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Introduction

The Nevalinna Pick problem is a complex analysis problem, named after
the Finnish mathematician Rolf Nevanlinna and the Austrian mathematician
Georg Pick.

The question is the following: given initial data consisting of n points
Aty ..., A, in the complex unit disc D and target data consisting of n points
Z1,..., 2, in D, can we find an analytic function from the disk into itself that

interpolates the data?

The problem was independently solved independently by Pick in 1916
and by Nevalinna in 1919. Over the years, further generalizations have been

studied and solved and lots of applications in several fields have been found.

In particular, among reproducing kernel Hilbert spaces (RKHS), the ones
which satisfy an analog of the property above are called Pick spaces. There
are many well-known examples of such spaces. Some of their properties fall
within general Pick theory, while other important ones have to be proved
case by case.

From this comes the idea of focusing on the study of a really simple and
concrete space, that will be introduced in Chapter 3. All the results and
proofs about this space which are presented here, are new.

Chapter 1 of this thesis provides an overview of the general theory: we
begin by introducing the fundamental concepts of RKHS and some key ex-
amples. Furthermore, we will present all the notions needed in the other
chapters of this work. The main reference for this chapter is [AgMcC2002].

Chapter 2 introduces the tree model: it is a relatively simple example
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of RKHS with complete Pick property constructed on a tree. The main
reference for this chapter is [Ro2019]. As said before, the main results of this
thesis concern the space presented in Chapter 3. It comes as a generalization
of the tree example, taking the tree given by the integers and passing to the
continuous case.

So, in Chapter 3, we present this complete Pick space of functions defined
on the real line. This space is examined in details: many proofs of the
Pick property are presented; interpolating sequences, multipliers, Carleson
measures are characterized; the Corona problem is solved. Lastly, in Chapter
3 we study invariant subspaces in the Pick space under examination.

Finally, Chapter 4 provides additional information about the previous
space, showing some connections with Brownian motion and the Volterra
integral operator.

Some of the results from Chapter 3 where proved in collaboration with
Nikolaos Chalmoukis (Universita di Milano-Bicocca), my co-advisor. Some
questions were posed by Michael Hartz (Universitit des Saarlandes), my

other co-advisor.
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Chapter 1
General theory

In this first chapter we will discuss some basic notions and results that

will be used later.

1.1 Reproducing kernel Hilbert spaces

Definition 1.1.1. Let X be a set and H be a Hilbert space of functions on
X. H is called a reproducing kernel Hilbert space (RKHS) on X if for

every z € X the linear functional ”evaluation at 2” n,:
H-"»C
n:(f) = f(2)

s bounded on H.

In this thesis all Hilbert spaces under consideration are assumed to be

separable.

Remark 1.1.1. As an application of the Riesz representation theorem, if H
is a RKHS on X, for each z € X, there exists a unique k, € H such that for

every f € H, f(2) =n.(f) = ([, k).
Viceversa, if for all z € X it exists k, € H such that for every f € H,
f(z) = (f,k.), then H has the bounded point evaluation property: in fact,

(O = 1F ) = [(F kD < A f 1k

1



1. General theory

e el e < [kl
Furthermore, ||k.||* = k(z,2) = k.(2) = n.(k.), which implies ||n.|
k.|| . We conclude that

H* =

1+ = (1]

Definition 1.1.2. The function k. is called the reproducing kernel for
the point z. The function

k: X xX—C
k(’sz) = kw(z)

1s called the reproducing kernel for H.

Proposition 1.1.1. Let H be a RKHS with reproducing kernel k. The fol-

lowing properties hold:
1. k(z,w) = k(w, z);

2. k(z,2) = ||k.||?

3. mellae = Nkslla;

4. if {en}n is any orthonormal basis for H, then for all z,w € X

k(z,w) = Zmen(z)Q

5. k is positive semi-definite, i.e. for any choice of z1,...,z, € X and
c1,...,0n € C,

Z C_iCjk(Zi, Zj) Z 0.

ij=1

Proof. 1. k(z,w) = ky(2) = (ku, k.) = (k., ky) = k. (w) = k(w, 2).

2. k(z,2) = (k.. k) = || k.||
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3.
n:(f)] |f(2)] (k| RNl
72|+ = sup = sup = sup =
rer [fller  gen [flle ren Nflla llklu
70 170 f#0

4. As a consequence of the Perseval’s identity,
k(z,w) = (ky, k)
= Z<kw7 en><6n7 kz>

= Zmen(z)'

Zn: cicik(zi, 2;) = zn: cici(kz,, kz,)

i,j=1 1,j=1

— <zn:Cjk’zj, - Czkzl>

j=1 i=1

n 2
i=1

= [kl a-

]

Also the viceversa of property 5 above holds, as stated in the following

theorem.

Theorem 1.1.1. If k : X x X — C s a positive semi-definite and self-

adjoint function, that is not zero on the diagonal, then there exists a unique

Hilbert space of functions on X with k as reproducing kernel.

Proof. Let k,: X — C, k,(-) = k(-, 2).

Define H = span{k, : z € X} to be the pre-Hilbert space with the

following inner product:
<ka:7 ky> = k(yv I)

Therefore,

1Y aike P =" aiwk(z, 2) > 0.

Z7J



1. General theory

We claim that, for some aq,...,a, € C and z,...2, € X,

1Y k.|| =0=> aik.(2) =0 VzeX.

In fact, wlog let z € {z1,..., 2z,} and consider the following matrix
K = |(k(zi. )|

1,j=1

K can be diagonalized because k is linear and self-adjoint. So,

K = R*AR,
for some R unitary and A diagonal matrix given by the eigenvalues \1, ..., A\,
of k.
Since k is positive semi-definite, \; > 0 for every i = 1,...,n.
Suppose wlog that Ay, ..., A\, > 0and A1, ..., A, =0, for some m < n.
aq
Hence, callinga = | * | and b = Ra,
Qp
=a"Ka=a"R*"ARa
=b"Ab
= A |bi]? 4 4 A b
= M[b1)? 4 A b
It follows that b; = --- = b,, = 0. In particular, we have

0=Ab= 0= R'Ab= Ka.

We conclude that

H Z aikzi

Now, it suffices to take H as the completion of H in order to prove the

=0= Zaikzi(z) =0 VzeX.

existence of the Hilbert space.



1.1 Reproducing kernel Hilbert spaces

To prove the uniqueness of H, let H' be another Hilbert space of function

with the same reproducing kernel k. Then the map

U:H— H
Zaikzi — Zaikzi

is an isometry on a dense set. Therefore, it extends to a unitary U : H — H’
such that (Uf)(z) = f(z), and hence H and H' are equal. O

Definition 1.1.3. A kernel k : X x X — C is said to be normalized at
20 € X ifk(z,20) =1V z € X.

Remark 1.1.2. Any non-vanishing kernel can be normalized at a point zg €
X in the following way:

— k(z,w)k(zo, 20)
Kz w) = k(z, z0)k(z0, w)

k: X x X — C is again a reproducing kernel because of Theorem 1.1.1.
The RKHS with normalized kernel is equivalent to the nmon-normalized

one.

Now, we will present some remarkable examples of RKHS.

1.1.1 The Hardy space

Definition 1.1.4. The Hardy space HQ(D) is the space of f on D, with

oo
square summable coefficients, i.e. if f(z 5 apz",
n=0

H*D) := {f:]D)—MC: | £11%2 ::Z|an|2<oo}.

Theorem 1.1.2. H*(D) is a RKHS, with the following kernel:

1
k(z,w) = —— Vz,w e D,

called Szeqgo kernel.
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Proof. Let f(z) = Zanz".

n=0
Let’s prove that the evaluation functional 7, is bounded:

o 3/ oo 3 ]
< ol S I ] ———
(o) () v ety

. : S S
So, 7. is bounded, with |7, [|(g2)- < Vil

It remains to prove that k(z,w) := ﬁ is the reproducing kernel.

with

1.1.2 The Dirichlet space

Definition 1.1.5. The Dirichlet space D is the space of holomorphic func-

tions f on D, for which the semi-norm

12 = / 2 dA

18 finite.
With dA we denote the integration with respect to the normalized area
measure, dA = “% (if 2 = x +iy).

We equip D with the norm

A1 = 1Al + £
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The inner product is:

(f,9)p = (f,g>Hz+/Df’ JdA.

Theorem 1.1.3. D is a RKHS, with the following kernel:

k(z,w):i_log< ! > Vz,w € D.

1—zw

Proof. Let f(z)

oo
5 an2".

n=0
1 1 = 2"
Note that k =—1 = )
ote that k(z, w) 20 Og(l—zw) nZ:Ol—i-n
Let’s prove that the evaluation functional 7, is bounded. As in the proof
of Theorem 1.1.2,

1
1
< | fllp——=

VI=

. 3 1
So, 1, is bounded, with ||n,|p < VP

It remains to prove that k(z, w) := % log (ﬁ) is the reproducing ker-

nel:

<f7 kZ>D = <f7 kz>H2 + <f7 kz)*
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Remark 1.1.3. The estimate ||n,|p- < m obtained in the previous
proof is very rough. We can easily obtain a better one, using the Remark

1.1.1:
1 1

2 2
= k‘z =—1 —_—.
D ” HD |Z|2 0g 1 ‘Z|2

2]

1.2 Pick property

Among reproducing kernel Hilbert spaces, there are some with an addi-

tional property, called (complete) Pick property.

Definition 1.2.1. The multiplier algebra of a RKHS H of functions on
X s
Mult(H)={¢p: X - Cst.¢o-fEeHY fe€ H}.

FElements of Mult(H) are called multipliers.

The multiplier norm of a multiplier ¢ is

|l aruiecery = | My = f = & f| B

Remark 1.2.1. We don’t know a priori if the multiplier norm of a multiplier
1s finite. In fact, it is: since point evaluations are bounded, each multiplica-
tion operator My has closed graph:

let f, — f, fnd — g. Therefore, V z,

ful2) = (fus kz) = (f k) = f(2)
(fa)(2) = (fud, k2) = (g, k:) = g(2).

So, (fnd)(2) = g(2), (fnd)(z) = f(2)P(z), which implies that g = f¢.
Hence each multiplication operator My is bounded by the closed graph

theorem. Thus, ||@|| vuwmy < oo for all ¢ € Mult(H).

Theorem 1.2.1. Let H be a reproducing kernel Hilbert space of functions
on X. Then Mult(H) C L*(X).



