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Abstract

In this thesis we analyse the O(d,d) covariant cosmological theory presented by
Hohm and Zwiebach motivated by the quest for de Sitter solutions in the Einstein
4-dimensional frame. For this purpose, we develop the theory for an anisotropic
metric and search for the fixed points of the dynamical system in the string frame,
later translating these stable solutions into the Einstein frame, we find Minkowski
and exact de Sitter solutions as well as another family of solutions that can be
constrained to have an accelerated expansion and a positive Hubble parameter
asymptotically decreasing towards zero. These constraints establish possible inter-
vals for our physical degrees of freedom. Finally, we perform the compactification of
the action with all the o’ corrections, encoded in the F function, for our anisotropic
theory. Therefore, we have the possibility to examine the shape of the F function
with all its corrections in the Einstein frame. We obtain an Einstein-Hilbert action
minimally coupled to two scalars at order zero in o, and a perturbative poten-
tial given by F' in this new frame which no longer depends only on the Hubble
parameter, but mixes all the degrees of freedom of our action.
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1 Introduction

The study of our firmament has always been a fundamental element in our civilisation.
This study has evolved from an agricultural function to a more profound and curious one,
with the aim of understanding the universe in which we live. We have always enlarged
the horizon of our view of the world, until it reached the study of the universe as a whole.
Since 1916, with the formulation of Einstein’s theory of General Relativity (GR), many
physicists such as Einstein himself (1917), de Sitter (1917) or Friedmann (1922), have
tried to find a cosmological model. Initially, the dynamical state of the universe was not
very clear. The first idea was that it was static, but it was not until 1929, when Edwin
Hubble published his work on the recessional velocity of galaxies that increased with dis-
tance, that the paradigm changed. After this publication, the expansion of the universe
became an integral part of the standard cosmological model. Another major shift of our
understanding of the universe relevant for this thesis came in 1998. The study of type
Ia supernovae pointed towards the fact that not only is the universe expanding, but the
expansion is accelerating. This state of affairs can be accommodated within GR by the
inclusion of a minute and positive cosmological constant.

Since then, one of the main goals of cosmology has been to search for solutions that
give rise to an accelerating expanding universe. This search is closely related to, and is in
fact part of, the so-called cosmological constant problem. Many theories have attempted
to solve it, so far without complete success. Given that the problem involves gravity
and quantum physics, it is natural to address it within a quantum theory of gravity like
string theory. In this context it is conceivable that the O(D,D) covariance of the theory
could play a role both in constraining the space of solutions and in going beyond the
perturbative regime in «'. It appears that string theory does not possess a de Sitter
solution to first order in o/. The problem is the difficulty in performing a systematic
treatment of all these o/ corrections. Recently, in 2019, Hohm and Zwiebach [8] man-
aged to classify all o/ corrections in a very simple way, obtaining an O(d,d) invariant
action by considering a cosmological ansatz (only time dependent fields) with the metric
tensor g, the b,, field and the dilaton ¢. When considering a vanishing b, field and
a Friedmann-Lemaitre-Robertson-Walker (FLRW) metric in D dimensions, the action
and the equations of motion (EOM) can be written in terms of the dilaton and a single
function F'(H), where H is the usual Hubble factor, which encodes all the o/ corrections.
With this formalism de Sitter solutions can be found [9], and can be shown to be stable
in the string frame. However, it is important to recall that these results are expressed
in the D-dimensional string frame, and in order to make contact with observations we
should go to the Einstein frame.

In this work we will first review the cosmological constant problem in section 2, given
that it is the physics to which we want to apply the Hohm and Zwiebach formalism.



We continue by presenting the O(d,d) covariant theory of Hohm and Zwiebach [8] to
all orders in o in section 3, where we also introduce matter as done by Bernardo et
al. in [2]. Subsequently in section 4, we break the O(d,d) covariance by developing
the action for an anisotropic metric and vanishing b,,, field. The motivations for this is
two fold. On the one hand we want to apply the general formalism to less symmetric
setups, on the other hand we would like to see what the O(d,d) formalism can teach
us about compactification. Encouraged by the search for de Sitter solutions, we then
study the fixed points (constant Hubble parameter in the string frame) of isotropic and
anisotropic systems both with matter and in vacuum in section 5. In this section we
are also interested in the aspect of these constant solutions in the Einstein frame. We
continue in section 6 by looking at the structure of the function determining the structure
of the theory, F/(H) and its possible interpretations. In order to have a clearer view of
this function which encodes all the o/ corrections, we perform a compactification to the
4-dimensional Einstein frame. We finish with a discussion in section 7.



2 The cosmological constant problem

In 1917, following the development of his General Relativity theory (1915-1916), Einstein
attempted to use his equations to obtain a cosmological model by postulating an isotropic
and homogeneous universe. He was certain that the Universe was static, but in order
to obtain such a solution he had to introduce A, a free parameter in the field equations,
which was not fixed by the theory:

1
R, — §Rg,w + Agp = 87GT,,. (1)

As explained in [5], such a constant introduces both a length and a timescale:

TN = CtA = \/ 3/|A| (2)

Thus, a cosmological constant affects space time at scales larger than r, and £,. In order
to understand the role of A, we now want to compare such a term with the vacuum energy
density term issued from the energy-momentum tensor. By general covariance, any free
falling inertial observer would see the same vacuum. Accordingly, this also applies to the
vacuum energy-momentum tensor [16], that takes the following form:

T;Yz; = _IOVg,uzz- (3)

A free-falling observer can locally take the metric to be Minkowski. Comparing a general
isotropic and homogeneous energy-momentum tensor 7, = diag(p, p, p, p) where p is the
energy density of the fluid, and p is the pressure, with Eq. (3) we get the equation of
state for the vacuum energy: py = —py. As we can observe, it has a negative pressure.
By separating this vacuum contribution from the rest of the energy-momentum tensor
we realise in Eq. (1) that we can either reabsorb the vacuum energy term into the
cosmological constant term, or vice-versa, i.e.:

A
Aeg = A + 887G , =pv+-—= 4
oft wGpy  pa=pv+ o (4)
Therefore, anything that contributes to the vacuum energy density acts like a cosmolog-
ical constant.

We can now take a look at some bounds on the total effective values. There was
no need for precision measurement methods to see that the total effective cosmological
constant has a very tiny value. We follow the approach in [5], where we start by supposing
an empty universe. For A > 0, the only isotropic solution to Einstein’s equations is de
Sitter space, with a cosmological horizon r,. This is the largest observable distance scale,
and the presence of matter only shrinks this horizon. Thus r, > 7, being r the maximum
scale distance up to which we can observe. On the contrary, if we had A < 0 the universe



would recollapse on a timescale t,. This means that ¢, > ¢ for ¢ the maximum timescale
observed, i.e. the age of the universe. Using Eq. (2) we can get an upper and a lower
bound on our cosmological constant:

3t < A <3072 (5)

where we can approximate r > 10%°M ' ~ 102 m, and t > 10°M ! ~ 105, where we
introduced the Planck mass Mp; = 1.22 - 10! GeV, we get:

Aol <3-107200M2, | |pa| < 1072004, (6)

This bound can also be imposed by anthropic considerations as was done by Wein-
berg [19]. There are various formulations of the anthropic principle, from the very strong,
bordering on the religious, to the weaker, bordering on the trivial. He uses a moderate
version known as the weak anthropic principle. Based on our existence, he claims that
the universe has to be old enough for some stars to have had the time to finish their main
sequence era, and then produce heavy elements necessary for our existence. But, at the
same time, it must be young enough for stars to still produce energy. For a large cosmo-
logical constant A.g, the universe enters very rapidly in an expanding de Sitter phase,
preventing the formation of gravitationally bound structures like galaxies. We suppose
that at a redshift of around z > 4 gravitational condensation has already begun in our
universe. At that time, the matter energy density would be pyr = (1 + 2)3pa, = 125pu,
being py, the current matter energy density. The argument is that a cosmological con-
stant would prevent gravitational condensation if it was bigger than 100p,,,. Moreover,
if it was much smaller, the formation of structures would have taken place earlier. So
if the anthropic principle explains the smallness of the cosmological constant, we would
expect it to be slightly bigger than the matter energy density nowadays.

We should look at what information quantum mechanical considerations bring us
about vacuum energy, since we must recall that one of the contributions to the effective
cosmological constant is given by the vacuum energy density. Following [15], we now
compute the zero point energies of standard model particles. Quantum field theory tells
us that the vacuum has an energy, and we compute it by loop diagrams for each particle
species. By using dimensional regularisation, for a canonical scalar ¢ of mass m we get:
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with v being the Euler-Mascharoni constant, and g the mass scale introduced by di-
mensional regularisation. In order to eliminate divergences we introduce counterterms.
Hence, for the total zero-point energy we expect:

pv ~ Z O(l)méarticle’ (8)

particles

But in the absence of gravity, the zero-point contributions do not affect dynamics,
whereas when coupled to classical gravity they do. The equivalence principle states

that:
Pv/d4$—>Pv/d4€F -9, (9)

being g the determinant of the metric. In terms of Feynmann diagrams, this coupling
of the determinant of the metric corresponds to attaching external graviton legs to our
one-loop diagram. By using our effective description of quantum matter coupled to
classical gravity, the vacuum curvature is given by HZ = 3%‘31' For a positive vacuum
energy density we get a late-time accelerated de Sitter expansion compatible with current
observations for HZ < HZ ~ (meV)*/M3,. The problem is that, as first noted by Dirac,
if we take an ultraconservative approach and we only consider the contribution of the
electron, giving py ~ (MeV)*, the cosmological horizon ry would lie at a distance inferior
to the Earth-Moon distance:

1 3
< — = Mpyy | ——— =~ 10%km. 1
TH = Hy Pl (MeV)1 0°km (10)

In brief, considering the contributions from the other standard model particles, we would
get a vacuum energy density of the order of py ~ (TeV)* = 10°°(meV)*, whereas obser-
vationally we have py ~ (meV)?. We then need a fine-tuning of 107 in the parameter A.

Considering the huge gap between the observational bound on the effective cosmolog-
ical constant p,, and the result for the vacuum energy density py from QFT coupled to
GR, we can ask ourselves, is this the cosmological constant problem? Why is the value
of the cosmological constant so tiny? Or why do we need such a fine-tuned A parameter?
As emphasised by Padilla in [15] this is only the beginning, since we can afford a fine-
tuned free parameter to match observations. The problem arises when considering the
description of matter to two-loops, the cancellation imposed at first order is completely
spoiled! Consequently, we should constantly fine-tune our parameter depending on the
cut-off of our effective theory.

Quite a lot of arguments and theories have been created in order to try to solve this

radiative instability of the cosmological constant. To name a few of them, we have t’Hooft
symmetry arguments, supersymmetry, long distance modifications of gravity such as the

10



sequester model[15], anthropic considerations [19], or string theory as reviewed in [5],
among many others.
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3 0O(d,d) invariant cosmology

Classical string theory is one of the potential solutions to the cosmological constant
problem. The theory offers duality invariance, the symmetry that sends the scale factor
a(t) to 1/a(t). Moreover, it also offers infinitely many higher-derivative o/ corrections,
which could explain some features of early universe cosmology.

Recently Hohm and Zwiebach [8] have managed to classify all the o corrections, by
considering a D = d + 1 dimensional duality covariant theory. This was motivated by
the work of Meissner and Veneziano [13] and Sen [17], who managed to put the duality
covariant first order string action in an O(d,d) covariant way. Hohm and Zwiebach start
by considering the more general O(d,d) covariant action with all order o/ corrections.
Afterwards, they suppose some specific ansatz on the metric and the b field, and all
fields to be only time dependent, relevant for cosmology. Along with this, they manage
to classify all the higher-derivative corrections to all orders in o', which are compatible
with O(d,d) invariance. The space of our theory is then O(d,d) covariant theories, and
string theory should occupy some point of this space. This O(d,d) symmetry contains
the scale factor duality.

3.1 Vacuum
3.1.1 Two-derivative theory

The two derivative theory, without o’ corrections, has the presence of the following
degrees of freedom: the D-dimensional metric g,, and its associated Ricci scalar R, the
b-field b,, and its 3-form H,,, = 30|,b,,), and the dilaton ¢. The string action at first
order then reads:

Iy = /d%\/—_ge—%(}z + 4(0¢)* — 1—12}12). (11)

By restricting the fields to the form:

_(-n*t) O (0 0 B
Guv = < 0 gij(t)> ) b;w = (0 bl](t)) , 9= ¢<t>> (12>
the action takes the O(d,d) invariant form [13]:
I - / dt ne=? (-(D@)? - étr((DS)Q)) | (13)

where ® is the O(d,d) invariant dilaton defined as e=® = | /det g;;e =2, D = %% is the

covariant time derivative, and the O(d,d) valued matrix S is given by:

o, (bg™t g—bg'b (0 1,
S—T]H = (gl —gilb y N = I]-d 0/’ (14)



where 7 is an O(d,d) metric, invariant under O(d,d) transformations. If H transforms
as a tensor under Q € O(d, d), then:

n— QA =n, H— Q"HQ. (15)
This implies the following transformation law for S:
S — Q71sq. (16)

This action is invariant under diffeomorphisms. We have the lapse function that trans-
forms as a density under time reparametrisations ¢ — t — A(t) as dyn = 0(An). On
the other hand, the b field, the shifted dilaton ® and the metric g transform as scalars
0rg = AOpg.

