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Abstract

In this thesis, we perform a next-to-leading order calculation of the impact of primordial
magnetic fields (PMF) into the evolution of scalar cosmological perturbations and the
cosmic microwave background (CMB) anisotropy. Magnetic fields are everywhere in
the Universe at all scales probed so far, but their origin is still under debate. The
current standard picture is that they originate from the amplification of initial seed
fields, which could have been generated as PMFs in the early Universe. The most robust
way to test their presence and constrain their features is to study how they impact on
key cosmological observables, in particular the CMB anisotropies. The standard way
to model a PMF is to consider its contribution (quadratic in the magnetic field) at
the same footing of first order perturbations, under the assumptions of ideal magneto-
hydrodynamics and compensated initial conditions. In the perspectives of ever increasing
precision of CMB anisotropies measurements and of possible uncounted non-linear effects,
in this thesis we study effects which go beyond the standard assumptions. We study the
impact of PMFs on cosmological perturbations and CMB anisotropies with adiabatic
initial conditions, the effect of Alfvén waves on the speed of sound of perturbations and
possible non-linear behavior of baryon overdensity for PMFs with a blue spectral index,
by modifying and improving the publicly available Einstein-Boltzmann code SONG,
which has been written in order to take into account all second-order contributions in
cosmological perturbation theory. One of the objectives of this thesis is to set the basis to
verify by an independent fully numerical analysis the possibility to affect recombination
and the Hubble constant.
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Introduction

Magnetic fields are everywhere in the Universe on all scales probed so far, from planets
and stars to galaxies and galaxy clusters. Despite an extraordinary amount of data,
their origin still represents one of the biggest open questions of modern cosmology. A
compelling possibility is that they are the result of an amplification (through dynamos or
gravitational compression) of relics from the early Universe, which were generated prior
to recombination and are known as primordial magnetic fields (PMFs).

PMFs have a strong impact on the main cosmological observables, in particular on
the anisotropies of the cosmic microwave background (CMB), hence allowing them to
have powerful tools to test their existence and properties. However, the presence of
PMFs involves a treatment of plasma physics which goes beyond the standard treatment
of CMB physics and the assumptions of linearity and ideal magneto-hydrodynamics
(MHD) to be exhaustively described. So far, these effects were mostly studied in the
framework of small-scales MHD simulations, but an extensive and rigorous treatment
of this kind of physics in the standard Einstein-Boltzmann approach and a quantitative
discussion of its impact on CMB anisotropies is still lacking. The ever increasing precision
of CMB anisotropies measurements makes the development of robust predictions from
these non-trivial effects a necessity and, at the same time, a fascinating challenge for
present and future studies.

This thesis consists in a step towards this direction, that is to study the impact of
PMFs on cosmological perturbations and CMB anisotropies with adiabatic initial con-
ditions by making use of the Einstein-Boltzmann code SONG, that is able to compute
the key cosmological observables up to second order in cosmological perturbation theory
and that we properly modified to include the desired magnetic contributions. In par-
ticular, we took into account the PMF energy-momentum tensor, which is treated as
a first order perturbation and hence gravitates at linear level, the Lorentz force, which
affects the baryon velocity and indirectly also photons, and the increasing of the speed
of sound due to Alfvén velocity, which has the effect to enhance the effective pressure of
the fluid. Particularly important for us is the impact of PMFs on baryon overdensities
and their possible non-linear behavior for PMFs with a blue spectral index. In fact, an
intriguing possibility is that baryon inhomogeneities of appreciable amplitude induced
by the presence of PMFs may affect the recombination history and consequently change
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the measurement of the Hubble constant from CMB data, leading to a possible relieving
of the tension with the measurements from supernovae.

This thesis is structured as follows:

1. In Chapter 1 we give a brief overview of the basic notions about the standard
cosmological model and the mechanism of inflation.

2. In Chapter 2 we present the relativistic cosmological perturbation theory, going
through the perturbed Einstein and Boltzmann equations and showing how the
initial conditions for the perturbations are fixed in the adiabatic case.

3. In Chapter 3 we give a review of CMB anisotropies, which is the key cosmological
observable for this thesis, describing in details the temperature angular power
spectrum and its dependence on the cosmological parameters.

4. In Chapter 4 we present the cosmological perturbation theory at second order, in
particular by emphasizing the additional complexities with respect to the linear
case; we also introduce the code SONG, how it works and the improvements we
needed to implement for our purposes; we also show a few second-order spectra for
ΛCDM obtained with it.

5. In Chapter 5 we give a review of primordial magnetic fields, showing the main
mechanisms of their generation and how the electrodynamics is formulated in an
expanding Universe.

6. In Chapter 6 we present a detailed review of the impact of PMFs on CMB anisotropy,
showing the main results in the literature for compensated initial conditions; we
then give our first original results for adiabatic initial conditions, showing in partic-
ular how the CMB angular power spectrum is affected by the contributions of the
Lorentz force and the PMF energy-momentum tensor in the Einstein equations.

7. In Chapter 7 we discuss i) the impact of PMFs on baryon inhomogeneities and
their behavior around recombination, in particular for blue spectral indices, ii)
the effect of Alfvén waves on the speed of sound, whose contribution is usually
neglected in the standard literature because of its non-linear nature.

Throughout this thesis, we assume natural units in which c = ℏ = kB = 1 (unless
otherwise specified) and work with the metric signature (-,+,+,+). For tensors, we
use Greek letters for spacetime indices (µ = 0, ..., 3) and Latin letters for spatial ones
(i = 1, ..., 3).



Chapter 1

The Standard Big-Bang
Cosmological Model

In the last century an extraordinary amount of activities and discoveries in both theoret-
ical and observational cosmology led our understanding of the Universe to unimaginable
levels. The standard theory of cosmology, also known as hot Big-Bang model, represents
nowadays the most successful theory for describing the evolution of the Universe as a
whole. Since the formulation of the theory of General Relativity (GR) by Albert Einstein
in 1916, scientists were able to provide a rigorous mathematical framework for the con-
struction of cosmological models. Friedmann in 1922 [28] and than Lemaitre in 1927 [51]
derived the solutions of GR assuming homogeneity and isotropy of the Universe, leading
to the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric. In fact, cosmological ob-
servations suggest that the Universe is nearly isotropic, at least considering scales larger
than ∼ 100 Mpc; we can then directly infer its homogeneity if we assume that there are
no special observers in the Universe (Copernican principle). Homogeneity and isotropy
of the Universe constitute what is known as Cosmological principle, which represents the
starting point of our discussion and whose validity is mostly verified a posteriori.

Another crucial fact for modern cosmology was the discovery, in 1929, of the ex-
pansion of the Universe by Edwin Hubble [36], who found that galaxies were receding
from us with radial velocities proportional to their distances. Moreover, in 1998, obser-
vations of distant type Ia supernovae [75] showed that such expansion is accelerating,
leading scientists to hypothesize the existence of an additional, unknown component in
the Universe, the Dark Energy (DE).

Few decades later the discovery by Hubble, one more key step was made thanks to
the detection of the Cosmic Microwave Background radiation (CMB) by Penzias and
Wilson in 1965 [68], which gave the first clear hint of an early hot Big-Bang stage in the
history of the Universe.

The other kind of component which completes the dark side of our Universe together
with the DE is the Dark Matter (DM), whose existence was necessary to explain the
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10 Chapter 1. The Standard Big-Bang Cosmological Model

rotational curves of spiral galaxies and is now supported by many other astrophysical and
cosmological data. The model which includes DE in the form of a cosmological constant
(Λ) and non-relativistic, or cold, DM (CDM) is called ΛCDM. Despite some theoretical
issues, it is currently the most economic model (we need only 6 parameters to define it),
which at the same time is in agreement with the largest number of observations. The
abundance of the light elements from primordial nucleosynthesis, the expansion of the
Universe and the CMB data are some of the most relevant successes of the concordance
model and at the same time provide for it remarkable constraints to the cosmological
parameters. In addition to the ordinary evolution of the Universe, the existence of an
early stage of accelerated expansion, called inflation, is necessary to solve some problems
which arise in the standard picture, as we will see in this chapter.

1.1 General Relativity

The dynamics of the Universe on large scales is driven mostly by gravity. A consistent
gravitational theory is therefore necessary for the construction of a cosmological model.
The best candidate so far is the theory of General Relativity, whose validity has been
reinforced several times in the last century by many experimental tests. It is based
on the Principle of General Relativity, which states that the laws of physics are the
same in all reference frames, and on the Equivalence Principle, according to which we
can always construct in a sufficiently small neighborhood of any spacetime point in a
arbitrary gravitational field a local inertial frame in which gravity is absent.

The metric

In this framework, we assign to a generic event one temporal coordinate and three spatial
ones, allowing us to interpret it as a point in the 4-dimensional spacetime manifold with
coordinates xµ = (x0, x1, x2, x3) = (t, x, y, z).

The key object of GR is the 2-rank symmetric tensor gµν , which is calledmetric tensor
and encodes all the information about the geometry of the manifold and determines how
distances are computed. Given two infinitesimally nearby spacetime points (x0, x1, x2, x3)
and (x0 + dx0, x1 + dx1, x2 + dx2, x3 + dx3), their distance ds is defined as

ds2 = gµν(x) dx
µdxν . (1.1)

In Special Relativity, the metric is constant everywhere, gµν = diag(−1, 1, 1, 1), while
in GR it generally depends on the spacetime point, gµν = gµν(t,x) ≡ gµν(x). This
spacetime dependence is what encodes the effect of gravity and is determined by the
distribution of matter and energy in the Universe.
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The geodesic equation

The evolution of a test particle in a curved spacetime without any non-gravitational
forces is governed by the geodesic equation. A geodesic is a curve which extremizes the
particle’s action between two fixed spacetime points through the variational principle.
In the flat space it is just a straight line, so we can intuitively picture it as the shortest
path for a particle to move between two points, generalized to curved manifolds. Varying
the particle’s action in a curved spacetime and setting it to zero, we obtain the geodesic
equation

d2xµ

dλ2
+ Γµρσ

dxρ

dλ

dxσ

dλ
= 0 , (1.2)

where the Γµρσ are the Christoffel symbols defined as1

Γµρσ =
1

2
gµα

(
gαρ,σ + gασ,ρ − gρσ,α

)
(1.3)

and λ is what parametrizes the geodesic and grows monotonically with time.

We can rewrite the geodesic equation in a slightly different form by introducing the
4-velocity

Uµ ≡ dxµ

dλ
, (1.4)

which allows us to write equation (1.2) as

dUµ

dλ
+ ΓµρσU

ρUσ = 0 . (1.5)

We can further manipulate the last equation to obtain the following expression:

Uα
(
Uµ

,α + ΓµαβU
β
)
≡ Uα∇αU

µ = 0 , (1.6)

where in the second term we have define the covariant derivative of Uµ.

Using the definition of 4-momentum P µ ≡ mUµ, where m is the mass of the particle,
we can rewrite equation (1.6) as2

PαP µ
,α + ΓµαβP

αP β = 0 . (1.7)

1Here we define the inverse metric gµα such that gµνg
µα = δαν , while the commas are partial deriva-

tives: gµν,α ≡ ∂gµν

∂xα .
2We stress that this equation holds for both massive and massless particles, where in the latter case

Pµ has to be interpreted as the 4-momentum of a massless particle.
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The Einstein field equations

All the information about the dynamics are contained in the Einstein field equations :

Gµν ≡ Rµν −
1

2
gµνR = 8πGTµν , (1.8)

where Gµν is the Einstein tensor, Rµν the Ricci tensor, R ≡ gµνRµν the Ricci scalar and
Tµν the energy-momentum tensor (EMT). These are ten (with only six independent)
highly non-linear partial differential equations, which relate the geometry of the manifold
(in Gµν) to the matter content (in Tµν). This leads to an innovative picture of GR,
according to which gravity is not meant just as an external force, like in the Newton’s law,
rather it has a geometrical interpretation: the matter content of the Universe determines
its geometry and, vice versa, the geometry affects the dynamic of the matter.

