 29D + 480

360
R2

µνρσ , (4.8.28)

tr[agr3 (D; x)] =
35D3 − 7D2 − 1318D + 488

90720D
E31+

+
7D3 − 202D2 + 3109D + 9744

15120D
E32+

+
17D2 − 487D − 16128

90720
E33 +

D2 − 35D − 1152

3240
E34 .

(4.8.29)
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Now, using (4.8.10), we can finally write down the total coefficients

str[a0(D; x)] =
(D + 1)(D − 2)

2
, (4.8.30)

str[a1(D; x)] =
D2 −D − 32

12
R , (4.8.31)

str[a2(D; x)] =
5D3 − 7D2 − 398D − 356

720R
R2 +

D2 − 31D + 508

360
R2

µνρσ , (4.8.32)

str[a3(D; x)] =
35D4 − 77D3 − 6974D2 + 53944D − 15088

90720D2
E31+

+
7D3 − 216D2 + 3177D + 11170

15120D
E32+

+
17D2 − 521D − 15658

90720
E33 +

D2 − 37D − 1118

3240
E34 .

(4.8.33)

The one-loop effective action can then be written as an expansion in powers of the
Euclidean time β

Γ(1) = −
1

2

∫ ∞

0

dβ

β
exp
(
− βm2

)∫ dDx
√
g

(4πβ)
D
2

str
[
a0(D; x) + a1(D; x)β + a2(D; x)β2+

+ a3(D; x)β3 +O(β4)
]
.

(4.8.34)

In four spacetime dimensions, the different powers of β give rise to the quartic, quadratic,
and logarithmic divergences parametrized by a0, a1, a2, respectively. Our results for them
coincides precisely with those calculated in [80] in D = 4, with the path integral approach.
More generally, the a2 coefficient in D spacetime dimensions has been recently evaluated
in [1] and is correctly reproduced by our results. The main result of this thesis is the
newly computed coefficient a3(D; x), previously not fully known in the literature, which
parametrizes a class of divergences that start to appear in D ≥ 6 dimensions. More im-
portantly, this coefficient identifies a finite contribution to the derivative expansion of the
effective action in D = 4, as we shall describe shortly. It has been calculated in [81] with
worldline techniques with the restriction to Ricci-flat spacetimes: our result are in agree-
ment upon setting Rµν = 0. Therefore, our results for the Seeley-DeWitt coefficients could
serve as a benchmark for verifying alternative approaches to massive gravity, and their
precise expression should be known explicitly.

Coming back to the application mentioned above, let us derive the contribution of a3
to the derivative expansion of the effective action in D = 4. We set D = 4 in (4.8.9) and
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extract from it the k = 3 term. Then, the integral in β can be performed, giving rise to

Γ
(k=3)
(1) =

∫
d4 x
√
gL , (4.8.35)

with the Lagrangian L given by

L = −1

2

str[a3(4; x)]
(4π)2

∫ ∞

0

dβ

β
exp
(
− βm2

)
= −str[a3(4; x)]

32π2m2
, (4.8.36)

as ∫ ∞

0

dβ

β
exp
(
− βm2

)
=

[
−

exp
(
− βm2

)
m2

]β=∞

β=0

=
1

m2
, (4.8.37)

with str[a3(4; x)] obtained from (4.8.33) with D = 4

str[a3(4; x)] =
5821

90720
R3 +

2087

6048
RR2

µνρσ −
1747

9072
Rµν

ρσRρσ
αβRαβ

µν+

− 125

324
RαµνβR

µρσνRρ
αβ

σ .

(4.8.38)

The result (4.8.35) is very interesting as it is a finite term in the one-loop effective action.
In fact, for massless fields, the derivative expansion of the effective action is not consistent,
but for massive fields, when the energy is lower than the particle’s mass, the expansion is
consistent and often very useful.
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Conclusions

