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Introduction

The purpose of this thesis is to establish existance results for weak solutions of a large class
of degenerate McKean-Vlasov equations with rough coefficients by expanding upon techniques
developed by A. Yu. Veretennikov in [11].

A McKean-Vlasov equation (MKV) is an object of the form

dXt = B(t, Xt, ,LLXt)dt + E(t, Xt, MXt)th, X() ~ o, (].)

where W is a d-dimensional Wiener Process, pyx, is the law of the process X at time ¢, o is an
element of P?(RY) which is the space of the measures on RY with finite second moment and the
stochastic processes B, Y are defined over the spaces B : Q x [0,T] x RY x P?*(RY) — RY and
Y:Qx[0,T] x RY x P2(RYN) — RNVx4,

Historically Vlasov’s idea, proposed originally in 1938 and present in the reprinted paper [12],
called mean field interaction in mathematical psysics and in stochastic analysis, estimates that in
a large system of many particles subject to long-range interaction forces between the particles the
interaction of a particle on the others may be replaced by an averaged field. That is the case for
example in electron gas or more in general ionized particles. Later M. Kac [3] proposed equations
of the form (1) as a model for Vlasov’s kinetic equation in plasma. Then it was McKean [6] that
started a systematic study of equations of this type.

MKV equations also due to their historical origin are very effective to describe multi-agent
systems and degenerate MKV equations are of particular interest since they naturally arise in
mechanical systems subject to stochastical forces or noise, indeed that is studied in [2] for turbolent
flows as an alternative approach to the more classical study of the Navier-Stokes equations.

It is a classical result that under Lipschitz conditions for the coefficients by the fixed point
theorem we can find a pathwise unique strong solution to the equation. The problem arises when
the coefficients are rough, in this case usually an hypothesis of non degeneracy of the diffusion
coefficient is taken as in [7] but to work with degenerate coefficients that is obviously out of the
question, thus the alternative assumption taken is that the covariance matrix »X»* is a block

diagonal matrix, in particular the chosen class of equations will be of the form
dXO,t - BO(ta Xt7 /LXJdt,
dXie = Bi(t, Xe, pux, )dt + (¢, Xy, px, )dWs,

Xo ~ Ho,
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where X; = (Xo4, X14) € RY? x R? and X; non degenerate. A particularly interesting example

that is encompassed by our framework is the following MKV-Langevin-type equation:

dXo: = Xiy,
Xm,t = Bl(tv Xt7 :u’Xt)dt + El<t7 Xt7 NXt)th

Classically the Langevin model describes via its solution X; the dynamics of a system of d particles
with position Xy, and velocity X, at time ¢. The case with measurable coefficients is primarily
driven by applications in control problems. In finance, SDEs of this type describe path-dependent
contingent claims, such as Asian options or some local stochastic volatility model [9].

The thesis is organized as follows: in the first chapter notations and theorems that will be used
in the following chapters are stated but the proof is omitted since the proofs are quite convoluted
and outside the scope of the thesis. In the second chapter classical results for MKV equations
are derived (for example existance results for Lipschitz coefficients) using classical results from
Stochastic Calculus. Lastly in the third chapter, which amounts to the most part of the thesis,
the main theorem is derived.

This last result was firstly established by Veretennikov [11] by building upon its previous paper
[7] but with more strict assumptions, specifically requiring the coefficients to be bounded and the
diffusion matrix ¥ to be symmetric while here these hypothesis are dropped and the coefficients
are only needed to be of sublinear growth. The main tools used in this proof are Krylov’s bounds
[4], Skorokhod’s lemma to obtain weak convergence [10] and Nisio’s approach to SDEs in [8] and
[7].
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Chapter 1
Preliminary Notions

Definition 1.1. In this thesis we will need a couple of interesting process spaces:

o M? is the space of processes Y; progressively measurable w.r.t a filtration F; such that the
1

norm ||Y]|y2 := E [fOT |Y;|2ds} ® s finite.

e S? is the space of progressively measurable continuous processes Y, such that the norm

[1Y]|s2 := E [sup, |Yt|2]% is finite. It is possible to prove that (S?,|| - ||s2) is a Banach space.

Definition 1.2 (Solution of an SDE). Given a probability space Q2. Given an SDE with coeffi-
cients b : Qx [0, T|xRY — RN and o : Qx [0, T]xRY — RN*4 ¢ filtration F; and a d-dimensional
Wiener process Wy with respect to the filtration. The N-dimensional process X = (Xi)iep,,m de-

fined over € is a solution if
1. X is adapted and continuous, which means that X, € mF;, Vt € [to, T|.

2. almost certainly we have

t t
Xy =Xy, —|—/ bs(Xs)ds —i—/ 0s(Xs)dWs, t € [to, T.
to to
And we may write X € SDE(b, o0, W, F).
We say that X is a strong solution to the SDE if given (F;,W;) and a random variable
Z € mFy, we have that the process X is a solution to the SDE, almost certainly Xy, = Z and,
crucially, X is adapted to the completed filtration generated by W and Z, that is .7-"tw’Z.

Definition 1.3 (Uniqueness of the solution of an SDE). Given an SDE with coefficients b

and o we have uniqueness:

e in strong sense, if XY € SDE(b,o, W, F;) and X;, =Y, almost certainly implies that X

and Y are pathwise equal.
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e in weak sense (or in law), if X € SDE(b,o, W, F;),Y € SDE(b,0,B,G;) and X;, =Y,
in law implies that (X, W) = (Y, B) in law.

Definition 1.4 (Explosion time). Given a probability space 2, an SDE with coefficients b :
QOx[0,T] xRY - RN and o : Q x [0,T] x RN — R¥N*d ¢ filtration F; and a d-dimensional
Wiener process Wy with respect to the filtration. If X € SDE(b, o, W, F;) up to time

7, =inf(t € [0,T], s.t. | X;| > n)

for alln € N. We may define

T = liMy—00Tn

the explosion time for the process X.
A solution for an SDE is called explosive if P(T < T) > 0.

Definition 1.5 (Wasserstein measure). Let E be a complete, separable metric space with Borel
o-algebra B. Let P,(E) be the set of all Borel measures over (E,B) with finite r'" moments. Let
w,v € P.(E). We define the Wasserstein r-distance Wg) : Pr(E) x P.(E) = R as

W) = inf ( / d<x,y>w<dx,dy>),
ExFE

YEP(EXE)

where v is a joint distribution over E x E with marginals p,v.

It is possible to prove ([1]) that Py(E) with the Wasserstein 2-distance is complete and separable.



Chapter 2
Preliminary Results

In this chapter we will build the tools necessary to tackle the main theorem for the next chapter.

Let’s start with this widely known estimates.

Lemma 2.1. Let b;(x) and o(x) be stochastic processes defined over Qx [0, T] x RN such that their
growth is sublinear in x uniformly in the other variables, explicitly |by(x)| + |ow(z)| < M (1 + |z|).
Let ¢ > 1, Xy € L*(Q) and, if it exists, X; be the solution of

t t
X, = Xo —1—/ bs(Xs)ds —1—/ 0s(Xs)dWs, te0,T].
0 0
Then these inequalities are true:

® Sup; .cjo,r K HXt - Xs|2q] < (C-ha,

[t—s|<h

o E [supicq [ X" < C(1+E[[Xo[*)).
Where the constant C' only depends on q, T" and M.

Proof. Let’s start from the first inequality and apply a small variation of Lemma 2.5.2 of [4] where
instead of considering processes that start at time 0 with value 0 we consider the starting time s

still with value 0.
Thus,

1 [t ¢ q
E[|X; — X, ] < (—/ AEINMAAr 4 2(2¢ — 1)/ e’\(t_’")Mer> <C-|t— s
€ S

s

Where € > 0 and A = 4¢M + €. Now we conclude by passing to the supj,_ <.

The second inequality is a classical result, we will still provide the proof for completeness’ sake.