The Ricci tensor is a contraction of the Riemann tensor, Rµν = Rλ
µλν , which is

defined as follows:
Rλ

µνρ = Γλµν,ρ − Γλµρ,ν + ΓλαρΓ
α
µν − ΓλανΓ

α
µρ . (1.9)

Thus, the Ricci tensor can be expressed in terms of the Christoffel symbols:

Rµν = Γλµν,λ − Γλµλ,ν + ΓλαλΓ
α
µν − ΓλανΓ

α
µλ . (1.10)

By construction the Riemann tensor satisfies the Bianchi identities:

Rµνλρ;σ +Rµνσλ;ρ +Rµνρσ;λ = 0 , (1.11)

where Rµνλρ;σ ≡ ∇σRµνλρ and Rµνλρ = gµαR
α
νλρ.

As a consequence, the Einstein tensor is covariantly conserved:

∇µG
µ
ν = 0 , (1.12)

which in turn implies, through equation (1.8), the conservation law for the EMT:

∇µT
µ
ν = 0 . (1.13)

These constraints make the number of independent equations in (1.8) decrease from ten
to six.

The field equations (1.8) can be obtained directly from the action principle. The full
action of the theory is given by the Einstein-Hilbert term, describing the geometrical
part, together with the matter term:

S =

∫
d4x

√−g
[

R

16πG
+ Lmatter

]
, (1.14)

where g ≡ det[gµν ] and d4x
√−g represents the invariant volume element.

With this procedure, we also find a formal definition of the EMT, which relates it to
the matter lagrangian density Lmatter as follows:

Tµν ≡
−2√−g

δ(
√−gLmatter)

δgµν
= −2

δLmatter

δgµν
+ gµνLmatter . (1.15)
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1.2 FLRW metric and the Friedmann equations

Solving the field equations (1.8) is in general very difficult, if not impossible, without
making any simplifying assumption. In this sense, assuming the existence of symmetries
can help to constrain the form of the metric and makes the mathematical apparatus
manageable. Formally, it is useful to introduce the concepts of isometries and Killing
vectors.

An isometry is a transformation x→ x′ which leaves the functional form of the metric
invariant, namely

g′µν(x) = gµν(x) ∀x . (1.16)

If we consider an infinitesimal transformation like

x′µ = xµ + ϵ ξµ with ϵ≪ 1 , (1.17)

we obtain an isometry if the 4-vector ξµ satisfies the Killing equations :

ξµ;ν + ξν;µ = 0 , (1.18)

in which case ξµ is called Killing vector of the metric gµν(x). It can be proven that
a N -dimensional manifold can be equipped with at most N(N + 1)/2 Killing vectors
and, in the special case in which it possesses exactly N(N + 1)/2 of them, it is called
maximally symmetric space. An important property of those spaces in the case of N ≥ 3
is that they possess a constant Ricci scalar.

1.2.1 Geometry of the Universe

As already mentioned, our basic assumption is the cosmological principle, which consid-
erably simplifies the mathematical formulation. This principle states that at each instant
of time the Universe (both the spatial geometry and the matter content) is homogeneous
and isotropic. What should be stressed here is the meaning of the time being referred
to as well as for which observer such principle holds. This can be better clarified by
assuming that the Universe can be foliated by a regular set of spacelike hypersurfaces Σt

and there exists fundamental observers whose world lines xi are a set of non-intersecting
geodesics orthogonal to Σt. The time t is then the parameter which labels a particular
spacelike hypersurface, while the aforementioned observers are those who perceive the
Universe to be homogeneous and isotropic.

Within the formalism introduced above, this means that these 3-dimensional spacelike
hypersurfaces are maximally symmetric spaces, which are characterized by 3 spacelike
Killing vectors generating spatial translations (which mathematically determines ho-
mogeneity) and 3 spacelike Killing vectors generating rotations (which mathematically
determines isotropy).
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The metric of the Universe is then uniquely identified by the cosmological principle
and takes the following form:

ds2 = −dt2 + a2(t)γijdx
idxj , (1.19)

where a(t) is the scale factor, xi ≡ {x1, x2, x3} are the comoving coordinates and

γij = δij + k
xixj

1− k(xkxk)
. (1.20)

Note that homogeneity and isotropy have reduced the independent components of the
metric to just the scale factor and a constant, the curvature parameter k. The latter
can take the values k = −1, 0,+1, denoting an hyperbolic, flat or spherical geometry
respectively. Measurements of CMB [72] strongly suggest a nearly flat Universe, that
is k ≈ 0. The metric (1.19) is known as the Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric and is more commonly expressed in spherical coordinates (t, r, θ, ϕ):

ds2 = −dt2 + a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2θ dϕ2)

]
, (1.21)

because it makes the symmetries of the space manifest. It also enjoys a rescaling sym-
metry a→ λa, r → r/λ, k → λ2k, with which we can always set the scale factor to unity
today3.

Another useful expression of the FLRW metric can be obtained by introducing the
conformal time dτ = dt/a(t), which allows us to write

ds2 = a2(τ)

[
− dτ 2 +

dr2

1− kr2
+ r2dΩ2

]
, (1.22)

where dΩ = dθ2 + sin2θ dϕ2 and a(τ) is the conformal scale factor. In what follows, an
overdot will denote a derivative with respect to the cosmic time t, while a prime will
denote a derivative with respect to the conformal time τ .

It should be remarked again that the form of the FLRW metric has been obtained
exclusively through symmetries considerations, without ever referring to the expression
of Tµν , nor the Einstein equations, which instead are necessary to know the functional
form of the scale factor a(t).

1.2.2 Kinematics of the Universe

In order to understand how particles evolve in the cosmological context, we should apply
the geodesic equation (1.7) to the FLRW metric (1.19). We need then to compute the

3In this case, a(t) becomes dimensionless, while r and k−1/2 take the dimension of length.
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Christoffel symbols for this metric and one can show that the only non-zero components
are Γ0

ij, Γ
i
0j and Γijk; furthermore, the homogeneity of the Universe implies ∂iP

µ = 0.
These two considerations allow us to rewrite the geodesic equation (1.7) as

P 0 dP
µ

dt
= −(2Γµ0jP

0 + ΓµijP
i)P j . (1.23)

We can now consider two cases:

• Massive particles at rest in the comoving frame (P j = 0) stay at rest:

P j = 0 ⇒ dP µ

dt
= 0 . (1.24)

• Not requiring the particles to be at rest and considering the µ = 0 component,
after a bit of mathematical manipulation equation (1.23) becomes

ṗ

p
= − ȧ

a
⇒ p ∝ 1

a
, (1.25)

where p2 ≡ gijP
iP j is the physical 3-momentum and we used the explicit expres-

sions of the Christoffel symbols in the FLRW spacetime. So, for both massive
and massless particles, the physical 3-momentum decays with the expansion of the
Universe; in the massless case, since p = E, it is the energy which gets diluted.

Cosmological redshift and Hubble law

All the information we have about the Universe come from the radiation we receive from
distant sources. So, in order to correctly infer the properties of what we are observing,
we should take into account that, in accordance with the equation (1.25), the energy of
the photons (or the wavelengths of the electromagnetic waves in the classical picture)
gets stretched by the expansion of the Universe.

Quantitatively, the relation between the observed wavelength λo at time t0 and the
emitted one λe at time t is

λo
λe

=
a(t0)

a(t)
≡ 1 + z , (1.26)

where z is called redshift. Since a(t0) > a(t), the wavelength also increases, λo > λe, as
expected.

If the source is sufficiently close, we can expand the scale factor in power series:

a(t) = a(t0)[1 + (t− t0)H0 + ...] , (1.27)

where we have defined the Hubble constant as

H0 ≡
ȧ(t0)

a(t0)
. (1.28)
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From the definition (1.26) of z we then get z = H0(t0 − t) + ... . Since for nearby objects
t0 − t just coincides with the physical distance d (c = 1), we then find a linear relation
between the redshift and the distance:

z ≃ H0 d . (1.29)

This is the famous Hubble law, which was proposed by Edwin Hubble who observed
that the recessional velocities vgal of galaxies were indeed proportional to their distances:
vgal = Hd (H here is the Hubble parameter which is a function of time; H0 is just H
evaluated today) [36].

The Hubble constant, by definition, is a measure of the current expansion rate of the
Universe. Its numerical value has undergone numerous changes in the last decades and
still nowadays its measurement is not without uncertainties. Since H0 enters in almost
every cosmological quantity, by convention it is usually defined as

H0 ≡ 100h km s−1Mpc−1 , (1.30)

where the parameter h is conveniently used to keep track of all the uncertainties that
H0 may introduce in the other cosmological parameters. According to the latest Planck
results, we now have h ≈ 0.674 ± 0.005 [72], but its precise value is still under debate.
Measurements from the local universe, in fact, suggest values which are not compatible
(considering the uncertainties) with the ones coming from the early time observations,
leading to the so-called Hubble tension.

Distances

The concept of distance in cosmology is not trivial. One can have in fact different
definitions of distance which in general do not coincide. The spatial part of the metric
(1.19), dχ2 ≡ γijdx

idxj, has the meaning of comoving distance. It does not account for
the expansion of the universe, since the scale factor is factorized out its definition, but its
expression generally depends on the curvature of the Universe; in the flat case (k = 0) it
just coincides with the usual Euclidean distance: dχ2 = δijdx

idxj. The physical distance,
instead, is given by r = a(t)χ. We would like to relate these theoretical distances to what
we really measure, that is the redshift. Let us then consider the propagation of light from
the source to us; this is described by the radial null geodesic (ds2 = 0, dθ = dϕ = 0),
which allows us to write dχ = dt/a(t). Integrating from the time of emission tem to the
time of observation tobs, we find that the comoving distance travelled by the photon is

χ(tem, tobs) =

∫ tobs

tem

dt

a(t)
⇒ χ(z) =

1

a0

∫ z

0

dz

H(z)
, (1.31)

where in the second expression we have used the definition of the Hubble parameter and
the relation between a(t) and z as in (1.26); we refer to it as the distance-redshift law.
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It is interesting to notice that, in conformal time, equation (1.31) becomes

χ(τem, τobs) =

∫ τobs

τem

dτ = τobs − τem . (1.32)

Let us now see other two commonly used definitions of distance, which are mostly
applied in the observational sector.

• Luminosity distance. Standard candles, whose absolute luminosity L is known for
theoretical reasons (like type Ia supernovae), are used to infer their (luminosity)
distance dL by measuring their fluxes F and using the following relation:

F =
L

4πd2L
. (1.33)

In a FLRW spacetime, we should consider two effects: i) temporal dilation which
makes the rate of arrival of photons decreases by a factor (1 + z)−1 and ii) the
redshifting of photons by a factor (1+ z)−1. Accounting for these contributions we
then have that L→ L(1 + z)−2 and equation (1.33) becomes

F =
L

4πχ2(1 + z)2
≡ L

4πd2L
⇒ dL ≡ χ(1 + z) , (1.34)

where we have now assumed flat geometry (k = 0).