Firstly, we get the EOM at first order. By varying the action with respect to the
dilaton we get:

Soly = / dtne” ?6® Fq,
1
Eg = 2D*® — (D®)* + gtr((DS)Q). (17)
For the lapse function we write the variation as:
)
5,1y = / dine*"E,
n
1
E, = (D®)* - gtr((DS)z). (18)
The form in which we write the variation dn/n is due to the fact that én transforms as a
density under time reparametrisations, so that the ratio transforms as a scalar. Defining
E,, this way, it will also be a scalar.
Now for the S matrix we must note that it is a constrained field, i.e. S? = 1, so that

S = —5(095)S is a constrained variation. By varying the action with respect to S we
obtain:

55]0 :/dtneétr(éSFs),
1
Fs = (D°S — DODS). (19)

Since 65 is a constrained variation, the vanishing of Fg does not give the correct EOM
[8]. We can rewrite the variation d.S in terms of an unconstrained variation §K:

1
65 = 5 (6K — SOKS), (20)

13



which introduced into Eq. (19) gives us:
0sly :/dtne_(btr((SKES),
1
Es =5 (Fs — SFs5), (21)

where now the vanishing of Eg gives the correct EOM. We can also note that tr(6SEs) =
tr(0SFs), so that the variation of the action can now be expressed in terms of the off-
shell EOM. We simplify the equation for Es by using the anticonmutativity property of
S and DS since D(S?) = (DS)S + SDS = 0. By deriving again this equation we obtain
the relation:

S(D*S)S = —D*S — 25(D)>. (22)

By introducing both equations and Eq. (19) into (21) we get the EOM given by the
variation of S

dsly :/dtneq)tr@SES),

1
Eg :Z(DQS + S(DS)* — DPDS). (23)

3.1.2 0O(d,d) invariant o’ corrections

We must now highlight the work of Hohm and Zwiebach [8]. By introducing a cosmo-
logical ansatz for the fields, and by using field redefinitions with the EOM at first order,
they recursively get a very simplified form of the action. We first suppose at each order
in o/ the most general action, where we have 2k + 2 time derivatives by dimensional
analysis. We can write the total action as:

[e%S) k
I=>"L , L=> Ly, Lipy=a* / dtne”* X, ({D®}, {S}), (24)
k=0 p=0

where the brackets mean that the function X, depends on the values in brackets and
higher covariant derivative terms. According to the dilaton theorem [1], the dependence
on non-derivative terms of @ is in the exponential. At each order we will have as many
Ii,, as combinations of covariant derivative terms in ® and S are possible, always sat-
isfying the condition that imposes the total number of derivatives to be 2k 4+ 2. The
demonstration consists in getting to:

I, = o* / dtne”* X (DS), (25)

14



by induction. We suppose that all I are written in this form up to order £ — 1, and we
attempt to prove the same form at order k. We will be using the properties of the traces
of the S field given in [10]:

tr(S) = tr(DS) = tr(D*S) = ... =0, (26a)
tr(DS)* ™) =0, for k=0,1,2..., (26D)
tr(S(DS)*) =0 , for k=0,1,2..., (26¢)

We will also consider field redefinitions with corrections of order o’*:
d — d+a*d , S = S+ %68 (27)

Using these field redefinitions we will only need to vary I at each field redefinition, since
it will generate terms of order k. By varying the higher terms of the action we will obtain
O(a’**1), that will be corrected afterwards. With such field redefinitions, the variation
of Iy is given by:

0ly = /dt ne *(6®Ey + tr(0 K Eg)). (28)
The demonstration is split in 5 parts:

1. A factor D?® in an action can be replaced by a factor of Qg with only first deriva-
tives. We examine a term from the action with these characteristics:

Zp = ot / dine=* X ({DD}, {S})D®. (29)

Considering only shifted dilaton redefinitions and using the EOM at first order for
the dilaton, we get that the variation of the action is given by Eq. (17):

1 1
61y = / dtne=*25® (D2<1> — §(D<1>)2 + Etr((DS)Q)) : (30)
which by a proper choice of 20® = —X ({D®}, {S}), and summed to Eq. (29) will
eliminate the second derivative term in Eq. (29). This means that at order k we
will have a replacement of second derivatives of ® by an expression of just first

derivatives: ) )
D*® — Qg = 5(1><1>)2 — 1—6tr((DS)2). (31)
2. A factor D2S in an action can be replaced by a factor of Qg with only first deriva-

tives. As we did before, we use the EOM at first order and a redefinition of the S

15



fields (by means of  K). The term that we want to cancel is the generic term with
a second derivative of S:

Z, = a* / dtne”®* X ({D®}, {S}tr(GD?S), (32)

where G is a matrix which is a function of S such as G({S}). By varying the action
at first order we get from Eq. (23):

1
51y = / dt ne*tr <15K(D28 + S(DS)? - D@DS)) : (33)
Now, if we choose the variation of the matrix to be:

10K = ~X({D®}, (S}, (34)

the net effect of the variation of the action at first order, will be the replacement
in the term Z:
DS — Qs = —S(DS)?* + DODS. (35)

. Any action can be reduced so that it only has first time derivatives of ®. Such
general terms can be expressed as:

Z = a'* / dtne"* X ({D®}, {SHD" 2 | 0<m < 2k. (36)

The D™ 2® term can be written as D™ (D?®). We integrate by parts the m deriva-
tives and then replace D?® by Qg, so that the transformed Eq. (36) at order k
reads:

2

We now integrate back all the m derivatives one by one. It is done one by one since
at each step we will generate second derivatives of ® and S, which with the first
2 properties can be reduced to first derivative terms. Therefore, the most general
action at order £ can now be written as:

70 = ot / dtn(—D™) (e~ X)(2 (Do) — 11—6257’((735)2)). (37)

I =" / dtne X (D®,{S}). (38)

. Any action can be reduced so that it only has first time derivatives of S. Again,
we proceed the same way we did in the dilaton case. Now such term will have the
form:

Zp = a* / dine”* X (D®, {S})tr(GD™2S) , 0<m < 2k, (39)

16



with G again being a matrix in terms of S and its derivatives G({S}). As X is a
scalar, in order to facilitate the notation we can write:

F(D®,{S}) = e * X (D®, {S})G({S}). (40)

We now integrate by parts the m derivatives and then replace D?S by Qg, getting
a variation of the Z; term:

Zp, = a’k/dtntr((—Dm)}"Qs). (41)

Once again we integrate back by parts, by one derivative at a time. The second
derivative terms generated by DQg will be replaced by the expressions of Qg and
¢ found in properties 1 and 2. Only terms like D®, S, and DS can appear. We
now recall Eq. (26¢), which implies that terms with an S will not appear, neither
quadratic or cubic terms since it is a constrained field S? = 1. At order k the
action takes now the simplified form:

I, = o* / dtne"* X (D®,DS). (42)

. Any action I with £ > 1 is equivalent to one without any appearance of D®. Now
that we only have first derivatives of the dilaton, we can write the pieces of the
action as:

Ipp =o' / dtne”®(D®)* X,(DS), (43)
where X is a generic invariant function of traces of DS and powers of it:
X(DS) =tr((DS)2..(DS)) |, I=1+...+1,. (44)

These functions satisfy: [+ p = 2k + 2. Now we can rearrange Eq. (43), and then
integrate by parts:

Iy =— / dinD(e”*)(D®)P X,
= / dtne”® ((p — 1)(D®)P*D*®X, + (DP)P'DX;) . (45)

We now replace D*® by Q. Moreover, the covariant derivative acting on X
will give second derivative terms of S inside the traces, which are replaced by
Qs = —S(DS)* + DPDS. Looking at Eq. (44) we see that the first part of the
replacement vanishes since it will give terms such as tr(—S(DS)"*?) that vanish
identically (26¢), so the net change inside X; is D2S — D®DS and we get:

DX, = DO (Litr((DS)"...(DS)" + ... + Ltr((DS)"...(DS)™)
= IDOX,(DS). (46)

17



With both replacements Eq. (45) reads:

I, = / dtne ((p —1)(DDY (%(D(I))Q _ %w((p&%) X+ z(pcp)pxl)

_ / dine® G(p 42— 1)(DDYX, — 1—16(]9 - 1)(D<I>)p2tr((DS)2)Xl> |
(47)

We note that the first term is proportional to (D®)PX; as the original Eq. (43).
We can equate them obtaining:
/ dtne=*(Doyx, — L P 1
8(p+2l—3)
The denominator does not vanish since p+ 1 = 2k 4 2, then the denominator reads
2k +1—1>1for k > 1. We can recursively use Eq. (48) in order to reduce the
powers of D® by two, by also increasing [, the powers of D® by two. We have two
cases. For the case of even powers of D®, we can use Eq. (48) recursively until
we get to a vanishing power of dilaton derivatives. For the case of odd powers, we
can get to a single D® term, then looking at Eq. (48), we would obtain p = 1 and
the prefactor on the right hand side makes it vanish. We have finally achieved our
objective, any [ term can be written as:

/ dtne”®(D®)P2tr((DS)*) X;. (48)

I, =a* / dtne”®* X (DS). (49)

By imposing O(d,d) invariance and using covariant redefinitions of S and ® we get to this
much simpler action. But, we can further constrain the form of X; by using redefinitions
of the lapse function. Up to now, the total action has the form:

I= /dtne—q’(Lo +a'Ly + %Ly + ...), (50)

where L posseses 2k + 2 derivatives of S in all possible combinations. Taking into
account that traces of odd powers vanish (Eq. (26b)), Ly, Ls... take the form:
Ly =aitr((DS)*) + aa(tr((DS)?))?, (51)
Ly =b1tr((DS)®) + botr ((DS)tr((DS)?) 4 bs(tr((DS)?))>. (52)

Inspired in the previous demonstrations, we can still use time lapse redefinitions in order
to remove all the ¢r((DS)?) terms. Once again, we use a variation of order o’*, this time
of the lapse function, which produces a variation in the first order action:

n—n+ao*n, (53)
ouly = a* [ dine= 2 (Da)? — Sor(DS ) 59

18



We now want to eliminate terms like:

I, = o / dtne= Xon(DS)tr (DS)2. (55)
By using a further ® redefinition, in order to replace (D®)? by 8(4k T tr((DS)?) (from
Eq. (48)), we can eliminate such terms by choosing:
on
— = Xa(DS), (56)

with 3 a constant to be determined. It is clear that we can cancel the I, with the

variations of the first order action by imposing % = —1. So any term with a tr(DS)?

term can be removed by further dilaton and lapse function covariant redefinitions.

3.1.3 Equations of motion

For a Friedman-Lemaitre-Robertson-Walker (FLRW) metric, only single-trace terms in
S are necessary, as explained in section 3.1.4. By neglecting multi-trace terms, we get to
the final action:

I:/dtne_(b( (D) —I-Za Lep tr(DS)? > (57)

We get an O(d,d) covariant action where only first derivatives appear, a huge and unex-
pected simplification. In the same way as the first order case, we vary the action with
respect to @, S, and n. The derivation of the EOM for ® and n is similar as in the first
order case. We should look at the EOM for S in more detail. We fix the gauge n = 1.
The general case will be recovered in section 3.2, for it we only have to replace the dots
by the covariant derivative. The variation of the action with respect to S reads:

55[:Za’klck/dte©(2k)tr <(5Cfis)52k 1>
k=1

= ga'klck / dt(2k)tr (55%(64’5%1))
/ dte™%tr <5sza 1 (2K) [@5%—1 — %SQk—lD . (58)

k=1

This relation gives tr(0SFg), as before, we get Eg with Eq. (21):
Es = 1io/‘“c (o) (6571 = Lgmwt| g gt - Lo | g (59)
$ = 3 k 0 o :
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In order to simplify it we must recall a few properties of the S matrices. Firstly, as we
saw S and S anticonmute, so the same happens for S and an odd number of S. Secondly,
if we differentiate again the equation of anticonmutativity we get:

S5 =-55—-28% (60)
With all that we can look for an expression for S4 52’“ LS.
d d

2k—1 -
S S%*-1g —5— p (STSkqg)s
=5(55..9)5 + §(595..8)S + ... + 5(95..5) S
2]211
= —28%5 - 88.5+25%*5 - S5..6— ... —25%*5 - S5..S
d 2k 2k
=— 5% —255%, (61)

By the anticonmutativity property of S and S we will have alternance in the sign of
2552% and as we have an odd number of them, we are left with only one of those terms
with a negative sign. Taking Eqs. (59) and (61) into account, we get the final EOM for
S. We write the three EOM with n = 1:

By =20 — 92 — Z ¥ eptr(SH), (62a)
k=1
_ Z ko (S BSR4 55, (620)
E,=®*— Z o* 12k — 1)eptr(S%). (62c)
k=1

With a general variation of the action given by:
o
6l = /dtne (&I)Ecp +tr(0SEs) + nE ) (63)

We can further note that by imposing time reparametrisation invariance of the action
under:

0:S = €S | 0D =¢ED | Gen = 0y(én), (64)
we obtain a Bianchi identity that reads:
: : d
P*(Eg + BE,) + tr(SEg) = %En. (65)

This equation tells us that it is enough to solve Eg + E,, = 0 and Eg = 0, so that F,, =0
is a Hamiltonian constraint that has to be satisfied for the initial conditions, and will
hold at all times.
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3.1.4 FLRW
We will focus on the case of the FLRW metric, with vanishing b field, such that:

where a(t) is the scale factor for the d spatial dimensions, and H is the usual Hubble
parameter H = a/a. The covariant dilaton and its first derivative are now defined as:

e = (a(t)le*® — b=—dH+ 2. (67)

Let us evaluate the terms appearing in Eqgs. (62). The derivatives of S are given by:

. 0 aQ(t)-Ild B 5oy 9
S—QH(—a_Q(t)-]ld 0 =2HJ] — S=2HJ+4H"S, (68)

where we introduced the J matrix:

J= (_a20 () ﬂd) o= QH( 0 @) 1d> —2HS.  (69)

(t) - 14 0 an(t) - 14 0
We note that J? = —154. Then for the even powers of S we have:
52 = —4H?1yy — S = —(=1)"1(2H)%*1y,, (70)

while for the odd ones:
S«Qk—l _ S«2(k—1)S _ (—1)k_1(2H)2k_1J7 (71)

implying:

%52’“—1 = (=) (2k — 1)2H(2H)* 2] + (=1L (2H)*S. (72)

The last term that we need to substitute is given by:
SS%* = (=1 1(2H)*S. (73)

A key point for our future development is that we can introduce exclusively single-
trace terms in the action, neglecting multitrace ones. This works for a FLRW isotropic
ansatz as stated previously. By computing the single-trace terms that appear in the
action (57) using Eq. (70) we get:

cktr(S%) = (—1)k22k+1cde2k, (74)
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whereas for example, for a double-trace term of same order we would have:
ck,ltr(SQ(k*l))tr(Sm) = (—1>k22k+10k712d2H2k. (75)

The only effect at order (a/)*~! would be a redefinition of the ¢ coefficients ¢, —
¢k + 2dcy;. As multitrace terms enter at third order (52) and these coefficients c;>3, are
not fixed, we can neglect multitrace terms.

By evaluating Egs. (62) with Egs. (70)-(73), we get the EOM for our FLRW ansatz.
For Eg = O:

-9 Z Ly ((Qk —1)2H2H)* 2 + (2H)*S — &(2H)* 1T — (2H)2ks)
== (-a

Ne-lok ¢ <(2k; —1)2H(2H)*2 - ¢>(2H)2’f*1> J. (76)

We note that the dependence in the S matrix vanished, obtaining a unique equation
instead of a matrix one. For future convenience we multiply Eq. (76) by 4d. For Eg =0
we have:

0=20—®*+2d> (o) "ep(2H)™, (77)
k=1
where the factor 2d comes from the trace of 194. Finally for E, = 0:

_ _zdz V(2K — 1)ey(2H). (78)

The key point in this development is to understand that we can express all three EOM
by means of defining a unique function F'(H):

_4dz k 122k 1C H2k (79>

We get the EOM for the isotropic FLRW metric in vacuum:

HF"(H)—®F'(H) =0, (80a)
O+ %H F'(H) =0, (80b)
®*+ HF'(H)— F(H) =0, (80c)

where we have EFg = 0, EFy + F, = 0 and E,, = 0 respectively, and primes denote
derivatives with respect to H. It is useful to note the expression for Fg for the next
section in which we introduce matter:

Ey =20 — & + F(H). (81)
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We can note that the action can also be rewritten in terms of the F'(H) function as:

I= / dte? (—cb? - F(H)) . (82)

The F(H) function encodes the o’ corrections at all orders. It has been used to look for
non-perturbative de Sitter solutions [8], [4], [3]. The functional forms found for F'(H) in
these works are not at all guaranteed to be stringy solutions, apart from the fact that is
not clear that after our perturbative development of the theory we could just choose a
non-perturbative function to play the role of F'(H).