1.2 Pick property

Proof. 1t holds that, V z,
Mk, = ¢(2)k.. (1.1)

In fact, for every f € H,

Then,
|0(2)] < [|0]] aruar-

]

Definition 1.2.2. A RKHS H of functions on X with kernel k is said to be
a Pick space if whenever z1,...,z, € X and \i,..., \, € D with

[k(zi,2) (1 = A\)]7 . >0,

then there exists ® € Mult(H) with ®(z;) = \; for 1 <@ < n and ||P|| avuecr) <
1.
We will also say that the reproducing kernel k is a Pick kernel.

The matriz above is usually called Pick matriz.

Remark 1.2.2. Note that the positivity of the Pick matrix is a necessary
condition for the interpolation, i.e. if exists ® € Mult(H) with ®(z;) = \;
for 1 <i <n and || @y < 1, then

[1{3(22, Zj)(]. - )\i)\_j)]i,jzl > 0.

In fact, if such ® exists, and we denote by Mg the multiplication by ®, then

Mg is a contraction, i.e. its operator norm is less or equal then 1. Therefore

I — MgMg > 0.
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In particular, taking v = Z a;k.,, we have

1=1

<([ — M@M&;) iajk‘zj, iaikzi> 2 0.
j=t =1

It holds (1.1):
M&;k’zj = 6(2])]{:23

Using the previous fact, we obtain

<(1 — MaM3) > ajk;, ak;> —

j=t =1

= <i ajk.;, n ai]{;zi> — <M$iajkzj;M$iaik2i>

j=t =1 j=t 1=1

= i a;ja; <k3j7 kzz> - zn: a;jQ;WiW; <kzj’ kzz>

ij=i ij=i
= Z a;a;(1 — wiwy) (ks,, k., ) > 0.
ij=i

The argument in the previous remark can be generalized if one wants to
do matrix interpolation. Let C* and C! be respectively a s-dimensional and
a t-dimesional Hilbert space with a fixed basis, where ¢t and s can be finite
or countably infinite. Let M,y denote the s-by-t matrices (if s = ¢ we write
simply M,).

For the interpolation problem, instead of choosing values Ay, ..., \, € D,
one can choose operators Ay, ..., A, € B(C* C").

We will need the definition of tensor product between Hilbert spaces:

Definition 1.2.3. Let (Hy, (-, ")n,), (Ha, (-, )m,) be two Hilbert spaces. Set-
ting

(f1® fo, 91 ® g2) = (f1, 91) 1, (f2r 92) 1o
and extending to sums, we obtain an inner product on the tensor product

H, ® Hy. By taking its completion, we obtain a new Hilbert space, still
denoted by Hy ® Hy and called Hilbert space tensor product.
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In particular, we will consider the Hilbert space tensor product H ® C",
for some n € N.
Moreover, we have the following definition for multidimensional multipli-

ers:

Definition 1.2.4. Let H be a Hilbert space of functions on X, ® € Mult(H®
C', H ® C®) is a function

d: X — B(C',C
with the property that
PFre HeC® VFeH®C.
The norm of this multiplier is

[Pl pgue = sup || ®F || mect,
FEB (HRCY)

where B1(H ® C') is the unitary ball of the space.

In the following we will write also ® € My sarun(m)), mstead of ® €
Mult(H @ C', H @ C*).

Definition 1.2.5. A RKHS H of functions on X with kernel k is said to
have the Mgy, Pick property if, for every z1,...,2z, € X and Ay,..., Ay €
Myt (C) with

>0,

[k?(Zi, ZJ)(I - AZA;k)}ijl =
then there exists ® € Mult(H @ C', H @ C%) with ®(z;)) = A; for 1 <i<n

and || 9| prue < 1.

Definition 1.2.6. A RKHS H of functions on X with kernel k is said to
be a complete Pick space if has the My, Pick property for all positive
integers s and t.

We will also say that the reproducing kernel k is a complete Pick ker-

nel.
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1. General theory

1.3 Complete Pick spaces characterization

There are some useful criteria to establish if a reproducing kernel Hilbert

space has the complete Pick property or not.

Definition 1.3.1. A kernel k on a set X is called irreducible if
1. k; and k, are linearly independent for every x # y;
2. k(z,y) #0 for all x,y € X.

The following theorem by McCullough and Quiggin (see Theorem 7.6 in
[AgMcC2002]), gives us a necessary and sufficient condition for our space to
be Pick complete.

To prove it we will need the following Kurosh’s theorem (see [Ae90]),

Parrott’s lemma (see [Par78]) and Schur’s product theorem (see [Sch18§]).

Theorem 1.3.1. The limit of an inverse spectrum S = {X,, 3, A} of non-

empty compacta s a non-empty compactum.

In plain words, what does the statement tell us? An inverse spectrum
S = {X,, 7§, A} is given by a directed set A such that for each element
« € A there is a compact set X, and for all § < « there exists 75 : X, = Xp
continuous map with the following addictional property: if v < § < «, then
mlonmg =72

The limit of an inverse spectrum is the subset of the direct product con-
sisting of those elements ,, satysfing 7§ (v,) =25 V 8 X a.

The theorem tells us that this limit is non empty.
Proof. Let X = [[{X,:a € A} and p, : X — X, be the projection. Set
XP={Y € X : ps(Y) = 7§pa(Y)}
and

-

« B=a
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This set is closed in X. Furthermore, the set is not empty because it coincides
with the product

(H wg(xa)> < [T Xs.

BRa BRa

Thus, {H is a centered system of non-empty closed subsets of the com-

a

pactum X, i.e. it has the finite intersection property. By definition,
lim § = ({X**,a,8 € A, B < a},
so we obtain that lim S = ﬂ H # 0. O

Lemma 1.3.1. Let Hy, Ky, Hy, K5 be Hilbert spaces and A € B(H,,K,), B €
B(Hs, Ks),C € B(Hy, K3) be given operators. Then

H, H,
inf ”W” W = Kl A B s D c B(HQ,KQ)
K, C D

is the mazimum of

(4 2)]

&f

Proof. Let p be the infimum of the norms of W’s. The norm D — ||[W|| is a

continuous function of D, so there is a choice of D for which p is attained.

A B
W pum—
such that |[W]| = p.

Let P: HH® Hy — Hy, Q : K1 ® Ky — Ky be the orthogonal projections.

Let’s consider

We wish to prove

p = max{[|QWI|, [WPl|}.
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Wlog suppose max{||QW ||, ||W P||} =1. Suppose by contradiction that
p > 1, but max{||QW/|, ||[WP|} < 1. We divide three cases according to the

size of the spaces:

1. Assume H,, Hy, Ky, Ky are all finite dimensional and dim(H;) = 1.
Choose v unit vector in the kernel of p> — W*W. Let u be any vector

in Hy. For any complex number ¢ and any t € Ko,

W+ clt @ ull| = p, (1.2)
by minimality of W.
The space on which W attains its norm is {Cv}, because

p=|W| = sup [Wy| = sup (y, W Wy)/?

lyll=1 lyll=1
if and only if (p* — W*W)(y) = 0.

Therefore, looking again at (1.2),

P> < ||[W + clt @ d]|)?
= [[W + [c[*It]1*]Jull® + 2R(W, c[t @ u]))

which could be false for ¢ small unless

[t ®@ujv L Wo.

This means that

0

([t ® u]v, Wo)
((v,u)t, Wo)
(v, u)(t, Wo),

which implies that (v,u) =0 or (t, Wv) = 0.
If (¢, Wv) = 0 for all ¢, then Wv would be orthogonal to K5, and hence

p=[Woll = l@QWwv[ <1,
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which is a contradiction.

It follows that it must exists a ¢ such that (v, u) = 0. Remember that
u was an arbitrary vector of Hy, and this forces v to be a vector of Hy,

and hence
p=[[Wol = |[WPo|| <1,

which is again a contradiction.

2. Assume now H;, Hy, K1, K5 all finite dimensional. Let’s consider an

increasing sequence of subspaces of Ho
L1 CLyC...Ly=H,

such that dim(L;) = 4 for all ¢ = 1,... N. Inductively, choose D; €

B(L;, K3) so that
A B,
i (CROL0 (e

%) )

3. None of the spaces need to be finite dimensional. Choose increasing

finite dimensional subspaces Hi, Hi, K, K} whose union is dense in the
whole space. Define D; inductively at each stage as before, and then

take the weak™* limit.
O

Theorem 1.3.2. If A and B are both positive semi-definite N-by-N matri-
ces, then so is A - B.
Here A - B is the Schur product of A and B, i.e. (A-B);j = A;;jBj;.

Proof. By decomposing A and B as sums of dyads, whose existence is guar-
anteed by the spectral theorem, assume A = Z a;u;u; and B = Z bivv;.
Then

A-B:Z a;bj(uwuy) - (vjv ) Zaz w; - v;)(u; - vj)”*
i

Each (u; - vj)(u; - v;)* is a positive seml—deﬁmte matrix. Also a;b; > 0, and

we conclude that A - B is positive semi-definite. O
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Theorem 1.3.3. A necessary and sufficient condition for an irreducible ker-
nel k to be a complete Pick kernel is that, for any finite set {\1,...,An} of
N distinct elements of X, the (N — 1)-by-(N — 1) matriz

k?z‘Nk?N')N_l
Fy=1(1- J
N ( kijkNN ij=1

18 positive semi-definite.
Proof. Assume \q,..., A\y_1 are given points in X and Wiy, ... , Wy_; are
s x t matrices chosen so that

[k, A (Tos = W] >0, (1.3)

ij=1

By definition, k& is Pick complete if and only if there exists a ® € M, (Mult(H))
with ®(\;) =W, fori=1,...,N — 1 and (%) ||®||prere < 1.
Condition (*) holds if and only if

[£(C, A) Lsxs — D(Q)P(A)")] (1.4)

is a positive definite function on X x X.

In fact, given T" an arbitrary operator,

ITl <1< sup ||T(2)|* <1

llzl=1
e sup 17 (2)]* < 1
& HSLH1p1(T*$,T*x> <1
& HSLH1£)1<TT*x,J;> <1
= HSL”1£)1(<QS, )y — (TT xz,x)) >0
ST =TT >0.

If, given (1.3), and any distinct node Ay, one could always find a matrix
W so that
N>, (1.5)

i,j=1 —

[k<>\7,7 )‘j)<ls><s - VV’LVVJ*)}
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then (1.4) could be satisfied on any finite set, and hence, by Theorem 1.3.1,
one could find a ® satisfying (1.4) on all of X x X.