The aim of this thesis was to compute the first four heat kernel coefficients a0 , a1, a2 and
a3 for the theory of massive gravity in a curved spacetime, specifically an Einstein space of
dimension D with Euclidean signature. The first part of the thesis, consisting of the first
three chapters, is dedicated to an introduction of the topics: the Faddeev-Popov procedure,
the background field method, the heat kernel method and the theory of massive gravity in
flat spacetime, which is a preview of the same theory in curved spaces. The heat kernel
method developed by Seeley-DeWitt is not directly applicable to the Fierz-Pauli action of
massive gravity in curved spacetime as the operator entering the heat kernel is not minimal.
Therefore, we first have to manipulate the action with the Stückelberg trick, by introducing
two new fields (a vector and a scalar), which lead to new gauge symmetries. By fixing the
gauge properly, we can then write a new action as a sum of four actions, all in diagonal form
with minimal operators. In this way, the Faddeev-Popov procedure can be used to compute
the path integral of the theory and the Seeley-DeWitt method can be applied to compute
the first four heat kernel coefficients and finally express the one-loop effective action as a
power series of heat kernel coefficients.

The results obtained are in agreement with the ones obtained by [80] and [1]. The main
result of this thesis is the newly computed coefficient a3(D; x), previously not fully known
in the literature, which parametrizes a class of divergences that start to appear in D ≥ 6
dimensions and identifies a finite contribution to the derivative expansion of the effective
action in D = 4. It has been calculated in [81], with worldline techniques, but with the
restriction of working in a Ricci-flat spacetime.
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A Appendix

The metric can be expanded as

gµν(x) = ηµν + hµν(x) . (A.0.1)

For the moment, we absorb the coupling constant κ in hµν . At linear order

gµν(x) = ηµν − hµν(x) , g =
∣∣ detgµν

∣∣ = 1 + h ,
√
g = 1 +

1

2
h . (A.0.2)

Indices are raised and lowered with the flat metric ηµν . Hence, the Christoffel symbols
linearize as

Γρ
µν =

1

2
ηρσ
(
∂µhνσ + ∂νhµσ − ∂σhµν

)
, (A.0.3)

the Riemann tensor as

Rµν
ρ
σ =

1

2
∂σ

(
∂µhν

ρ − ∂νhµρ
)
− 1

2
∂ρ
(
∂µhνσ − ∂νhµσ

)
(A.0.4)

and the Ricci tensor as

Rνσ = Rµν
µ
σ =

1

2

(
∂ν∂

µhσµ + ∂σ∂
µhνµ − ∂ν∂σh−□hνσ

)
. (A.0.5)

Now, in order to get the quadratic approximation we need to keep at least a linear order
in the variation of the √ggµν part of the Einstein-Hilbert action, as at the quadratic level
the Ricci tensor will not contribute. This is seen recalling that in a first order formalism,
the action depends on the metric and Christoffel symbols independently

SEH [g,Γ] =
1

2κ2

∫
dDx
√
g gµνRµν(Γ) . (A.0.6)

The equations of motion of gµν give

Rµν(Γ)−
1

2
gµνg

αβRαβ(Γ) = 0 (A.0.7)

while the equations of motion from varying Γρ
µν give algebraic equations whose solutions

are precisely the ones defining the usual Christoffel symbols, that can be substituted back
in the action and in (A.0.7). The latter giving the Einstein equation in its second order
form

Rµν(g)−
1

2
gµνR(g) = 0 (A.0.8)

which could as well be obtained from the action in the second order form, varying only the√
ggµν part, the remaining gµν dependence does not need to be varied as that variation will

be automatically vanishing (schematically δRµν

δg =
δRµν

δΓ
δΓ
δg , but δRµν

δΓ vanish so does δRµν

δg ).
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Thus, at the linear order, the variation of the Einstein-Hilbert action in the second order
formulation may be written as

δSEH [g] =
1

2κ2

∫
dDx
√
g δgµν

[
Rµν(g)−

1

2
gµνR(g)

]
. (A.0.9)

For a second variation, needed to identify the quadratic approximation, one sees that only
a linear variation R and Rµν is needed. Therefore, at the quadratic order we consider only
the terms that will contribute, i.e.