We can observe that, as expected, the O(d,d) invariance turned into the duality invari-
ance of the scale factor, since under a transformation of the scale factor, we get:

a—a', H>—-H , =& , F(H)— F(H) , F/(H)——F(H). (83)

3.2 DMatter

To have a more realistic cosmological model, we need to add a matter action to (57). In
order to make it as general as possible, we can suppose that the matter action depends
also on the shifted dilaton. For this part we will add the dimensionful constant 2x? =
167G where G is the Newton constant in D dimensions and has mass dimensions 2 — D.
We take advantage of this comment on dimensional analysis to point out that the action
in Eq. (84) does not have zero mass dimension because we have integrated out the D — 1
spatial dimensions. The action then reads:

1 —®

where for consistence with the symmetrles of the background we suppose the matter
fields x to be exclusively time dependent. We follow [2], where the matter action at first
order in o in an O(d,d) covariant way is first introduced. Similarly to what is done
in [8], by means of field redefinitions they argue that by introducing a matter action in
this way, we are not neglecting o’ corrections to the matter sector, the EOM at first
order are used to rearrange the total action into the form in Eq. (84). Since the extra
matter factors that contribute to the corrected action at order k (since they enter in the
EOM and then in the redefinitions of the fields) can be eliminated with the new degree
of freedom y. To get the EOM, the gravitational part is derived in the same way as in
the previous section. Now for the matter part, by varying the action with respect to the
shifted dilaton we obtain:

Sol = / dtne *§OEYL, (85)
1 - e® 68
El = — (2D%® (DS)* :
v =53 ( ;a Leptr((DS) )) —— (86)
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So that for Fg on-shell, the EOM reads:

28 S 2k 26" 08 _ 2 07
2D*d ;a Leptr((DS)*) = —2k ?E—ﬁe g, (87)

where bared variables are multiplied by /g, and we define ¢ as the dilatonic charge that
can be seen as the measure of how strongly the dilaton couples to matter:

2 0S5,

Now, by varying the action with respect to the lapse function we obtain:

5l = / dine —¢5—”ET (89)
1 S 05
T _ h=1(07. _ 2%k 299m
E, = 52 ( gla (2k — 1)egtr((DS) )) el (90)
and the EOM then reads:

= J

E o2k — 1)eptr((DS)?F) = —2k%e® 5 = 2k%e%p, (91)
n

k=1

with p the energy density in the energy-momentum tensor. We can get this expression
from the definition of the energy-momentum tensor :

2 4S5, n% 4S8,  0Sn, _
Ty =~ gagn 0=~ 25y = 50 = P 62
For the S field, the variation reads:
S5l = / dtne”*tr(6SFZI) (93)
FT — L ia/klck(Zk) [fDq)(st)ﬂcfl o D(DS)Qkfl} L & q) (55 . (94)
5 9K2 p on 65

We must recall that S is a constrained field, so that the EOM is given by the vanishing
of BY = (F¥ — SFIS)/2. We obtain:

[}
Za'k Yo, (D(DS)*~! — DO(DS)* ! + S(DS)*) —%Sn’f , (95)
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where we define T as the O(d,d) covariant energy-momentum tensor:

1/ 68 0.5,
T=~(n—2S—nS—2|. 96
n (’7 55 0~ "1775s ) (96)
We assume the variation of the matter action is unconstrained, so that:
0Sm 0Sm
— =-5—5. (97)
) 08
We can verify that an unconstrained variation satisfies this property since by taking
Fg = %9_; and introducing it into the expression of Fg to obtain the unconstrained

equation of motion using Eq. (97), we get Eg = Fg = %g”. Later on, in section 3.2.1, we

will see the reason for this assumption. Then the O(d,d) covariant energy-momentum

tensor takes the simpler form:

2 05,

In order to get the continuity equation, we derive Equation (91) getting:

26e" pDP + 257" Dp = 2D*PDD — Y ~ o1 (2k — 1)2Kkceytr(D*S(DS)* ). (99)
k=1

The derivative inside the trace can be simplified in this way because of the ciclicity
property of the trace. We introduce the expression for D?® from (91). Moreover, for
the expression inside the trace we take the trace of Eq. (95) and then multiply by DS
obtaining:

Dj— —}Ltr(S(DS)nT) + %Dcl)&. (100)

The continuity equation can be obtained in the same way by using the equations at first
order, since ' corrections should not violate diffeomorphism invariance and then the
Bianchi identities.

3.2.1 FLRW

We now only have to substitute the expressions obtained, as we did for the gravitational
part. The only new part that requires a bit of caution is the computation of the Eg
equation. From our ansatz for the S matrix (66) we get the variation:

6S,, ( 0 gjf;>
= sq. . (101)
55 bm Q)
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Then, from the usual definition of the energy momentum tensor in terms of the variation
of the matter action we have:

2 65, 2 05p
V=G 6g¥ V-G dg
o y 2 08 2 08
ikpd (ol — T gl = =™ 103
o= = a7 V=G dg (103)

We can easily check the assumption of Eq. (97). It is satisfied for whatever metric, with
the condition of vanishing b-field, as we can see:

Sésms_\/—G 0 g 0 -Tg\[0 g\ V-G 0  Tg\_ 0Sm
oS 2 \gt o)\g'T 0 gt 0) " 2 \—=¢g7'T 0) 85

(104)
For the expression of the covariant energy momentum tensor, using Eq. (98), we obtain:

T EE gt o0 0 Tg\ 0 ¢ 'Tg\ 0 ply

n 2 0 g —g—lTo_\@—T 0 _\/g—plldO’
(105)

where we supposed an isotropic energy momentum tensor with spatial coordinates Tij =

pé{ . The gravitational part is exactly the same as the computed for the vacuum case, so
by fixing n = 1 and using Eq. (95), together with Eq. (76), and (105) we find:

@ o0
%mQSnT = =S (—a) 2%k, ((Qk ~1)2H(2H)*? - <i>(2H)2’f—1> J. (106)
k=1

Next, we have to multiply Eq. (106) by the matrix J, and recalling that J? = —144, we
compute:

. 0 a2ILd 0 ]ld 0 p]ld 0 a2ﬂd .
SnTT =9 (a2lld 0 ) (Ild 0) (—pﬂd 0)\—-a?14, 0 ) ~VopLaa
(107)

Note that, as in the vacuum case, we obtain a unique equation. Multiplying both sides
of Eq. (106) by 4d, we finally obtain the equations [2]:

HF"(H)—®F'(H) = —2ds?e®p, (108a)
20 — &% + F(H) = x%e®0, (108b)
&%+ HF'(H) — F(H) = 2x%%p, (108c)

which are the equations for the S matrix, for the dilaton ® and for the lapse function n.
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For the continuity equation from Eq. (100), as S S = —SS by fixing the lapse function
n = 1, we compute:

tr(SSnT) = —tr(SnTS) = —2Htr(SnTJ) = 4dH /gp. (109)

We then get to the final expression of the continuity equation for a FLRW like metric,
which reads:

. 1.
p+dHp — 590 =0. (110)

3.3 Einstein frame

We must not forget that we are working in the string frame, so that our Hubble parameter
is also in the string frame. In order to get it in the D-dimensional Einstein frame we
must perform a Weyl transformation of our metric, so that:

G = %0, — V—g=Q"/-3, (111)

where g,,, is the metric in the Einstein frame. The conformal factor {2 is fixed by requiring
the gravitational part of the action to be exclusively: [ dt/—gR, with R the Ricci scalar
in the new frame. The Ricci scalar varies with 02, so that the Weyl transformation is:

Q=¢ a1, (112)

2

Moreover, as explained in [8] and [11], we imposed ggo = —n* = —1, so in order to have

Joo = —1 we will have to reparametrise the time coordinate dteT% = dt'. This procedure
will be repeated in a different way in section 6, where we will not fix the lapse function
so that we do not need this last time reparametrisation. By expressing Hg = ag/ag in
terms of the string frame parameters, the Hubble parameter in the Einstein frame Hg
parametrised with the cosmic time in the Einstein frame ¢’ reads:

2¢ d )

ed—1 . aqd-led—1

by _dert
g1 @+H) d_1

Hi(t) = - 6+ H), (113)
where H, a, ®, ¢, and the derivatives are in the string frame. In section 4.3 we will see
how to derive this Einstein frame Hubble parameter step by step. In order to look for
the different solutions for which the Hubble parameter is constant in the Einstein frame,
we can derive with respect to t':

4¢ .
dHE dthE eﬁ 2¢ . . .
i T D+ )+ (d+H
a o dt d—l(d—l( +H)+ (@ + )>’
= —ed% N (dH + ®)(® + H) (114)
o d-1 d—1 ’
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where in the last line we used the identity (67). We obtain an interesting result, since in
order to obtain a constant Hubble parameter in both frames, one of the possibilities is
to have the velocity of the shifted dilaton and the Hubble parameter in the string frame
constants. So that, with ® = —H or ® = —dH we get respectively Minkowski and de
Sitter vacuum in the Einstein frame, as commented in [4]. We recall that until now we
have not assumed that we are either in the vacuum or matter case.

By putting Eq. (114) to 0, and substituing the dilaton components with the EOM
(80) of the vacuum case, we can get a differential equation for F(H) and H. For the
case in which F'(H) # 0:

0 = (d=1)®+(d—1)H +dH*+ dH(d + 1) + 2,

= (d—1)(H - %HF’(H)) +dH? + (d+ )ig))

HH + F(H) — HF (H)(115)

We can look for some special cases, for example a constant Hubble parameter, from
Eq. (80a), imposes a vanishing ® or a vanishing F’(H). For the first option, we get a
vanishing shifted dilaton acceleration and then F'(H) = 0, or H = 0. We impose H = 0,
introducing this into Eq. (80c) we also get a vanishing F(H) function. Substituting
these values into Eq. (114) we get an expression that vanishes identically. This solution
of H =0 (in the string frame) gives a constant Hubble parameter in the Einstein frame.
Moreover, looking at Eq. (113), we can see that it is a Minkowski solution.

Looking at the neglected case F'(H) = 0 we get a constant but non zero shifted dilaton
velocity given by the value of the F' function P2 = F (H), which introduced into Eq.
(114) allows ® = —H and = —dH, giving a Minkowski and a de Sitter solution in the
Einstein frame respectively. A systematic analysis of the fixed points of the system will
be done in section 5.

We can also do different substitutions so that we do not get H terms in the differential
equation. From Egs. (80) we now carry out the substitutions:

. 1 , o y E’

<I>:—§HF , ?’=F—HF , H= (I)ﬁ (116)
This relation gives a different differential equation. The positive point is that now we
have a differential equation to get the F' function in terms of derivatives with respect to
H exclusively, but with the cost of introducing square roots. The differential equation
now reads:

1 dH? _, d+1 1
~GHF'F'+ F's\/F — HF 4+ F'+ L SHF'F - HE'+ o= (F-HF)F" =0,

—1° Td-1
(117)
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where s = £1 by the duality in the sign of ® by its definition in Eq. (116) from the
EOM. This equation coincides with the work done in [12]. But as we can suppose, this
differential equation cannot be solved analitycally. We finish this section by commenting
that adding matter further complicates the equation by making the time dependent
factors of the dilatonic charge 6(t), the pressure p(t) and the energy density p(t) appear.
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4 Anisotropic case

4.1 Vacuum

With the objective of compactifying the theory, and seeing what aspect it should have in
4 dimensions, one of the first ideas is to use an anisotropic metric, with a 3-dimensional
part with the scale factor a(t), and a D-4-dimensional part with the scale factor b(t) for
the extra dimensions. The metric and S matrix are:

o CL2'I]_3 0 .
Ti=\ 0 Pogu) " | @21 0

0 b72 . gmn

a2 : 113 0
0 b2 - Gom

0

= S3+Sp_4,

(118)
where we assume a FLRW metric for the 3-dimensional part and a metric b?g,,, for
the extra dimensions. Then, we require the time dependence of the metric of the extra
dimensional part to be in the scale factor b(¢). Thus the time derivative reads:

2HCL2 : 13 0
0 206% - Grun

0

S:

—2Ha™? 13 0 = S3+ Sp-s, (119)

0 —20b7% . gmn

where o = b/b is the Hubble factor for the extra dimensions. Let us first compute the
first order Lagrangian in this case. An important feature is the fact that the S and
Sp_4 matrices will not have cross-terms in the single-trace terms:

57— S48+ SpaSna+ SeSpa+ SpaSe = S24 52, (120)

Taking (13) and (120) we obtain the form of the zero-order action:

1 . 1 . 1 .
Iy = /altne_q)—2 <—<I>2 — gtT(Sg) - gtr(S%_4)) , (121)

n

where the shifted dilaton is defined as usual:

e ® =e2/g, (122)
with /g being the determinant of the spatial part of the full metric in Eq. (118).
For the o corrections part, by simply taking Eq.(57) and substituting we would

obtain an action where the 2 scale factors do not talk to each other directly. However,
taking into account that one of the simplifications that was done for the isotropic FLRW
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case no longer holds. One can no longer neglect the multi-trace factors. Let us see an
example, for a multi-trace term of order k, such that 2I = k, we have:

(tr(57))% = (tr(S3)? + (¢r(S5_4)) + 2tr(S3)tr(SH_y)- (123)

Now multitrace terms provide new factors to our action. We can introduce the coefficients
that will arise from the multitrace terms in the ¢, coefficients at each order. The
complete action can be written as:

) k
I= / dtne™® (—(Dcp)2 +) Y ey tr(DS3)2<“>tr(DsD4)2l> : (124)

k=1 =0

We do not have to demonstrate the 5 properties of [8] since we start from the action
found in there, but with the difference that we are forced to also include multitrace
terms. An interesting property is given by the redefinitions of the time lapse function,
which allowed us to make all the tr(DS)? disappear for & > 1. Having a look at Egs.
(51) and (52) we see that it is not until third order where the mixed terms will appear
in the action.