• Angular diameter distance. Equivalently to the idea of standard candles, standard
rulers are objects whose physical size D is already known. Measuring the angular
size δθ of a source, if δθ ≪ 1 (always true for cosmological objects), its (angular)
distance dA is given by the Euclidean geometry:

dA =
D

δθ
. (1.35)

In the cosmological context it is expressed in terms of the comoving distance
through the following relation:

dA =
χ

1 + z
, (1.36)

where again we assumed flat space. Comparing with the definition of luminosity
distance we have

dA =
dL

(1 + z)2
. (1.37)
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Horizons

Since the Universe has a finite age, the information we receive from the travelling radia-
tion can come only from a finite volume of the entire Universe. This leads to the concept
of particle horizon (or cosmological horizon), which is the distance travelled by a photon
since the Big-Bang up to a certain time t; it is obtained, in comoving coordinates, from
equation (1.31) by setting tem = 0 and tobs = t:

χph(t) =

∫ t

0

dt′

a(t′)
. (1.38)

Since the speed of light is the upper limit velocity, this represents the maximum comoving
distance any particle could have travelled up to the time t. If evaluated today, it gives
the maximum extension of our past light cone and therefore the size of the observable
Universe (for the ΛCDM model χ(t0) ≃ 14000 Mpc).

Another useful quantity is the Hubble radius, which is the physical distance travelled
by light in a Hubble time H−1. Its comoving definition is therefore4

LH(t) =
1

a(t)H(t)
. (1.39)

Conceptually, it is an horizon outside which objects recede from us faster than light5

due to the relation v = Hr. If we consider a constant expansion, this would imply that
objects outside the Hubble radius will never enter in causal contact with us; if instead the
expansion slows down, an increasing number of objects will eventually enter the Hubble
horizon, while the opposite situation occurs if the Universe experiences an accelerated
expansion.

Finally, it is worth mentioning the event horizon, which is complementary to the
particle horizon and defined as

χe(t) =

∫ tf

t

dt′

a(t′)
, (1.40)

where tf is the final time for the Universe and tf = ∞ in the case of infinite expansion.
No signals can ever reach us in the future from an event which occur at time t and whose
comoving distance is χ > χe.

1.2.3 Dynamics of the Universe

The dynamical evolution of the Universe is determined by the Einstein field equations
(1.8). We have already constrained the form of the metric to be the FLRW one, thanks to

4Recall that c = 1, so the Hubble radius coincides with the Hubble time.
5This fact does not violate special relativity, since there is no information which really travel faster

than light.
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the assumptions of homogeneity and isotropy of space. We need then to specify possible
expressions for the energy-momentum tensor Tµν and finally put all together and solve
for the unknown function a(t).

The energy-momentum tensor

The cosmological principle forces the EMT to be the one of a perfect fluid,

T µν = (ρ+ P )UµUν + Pgµν , (1.41)

where Uµ is the 4-velocity of the fluid relative to the observer, while ρ = ρ(t) and
P = P (t) are the proper density and the proper pressure of the fluid, respectively. In
the frame comoving with the observer, Uµ = (1, 0, 0, 0) and hence the EMT assumes the
simple form:

T µν =

(
ρ 0
0 Pgij

)
⇒ T µν = diag(−ρ, P, P, P ) . (1.42)

Assuming a perfect fluid and the FLRW metric, the 0-component of the conservation
law (1.13) leads to the energy conservation equation

ρ̇+ 3
ȧ

a
(ρ+ P ) = 0 . (1.43)

Cosmic fluids

In order to complete the information about the fluid, additionally to its EMT we need to
specify an equation of state, that is P = P (ρ). In the cosmological context, we assume
an equation of state of the form P = ωρ, where ω is a constant. The equation (1.43)
then becomes

ρ̇

ρ
= −3(1 + ω)

ȧ

a
⇒ ρ ∝ a−3(1+ω) . (1.44)

The Universe is filled with a mixture of cosmic fluids. It is useful to consider three
different cases, specified by different values of the parameter ω.

• Matter → P = 0 → ω = 0.
It comprises all forms of matter for which the pressure is negligible with respect to
the energy density, which is the case of non-relativistic particles. Examples in our
Universe are Dark Matter and baryons6. Setting ω = 0, equation (1.44) becomes

ρm ∝ a−3 , (1.45)

that is, the energy density of matter just dilutes with the expansion of the Universe.

6In cosmology, the term baryon is (incorrectly) used to denote ordinary matter, although technically
it is not always the case (electrons, for example, are leptons).
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• Radiation → P = 1
3
ρ → ω = 1

3
.

This is the case of a gas of relativistic particles7, when the energy density is domi-
nated by the kinetic energy. Examples in our Universe are photons and neutrinos.
Setting ω = 1

3
in equation (1.44) gives

ρr ∝ a−4 . (1.46)

The faster dilution of radiation with respect to matter is due to the redshifting of
the energy, E ∝ a−1, according to (1.25).

• Dark Energy → P = −ρ → ω = −1.
In order to explain the current acceleration of the expansion of our Universe, we
need to hypothesize the existence of a component with a negative pressure, lead-
ing to an exotic equation of state never experienced in laboratory. A reasonable
candidate comes from the quantum field theory as vacuum energy, although its
predicted value is hugely distant from the observed one. Inserting ω = −1 in the
continuity equation gives

ρde ∝ a0 , (1.47)

which means that the energy density does not dilute with expansion.

Friedmann equations

We can now finally use the Einstein equations to determine how the scale factor evolves in
time. Assuming the FLRW metric (1.19) and the energy-momentum tensor of a perfect
fluid as in equation (1.41), the 00- and the ii- components of the Einstein equations (1.8)
lead to the Friedmann equations :

(
ȧ

a

)2

=
8πG

3
ρ− k

a2
, (1.48)

ä

a
= −4πG

3
(ρ+ 3P ) , (1.49)

where now ρ and P are meant to be the sum of all contributions to the energy density
and pressure we can have, that is ρ =

∑
i ρi and P =

∑
i Pi (with the subscript i we

denote γ for photons, ν for neutrinos, c for cold dark matter, b for baryons and Λ for dark
energy). The equation (1.49) is actually the truly dynamical equation for a(t) (second
order differential equation), whereas equation (1.48) acts as a constraint and sets the

7The reason why ω = 1
3 in the relativistic case can be seen by looking at the EMT of, for example, a

plane wave moving along the x axis, which is Tµ
ν = diag(−E,P, 0, 0). The mass-shell condition (E = P )

then implies that the trace T of the EMT vanishes and since the trace is invariant under rotations, this
holds in every reference frame, that is T = −ρ+ 3P = 0 and hence P = 1

3ρ.
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initial condition for a(t0) and ȧ(t0). Moreover, it is better to specify that the system is
really closed if we include also the continuity equation (1.43).

Even without specifying an equation of state, it is however possible to understand
some interesting feature of our Universe just looking at the Friedmann equations. For
ordinary matter and radiation, the quantity ρ + 3P is always positive and therefore
ä < 0, which means decelerating expansion. This is clearly in contrast with the current
observation of an accelerating expansion, which then suggests that our Universe today
must be dominated by some unknown component (Dark Energy) which satisfies ρ+3P <
0. Furthermore, we know that a > 0 (by definition) and ȧ/a > 0 (since we observe
redshifts). Thus, the function a(t) must be concave downward and therefore it must have
reached a(t̃) = 0 at some finite time t̃ in the past [92]. This the Big-Bang singularity
problem: at this initial moment energy and pressure are predicted to be infinite and
General Relativity stops working.

The first Friedmann equation (1.48) is usually written in terms of the Hubble param-
eter H as

H2 =
8πG

3
ρ− k

a2
. (1.50)

It is useful to define the density parameter of the i-th component as

Ωi ≡
ρi
ρcrit

=
8πG

3H2
ρi , (1.51)

where ρcrit is the critical density for which the Universe is flat, as one can see setting
ρ = ρcrit in equation (1.48) (it should be remarked that its value varies with time,
as it depends on the Hubble parameter). The value of the total density parameter,
Ωtot =

∑
iΩi, discriminates between an open (Ωtot < 1), flat (Ωtot = 1) and closed

(Ωtot > 1) Universe. Equation (1.50) can then be conveniently rewritten as

H2(z) = H2
0 [Ωr,0(1 + z)4 + Ωm,0(1 + z)3 + Ωk,0(1 + z)2 + ΩΛ,0] , (1.52)

where with the subscripts m and r we mean matter and radiation, respectively, while
Ωk,0 ≡ −k/(a0H0)

2 accounts for the curvature contribution. The subscript 0 means
instead that the quantities are evaluated today and from now on we will always use this
notation.

Another useful way to express the Friedmann equations is to write them in conformal
time. After having defined the conformal Hubble parameter H ≡ a′/a = aH, equations
(1.48) and (1.49) can take the following equivalent form:

H2 =
8πG

3
a2ρ− k , (1.53)

H′ = −4πG

3
(ρ+ 3P )a2 . (1.54)
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1.3 Inflation

1.3.1 Problems of the Standard Big-Bang Theory

Despite its several successes, the Big-Bang theory as described so far is incomplete. It
does not explain, for example, why we do not observe magnetic monopoles, why our
Universe is incredibly close to be spatially flat and why the CMB radiation is isotropic
on large scales with extremely tiny fluctuations.
Let us briefly discuss all of them.

• The flatness problem.
Current observations [72] bound the Universe to be almost perfectly spatially flat.
The coincidence of having zero curvature can be seen as a fine tuning in the stan-
dard cosmology. The Universe in fact does not naturally evolve towards a zero
curvature and this condition must be verified already in its initial conditions. The
problem can be better visualized by rewriting equation (1.50) in terms of the total
density parameter Ω(t),

Ω(t)− 1 =
k

(aH)2
. (1.55)

The value of Ω at the initial time ti (denoted as Ωi) is then

Ωi − 1 = (Ω0 − 1)
(a0H0)

2

(aiHi)2
= (Ω0 − 1)

(
ȧ0
ȧi

)2

≤ 10−60 , (1.56)

which means that, in order to have a current flatness of Ω0−1 ≤ 10−2, we need the
primordial Universe to be flat with extremely high precision, leading to the fine
tuning problem. We need therefore some mechanism which could have dynamically
led the Universe to such condition in the early epochs.

• The horizon problem.
The CMB radiation is observed to have a very isotropic temperature. The problem
here is that the photons we receive from sufficiently distant portions of the sky were
never in causal contact at the moment of photon decoupling, which is when the
CMB photons scattered for the last time before reaching us. In other words, they
could never have reached thermal equilibrium up to that moment, since the particle
horizon at the time of decoupling was too small to allow it. The angle subtended
in the sky by the comoving horizon at recombination is θhor ≃ 1.15◦, so if two
regions are separated by an angle greater than 2θhor, in principle they should not
emit CMB photons sharing the same temperature. Indeed, the CMB map is made
of about 104 disconnected patches of space.
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• The monopole problem.
Grand Unified Theories (GUT), which try to govern the particle physics at ex-
tremely high energy (∼ 1016 GeV) like in the very first moments of the Universe,
predict the production of topological defects, like cosmic strings and magnetic
monopoles. Their expected density is large, but we do not observe such things.