3
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s s 2q
/ by (X, )dr / o (X)W,
s€l0,t] |Jo 0
sup s / b,(X,)[*%dr | + CE [/ |l (X |2qdr]
s€[0,¢]

< g2t (E [ Xo|*] + M>(2T)*'E { / 1+ |XT|2er} + CM?12*7'E { / 1+ |X,q]2‘1er
0 0

sup |Xs|2q] dr) :
s€[0,7]

By using the inequality (3>_7, @;)" <nP~1Y""  a¥ we observe that
2q
sup

E + E | sup

s€[0,t]

sup |Xs|21 < 3%l (E [1Xo|*] + E

s€[0,t]

Holder+Doob

< 3ft (E [[Xo]*] + E

t
< Cwumryg <1 +E [|Xo|2q} "‘/ E
0

This means that Gronwall’s lemma may be used. Thus

E | sup |X,[*

s€[0,7T

< Churg (1+E [[X])

O

For the main theorem we will use the so called Krylov bounds, these are usually presented for
bounded coefficients but can be extended for locally bounded coefficients uniformly in time. This
is a very deep result derived by the study of parabolic PDEs, thus they may only be applied in

the non degenerate case.
Lemma 2.2 (Lemma 3 of [7]). Let Z; be a non-explosive strong Markov process in R? satisfying
dZt = b(t, Zt)dt + U(t, Zt)th7 ZO = ZO7

where b(t,z) : [0,T] x R — R and o(t,z) : [0,T] x RY — R gre measurable non-random

functions, o uniformly non-degenerate:

v >0, inf‘ixllf Mo(s,2)A>v >0,
5,2 [A|=1

and both bounded locally in z uniformly in t:

sup sup(|b(t, )| + |o(t, 2)]) < o0, VR >0.
ZI<R 1

Let D C Bp for some R > 0 be a bounded domain in R%. Then for any p > d there exists a
constant N that only depends on p, R, d, the ellipticity constant of co* and the local upper bounds
of b and o on Bg such that for any g : R? = R and f : Rt x RY — R measurable functions

vanishing outside of D

| ' 9(Z0kde| < Nlgllnco 2.1)

T
E {/ ‘f(t, Zt)|dt} < NHfHLPH([O,T]xD)- (2.2)
0



Remark 2.3. We can observe that the hypothesis for non-explosive processes is needed to have
something meaningful in the estimates. Indeed if it weren’t the case with positive probability the
process will diverge in finite time which would mean that it couldn’t be considered up to time 7.

This would make the integral ill-posed.

Proof. Since (2.1) is a special case of (2.2) we just prove the latter. Let D’ be a bounded domain
such that D C D' C Bg,i. Without loss of generality d(D, (D)) > 0. We now define these two

sequences of stopping times:

70 =0, T'=inf(t>7° : Z, ¢ D),
=inf(t >T" : Z, € D), T'=inf(t>7": 2Z,¢D) k>1

We may now define
t

t
Zf =k +/ ]l(s<T’“+1)b(3a Zs)ds —|—/ (]1(5<Tk+1)0'(87 Zs) + ]l(SZTk+1)>dW37 k>0,
Tk T

k

for t > 7F. We may notice that for any k£ > 0 the processes Z k are Ito processes with the same
coefficients as Z; in 7% < ¢ < T*+1. Since they also start from the same random variable Z_x
at time 7% so they must be equal on that interval. We can now observe that for any & > 0 on
the interval [T*, 7%] the process Z; is outside D and so f(t, Z;) must be equal to 0. By using the
theorem 2.2.4 of [4] (Krylov’s Bounds for bounded coefficients) we get for any p > d,

T ThHIAT
E[/| sZ|ds] ZE/ |f(s, Z,)|ds ZE
0

Tk+IAT
e / (s, Z,)]ds

kaT ]
[e'e] Tk+1/\T fe'e) Tk+1 T
<SE [1pien / £ (s, Z,)\ds gz ]1(7,@)/ F(s, Z,)|ds
e’} - Tk+1 e’} i
|f (s, Zs)|ds| Fre | | < NI P(r* < T
k<T . S, 4s)|AS| S 7k > Lr+1([0,T]xR4) T >
T k=0

Lastly we can notice that P(7%F < T) < P(T* < T). A strong Markov process with positive
probability to exit in any finite amount of time from the bounded domain D’ due to the non
degeneracy of co* and the boundedness of the coefficients on D’ will admit exponential bounds of

the form
P(T" <T) < Cq" .

For some C' < oo and ¢ < 1. But since f vanishes outside D we will obtain the final bound:

T e’
E [ | st zs>|ds] < Nl orpeany 3B < T) < O\ fllr ooy,
0 k=0
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Definition 2.4. A McKean-Viasov stochastic differential equation is an SDE of the type
dXt = Bt(w) Xt7 ,uXt)dt + Et(wu Xtu MXt)thv XO ~ [0, te [07 T]

where B : [0,T] x @ x RY x Po(RY) — RN and X : [0,T] x Q x RY x Po(RY) — RV*? gre
measurable, W; d-dimensional Wiener process , ux, the law of X; and po an element of Po(RY),
the space of all measures on RN with finite second momentum, equipped with the 2-distance of
Wasserstein and €2 a probability space.

This means that a MKV SDE has the coefficients that not only depend on the current time and

the current state of the solution but also on the current law of the solution.
Theorem 2.5. We consider the McKean-Vlasov stochastic differential equation

dX; = Bi(w, Xy, px, )dt + X (w, Xy, px, ) dWs, Xo = 1o, t€[0,7]
where:

e B and X are progressively measurable, that is

€ mB® F ® Bry & Bp,, vVt € [0,T]

|[O,t]><Q><RN><PQ ’ ‘[O,t]xﬂleN X Po

® o € LQ(QaRN)

2 2
*E {<f0T|Bt('>0750)|dt> ] . E [(foﬁzt(-,o,&o)mt) } <
e 3L > 0 such that almost certantly fort € [0,T] and forw € Q, V¥V x,2' € RN,V p, 1/ € Po(RY)

|Bt<w7x>p“) - Bt(wvx,nu,” + |2t(w>xnu> - Et(w7$/>//>| < L<|ZL’ - :L‘/| + WQ)(M:M,))' (23)

then exists a unique (pathwise) process X in S%([0,T],RY), strong solution of the SDE.

Remark 2.6. This is the equivalent to the result for classical SDEs where the Lipschitz property
and sublinear growth is enough to prove strong well posedness. Effectively the hypotheses are the

same up to translating them to the space P*(RY).

Proof. Since it doesn’t affect the outcome of the proof we won’t write explicitly the dependence

in w of B,Y. Let’s consider the operator J : S? — S? such that

t t
J(Y)tzﬂo+/ Bs<n,uys)ds+/ S(Ya, gy, )AW.
0 0

Firstly we will prove that the integrals are well-posed. We may notice that if Y € S? then it is

continuous; and also

t—s

WO (py,, py,)? < /QN 17—y Uy (da, dy) = E[|Y; = Yi[!] =70

R



by the dominated convergence theorem since it’s evident that ||Y;||zz < ||Y||s2. This means that
both B(y, 1) and ¥4(y, 1) are continuous functions since they are lipschitz and we have continuity
of the Wasserstein measure. Since they are also adapted this means that they are progressively
measurable.

By definition of the 2-distance of Wasserstein

T T T
EU W@)(us,us)?ds]: [ wnpas< [ [ e yPulaomdgas
0 0 0 RN JRN
T
<2 / / / 22 + ylPus () (dy)ds (2.4)
0 RN JRN

T T
< 2/ / |x|2us(dx)ds+2/ / 1y 20 (dy)ds.
0 RN 0 RN

And with this and the Lipschitz property we can prove that
T T T
B| [ itmbas| <28 | [ 1m0 ) - S0.008| 4 28| [ 150,007
0 0 0
T T
<4L°E U Y,? + W(Q)(,uys,éo)zds} +2E V |324(0, 50)|2]
0 0
T
< AL?||Y |2 + 8L||Y ]| a2 + 2E U |28(o,50)|2} :
0
We may notice that S < M?. Thus since Y € S? we have

E U (V)

This proves that X, (Ys, py,) € M?. Tt is well known that stochastic integrals of M? processes

T
st} < C||Y]|s2 + 2E [/ |Es(0,5o)|2} < 0.
0

are continuous martingales of summable square. In similar ways we can prove that the Lebesgue
integrand is measurable and so the Lebesgue integral is continuous. For these reasons J(Y); is a

continuous and adapted process. Now we have to prove that E [supte[oﬂ |J (Y)t|2] < 00.

2

t t
sup [J(Y)2= sup |uo+ / By(Ys, iy, )ds + / S, (You iy, )WY,
0 0

t€[0,7) t€[0,T]
t 2 t 2
<3l 3 sup | [ BulYou)ds| +3 sup | [ SV )W,
te[0, 7] 1J0 tel0, T 1J0
Consequently
_ . .
E | sup [JOV)if| < 3B [lual’) + 38 | sup | [ Bultipn)ds
t€[0,T] _te[O,T] 0

- t )
+ 3E | sup / Ys(Ys, py, ) AW ] )
0

_te[O,T]
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stochastic one we get

E | sup ]J(Y)t|2

< 3E [|uol?] + 3E
t€[0,T]

By applying Holder’s and Doob’s inequalities respectively on the Lebesgue integral and on the
t t
sup / dS/ | By(Ys, pv,)
te[0,7] Jo 0

2ds]
T
+12E U |2, (Ys, py,) 2ds} .
0

We now apply Lipschitz’s property by adding and subtracting in the integrals respectively B(0, do)
and Y,(0,dp):

E | sup |J(Y),5|2

te[0,T

T
< 3E [|uo|*] + 6TL*E [/ (1Yl + Wy, &) dS]
0

T
+ 24I°%E U (1Ys] + WP (s, 50))2 ds}
0

+ 6TE {/OT |Bs(o,50)|2]
+ 24K UOT |ES(O,60)|2] :

By hypothesis the terms containing B;(0, dy) and ¥4(0, dy) are bounded. Since we proved (2.4) we

notice that

T T
£ U (1Y, +W(2)(#Y5750))2d8] < 9B [ / Y2+ W@)(uys,ao)?ds]
0 0

T T T
<2E {/ ]YS\st] + 2/ / |22y, (dz)ds + 0 = 4E [/ \Ysﬁds] .
0 0 Jrd 0

Now, since S? < M? and Y € S2, we obtain

T T
E[/ (|Ys|+W(2)(MYS,50))2dS]S4E U |Ys|2ds]§0-E sup |Y;[?
0 0

te[0,7)

< 00,

which guarantees the well posedness of J since we bounded (2.5).