We have the total action for the anisotropic case in Eq. (124), we can redefine the S
matrices, since this redefinition does not have any impact on the equations. The principal
reason is to get an .S matrix similar to the one in [8], and in such a way that they are
constrained to S3 = 1 and S}_, = Iyp_4). From now on we define:

. 0 a2 . 13 o 0 b2 * Jmn
53 - (CL2 . 1]_3 0 ) ) SD*4 - (b2 . gmn 0 . (125)

To get the EOM we have to vary our action. For S3 we obtain:

k

bs,1 = / dte™® Y "o o 2(k - 1) <<i>t7“(55’3(53)2(k_l)_1)tr(SD_4)2l+
k=1

=0

+tr(553%(53)2(kl)1)tr(SD4)2l + tr(653(53)2(kl)1)257’(%(554)2’))

[eS) k
= /dte_q)tr [5532@*‘120&;2(]{; - l) (Cb(Sg)2<k_l)_1t7’(5’p_4)21+
k=1 =0
d . ) . d .
+(E(83)2““*”*1)1570(50,4)21 + (83)2(“)1#(%(5134)21))] . (126)

We already have the form [ dte=®tr(6S3Fs,), but 655 is a constrained variation, which
means that the EOM will be given by Es, = $(S3Fs,S3 — Fs,) = 0 [8]. We can recover
the relationship demonstrated in Eq. (61):

d co(k—1)-1 d cok—1)—1 2(k—1)—1
Sgd—tsg( )71g, = —d—ts; R N (127)
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and obtain:
k . d . .
§ :O/k 1 § :Cle —l ( (S )2(k 1) ltT(SD_4)2l + (%(53)2(k_l)_1)tT(SD_4)21

_(Sg)Z(kfl)fltr(i

dt(SD,4)21> — 53(53)2(kl)tT(SD4>2l) .

(128)

We proceed in the same way for Sp_4 and obtain:

[e%S) k

, . o d - B
Es, , =Y o™ 20 (CIDtT((Sg) F)SH + tr((5a)* ) (Sp-a)* ™!
k=1 =0
—ztr((SsV““”)%(Sm)”1 - tr<<53>2“”))SD45%_4> . (129)

By varying the action with respect to the shifted dilaton we get:

Ep =28 — d° — Za’k 1ch tr (S5 Ner(S2,). (130)

Finally, we vary with respect to the lapse function and then fix n=1, we obtain E,:
[e%S) k .
==Y oM 2k = 1) tr (S5 (S3). (131)
k=1 =

4.1.1 FLRW

Let us now compute the EOM for the FLRW like metric. First we compute some of the
expressions. Using (125) we can get the derivatives and the expressions needed as:

. 2 . .
Sy = 2H< a_g . “ 013) =2HJ; — S*=(—Dk2H)® 1, (132)
—a? - 14

. 0 b2 - G .
SD_4 = 20 (—b2 . gmn (')g ) = QJJD_4 — S%k_4 = (—1)]6(20')(%)12(1),4). (133)

We proceed with the computation of the odd powers of the S matrices:

Sg(k 1)— —S (k—1-1) 513 ( )(k - 1)(2H)2(k_l)_1<]3, (134)
S%l:i 52(1 1) SD L= (= 1)(1 1)(2(7)(21—1)(]2@_4)' (135)
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The time derivatives for the powers of S; matrices, using the fact that Js = 2HS; read:

%s@“f—” = (1) 12(k — 122D D1 1, (136)
%53 =071 = ()Y 2k — 1) — D22EDT PRETED L 4 (< 1)R (2H )2 S,
(137)
In a symmetric way, for Sp_4, we use jD_4 = 20Sp_4, and get:
jtsg 2= (=D)H20)2%" 0”61y p_y, (138)
%SQZ L= (=) Y20 = )27 0 e Tpy + (—1)71(20)% Sp_y. (139)

All that remains is to introduce in Eqgs. (128)-(131) the expressions (132)-(139) in order
to get the EOM for our ansatz (118). For Eg, we have:

0o k
_ Z o/F1 Z Ck,l2(k' N l)(_l)kQQk(D _ 4) (¢H2(k—l)—1o_2l
k=1 =0
P2k — 1) — D) EH21D62 2l<'7021_1H2(k_l)_1> T, (140)

which after a few simplifications reads:

o0

d .
Eg, ==Y (=) 1ch12 1)2%-12(D — 4) ({% — @] H2<k—l>—1a2l> Js. (141)
k=1

In the same way we can get the equation for Sp_y:

k

Esp ==Y (=)' c(20)2*7'6 qjt cb} H2<’f—l>021—1) Jp_4. (142)

k=1 =0

We see that as in [8] a huge simplification comes out, since we have a unique EOM for
each case and not a matrix equation, since all the terms with the S matrices vanish. We
complete the set of equations with F,, and Es:

k

E, = ®* + Z )2k — 1)12(D — 4) > e 2 HE Do, (143)
=0

Ep =20 — ®2+Z NE112(D — 4) Zc 122 {20 (144)
k=1 =0
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Looking at the resulting EOM, we can define 3 functions f(H, o), coming from (141),
g(H, o), from (142), and h(H, o), from (143).

f(H, o) =12(D —4) ) (=a)* 12(; 2%9(k — 1) H>k=0-152 (145)
k=1 =
00 k
g(H, o) =12(D —4) Y (o)1) "¢ 22 De? !, (146)
k=1 =0
) k
h(H, o) =12(D —4)> (—=a/)* ' ¢ 2% (2k — 1) H** o™, (147)
k=1 =0

where for convenience we multiplied the f(H, o) function, and then Eq. (141) by 12, and
g(H, 0),1i.e. Eq. (142) by 4(D — 4). These factors are consistent with the results of the
isotropic case [8], where we multiply the S EOM by 4d, i.e. 4 times the dimensionality
of the metric with respect to which we are varying. Moreover, we can look for a unique
function, which is linked to those three via their derivatives. We define:

00 k
F(H, o) =12(D —4)) (o)1) e 20 H* 052, (148)
k=1 =

Via a trivial calculation we find:

f(H,o0)=0yF(H,o) , g(H, o) =0,F(H, o),
h(H, o) = HOyF(H, o)+ 00,F(H, o) — F(H, o), (149)

with Oy F = aH, and 0, F = 8F We point out that, for a more general case in which
we study an anisotropic D- dlmensmnal space with d dimensions expanding with scale
factor a, and D-d-1 dimensions with scale factor b, we just have to replace the factors of
3 by d, and the factors D-4 by D-d-1. Using Eq. (148), we get to the final EOM for the
anisotropic case, as a function of a unique F(H, o) and its derivatives:

HO%F(H, 0) + 60y, F(H, 0) — ®0yF(H, 0) = 0, (150a)
G0*F(H, 0) + HO,uF(H, o) — ®9,F(H, o) = 0, (150D)

o+ % (HOoyF(H, o) + 00,F(H, o)) =0, (150c)
&%+ HOyF(H, o)+ 00,F(H, o) — F(H, 0) =0, (150d)

where (150c) is the sum of (143) and (144). A positive point of these equations is that
having a constant shifted dilaton does no longer mean a constant Hubble parameter and
vanishing F' and F” as in the isotropic case (Egs. (80)). As expected, the EOM are
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totally symmetric in H and 0. We can see that with the use of F/(H, o) we can rewrite
the total action for n =1 as:

1_1/dur¢(—¢%—Fuia». (151)

4.1.2 First order

In order to check the results, we can compare Eqgs. (150) with the first order anisotropic
stringy Friedman equations in vaccum [7]. Evaluating F' and its derivatives at first order:

F =2'3(D — 4)(c10H? + ¢1107),
OpF =2°3(D —4)c10H , 0,F = 2°3(D — 4)ey 40, (152)
OWF =2°3(D —4)erg , 0,F =2°3(D —4)ery , OuoF =0.

By introducing them into Egs. (150) we obtain the stringy equations at first order:

H—®H =0, (153a)
& — do =0, (153b)
d—3H*— (D —4)0> =0, (153c)
% —3H? — (D — 4)o® = 0, (153d)
imposing the coefficients at first order to be:
Cl0 = —m ; Ci1 = —ﬁ- (154)
Those coefficients are consistent, since comparing them with the usual ¢; = —1/8, we

have a difference of wether 1/(2(D—4)), or 1/(2-3). These factors are due to the presence
of the factor with the trace of S%_, in Fg,, and viceversa, as can be seen in Egs. (128)
and (129). Moreover, the function F'(H, o) at leading order will have the expected form
[12]:

F(H, 0) = —3H*— (D —4)0* + O(d). (155)

4.2 Matter

The vacuum case shows a total symmetric appearence of H and ¢ in the EOM. To make
it more interesting, and break the degeneracy of H and ¢ we can introduce a matter
action:

00 k
1
I= 53 dtne™® (—(DCD)2 + Z o'kl Z Chl tr(D53)2(kl)tr(DSD—4)2l>
k=1

=0
+Sm[(b7n753aSD—47X]' (156)

35



The EOM are obtained in the exact same way as in the isotropic case. We show here
the results obtained, which have been compared with the works [2], [12], [7]:

157a
157b

157¢
157d

HO4F(H, 0) + 60u,F(H, 0) — ®0yF(H, 0) = —2dre®p,
GOPF(H, o) + HO,u F(H, 0) — ®9,F(H, 0) = —2(D — d — 1)k%e®q,
20 — &2 + F(H, o) = r2e®0,

(157a)
(157b)
(157¢)
®? + HOyF(H, o) + 00,F(H, o) — F(H, 0) = 2r%%p, (157d)
where p now denotes the pressure in the d-dimensional space with Hubble parameter
H(t) and g the pressure in the D — d — 1 extra dimensions, which come from the spatial
part of the energy momentum tensor 7" = diag(p, p, p, D, ¢, q...). The continuity equation

reads: .
p+dHp+ (D —d—1)oG— 5@9’ = 0. (158)

In order to compare with the isotropic case, we leave the more general case where we
make the factor d appear, which in this section is d = 3. It is easy to see that now the
degeneracy between H and o can be broken by means of their pressure. We will mostly
suppose the extra dimensions to be pressureless.

4.3 Einstein frame

In this section we want to compute the Hubble parameter in the 4-dimensional Einstein
frame in terms of the string variables and derivatives. To have an idea of the Hubble
parameter in the Einstein frame, we have to look at the action in the string frame, which

is of the form:
/ dPz\/ —GSe (RS 4 ), (159)

with G the determinant of our D-dimensional metric in the string frame, and R(%)
the associated Ricci scalar. In order to go to the Einstein frame we need to perform
a conformal transformation so that we only have our 4-dimensional metric factor in
front of the Ricci scalar, this is normally done in 3 steps. First we go to the Einstein
D-dimensional frame, then we compactify the extra dimensions so that we get to the 4-
dimensional Jordan frame, and finally we do a second Weyl rescaling to the 4-dimensional
Einstein frame, as can be seen in [14]. The Weyl rescaling is defined by:

gMN = Q_zgwf sy V7Y — Q_D _ga (160)

where ¢ is the metric in the new frame. As it is constructed from the metric, the Ricci
scalar will also transform. Focusing only in the part of the Ricci scalar in the new frame
we have:

R=0*R+..). (161)
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In this section we use the index s for the variables in the D-dimensional string frame, the
index ed for the variables in the D-dimensional Einstein frame, which coincides with the
4-dimensional Jordan frame after splitting the metric and Ricci in 4 and D-4-dimensional
parts, and finally the index E for the 4-dimensional Einstein frame.

Let us focus on the first Weyl transformation to the D-dimensional Einstein frame.
First, we have to conformally transform the complete D-dimensional metric in order to
eliminate the e=2? factor. With the transformation of the determinant of the metric in
Eq. (160), and the one of the Ricci scalar we can see from Eq. (159) that we need a

Weyl parameter such as:
20

Q =e D2, (162)
with the metrics in the string and Einstein D-dimensional frame respectively given by:
—n2(t) 0 0 —n2,(t) 0 0
Gov=1 0 @)1, 0 GUED 0 a2t - 1, 0
0 0 bg (t) * mn 0 0 bzd(t) * Imn

(163)
Then, to go to the 4-dimensional Jordan frame, we decompose the Ricci into a 4 and a D-
4-dimensional part, we do not obtain any extra factor in front of the new 4-dimensional
Ricci scalar. The process makes only appear the bgi_‘l that comes from the metric:
V—GED) = \/—gED)RP where g(EP) is the determinant of the 4-dimensional part
of G¥P). In such a way that we will need a second Weyl transformation, from the
determinant of the metric we will have a factor Q;*, and from the Ricci scalar we have
Q2. A very important point to remark is that the factor bfd_4 that comes from splitting
the metric is in the Einstein D-dimensional frame, we should then express it in terms of
the by scale factor in the string frame. Thus, the second conformal transformation, now
only on the 4-dimensional metric, will be given by:

D—4 2¢  D-4

Oy =0b7 = (be D2)7, (164)

where in the last equality we expressed everything in terms of string variables. Moreover,
bs now is not interpreted as the scale factor of the extra dimensions, but as a scalar field.
The two metrics involved in the transformation are:

2 2
(gD) _ [ —Mealt) 0 &) _ [ —np(t) 0
g;u/ ( 0 agd(t) . 13 7gp,1/ 0 (IQE(t) . 13 . (165)

The total transformation on the 4-dimensional part of the string metric will be:

_ D4
Q=e D3 (be )T = e, 7 o glB) = e 2Dyl (166)

where gl(fj) is the 4-dimensional metric in the Einstein frame, and gL,S,) the 4-dimensional

part of the metric in the string frame. We can use the freedom to reparametrise the
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time in order to have the cosmic time 7" in the Einstein frame also, as done in [4], and
[11]. The time reparametrisation is such that in the new time 7, we have gg(OE) =—1.In
this way, the scale factor in the Einstein frame and the differential equation for the time

reparametrisation will be given by:

D—-4
2

T
ap(T) = ay(t)e O, _ e

(ﬂ?%

Instead of the time reparametrisation technique we recover the covariant derivatives
formalism. We define them for the string frame and the 4-dimensional Einstein frame
respectively by the following relation:

D—4
- = e Wb 7 (1), (167)

1d 1 d
D, = o di D = ol (168)
they are related by:
Dy = ep2b™ 5 D, (169)
We recall the definition of the shifted dilaton, and its derivatives for the anisotropic case:
e?? =e®a®bP™t - 2D, =D,® +3H + (D — 4)o, (170)

where H = aiDsas, and o = biDsbs. We compute the Hubble parameter in the Einstein
frame:

1 _D-4 —
HE(T) = _DEaE = 6¢bs 2 (—Dsgb + o+ H) . (171)
af
Using relation (170), Hg can also be written as:
1 3
Hyp(T) = —ie%ag (D,® + H). (172)

We can now compare with the expression for the isotropic case in Eq. (113). It is the
same Hubble factor taking d = 3. Let us now compute the derivative with respect to 7"

dHg(T 1
jT( ) _ —5¢%a* (D@ + 3H)(Du® + H) + 2(D3® + D.H)) . (173)

Imposing then constant Hubble parameter and shifted dilaton velocity, we find two equa-
tions giving a constant Hubble parameter in the Einstein frame:

D,®=—-H , D,®=—3H. (174)

We can observe that unlike what we could expect, the parameters of the extra dimensions
do not appear in these expressions, neither in that of Hg, nor in that of its derivative
when we write the expressions in terms of the shifted dilaton ®. But at this point it is
important to note that we express everything in terms of ® for the dynamical system
analysis in section 5. In Eq. (171) which is in terms of the dilaton ¢, the real physical
degree of freedom, we can see that in fact the Hubble parameter does depend on o.
Moreover, we obtain the same results as for the isotropic case, but here we do not have
d as a free parameter of the theory, but it is fixed at d = 3.
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4.3.1 Differential equation for the vacuum case

With the objective of getting a de Sitter solution in the Einstein 4-dimensional frame,
we now impose Eq.(173) to vanish, and using Eqs. (150) we try to establish a differential
equation for F'(H, o) in terms of H and o exclusively. As in [8], we suppose that the
second derivatives: 02F (H, o) and 0% F(H, o) are non vanishing, so with the expressions:

O2FOuF — 0,y FO,F 0% FO,F — 8,1 FOuF
D,H =D, 0% , D,o =D, ,
’ O2FO%LF — (O, F)?