S2[h] =
1

4κ2

∫
dDx

(
1+

1

2
h

)(
ηνσ−hνσ

)(
∂ν∂

µhσµ+∂σ∂
µhνµ−∂ν∂σh−□hνσ

)
, (A.0.10)

leading, after some integrations by parts to collect similar terms, to

S2[h] =
1

4κ2

∫
dDx

[
hµν□hµν − h□h+ 2h∂µ∂νhµν + 2(∂µhµν)

2
]
. (A.0.11)

By finally redefining hµν → κhµν , with the proper normalization, further integrations by
parts and grouping some terms, we finally obtain (3.3.3).
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B Appendix

Let’s consider the Fierz-Pauli action for massive gravity in a curved spacetime (4.2.9) and
introduce the Stückelberg vector field Aµ

hµν → hµν +∇µAν +∇νAµ , (B.0.1)

leading to

SFP [h,A] =

∫
dDx

{
Lm=0(h) +

√
g

[
1

2
m2(hµνh

µν − h2) + 1

2
m2FµνF

µν+

− 2m2R

D
AµAµ + 2m2

(
hµν∇µAν − h∇µA

µ
)]}

,

(B.0.2)

with Fµν defined in (4.4.5). We can now introduce a Stückelberg scalar field φ

Aµ → Aµ +∇µφ , (B.0.3)

leading to

SFP [h,A, φ] =

∫
dDx

{
Lm=0(h) +

√
g

[
1

2
m2(hµνh

µν − h2) + 1

2
m2FµνF

µν+

− 2m2R

D
AµAµ + 2m2

(
hµν∇µAν − h∇µA

µ
)
+

− 2m2R

D
∇µφ∇µφ− 4m2R

D
Aµ∇µφ+

+ 2m2(hµν∇µ∇νφ− h□φ)
]}

.

(B.0.4)

Under the conformal transformation

hµν = h′µν + πgµν , (B.0.5)

with π as any scalar, the change in the massless part is

Lm=0(h) = Lm=0(h
′) +
√
g

[
(D − 2)

(
∇µπ∇νh

′µν −∇µπ∇µh′ − 1

2
(D − 1)∇µπ∇µπ

)
+

+R
D − 2

D

(
h′π +

D

2
π2
)]

.

(B.0.6)
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Proof. Considering the massless lagrangian

Lm=0(h) =
√
g

[
1

2
∇ρhµν∇ρhµν −∇ρhµν∇νhµρ +∇µh∇νhµν −

1

2
∇µh∇µh+

− R

D

(
hµνhµν −

1

2
h2
)]

,

(B.0.7)

by applying (B.0.5) we obtain

Lm=0(h) =
√
g

[
1

2
∇ρ(h′µν + πgµν)∇ρ(h

′
µν + πgµν)+

−∇ρ(h′µν + πgµν)∇ν(h
′
µρ + πgµρ)+

+∇µ(h′ +Dπ)∇ν(h′µν + πgµν)+

− 1

2
∇µ(h′ +Dπ)∇µ(h

′ +Dπ)+

− R

D

(
(h′µν + πgµν)(h′µν + πgµν)−

1

2
(h′ +Dπ)2

)]
=

=
√
g

[
1

2
∇ρh′µν∇ρh

′
µν −∇ρh′µν∇νh

′
µρ +∇µh′∇νh′µν −

1

2
∇µh′∇µh

′+

− R

D

(
h′µνh′µν −

1

2
h′2
)]

+

+
√
g

[
(D − 2)

(
∇µπ∇νh

′µν −∇µπ∇µh′ − 1

2
(D − 1)∇µπ∇µπ

)
+

+
R

D
(D − 2)

(
h′π +

D

2
π2
)]

=

= Lm=0(h
′) +
√
g

[
(D − 2)

(
∇µπ∇νh

′µν −∇µπ∇µh′ − 1

2
(D − 1)∇µπ∇µπ

)
+

+
R

D
(D − 2)

(
h′π +

D

2
π2
)]

,

(B.0.8)

■

If we apply π = 2
D−2m

2φ we obtain

SFP [h,A, φ] =

∫
dDx

{
Lm=0(h

′) +
√
g

[
1

2
m2(h′µνh

′µν − h′2) + 1

2
m2FµνF

µν+

− 2m2R

D
AµAµ + 2m2

(
h′µν∇µAν − h′∇µA

µ
)
+ 2m2

(
D − 1

D − 2
m2 − R

D

)
×

×
(
∇µφ∇µφ−m2 D

D − 2
φ2 − 2φ∇µA

µ − h′φ
)]}

.