In fact, let A be the directed set of all finite subsets of X, partially ordered
by inclusion. For each o € A let Y, be the set of all maps ® from o to H
that satisfy (1.4). Therefore Y, is a compact set with respect to the weak
topology, because for any A € X, ®()\) is in the closed ball of radius 1, which
is weakly compact.

Finally, if 5 =< «, let 5 be the restriction map.

Applying Theorem 1.3.1, we get that the inverse limit of this system is
not empty. This means that exists a ® satisfying (1.4) on all X x X.

Let’s find out which conditions garantee that for any Ay exists Wy so
that (1.4) holds.

Let {u®}?_; be a basis of C* and

My =V{ku*:1<i<N-1,1<a<s}
Define

R: MN_1 — MN—I
ki Q@ u* — kz (24 Wi*ua

and extend it by linearity.

Then R is a contraction if and only if, for every sequence {a$'} of scalars,

0< <([—R*R)Za?kj ®uﬁ,2af‘ki®ua> =
73,8 7,0

= Y @)@k ((uf u®) — (WiWju,u®))
i,J,a,8
(that is (1.3)).
For each choice of W = Wy we get an extension Ry, of R on My such
that
Rw : kExy @ u® — ky @ WHu“.

We have to determine whether there is some W for which Ry is a con-

traction.
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On My, consider P the orthogonal projection onto My_;. Define @) in
V{k; ® C': 1 <i < N} to be the orthogonal projection onto the orthogonal
complement of Cky @ C.

Decompose Ry as

P Pt
Q QRwP QRwP* (1.6)
Q-+ RwP QtRyP*

To calculate Q+ Ry P+, let & be a dual basis to k;, so
<kiafj>:5i_ja VZ,j:L,N

(A dual basis exists because k is an irreducible kernel). Write

N

En = Z ciki.

i=1
Then
N-1
Rw Py ®@u® = Z ciki @ Wiu® + enky @ Wru®,
i=1
SO

N—1
k 7 * * (07
Q' RwP ey @u =ky @ | Y i Wi + ey W ] u®,
n=1

kNN

As we are free to choose W (and ¢y # 0 again because k is an irreducible
kernel), the (2,2) entry of the matrix (1.6) can be chosen arbitrarily.

The other 3 entries do not depend on the choice of W. In fact, using the
computation above,

N-1

Z Ciki @ VVi*Ua + CNkN & W*ua]
=1

-1

=Q Z cik; @ Wiu®,
i=1

QRwPéy @u* =Q [
N

so QRy Pt does not depend on W.
Therefore, the smallest norm of (1.6) is the same as the smallest norm of

a matrix completion of
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P P+
Q (QRwP QRwP~ (1.7)
QL pr x

Using Lemma 1.3.1, we obtain that

Wér&fm | Rw || = max(||[Rw P, ||QRw]|)

= max(||R|, |QRwQ|),

where Q is the analogous operator to () in My, i.e. the projection onto the

orthogonal complement of Cky ® C*. In fact,
RWQL = QJ_RWQJ_v QJ_ =1- Qa @J— =1- Q
implies that

QRw = Ry, — RwQ* = Rw — Q™ Ry Q* = QRw Q.

We initially wanted to determine whether Ry, is a contraction. Hav-
ing assumed that R is a contraction, using the last equality we are left to
determine whether QR Q is, i.c.

Q — QR QQRwQ > 0.
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This is a (V. —1)s x (N — 1)s matrix which entries are:

([Q — QR QQRwQlk; ® v’ ki ® u®) =
—(Qk; @ u” k; @ u®) — (QR;yQQRwQk; @ v’ k; @ u®)
=(Qk; ® v’ k; @ u*) — (QRwQk; ® u”, QR Qk; ® u®)

— k ®U/ﬂ,k1®ua
<< SE
(ks box) ) ( (ki o) ) >
kn | @ v, QRw ( ki — kn | ® u®
(] ||k 2 Chw Tenl? ™

k’N, k > <UB,UQ> — <Qka] ® UB,Qka’i ® Ua>

kj —
’ Uﬁsz

- (or
(
(km 1N’€NJ)< u®) = (Qk;, Qki) (Wi, Wru®)
(
-

kNN

kink k kin
iy — NN by — ke Ky (WWruP u®)
kNN J

kNN kNN

k k
fy — T NJ) (kl - “VkNN> (WiWrul, u®)

knn ki

g () — (W70, %)) = SRS (0 ) — (W07 )

::K(I-—ILQVVf)uﬁyua>kU][1 @gz@ﬁz]

- knnkij
where we have used the fact that Qky ® v = 0 for any v.

So, we have obtained that

Q — QR QQRwQ = [(Loxs = WiW; ) k(Xi, A))] - [Fy © J], (1.8)

where J is the s-by-s matrix all of whose entries are 1 (with respect to
{u®} and - denotes the Schur product between the two matrices, that is the
entrywise product.

Hence, if Fy is positive, then Fly ® J is positive and by Theorem 1.3.2,
(1.8) is positive whenever (1.3) holds. In this case QRyQ is a contraction.

Therefore positivity of Fy is a sufficient condition for k to be a complete
Pick kernel.

It remains to prove that it is also a necessary condition to conclude the

proof.
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Let’s do it by induction on N.

fN=2,
k12k21

ik
and kioko1 < ky11kee by Cauchy Schwarz.

Let’s assume now that Fy_; is positive and let’s prove that Fy is positive

F,=1

too.
Let G be any positive (N —1)-by-(N —1) matrix. Let s =1 andt = N—1.
Choose vectors v; € C! so that

Gij = <Uj’ Ui>’

and let W € B(C,C") be the matrix that sends 1 to v;.
Then (1.3) is
k’w(l — GU)

If K is the matrix (k;;), from the discussion above it follows

G>0
[K-(J-G) =0

= Fy-|K-(J-G)>0.

Let H be the (N — 1)-by-(/N — 1) matrix whose entries are

H, — kiv—1k(v-1);
k(v—1)(v-1)

Note that H has rank one because the j-th row can be obtained by the i-th
one by multiplication for %, given the fact that kjy_1) # 0 because of
the irriducibility of k.

Let G be the (N — 1)-by-(N — 1) matrix whose entries are

H.:
J kij
Therefore,
Fy-1
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that is positive by induction hypothesis. Moreover,
K- (J-G)=H>0.

Therefore Fy - H is positive.

But H has rank one, and no entries are 0, so the matrix % is also positive

and again using the Theorem (1.3.2) with

1
FNZFN'H'ﬁ>

we conclude that Fly is positive. O]

Another necessary and sufficient condition is given by the following the-

orem:

Theorem 1.3.4. An irriducible kernel k on X has the complete Pick property
if and only if, for any finite set of distinct points A1, ..., Ay, the matriz

1 N
LN = <—>
Kij ) i je

has exactly one positive eigenvalue.

Proof. The matrix Ly is congruent to

1 _ _knn ‘ 0
kij kinkn;
: .
0 ‘ kNN

In fact,
__knn
kin 0
In_y : Iy
k Ly -
NN 0
kn-1N
ki _ _knn
0 0 1 kn1 knNN-1
kNN 1
kin kin
. 1 .
In_y : Ty : Iny
- kyn 1
kN_1n kn-1n
1 1 1 k k
0 ... 0 1 = L knn _ _kan

kni 777 knN-1 kNN ka1 knn-1
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1 _knn 1 kNN 0
k11 kinkn1 T kin—1 kiNknNN-1
1 kNN 1 kNN 0
ko1 konkn1 T kan 1 konkNN-1 In 1
1 _ kNN 1 o kNN
kn—11 kn—inknt 777 En—in—1 kn_1NkNN-1 _ knn _ _knn
1 1 1 kni 77 kNN-1
kEn1 T knNN—1 kNN
1 _knn 1 kNN 0
k11 kinkn1 T kin—1 kinkNN—1
- 1 _ kNN 1 . kNN
kn—11 kn—inkn1 77 knN-inN-1 kn_1NkNN-1
0 . 0 o

knn

The top left entry is the Shur product of Fly with the rank one negative

matrix
kEnn

kinkn; '

k?i knj
In fact, (Fy)ij =1— k:kJ\JrVAJf and

<1_ kiNkNj> . (_ kNN ) _ i . kNN
kz‘jkNN kiNkNj kij kiNkNj ‘

We conclude that Ly has one positive eigenvalue (1/kyy) if and only if Fiy

is positive semi-definite. ]

There is another characterization of complete Pick spaces given by the
following Theorem (see for example [AgMcC2002]).

Theorem 1.3.5. Suppose k is an irreducible kernel on the set X. Then k has
the complete Pick property if and only if there exists a positive semi-definite

function G : X x X — D and a nowhere vanishing function § on X such that

IRRI(SLICY
k((, A) —_— Tm. (]..9)
Proof. <) I k(¢,\) = 219200 then
1 1 G

KGN 6060 8(0)8(N)
So % is a rank one matrix minus a positive semi-definite matrix, and

by Theorem (1.3.4) k has the complete Pick property.
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=) Suppose now that k has the complete Pick property. Fix any point Ag

in X. Then
- k(g’/\(])k(/\(h /\)
k((7/\)k<)‘07 )\0)

is positive semi-definite by Theorem 1.3.3. Let

G((,N) =1

5(}\) - k<)‘07)‘)
' k(Mo No)

Then (1.9) holds by construction.

By Cauchy-Schwarz [k(¢, \o)]? < k((,()k(No, Xo), so it follows that
G(¢,¢) is in the interval [0,1) for all ¢ (it cannot attain the value 1
because k is irreducible). Therefore, as G is positive semi-definite, we
have |G((, A)| < 1 for all ¢ and A.

]

Now we are going to prove that the previous examples of RKHS have the

complete Pick property. To do that, we are going to need some theorems.

Theorem 1.3.6. Suppose H is a holomorphic reproducing kernel Hilbert

space on D with
o

B(CGA) =) anN'¢.

n=0

Let the Taylor coefficients of% at zero be

1 oo
—oc - — Cntn.
DTS
Then H has the complete Pick property if and only if

e, <0 Vn>1.

Proof. <) Let’s assume that ag = 1 = ¢, and ¢,, <0 for all n > 1. Then
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SO
1

1 - Zn 1( Cn))\ gn
and we conclude that the kernel has the complete Pick property by
Theorem 1.3.5 with § = 1 and G(¢,\) = 3200, (—¢,) "\

k(G A) =

Again we assume that ag = 1 = ¢.