Let’s now prove that the operator J is a contraction if the interval [0, 7] is small. Let Y and

Y be elements of S? such that Y, = Y, = [to; then,

1Y) = J(Y)|[3 =

E | sup

t€[0,T)

|

t t
NO - IU‘O + / BS<}/S,,UYS) - Bs(}/;u ,U/{/S>d5 + / ES(K?/’LYS) - Es(nu ,uf/s)dWs
0 0




We apply again first Holder’s and Doob’s inequalities and then Lischitz’s property
T ~
<97E | [ 1B.0Vomn) — BT ]
0
T ~
#2128 | [ 1800 ) — BT P
0
T - 2
< 3TL’E U (IYS — Y|+ W(z)(uys,ws)) dS]
0
T N 2
+ 121°E { / (192 = Yol + Wy 5, ) ds} .
0
Which means that the following is true:
~ T ~
) = IR < LT+ 08 | [ 1Y, = Vo o W s
0
By applying the definition of the 2-distance of Wasserstein
B T B T
) = 30 < 8 | [ v - Tpas] w0 [ [ o=y (s dias
0 0o Jren
T ~ T ~
<CE [/ Y, — Y5|2ds} + CE [/ Y, — Y5|2d3] :
0 0
But S? is embedded into M?, therefore

T
Hﬂn—JWm@smﬁA|n—ﬁm4séE _ Y = |,

sup |V, — Y[
t€[0,T7]

where C' = 12L3(T + 4)T, thus it will be less than 1 if T is very small. If that’s the case by the
fixed-point theorem there will be a unique strong solution of the SDE.

In particular exists an € > 0 such that if 7" < €, then the above is true. Therefore exists k£ € N
such that % < €; we now define ¢; :j-%, 7=0---k.

Since |t; —t;_1] < € we can construct inductively and uniquely the solutions X () defined over
[t;—1,t;] with initial value Xt(f;l). Indeed all the hypotheses of the theorem are verified since

XU=1 e 62 Thus we define
k .
Xi = poloy(t) + ZXt(])]l]tj,l,tj](t)a t€0,T].
=1

It’s easy to prove inductively that X is the solution of the original SDE in S%([0, 7], RY). O
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Chapter 3

Degenerate MKV SDEs

In this chapther we will consider a particular case of MKV SDE with a degenerate covariance

matrix, this makes necessary the use of finer techniques to find interesting results. Let’s consider
dX, = B(t, Xy, px,)dt + S(t, Xy, px,)AWE,  Xo = X (3.1)
in the "true” form of the equation, where
B(t,x,pn) = /b(t, z,y)pu(dy), E(t x,pu) = /U(t, z,y)pu(dy).

Where 2 € RY, y € RV, b : [0,T] x RY x RY — RV o : [0,T] x RN x RN — RNxd e
d-dimensional Wiener process, X, random variable in RN and d < N.
We will use a lot the following lemma that can be seen as a probabilistic version of Ascoli-

Arzeld’s theorem:

Lemma 3.1 (Skorokhod). Suppose that the N-dimensional processes X', with t € [0,T] and
n € N, are defined on some probability space, possibly different from one another. Assume that for

any € > 0 we have

lim sup sup P(|X['| >¢) =0
€70 n te0,T]
lim sup sup P(|X] — X7 >¢€)=0.

h—=0% n ¢ sepo,1]
[t—s|<h

Then, it is possibile to choose a subsequence n', a probability space and random processes Xf/, X,
defined over that probability space such that X™ = X" in law and th, Rt X, Vte 0, T7.

In particular the probability space is [0, 1] with the Borel o-algebra and the Lebesque measure.
Proof. This formulation is in [4] as theorem 2.6.2 but the proof is in [10] as theorem 1.6 O
Corollary 3.2. Under the hypotheses of Lemma 3.1 we also have that X™ 4 X

11



12 3. Degenerate MKV SDEs

Proof. To prove weak convergence of the processes we just need to prove weak convergence of the
finite dimensional processes. Fix t,...,t, € [0,T]. We know that convergence in probability of the
components of a random variable implies convergence in probability of the whole random variable,
thus by Skorokhod’s Lemma

(X7, X)) = (X, s X4),
which implies weak convergence of the finite dimensional processes. O
Remark 3.3. In the next theorem we will prove the existance of the weak solutions of a more general

class of SDEs than the ones in (3.1). Indeed we will consider the case where the coefficients are in

the form
ot 2,5t 2, 1)) = B(t, 2, (o(t, 2, ), 1)) = 6 (t / a(t,x,mdy)) . (3.2

This is pretty useful for applications.

Theorem 3.4 (based on Veretennikov [11]). Consider the SDE of McKean-Viasov in true form
defined in (3.1) with the extra terms given by (3.2).

It is convenient to split in the SDE the degenerate and the diffusive parts. For v € RN we use
the notation x = (79, 1) € RY~% x R? and call zy and x, the degenerate and the non-degenerate

components respectively. We also set X, = (X, X14). Thus the SDE becomes
dXO,t - 1/}0(t7 Xt7 B<t7 Xt7 /“LXt))dt
AdX1, = Ui (t, Xy, B(t, Xo, pux,))dE + b (t, Xo, 20 (8, Xy, px,))dAWE, X = X,

where B, ¥ are defined as in

El<t7Xt>H’Xt) =K [01(t7$?Xt)]|:c=Xt = /

01 (t7 Xt> J:)MXt (dl’)
RN

Under the hypotheses
° E[|X0|4] < 0.
e The matrix o is in the block form

()

where 0 is a N — d x d block with null entries and oy is a d X d uniformly non degenerate
matriz, that means

dv >0, infg|,i\1\1f Ao(s, 2, OA>v > 0.
8,2, =1

e b and o of sub-linear growth in x and y uniformly in t, this means

b(t, 2, 9)| + lo(t,z,9)| < CA+ |z +[y),  Vtz,y€[0,T] x RY x RY.
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o b(t,zo,x1,Y0,y1) and o1(t, To, 1, Yo, Y1) continuous with respect to (xo, yo) uniformly in (t, 1, y1)
with modulus of continuity p(+), that means that the coefficients are continuous in the degen-

erate variables uniformly with respect to time and the non-degenerate variables.

and the hypotheses upon ¢, 1

o ¢ and ¢ of sub-linear growth in x, B or % respectively, uniformly in t, this means

lW(t,z, B) < C(1+ |z|+|B|), Vtel0,T], Vo € RY, VB € RY,
p1(t, 2, 2)| < C(+ |z| + %)), vt € [0,T], Vo € RY, V¥ € R¥,

e ¢ and v Lipschitz, in particular

3C > 0 s.t. Vs,t € [0,T], Yo,y € RN, VB, B’ ¢ R, vx, %' ¢ R™¢
|w(t,3§',B) - w(57yaB/)| < C(’t - 8| + |.I' - y| + |B - Bll)v
|01(t, 2, 5) — ¢1(s,4, 2| < C(Jt — 8| + |z —y| + |2 = X']).

e ¢y is a function that maps any space of uniformly definite positive matrices into another
space of uniformly definite positive matrices, namely exists a function m : Rt — R such
that given

S, = {E e R inﬁf1 ATYN > V} ,

|Al=
then, uniformly in x € RN and t € [0,T],

¢1 (t7 x, Sl/) C 871'(1/)7

i other terms
¢1([O7 T]7 RN7 Sl/> - 87r(u)'

exists a weak solution to the SDE.

Remark 3.5. The hypothesis of L* summability upon the initial datum X, is very strong, and
indeed it could be lessened to just be L?T¢ summability. Since this doesn’t need any particular

modification of the proof for simplicity’s sake we tackle the L* case, but it actually works for L2*¢.

Remark 3.6. Under these hypotheses B and X are of sublinear growth uniformly in ¢ with the

same constant as b and o. Indeed

Blta| < [ Ptaplutdn) <C [ 1+ lal+lhuldy) < OO+ fa] + VD,

R

where Y is a random variable whose law is p. Analogously for .



14 3. Degenerate MKV SDEs

Proof. The proof is quite involved, so for clarity’s sake we will split it up in different steps:
1) We will start by constructing a variation of b and o7 in order to work with functions that
converge over compact sets to b and o1 in some sense and such that they are uniformly continuous

over some variables. Let W, (x) be such that

¥, (2) x, if |[z| <n (33)
nlx) = )
né—‘ , otherwise.

By construction ¥, is a continuous function that maps the whole space onto the ball of radius n.