1.3.2 The inflationary solution

Shrinking the Hubble radius

The flatness and horizon problems are associated with the fact in the standard picture
the comoving Hubble radius is an increasing function of time. In order to see this, let us
suppose that the Universe is dominated by a single fluid with equation of state P = ωρ.
Thus, the comoving Hubble radius becomes

(aH)−1 = H−1
0 a

1
2
(1+3ω) (1.57)

As long as we deal with familiar matter content, we have that 1+3ω > 0 (it is known as
strong energy condition, SEC) and therefore the comoving Hubble radius always increases
with the expansion. It is useful to express the particle horizon χ in terms of (aH)−1, as
follows:

χph(t) =

∫ t

0

dt′

a
=

∫ a

ai

da

aȧ
=

∫ lna

lnai

(aH)−1d lna . (1.58)

Thus, we see that we can relate the causal structure to the comoving Hubble radius.
Inserting (1.57) in (1.58), we obtain

χph(a) =
2

H0(1 + 3ω)

[
a

1
2
(1+3ω) − a

1
2
(1+3ω)

i

]
≡ τ − τi . (1.59)

Since approaching to the Big-Bang ai → 0 and also ω > −1
3
assuming the SEC, we then

have τi → 0.
A possible solution of these problems can therefore be quite straightforward: we may

assume in the early Universe a sufficiently long period of decreasing Hubble radius, that
is

d

dt
(aH)−1 < 0 . (1.60)

This physically means that during this phase the SEC must be violated. The initial
conformal time τi is now pushed to negative values, τi → −∞, meaning that τ = 0
no longer coincides with the singularity anymore, rather it represents the transition
between the shrinking Hubble radius period and the standard Big-Bang theory evolution.
Violating SEC also means that, from equation (1.49), we have a period of accelerated
expansion, during which initially causal connected regions got separated beyond the



24 Chapter 1. The Standard Big-Bang Cosmological Model

Figure 1.1: Schematic representations of the horizon problem in the standard Big-Bang model
(left) and its solution with the inflationary mechanism (right), where now all CMB points have
overlapping past light cones [6].

Hubble radius8 and hence can now appear to be not in causal contact, although they
were early on. This accelerated phase is called inflation.

Slow-roll inflation

As we have already seen, a period of accelerated expansion can be achieved by assuming
a fluid with negative pressure. A simple toy model of inflation is given by a dynamical
scalar field ϕ(x), called inflaton, associated with a potential energy density V (ϕ). This
model, also known as single-field inflation, is just one of a broad collection of models
that have been suggested so far, but it still represents a good candidate. We assume that
during this phase the EMT of the inflaton dominates the Universe, so that it determines
the evolution of the FLRW background.

The action of the scalar field minimally coupled to gravity is

S =

∫
d4x

√−gL =

∫
d4x

√−g
[
− 1

2
∂µϕ ∂

µϕ− V (ϕ)

]
. (1.61)

The EMT of the field is

Tµν = −∂µϕ ∂νϕ− gµνL . (1.62)

Using the treatment of a perfect fluid, we can identify the energy density ρϕ and pressure

8Using the Hubble radius to determine the causal region is just a more conservative way, since it is
always smaller than the particle horizon.
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Figure 1.2: Example of a slow-roll potential. Inflation occurs in the shaded region [6].

Pϕ of the field to be

ρϕ =
1

2
ϕ̇2 + V (ϕ) , (1.63)

Pϕ =
1

2
ϕ̇2 − V (ϕ) , (1.64)

where we are now assuming an homogeneous scalar field, ϕ = ϕ(t), compatibly with the
symmetries of the spacetime. The equation of state is then easily obtained:

ω =
Pϕ
ρϕ

=
1
2
ϕ̇2 − V (ϕ)

1
2
ϕ̇2 + V (ϕ)

. (1.65)

The Friedmann equation (1.50), trading the Newton constant G with the Planck mass
Mpl (G ≡M−2

pl ) and setting k = 0, can be accordingly rewritten as

H2 =
8π

3M2
pl

[
1

2
ϕ̇+ V (ϕ)

]
. (1.66)

The dynamics of the inflaton is governed by the Klein-Gordon equation, that is

ϕ̈+ 3Hϕ̇+ V,ϕ = 0 . (1.67)

We note that the expansion of the Universe acts as a frictional force (3Hϕ̇) for the
dynamics of the field.

Looking at the equation of state (1.65), we conclude that a scalar field can lead to an
accelerated expansion (ω < −1

3
) if the potential energy dominates its kinetic energy, that

is 1
2
ϕ̇2 ≪ V . This condition is called first slow-roll condition and leads to an equation of
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state Pϕ ≃ −ρϕ, which causes the scale factor to grow exponentially, a(t) ∼ eHt (with H
nearly constant). In order to solve the Big-Bang problems, we should also require that
|ϕ̈| ≪ |V,ϕ| (second slow-roll condition), which ensures that the slowly rolling of the scalar
potential down its potential is maintained for a sufficient long period. The schematic
behaviour is illustrated in Figure 1.2. Under these approximations, the Klein-Gordon
(eq. (1.67)) and the Friedmann (eq. (1.66)) equations become

3Hϕ̇ ≃ −V,ϕ , (1.68)

H2 ≃ 8π

3M2
pl

V (ϕ) . (1.69)

It is now useful to define the potential slow-roll parameters ϵV and ηV as follows:

ϵV (ϕ) ≡
M2

pl

16π

(
V,ϕ
V

)2

, (1.70)

ηV (ϕ) ≡
M2

pl

8π

V,ϕϕ
V

. (1.71)

The slow-roll conditions are then equivalent to requiring

ϵV ≪ 1 , |ηV | ≪ 1 . (1.72)

Inflation ends when these conditions are violated, ϵV (ϕend) ≈ 1. It is customary to
parametrize how much the scale factor grows during inflation in terms of the e-fold
number N , which is

N ≡ ln
a(tend)

a(tin)
=

∫ tend

tin

H dt ≃ 8π

M2
pl

∫ ϕin

ϕend

V

V,ϕ
dϕ , (1.73)

where tin and tend denote the beginning and ending times of inflation, respectively. It can
be shown that having N ∼ 60 is enough to solve the aforementioned Big-Bang problems.
In fact, the dramatic expansion during inflation led the density of magnetic monopoles
to be diluted and hence hardly observable, while from equation (1.55) the exponential
evolution of a(t) makes the total density parameter Ω to be driven towards the unity,
rather then away from it; finally, as we have already seen, the horizon problem is solved
since regions which do not appear to be in causal connection today, actually were early
on thanks to the shrinking Hubble radius during inflation.

Apart from solving these problems, inflation successfully provides a theory for the
quantum generation of cosmological perturbations and hence for explaining the observed
anisotropy in the CMB radiation. During inflation, quantum fluctuations of the field
are generated on sub-Hubble scales, ϕ(t,x) = ϕ̄(t) + δϕ(t,x), and their scales are then
stretched out of the Hubble radius by the exponential expansion. Once they cross it, these
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fluctuations become classical density perturbations, which eventually re-enter the Hubble
radius during the standard evolution after the end of inflation and subsequently provide
the seeds of cosmic structures. CMB gives us a snapshot of these primordial fluctuations
at the time of photon decoupling and hence it represents a powerful instrument to validate
or rule out possible models of inflation.

The statistical properties of these primordial fluctuations are encoded into the primor-
dial power spectrum, which is the variance of the fluctuations in Fourier space. Instead of
δϕ, it is more useful to use the primordial curvature perturbation R, which has the prop-
erty to be constant on super-Hubble scales for adiabatic perturbations (we will explain

what adiabatic perturbations are in Chapter 2) and it is related to δϕ by R = −Hδϕ/ ˙̄ϕ.
The power spectrum is parametrized as follows

PR(k) = As

(
k

k∗

)ns−1

, (1.74)

where k = 2π/λ (with λ the comoving scale of the perturbation in real space) and k∗
is a reference scale. Since different scales exit at different times with almost the same
values of the potential V (ϕ), we expect a nearly scale invariant spectrum with an index
that is slightly less than one to account for the end of inflation. This prediction has been
verified to great accuracy by current CMB data [72]. The amplitude As instead is not
predicted by the model and therefore we need to constrain it with observations.

When the inflation ends, a very complex process called reheating starts to produce
Standard Model particles and the Universe as we know it today can begin its standard
thermal evolution.

1.4 Thermal history of the Universe

The evolution of the Universe can be briefly summarized as a cooling history. At the
earliest time, right after inflation and reheating, the Universe was in a hot and dense state
and filled with a plasma of relativistic particles, including quarks, leptons, gauge bosons
and Higgs bosons. In this period, its thermodynamical behavior was characterized by
thermal equilibrium9 However, departures from equilibrium are what really determine
the key aspects of the evolution of the Universe and lead to what we observe today.
Non-equilibrium dynamics, for example, is responsible for the acquisition of cosmological
abundances from massive particles, for the origin of the CMB and for the formation of
the light chemical elements.

9Rigorously, it is not possible for the Universe to be in thermal equilibrium, since the FLRW metric
does not possess a timelike Killing vector. However, to a good approximation, we can state that the
Universe evolved through a succession of nearly thermal states, with the temperature decreasing as a−1

[46].
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A schematic way to understand the thermal evolution of the Universe is to compare
the rate of interactions Γ with the rate of expansion H. In fact, while thermal equilib-
rium is kept by the interactions between particles, the expansion of the Universe makes
the plasma more the diluted and hence interactions become progressively rarer. When
Γ ≫ H, interactions are efficient enough to keep the considered particles in thermal
equilibrium; at Γ ∼ H 10, instead, the particles decouple from the thermal bath and
evolve independently.

Let us now list the key events of the thermal history of the Universe [6].

• Baryogenesis.
Since we currently observe an overabundance of matter over anti-matter, there must
have been in the very early Universe some primordial matter-antimatter asymme-
try, without which the annihilation processes would have led the overall baryon
number to be zero. Models of baryogenesis try to explain such discrepancy in a
dynamical way, i.e. without setting this primordial asymmetry as an arbitrary
initial condition.

• Electroweak phase transition.
At ∼ 100 GeV some of the gauge bosons and other particles acquire mass via
the Higgs mechanism. This leads to a dramatic change in the strength of weak
interactions.

• QCD phase transition.
At ∼ 150 MeV, strong interactions between quarks and gluons become important
and lead to the formation of color-singlet quark-triplet states (baryons) and color-
singlet quark-antiquark states (mesons).

• Dark Matter decoupling.
If DM is described by some form of particle, we expect that it decouples from the
thermal bath very early on, since it interacts very weakly with the other Standard
Model particles. For example, the WIMP (Weakly Interacting Massive Particle),
which is a strong candidate for DM, decouples at around 1 MeV.

• Neutrino decoupling.
Neutrinos are kept in equilibrium with the plasma only via weak interactions. Their
decoupling occur at ∼ 0.8 MeV.

• Electron-positron annihilation.
Shortly after neutrino decoupling, the annihilation between electrons and positrons
takes place. The entropy in e± pairs is then transferred to the photons but not to

10This is just a rough criterion, the rigorous approach to evolve particle distributions out of equilibrium
is to integrate the Boltzmann equation (its perturbed version will be extensively used in Chapter 2).
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the neutrinos, which are already decoupled 11. This is the reason why the photon
temperature we measure today is greater than the neutrino one by a factor 1.4.

• Big-Bang nucleosynthesis.
At∼ 100 KeV (about 3 minutes after the Big-Bang) the light elements were formed.
The verification of its accurate predictions is considered one of the three main
pillars of the original Big-Bang theory together with the Universe expansion and
the CMB.