Suppose that exists N s.t. ¢y >0 and ¢q,...,cy—1 < 0. Choose € > 0
enough small so that
Z ea|e®™ < Ney (1.10)
N+1
Let
2mi
w=eN
be a root of unity.
Select points A; by
Aj = ew?, 1<j<N
>\N+1 = 0.
Then
k; k ;
(Fyii)iy =1 — (N+1)R(N+1)j

Kijk(N+1)(N+1)

=1—kiwsknin); (Z Cn A ) (Z CnA(N+1) )‘?NJrl))
n=0
=1—ajco (Z cn)\_jn)\?)
n=0

:_<E Cn€"w W™ 4 eneNw T NIEN N E Cpr€w ™ €M™

n=N-+1

=

1 00
= (— cn)e%w”( ) — ene?N — Z (cn)e%wn(’ 7.

1 n=N-+1

N
I

)
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Now note that (Fy1); is given by the sum forn=1,..., N —1 of

1
W —n
(Cn)€2n w2n ® w—Qn
w(Nfl)n wf(Nfl)n
plus
1 1
1 1

plus the other terms.

Each of the first N—1 matrices has only one (non zero) positive eigenvalue,

that is —c,e?" N, whose eigenvector is

w(Nfl)n

w(N—2)n

w(N—B)n

The N-th matrix has only one (non zero) negative eigenvalue, that is —cye?V N,

whose eigenvector is




1.3 Complete Pick spaces characterization

27

That eigenvectors are orthogonal. In fact,

Ww(N=1)n w(N=1m
W(N—Q)n W(N—Z)m N
< wN=3)n 7 wN=3)m > _ wN(n—i—m) Zw—k
: : k=1
1 1
1 —w N+
= 1
1 —w!
_w ot 0.

w—1

Hence, it follows that the matrix given by the sum of the first N matrices
has one negative eigenvalue.

By inequality (1.10), the sum of the other terms (from the (N+1)-st one)
has norm less than cye*V N, so adding these terms cannot eliminate the
negative eigenvalue.

We conclude that Fiyyq is not positive definite and therefore the kernel

cannot have the complete Pick property. O
Corollary 1.3.6.1. The Hardy space H? has the complete Pick property.

Proof. The reciprocal of the Szego kernel is

]

To prove that the Dirichlet space has the complete Pick property we are
going to use the following Lemma, due to Kaluza (see [AgMcC2002] for a
proof).

Lemma 1.3.2. Suppose ag = 1 and a,, are strictly positive numbers satisfying

Qp S Ap+1
Ap—1 Qp

Then ¢, < 0 for alln > 1, where ¢, is defined by

R =
m—zcnt

n=0 n=0

Vn>l1.




28

1. General theory

Proof. Consider

o o o] n
Z cpt™ Z apt” = Z Z cptba, pt" "
n=0 n=0

n=0 k=0
o n

= E E ckan_kt”.
n=0 k=0

For m > 1, the coefficients of t™ and ™! are

Z Chlm—k = Colm, + CLApm—1 + -+ Ccmag =0 (1.11)
k=0
and
m+1
Z Cllmi1—k = Colmi1 + C1Gm + -+ + Cpa1ag = 0. (1.12)
k=0
Multiplying (1.11) by “2* and subtract from (1.12), we get
1 Qo g1 @
0= cotms1 + C1Qp + -+ - + Cpy1G0 — CoUmt1 — C1 +; L Cm C:rl ’
Am410m— Q41 Q
=0 (am—%) +- -t (al—%) + Cmt1-

It follows that

Am+410A0 Am+10m—1
Cm+1:Cm( - )|+t —mm —ap,

am am
a a a a
:Cma0<m+1__1)+"'+01am—1(m+1_ m>'
(79 ) Am Am—1
As ¢ = —a; < 0, and all the term in the parentheses are non-negative, it
follows by induction that ¢,, < 0 for all m < 1. O

Corollary 1.3.6.2. The Dirichlet space D has the complete Pick property.

Proof. Recall that the Dirichlet kernel is

1 1 — 2"u"
k - _
(2, w) 20 Og(l—z@) Zl—l—n

n=0

Therefore, a, = HLn
(p n_ . n+1l  apn
n1 14+n =" n+2 p,

?
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and by applying Lemma 1.3.2 and Theorem 1.3.6 we conclude that D has
the complete Pick property. O

We are now going to introduce the Drury-Arveson space, which in many

ways generalizes the classical Hardy space H?.

Definition 1.3.2. Let By = {z € C?: ||z|» < 1}.
The Drury-Arveson space is the RKHS on By with reproducing kernel

1

ew) =%

Remark 1.3.1. The Drury-Arveson space has the complete Pick property.
In fact, we can apply Theorem 1.3.5, with b=1, G(z,w) =w - z.

The Drury-Arveson space is ”universal” among those Pick spaces, in the

sense of the following Theorem, due to Agler and McCarthy (see for example

[AgMcC2002]).

Theorem 1.3.7. A RKHS H on a set X with irreducible kernel k is a
complete Pick space if and only if, for some 1 < d < oo, there is an injection

F: X — By and a nowhere-vanishing function § on X such that

k(G A) = 0(Q)(MA(E(C), F(A))- (1.13)

Moreover, the map
kx = 0(A)[hlry

extends to an isometric linear embedding of H into 0 H3.
Proof. <) It follows by Theorem 1.3.5.

=) Represent k as in Theorem 1.3.5,

()N

MOV =TGN

Let d > rank(G). Then, there is a map F' from X into a d-dimensional
Hilbert space M so that

G(C,A) = (F(C), F(A)- (1.14)
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In fact, define F': X — M by F()\) = G,. Fix some orthonormal basis
{e®} for M. Define the conjugate linear operator C' by

C <Z caeo‘> = ZQ@“.
Now define F(\) = CEF()). Therefore we obtain (1.14).

As G takes values in D, it follows that the range of F' is contained in
the unit ball B,. Therefore (1.13) holds.

It says that the map
6(N)
1= (F(A), F(-))

extends linearly to an isometry on the span of {k) : A € X}, and hence

]{3,\() —

gives an isometric embedding of H into § H3.
It remains to prove that F' is injective: suppose that F'(A;) = F(Ag).
Then, k), and k), are linearly dependent. As complete Pick kernels are

positive definite functions, it follows that Ay = .
]

Corollary 1.3.7.1. A RKHS H on a set X with normalized kernel k is a
complete Pick space if and only if, for some 1 < d < 0o, there is an injection
F: X — B, such that

k(G A) = h(F(C), F(A))- (1.15)

Moreover, the map

Ex = [R]ry

extends to an isometric linear embedding of H into H3.

1.4 Interpolating sequences

In this section we are going to talk about interpolating sequences, that
are sequences for which one can choose functions values independently in
every point. We will first give some definitions and then some characterizing

theorems.
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Definition 1.4.1. Let k be a kernel on a set X, {\;} be a sequence of dis-

tinct points in X. Let g; = H,'z—’” be the mormalized kernel functions. The
Grammian associated to the sequence {\;} is the infinite matriz
ki
Gij = (gj,qi) = — L
R 111 |

Definition 1.4.2. Given X a space and k a kernel on X, define

|k (A1, Ag?
d(A, Ae) =4 [1—
(A1, A2) \/ k(A1 M)E(A2, A2)

which is a pseudo-metric on X, called Gleason distance.

Definition 1.4.3. Let H be a RKHS of function on X. A sequence {\,}n
in X s e-weakly separated if there exists a constant € > 0 such that,
whenever i # j, there exists a function ®;; in Mult(H), with || Q|| prue < 1,
that satisfies ®;;(N;) = €, ®;;(A;) = 0.

The sequence is d-separated if there exists a constant € > 0 such that,
whenever i # j, d(X\;, \;) > €, where d is the Gleason distance.

The sequence is strongly separated if there exists a constant € > 0 such
that, for every i there is a function ®; in Mult(H), with |®;||pue < 1, that
satisfies ©;(N;) =€, ®;(\;) =0 for all j # 1.

Remark 1.4.1. If H is a Pick space, {\,}, is a weakly separated sequence

if and only if is a d-separated sequence.
Definition 1.4.4. Let H be a RKHS on X. A sequence {\;}; C X is an
interpolating sequence for Mult(H) if the map

Mult(H) — [*°

¢ (¢(An)),
1S surjective.
Definition 1.4.5. Let H be a RKHS on X. A sequence {\;}; C X is a
simply interpolating sequence for H if the range of the following map

H—[?

f(N)
T e
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contains 2.
The sequence {\;}; C X is a universally interpolating sequence for
H if the range of the same map is equal to 1*. It is equivalent to have the

Grammian matriz bounded above and below.

Remark 1.4.2. Of course, a universally interpolating sequence is simply
interpolating too, but the viceversa in general is not true.
Moreover, in a Pick space the set of universally interpolating sequences

and the set of multiplier interpolating sequences coincides.

Definition 1.4.6. Let H be a RKHS of functions on X. A measure p on X

is a Carleson measure for H if there exists a constant M > 0 such that
[isean<arisp v e
The least M s called Carleson constant of p.

Definition 1.4.7. Let H be a RKHS of functions on X, with kernel k. A

sequence {\,}n in X is said to be a Carleson sequence if
3 On,_
pull L
1s a Carleson measure for H.

Proposition 1.4.1. Let {\;} be a sequence in X. The following are equiva-

lent:
1. The associated Grammian is bounded;
2. {\;} satisfies the Carleson measure condition.
Proof. Note that
Gl < 22 & | gl < M2 Y

for any sequence {a;} of scalars.
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1.= 2. Let f € H and
J(N)
1K

a; =

Then,

= fuzaigi
<IAINS augil
<Ml [ el

= sup 11,3

I fll=1
_ f_'
s 2

Sy

IFll=1

SM[ZWHF-

The following theorem gives an important characterization of interpo-

lating sequences. The proof is quite complicated, so here is omitted (see

[AHMCRI17] for it).

Theorem 1.4.1. In any normalized complete Pick space, {\,}, is a univer-

sally interpolating sequence if and only if is weakly separated and Carleson.

Corollary 1.4.1.1. In a normalized complete Pick space, if {\;} is a weakly
separated sequence whose Grammaian is bounded above, then its Grammian is

also bounded below.
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1.5 Invariant subspaces

By a subspace of a Hilbert space, we mean a closed linear subspace.