With a slight abuse of notation we will apply W,, both over R? and over RV~ We will now define

bn(twqja y) = b<t7 an<x0)a \Dn(wl)a an(y0>7 qjﬂ(Ql)) * Q)n(t,a:, y>7
U?(t,f, y) = gl(t’ \Pn(mO)w \I/n(xl)7 \I/n(yO)a ‘;[Jn(yl)) * (I)n(ta ZL‘,y),

where ®,, are the standard mollifiers' of radius % We may observe that since the image of W,

is bounded and the functions are of sublinear growth in x we have that the functions that get
mollified in the definition of b" and o} are L. We will now prove that the mollification of an L™

function is globally Lipschitz. Indeed given f € L*> and ¢, a mollifier
MeanValueThm

Holder
<N (fxdn)lleele =yl < |flleell 7 énllrr|z = yl. (3.4)

It is easy to prove that b™ and o} are still of sublinear growth (actually they are bounded) but

most importantly the constant of sublinear growth is uniform in n:
0" (¢, 2, y)| = [b(t, Wn(20), Wn(21), Yn(yo), Ynly1)) * Pu(t, 2z, y)|

< / 1b(s, W), W), o (0), (W)@t — 5, — ',y — o )dsda’dy’

|t=s|V]z—a/|V]y—y'|<1/n
< [ €+ 0w W )]+ I(B0h), Va5, o s dy
< [ o+ Iy hdals. o' y)dsde'ty
1 1 F ro 13,/
SC{1tfal+—+lyl+— ) [ Suls, 2’ y)dsda’dy
< CE+ o+ Jyl) < CL+ Jaf + Jyl),

where én(s, o' y) = On(t — s, — &',y — ¥)|L(i—s|vje—a'|vly—y'|<1/n); MoTe in general the mollifier
of a function of sublinear growth is a function of sublinear growth and if the mollifiers are chosen

with radius 1/n the sublinear growth constant is uniform over n. Thus this also works for o7

b and oy are not defined over R in ¢, therefore we must extend them in such a way to make convolutions with
them: b will have value 0 outside [0,7] and o will be equal to the identity matrix (this way it will preserve the

uniform nondegeneracy property).
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We will now prove that b" admits p as modulus of continuity in (z¢, yo) uniformly in (¢, x1, y1),
the proof for of is analogous. It is easy to see that if a function admits a modulus of continuity

then the mollification will admit the same modulus of continuity, we can then observe that

|b0(ta \Ijn(IO)7 \Ijn(xl)7 \Pn(yO)v \Ijn(yl)) - bO(tv an(xg)’ \IIN(xl)v \Iln(yé))a
< p(|(Wn(20), Un(21), Un(vo), Yn(yr)) — (‘Ijn(xé))v W (z1), \Iln(yé);
< p(|(xo, y0) — (x5, %0)])-

V(1))
V(1))

This means that the same modulus of continuity p works for b, 01,0" and o7 and is uniform in n.
It is also evident that of is still uniformly positive definite.
One could also observe that in the definition of b and o the function to be mollified coincides

with b and oy respectively over [0,7T] x @, where

Qn = {(z0,21,y0,y1) € RN, |mo| V 21| V |o| V |t1| < n}.

2) By applying the theorem 2.5 we show that for any n € N exists X}* solution of the mollified
SDE.
The hypotheses are indeed verified: by considering

B"(t,z, ) Zw(t,x,/b”(t,%y)u(dy)), XUt ) = ¢(t7x7/0"(t,x,y)u(dy))

it is known that if 4" and o™ are measurable and integrable with respect to g, then [0"u and
[ o™ are measurable. Then since ¢, ¢ are continuous we have B" and X" measurable. Also we
observe that if thats the case they will be continuous thanks to the mollification step and adapted.
For this reason B™ and ™ are progressively measurable.

Due to Jensen’s inequality we have E[Xg] < o00. Since " and o™ are bounded and ¢, 1 of

(/OT C(1+ b (t, o,o>|dt>2

sublinear growth we get

</OT B"(£,0, 60)|dt>

and analogously X". Lastly

2

E <E <C?T? < o0

|B™(t, @, p) — B"(t, 2", )| = ‘w (t,x,/bn(t,x,y)u(dy)> — (t,x’,/b”(t,fc’,y’)u’(dy’)>

)

If we just consider the difference of the integrals and take v a joint distribution with marginals p

Y

by the Lipschitz condition upon 1 we have

<0 (le-a+ ] [vtnptan — [ )
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and J:
‘/b”(t,:v,y)u(dy) —/b"(w’,y’)u/(dy’)

- ’//b”(t,x,y)’y(dy,dy') —//b”(t,x’,y’)v(dy,dy’)

< [ [ 1) = b0 )2 ()
vttt [ 1G5, = sy = )] 1 (dpedy)
(35) Co || 7 @ull 1 // |z —2'[ + |y — |7 (dy, dy')
=C, (Iw — 2|+ // ly — y’lv(dy,dy’))

e, (Ix — '+ (// ly — y’!27(dy,dy’)) 2) :

We may now pass to the inf over all possible joint distributions 7, putting everthing together

Bt 1) = B (6,2, 1)| £ C (Jo = | + Co (Jo = &' + WO, 1))

< Cp (Jz = 2| + WP (p, 1)) (3.5)

similarly for ¥™. This proves uniform global Lipschitz’s property; the hypotheses of theorem 2.5
are verified, thus exists the unique strong solution X™ € S?([0, T],R") for any n € N.

3) From now on with B we will mean the integral of b, analogously with . We will now obtain
some crucial inequalities: by fixing the solution X™ with its law px» we can construct the new
coefficients

A A

B"(t,x) = B"(t,z, uxn), Yty x) = X" (t, x, puxn),
thus X™ is a solution to the standard SDE where W*" is a sequence of Wiener processes
AXg, = volt, X, B (¢, X7))dt

dXﬁt = 7701<t7 th’ Bn(ta ij))dt + gbl(ta tha i?(ta Xt))thLn’ X(SL = XO’

where all the hypotheses for classical results for SDE are verified. In particular since X, € L* we
may use the lemma 2.1 with ¢ = 2. Since the constant of sublinear growth C' of B" and 2" is

uniform in n the lemma gives a constant C that does not depend upon n such that:

E | sup |X]?|4 <Cr-(1+E [|X0|4]),
te[0,T] (3 6)
sup E[|X}' — X7'] < Cr-h%
s,t€[0,T]

|s—t|<h
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4) In the proof we will need to split up the process and the law of the process, to do that we now
consider, possibly by enlarging the probability space, W¥%"™ a Wiener process that is independent
from W*™ and a distribution uy, equal in law to p g, and independent, since we proved existence
of strong solutions for the mollified SDE by theorem 2.5 we have Y™ = (Y, Y]") strong solution
of the SDE with W¥":

dYE)T,Lt - @/Jo(t, Y;tna Bn(tv Y;na :uYt”))dt
leiLt =1 (tv Ytn’ Bn(tv Ytn’ :uYt"))dt + ¢1 (tv Y?? Z?(@ Y;fnv Mﬂ”))thy7n> te [07 T]?

where  pyn = py,;

Since X™ and Y™ are strong solutions and W*", ¢ are independent from W¥", uy. we have that
the pairs (X", W*™) and (Y™, W¥™) are independent.

We can observe that since in theorem 2.5 we also proved strong uniqueness for the solutions,
we have uniqueness in law for the solutions of our mollified SDE: this means that X™ = Y™ in law.
Also since Y™ is a solution for an SDE we can use the lemma 2.1 to observe that inequalities (3.6)
are true also for Y.

5) Now we want to copy the processes X™, Y™ W™ W¥"™ in a probability space where we have
some type of convergence. To do that we are now going to use Lemma 3.1. Indeed we can observe

that:

e Uniformly in n we have

Markov [E |su Xn4 (3.6) Cr-(1 E X 4
})(Sup|)qq:>A) o Elowienn X1 69 € 04 BJY)

te[0,7)

hence it is trivial that

supsup P(|X['| > A) < Ao, (3.7)
n t

c

X
These inequalities extend to Y™, W*™ and W¥".

e Uniformly in n,t,s, where |t — s| < h, we have

Markor BIX} = X2[] 69 Cr - 12

P(IX] = X >¢) < = < = (3.8)
Passing to the sup we may notice that
Cr - h?
sup sup P(| X} — X7 >¢) < T4 300, (3.9)
n  t,s€0,7] €

lt—s|<h

These inequalities too extend to Y™, W*™ and W¥"™.
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For this reason we can apply Skorokhod’s Lemma that allows us to define a sequence n’, some prob-
ability space and the random processes X/, V"', th’"l and Wty’",; such that they are equivalent

in law to the respective processes X", Y, Wf’”/, Wty’”/ and such that limit processes exist
(X7, Y WE Wy B (X0, Vo, WEe W), n/ = oo, Ve [0,T] (3.10)

To simplify the notation we will continue to write n rather than n’. Due to the corollary 3.2 we
also have weak convergence of the processes.