O2FO%F — (0, F)2
1
D2 = —§(H6HF +00,F) , D®*=F — (HOyF + 00,F), (175)

we get an extra condition on the derivatives of the F' function, the determinant of its
Hessian has to be different from zero. By imposing Eq. (173) to vanish, we get:

0 = Ds®* + 4HD,® + 3H* + 2D2® + 2D, H. (176)

Then introducing expressions (175) we obtain:

0=F —3(HOyF 4 00,F) +4Hs\/F — (HOyF + 00,F) + 3H*
O2FOyF — 0y FO, F
PFOYE — (0,5 F)2

+2s\/F — (HOyF + 00,F) (177)

where, as in the isotropic case s = +1, due to the square root of D,®2. This expression
cannot be compared with the work of Padilla et. al. [12] since they take a general
anisotropic ansatz, no 3 and D-4-dimensional parts, so when looking for the Hubble
parameters in the Einstein frame, they only perform the first Weyl rescaling as we did in
the isotropic part. But as in our work we are looking forward to a compactification we
decided to proceed with the complete scheme. We can remark that finally we see appear
the extra dimensional terms in our expression, they appear through the EOM.
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5 Fixed point analysis

As we have seen, the equations for constant Hubble parameter in the Einstein frame for
time evolving H, y, and o are difficult to solve analytically. Let us now look for the fixed
points in the EOM of all four dynamical systems we have seen until now. For this section
we fix the time lapse function in the string frame to be 1. We will look for solutions with
constant H, o and ®, comparing our results with [4] and [3] for the isotropic case. These
fixed points are especially interesting, since what we are looking for are constant stable
Hubble parameters, even if they are in the string frame. Within this framework we will
also analyse the linear stability of these points. Finally, we will look at the expressions of
these constant Hubble parameters solutions in the Einstein frame. Let us first introduce
how we will obtain the fixed points and their stability.

We follow the approach in [18]. We suppose a vector x with the dynamical variables
of our system, i.e. (H,y) for the isotropic case, or (H,o,y) for the anisotropic one, the
dynamical system is the following:

dx
pri f(x), (178)
where f(x) is a vector-valued function of the dimensionality of x. The linear analysis lies
on Taylor expanding our vector valued function up to first order, and according to the
Hartman-Grobman theorem, the linearized system represents the full nonlinear system
near the fixed point. For this we expand the variables as x = xg + dx, where X is the
fixed point. The f(x) are expanded as:

f(x) = f(x0) + J (f(x0))6x + O(6x?), (179)

where J (f(xg)) is the Jacobi matrix of the system evaluated in the fixed point. Thus we

find: s
== = T (f(x0))dx + O(5x%). (180)

The solution for each of the variables is then dx; ~ €™ where m,; are the eigenvalues
of the Jacobian matrix. Therefore, if the real part of the eigenvalues are negative, this
means that the linear perturbations will decrease with time, giving a linearly stable fixed
point. If one of them is positive, one of the perturbation mode will grow exponentially
with time, making the fixed point unstable. Instead, if we have one of the eigenvalues
vanishing and the rest negative, the fixed point is called a bifurcation. In this case,
one of the perturbation modes remains constant at linear order and the others decrease
exponentially.

t
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5.1 Isotropic in vacuum

We recall the EOM for the isotropic case in vacuum (80), for the search of fixed points
we will rearrange them as:

= y]i’,l,(([;[iy (181a)
j= 57~ F(H)) (181b)
>+ HF'(H) — F(H) =0, (181c)

where we define y = ®, and impose F” # 0. To compute the fixed points, we establish
H =5 =0. So Eq. (181b) fixes y2 = Fy, we have then:

Yk, =0, HoF,=0 , yi=F. (182)

Recalling the form of F'(H) in Eq. (79), we can see that for vanishing H we have vanishing
F(H) and F'(H), but this relation is not an equivalence. We can find a function which
has a zero value for F(Hy) or its derivative F’'(Hy) and still have a non-vanishing Hubble
parameter Hy # 0. As the solutions 3y and Hy will be two constants, a part from the
special cases in which Hj is zero, we can suppose that they are proportional yg = cH,.
This idea is also motivated by Eq. (114), where we will have constant Hubble parameter
in both string and Einstein frames for b = —H, or o = —dH,. We present the fixed
points of this system in table 1.

y | F'(H) Stability
0 0 Bifurcation
cHy 0 Stable for ¢ < 0

Table 1: Fixed points for the isotropic case in vacuum.

As explained previously, and done in [4] and [6] in order to determine the linear
stability, we calculate the derivatives of (181a) and (181b) with respect to H and y and
we evaluate the eigenvalues in the fixed points. We get:

ot oi w B i
oH 0y = kY — M4+ = 7Yy + A (183)

where m. are the two eigenvalues of the Jacobian matrix. For it to be a linearly stable
point we need to have both eigenvalues negative. First we see that the square root
cancels in both cases since FJ = 0. For the first fixed point, which has a vanishing yo,
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we see that both eigenvalues vanish, we then have to look at non-linear stability [3].
The linearly stable point is then for yo = cHj, and the condition of stability is ¢ < 0,
which is in accord with the solutions of constant Hubble parameter in the Einstein frame.
So by introducing the set of infinite o’ corrections codified in the function F'(H) we can
find de Sitter solutions with the condition: F'(H) = 0. For the fixed points in vacuum to
be stable, we need to ask a non vanishing shifted dilaton velocity, which has the opposite
sign to Hy.

5.1.1 Hubble parameter in the Einstein frame

Let us examine the Hubble parameter in the Einstein frame for the stable fixed points.
For a non vanishing Cb, we will have 2¢'> = Cbo +dHy = (c+d)Hy. As the derivative of the
dilaton ¢ is a constant, we can integrate the expression in order to obtain the variation
of the dilaton as a function of the time ¢:

() = (c + d) Ho(t — 1) /2 + oo, (184)

that following Eq. (113) gives a Hubble parameter in the Einstein frame such as:

(c+d)Hp (t—tg)+2d¢
d

e —1

Hp(t) = — T 1 (c+ 1)H,. (185)

It is easy to see in this expression the 2 special cases mentioned above. For ¢ = —1 we
obtain a zero Hg, and for ¢ = —d the velocity of the dilaton vanishes. then the Hpg is

constant.

If we look for a positive Hg, it is important to note that the linear stability condition
is to have ¢ < 0, and Hj is in the string frame, so its sign is not really relevant for us.
We have two possibilities: one in which Hy < 0, then —1 < ¢ < 0, and another situation
for Hy > 0, and ¢ < —d. For both of them we start with a constant positive Hubble
parameter and in the limit ¢ — oo it vanishes.

We must now remember that t is the cosmic time in the string frame, with the expression
for ¢ and recall the relation:

—26
dted-1 = dt’, (186)

where ¢’ is the reparametrised cosmic time in the Einstein frame. By integrating this

equation we obtain a relation between the two time parametrisations:

2(d— 1) =(e+dHo(—tg)~209

— e d—1 ,

(C + d) HO

t'—ty=— (187)

with ¢, and t, two integration constants. By introducing it into Eq. (185) we obtain a

final expression for Hg(t'):
c+1 1
Hp(t)Y=|— | ——. 1
5(t) (c+d) v —t (188)
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Thus, for ¢’ > ¢, we will need the prefactor to be positive, so that we start with a positive
Hubble parameter, and for ¢ — oo we have Hr — 0. For it to be positive, we need to
impose either ¢ < —d, or —1 < ¢ < 0. We can note from Eq. (187) that in the case
of ¢ < —d for a positive Hy; and in the case —1 < ¢ < 0 for a negative Hy, we have
both times parametrised in the same direction. These two cases can be interpreted as a
large and negative shifted dilaton velocity case; and a small but positive shifted dilaton
velocity respectively.

So, as already advanced in section 3.3, for ® = —H, we have a Minkowski solution,
and for ® = —dH, we have a de Sitter universe in the Einstein frame. For a different
proportionality factor between these two, we can get stable solutions where the Hubble
parameter in the Einstein frame is always positive and decreases asymptotically to a
vanishing value.

5.2 Isotropic with matter

Using the EOM for the isotropic case with matter (108), assuming a barotropic equation
of state for the fluid p = wp and a dilatonic charge such that § = \p, we can rearrange
them for the study of the fixed points as:

o1
H = ﬁ(yF’ —dw(y*+ HF' — F)), (189a)

1 A
=3 <y2 —F+ §(y2 + HF' — F)) : (189b)
v+ HF — F =2r%%p. (189c)

Let us compute the fixed points for a general case. Motivated by Eq. (114), we choose
Yo = cHy. By introducing this expression we get:

—(?H} — F3)dw — (dw — ¢)HoF}, = 0, (190a)
A A

(cPHG — Fy)(1+ 5) +3 oFy =0, (190b)

CHZ + HyF), — Fy = 2k%e®p. (190c)

By substituting (190a) into (190b) for w # 0 we have:

HoF, (wd —c (1 + %)) =0, (191)

where clearly we can have F, = 0 which looking at Eq. (190a) will give us HZc? = Fy,
which coincides with the general case of the vacuum equations. We can also obtain an
interesting alternative option which reads: wd = ¢(1 + A/2), giving a relation: (Fjy —
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*HZ2) = Ak?e®p. The Eq. (191) relates the parameter of the equation of state of our
fluid, with the Hubble factor, the shifted dilaton velocity and the dilatonic charge. By
reintroducing the Hubble factor in the equation we have wdHy = ®o(1 + A/2).

We observe two special cases: the case for which we have a high coupling between the
dilaton and the matter action A = —2 which fixes the fluid to be pressureless, ordinary
matter w = 0 and Fjj = 0, and the case where the dilaton is not coupled to matter A = 0
which gives a negative pressure for stable fixed points w = ¢/d and a value of the Hubble
factor given by HZc* = Fy.

We now have to take a look at the solutions for w = 0, the Eqgs. (189) read now:

0 = yol, (192a)

A
0=y5 = Fo+ 5y + HoFf — Fy), (192b)
yo + Hy Fj) — Fy = 2k%e®p. (192¢)

We consider first the special case in which we have vanishing F{j(H), then the case of
vanishing yo. For the case in which F'(H) = 0 we get:

A
(Yo — Fo) (1 + 5) =0, (193a)
ya — Fy = 2K%e?p, (193b)
for which we have again two options: either A\ = —2 for a general y, giving y2 — Fy =

2K%e®p, either y2 — Fy = 0 in which we recover the vacuum case. For the yo = 0 case the
equations read:

A
—Fo + §(HOF6 - Fo) = 0, (194&)
HoF) — Fy = 2K%e%p. (194b)

We obtain a vacuum case for which Fy = Fj = 0, already commented in the previous
section, then one for which from (194a) we get HoF} = (2 + \)x%e®p. We summarise the
fixed points in table 2 neglecting the vacuum cases. In the table we have added a last
line for a fixed point from the general case yy = cHy with A = 0, since as we will see
later, it has a special stability condition.

In order to evaluate the stability of these fixed points we proceed in the same way;
we compute the Jacobian of the differential equations system:

g_g % _ Yo — dwH Fé_zgzwyo (195)
oy oy | = :
o oy —5(GH Y — ) w1 +3)

After some simplifications we obtain the two eigenvalues m..:

dwH, AL A 25,
ma = —— (1 + Z> + 5\/(dWH0 - 53/0)2 + AFgHy — F_é?(Fé — 2dwyo).  (196)
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Y F F’ w A Stability
0 AeZe®p HoF, =2+ Mr%®p | 0 All Unstable
cHo | HE — Fy = —\&%e®p | HoFy = (24 M\)K%e®p | wd = ¢(1+3) _2C<<)\O< 0
cHy | H? — Fy = 2k%%p 0 0 -2 Bfii?rccafgn
cH, HZc? HyF} = 2k2%e®p c/d 0 Bfiil;rccaicign

Table 2: Fixed points for the isotropic case with matter

So if both eigenvalues are negative, we will have a stable point, and extra conditions on
our parameters. For the case wd = ¢(1+ %) we need to simplify the eigenvalues from Eq.
(196) and obtain [4]:

H,
my = 7O|c](sgn(c) + V14224 )\2). (197)

Thus fixing the interval for A for which our solution is stable, being (—2;0) and also
giving negative c as the only class of solutions. Now for A = 0 the two eigenvalues are:

my =0, m_=cH,. (198)

From [4], in order for this fixed point to be linearly stable we need a negative c, arguing
that this is exactly what happens when perturbing around dS vacuum in GR, but in this
case we have the constant shift of the Hubble parameter, and of the shifted dilaton.
For the case with vanishing w and gy, we will have a positive and a negative eigenvalue,
meaning that this fixed point is not stable.

These solutions are quite interesting, since for the case ¢ = —1 we get Minkowski,
and for ¢ = —d we get de Sitter in both, the string and the Einstein frame.
A very important verification is confirming under which conditions pe® is constant. For
this we can compute its derivative and use the continuity equation (110), we get:

d _ S -
e =¢ (P + ®p)
=e® (cb (%é + p) — de) . (199)

By supposing p = wp and 6 = A\p as usual, we obtain that the condition for vanishing
Eq. (199) with pe® # 0 is given by:
A
y (1 + §> = dwH. (200)

We remark that by imposing pe® to be constant, we obtain an equivalent equation as
for the study of the fixed points of the dynamical system.
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5.2.1 Hubble parameter in the Einstein frame

Let us study as in the vacuum case, the Hubble parameter in the Einstein frame for the
stable solutions. For the general case we have wd = ¢(1 + 3) and the two conditions are
c < 0and —2 < X <0, which means that w < 0. For the solution to be stable we need a
fluid with negative pressure. The expression of the Hubble parameter is the same as for
the vacuum case:
(ct+d)Hq(t—tg)+2¢0
e d—1

Hg(t') =— T (c+1)Hy

_(c+1 1
\e+d) v -t

A
_ wd+1+2 1 ’ (201)
d(w+1+%) t—t

where we used the stability equation: ¢(1+A/2) = wd. Asin the vacuum case, for this last
equation, we suppose ¢ # —d, since for ¢ = d we get a de Sitter solution in the Einstein
frame: Hp = €2 Hy, and an equation of state parameter given by: w = —(1 + %) The
case where the dilaton is not coupled to matter A = 0 will give us vacuum energy.