Definition 1.5.1. Let H be a Hilbert space and T an operator on H. M C H
15 an invariant subspace of T if TM C M.

There is a characterization of the invariant subspaces of the Hardy space
under the multiplication by the unilateral shift, due to Beurling ([Beu49],
[Hel64])

Theorem 1.5.1. Let S be the unilateral shift on H?, i.e.

(5)(2) = 2f(2).

Let M be a non-zero closed subspace of H?, invariant under S. Then there
is a function v in H? of modulus 1 a.e., such that M = ) H?.

Proof. Let M be a non-zero S-invariant subspace. Hence, SM C M and
the containment is proper: in fact, if not, M would be invariant also by the
multiplication by Z and, taking any non-zero function in M and multiplying
it by Z a sufficient number of times, will give a function with a non-zero

negative Fourier coefficient, violating the hypothesis.

Let ¢ be any function of norm 1 in M & SM, ¢ = Z a, 2", We have

m=0

(8", 0) = 3 s =0, 0 >0,

that is

21 ] de
/ ‘w’2671n92_’ n>0
0 s

and, by taking complex conjugates we get

(S™p,p) =0, ¥ n#o0.

By Fourier analysis,

W2~ ST P(n)e™ = [v]2(0).

n=—oo
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Therefore, |1| is constant a.e., and as 1 has norm one, we get |t/ =1 a.e.

Therefore, multiplication by ¢ is isometric, and so
V{S™p :n >0} =(V{S"1l :n > 0}) = vH".

Therefore, 1 H? C M.
Now, suppose g € M © ¢ H?. Then,

(g,S"Y) =0 Vn>0,

and also
(,S"g) =0 Vn>D0.

Therefore gi) = 0 a.e., and hence g = 0. Consequently M = ¢ H?. [

For a general RKHS with the complete Pick property there is a theorem
due to McCullough and Trent which characterizes the invariant subspaces
with respect to the multipliers. We skip the proof, which is quite technical
(see Theorem 0.7 of [McCTr00]).

Given a Hilbert space H, with the multiplier algebra Mult(H), for all
¢ € Mult(H), denote by M, the operator "multiplication by ¢”.

Given H a RKHS with normalized Pick kernel k, let Fi,y(-) be the em-
bedding of H into the Drury Arveson space defined as in Corollary 1.3.7.1.

Theorem 1.5.2. If k is a Pick kernel, with corresponding Hilbert space H,
and if M C H is a subspace, then the following are equivalent:

1. M s invariant for each Mg, ;

2. there exist ® € Mult(H @ L? H) s.t. Mg is a partial isometry (i.e.
M¢|K6T(M@)L is an isometry) and M = ® - (H ® L?);

3. M is invariant for My for each ¢ € Mult(H).






Chapter 2

The tree model

Our aim at this point is to construct a reproducing kernel Hilbert space
on a tree. There are several construction: we are going to adopt the [Ro2019]
one. Our Hilbert space will be Pick complete.

Let T be a rooted binary tree, assume finite for simplicity. Let F(T') be
the set of its edges, V(T) be the set of its vertices, let o be its root.

For us a path will be a set (sequence) of vertices.

Given x € V(T), let [0, x| be the unique geodesic joining o and x. Accord-
ing with the usual definitions, with the term geodesic we denote the shortest
path from o to x.The existence and uniqueness of the geodesics follows from
the fact that T is a simple connected graph.

Given z,y € V(T'), we say y < z if [o,y] C |o,z]. Moreover let x A y be
the unique vertex so that [o, 2] N[0, y] = [0,z A y]. Finally let y~ denote the
immediate predecessor of y, that is y~ < y and [y~, y] be an edge of T

Let w: V(T) — R* such that

wlo) =1, wy) <w(x)ify < x. (2.1)
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We will construct a Hilbert space of functions on V(7") and we will prove
that it is a RKHS. To do it we will need the following summation by parts
formula (see [ArRoSal0]).

For a function f: V(T') — C, define:

Af(x) = flz) = f(z7), Af(o) =

Lemma 2.0.1. Let h, f : V(T) — C. Then,

Y. hlzAy)f()fly) = hlo) [I"f(o)” + Z Ah(z) [ f ().

Z(:;m T 1w

- E;T)h<z>[|f< )+ 1) (FTE =76 +
TR -1+ 0TI

- ¥ w0 [II*f(2)|2 ¥ Il*f(t)|2] .

]

Theorem 2.0.1. The Hilbert space of functions {f : V(T) — C}, with norm
as in the following Proposition (2.0.1), is a reproducing kernel Hilbert space

with reproducing kernel
k:V(T)x V(T) = R", k(z,y) = w(x Ay).

Moreover, H has the complete Pick property.
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Proof. Apply Lemma 2.0.1, with h = w, i.e.
> wleny)f@)fly) =" fo) + Z Aw(z) [ f(2)]
z,yGV(T) ZGV
The r.h.s. is a positive semi-definite function, because w is increasing. There-

fore,

and k is the reproducing kernel of a Hilbert space H by Theorem 1.1.1.
Finally, H has the complete Pick property by applying Theorem 1.3.5:

in fact, the function 1 — i is positive semi-definite again by Lemma 2.0.1

with h =1 —1/w. O

There is another proof of the previous theorem that construct the em-

bedding in the Drury Arveson space.

Theorem 2.0.2. The reproducing kernel Hilbert space of functions {f :
V(T) — C}, with norm as in the following Proposition (2.0.1), with re-

producing kernel
k:V(T)xV(T) = R", k(z,y) = w(x Ay).

1s a complete Pick space.

Moreover,
k(z,y) = h(F(z), F(y)), (2.2)
where h is the Drury-Arveson kernel, where F : V(T) — B2, for some
1 <d< o0,

- Y o
et w(z)
Proof. Note that the kernel defined in the statement is normalized at the
root o. In fact, k(z,0) =1 for all x € V(T).

In order to apply theorem 1.3.7.1, let’s construct F : V(T) — B9, for

some 1 < d < oo, such that

k(z,y) = h(F(z), F(y)), (2.3)
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where h is the Drury-Arveson kernel.

We associate to V(T') an orthonormal system in B¢ in this way:

V(T) — {en}n C B

Y — ey.

Consider weights {c(y)}yev(r) and define

z€[o,y]

Let’s choose the appropriate cofficients {c(y)} by induction on n(y), that
is the number of edges in the path [0,y]. If n(y) = 0, then y = 0 and we
define ¢(0) = 0.

Suppose now to have defined ¢(y) for every y such that n(y) < N.

Let z € V(T) be such that n(z) = N + 1. Then n(z2~) = N, and hence
F(z7) is defined.

Define

where ¢(z) is still undefined.

From (2.3), it follows in particular that




41

Therefore,

and
1 1
F(z) = yG[ZM wly )  wly)
Now, for any x,y € V(T), is
1
(P F) = 1=
1 1 1 1
(F(z), F(y)) = <Z£] \/w(z—) - mez’cgw] w(C) me<>
1 1
- ze[on:/\y] w(z7) - w(z)
IR SRS S S
Cw(o) w(@Ay) w(@ Ay)

In conclusion, we have proved that the space of functions defined on V(7' is
a RKHS with the complete Pick property and complete Pick kernel k.
O

Corollary 2.0.2.1. If k(x,y) is defined in terms of w as before and if A is
any strictly increasing function, then k™(z,y) = A(k(x,y)), associated with
wh = A(w), is the kernel function of a RKHS with the complete Pick property.

Proof. An analogous of the condition (2.1) holds and the proof of the theorem

is the same. O]

Remark 2.0.1. This corollary is false in general for a« RKHS H with the
complete Pick property, even if A is just the product with a scalar \. Is it
true for 0 < X\ <1 (see [AgMcC2002], Remark 8.10).
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We would like now to give an expression for the norm in H as before. We

will do it using again the Lemma 2.0.1.

Let’s compute the Gleason distance for two arbitrary vertices:

, [k, y)I?
Ay == o ok
_q_wlzAy”
w(z)w(y)

In the case v =y,

Using the fact that w(y) = >_ ., Aw(z), we can see the Gleason dis-

tance between the endpoints of an edge as the ratio between the weighted

length of the edge and the weighted length of the entire path [0, y].

Since the span of kernel functions is H, a function f € H can be written

as a finite linear combination of them:

Fy) = T(x)ka(y). (2.4)
Proposition 2.0.1. Given f € H as in (2.4), we have

IFIP = 1T + ) Aw(=)|(I'T) ()

z>0

= [T + ) Aw(z) (AN ()

z>0

Proof. The first expression is a reformulation of the summation by part for-

mula given by Lemma 2.0.1.
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In fact,

11 = <Z F<x>kw<y>,zr<z>kz<y>>
= Z I(@2)T(2)(ka (), k= (y))
= Z [(x w(z A z)

= u* () + ) Aw(2)| I"T(

z>0

The second follows from the fact that (Af)(z) = Aw(2)(I*T)(2).

In fact, since both sides are linear functions of f, it suffices to prove it
for f = k,.

Select x and z. If © < z or = is not comparable to z then k,(z) = k.(z7)
and hence, with I'(y) = d,,, we have Dk,(z) = 0 = (I'T')(z2).

If z <z,

(D) (2) = —hy(27) + hu(2)
() +w(z)
= Aw(z)
=w(2)(I"T)(2).






Chapter 3

A complete Pick space of

functions on the real line

In this chapter we present another example of complete Pick space of

functions on the real line, together with its main structural properties.

3.1 The space

We define the following Hilbert space of functions on R:
i {1 € ACB): i _fe) =0, [~ [ I )Pt < oo},
with the inner product
()= [ @)
Lemma 3.1.1. Norm convergence in H implies pointwise convergence.

Proof. Let {f,}» C H be a sequence converging to f € H. Therefore,

2

(@) — fu@)? = \ | wo- o a
<[ ero-nopa [ da

<\f=full?-e* — 0 asn— +oo.

45
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3. A complete Pick space of functions on the real line

Hence f(z) = liin folz) ¥ . O
Proposition 3.1.1. H is a RKHS with kernel k : R x R — R,
k(z,y) = e,
where x Ay denotes the minimum between x and y.

Proof. We are going to prove first of all that the evaluation functional

Ne: fre flx) VfeH

is continuous in H.

Let {f.}n C H be a sequence of functions converging to f € H. This
implies that {f,}, converges also pointwise to f by Lemma 3.1.1, i.e.
nlgr;() falz) = f(z) for all z.