Since (X", W*") and (Y™, W¥") are independent we have (Y™, W¥") indipendent from (X", W)
for any n since they are equal in law. Now, for any finite-dimensional distribution of the joint pro-
cess (X", Y™, W*™ W¥") we have ;" = P tk7W;J17f~,tk)®M(X';nl 7777 ST L)

in law we can pass to the limit and obtain V7, = g we (% jzee ), which
1--5lk tl;“"tk7 £y tg t,ees [ tl"ﬂ;"tk

implies the indipendence of the limit processes, thus (Y, %) is indipendent from (X, %),

due to convegence

The copied processes are equivalent in law respectively to X", W*" Y™ and W¥". Since for
the original processes we have the inequalities (3.6), these inequalities extend to X, Wen yn
and W4

E|sup | X'*| <Cr-(1+E UXOH),
t€[0,T7
N . (3.11)
sup E [|Xt" - Xgﬂ < Cr- W2
s,t€[0,T]
fs—t|<h

Now, thanks to Kolmogorov’s continuity theorem and the inequalities of (3.11), X W=n Y™ and
WY are continuous.

Since it is a Wiener process the increments of W*™ are indipendent with respect to the filtration
o(X Y Wer s < t), thus if we construct the filtration U(XQ,&”,W?",S < t) the processes
wen, }78” and X™ will be obviously adapted to it, but since they are equal in law to X", Y™
and W™ this means that also W%" has indipendent increments with respect to the filtration
o(X?, Y, W*" s < t), this means that it is a Wiener process. We may even pass this property
to the completion of the o-algebra, that we will call ft(n), and prove that W*" will still be a
Wiener process. Analogously seeing as how X" and Y™ are adapted to o(XI, Y, WF™ s < t),
this property passes first to X”, Y™ and then to the completion: therefore X™ and Y are adapted
to ]:t("). This proves the well posedness of the stochastical integrals in Xn e yn.

Now we want to observe that the copied processes are still solutions to an SDE of type (3.1),

= L2m” the dyadic approximation

|

this follows from a standard approximation argument. Let [t],,
of t. We have

t
‘Xf’ - X —/ w(s,Xf,B"(s,X",,uyn ds—/ o(s, X1, X" (s X”,uf/sn))de’"
0

< E"+ EJ" + EY,
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where
~ ~ t ~ ~
B |0 5 [ 0T Ky B Ky
0 m
t _ ~ ~ 2
_/ QZ)([S]m?X[Z}m?En([s]m’X[Z]mvﬂf/[’;]m))dwgm ]7
) . 2
By —F / U, X2, BMs X2 ) — 0l06bow K, Bl X, ) ] ,
) 3 ) 2
Ey":=E / o(s, X" ¥"(s Xn’“ffs”)) — Qﬁ([s}m,X[’;]m,E"([s]m,Xﬁ,}m,uy[?]m))de’" ] .

By the definition of Lebesgue and Stochastic integrals over step functions we have

EP =R[|X; —Xg— Y (k27" Xy, B (B2, Xy g )27

k2—m
k2—-m<t
= > G2 Ry DR Kty ) (Wi = Wi ) )
k2-m<t

for the equivalence in law of the copied processes and the originals we get

EP =E[X7 = Xo— Y ¢k Xgpm, B (k27" Xy iy )27
k2—m<t
— ) kT X, S (27 X v ) (Wﬂ;ﬁl ng”m) %]
k2—-m<t
:EHth_XO_ Z ¢(2k_m7ng—m»/bn(k72 ", Xio- may)HYk’; m(dy))2_m
k27'm§t

Z gb(Qk_m,X;k_m,/Un(/{?Q_m,X]?Q_m,y)My]:;m (dy)) (WQZ.T.UQ m W]fgnm> | J-

k2-m<t

Thus since X" = Y™ in law, the fact that (X", W™®") solves the n-mollified SDE and by the

continuity and boundedness of b" and ¢™ we have E7* "= 0. We also have

lim BEY" = lim EJ" =0

m—r0o0 m—r0o0

by the standard approximation of the integrals with bounded and continuous coefficients. This

proves that Xt” and
t ~
o4 / (s, X B (s X",/L?n))der/ o5, X2, 575, X7 pg)dTVER
° 0
are modifications, but since they are continuous (by Kolmogorov’s continuity theorem) this proves

dX? = (s, X", B"(s, X", fyn))ds + @(s, X", un(s, X7, uffsn))de?”,

N . (3.12)
Xg == X().
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We just proved that (X", W*") is a weak solution, since (X", W*") and (Y™, W¥") form a sim-
metry, the same result is valid by exchanging X with Y and W* with WY.
6) Having (3.12) we hope to be able to pass that to the limit to obtain

dX5s = to(t, X7°, B(t, X2, piye ) )dt
AXPS = Un(t, X722, B(t, X2, pryee ) )t + 61 (8, X722, Sy (t, K79, e ))AW™, - X532 = X,
(3.13)
which will be possible to do up to a subsequence n’ obtained by applying Skorokhod’s Lemma.
But first to be able to write the limit SDE (3.13) we need the well posedness of the integrals.
We may use the same arguments used in the previous point to prove the well-posedness of the
limit SDE. First things first by using (3.11) we are able to apply Kolmogorov’s continuity the-
orem to have, up to a modification, continuity of all processes. Then due to corollary 3.2 we
have convergence in law of (X" Y W) to (X°°, Y W#>). This means that with respect
to the completion of the filtration o( X,V W s < t) the limit processes are adapted and
since the property of indipendence of the increments only depends on the law of the process this
means that the process W% is a Wiener process with respect to the completion of the filtration
o(X®, Y2, W s <t). This proves the well-posedness of the limit SDE.
To conclude the only thing that is left to prove is that for every t € [0, T

t
/ (s, X" B™(s, X", Y"))ds %/ Yy (s, X, B(s, X2, Y))ds (3.14)
/ b1(s, X, 20 (s, X", Y1) ) dWen %/ P15, X2, %1 (s, X2, Y. 2))dW =, (3.15)
0
7) We will now prove that the inequalities (3.11) can be passed to the limit to Xee:

e Let’s fix t,5 € [0,7]. Up to a subsequence we know that X" — X° and X” — X almost

surely. Due to inequalities (3.11) and Fatou’s lemma we know that
~ ~ 4 ~ Snid Fatou ~ Snid 9
E||1X7 - X2 =B lminf | X7 - £2*] "< timinf E || %7 - X2 < Cle— s
By passing to the supj,_, <, we obtain the wanted inequality

sup E [|X’t°° — )~(§°]4] < Oh*.

jt—s|<h

e We may consider DV as the dyadics of the N-th degree, that means DV = { T s.t. 0 < k <2V}

Since DY is finite we may find a subsequence np~y such that th oY Xtoo almost certainly

for any t € DV. By fixing t € D" we have

X PN < sup [ XSV
s€[0,T
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We may now pass both sides to the liminf,, o, since the left side converges we have
|X®* < liminf sup | X2V %
MpN 70 50,77

But the right hand side is uniform over the choice of t € DV, this means that

sup | X°|* < liminf sup |X¢PV|4
teDN NpN = 5¢[0,T)
But then by applying Fatou’s lemma and the expected value we get
E {sup IX?"I‘*} <E

te DN

liminf sup |X¢P" |4]

NpN = 50,7

Fatou SnoN 4
< liminf E | sup |XsP7|
NpN =0 s€[0,T]
CRIVI . .
NN —00
We may now observe that <supt€ DN \Xtoo|4) is a monotone increasing function, thus we
NeN

are able to apply the monotone convergence theorem to prove that
E {sup ]Xfo\4] =limE {sup |)2't°°|4] < Cr (1 +E [|X0|4]) ,
teD N teDN
where D = UyenDY. Using the previous point and Kolmogorov’s continuity theorem we
have that up to a modification X is a continuous process. Thus since D is dense in [0, 7]

we have sup;e(o 7 | X 20|t = sup,ep | X°* which proves the wanted inequality.

It’s evident by the construction of Y that this point also works for Y™ and Y.

8) We will now proceed with the construction of a very valuable instrument for our proof: the

e-net. Let € and a be two positive fixed constants. By Ascoli-Arzela’s theorem, for any h € N the

Crp = {9 C0, TL,RY™) [ |o(t)] < h, [6(t) — d(s)| < hft — 5], t,5 € [0, T}

is totally bounded. Hence, for any € > 0 there exists an e-net that is a finite collection of functions

. ,¢,(.i]}l) € C} such that

t€[0,T]

cszL]@e,hw;“), Qui(0!) :={oeCy| suwp |o(t) — ()] <e}.  (3.16)
j=1

The constant . depends only on «, €, T', the dimension N — d and h € N.

Now assume a < 3: due to (3.11) and Kolmogorov’s continuity theorem we have X™(w), Y (w) €

C*([0,T],RY) for any w € 2 and any n € NU {co}?. Moreover by (3.11) and Markov’s inequality
there exists A € N such that

P((Xg;_ e Of;) N (3707. e C,C;)) > 1-%, n € NU {oo}.