In general for w # —(1+ %) we can see from Eq. (201), that for the Hubble parameter
to be positive for ¢ > ¢, we need to impose w < —(1 + %) As the stability condition
on the dilatonic charge parameter is —2 < A < 0, the upper bound for w in the case of
a very weak coupling between the dilaton and matter is w < —1, on the contrary for a
strong coupling we obtain w < 0. Which means that the presence of the dilatonic charge
allows a smaller pressure in absolute value. A more profound analysis will be performed
in the anisotropic section where the Hubble parameter is in the 4-dimensional Einstein
frame and not in the D-dimensional Einstein frame.

5.3 Anisotropic in vacuum

In vacuum the EOM for our anisotropic ansatz are Egs. (150); as usual we rearrange
them in order to study the fixed points of the system, they read:
: PFOyF — 0,y FO,F
H=y-= 202
VRFOLF — (0,uF)? (2020)
04 FO,F — 0,y FogF

=V RO F — (@ F) (202)
1
Y= 5(1/2 - F), (202c)
>+ HOyF + 00,F — F =0, (202d)
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where the denominator of Egs. (202a) and (202b) is the determinant of the hessian of
F(H,o), and we ask it to be non-vanishing. We must now remember that in contrast
to the previous case, having one of the Hubble factors H or ¢ vanishing does not mean
that F' or any of its derivatives is zero, we need both of them to be 0.

Looking for the fixed points, the Eqs. (150a) and (150b) tell us that for constant
H and o we have either yo = 0, or dgFy = 0 and 0,F, = 0 respectively. For a zero
velocity of the shifted dilaton, Eq. (202d) imposes Hy0y Fy+ 000, Fy = 0. For the case of
vanishing first derivatives we see that the equations are satisfied for whatever y having
Y2 = Fy. The fixed points are shown in table 3.

H | o |y |ogF ‘ 0, F Stability
H() (o) 0 HoaHFo + O'()aUF() = 0 | Unstable
Holoowo| 0 | 0 Yo <0

Table 3: Fixed points for the anisotropic case in vacuum

Let us now look at the stability of these fixed points in order to look for extra
constraints. As usual, we look at the Jacobian of the differential system:

o oe oy | = 0 Yo Bo | (203)

—20uFy —30,Fy o

where for example 0,Fy = 0,F |o, is the derivative evaluated in the fixed point, and we

02 Fy05 Fo— 0y 11 FoO Fo 02 Fy0y Fo—0, 1 Fo0s Fo
called the factors TF007, Fo— (0o m Fo)? SZF007, Fo—(Dom o)
The three eigenvalues are given by:

= agp and = fy for simplicity.

1
my=1yYo , Ma3z=Yo=L \/_5(8HF0 ag + 051 Bo). (204)
For the fixed point with non vanishing g, the square root vanishes and the three eigen-
values are given by the value of yy, thus the stability of the solution requires yo < 0. For
the other family of fixed points we get a vanishing eigenvalue, a positive and a negative
one, so these fixed points are unstable for non vanishing first derivatives.

5.3.1 Hubble parameter in the Einstein frame

We proceed now with the computation of the Hubble parameter. The derivative of the
dilaton is also constant and is given by 2¢ = ®q + 3Hy + (D — 4)o,. By integrating to
obtain the expression for ¢ we obtain:
1 .
6 = 5 (&0 +3Hy + (D — 4)ov)(t — 1), (205)
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with ¢; an integration constant, introducing it into Eq. (171), where we neglect s indices
since everything is now in the string frame, we get:

Hy(T) = _%6;(<1>0+3H0+(D—4)ao)(t—t1)b—’324((j)o + Hy). (206)
In order to express Eq. (206) in terms of T', we integrate the relation between T the
cosmic time in the Einstein frame and ¢ the string frame time in Eq. (167). But here
we encounter a difficulty, since we also have the scale factor in the extra dimensions b(t)
in the integral. But as oy is a fixed point, we have whether b = €°!, whether b = b, a
constant. Let us first integrate Eq. (167) for a constant b = by and vanishing oy:

ir
dt
pE
20, — L(®o4+3Ho)(t—t1)
=0 5 207
@ +3Ho)€ , (207)

) D—4
—5(®o+3Ho)(t—t1)y, "2
e 2 by

71T, =—

with 77 is an integration constant. The Hubble parameter then reads:

D—4

HE(T) _ e%('ibo+3Ho)(t7t1)ba p) (q)o +HO)

N | —

b+ H,y 1
¢)0+3H0 (T_Tl)

(208)

Again, in this expression we are neglecting the special cases of constant Hubble parame-
ter, Cbo = —Hy and (iDO = —3H, that give Minkowski and de Sitter solutions respectively
in the Einstein frame. We emphasise on the fact that we obtain a de Sitter solution in
the Einstein 4-dimensional frame, which is moreover a stable fixed point solution in the
string frame, this Hubble factor is given by:

D—4

Hp = Hob, ° , (209)

where we see that Hg is given by the string frame Hy and the inverse of the square root
of the volume of the extra dimensions which is constant.

An important thing to remark for the general case is that, by computing the Hg for
the spatial 3-dimensional parts in terms of the shifted dilaton ®, all traces of the total
dimensions parameter D disappear.

Now, let us look at the solutions in order to have a positive Hubble parameter for
T > T). We recall that the stability condition imposes ¢; < 0, i.e. opposite signs for
Hy and ®,. It is important to note that Hy represents the Hubble parameter of the
3-dimensional space in the D-dimensional string frame, so we can take it to be negative.
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For a negative Hy, then dy needs to be positive in order to obtain stable solutions.
We need in the last expression of Eq. (208) both the numerator and the denominator to
have the same sign. That imposes two intervals for @, given by:

0 < ®y < |Ho| , 3|Ho| < Py, (210)

For a positive Hy we get a negative @y, and the allowed intervals to have a positive
Hp are: . _
by < —3Hy , —Hy< dy<0. (211)

For both cases we have two intervals for @, which give a high and a slowly varying
shifted dilaton with respect to the value of the Hubble parameter in the string frame.
Thus, when we consider the extra dimensions to have a constant volume, we get a Hubble
parameter which is positive and decreasing for:

3[Ho| < [o| , [o] < [Hol. (212)
Moreover, the only constraint that we have on the Hubble parameter in the string frame

for the general case is to satisfy Oy F'(Hy, 0¢) = 0.

We now look for the case of non vanishing oy, with a scale factor in the extra dimen-
sions expanding or contracting exponentially b = €?°*; from Eq. (167) the differential
equation between the two times now reads:

d_T :e_%(¢0+3H0+(D_4)00)(t—t1)e%agt
dt
:e_%(fbo-i-ing)(t—t’l)’ o1

where we redefined ¢7. The expression relating the two time parametrisations reads:

T — Tl’ — _#6—%(%-4-31{0)(15—%)7 (214)
®y + 3Hp
with 7] a new integration constant. By introducing it into Eq. (171), we obtain a Hubble
parameter given by:

1 144 _ .
HE(T> - _ Ee%(<I>0+3H0+(D74)0'0)(t7t1)e*%a’ot(q)o + HO)
do+ Hy 1
— 2o+ o -, (215)
(I)() + 3H0 T — T1
where again the case oy = —3H, corresponds to a de Sitter solution in the Einstein 4-

dimensional frame. Its value for an exponential b scale factor, by recovering the original
t, integration constant reads:

1

Hp = e 3Pty (216)
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where again the extra dimensions factors appear in the expression of Hg. It is also im-
portant that both expressions are only dependent of the scale factors of both the 3 and
D-4-dimensional spaces.

We observe that the Hg for both Eqgs. (208) and (215) is the same, with different initial
times 77 and 7] which are just integration constants. So we can do a totally analogous
interpretation of these results. Meaning that, no matter the volume of the extra dimen-
sions being exponentially expanding or contracting, or constant, the Hubble parameter in
the 4-dimensional Einstein frame does not feel any difference. Thus, we can have stable
fixed points solutions in the string frame, which, when translated to the 4-dimensional
Einstein frame give a positive Hg. This Hg has a decreasing behaviour as time increases
and tends asymptotically to zero.

Unlike in section 5.1.1, this Hubble parameter is in the 4-dimensional Einstein frame.
We can compute the deceleration parameter ¢ which is given by:

dHg 1

1 =— ——

T T
_ D +3H, (217)

Py + Ho
The deceleration parameter then reads:
2H,
§=-—" (218)
Do + Ho

The expansion of the universe is accelerated for ¢ < 0. Looking at Eq. (218) we need
the numerator and the denominator to have opposite signs. Knowing that H, and @
have also opposite signs for the fixed points to be stable, the condition in absolute value
to obtain an accelerating expanding universe is:

|Do| > |Hy|. (219)

Now using the condition to obtain a positive Hg, in Eq. (212) we get that in order to
obtain an accelerating expanding universe:

Py < —3H,. (220)

5.3.2 Hubble parameter in terms of the dilaton

It is now crucial to recall that the shifted dilaton is not the physical degree of freedom.
So in this section we will look at the stability condition translated in terms of the dilaton
¢, after we will look what expression holds for the the dilaton in the special cases where
we obtain exact Minkowski and de Sitter in the Einstein frame. Finally we look at the
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Hubble parameter Hg for the general case in terms of ¢.

The derivative of the dilaton is given by: 2¢y = @ + 3H, + (D — 4)og. So that for
the special case in which we obtain a Minkowski solution, Hg = 0 we have:

260 = 2Hy + (D — 4) 0. (221)

Then a solution in which we have a constant dilaton is allowed for Hy = —%ao. For
the exact de Sitter solution, the derivative of the dilaton is given by:

29 = (D — 4)ov, (222)

it is then proportional to the Hubble factor of the extra dimensions and vanishes only
for oy = 0, a constant volume for the extra dimensions.

Let us now take a look to the general stable fixed points case, where the condition is to
have @, and H, with opposite sign. We must then split the two cases for positive and
negative Hy. If Hy > 0 the condition for the fixed points to be stable is:

200 — 3Hy — (D — 4)0¢ < 0. (223)
For a negative Hy we need:
260 + 3|Ho| — (D — 4)og > 0. (224)

We now recall from the previous section that Hg has the same expression for an ex-
ponential (o = op) or a constant scale factor (09 = 0). In terms of the dilaton Hp
reads:

2
éo—%ao T-Tv

_éo—Ho—EUO 1

Hp(T) (225)

When expressing the Hubble parameter in terms of the physical degree of freedom we
obtain that in fact, Hg depends on the Hubble factor of the extra dimensions, and the
total dimensionality of the theory D. Again we want this parameter to be positive and
decreasing, for it we need the fraction to be positive. We can split the condition in two
possibilities depending on the sign of Hy. If we have a positive Hubble parameter in the
extra dimensions, to have Hg > 0 we have two intervals:

oo , Hy+

by < o0 < oo (226)
But at the same time the stability condition of Eq. (223) must be satisfied then the two
intervals are constrained to:

3 D -4

< ¢y < —H,
oo < o 20+ 5

: —4
Po < oo , Ho+ 0. (227)
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Then for a negative Hy the two intervals together with the stability condition in Eq.
(224) read:

D -4
2

—_ 400 < . (228)

—4
00_|H0| ) 9

3 . D
oy — §|H0| < ¢ <

We can now look at the deceleration parameter ¢ which in terms of the dilaton reads:

Hy

¢o — Ho — %00

q (229)

If we have a positive Hy, then ¢ < Hy+ %ao, so putting it together with the condition
of a positive Hg we get:

. D —4

Po < 5 00 (230)
and for the case with Hy < 0 we obtain:

. D —4

Po > 09. (231)

These results are consistent with the intervals of the previous section. Their physical
meaning is clearer expressed in this form. In conclusion, the stable fixed points in the
string frame provide, apart than a Minkowski and a de Sitter solution, a positive Einstein
frame Hubble parameter that gives an accelerated universe. The conditions depend on
the sign of Hy, for both cases the condition rests on the dilaton velocity and the Hubble
parameter of the extra dimensions, given by Eq. (230) for Hy > 0 and Eq. (231) for
Hy < 0.

5.4 Anisotropic with matter

From the EOM for the case of anisotropic space with matter, Eqs. (157), we assume a
barotropic equation of state p = wp, a dilatonic charge # = \p, and pressureless matter
in the extra dimensions. We can rearrange this system of equations in order to leave the
usual form for the fixed points study:

. Y(02FOuF — 0,4 FO,F) — 9*Fdw(y® + HoyF + 00,F — F)

H PFRF — (0o F)? | (2322)
5 _ YOUFOF = 0,5 FORF) + Ono Fdw(y’ + HOgF + 00, F — F) (232b)
B O2FO%F — (0, F)2 ’
1
y* + HOgF + 00,F — F = 2x%e%p, (232d)
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where we need to impose 04 F, 02F, and §>F04F — (0, F)? to be non-vanishing. Tt
is important to look at the original EOM, from Eq. (157b), we see that we still need
whether yo = 0, whether 0, F, = 0.

To obtain the fixed points, we can follow a method which is motivated by Eq. (174)
and based on the fact that with this way of expressing the solutions, it is easier to
compare with the fixed points of the isotropic section. For it, we parametrise both
and og as yo = ¢1Hpy and og = k1 Hy. Next, we sum up Eq. (232a) and Eq. (232b) in
order to get an expression for y2 — Fy:

0% Fy — Do )
2 po— Hy |lonF, (S- — 1 7y (L ko — Onofo) 2
y(] 0 0 |:8H 0 (dw ) + ag 0 (dw (3§Fg — 8HUF0) kl ’ ( 33)

and by introducing it into Eq. (232c¢) we obtain:

C1 A o C1 (8%1F0 - 8HUF()) A o -
H, [aHFO (dw (1 + 2) 1) + 0, F, (dw @ F0 O B L+3) =k )| =0,
(234)

where we obtain a structure quite similar to the isotropic case (191), with the difference
that we got an extra term with an overall factor 0, Fj.

It is now important to recall that in contrast to the isotropic case [4], we got Eq. (233)
by summing up two equations Eq. (232a) and Eq. (232b); then, we have to impose an
extra condition. As we are considering a pressureless fluid in the extra dimensions, we
recall Eq. (157b), which states that whether 0, Fy whether y, then ¢; vanishes. For the
vanishing ¢; case we get the vacuum solution since it establishes HyO0y Fy + 0¢gdo Fy = 0,
which also gives Fy = 0. Then, for a vanishing 0, Fy we get two cases: vanishing Oy Fy,
which for w # 0 goes back to the vacuum case, and a second option which establishes:

A . A
c (1 + 5) =wd < P, (1 + 5) = wdH,, (235)

already studied in the isotropic case.

To finish with the discussion of anisotropic fixed points with matter we have to look for
the general case with pressureless 3-dimensional fluid, i.e. w = 0. We get the following
equations for the fixed points:

0 = yo(07 Fodu Fo — 0oy FoOy Fo), (236a)
0 = yo(9% FoOs Fo — 0ot FoOu Fy), (236b)
A A
0= (y5 — Fo) (1 + 5) + §(H08HFO + 000, Fy), (236¢)
Yo + HoOu Fo + 000, Fo — Fo = 25%* p. (236d)

53



Again, from the complete EOM, either yo = 0 or 0,Fy = 0. For yy = 0:

A
_FO + §<H08HFO + O'OagFO — F()) = O, (237&)
HoyOuFy + 000, Fy — Fy = 2K%e®p. (237b)

We come back to the vacuum case for Hy0y Fo+ 090, Fy = 0 and Fjy = 0. By introducing
Eq. (237b) into Eq. (237a) we get the relations Fy = Ax?e®p, together with HyOy Fy +
000, Fy = (2 + \)k%e®p, which is the analogous of the w = gy = 0 fixed point in table 2
of the isotropic case.