Therefore,
Tim 17, (f,) = lim fu(2) = f(2) = n:(f)

and 7, is continuous.
Now, let’s prove that k.(y) = k(z,y) = €*¥ is the reproducing kernel,
ie.

f(x) =n.(f) =(f, k) Vfe€H.

Let f be a function in H. Then,
@) = (k) = [ )0y
R

In fact,

[errwoe o= | " P dy= ().

—00
Let z € R be an arbitrary point.

k, : R — RT is a function in H:
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ky € AC1oe(R), lim k,(y) = lim " =0 and

Yy—>—00 Yy——00

Il = [ o,y
R

:/ e Y|eY|*dy

—/ eYdy = e”.

The kernel normalized at zero is

k(x, y)k(0,0)
k(x, 0)k(0,y)

TAY

L(z,y) =

€
63:/\0 ey/\O

3.2 Pick property

Now, we are going to show that k is a (complete) Pick kernel and H is a

(complete) Pick space.

We are going to use the following technical lemma about positive defi-

niteness of some kind of matrices (see [BrHal965], Theorem 3, pg. 131).

Definition 3.2.1. A n x n matriz is said to be L-shaped if it has the

following form:

ay ag asg -+ Qp
Qo Ay ag --- Qp
A=\|as a3 a3 - ay,
anp Ap QAp - QAp

The sequence {an}n is called determining sequence of A.

Lemma 3.2.1. Any finite L-shaped matrix is positive definite if and only if

its determining sequence is positive and decreasing.
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3. A complete Pick space of functions on the real line

Theorem 3.2.1. k: R xR — R*, k(x,y) = " is a complete Pick kernel.
Therefore the RKHS H satisfies the complete Pick property.

Proof. Let’s construct the following matrix, for N € N,

By = (1 by

kighnw /' j=1”
where z1,..., 25 € R are such that x; < z; for i < j.
Note that is not restrictive to assume that xy is the biggest element. In
fact, if it exists j s.t. an < xj,
kinkn; erie"™N

1-— =1 =0
kijkNN etietN

Therefore, if M = #{j : N < j} the matrix will be of the form

Fy_
Py — N-m O
0 0

that is positive semidefinite if and only if Fyy_,; is.

In addition, note that is not restrictive to assume z; < z; for ¢ < j.
The reason will be clear in the following, once the elements of F will be
determined.

Applying our definition of k,

= (1 - k)™

ij=1
W\ N-1
=(1— e%ie"d
"IN )i
where
Z 5 . . .
' eTi oTi 1 - 55 if 1 < j
ezvi/\mjex]\] - eTi P .
- 5% ifi>7
Hence,
a1 %) a3 o N1
Qi Q2 Qg o GN-—1

anNy—1 GnN—1 ON—1 *** QN-_1
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evi
erN -~

where o; = 1 —
This matrix is ”L-shaped” according to the definition 3.2.1. Our aim is
to apply Lemma 3.2.1 to conclude the proof.

The determining sequence {«; }i=1,.. n—1 is obviously positive and decreas-

ing (™ < e if i < ).
We conclude that k(x,y) = e*¥ is a complete Pick kernel, by applying

the McCullough-Quigging Theorem 1.3.3. [

There is an alternative proof of the complete Pick property, which uses
the Agler-McCarthy Theorem 1.3.7.1. In order to present it, it is necessary

to introduce a definition and make an observation.

Definition 3.2.2. Let B(R) be the Borel sets of R, P(Q) the projections on
Q) Hilbert space. A map

IT: B(R) — P(Q)

is called projection valued measure on R (p.v.m.) if the following condi-
tions hold:

e II(0) =0 and II(R) = Idg

o if E; € B(R) are pairwise disjoint, then

(Uj=1Ey) = > TI(E))

Jjz1

N

where ZH(Ej) is the limit onH(Ej) in the strong operator
Jj=1 Jj=1

topology.

Remark 3.2.1. Let’s come back to our RKHS H of functions on R. We

would like to explicitly construct an embedding into the Drury Arveson space.

Let x € RT. Note thatV y < x,h >0,
6(r—i—h)/\y TNy

L(x+h,y) = @ R)AOGyAD el = P L(z,y). (3.1)
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3. A complete Pick space of functions on the real line

Analogously, let x € R™. Note thatV = < y,h <0,
Liz +h,y) = L(z,y). (3:2)

If L is a complete Pick kernel, using the Theorem 1.3.7.1, with F the
embedding of R into the unit complex ball,

which implies that

(F(z +h) = F(z), F(y)) = (F(z + h), F(y)) — (F(2), F(y))
1 1

= Tay  Iaaig = W BD62)

This means on one hand that the future increment is independent from

the past and on the other hand that the past decrement is independent from
the future. This suggests to define the embedding F' using p.v.m.

6mAy

Theorem 3.2.2. L : R xR — R*, L(z,y) = =g s a complete Pick
kernel. Therefore the RKHS H satisfies the complete Pick property.
Moreover, L(x,y) = h(F(x), F(y)), for h Drury Arveson kernel, where

F:R— By

VX (0. ifx >0
F(a:): X (0,z] f

VX (x,0] fogo

forv(u) = e and by identifying Bo, with the unit ball of L*(R).

Proof. Starting from considerations in Remark 3.2.1, let’s choose v € L*(R)
s.t.

Ovz
/]R+ v (t)|2dt = / lv(t)|?dt = 1, /0 lv(t)|?dt <1 VxR,

AT

Then, let’s define the following p.v.m:
IT: B(R) — P(L*(R))
I(E)f = xrf
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Defining

VX (0,2] ifz>0

VX (,0] if x <0

we have that
(F(z+h) = F(z), F(y)) =0 ¥z R, y<a,h>0,

(F(x+h)—F(x),F(y))=0 VzxeR", y>ua,h<0,

as desired.

Note that the embedding F' must map R into B.,, because we need in-
finite L2-orthogonal directions in the range of ' as shown in the previous
computation.

Moreover,

0V (zAy) 1 PRSI
(Pl F@) = [ Pt =1- o =1
0

AEVY) L(z,y) eTAY
Taking for example x < y,

eoneyAO

(F(z), F(y) =1-

eI
From this it follows that, [v(u)|? = e ™ if u > 0, |v(u)|* = e* if u < 0.
Choosing for instance v(u) = 6_%, that condition is satisfied and the

embedding is found. ]

Finally, the proof of the complete Pick property for our space could be
obtained as an easy corollary of the following Theorem, due to Quiggin (see
[Qui93], Theorem 6.7), requiring local hypothesis. The proof is different from

the two above.

Theorem 3.2.3. Let p be any real, positive, continuous and integrable func-
tion on the interval (a,b). Then the reproducing kernel Hilbert space of ab-

solutely continuous, complex-valued functions on (a,b), which satisfy
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3. A complete Pick space of functions on the real line

lim f(z) = 0 and which are bounded with respect to the inner product

b (Vo (1)
o) = [ T

has the complete Pick property.

xT

Remark 3.2.2. In particular, we have chosen, (a,b) = R, p(z) = €*.
The theorem tells us that the complete Pick property holds also for differ-
ent weights.

In the following, we will see the case in which p = 1.

3.3 Interpolating sequences

At this point the next goal is to characterize interpolating sequences for

our space.

Lemma 3.3.1. Let € > 0. The sequence {x;}; C R is e-weakly separated in
H if and only if, V i # 7,
|xj - x1| > 5(6)7

where §(€) = log (==).

1—e2

Proof. To write the weak separation condition for this kernel, using the Re-

mark 1.4.1, we compute the Gleason distance

|k(z, y)|?
dlz,y) =41 — ——F——.
(#9) \/ k(z, 2)k(y,y)
Using our definition of L,
‘ex/\y|2

d(ZE,y) = 1 -

erey

1-< ifa<y

ey

1-<¢ ifx>y

e(L
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Therefore, the sequence {z;}; C R is e-weakly separated if and only if exixts

€ > 0 such that, V i # j, d(z;,z;) > €. For example, if z; < x;,

Ty

1-— Sea ]l — T > €2

e¥i
& e <] — €2

1
<:>a:j—xi>log(1_€2).

Defining 0(¢) = log (=), we conclude that {x;}; is e-weakly separated

if and only if, V ¢ # j,

]

In the following proof, we are going to use the following Schur’s Lemma

(see for example [AgMcC2002]):

Lemma 3.3.2. Suppose

[o.¢]
sup ) [Tyl < &1
Ji=1

(e.@)
sup » [T < coo
L

Then T : 12 — 12, and its norm on 12 is at most /1 Coo-

Theorem 3.3.1. Let ¢ > 0. If {z;}; C R is a e-weakly separated sequence in

H, the Grammaian is bounded above and below, i.e.

a(@zl® < (Gz,x) < es(e)|z]”

for some constants ci(€), ca(€) > 0.
In particular, {x;}; is a universally interpolating sequence.

Proof. From Lemma 3.3.1, {z;}; is e-weakly separated if, ¥V i # j,

1
|l’j — l’z| > log (ﬁ) .



54

3. A complete Pick space of functions on the real line

We assume wlog that x; < x;, for all i.
Choosing 26 := log ( ) Vi # 7,

Let’s consider the sum over rows and the sum over columns of the Grammian

matrix G.

G = <kacz,k"c > _ (6wi/\mj ) — (e_‘xi_xﬂ)
o M1 I ij eded /i 2 i,

The sum over the ¢-th row is

Hence,

The matrix is symmetric, so also the sum over the j-th column is

\rz—rr 2
Ze S

Therefore,

Slg_p (Z e_m;z ) = sup <Z ‘ZFI ) =7 _26 5

j=1

By applying Shur’s lemma, G : I* — [? is bounded with ||G|| < ==
To show that G is also bounded below we solve the following interpolation

problem:
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|az"2

Kz,
we look for a function B in H that interpolates those sequences, i.e. s.t.
B(z;) = a; for all i.

Let’s consider the following function:

< 00,

given {x;}; C R as before and {a;}; C R such that Z 5

U -+ ;) x € [x;,m; + d]
Bi(z) = G0 +a—m) T € [x; — 0,1;)
0 otherwise
—u r € (z;,1; +0)
Bj(x) =4 x € (x; — 6, ;)
0 r & [x; — 6, x; + 0]

For all i, B; € H. In fact B; € ACj,.(R), lim B;(z) =0 and
Tr—r—00

1B = / e~*| Bl(x)2dx

z;+0 2
_p

:/ e $—’2dx
T;—0 0

2
4 (e~ @+0) _ o=(@i=))

B

a?
= 2sinh ¢ 6—; e’ < 0.