• Matter-radiation equality.
At z ∼ 3400 (after about 60 kyr since Big-Bang), the matter contribution becomes
equal to that of the radiation, marking the end of the radiation-dominated era and
the beginning of the matter-dominated one.

• Recombination.
At z ∼ 1100, electrons and protons start to combine and form hydrogen atoms,
through the process e− + p+ → H + γ; this happens because the temperature
has become low enough and the efficiency of the reverse reaction is no longer high
enough to keep the hydrogen ionized.

• Photon decoupling.
With recombination, the fraction of free electrons drops and hence the Thomson
scattering e− + γ → e− + γ, which is the dominant process which was keeping
electrons and photons in equilibrium so far, becomes inefficient. Thus, photons
decouple and start to stream freely through the Universe; they constitute today
the cosmic microwave background, with a temperature of T = 2.725± 0.001 K.

1.5 ΛCDM model

Through observations we are able to constrain the free parameters of the theory. A
remarkable feature of our Universe is that the density parameters sum up extremely
closely to 1, that is Ωtot ≃ 1 and then Ωk ≃ 0 (it represents less than 1% of the cosmic
energy budget). This corresponds to having a current energy density almost equal to the
critical one, which is ρcrit ≃ 1.9× 10−26h2kg m−3. In particular, the main contributions
to the energy density today in the Universe come from matter and Dark Energy [72],

Ωm = 0.3153± 0.0073 , ΩΛ = 0.6847± 0.0073 , (1.75)

whereas the radiation contribution, Ωr = Ωγ + Ων ≃ 9.4 × 10−5, is almost negligible.
These relative abundances can be understood by simply looking at how densities of

11The duration of the neutrino decoupling causes the effective number of neutrinos to be predicted
3.046, instead of 3.
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each species change with the expansion, as shown in equations (1.45), (1.46) and (1.47).
In fact, we have that radiation dilutes faster than matter, which in turn dilutes faster
than the DE, leading to a current Universe where the radiation contribution has become
completely negligible compared to the other two components. At the same time, this also
means that in the past, at redshift higher than some critical value (z ∼ 0.7), matter was
dominating over both radiation and DE, and going further back in time, before what is
called matter-radiation equality (zeq ∼ 3400), the Universe was in a radiation dominated
era.

We have already seen that the matter contribution comes not only from ordinary
matter, but also from Dark Matter, that is Ωm = Ωb + Ωc. In particular, Ωbh

2 ∼ 0.022
and Ωch

2 ∼ 0.12, so DM is actually the dominant contribution for matter [72].
CMB observations at large scales help also to obtain information about the infla-

tionary mechanism. The current values of the amplitude and the spectral index of the
primordial power spectrum obtained by Planck are As = (2.100 ± 0.030) × 10−9 and
ns = 0.9649± 0.0042 [72].

The concordance cosmological model which accounts for a cosmological constant (Λ),
cold Dark Matter (CDM) and a period of accelerated expansion (inflation) before the
usual thermal evolution of the Universe is therefore called ΛCDM.

1.5.1 Dark Energy

An exotic component with negative pressure is necessary to motivate the current ac-
celerated expansion of the Universe. It is mathematically modelled by introducing a
cosmological constant Λ in the Einstein field equations. This approach was already
proposed by Einstein himself but for a completely different purpose, that was to avoid
the dynamical behaviour predicted by his equations and achieve a static Universe. The
Einstein field equations with cosmological constant take the following form:

Rµν −
1

2
gµνR− Λgµν = 8πGTµν . (1.76)

The idea of a static Universe lost its reliability after the discovery of the expansion of
the Universe by Hubble and the use of the cosmological constant was soon abandoned.
The subsequent observation of an accelerating expansion in 1998, however, made the
introduction of the cosmological constant in the Einstein equations again necessary, since
models without Λ do never predict an acceleration. The nature of this new component,
commonly called Dark Energy, is one of the biggest open question in modern cosmology.
A possibility (proposed for the first time by Lemaitre [50] and Eddington [22]), is that
Dark Energy comes from the vacuum energy density, which is a prediction of quantum
physics. However, its predicted value from the Standard Model of particle physics is
much larger than the one actually observed in the Universe, and this is why possible
extensions of the underlying theory or other candidates (like the quintessence, a scalar



1.5. ΛCDM model 31

field which could drive the accelerated expansion in a similar way of the inflaton during
inflation) are often considered.

1.5.2 Dark Matter

The existence of a form of matter which interact only gravitationally with the other
species and which therefore cannot be directly seen is one of the pillars of the ΛCDM
model. The first robust evidence of “missing” non visible matter in our Universe (Dark
Matter) comes from the observation of rotation curves of spiral galaxies, which can be
theoretically explained only by assuming additional matter content in them. The pres-
ence of DM is further corroborated by several other astrophysical and cosmological data,
like gravitational lensing of galaxy clusters, CMB radiation and structure formation. In
particular, Dark Matter plays a crucial role in the formation of the large scale structures,
whose observation strongly suggests a cold nature of DM (hence the name Cold Dark
Matter, CDM), i.e. DM is dominated by non-relativistic matter.

One of the most reliable DM candidates is represented byWIMPs (Weakly-Interacting
Massive Particles), hypothetical particles with masses of ∼ 100 GeV which interact only
through weak interactions and gravity with other species. Such particles naturally arise
from supersymmetric extensions of the Standard Model of particle physics with proper-
ties (mass and cross section) which would lead to the observed relic abundance of DM
(WIMP miracle). There are however several other candidates which span a wide range
of masses, from light bosons (like axions or axion-like particles) to composite objects like
the so-called massive compact halo objects (MaCHOs) or even primordial black holes.





Chapter 2

Cosmological Perturbation Theory

In the previous chapter, the basic assumption of all the discussion was the cosmological
principle, that is homogeneity and isotropy of the Universe. However, what we observe
around us is far from being homogeneous and isotropic, at least at enough small scales:
it is sufficient to think of the distribution of galaxies, which shows a clustering behaviour
at scales of tens of Mpc, or even of the CMB, whose direction-dependent fluctuations
in temperature, even if tiny, are still a violation of perfect isotropy. We have already
mentioned that the inflationary mechanism offers an elegant way to produce these per-
turbations from quantum fluctuations of the inflaton field, thus providing the seed for the
observed CMB anisotropies and the formation of structures. How these perturbations
evolve during the expansion of the Universe will be the topic of this chapter.

The standard approach is to split the description of the Universe in two sectors:

• an homogeneous background, which is described by the FLRW metric and evolves
through the Friedmann equations, as discussed in Chapter 1;

• small space-dependent perturbations, whose evolution is governed by the perturbed
Einstein and Boltzmann equations expanded around the homogeneous solution.

The assumption of small perturbations allows us to work within the framework of per-
turbation theory, which means that it will be possible to expand the equations of interest
and eventually truncate the expansion at an arbitrary level of accuracy. The fact that
the CMB map deviates from being perfectly isotropic by just a tiny amount (∼ 10−5)
permits, for most of the purposes, to stop the analysis at first order in perturbation the-
ory, i.e. to work with the linearized versions of the Einstein and Boltzmann equations,
thus simplifying (and not just a little) the mathematical treatment. It is however im-
portant to specify, especially for the purpose of this thesis, that the complete description
and the associated predictions for cosmological observables of many cosmological effects
requires to go beyond the linear order approximation. An example related to the topic
of work is the generation of primordial magnetic fields by second order perturbations at

33
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recombination, while other cases involve for example models of non-Gaussian signatures
on the CMB. The direct way to perform a non-linear analysis is to go to second order
perturbation theory, which is the approach we actually used in this work to study the
impact of primordial magnetic fields into the CMB.

Generally, a perturbation has the tendency to grow and possibly collapse if the grav-
itational force exceeds the opposing pressure one. As dark matter perturbations start
growing at early times after equivalence, baryons and photons remain tightly coupled
until recombination, leading to a later start of the growth for baryons whereas photons
free-streams after decoupling. After recombination both dark matter and baryon per-
turbations can grow and therefore we must consider the possibility for a perturbation
to grow enough to start the gravitational collapse and subsequently form the structures
we observe today. The critical scale over which a perturbation can collapse is called
Jeans scale; below such scale, the perturbation does not grow but propagates through
the Universe as an oscillating wave. When the gravitational collapse occurs, the pertur-
bation can no longer be considered small and we enter in a full non-linear regime that
requires full N-body simulations to be predicted. For the CMB case we are far from the
gravitational collapse and we can assume a linear regime with a second order modelling
of the interested effects.

In this chapter we will focus only on the linear theory and we will develop all the
equations up to first order in the cosmological perturbations. The second order formalism
and equations will be explored instead in Chapter 4. The main reference, especially for
the used notation, is [70], which also gives the formalism and equations used in the
numerical code SONG.

Notations

In this thesis, our notation for the Fourier transform is

Y (k, t) =

∫
d3x e−ik·x Y (x, t) ,

Y (x, t) =

∫
d3k

(2π)3
eik·x Y (k, t) ,

(2.1)

where Y is a generic function. We also consider the standard convention in which a(t0) =
1, where t0 is the present time.
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2.1 Formalism of perturbation theory

Let us now briefly review the basic formalism of perturbation theory. If we have a
cosmological field X(t,x), its perturbative expansion reads

X(t,x) = X(0)(t) +
∞∑

n=1

ϵnX(n)(t,x) , (2.2)

where we used ϵ as expansion parameter, while X(n) denotes the n-th order of pertur-
bation of X. Note that the background value, X(0), depends only on time, since for
our assumption the background cosmology relies on cosmological principle and hence a
dependence on the position would violate homogeneity. Moreover, isotropy prevents X(0)

to be a 3-vector, hence all velocity fields, for example, must have a vanishing background
value. The inhomogeneous contribution is entirely given by the perturbation part, which
by definition is what produces the deviation from the cosmological principle.

We have already mentioned that, since the temperature fluctuations of the CMB
are really small (∼ 10−5), stopping the perturbative expansion to the first order is an
excellent approximation, at least for most of the purposes. Thus, we can simply write

X(t,x) ≃ X(0)(t) + ϵX(1)(t,x) . (2.3)

From now on, in order to make the expressions more readable, we will absorb the
expansion parameter in the definition of perturbative variable X(n), that is ϵnX(n) →
X(n). Moreover, we will often avoid to explicitly specify the perturbative order in our
expressions, since in this chapter we will only keep linear terms.

A generic function of X can be Taylor expanded around X(0) ≡ X̄ as

f(X) = f(X̄) +
∞∑

n=1

1

n!

(
∂nf

∂Xn

)

X̄

(X − X̄)n . (2.4)

Up to linear order, further expanding X ≃ X(0) + X(1), we can split f(X) into its
background and linear part as follows:

f(X)(0) = f(X̄) , f(X)(1) =

(
∂f

∂X

)

X̄

X(1) . (2.5)

This perturbative approach allows us to conveniently split and solve the equations
order by order. In particular, an equation for the n-th order is solved using the solutions
for all the preceding orders. So, for example, if we want to stop at linear order and
so we consider only the background and first order equations (or linearized equations),
we do not need any information about higher-order equations. Hence, up to linear
order, which is what we consider in this chapter, the linearized Einstein and Boltzmann
equations, together with suitable initial conditions, are all we need in order to determine
the evolution of the first-order cosmological perturbations.
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2.2 Perturbations to the FLRW metric

The starting point is to perturb the FLRW metric g
(0)
µν with small perturbations δgµν

and so to write gµν = g
(0)
µν + δgµν . The general parametrization of the perturbed metric,

in the flat case (k = 0) and in conformal time, is the following:

ds2 = a2(τ)
{
− (1 + 2Ψ)dτ 2 + 2ωidx

idτ + [(1− 2Φ)δij + 2γij]dx
idxj

}
, (2.6)

where Ψ, Φ, ωi and γij are the metric perturbations with vanishing background. We
note that, setting them to zero, we just recover the unperturbed FLRW metric, as
expected. The perturbed variables contain 10 degrees of freedom, compatibly with a
spacetime symmetric tensor: Ψ and Φ are scalars (1 + 1), wi is a 3-vector (3) and γij is,
by construction, a symmetric and traceless tensor (5), hence giving 1 + 1 + 3 + 5 = 10
degrees of freedom (which can be reduced to 6 by performing a gauge fixing, as we will
see later).