2This works up to infinity by the previous point.
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With h that depends on € but not n. Thus we have

Ke

U <X6‘ € Qe,h(qblgh))) N (Yf(ﬁ € Qe,h(¢>§h’))) >1-— % (3.17)

P(B,.) =P (

J,k=0

notice that . depends on €, o, T" and the dimension N — d but not on n € NU {oco}. This means

that up to a small set of trajectories the trajectories are close to a finite subset of our e-net that
from now on we will call N,

We may observe that

P ( sup | X7V [V > M) =P ( sup | X'|V sup Y| > M)
t€[0,T]

te[0,7) te[0,7)
~ ~ 4
Markov E |:(Supte[07T} |XLZ1| Vv Supte[OvT] |Y;n|> :| E [Supte[O,T] |th|4] E [SuptE[O,T} |}~/tn|4i|
< M4 < M4 M4
(3.11) QCT(l —l—E[Xﬂ) M—soo
< e 017 3. (3.18)

Thus for any € > 0, exists a M, > 0 uniform in n € N such that P (supte[O’T] | X7 VY > M€> <
5, consequently P (supte[O’T] X7 VY| < Mﬁ) >1—3.

Finally, we introduce the events

t€[0,T7]

Dme = Qn,e N Bn,ea

DE1 = (X3 € Qualof™) 0 (Vi € Qua(@)”)) N Doy 0<kj<he  (320)

with Q¢ n(¢) as in (3.16). Then, by (3.16), (3.17) and the fact that since the collection of events
(D7), is finite we may change a bit the definition to take them pairwise disjoint

D= |J D}, neNu{c} (3.21)
0<k,j<ke
We also observe that P(D,, ) > 1 —e.

Lastly, before diving in the proof, given ¢*, ¢ € N, ., we define

gn,no,k,j<s’x1’y1> = b?(S, ¢§7x17¢g7y1) - b?O(S’ ¢§;$17¢§7y1)
gn, ’](5,$1>y1) = b?($,¢s,$1, anyl) - bl(37¢saxla d)éayl)
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Let’s continue from (3.14), let ny € N which will be later fixed:

(

I SP(

>c>§

t
(00 X2 B X2y ) = s X2 B (5, K2 ) ) s
0

t
/ (w(stsn7 Bn<S7X:7/~LYS")) — (s, X7, B(S?Xsovuffsoo»> ds
0

>C
3
>C
3

C
| )

What we want to do now is ensure that the terms [;,/5 and I3 go to 0 when n goes to infinity as

< C
3)"

>

t
(00 X2 B0 ) = (s, X B (s, X)) s
0

Iy +P(

t
(0 X B X2 ) = (s, X B, Ky ) ) s
0

long as ng is big enough.

9) Consider now the term I;:

Ilzp(

Given P((Dy,)¢) < € we have

t
/ <¢(s, X, B"(s, X piyn)) — 0(s, X, B™ (s, XY, uyn))> ds
0

Wl o

wlo ~—m—

)
)

t
(00 X0 B X2 1) = s X2 B, K ))) s
0

L =P ((Dn,e)C N (

+P (Dn,em (

>

t
(90 X0 B X2 a5 = (s X2 B, K, ) ) s
0

t
<e+ P ( / ]an,e <w(57 Xga Bn(stsna/Lf/S”)) - w<87X;l7 BHO(S?Xga M?ﬁ») ds| > g)
0
Markov t ~ ~ ~ ~
< €+ CE [ / 1p,. (1#(57)(;’, B"(s, XY, pryn)) — w(s,Xg,B”O(s,Xf,uysn))> ds }
0

Bn(sv Xsnv :uf/sn) - Bno(s’ X;L’ N?S”)

ds} ,

t
§€+CE |:/ ]le€
0

the last inequality is due to the lipschitzianity of .
Thus

s

Bn(stsnhuf/S") - BnO(Sng>M?Sn)

t
[1§6+OE|:/ ]ane
; :
t
§e+OEU ]IDMIE[ ] ] ds}
0 ’ |lz=Xp
t
Se—i—C/]E[E[ ] ~]ds
0 lz=X¢

by applying freezing lemma which may be applied since X" and Y™ are independent we get

§e+C]E[/Ot ds]
ds].

t
<e+CE |:(]1Dn,e + ]an’€c) / b”(s7 Xsn’ Y;”) — bn0(57X;17}/'5n)
0

bn(sa Z, Y/sn) o bn0($> Z, Y/;n)

bn(sv L, Y/sn) —b" (37 Z, Yf:)

bn(57 X;L7 f/;n) — " (57 X?? ﬁn)
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We proved that b and 0" are of sublinear growth in x and y uniformly in ¢ with constant of sublinear

growth uniform in n. Therefore since P(D,, ) < € we get

t
E |:]1Dn60/ d5‘|
" Jo

t
g/ E [1p,.C (14 [X7] + [¥2])] s
0
v 1|2 % ‘ i 2| 2
E[|XS|} ds + C P(Dn7€)2IEJ[|YS|] ds
0

bn(‘sv X?? Y/’sn) — b (57 X;L, }7;71)

-

Holder

t t
2 0 / P(D,.)ds + C / P(D,.°)
0 0

by applying Jensen’s inequality and (3.11) we get

[N

t t
<C / P(D,.)ds + C / P(D,. )2ds
0 0
<Ct-(e+e2) <CT - (e+e2). (3.23)

We now need to examine the other term; we have (3.21). Consequently

t
E|:]]‘Dne/ d8:|
“Jo

Ke t
=) E [%sd / 0 (s, X0 V) — b (s, X2, V) ds} ,
k,j=0 "~ /0

Where k. is the cardinality of the e-net. Now we will bound all the terms in this way:

s
s

bn(sv I;aXn ngv?f?s)_bno(sﬁ l;’Xﬁw ?973717?8)

1,s)

bn(s7 X?? }N/jsn) - bno(sa X:> Y/;n)

(3.24)

bn(57 X?a ?sn) - bno(sv X?? Y/sn)

ds} <

bn(st;lai/;n)_bn(S’ g’Xﬁs’ ?97}717}5)

bn()(S’X;l’ Y/;n) - bno(& ?7)2?,57 gb];;’ }717}5)

ad

t
+E|:]].Dk,'/
" Jo
t
+E|:]1D ,j/ d8:| .
y€ 0

But we proved that b™ has a modulus of continuity p that is uniform in n; if we recall the definition

3

of D*J since in the expected value there is the term 1, we have

bn(sv X;Lv f/sn> - bn(sv (blscﬂ Xﬁs? Qﬁ?ff{fs) < p(E)]le,j.

n,e

1

k,j
Dyt

Thus we can bound the first two terms

t
~Jo

< C-p(e)P (D) +E |1,

bn(sv X:, f/;n) — " (57 X?? ﬁn)

ds] <

bn(s’ ]E,Xn iafflr,ts) - bn0<57¢<’:7xﬁsv¢]s'7?1??s)

1,s°
ds]
ds] .

5, X T

1,57

s

_|_

gmhI (s, X7, YY)

1,s°

|

r t
< C-ple)P (Dyl) +E |1 / gk (s, X7 LY
L 7 Jo T

/

< C-p(e)P (D) +E |1,
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We may notice that over D}/ we have that supseo.r| X7 V [Y"| < M,. Therefore since

n
]]-Dﬁzl]]-[O,T}XBMeXBM (8 Xl s)Y ) ]]'Dﬁ’yje

9" (s, X1, YY)

: ]l[O,T]XBMEXB]\/[ (8 X{Lsﬂ Y’IT,Ls)dS:|

"t (s, X7, YT

']l[ovT}XBMEXBM (8 Xl s?Yn )d :|

Then we can use Krylov’s Bounds from 2.2 to bound from above: indeed all the hypotheses are
verified® by the fact that in ng both X{” and }71" are bounded. Here we are able to see why
we put all the effort of creating the e-net: if we didn’t the process X™ would have a degenerate

diffusion coefficient and we could not use this result. Thus

t
[t
n,e 0
< C-p(e)P (D) + Nu (// / gt
|z1|<Me ‘y1|<M€
2d+1
v ([ ][ )
0 Jw|<M. \y1|§Me
y

< C-p(e)P (Dyl) + Nu,

b (s, XY — b (s, X1 YY)

ds] <

2d1+1
2+l dy1d3>

n7k7j
9" L2av1 (0,11 x Bag, x Bar,) + Naac||g ([0.T)x Bag, x Bas, ) -

Where Ny, is independent from n. We can observe that since we fixed previously e we also fixed
M, this way if n,ng are big enough in B),; we will have that 0" coincides with the mollifier of b
of radius 1/n. Thanks to the properties of mollifiers there is convergence over L?jcﬂ of b" to b and
in particular of b" to b; however [0,T] x By, x By, is compact and there b is bounded, therefore
the L% norm of g converges to 0 by the definition of g (3.22).

Now putting everything together we have

[1<6+Ce+62 ZC’p (DR

k,j=0
> Null

k,j=0

n,k,j no,k,j
| 21 (0,17 % Bag, x Bar) T a1 19" || 261 (0,77 g, x Bag, )

since the sets bezz are pairwise disjoint and the convergence of the norms of ¢g" to 0 we have

lim Iy < e+ Cle+e2) + Cple).

n,no

n noﬁoo

This way we just proved that Iy 0 due to the arbitrarity of the choice of e.