Now, we set

B(x) == ZBi(:v),

N
where ZZ: Bi(x) = 11]511 ; Bi(x).

Note that the definition of B is well posed because that series is absolutely
convergent and hence convergent also in H norm.

Note that the supports of B; and of B; are disjoint for all ¢ # j thanks
to the weak separation condition.

By construction, we obtain that B(x;) = a; for all i.
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We verify that ||B|| < oo:

|B|I” = Z 1B:||” = ZQsmhé —L e

251nh(5 Sy
- S e

251nh(5 Z |a;|?
1Kz 12

Let’s consider the following two operators:

R:H—1?
f(z;)
1o {et)
T:1?—H

a4
— B,
{ [z, }
where as above B(z;) = a;.

Note that RT = Id.

Therefore, using the fact that G = RR*,
l]* = |T" R*«|*

< ||T*|* I R*=®

= | T"||*(G=, z)

= ||ITII*(Gz, z)
2sinh 0

In conclusion,

allz* < (Gz,2) < eafl2*,

2
where ¢;(€) = 50—, () = 2.
So, {z;}; C R is e-weakly separated and Carleson, that implies {z;}; is
universally interpolating. O]

Remark 3.3.1. The constants c1(¢) and co(€) are approzimately equal to €2
as € — 0.

In fact, c1(8) = c(8) ~ 6 ~ €%
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3.4 Multipliers and Carleson measures

Now we would like to characterize the multipliers of our complete Pick
space H.
The following theorem is a version of the weighted Hardy inequality, which

holds also in a more general situation (see [Muck1972]):

Theorem 3.4.1. If y and v are Borel measure, v is absolutely continuous,

then there is a constant C' > 0 for which

IRz

du(z) < C / @) dv(z)

iof and only of

B = sup [p([r,0))]

reR —c0

[
1
\
Y
S
okl
N————

IS

&
1

[V
A
8

Theorem 3.4.2.
Mult(H) = {m € AC(R) N L*(R) : sup er/ e |m/(z)Pdx < oo} :
reR r

Moreover, p is a Carleson measure if and only if

sup e”/ du(x) < 0.

reR

Proof. 1t is known that m € Mult(H) implies m € L> (see remark 1.2.1).

I = [ & lom )P
= [l i) + () o)
<2 [ el NP +2 [ e lmf) ()P
<2 [ el )@ P+ 2, [ e If )Pl
<2 [ el f)a) e+ 2mIZ 2
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Now note that the second term is finite because m € L>*(R) and f € H.

To estimate the first one, we will use the Theorem 3.4.1.
Define dp(x) := e~ *|m/(x)|*dx, dv(z) = e “dx and let f(z) = [*_ F(s)ds.
Then,

/R e | ) () P = / (@) Pdu(z)
Using the Hardy inequality,
/R | (@)Pdu(z) < C / IF () Pdv(z)

=C [ e *|F(x)]’d
/Re IF(2)2da
= O£

for some constant C' > 0, if and only if the following condition holds:
0 3 r 3
sup (/ du(x)) (/ e’““da:) < 00

oo
sup er/ e |lm/(z)*dxr < .
T r

i.e.

We conclude that
Mult(H) = {m € ACNL*(R) : sup er/ e |m/(x))?dx < oo} :
reR r
O]

Remark 3.4.1. One can ask if Mult(H) are strictly contained in HNL>®(R).
The answer is yes. We can consider an absolutely continuous function f
as in the following figure constructed in such a way that it remains bounded,

it is in H and the derivatives, where exist, are

x>0

[N
NI

(@) =

)

<0
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Therefore,

= <€ — 00 as r — OQ.

So, we have constructed a function that is in H N L>®(R) but not in

Mult(H).

Once Carleson measures have been characterized, we have another proof
of Theorem 3.3.1.

Theorem 3.4.3. If {z;}; is a e-weakly separated sequence, then it is also a

Carleson sequence. Moreover, it is a universally interpolating sequence.

Proof. From Lemma 3.3.1, {z;}; is e-weakly separated if, ¥V i # j,

1
|z; — ;| > log <1 _62) .

We assume wlog that x; < x;,; for all i.

In addiction, {z;}; is a Carleson sequence if
O,

is a Carleson measure.
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By applying the previous Theorem, v is a Carleson measure if and only
if ,
sup er/ dv(z) < o0.

r

With our g,
er/ood (x)—erz;
. el CERD)
., 1
=)=
T;>r
- 1
<e —T
2 oLy

(1—eHf <400 Vr>o.

[
NE

k=0
[
3.5 Corona problem
The corona problem for H is to decide, given functions fi,...,f, €
Mult(H), whether there exist functions ®q,...,®, € Mult(H) such that
Let consider the following seminorm for Mult(H):
il i=sup & [ el (e,
which is finite for the multipliers.
Theorem 3.5.1. Let fi,..., f, € Mult(H) such that
ST =e>0. (3.3)
i=1

Then exist @1, ..., P, € Mult(H) such that for some C(e,i) > 0

®:llar < Cle,i) and > fid; = 1.
=1
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Proof. Let
1) e
= S hwp T
Clearly,
i=1
®; € ACi,(R) because f; are and (3.4) holds.
@Z- c LOO(R):
()] = z@x)n mi 7)| _ Hfjelloo 3

dz+

413, = sup e / " Bl (2) P
e [ T S ) = 20 Yo, A i)
e, (S P
e LTS )P
2supe e
<2supe’ | S @)
L E@ S s n@ ]
Ssupe
e / S, @)
e [P @R
2w’ [ RIGIE a
[ o S @) )
8supe e i —dw
+8supe [ to) S, @)
fi(2)

2

dr (€ = max || fi]l)

3

2 2 8 4
g”fiHMJrgC

ka
M

2
< 2N+ S (ankrm) — C*(e,i) < .
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The theorem holds also in the infinite case, both for bounded rows and
bounded columns. We are going to prove it for rows, then the columns version

follows as a consequence.

Theorem 3.5.2. Let {f;}; € Mult(H ® I*(N), H) such that
ST =e>0. (3.4)
i=1
Then there exist {®;}; € Mult(H ® [*(N), H) such that for some C(e,7) > 0
i=1

Proof. Construct the ®; as in the previous proof, i.e.

®(z) == _hw)yien (3.5)

>l fi(@)?
Then, as before, > . fi®; =1, P, € AC;,.(R) and ®; € L=(R).

Following the steps of the previous proof,

2
2 8 .
193, =< SIAIE, + 5C° (Z kauM> = C(e,i) < oo
k

where, C' = sup || f||oo-
It remains to show that {®;}; € Mult(H ® [*(N), H), that is

1Y ®ufli <DIfI; VfeH
k

for some D > 0.
Note the following fact:

sup 1> fel@)]? < 0. (3.6)

In fact, using

1> fiflly <oo ¥V feH,
k



3.5 Corona problem

63

with f = k,, it follows that

/y \ka(x)]2d$<oo Yy
o 4

and therefore (3.6).

This in particular implies also that
sup | Z Py ()] < o00. (3.7)
Tk

Moreover, since { fx}r are multipliers, we have:

/—ﬂsz )1 f ()P < / e | () Pd. (3.8)

::/ SOICHEIEE
-/ SR CIEEDSLICHEINE
/wquﬂ V2IF(2)]? dat (3.9)
/”“"\Z% I @) do
/ E|Zq>/ VL) dot (3.10)
#2 | 3 )l [er@p d
/-ﬂzcb' EIF @) de + £ (3.11)

Consider now only the term

/-ﬂzcb' PIf@)P de.

Using (3.5), it is
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— J— 2
S L) = RCE Ll | g,
k

SRTALE
f(2X, fnf’)
Zz |nt2 A
A [ e By
a| e +2 [ o RIEE
_2 2 - 2
ST |f|2dx+€—4/e‘z SR A
k R k n
3.8)
S P+ (sup | ful@)]?) / oIS, FLI2 P
T A R
<12+ / S, JRI P

(3.8)

< AP
Coming back in (3.11),

[

R

< 2/696
R

—T

|f[*dx

S e fnfi |

1> @fI? < IR,
k
as desired. O

Corollary 3.5.2.1. Let {f;}; € Mult(H, H ® I*(N)) such that
Y IfP=e>0. (3.12)
i=1

Then there exist {®;}; € Mult(H, H @ [*(N)) such that for some C(e,7) > 0

1®illpr < Cle,i) and > fi®; = 1.

3.6 Equivalent norm

This space is a weighted Sobolev space. Actually H and W'2([0,1]) are
not equivalent. One reason is that the multipliers are different. However, as

Wh2([0,1]), H has an equivalent norm, as stated in the following theorem.
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Theorem 3.6.1. The norm || - || is equivalent to ||| - |||, where

1] = / e | () P

and

A7 = /Re‘”ﬂ[lf(fc‘)|2 +1f'(2)*]da.

Proof 1. Of course || f||* < ||| f]||? for all f € H. Consider now [, e*|f(z)|*dz.
Set du(z) = e *dx.

dp is a Carleson measure:
e”/ d,u:er/ e Pdr=1 Vr>0.

/}R e\ () P = / (@) Pdu(z) < C) I

Therefore,

for some C' > 0.

In conclusion,

A7 < (€ + DISIP.
Proof 2. Of course || f||> < ||| f|||? for all f € H.
Consider now [, e[ f(x)[*dx:

[ @lar == i@p| +2 [ e ras @i

If the first term of the r.h.s. is zero and the two other terms of the equation
are finite we can conclude by applying Holder inequality.
The xgrfoo e | f(x)| is zero:
(@) = O(|Ik.12) because |f(2)| = |(f, k) < | f][[lk]-
But we can pass from big o to little o, because the latter holds on a dense
subspace D of H:
D = span{k,(y) : € R}.
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On D,
@ [ @™
hm _— = hm B
T——00 et T——00 er
gy 2™
T——00 er
I D T
= lim =0
T——00 et ’
T—+00 er T—+00 er ’
Therefore,

[ lrrar =2 [ era)f @

and [, e7*|f(z)[?dz < +oco. In fact, again on D dense subspace of H,

/ e | f(x)|Pdx = / e | Z a;e*\Vi
R R -
< 2/ e " Z |ai|262(“y")dx
R i
Yi +00
= 22|ai|2/ e:”da:+22|ai|2eyi/ e Ydx
i - i yi

= 2 Z |az|2(ey1 _|_ eyie_yi>

2dx

o0

= QZ |a;|*(e¥ + 1) < oo.