2.2.1 Scalar-Vector-Tensor decomposition

These 10 independent components of the perturbations to the metric are conveniently
decomposed into scalar, vector and tensor (SVT) parts. The main advantage of this
procedure is that, at linear order, scalar, vector and tensor perturbations evolve inde-
pendently, which means that we will be able to decouple the Einstein and Boltzmann
equations for these three kind of perturbations without any mixing. It is important
to remark, however, that this property holds only at first order, while for second and
higher orders different types of perturbations can source each other due to the presence
of quadratic terms. We will better explore this issue in Chapter 4.

Given a generic spacetime tensor T , a first guess could be to think at T00, T0i and
Tij as its scalar, vector and tensor part, respectively. In fact, under a spatial coordinate
transformation xi → x′i = x′i(xj), one has that T00 transforms as a scalar, T0i as a 3-
vector, while Tij transforms as a 3-tensor. This decomposition is however not complete,
since T0i contains both scalar and vector degrees of freedom, while Tij is a mixture of all
the three types.

In order to extract the SVT degrees of freedom out of them, we introduce the project-
ing vectors ξi[m] and matrices χij2,[m], whose explicit expressions are found in Appendix B.

The former, contracted with T0i, gives its scalar (m = 0) and vector (m = ±1) compo-
nent, while the latter, contracted with Tij, yields its scalar (m = 0), vector (m = ±1)
and tensor (m = ±2) component. The remaining scalar part of Tij is given by its trace,
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δijTij/3. Summing up, we have

Scalar (m = 0) ⇐⇒ χij2,[0]Tij , ξi[0]Ti0 , δijTij/3 , T00 .

Vector (m = ±1) ⇐⇒ χij2,[±1]Tij , ξi[±1]Ti0 .

Tensor (m = ±2) ⇐⇒ χij2,[±2]Tij .

It leads to 4 scalar, 4 vector and 2 tensor components of T ; they are also known as
azimuthal modes.

Within this formalism, the SVT decomposition of the metric is then the following:

• {Ψ,Φ, ω[0], γ[0]} are the 4 scalar components;

• {ω[±1], γ[±1]} are the 4 vector components;

• {γ[±2]} are the 2 tensor components;

where ω[m] ≡ ξi[m]gi0 and γ[m] ≡ χij2,[m]gij.

2.2.2 Gauge fixing

The use of General Relativity as the mathematical framework of the theory leads to
the issue of gauge freedom. This means that the metric can undergo an infinitesimal
coordinate transformation and still be a solution of the same Einstein equations.

In order to better visualize this issue, let us consider a general coordinate transfor-
mation from a coordinate system xµ to another x̃µ as follows [54]:

xµ → x̃µ = xµ + dµ(xν) , (2.7)

where we write the time and spatial parts of dµ as

d0 = α(xν) ,

di = ∂iβ(xν) + ϵi(xν) , (2.8)

with ∂iβ being the longitudinal component (ϵijk∂
j∂kβ = 0) and ϵi the transverse one

(∂iϵ
i = 0). Requiring the invariant line element ds2 to remain untouched under this

coordinate transformation leads to

g̃µν(x) = gµν(x)− gµβ(x)∂νd
β − gαν(x)∂µd

α − dα∂αgµν(x) +O(d2) , (2.9)

where both the right and the left hand side are evaluated at the same spacetime point x.
If we consider dµ to be of the same order as the metric perturbations Ψ, Φ, ωi and γij,
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from the transformation (2.9) we can find the relations between the metric perturbations
in the two coordinate systems, as follows

Ψ̃(x) = Ψ− α′(x)−Hα(x) ,

Φ̃(x) = Φ(x) +
1

3
∂i∂

iβ(x) +Hα(x) ,
ω̃i(x) = ωi(x) + ∂iα(x)− ∂iβ

′(x)− ϵ′i(x) ,

γ̃ij(x) = γij(x)−
[(
∂i∂j −

1

3
δij∂k∂

k

)
β(x) +

1

2
(∂iϵj + ∂jϵi)

]
. (2.10)

Hence, under a general infinitesimal coordinate transformation, we obtain a new set of
metric perturbations, which is mathematically different from the old one but physically
equivalent (i.e. the Einstein equations are still solved). It is clear then that the metric
perturbations are gauge dependent and we need therefore to perform a gauge fixing.
Although all the gauges are equivalent, one particular gauge might be better then another
one from a practical point of view, possibly making the computations more manageable
or some physical property more manifest.

A multitude of gauges has been proposed in the last decades for the study of cosmo-
logical perturbations. Surely, the most popular and used gauges in this context are the
Newtonian gauge and the Synchronous gauge.

The Newtonian gauge (also known as Poisson or longitudinal gauge) is defined by the
conditions that both g0i and gij are transverse, that is, in terms of the metric variables,

∂iωi = 0 , ∂jγij = 0 . (2.11)

In Fourier space, for k aligned with the polar axis, these conditions are equivalent to
ω[0] = 0 and γ[0] = γ[±1] = 0. So, in the Newtonian gauge, we have in total 6 degrees
of freedom, that is two scalar potentials (Ψ and Φ), one transverse vector potential (ω)
and one transverse-traceless tensor potential (γ). A restricted version of this gauge is
obtained by setting ωi = γij = 0, which means that only the two scalar degrees of freedom
are present. This restriction can be safely applied at linear order, but in a non-linear
analysis one should be careful, since vector and tensor modes can be induced even if they
initially vanish.

The synchronous gauge is instead obtained by confining all the perturbations to the
spatial part of the metric, that is

Ψ = 0 , ωi = 0 . (2.12)

Although it is vastly used in literature, this choice may lead to two main problems.
First of all, these conditions do not fix the gauge freedom completely and lead to the
appearance of spurious gauge modes in the solutions to the equations for the density
perturbations. Moreover, this gauge produces a more complicated angular dependence
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in the Boltzmann equation at second order, leading to cubic and quartic terms in the
photon direction [70]. For these reasons, in this thesis we will focus on the Newtonian
gauge, which is also the gauge used in SONG.

2.3 The linearized Einstein equations

We can now write the linearized Einstein equations in Fourier space. They are expressed
as

δGµ
ν = 8πG δT µν . (2.13)

Using the same formalism introduced in Sec. 2.2.1, we project the Einstein equations in
its scalar, vector and tensor components, thus obtaining

Time-time ⇐⇒ δG0
0 = 8πG δT 0

0

Trace ⇐⇒ δGi
i = 8πG δT ii

Space-time ⇐⇒ iξi[m]δGi0 = 8πG iξi[m]δTi0

Space-space ⇐⇒ χij2,[m]δGij = 8πGχij2,[m]δTij

We should underline the fact that the spatial indices refer to the up-down version of the
Einstein equations, as in equation (2.13), hence, for example, Tij is the spatial part of
T µν and not Tµν . We see that, while the time-time and trace equations each contain only
1 scalar degrees of freedom, the space-time one describes both scalar and vector degrees
of freedom (1 and 2 respectively), while the space-space equation contains all the three
types (1 scalar, 2 vectors and 2 tensors). In what follows, we neglect the first-order
vector and tensor perturbations and let them contribute only from second order on. It is
a safe approximation, since vector perturbations are rapidly redshifted with expansion,
while tensor ones survive in small part only on large scales (moreover, the decoupling of
modes at linear order guarantees that neither vectors nor tensors are sourced by scalar
perturbations). Hence, at linear order we need to evolve just Ψ and Φ.

Let us now look at the energy-momentum tensor. It can be parametrized as the one
of a fluid with energy density ρ, pressure P and 4-velocity Uµ, that is

T µν = (ρ+ P )UµUν + δµνP + Σµ
ν . (2.14)

Σµ
ν is the anisotropic stress tensor, a symmetric and traceless tensor which quantifies the

deviation of the fluid from being perfect. At background level it is zero, but at first order
it can have a non-vanishing contribution mostly from neutrinos. Denoting the density
and pressure perturbations as δρ and δP and their background values as ρ̄ and P̄ , we
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can expand the EMT up to first order as follows:

T 0
0 = −(ρ̄+ δρ) ,

T i0 = −(ρ̄+ P̄ )V i = −T 0
i ,

T ij = (P̄ + δP )δij + Σi
j , (2.15)

where we have defined V i ≡ aU i.
The last step to obtain the Einstein equations is then to decompose the EMT via the

usual SVT decomposition, which gives

T 0
0 = −(ρ̄+ δρ) ,

T ii = 3(P̄ + δP ) ,

ξi[m]Ti0 = −(ρ̄+ P̄ )V[m]

χij2,[m]Tij = Σ[m] , (2.16)

where V[m] = ξi[m]Vi and Σ[m] = χij2,[m]Σij.
Finally, we can write the scalar Einstein equations at linear order and projected in

Fourier space.

• Time-time equation:

6H2Ψ+ 6HΦ′ + 2k2Φ = 8πGa2 δT 0
0 . (2.17)

• Trace equation:

6Φ̈ + Ψ(6H2 + 12Ḣ) + 6H(Ψ̇ + 2Φ̇) + 2k2(Φ−Ψ) = 8πGa2 δT ii . (2.18)

• Space-time equations:

− 2k(Φ̇ +HΨ) = 8πGa2 (iξi[0]δTi0) . (2.19)

• Space-space equations:

− 2k2

3
(Φ−Ψ) = 8πGa2 (χij2,[0]Tij) . (2.20)

Let us make some final comments. The EMT in the right hand sides of each equation is
meant to be the sum of the EMTs of each species, that is photons, neutrinos, baryons
and cold dark matter. Moreover, the scalar space-space equation (2.20) together with the
last of equations (2.16) tell us that, in absence of anisotropic stresses, Ψ and Φ coincide:
Φ = Ψ. The four scalar equations are easily comparable with equations (23a) to (23d)
in [54].
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2.4 The linearized Boltzmann equation

The Einstein equations alone are not sufficient and have to be complemented by a model
which determines the form and the evolution of the energy-momentum tensor. The
conservation equation (1.13) is valid only for a single uncoupled fluid (or for the total
fluid). However, in a multispecies environment as the cosmological plasma we have to
consider also possible interactions and hence we must follow a more complex approach.

The systematic way to deal with interactions is to work with the Boltzmann equation
for each species. Within this formalism, the key object to work with is the phase-space
distribution function, f(τ,x,P), which is defined so that the quantity

dN = f(τ,x,P) dx dP (2.21)

represents, for an observer at (τ,x) and in a local inertial frame, the average number of
particles in the volume element dx dP around the point (x,P) in phase space. Note that
this is a statistical approach: instead of dealing with the evolution of each individual
particle, the focus is on the probability distribution in phase space and the key observ-
ables, like number density or energy of the system, are obtained by just integrating over
the distribution function. The general expression which relates the energy-momentum
tensor with the distribution function is

Tµν =

∫ √−g dP1 dP2 dP3
PµPν
P 0

f(τ,x,P) . (2.22)

The role of the Boltzmann equation is to determine how the distribution function of
a given interacting species evolves. It takes the form

df

dτ
= C[f ] , (2.23)

where df/dτ is the Liouville term and C[f ] is the collision term and it is where all the
complexity of the quantum field theory for particle physics enters.