3indeed by (3.12) we can construct a standard SDE where the pair f(ﬁ,, Yf}, is a strong solution and thus a

strong Markov process.
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10) We may proceed with Is:

t
I :P</ (w(sﬂngBno(stgauffsn))_¢(S=X§O7BnO<S7X:O7MYSOO))> ds
0

<P (Dn,e N Deooe N <

+ P <(Dn,e N Do) N (

>c
3

t
[ (0t X0 B, R ) = (5, X2 B (5, K1) s
0

)
)
-5)

W(s, X", B™(s, X”,“Y/Sn)) - ¢(5,X§°,Bno(s,)~(§°,wsm))‘ ds] :

S

t
(00 X2 B s K2 0) = (s K B (5, Ky )) ) s
0

t
<2+ P (]an,eﬂDoo,e / (77/}(8,)2:,3”0(8,)2:,/1971)) _w(st;)oaBno(stso7MY;°))) ds
0

We may now apply Markov’s inequality,

t
S 26 + CE |:]1Dn,emDoo,e/
0

Due to the lipschitzianity of 1) we have
t
0

X2 —.| is bounded

and continuous, thus by weak convergence for the expected value and Lebesgue’s dominated con-

Since over the set D,, (N Dy, . the processes are bounded the function 1p, .~p.. .

vergence for the integral we have

t
E {ﬂDn,emDm,g /
0

[ (00 B 0 K2 gy ) = o, K B Ky ) s

Xr -

3] 200,

To summarise

[2:P(

<2e+o0(1 )+CEUt

>c
3

[t 2 s - | b"°<s,f<;°,yf>wsm<dg>] s

Fubini
e o) +¢ [ B[] [0 Xr ()~ [0 X g ) .

Let’s concentrate on the last term: we sum and subtract in the integral [ b (s, X2, y)us.(dy),

fixed § > 0 we have
H/b"o 8, X%, y) iy (dy) — /5”0(8,X?,y)ugm(dy)u ds
e / sz [ [0 2000 = 00 X5 ) s
+ 0 [ B[ty s [ 006 X200 = 005, X500 )]

since b™ is bounded and since Y converges weakly to Y the first integral converges to 0 as

n goes to infinity by dominated and weak convergence. Since 0™ is mollified it is also Lipschitz
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with constant L,, which makes us able to control the second integral; in the third integral the

boundedness of 6™ can make us write:
t
Iy < 2+ o(1) + 2T Ly + 2Cy, / P (X2~ X > 6) ds,
0

finally since we know that V¢ € [0,7] we have convergence in probability of X" to X this
means that the probability inside the integral goes to 0 as n goes to infinity. Thus by Lebesgue’s

dominated convergence theorem we have
t
I < 2+ o(1) + 2T L6 + 20/ P <|Xg — X > 5) ds "=5° 2€ + 2T Ly, 0.
0

This estimate is uniform over the choice of § and then* of €, thus lim,_,. I> = 0.
11) We still need to prove that I3 goes to 0. The proof will be very similar to the one for Iy

with a bit of extra care. Since X >, 51,00 are independent we can work as in the previous point to

t X X X % &
[3:P(/ <¢(S,X§°,Bno(s,X§°,Mﬁ°"))—@D(s,Xﬁo,B(S,Xﬁo,uysoo))) ds| > 5)
0

t
Se—l—CE{/
0

t
<e+CE U (Ip..c+1p..)
0

obtain

b (s, X2, V7°) = bls, X2, V7)| ds}

b (s, X, V°) — b(s, X2, ?;,OO)( ds] .

Let’s concentrate on the last term. Analogously to I; we may follow the same reasoning as (3.23)

since we proved in point (7) that (3.11) extends to the limiting processes. Thus

t
([ 10..
10

We may go on by following what was done in (3.24):

b (5, K20 F) — b{s, X2, 750) ds} <COT-(e+6b).

Ke ¢
IgSC’(e—I—e%)—I—ZC’E [/ Lpka
0 !

k,j=0

b (s, X, V°) — b(s, X2, Y/;O)( ds] .

Split the remaining term like this:

t
o[ 10
0 o0, €
t
ol .
0
t
+E {/ 1k d5‘|
0 o0,€
t
alfo q
0 :

PR o~ ko .~
bno(‘sv(bs’Xffw év}/lc,i)) _b<8> stOO i,Yf‘;)
4The order is important since L,, depends on ng which must be bigger then M, which depends upon e.

b (s, X%, ¥2%) = bls, £2,777)| ds]

b0 (5, X3, V%) — b (s, 0, XT5, 00, Y1)

s 1,57

b(s, X°,V2°) — b(s, ¢F X2, 3, V%)

1,57

1,s°
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We previously noticed that in D];é)j;e we have |)~(§° — ¢F| < € and |§~/0°° — ¢’ < € moreover b and b™
have modulus of continuity p:

]lD’;O»J;anO(Svao»?sOO) - bno(s’ 57?5007%777?0” < p(e)]lpk»j

00,€

]lD’;é{'Jb(SaXsov?soo) - b(37¢ls€}~/:soo’ g7ﬁs )| < p(e)ﬂD&{E

Thus we can easily bound the first two terms as in point (9) by using this inequality and the
disjointness of the sets D%/ . We still need to restrain the third term where we would like to use
Krylov’s bounds, however we cannot currently do that since a priori X - and }7100 are not solutions
of SDEs. Shortly we will extend the estimates for X{‘ and f/l" to the limit for n that goes to
infinity. Thanks to Krylov’s Bounds that we used to ensure the limit to 0 of I; we know that

|

We want to prove the same bounds for the limit process, namely for any g € bB non-negative,

gk (s, X7 YT

ds:| S NME ’ |§n0’k’j | |L2d+1([O,T]><B]\/[€ XB]\IE)7 (325)

vanishing outside of [0, 7] x By X By,

T
B [ Jote 2572
0

dé’} < N [|9]|zea+1((0,17x Bay, x Bar,)- (3.26)

Firstly we may notice that the bound is pretty direct for continuous functions, indeed if g € bC'

:

gl |L2d+1([0,T}><BM€ X B, )

by weak convergence of the processes

T T
EU lg(s, X5z, 77%) ds] :hmEU 95, X1 171)
0 n 0 o

S h,,Iln NM6||g||L2d+1([O,T]XB]\/[€XBM€) = NMe

since Ny, is independent of n. Then if ¢ = 1x where K is a compact set there exists a mono-

pointwise everywhere, thus by Fatou’s Lemma

-slf

Fatou T e >
< liminfE {/ ‘fm(S,Xﬁayﬁ)
m 0 ’ '

tonically decreasing sequence of bounded and continuous functions f,, \, g. This convergence is
limfm(s,XOO }7102)

Lss ds}
ds}

meL2d+l([0,T]><BM€ XB]\/IE) S NMe ’ ’g’|L2d+1([0,T}XB]\/[€><B]u€)'

T
B | [ [ots X5 7)
0

< liminf Ny,

Now we must notice that if ¢ = 1p where D is a measurable set in [0,T] X By, x By actually

T
B | [ [tols X5753)
0

5| =v(D)

where

v==~Lpr® Hxge @ fhyee,
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since v is regular (the product of regular measures is regular and both Lebegue and probability
measures are regular) we have that, given a sequence of increasing compact sets K; such that
K, /D

v(D) = limv(Kj;).

)

Thus
T
E [/ (110 5, X2, V7%) ds] = »(D) = lim v(K;)
0 7
S h{n NMe||]]‘Ki||L2d+1([O,T]XB]u€><B]\4€) = NMe ]]'D||L2d+1([O,T]XBM€><B]\/]€)'
Then by triangle inequality the result follows for any simple function g = Zfil cilp, where

D; disjoint measurable sets and ¢; > 0. Lastly any g € bB non-negative, vanishing outside of
[0, T] x By, X By, may be seen as the pointwise everywhere limit of a sequence of simple functions

as before which concludes the proof by monotone convergence

T T N,
E U ] (s, X2, V%) ds} = limE (Z cmi]lpn‘i) s, X2, V%) ds]
0 " i=1
Nn
< hanNMEH ch’i]l[)n’i L24+1(10,T]x Bay, x Bar) = N, 9HL2d+1([0,T]xBM€xBM€)-
i=1

In this way we have extended Krylov’s Bounds up to the limit.

To conclude we notice that 0™ converges Lijic“ to b due to mollifiers’ properties. Therefore
11G]1 22441 (0,77 Bas, x Bar,) — O which gives us (3.14).