(B.0.9)
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Proof. Let’s see how the action (B.0.6) is modified under the transformation (B.0.5), with
π = 2

D−2m
2φ. We consider the following terms

Lm=0(h) = Lm=0(h
′) +
√
g

[
(D − 2)

(
∇µπ∇νh

′µν −∇µπ∇µh′ − 1

2
(D − 1)∇µπ∇µπ

)
+

+R
D − 2

D

(
h′π +

D

2
π2
)]

=

= Lm=0(h
′)−√gD − 1

D − 2
2m4∇µφ∇µφ+

√
g
R

D
2m2

(
h′φ+m2 D

D − 2
φ2

)
,

(B.0.10)

1

2
(hµνh

µν − h2) = 1

2
(h′µνh

′µν − h′2)− 2m6D(D − 1)

(D − 2)2
φ2 − 2m4D − 1

D − 2
h′φ , (B.0.11)

2m2(hµν∇µAν − h∇µA
µ) = 2m2(h′µν∇µAν − h′∇µA

µ)− 4m4D − 1

D − 2
φ∇µA

µ , (B.0.12)

2m2(hµν∇µ∇νφ− h□φ) = −4m4D − 1

D − 2
φ□φ = 4m4D − 1

D − 2
∇µφ∇µφ . (B.0.13)

By plugging in these terms into (B.0.6), we obtain the action (B.0.9).
■

The gauge symmetry of the action reads

δh′µν = ∂µξν + ∂νξµ +
2

D − 2
Λgµν , δAµ = −ξµ (B.0.14)

δAµ = ∂µΛ , δφ = −Λ . (B.0.15)

Note that for the special value

R =
D(D − 1)

D − 2
m2 , (B.0.16)

the dependence on φ completely cancels out of (B.0.9). By setting the unitary gauge Aµ = 0
and given the replacements (B.0.1), (B.0.3) and the conformal transformation (B.0.5), this
implies that the original lagrangian (4.2.9) with the mass (B.0.16) has the gauge symmetry

δhµν = ∇µ∇νλ+
1

D − 2
m2λgµν , (B.0.17)

with λ(x) as a scalar gauge parameter. At the value (B.0.16), the theory is called partially
massless [82, 83, 84, 85, 86]. Due to the gauge symmetry (B.0.17), this theory propagates
one fewer d.o.f. than usual so for D = 4 it carries 4 d.o.f. instead of 5. In addition, it
marks a boundary in the R,m2 plane between stable and unstable theories, see Figure 2.
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Figure 2: Degrees of freedom and their stability for values in the R,m2 plane for massive
gravity on an Einstein space in D = 4. The line R = 6m2 ,m2 ̸= 0 is where a scalar gauge
symmetry appears, reducing the number of d.o.f. by one. The line m2 = 0 is where the
vector gauge symmetries appear, reducing the number of d.o.f. by three.
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C Appendix

In the redefinition of the vector field Aµ (4.5.1) we have introduced the parameter α, which
is not properly defined for m2 = 2R

D . We now show a way to avoid the replacement, thus
proving that our method still holds even in the aforementioned seemingly singular case.
Indeed, it’s possible to write the Fierz-Pauli action in diagonal form with only minimal
operators, without having to change variables.

Let’s start from (4.4.16)

STOT [h,A] = Sgr[h] +

∫
dDx
√
g

[
1

2
FµνF

µν + µAµAµ −mh∇µA
µ

]
, (C.0.1)

with Fµν and µ defined in (4.4.5) and (4.4.17) respectively and

Sgr[h] =
1

2

∫
dDx
√
g

[
∇ρhµν∇ρhµν −

1

2
∇µh∇µh − 2Rµανβh

µνhαβ+

+
R

D
h2 +m2

(
hµνhµν − h2

)]
.

(C.0.2)

Now let’s introduce the Stückelberg scalar field φ

Aµ → Aµ +
1

m
∇µφ . (C.0.3)

The only part of STOT which changes is∫
dDx
√
g

[
µAµAµ −mh∇µA

µ

]
→

→
∫
dDx
√
g

[
µAµAµ −mh∇µA

µ +
µ

m2
∇µφ∇µφ+

2µ

m
Aµ∇µφ− h□φ

]
.