It follows that
A2 < AP < 5ILf11

and the two norms are equivalent on all H. O

3.7 Invariant subspaces
We are going to study invariant subspaces for H. In order to do so, let’s
consider the equivalent space F' obtained by the following change of variables:
¢:R —[0,400)

x — logx



3.7 Invariant subspaces

Therefore, defining
I = [ 17 eFar
it follows that, if f(x) = g(¢p(x))

+oo
ol = [ e 1o/ (@) P

o0

oo 1 1
=/ ~|g'(log y)|*~dy
0 Yy Yy
2

+o0o
=/0 d%(go@(y) dy

-/ m\j“y(fxy)z

dy = || fIl5-
Therefore, the space H is equivalent to the space

Fe {f € ACiu([0.+0)): £0) = 0,1 = [ 17 (0) e < oo} .

Theorem 3.7.1. FEvery linear closed invariant subspace of F is of the form
Fy={f€F: fla=0}, where AC[0,+00), A closed.

Proof. Fj is invariant: for any m € Mult(F), for all f € F4 , we have
mf € Fy.
Let f € F. Define:

N(f):={z €]0,+0): f(z) = 0}.

Let now M C F be an invariant subspace and define:

feM
Note that N(M) is closed because f is continuous.
By definition, M C F -
Let f € F and define
/(=) in N (M)
linear completion of f in [0,+00) \ N(M)
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where the linear completion of f is defined in the following way: if (a,b) is
a bounded component of [0, 400) \ N(M), then f(z) = f(a) + &=L ) (a) x; if
(a, +00) is a component, fi(x) = f(a).

Let fo=f— f1.

VA V

Then: f1 € F O Fno = Fﬁ(M) and fy € Fn(n-
In fact, on each component (a,b) of [0, +00) \ N(M),

[ [ 2t

:U@—ﬂMQ
b—a
= / f'(z)dx

b
g/ |f'(z)Pdz < +oo.

If g € Fn(y), then, being N(M) C N(f),

<an:/ fi(0)g @)da
[04+00)\N (M)

=Y [ R
=2 W[g(bn) —g(a,)] =0

where (a,,, b,) are the bounded components of [0, 4+00) \ N(M).
So, fi1 € Fﬁ(f), and using the fact that Fﬁ(f) FN(M)7 we conclude that
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On the other hand, fo(z) = f(z) — fi(x) = 0 if x € N(M). Thus,
f2 € Fnoy.

We now show that M+ C Fﬁ(M)

Let g € M*. Then:

°C /[o,+oo>\N< >( miY(e)ga) du = Z /ﬁl (mf) (@) (e) de

for all f € M, m € Mult(F) and [0, +00) \ N(f) =| [(cs, 8:).

i
Consider m with support in (o, 3;). Then, we can distinguish two cases:

o If §; < 400, wlog let (ay, 5;) = (0,1). Therefore,

1 _
|ty @) de =0 (3.13)
for all f € M st. f(0) = f(1) = 0 and f(z) # 0 in (0,1) and
vV m € Mult(F) with supp(m) C [0, 1].
We want to show that g is linear on [0, 1].

Now, from (3.13), it follows

O—/ m(x d£C+/ m'( (x) du. (3.14)

Let m be as in the picture:

] Tr xr+e€

Then,

1 T xr+e€ T
/mf'adtz/ f’?dt+/ mf'q dtﬂ/ fq dt,
0 0 T 0
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by using Dominated Convergence Theorem, since f’¢’ € L'. Moreover,

1 o 1 x+e o .
/ m' fg'dt = ——/ fgdt =% —f(x)g'(x) a.e. x.
0 € Jz

Then, using (3.14),

/Ox f')g @®)dt = f(x)g'(x) a.e. x. (3.15)

The Lh.s. is AC (f'g’ € L') and f is AC and non zero. Therefore, the
r.h.s is also AC' and, in particular, ¢'(z) is AC, after modifying it on a

null set.

By differentiating (3.15), we obtain

Since f # 0 in (0,1), we have that ¢”(z) = 0 a.e. in (0,1). Hence ¢ is

a.e. constant in (0,1) and so g is linear and they are all AC.

o If 5, = 400, wlog (e, ;) = (1,+00). Therefore,

/ gy (@7 @) de =0

forall f e Fs.t. f(1)=0and f(x) A0V x> 1, for all m € Mult(F).
We want to show that ¢ is constant on [1, +00).
One could argue as in the previous case and find that ¢ is linear on

[1,4+00). But |¢'|? is integrable, hence g is constant.

We conclude that g is linear on each connected component of [0, +00) \

N(M). Hence, as proved before, g € Fﬁ(M) and therefore M = Fypy. O

Corollary 3.7.1.1. Fvery linear closed invariant subspace of H is of the
form Hy ={f € H: fla =0}, where A CR, A closed.

Corollary 3.7.1.2. A necessary and sufficient condition for a function f to

be cyclic, i.e. span{f,mf,m*f, m>f, ...} = H, is to be nowhere vanishing.
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Finally, we want to characterize invariant subspaces in terms of the The-

orem 1.5.2. Firstly, we look for functions G, (z € R") so that the invariance

with respect to the multipliers is the same as the invariance with respect to

G, for all z; secondly, we look for a ® € Mult(F ® L? F) such that, given

M C F invariant, M = & - (F @ L*(R")).

Theorem 3.7.2. Let Fy, where

N
A = U [a’fh bn]a
n=1
be an invariant subspace of F.
For all y € [0, +00), let
(4
ZeXlwan (¥) T < a
; < < - ..
= | @) B S Sa (=2
@X[bm(y) x> by
\O otherwise
Set

Py: FQL*(RT) — F
P4(f @ g)(x) = fl9,Ga)

Then, the following are equivalent:
1. Fy4 is invariant for each Mg, ;
2. Mg, is a partial isometry and Fa = ®4 - (F @ L?);

3. Fy is invariant for My for each ¢ € Mult(F).

Proof. To find G, we study the kernel k%, which is the reproducing kernel

of FA.
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From the previous proof we know that every function f € F can be

written as f = fi + fo, where f1 € F1 and fy € Fy,

x in A
fil) = f(z)

linear completion of f in [0,+00) \ A
for=f—h
Therefore, k4 = k.

The following pictures consider the most simple case A = [a, b]. They can

N
be easily generalized to A = U [an, by
n=1
y i
E b
, T
ky
T Ay
oo
a b X
Y i
E zAy—>b
b IL ---------------------------
ks
0
x/\yf%y i
. " .
Consider now
1-— raﬂ T,y <a
k‘A
<Ga¢7Gy>L2 = ?(%ZJ) =40 otherwise
_ b T,y >b
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Therefore,
\/%X[x,a) (w)
Go(u) = \/TEX[b,x)(u)
0
N
Generalizing to A = U (@, by,
n=1

\/%TX[m,al) (w)

1
G(u) = \/mx[x*bn—hanfbn_l)(u)
@X[bN,x) (u)

0

\

Finally, considering

r<a
z>b

otherwise

otherwise

dy: FRLA(RY) — F
PA(f @ 9)(x) = f9,Ga)

we have that

o F — F® L*(R")
Qu(f)(x) = f® G,

Therefore,

(G, Gy)rz = Pa(x) P (y).






Chapter 4

More about F

Recall that

F = {7 € ACu(i0. 400 : 10 = 0151 = [ 1Pt < o0}
0
It is immediate to see that the reproducing kernel of F' is
m:RT x RT - RT
m(z,y) =z Ay

It has an interesting connection with the Brownian motion. A reference
is [Ka014].

Definition 4.0.1. The Brownian motion is the process B = {B;, t > 0}
such that

1. BO = 0,’

2. B has independent increments: for every t > 0,h > 0, the future

increments By, — By are independent from the past By, s < t;
3. B has Gaussian increments: By, — By ~ N(0, h);

4. B has continuous paths: t — By is continuous.

Proposition 4.0.1. If B = {B;},; is the Brownian motion, then the covari-
ance between By and By is given by the kernel m(s,t) for all s,t > 0.

5
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Proof. 1t s <t, B, = Bs+ (B, — Bs) = E[B;] = 0.

COV(BS7 Bt) = E[Bth]

]

Corollary 4.0.0.1. Among centered Gaussian processes, the covariance is

giwen by the minimum if and only if there is Brownian motion.
In general the following theorem holds:

Theorem 4.0.1. Let X be a stochastic process. The covariance function of

X is a kernel function on T (time).

Proof. Let Xy, ..., X, beasample of random variables. The matrix (Cov(X;, X;))
is positive semidefinite: assuming wlog that E[X;] = 0 for all 4, the matrix is
(Cov(X;, X)) = (X;, Xj)2 > 0, because it is a Grammian matrix. O

Remark 4.0.1. Although there is a connection between stochastic processes
and RKHS, in general the properties of functions in H are not reflected in
the sample paths of the process. For example, the Brownian motion has paths
of unbounded variation, while F' contains absolutely continuous and hence of

bounded variation functions.

Another interesting connection of the min kernel is the one with Volterra

integral operator. A reference is [GMR23].

Definition 4.0.2. The Volterra integral operator is V : L*(RT) — C

(Va)(x) = / ")y,
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IfS:RT xR+ = C

1 0<y<uz
S(z,y) =
0 z<uy

then V' is the integral operator with integral kernel S, i.e.

(Vg)(x) = /Ooo S(x,y)g(y)dy.

Definition 4.0.3. Given X, Z and (Y, i) a measure space, if S; : X XY — C,
So Y x Z — C are square-integrable functions in Y, we define the box
product of S; and Sy as

S108,: X x Z — C
S1085(x, z) = / Si(z,y)S2(y, z)du(y).
Y

Moreover, we define the adjoint as

Si(y,x) = Si(z,y).

Coming back to the Volterra integral kernel, we have that

SOS*(x,t) = / S(z,y)S(t,y)dy = x At
0
In general it holds the following theorem:

Theorem 4.0.2. Let X be a set, let (Y, 1) be a measure space. If
S X xY — C is square integrable in Y, then SOS* : X x X — C is a
kernel function.

Proof. Set K = SOS*. Fix points x4, ...,x, € X and scalars \,...,\, € C.
Let g(y) = Z)\_is(aii, y) € L*(Y, ). Then,
i=1

S Koo WA = /Y 19(y)Pduly) > 0.

,5=1
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