12) Now we just need to ensure (3.15) to close the proof. Effectively we will do the same things
done to the Lebesgue integral; Ito’s isometry and Markov’s inequality will aid us to reduce the gap
between the two tipes of integrals. Let’s start with no further hesitation. We want to prove that

for any ¢ > 0,

lim P (
n—oo

The main problem is pretty clear: we need to work with stochastic integrals with different Wiener
> c) <

c

3

t t
/ ¢1(87X:7Z?O(S7X?7M?g"))dwsm7n - / ¢1(57X800727110<S’X;>O’M?§00))dW;5,00‘ >
0 0

t t
[ ot Kt g v - [ ¢1<s,Xs°,zms,xsﬂnm))dwzcm\ > ) o
0 0

processes. We start by splitting the problem

t t
P(/ ¢1(3,Xg,2?<3,Xg,wgn))dwg:"—/ B1(s, X2, 81(5, X, piy ) ) AW
0 0

§P<
+p<
+p<

t t
/ (bl(Sngv2711(57X?7M?9"))dw:7n - / (bl(saX?vE?O(S’X:vﬂY” W:rn
0 0

wlo
~

¢ B B B t B ~ B c
¢1(87X§o72?0(57X§O7u?900))dwsm700 - / (bl(SuX;)O’ 21(S7X5007u}75>0))dwf’00’ > 5) )
0 0
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where ng is an integer that we will later fix. By applying Markov’s inequality

Markov t ~ ~ ~ ~ ~ 2
< CE / (¢1(57Xg7 E?(sanauﬁ")) - ¢1(57X?7 2?0(87)(;7“178”))) dW;E’n ]
0
t ~ ~ ~ t ~ ~ ~ c
_'_P(/ ¢1(57X§L7E?O(SﬂXgaﬂf/sn))de’n_/ (bl(Svao?Z?o(suX??M?Sw))dwjpo > 5)
0 0

+CE

t
/ (¢1(57X§O7Z?0(57X3007u?30)) _(bl(S?XgO?El(S?X:o?uYgW))) dstE,OO
0

Ito's

2]
Isometry t
ol
0

t t
+P( / D1 (5, X2, S50 (5, X2, i) ) AW — / G1(5, X2, T4 (5, X2, pryoe))AIWE
0 0

+0EM

We can deal with J; and J5 just like I; and I5°. The problem arises with J, where the stochastic

~ - ~ ~ 2
¢1(87 X:7 E?(S,Xg, :uf/sn)) - ¢1(87 X:: E1110(57 Xgl?NYS"))’ d8:|

>c
3

~ ~ ~ ~ 2
¢1(S’X?72?O<S7X§O’/~LY’S°°>)_¢1(S7X§O’21(87X507NYS°°))‘ d3:| =S+ o+ s

integrals have different Wiener processes. To tackle J, firstly we split it up in easier chunks:

(

t t
< ( / On (5, U (K7), S0 (5, X7 g ))AIWE0 / (s, X2, 500(5, KT g ) AT
0 0

n t
/ o1 (s, X0, 500 (s, X7 ) )AIVE —/ qbl(s,X;’O,E?”(S,X?,MVSM))dwf’m‘ > g) =
0 0
P

>c
3

t t

% n 0 Trz.n g n 00 17,00 ¢
+ P ¢1(8quM(Xg)7EIO<S7Xs7MYS"))dW57 - gbl(saq/m(Xs )7210(37Xs 7:“17500)) AW > g
0 N Vv - 0 N TV -
fr(sw) fe(sw)

>c
3

t t
/ (5, W (K2), 550 (5, X%, g AV 2 — / (5, X2, S0 (5, K22, pgoe))AW T2
0 0

v

Ito's

Isometry t
o
0

+P ( /Ot (s, w)dWan — /Ot (s, w)dWE>

+C]E[/Ot

= J271 + J2’2 + Jz,g.

~ - - - 2
(5, U (R2), 195, X7 i) = 01 X2 2000, 2 )]

>c
3

~ ~ ~ ~ 2
¢1(3a\IJm(Xso)vE?O(S7X§O7H}7SOO))_¢1<S7XEO7E?O(S’X5007M?SOO))‘ d8:|

where U, is the function defined in (3.3). It’s easy to control Jy; and Jo 3 via techniques similar

5The interesting thing in the calculations is that at this point we can see why we assume the L* summability
of the law and not just L2, since at this point we already have a square in the integral during the calculations we

need just a bit more summability, L?>*9 would be enough, but for semplicity we decided to write L*.
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to the ones used of I;, since they are bounded the same way we will proceed only with Jj ;:

t

Jgjl =E |:/
0
Lipschitz t
Sl

0

t
<C / E|1p,.
0

We may observe that fixed € > 0 we get M, > 0 such that P((D,.)°) < e. Now if we fix m € N
bigger than M, the function ¥, will just be the identity over the ball of radius M,. Thus the first

~ ~ 2
¢1(S7 \I/m(X:),E;LO(S,X;‘L,ILL{@n)) - ¢1(8 Xn Eno(‘s Xs 7MY">>‘ d8:|

2
ds}

t
0

Ol (X)) = X7

W, (X7) - X1 ds.

integral is just 0. In the second integral we apply Holder’s inequality and the fact that the norm
of U,,(X7) is always less than X" to get

[NIES

<o+C/ PEIKIHs < TC (1 E[Xf)* e

since the last inequality is uniform over the choice of € the limit of J;; for n that goes to infinity
must be 0. Analogous for Js 3.

In J55 to ensure convergence in probability we use the version of Skorokhod’s lemma present
in theorem (2.3) of [10]. Indeed if we consider f* and W*" we have that f" is equibounded since
o™ is and ¥,, bounds X", and is equicontinuous in probability due to Lipschitz’s property of o™
and ¢, indeed

E[f(s) ~ /"0 _

hm sup sup P(|f"(s) — f"(t)] > ¢) < hm sup sup
=0 n  sig0,7] n  s,te0,T] €
|ls—t|<h ls—t|<h
(3-5) Ln Ln o < Ln
< limsup sup Cppg—t — s| + Cpong—E [|X;‘ - Xf|] + Crng —2 WP (p1yn, fiyn),
=0 n r,te[?,T] € € €
s—t|<h

but now, due to the definition of the Wasserstein measure as an inf over the set of measures whose
marginals are jiyn, piy» in particular it will be smaller than the evaluation with measure piyn yr),

which means that

1
2

< hm sup sup Cryngelt — 8| + Cryng. E \X’;‘ — Xf]] + Crnng e (/ ly — g’2u(ysn%n)(dy,dgj)) <

n  s,te[0,T)
|[s—t|<h

< Tmsup Sup ot = 8| + Cong B [ 1X2 = X71] + G B IV = 7P
n  s,t€[0,T] L
|[s—t|<h

D=

=
=

< limsup sup Chypoelt = 8| + Crnng, B |Xg - Xfﬁ] f 4 Crmno B [D}sn - Y/tn|4]
U n steom L
o Si<n
(3.11)
< l1m sup sup C-h+ Chz = 0. (3.27)

=0 n stepm
[s—t|<h
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We already know that WS“"”‘ converges to Wfoo for any s in probability. We can now notice that
for any s € [0, 77,
P(|f"(s,w) = f=(s,w)| > ¢)
< P((IX2 = X2 <0) 0 (1f"(5,w) = [¥(s,0)] > )
+ P ((1X2 = X1 > ) (1" (5,0) = f(s,0)] > )
<P (|Xg —X®| > 5)
+ CE (15, e [0 (5 W (X2)T00(s, X2,72) ) = o1 (5, 00 (X5%), 310 (5, X2, 7)) |

Lipschitz

<P (1% - X > 6) + CE H [ ot Xm s () - | a?ﬂ(s,)%?,ymwdmu

# OB s [ (152 = X514 o106, 20) = 005, X500 ) s )

< o(1) + (Lyy + 1)5 + P (|Xg _ X% > 5) "8 (L + 1)3,

since we use weak convergence of Y™ to Y°, lipschitzianity and boundedness of 0™ convergence
in probability of X” to X2° and lastly that the norm of W¥,,(z) — ¥,,(y) is bounded by the norm
of x —y. Since this upper bound is uniform over the choice of § this means that f"(s,-) converges
in probability to f*(s,-). Lastly we use theorem (2.3) of [10]: the functions f™ are uniformly
bounded and uniformly continuous in probability thanks to (3.27), moreover we just proved that

(fr, Wen) R (fo°, W>); therefore

t t
/ (s, o) diven B / £ (s, w)d >,
0 0

This ensures that Jo — 0 for n that goes to infinity. This proves (3.15), now if we consider the
SDE we have by passing to the limit up a subsequence that
vVt € [0,T], w-—a.c.
X&% = XO,O —+ fot 1/)0(5,)2?0, B(S,XLSO, M}}soo))ds

X5e = Xio+ [y (s, X2, B(s, X, prgee))ds + [ d1(s, X2, D1 (5, X, g ) AW,

Or, simply, the two sides are modifications. But one can easily prove the applicability of Kol-
mogorov’s continuity theorem for the two sides; this means that up to a subsequence the two sides
will be continuous modifications. This implies that they are almost surely equal as processes. Thus

almost surely Vt € [0, 7],
X5 = Koo+ Jy vo(s, X2, B(s, X2, py)ds
X55 = X+ Jy (s, X2, B(s, X2, pigoe))ds + [y d1(s, X2, Sy (5, X, o) ) AW,

which concludes the proof. n
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