In what follows, we assume to work in a local inertial frame, since the cross section
appearing in the collisional term is a local quantity which is very well known in the flat
Minkowskian space. This is mathematically realized by implementing the tetrads, which
form a basis of four contravariant vectors for the tangent space of a spacetime point.
So, it is important to stress that the energy-momentum tensor obtained by evolving
the Boltzmann equation is the one in the local inertial frame and in principle one has
to subsequently transform it to the one in the general coordinate frame, which is used
in the Einstein equations. However, at first order in perturbation theory the EMTs in
the local inertial frame and in the general coordinate frame coincide and therefore the
tetrads formalism is not strictly necessary; at second order, instead, the transformation
introduces additional terms which have to be included in the equations. We do not
present the details of these calculations and an extensive discussion can be found in [70].
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In such local inertial frame, we can express the 4-momentum of a particle as P µ =
(E, p ni), where the spatial part has been separated in its magnitude, p, and its direction,
ni, satisfying nin

i = 1. With this parametrization, the distribution function reads f =
f(τ, xi, p, ni). Then, the Boltzmann equation (2.23) can be conveniently written as

∂f

∂τ
+
∂f

∂xi
dxi

dτ
+
∂f

∂p

dp

dτ
+
∂f

∂ni
dni

dτ
= C[f ] . (2.24)

Projected Boltzmann equation

The Boltzmann equation is a partial differential equation which is in general really diffi-
cult to solve. The systematic way to proceed is then to project its positional (x), angular
(n̂) and momentum (p) dependence so that it becomes an ordinary differential equation,
thus hugely simplifying the numerical computations.

For what concerns the momentum projection, it is useful to introduce the formalism
of beta-moments. We define the βn operator acting on a generic distribution F as

βn[F ] ≡
1∫

dp p3F (0)

∫
dp p3

(
p

E

)n−1

F , (2.25)

where F (0) is its background part. If now we introduce the beta-moments n∆ of the
distribution function f as

1 + n∆(τ,x, n̂) ≡ 1∫
dp p3f (0)(τ, p)

∫
dp p3

(
p

E

)n−1

f(τ,x, p, n̂) , (2.26)

it becomes clear that

βn[f ] = 1 + n∆ . (2.27)

The βn operator integrates out the dependence on p and defines an expansion in the
powers of the dimensionless velocity of the particle, β = p/E. The great advantage of
using this formalism is that it allows the treatment of relativistic and non-relativistic
particles within the same framework. For relativistic (or massless) particles (p/E =
1), the beta-moments just reduce to what is called brightness fluctuation ∆; for non-
relativistic particles (p/E ≪ 1), instead, higher beta-moments are suppressed and hence
only the very first ones really count, thus recovering the usual fluid treatment1.

It remains to project the positional and directional dependence. It can be achieved
through the Fourier transformation (which projects on plane waves) and the multipole

1To describe the evolution of a non-relativistic species like baryons and cold dark matter we just
need the continuity equation (conservation of number density) and the Euler equation (conservation of
momentum).
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decomposition (which projects on spherical harmonics), respectively. Denoting with Fk

and Lℓm their respective operators, we can write

n∆ℓm(τ,k) ≡ (Fk ◦ Lℓm ◦ βn)[f ]

= iℓ
√

2ℓ+ 1

4π

∫
d3x dΩ e−ik·x Y ∗

ℓm(n̂) n∆(τ,x, n̂) , (2.28)

where
∫
dΩ =

∫ π
0
sinθ dθ

∫ 2π

0
dϕ denotes the integration over all the angles and Yℓm are

the spherical harmonics 2.
The evolution of n∆ℓm is thus governed by the projected Boltzmann equation:

(Fk ◦ Lℓm ◦ βn)
[
df

dτ
− C[f ]

]
= 0 , (2.30)

which, as we already mentioned, is no longer a partial differential equation in time,
position, momentum and direction but just an ordinary differential equation in time3.

How the beta-moments are related to the energy-momentum tensor can be derived
from equation (2.22), that is

T 0
0 =− ρ̄ (1 + 0∆00) ,

T ii =− ρ̄ (1 + 2∆00) ,

iξi[m]Ti0 =− 1

3
ρ̄ 1∆1m ,

χij2,[m] =− 2

15
ρ̄ 2∆2m . (2.31)

with ρ̄ =
∫
dpE f (0) being the background energy density, while f (0) is the unperturbed

distribution function.
Parametrizing the EMT as in equation (2.14), it is possible to derive the relations

with the fluid variables up to first order, which for fluids with equation of state ω =
P/ρ = constant read

0∆00 = δ ,

1∆1m = 3 (ω + 1) iv[m] ,

1 + 2∆00 = 3ω (1 + δ) ,

2∆2m = −15

2

Σ[m]

ρ̄
, (2.32)

2Spherical harmonics Yℓm are a complete set of orthonormal functions on the unit sphere, defined as

Yℓm =

√
2ℓ+ 1

4π

(ℓ−m)!

(ℓ+m)!
Pm
ℓ (cos θ)eimϕ (2.29)

.
3Think, for example, of the action of the Fourier transformation on spatial derivatives: ∇f → ikf

and ∇2f → −k2f .
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where v[m] is the spherical projection of vi ≡ (p/E)ni and δ ≡ (ρ − ρ̄)/ρ̄ is the density
contrast.

It is now the moment to show the explicit form of the Boltzmann equation for each
species, that is photons, neutrinos, baryons and cold Dark Matter.

2.4.1 Photons

We have already seen that for relativistic particles the beta-moments reduce to the
brightness fluctuation, n∆ = ∆. In order to have a more intuitive understanding of this
quantity, let us consider the photon distribution function at equilibrium, which is the
one of a blackbody spectrum:

fγ =

[
exp

(
p

T (τ)

)
− 1

]−1

, (2.33)

where p is the photon momentum in the local inertial frame and T represents the CMB
temperature. If we now consider a small temperature fluctuation Θ ≡ (T − T̄ )/T̄ so that
we get the substitution T (τ) → T̄ (τ)[1 + Θ(τ,x, p, n̂)] in equation (2.33), the Taylor
expansion of fγ around Θ = 0 then reads

fγ = f (0)
γ − p

∂f
(0)
γ

∂p
Θ+O(Θ2) , (2.34)

with f
(0)
γ still having the blackbody shape as in (2.33), evaluated at the background

temperature T̄ (τ). The brightness I is defined as

I ≡
∫

dp p2E fγ . (2.35)

Thus, the brightness fluctuation simply reads

I = Ī (1 + ∆) , (2.36)

with Ī being just the brightness obtained from f
(0)
γ . Up to first order, we simply have

that4 ∆ = 4Θ, so it can equivalently be thought as the perturbation to the photon
temperature, up to a factor of 4.

After having further projected in spherical harmonics and in plane waves as in equa-
tion (2.28), we define the brightness multipoles as

Iℓm(k) ≡ (Fk ◦ Lℓm ◦ β)[fγ] = ∆ℓm . (2.37)

4Integrating by parts I =
∫
dp p3 fγ and using ∂fγ/∂p = −T/p ∂fγ/∂T , we obtain that (T/T̄ )4 = I/Ī

and hence (1 + Θ)4 = 1 +∆, which finally leads to ∆ = 4Θ, at first order.
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In what follows, we drop the k dependence and we also denote with ui ≡ ivi the baryon
velocity, so that all the imaginary factors in the equations are absorbed. The colli-
sion term accounts for the tight coupling to the baryons before recombination through
Thompson scattering; after recombination, photons stream freely but still continue to
transfer energy and momentum with matter. Photons are also polarized in the plane
orthogonal to their propagation direction n̂ and hence two more types of brightness mul-
tipoles, E ℓm and Bℓm, should be taken into account, for E-modes and B-modes respectively
(the physics of CMB polarization is addressed in Chapter 3, while the Boltzmann equa-
tions for these two modes are shown and extensively described in [70]). We again focus
on scalar perturbations, since we assume vanishing vector and tensor modes at linear
level.

Finally, the scalar Boltzmann equations for the photon temperature multipoles are
the following:

(
I0
0

)′
= −k

3
I1
0 − 4 Φ̇ , (2.38)

(
I1
0

)′
= −k

(
2

5
I2
0 − I0

0

)
− 4kΨ+ κ′

(
4u[0] − I1

0

)
, (2.39)

(
I2
0

)′
= −k

(
3

7
I3
0 −

2

3
I1
0

)
+ κ′

(
− I2

0 +
1

10

(
I2
0 −

√
6E2

0

))
, (2.40)

(
Iℓ0
)′
= −k

(
ℓ+ 1

2ℓ+ 3
Iℓ+1
0 − ℓ

2ℓ− 1
Iℓ−1
0

)
− κ′ Iℓ0 , ℓ ≥ 3 . (2.41)

In the above equations we have introduced the Thomson scattering rate κ′ = −n̄eσTa,
with n̄e being the background free electron density and σT = 6.652×10−29m2 the Thom-
son cross section; all the terms containing κ′ form the collision term. Note that adjacent
multipoles are coupled to each other (the evolution of Iℓ0 is determined by Iℓ−1

0 and
Iℓ+1
0 and this is true also for m > 0), hence implying an infinite hierarchy of equa-

tions (m modes instead do not couple at linear order, as already explained). However,
monopoles of higher orders than the monopole (l = 0) and the dipoles (l = 1) are negli-
gible, especially during the tight coupling to baryons, and start to become relevant only
approaching to the photon decoupling; hence, generally this infinite hierarchy can be
truncated at some ℓmax. Note finally that the monopole, dipole and quadrupole equa-
tions (2.38)-(2.40) are equivalent and directly comparable to the continuity, Euler and
shear equations for photons respectively, that is for δγ, θγ and σγ following the Ma &
Bertschinger [54] notation (see Appendix A for more details).
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2.4.2 Neutrinos

Neutrinos, which we now assume as massless 5, are governed by the same Boltzmann
equations of photons; however, since they weakly interact with other particles, the col-
lision term can be set to zero. Hence, defining with N ℓ

m the neutrino multipoles in the
same way of Iℓm, the Boltzmann equations are the following:

(
N 0

0

)′
= −k

3
N 1

0 − 4 Φ̇ , (2.42)

(
N 1

0

)′
= −k

(
2

5
N 2

0 −N 0
0

)
− 4kΨ , (2.43)

(
N 2

0

)′
= −k

(
3

7
N 3

0 − 2

3
N 1

0

)
, (2.44)

(
N ℓ

0

)′
= −k

(
ℓ+ 1

2ℓ+ 3
N ℓ+1

0 − ℓ

2ℓ− 1
N ℓ−1

0

)
, ℓ ≥ 3 . (2.45)

As before, we have an infinite hierarchy of equations coupled in adjacent ℓ, which again
can be safely truncated at some ℓmax (usually ℓmax = 3 ).

2.4.3 Baryons

Baryons are treated as pressureless perfect fluid, hence being described only by their
energy density and velocity. Within the formalism used so far, this means that the only
beta-moments which survives are the n = 0 and n = 1 ones; we denote them with nb

ℓ
m.