(C.0.4)

So the total action will look like

STOT [h,A, φ] =
1

2

∫
dDx
√
g

[
∇ρhµν∇ρhµν −

1

2
∇µh∇µh − 2Rµανβh

µνhαβ+

+
R

D
h2 +m2

(
hµνhµν − h2

)]
+

+

∫
dDx
√
g

[
1

2
FµνF

µν + µAµAµ −mh∇µA
µ

+
µ

m2
∇µφ∇µφ+

2µ

m
Aµ∇µφ− h□φ

]
.

(C.0.5)
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Now, let’s introduce the gauge-fixing

∇µA
µ +

µ

m
φ+

m

2
h = 0 , (C.0.6)

implemented in the action as

Sgf [h,A, φ] =

∫
dDx
√
g

[(
∇µA

µ
)2

+
µ2

m2
φ2 +

m2

4
h2+

+
2µ

m
∇µA

µφ+ µφh+mh∇µA
µ

]
.

(C.0.7)

Now the final action looks like

Sfinal[h,A, φ] = STOT [h,A, φ] + Sgf [h,A, φ] =

=
1

2

∫
dDx
√
g

[
∇ρhµν∇ρhµν −

1

2
∇µh∇µh − 2Rµανβh

µνhαβ+

+

(
R

D
+
m2

2

)
h2 +m2

(
hµνhµν − h2

)]
+

+

∫
dDx
√
g

[
AµΥ

µ
νA

ν

]
+

+

∫
dDx
√
g

[
µ

m2
φY φ+∇µφ∇µh+ µφh

]
,

(C.0.8)

with Υµ
ν (4.4.18) and Y (4.6.7).

The gravitational term is not in a diagonal form, so let’s rearrange it by decomposing
again the field into its traceless part Φµν and scalar part ϕ:

hµν = Φµν +
1

D
gµνϕ , (C.0.9)

with
gµνΦµν = 0 , ϕ = gµνhµν . (C.0.10)

By doing this, we finally have

Sfinal[Φ, A, ϕ, φ] = Sgr1 [Φ] + Svec[A] + Ssca[ϕ, φ] , (C.0.11)

with
Sgr1 [Φ] =

1

2

∫
dDx
√
g
(
ΦµνYµναβΦαβ

)
, (C.0.12)

Svec[A] =

∫
dDx
√
g
(
AµΥ

µ
νA

ν
)
, (C.0.13)
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Ssca[ϕ, φ] =

∫
dDx
√
g

[(
2−D
4D

)
ϕY ϕ+

µ

m2
φY φ+ φY ϕ

]
, (C.0.14)

with Yµναβ (4.7.6). Let’s now rewrite the scalar sector as

Ssca[ψ] =

∫
dDx
√
g

[
ψAMABψ

B

]
, (C.0.15)

with

ψA ≡
[
ϕ
φ

]
, MAB ≡

[(
2−D
4D

)
Y 0

Y µ
m2Y

]
. (C.0.16)

Considering the related partition function

Zsca[gµν ] =

∫
Dϕ

∫
Dφ exp

(
− Ssca[ϕ, φ]

)
= Det[MAB]

− 1
2 ∼

∼
((

Det[Y ]
)2)− 1

2

=

(
Det[Y ]

)−1

,

(C.0.17)

we can notice that the determinant of MAB is proportional to
(
det[Y ]

)2 up to some con-
stants we can absorb in the partition function with a proper normalization. So, the total
partition function will be

Z[gµν ] =

∫
DΦ

∫
DA

∫
Dϕ

∫
Dφ exp

(
− Sfinal[Φ, A, ϕ, φ; gµν ]

)
×

×Det[Υµ
ν ]Det[Y ] =

=

∫
DΦexp

(
− Sgr1 [Φ; gµν ]

)∫
DA exp

(
− Svec[A; gµν ]

)
Zsca[gµν ]×

×Det [Υµ
ν ]Det[Y ] =

=
(
Det

[
Yµναβ

])− 1
2
(
Det[Υµ

ν ]
)− 1

2

(
Det[Y ]

)−1

Det[Υµ
ν ]Det[Y ] =

=
(
Det

[
Yµναβ

])− 1
2
(
Det[Υµ

ν ]
) 1

2
,

(C.0.18)

which is exactly (4.8.1).
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