Now for 0, Fy = 0, we get:

Yo(02 Fodu Fy) = 0, (238a)
Yo(Oorr FoOu Fy) = 0, (238b)
A
yo = Fo+ 5 (4 + HoduFo — Fy) =0, (238¢)
y(Q) + HOaHFO - FO = 2H2G<Dﬁ. (238d)

As we imposed 02F, # 0 the first two equations are equivalent. For dgFy = 0 we get
then two kinds of fixed points, the vacuum case in which 32 = Fyp, and the case in which
A = —2 where we get a relation between Fj, yo and the energy density from Eq. (238d) .
Not taking into account the vacuum cases, we show the fixed points in table 4.

Y oxF \ 0, F w A Stability
0 HyOpFy+ 000, Fy = (2+ MNk2e®p | 0 All Unstable
<0
AHE — Fy = —A\r%e®p | HiogFy = (2+ \)k%e®p 0 wd =c1 (1+ %) _20< \ <0
Bifurcation
2172 _ [ _ 9,20~ )

ciHy — Fo = 2k%e%p 0 0 0 2 for ¢ < 0
_ Bifurcation

AHZ = F, Hoy0yFy = 2k%e®p 0 c1/d 0 for ¢ < 0

Table 4: Fixed points for the anisotropic case with matter

The values of Hy and oy are determined by the conditions imposed on F(H, o) and
its derivatives. It is very interesting that we obtain the exact same fixed points as in the
isotropic case. The advantage is in the second fixed point of table 4, which gives an extra
degree of freedom in order to fix the value of Hy while considering the stability, even
if we must not forget that the Hubble parameter is in the string frame. As usual, we
compute the stability of these fixed points by computing the eigenvalues of the Jacobian
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of the system in the fixed points:

96 95 Oo | _
OH 0o Oy -
9y 9y 9y
O0H Oo oy
02FOy F—0, 1 FOs F—2dwyd> F
y — dwd*FHay —dwd*F H B, e fggFa%Ig_(aaHF)Q Y
02, FOy F -0, FOp F4+2dwyds g F
dwO, y FHay Y + dwd, F H By Z agFagF—?aoHFPy 2
—LOpF + 2(HOYF + 00,5 F) —30,F + 3(HOpuF + 002F) y(1+3)
(239)
with o = i F+k18“HF)2 and f; = Do F kO F . As the expression for the eigenval-

02F0%4 F—(0,u F T 02F0%F—(0,uF)?
ues is too laborious, we can first simplify it for each of the solutions.

For yy = w = 0 we get a vanishing eigenvalue m; = 0 and then:

1 - 0xOul” = Do PO I
mo 3 = i% |:<_8HF + §<H8HF + UagHF)) ( ag_Fa?{F - (acrHF)2

A ) O FO,F — 0,y FogF\ 1"
(i dtonr o) (BELE BP0 ) "

being then an unstable fixed point.

For the general case of non vanishing w and 0,F = 0, we use the result of [4], which
for A # —2 gives Oy F = %. Note that from our definition of the coefficients oy and
31 we obtain a relation 92Fa; — , F 31 = 1. This relation helps us in the simplification
of the fixed points but erases all trace of the extra dimensions parameters, i.e. ki or o
derivatives of the F' function. With all that we get 3 eigenvalues:

A H A
m1:0H0(1—|—§) , m273:%(1—§:ﬂ: 1+>\+>\2/4). (241)
By imposing the condition of all three being negatives, we observe that we need ¢; < 0
together with —2 < A < 0, so that the presence of the anisotropy does not affect the
stability of these fixed points at all.

Let us now look at the special cases for the values of \. First, for A\ = -2 and w =0
we get a quite a simple Jacobian matrix with eigenvalues:

myp = O y m273 = CHo, (242)

which establishes then that for a negative shifted dilaton velocity yo we have to look for
the non linear stability of the mode with constant perturbation. For the case of A = 0
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we will have the same results. This means that one of the perturbation modes will be
constant, but the other two will vanish exponentially, giving a bifurcation.

5.4.1 Hubble parameter in the Einstein frame

The derivation of Hg(T') is the same as in the vacuum case, so we will have the two
cases, the one for vanishing o, in Eq. (208), and the one for exponential expansion or
contraction of the extra dimension, in Eq. (215). For consistency with the derivation of
Hp we recover d = 3 in this section.

As we have seen both cases have the same time dependency and prefactor, only the
initial time which is an integration constant changes. We then treat both cases equally
as we have been doing without distinguishing o = 0 from ¢ = oy, the Hubble parameter
is given by:

dy + H, 1
Hp(T) = 2 1o : (243)
(I)(] + SHO (T - Tl)
Again, the two special values that give a Minkowski solution dy = —H,, and de Sitter
solution &5 = —3Hj, behave in the same way as in the vacuum case. Although, in here

they relate the matter parameters A and w. For the Minkowski case we obtain from Eq.
(235) which holds for A\ # —2, w # 0, and Oy Fy # 0:

(1 + %) = —3uw, (244)

and for the exact de Sitter solution:

(1 + g) = —w. (245)

Let us now look at the more general case. We introduce the stability condition Eq.
(235) into Eq. (243). We obtain the following Hubble parameter in the 4-dimensional
Einstein frame:
3w+1+3 1

3(w+1+3) (T —T)
Where now we cannot make appear the extra dimensions parameter but it actually

appears in the stability conditions. First in Eq. (235), which in terms of the dilaton
reads:

HE(T) =

(246)

. w 1 D —4
Y e
¢ =3 0(2+)\+2) 5 o
3Hy (2w + 2+ A D —4
- . 24
2 ( 2+ A ) 5 70 (247)

56



As in the vacuum case having ¢; < 0 means that for Hy > 0:
2po — 3Hy — (D — 4)0q < 0, (248)

and for Hy > 0 we have: .
200 + 3|Ho| — (D — 4)og > 0. (249)

We can again look for more constraints on our parameters by imposing a positive Hg
and an accelerating solution with ¢ < 0. First we recall that as in the isotropic case, the
stability conditions, Eq. (235) along with ¢; < 0 and —2 < A < 0 imposes w < 0. Then
for Hg we have two options, given by the numerator and the denominator having the
same sign, they read:

A 1 A
—(1+ = —— (142 . 2
w < (+2> : 3( +2)<w<0 (250)

We now look at the deceleration parameter, in this case we have:

l+g=—-—""F%=——— 22 251
1 H]%; 3w—|—1+% (251)

which gives a deceleration parameter:

2—-A

= - _ 252
3w+1+3 (252)

q

The numerator is always positive for linearly stable fixed points, so by imposing the
denominator to be negative, we get:

w < —é (1 4 %) (253)

In order to satisfy the latter, and obtain a positive Hg, we then need:

w<—(1+%), (254)

which means that the upper bound on the w parameter depends on the strength of the
coupling between matter and the dilaton. The lower the coupling (nearer to zero), the
nearer the upper bound of the equation of state parameter w is from the one of vacuum
energy asymptotically. For a dilaton coupling non vanishing, the upper bound increases
allowing solutions with w = —1. We obtain the same results as in the isotropic case for
d = 3.

Again for a general fixed point in the string frame, we manage to obtain for the Hubble
parameter in the 4-dimensional Einstein frame a solution which has Hg > 0, and is in
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accelerating expansion. The Hp decreases asymptotically to zero as time increases.

We can now look at the meaning of the bound on w for the dilaton and the extra
dimensions Hubble parameter. If we look at Eq. (247) we see that the parameter that
goes with 3H, is going to be always negative, and in absolute magnitude, the bigger
is the pressure in the 3-dimensional space, the more important will be the contribution
from Hj to éo.

Moreover, we can obtain a solution for a vanishing dilaton velocity given a relation
between the Hubble parameters such as:

D—4 w 1
=-3Hy| —+ =), 255
00 0 (2 g + 2) (255)
as mentioned the term multiplying Hy is negative, so that means that the two Hubble
parameters in the string frame must have the same sign if we want ¢ = 0. Thus the
introduction of matter gives a relation between the Hubble parameters in order to obtain
a non dynamical dilaton.

5.4.2 Non vanishing pressure in the extra dimensions

We can sketch the fixed points for the case of non vanishing pressure for the fluid in the
extra dimensions. For this we can use the conservation of e®p and barotropic equations
of states p3 = wp and pp_4 = vp, together with § = A\p. We introduce p3, the pressure
of the fluid in the 3-dimensional space, and pp_4 its analogous in the D-4-dimensional
space, with all three parameters w, v, and A constants. The continuity equation now
reads:

. 1._
p+3HPs + (D — 4)opp-s — 580 = 0. (256)

After imposing the conservation of e®p it reads:

A

As expected, by introducing pressure in the extra dimensions, we come back to a sym-
metric system in which we replace dw by 3w+ (D —4)v0(. But this replacement is giving
us an extra degree of freedom to fix our Hubble parameter.

By introducing pressure for the D-4-dimensional part, we are not changing the Hubble
parameter in the Einstein frame, it still reads:

o + Hy 1
Hg(T) = - , 258
E( ) CI)()—FSH() (T_T1> ( )
which introducing Eq. (257), for A # —2 reads:
C Hy(Bw+1+3)+(D—4)0 1

C 3Ho(wH143) + (D —4)y0y (T = T1)’

(259)

Hg(T)
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where now Hpg depends explicitly on the Hubble parameters of the string frame.
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6 On the F(H) function formulation

The F(H) function is the novelty of the work of Hohm and Zwiebach. Given the way
in which it appears in the action, we could think of it as a potential of the string frame
Hubble factor. In this section we will try to see some interpretations of this F' function
in the string frame. Then we will perform the compactification of the action to the
4-dimensional Einstein frame, in order to see the form of this function in 4 dimensions.

6.1 String frame

Let us first see how Meissner and Veneziano [13] got to the two derivative theory in Eq.
(13). Let us work on Eq. (11), for a vanishing b-field and a FLRW metric, we have a
Ricci scalar given by [13]:

1 .
R :2831n detg;; + (@lm/detgij)2 — Z—lTr((atgij)(&ggjk))
—=d(d+1)H*+ 2dH. (260)

Then the zero order action (11) can be rewritten as:
Iy = / dt\/ge > (—4¢* + d(d + 1)H? + 2dH). (261)

For the formulation in the O(d,d) covariant way, Eq. (13) is just Eq. (82) at first order,
which in terms of the usual dilaton ¢ reads:

I :/dte_‘i’(—(iﬂ + dH?)
—~ / dt\/ge **(—4¢” — *H* + 4dH¢ + dH)
= / dt\/ge 2 (—4¢* — d(d — 1)*H?) — / dt\/g (%e—%) 2dH
_ / dt\/ge 2 (—4¢? + d(d + 1)H? + 2d), (262)

where in the last line we used integration by parts, recalling that /g = a®. We could
then think that we can compare the action that we obtained at all orders:

I= / dte=®(—®* — F(H)), (263)
with some kind of perturbative f(R) theory in the string frame, with an action:
5= [ deyge (-1 + (), (264)
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where we should impose a form for the f(R) function in such a way that f(R) = R +
bia’ R? + O(a'?), so that at first order those two actions are exactly equivalent.

For higher order the Ricci scalar will make appear terms with derivatives of H, which
do not appear when developing the F(H) function. For example, for the second order:

bia / dt\/ge **R? = b1/ / dt\/ge 2 [d*(d + 1)*H* + 4d*(d + 1) H*H + 4d*H?), (265)

while F'(H) gives us a term proportional to H%. The problem is that by integrating by
parts we will also get factors of derivatives of the dilaton. But we must now recall the
way in which we derived the form of Eq. (263) in section 3.1.2. We have constrained
the most general O(d,d) covariant action enormously. In these constraints we eliminate
all the higher-derivatives of the S matrix, and the shifted dilaton ®. That is why we do
not get derivative terms of hte Hubble parameter H in Eq. (263). So we can expect that
by computing the EOM at first order for Eq. (264), we can then redefine the fields with
corrections of order k, so that order by order we eliminate all the H terms, obtaining
only H?" terms. Then we should only match the prefactors at each order with the use
of the free coefficients.

However, we must now recall that the F'(H) function encodes all the higher-derivative
corrections of the string action such as R**R,,.5. Therefore, it is clear that if we
wanted to compare the function F(H) with a function f(R) we would need to impose
several extra conditions on our function f(R). First, we would need a perturbative func-
tion in the parameter . Second, certainly this function at order o/ cannot consist only
of a square term of the Ricci scalar.

In order to look for some other interpretation of F'(H), we can separate the first order
(without ') from the higher terms. After that we can take a look at the total action in
terms of the dilaton ¢:

I = / dt\/ge " (—4¢* + Ry — Fysr(H)), (266)

where Ry is the Ricci scalar in d dimensions, and Fj~1(H) encodes all the o’ corrections,
and its leading order is O(«’). The action obtained is formed by a kinetic term for the
dilaton with the wrong sign, although this is not important since we are in the string
frame, the Ricci scalar in D dimensions, and finally the so-called Fj~1(H). Thus, the
function F(H) can be seen as a first "kinetic” term (which contributes to the Ricci
scalar) plus a perturbative potential for the Hubble factor in the string frame. In order
to have a clearer view of it, we can take a look at its final form in the 4-dimensional
Einstein frame.
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6.2 Compactification

As previously announced, the idea of splitting the D-dimensional theory in the part of
our three spatial dimensions, and other D-4 extra dimensions, was to bring this theory
closer to reality, so that we could see what form the F(H) function has, and hence,
see what form all the higher derivative corrections of the O(d,d) covariant theories in 4
dimensions take. For this, we will need to extract the dependencies of the parameters
in the string frame in their corresponding parameters in the Einstein frame. With this
purpose in mind we could follow the [8] approach, although the time reparametrisations
explained in the previous sections make it all a bit more cumbersome. So we will instead
recover the covariant derivative, as done in [12] to obtain the dependencies between the
parameters in the two frames.

We want then to recover time reparametrisations invariance with the use of the
covariant derivative:

d 1 d
— = — =D..
dt  ng(t)dt

From now on we indicate the quantities in the D-dimensional string frame with the sub-

index s. As the second step of the compactification is to separate the 4-dimensional
terms from the D-4-dimensional, we use our development of the anisotropic action:

(267)

I= /dtne_q>(—(D5<I>)2 — F(H,,0,)), (268)

where now Hy = (Dsas)/as and o, = (Dsbs)/bs. To simplify the notation, we introduce
all the constant terms of F'(H, o) defined in Eq. (148), by redefining the coefficients ¢y,
in such a way that:

o) k
F(Hy00) =) (=)' e H2E o2 (269)
k=1 =0

We rescale them as 12(D — 4)22kck,l — g1, 50 that now we have the two coefficients at
first order for string theory being: ¢ o = —3, and ¢;; = —(D — 4). Let us first rewrite
the action in terms of the dilaton:

I= / dtno/Goe 2 (—A(Dy6)? — (3H, + (D — 4)0,)? + A(3H, + (D — 4)0,) D, — F(H, 7)),

(270)
where we used the definition of the shifted dilaton, and its first derivative in Eq. (170).
As the covariant derivative satisfies the usual integration by parts rule [8]:

/ dtnBDA = / dt@ - / din(DB)A, (271)
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we can integrate by parts the term with Dy¢ in order to obtain:

I:/dtns gse 2 (—4(Dy)* + (3H+ (D —4)0,)* +2(3DsHy+ (D —4)Dyo,) — F(H, 0)).

(272)
Note that with this last formulation of the action we can already recognise the term that
will be the Ricci scalar in the 4-dimensional action.

6.2.1 To the D-dimensional Einstein frame

As explained in [14], we must first use a Weyl transformation in order to go to the
D-dimensional Einstein frame. Such a Weyl transformation reads:

Gy =G5y = V-Gi=n/0 =V nay/gea = U/ ~Gea.  (273)

We analogously introduce the ed index for the D-dimensional Einstein frame quantities.
G is the metric in the D-dimensional Einstein frame; the two metrics have the following
form:

—n?2(t) 0 0 —n?2,(t) 0 0
Gy = 0 @) 13 0 , Gy = 0 a?(t)- 13 0
0 0 b3(t) - Gnn 0 0 b2(t) - Ginn
(274)
We can see, that the transformations of individual parameters are:
n?=Q7?n% | > =Q7%% , v’ =0, (275)

We now want to find the expressions of the terms in the action as a function of €2 and
the Einstein frame variables. For this we note that the covariant derivative now reads:
1 d Q d

= = — =0OD,,. 276
Ngdt  Neqdt d (276)

s

The covariant derivative of the dilaton in the Einstein D-dimensional frame simply reads:
Dsp = QD.q0. (277)

Now, for the computation of the scale factors we must be more careful, for H, we find:

Q

Qed

—Q (—Dgg + Hed) : (278)

HS = QDed(Q_laed)
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where we defined Hey = (Degleq)/aeq- The same happens for oy:

D42
g, =0 (_ <4 aed) : (279)
Q
with 0.4 defined analogously as 0.y = (DegOeq)/0ea- Now we look at the covariant

derivatives of the Hubble parameters:

D,
DsHs :QDed (Q (_ ;;l + Hed))

Do) D20
=02 (DedHedJr T H,y - = ) (280)

Q Q
Performing the same computation we obtain D,oy:

Do ngfz)

O e (281)

Ds SZQQ De e
o) ( d0ed + 0

We note that by expressing all the terms inside the brackets in the action of Eq. (272)
as Einstein frame variables, we get an overall Q% parameter. We then impose the same
for the F(H,,o,) function, in such a way that F(H,,0,) = Q?*F,q(Heq,0cq). Let us see
what form the F' function takes in the Einstein D-dimensional frame:

0 k 2(k—1) 2l
D D0
Fea(Heg, 0cq) = E (—O/)k_l E Ck,zﬂzk_z [—Td + Hed] [— S +Ued:| .
k=1 1=0

(282)

We have now obtained all the replacements to be done, so in order to go to the

Einstein frame we need to remove the e=2¢ factor with the product of Q factors. We
have an Q2 from the terms in brackets, and an Q= from \/—G.4s. Then, we get:

Q=c D3, (283)

By computing its derivatives we have:

DedQ . _2Ded¢ Dde _ 4(Ded¢)2 . 2ng (284)
Q D-2 Q (D-22 D-2

The only thing to do is to introduce everything into the action in Eq. (272). In order
to simplify the action we integrate by parts the second derivative term in Eq. (284), and
by noting that the order k& = 1 inside the F' function does not contain any o’ correction,
we can develop the function up to first order in «':

(D-1)

4D,
Foy=—3H2 — (D —4)%0.4— 4m(ped¢)2 — L 5(3Hea+ (D —4)0eq) + F71,

(D —2)
(285)
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where we define F ekd>1 which encodes all the o/ corrections. Finally, the expression for
the action in the D-dimensional Einstein frame is:

] = /dtned\/ge < ( ed(b) (3H€d + (D — 4)O'ed)2 + 6DedHed
+2(D — 4)Degoeq + 3H2, + (D — 4)o2, — FI71) (286)

We can note from this action that the dilaton has now the correct sign in the kinetic
term, and we can still recognise the Ricci scalar now in the D-dimensional Einstein frame.

6.2.2 To the 4-dimensional Jordan frame

We now want to separate the 4 and D-4 dimensions. Half of the work is already done,
since we have developed the action in terms of H, and o, already establishing a difference
between these 2 spaces. We now only have to develop the determinant of the metric:

Nedr/Jed = ned\/_\/gp 4= ned\/g_g b 4/ det(gomm), (287)

where g3 represents the determinant of the spatial part of the 4-dimensional metric in
the string frame. As we assumed the metric in the extra dimensions to be b(t) times
a constant metric gn,, the \/det(gm,) factor can go out the integral with the 1/2x?
mentioned in the sections 3.2 and 4.2, so we will also neglect this proportionality factor
in our development. The difference between our compactification and a general one, is
that as we are assuming a cosmological ansatz, we have already been able to integrate
out the spatial dimensions [ d”'z.

From now on, for our 4-dimensional theory, the b.4(f)no longer represents a scale factor
but a time-dependent scalar field. We write it: b(¢). So that this time from the metric,
we see a new scalar field term appear in front of our Ricci scalar. We then have to do a
second Weyl transformation in order to remove it.

6.2.3 To the 4-dimensional Einstein frame

We then go on with the second Weyl rescaling, to have clear the notation we rewrite the
transformation:

fozl/ = 0%, — ~Gleq = Near/ T3 = Q 'ny/g5 = O/ =g. (288)
The Weyl transformation does not affect the b(¢) field anymore. Now for simplicity

we define the quantities without extra index, as the ones in the 4-dimensional Einstein
frame. Again, the metrics read:

Gt — (—n%d(t) aid(t(; | 13) o = <—ng(t) a%())' 13)' (289)
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The individual parameters as new frame variables read:
n2,=Q?%* | o, =027 (290)

where (2 is the new Weyl factor to be determined in order to cancel the b(t) contribution
in front of the metric. The covariant derivative will now be replaced by:

1d
Doy = Q2—— = OD, 291
ndt (291)
with D being the covariant derivative in the Einstein 4-dimensional frame. As in the pre-
vious case, the derivative of the dilaton and the Hubble parameter H.4 and its covariant
derivative are replaced by:

Deqgp = QDo, (292)
DS
H.y=9Q (_W + H) , (293)
2
DegHoqg = O? (DH + %QH — DQQ) , (294)

defining the Hubble parameter with the proper time covariant derivative H = (Da)/a.
For the sigma parameter we now get a different substitution since it does not get trans-
formed by the Weyl rescaling:

1Qd Db

e B 2
=yl =% (295)

and its covariant derivative is replaced by:

D
Dedaed =0D (Q bb)

DODh D2 Db\ *
=P ==+ === . 2
(Q b T (b)) (296)

Again we collect an overall ? factor from the terms in brackets; we can now see how
the transformation translates in terms of the F*7*. We factorise again an overall factor
0?2 to define the function in the Einstein frame F ko1 _ = O?F}~1, with Fj~; given by:

> D DA 2(k=)
Fioa(H,6) = )_(=a)*" Z e 2[2D—fb2—v+H]
k=2 =
Dy  Db*
4= 2
[QD_2+ b} (207)
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We must now deduce the €2 factor, and compute its derivatives to introduce them in
the previous relations. We get an Q~* from the metric contribution, and an 2 from the

terms in brackets, so that in order to cancel with the b”~* we impose:
Q=0b". (298)
Then, the derivatives of (2 are given by:
DY D —4Db
-/ _ = 2
D20 D—4(D-6(Db\* D%
SR ( 2 (7) +T>- (300)

If we now introduce all these expressions into the action, by integrating by parts the
resulting D?b/b we get to this final action:

/dtn\/_ ( (DW +om? + i)+ 2=V =2 (?)2 — Fia(H, b, ¢)> :

2
(301)
where the gravitational part is consistent with the work of Pedro et. al. [14], although
we have done it without the Ricci scalar appearing explicitly and then without using its
transformation laws. The F}.~; which is of order o’ and encodes all the higher derivative
corrections reads:

(e 9]

i 2 _a\ 2k—2 D D — 4 Db 2(k=1)
Fioa(H,5,6) = > _(=a)"™" ) eu (eiD?Q 'sz4) {QD—QSQ_ 2 TJFH}
k=2 1=0

Therefore, by compactifying the O(d,d) covariant action, we obtain a 4-dimensional
action with two scalars and the Ricci scalar in the 4-dimensional Einstein frame for a
FLRW metric. Note that from the kinetic term of the b field we see that it has the
correct sign for D > 4 what we have supposed all along the anisotropic development.
Moreover, the o corrections give us a kind of potential with all kinds of mixed terms.
To obtain the canonical kinetic term for the b(t) field we can define:

Din(b(t)) = DB(t) — B(t) =In(b(t)) , b(t) =ePY. (303)

As b was initially a scale factor we assume it is always positive. By also introducing the
Ricci scalar R = 6(2H? + DH), and recovering the original coefficients ¢, the action
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and the perturbative potential take the form:

I= / dtny/gs (R + 41()1):?); L (D= 4>2(D —2)

(DB)? — Fys1(H, B, ¢)> . (304)

- 0o \ 2k—2
Fi=1(H,B,¢) = 12(D — 42 k122kzckl<7 *%)
=2

’D(b D—4 (k 1) ID(b 21
12 - DB+ H 2—— +DB| . 305
[ D -2 2 * ] D—2+ (305)

We obtain some quite reasonable action; the function which encodes all the o/ corrections
has a much more complicated form. It contains an overall exponential factor of the

dilaton and the B scalar, which multiply powers of kinetic terms of the scalars and the
Hubble parameter.
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7 Discussion

In this work we have analysed the O(d,d) covariant theory of Hohm and Zwiebach in
the string frame and in the Einstein frame. We will conclude with a discussion on the
results obtained.

After introducing the formalism and deriving the equations of motion, we have per-
formed a systematic search for the fixed points of the dynamical system. This study was
performed both in isotropic and anisotropic backgrounds. The results are summarised
in tables 1, 2, 3 and 4. By comparing fixed points in isotropic and anisotropic back-
grounds we conclude that no new points or stability conditions are added to the simple
isotropic case by allowing for more general backgrounds. The fixed points extend natu-
rally between the two geometries, as commented in [12]. Quantitatively this means that
in the anisotropic case (0, F # 0), the conditions where we had Hy0y Fy for the isotropic
case will be replaced by Hy0yFy + 000, Fy, and the dwH,, will come substituted by
3wHy+ (D —4)voy. For the anisotropic fixed points analysis, by assuming a pressureless
fluid in the extra dimensions in Eq. (157b) we are fixing either the velocity of the shifted
dilaton or d,F to vanish.

If yo = &y = 0, by looking at Eq. (157a) we impose the fluid in the three-dimensional
space to be pressureless matter. In this case we still have the presence of the Hubble
parameter in the extra dimensions, o, in the equations since it enters with 0, F', although
it enters in the same way as H does. The oy parameter would give us an extra degree
of freedom to fix Hy, but those solutions are not stable, like de Sitter solutions with
vanishing pressure in the isotropic space.

If 0,Fy = 0 the system goes back to the isotropic solutions. We could expect the o
parameter to be relevant in the stability condition of such fixed points, and give rise to
a condition on the value of oy, but that turns out not to be the case. The condition of
vanishing equation of state for the fluid in the extra dimension could be relaxed. We
would again obtain symmetric equations in H and o, and in the two parameters of the
equations of state.

Moreover, for some stable fixed points in the string frame, we obtain Minkowski (5150 =
—Hy) and exact de Sitter (& = —3H,) solution in the 4-dimensional Einstein frame.
Furthermore, the remaining stable fixed points give rise to solutions with a decreasing
Hubble parameter in the Einstein frame. If we compute the latter as a function of the
physical degree of freedom ¢, we manage to get a dependence of the Hubble parameter
in the 4-dimensional Einstein frame Hg on the extra dimension Hubble parameter in the
string frame o. These solutions are very interesting since, by imposing from a certain
time Ty, Hg to be positive, and the deceleration parameter ¢ to be negative (correspond-
ing to accelerating expansion), we get to constraint the dilaton ¢ and the Hubble of the
extra dimensions, and in the matter case we can also constraint the parameters of the
equation of state w and of the dilatonic charge A. Furthermore, for these solutions, as
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the cosmic time in the Einstein frame (¢, T') increases, Hp decreases asymptotically to
zZero.

In future research one could analyse the solutions for a slowly varying dilaton velocity,
i.e. ¢(t) = c+ €(t). It would be interesting to see if there is any solution in which the
Hubble parameter in the Einstein frame starts positive and arbitrarily large, and then
decreases exponentially. If such solutions have an e which gets to zero in a finite time
T, we would obtain a late constant and tiny Hubble parameter Hg(7T7) for T > Tj.

In the final section of this thesis we have compactified the total O(d,d) covariant
action to all orders in o’/. In the four-dimensional Einstein frame we get an expected
extra scalar field describing the volume of the extra dimensions, the dilaton and the 4-
dimensional Ricci scalar for our FLRW metric. The final form of the F' function tells us
that it acts as a perturbative potential mixing up all the dynamical fields of the system.
However, these interaction terms enter along with the corrections, since at first order
the action only displays the kinetic terms of the dilaton and the B scalar field minimally
coupled to gravity.

To conclude, the o' corrections allow for stable de Sitter solutions in the string frame.
Some of the stable points of this family of solutions are also compatible with a de Sitter
solution in the Einstein frame. It should also be highlighted that some stable de Sitter
points in the string frame give us decreasing Hubble parameters in the Einstein frame
that tend assymptotically to zero. In this manner, it would be interesting to study the
hybrid solution that goes from a decreasing Hg to a constant and small one.

The development of the anisotropic action does not come with an increase in the variety
of the fixed points, nor in their stability conditions, but the extra dimensions have a role
to play in the Hubble parameter in the 4-dimensional Einstein frame. Nevertheless, this
separation was needed in order to obtain a correct F'(H, o) so that the compactification
was performed in an easier way, without forgetting multi-trace terms in the original
action. The theory obtained in the Einstein frame has a perturbative potential with
infinite corrections in o/, which carries all the interaction terms.

An interesting future direction could be to analyse this perturbative potential in the
Einstein frame. We could also study the fixed points of the system, and compare with
the ones issued from the first order equations, i.e. two scalars minimally coupled to
gravity, in order to see what are the new solutions that this F' function provides.
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