The Boltzmann equations for baryons then read

(
0b

0
0

)′
= −k

3
1b

1
0 + 3 Φ̇ , (2.46)

(
1b

1
0

)′
= −H 1b

1
0 + 3 k c2s 0b

0
0 + 3 kΨ− rκ′

(
4u[0] − I1

0

)
, (2.47)

where r = ρ̄γ/ρ̄b and cs is the baryon speed of sound. Physically, they represent the
continuity equation and the Euler equation, respectively. Note that the collision term
is exactly the same, with opposite sign, of the one for the photon dipole I1

0 , suitably
weighted by the factor r: before recombination, in fact, baryons are tightly coupled to
photons through Thomson scattering and hence the form of the collision term for the two
species is the same; to ensure momentum conservation, however, they have opposite sign
and a relative factor r, which accounts for the difference in energy density for baryons
and photons.

5For the sole purpose of simplicity in the equation visual representation.
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Tight-coupling approximation

Before recombination, photons and baryons are tightly coupled and the Thomson opacity
is much larger than the expansion rate, that is κ′ ≫ a′/a. The Euler equations for
photons and baryons hence become numerically difficult to solve, due to the large value
of κ′, leading to the necessity to find an alternative form for the equations during this
regime.

The combination of equations (2.39) and (2.47) gives the following exact expression:

(1 + r)
(
1b

1
0

)′
=−H 1b

1
0 + 3 k c2s 0b

0
0 + (1 + r) 3 kΨ

+ 3 k r

(
1

4
I0
0 −

1

10
I2
0

)
+ r

[
3

4

(
I1
0

)′ −
(
1b

1
0

)′
]
. (2.48)

The term [(3/4) (I1
0 )

′ − (1b
1
0)

′] can be written as

(
1b

1
0

)′ − 3

4

(
I1
0

)′
=

2 r

1 + r
H

(
1b

1
0 −

3

4
I1
0

)
+

τ

1 + r

[
− a′′

a
1b

1
0

− 3 kH
(
1

2
I0
0 +Ψ

)
+ 3 k

(
c2s
(
0b

0
0

)′ − 1

4

(
I0
0

)′
)]

+O((1/κ′)2) .

(2.49)

Substituting equation (2.49) in (2.48) provides the desired equation for (1b
1
0)

′ during the
tight-coupling regime.

The equation for (I1
0 )

′ is instead

(
I1
0

)′
=− 1

r

(
4

3

(
1b

1
0

)′
+

4

3
H 1b

1
0 − 4 k c2s 0b

0
0

)

+ 2 k

(
1

2
I0
0 −

1

5
I2
0

)
+

1 + r

r
4 kΨ . (2.50)

2.4.4 Cold Dark Matter

All the assumptions and statements made for baryons are valid also for cold Dark Matter.
However, since it interacts with other particles only via gravity, the collision term is now
zero. Then, denoting with nc

ℓ
m its multipoles, we simply have

(
0c

0
0

)′
= −k

3
1c

1
0 + 3 Φ̇ , (2.51)

(
1c

1
0

)′
= −H 1c

1
0 + 3kΨ . (2.52)
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2.5 Initial conditions for cosmological perturbations

In order to solve the system of Einstein and Boltzmann equations and compute observ-
ables of interest, we need to specify the initial conditions for the perturbations. They are
usually defined deep in the radiation era, after neutrino decoupling. During this epoch,
we have that H ∼ τ−1 and ρ̄tot ∼ ρ̄ν + ρ̄γ, since baryons and CDM make a negligible
contribution. The equations start to be integrated when a given mode k is well outside
the horizon, that is kτ ≪ 1 (note that kτ is dimensionless), allowing to expand the
equations for small kτ .

There are two main classes of initial conditions: adiabatic and isocurvature ones. In
the former case, the relative abundances of the different species are spatially constant,
while in the latter case the relative abundances are allowed to vary, but in such a way
that there is no net contribution to the curvature perturbation. Single-field inflation
predicts adiabatic initial conditions and indeed CMB observations strongly support their
dominant presence with respect to the isocurvature ones, whose fractional contribution
is instead constrained to be below a few percent. For this reason, we now focus only on
the adiabatic case, which is also the one always assumed in this thesis.

For adiabatic initial conditions, all the fluids (photons, neutrinos, baryons and cold
Dark Matter) share a common velocity,

vγ[m] = vν[m] = vb[m] = vc[m] . (2.53)

Moreover, the density contrasts δ = (ρ− ρ̄)/ρ̄ of each species are related as

δγ ≃ δν ≃
3

4
δb ≃

3

4
δc . (2.54)

A way to explain this last expression is to look at the entropy perturbation S = δΓ/Γ,
where Γ = T 3/nm is the entropy per matter particle and nm is the number density of
matter particles. In fact, an alternative condition for the adiabatic case is to set S = 0,
which gives

S = 3
δT

T
− δm =

3

4
δr − δm = 0 , (2.55)

since ρr ∝ T 4 and hence we obtain equation (2.54).

Conditions (2.53) and (2.54) imply that we only need to find the initial conditions
for the common velocity v and for the density perturbation of one fluid. Moreover, all
vector and tensor modes (m ̸= 0) are assumed to have vanishing initial conditions6.

6Since in linear theory different m modes do not mix, this conditions implies that vector and tensor
perturbations are never generated; this is not generally true at higher orders, when non-scalar modes
can be present even from initial vanishing values.
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The adiabatic initial conditions, at linear order, are the following:

I0
0 = N 0

0 = −2Ψ , 0b
0
0 = 0c

0
0 =

3

4
I0
0 =

3

4
N 0

0 , (2.56)

u[0] =
1

2
kτ Ψ , (2.57)

N 2
0 =

2

3
(kτ)2Ψ , (2.58)

Ψ = − 10 ζ

15 + 4Ων

, Φ =

[
1 +

2

5
Ων

]
Ψ , (2.59)

where Ων = ρ̄ν/ρ̄tot and u[0] = iv[0] is the variable associated to the common velocity.
Since the equations we have introduced so far evolve dipoles rather then velocities, it
is useful to remember, from equation (2.32), the relation between the dipole and the
velocity of a given species, that is

I1
0 = N 1

0 = 4 iv[0] , (2.60)

1b
1
0 = 0c

1
0 = 3 iv[0] . (2.61)

The quantity ζ is instead the gauge-invariant curvature perturbation, which at linear
order is just ζ = −R and

R = Φ+
2

3H(ω + 1)

[
Φ′ +HΨ

]
. (2.62)

In the radiation dominated era (ω = 1/3) and on superhorizon scales we simply have

ζ = −R = −Φ− 1

2
Ψ . (2.63)

The great advantage of using ζ is that, for adiabatic fluctuations, it is conserved on
superhorizon scales at any perturbative order. This property provides a very convenient
way to connect primordial fluctuations set up by inflation to the initial conditions for Ψ
and Φ of our differential equations and allows ignoring all the complexity of the physics
occurring between the end of inflation and the time the equations start being evolved.





Chapter 3

Cosmic Microwave Background

The detection and the analysis of the cosmic microwave background (CMB) surely rep-
resent one of the most important aspect of the development of modern cosmology. It was
accidentally discovered in 1964 by radio engineers Penzias and Wilson [68], who detected
an highly isotropic electromagnetic radiation at microwave frequencies which could not
be associated with any known radio source or instrumental noise. It was soon clear that
this signal represented a relic radiation of photons from the early Universe and therefore
a strong hint to the hot Big-Bang model, which at the epoch was in contraposition to the
steady state theory. According to the former model, in the early stages of the Universe
all the species were in thermal equilibrium forming a unique hot and dense plasma; as
the Universe cooled down due to its expansion, it was possible for different species to go
out of equilibrium and freeze out, leaving only photons and electrons in thermal contact
through Thomson scattering. As the temperature lowered, the electrons began to com-
bine with protons to form hydrogen (recombination) and Thomson scattering started to
lose efficiency, leaving the photons able to stream freely through the Universe. Since
they were in thermal equilibrium, at last scattering (the process of decoupling happened
in a quite short interval of redshift around z ∼ 1100, so we usually refer to it as last
scattering surface) the distribution of photons was the one of an almost perfect black
body (Figure 3.1), whose intensity at a given temperature T and frequency ν is given by

I(T, ν) =
4πℏν3

c

[
exp

(
hν

kBT

)
− 1

]−1

(3.1)

and its form almost preserved until today 1, whereas its temperature redshifted as T (z) =
T0(1 + z) due to the expansion of the Universe.
Despite its great isotropy, the spatial distribution of the CMB radiation presents a

pattern of tiny anisotropies in temperature and polarization, of order of 10−5 and 10−6

1Effects like Sunyaev-Zel’dovich and reionization slightly modify the CMB black body spectrum, as
we will see.
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Figure 3.1: CMB black body spectrum as measured by FIRAS [82].

respectively, which are profoundly connected to the primordial density inhomogeneities
necessary to feed structure formation. The precise measurement of these fluctuations
would therefore provide strong experimental constraints to our cosmological models and
in particular to the theory of inflation, which is currently the most powerful theoretical
model for the generation of primordial perturbations.

The first measurement of CMB anisotropies came from the Cosmic Background
Explorer (COBE) satellite in 1992, which detected a black body emission of T =
2.726 ± 0.005K [27] and provided the first map of the CMB radiation along with its
anisotropy pattern. These measurements were then improved in 2003 by the NASA’s
Wilkinson Microwave Anisotropy Probe (WMAP) and more recently by ESA’s Planck
satellite, whose first results were published in 2013 and the final data release in 2018
[72].

3.1 The angular power spectrum

Fluctuations in the CMB radiation correspond to perturbations in the photon phase-
space distribution, where the latter are governed by the Boltzmann equation with Thom-
son scattering as collision term. In the rest frame of the electron, the Thomson scattering
does not change the photon momentum, implying that the perturbed photon phase-space
distribution depends only on the direction of the photon momentum and not on its mag-
nitude. If n̂ is the direction in the sky from which the photon is detected, it is customary
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Figure 3.2: CMB temperature map at 5’ resolution derived by Planck [62].

to introduce the brightness temperature perturbation

Θ(n̂) ≡ ∆T

T
(n̂) , (3.2)

which is of order of 10−5 for the CMB, as already mentioned 2. Since we are dealing with
a map projected on the sky, it is convenient to expand Θ(n̂) in spherical harmonics Ylm

Θ(n̂) =
∞∑

ℓ=0

ℓ∑

m=−ℓ

aℓmYℓm(n̂) , (3.3)

where aℓm are the coefficients of the expansion and ℓ is the multipole index which is
related to the inverse of the angular distance θ of two points in the sky

ℓ ∼ 180◦

θ
. (3.4)

This allows us to split the CMB maps in well-defined scales, which is quite convenient
since different physical processes could affect different scales, as we will see. Using the
orthonormality of the spherical harmonics, the coefficients aℓm can be written as

aℓm =

∫
Θ(n̂)Y ∗

ℓm(n̂) dn̂ . (3.5)

2To be more precise, we are neglecting the dipole term due to the motion of the Earth with respect
to the last scattering surface reference frame, which is usually removed in CMB data.
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Since the initial conditions set up by inflation are stochastic and therefore lead to stochas-
tic coefficients, we are interested in their statistical properties. Homogeneity and isotropy
of the Universe imply ⟨aℓm⟩ = 0, while the two-point correlator takes the form

⟨aℓma∗ℓ′m′⟩ = δℓℓ′ δmm′ Cℓ , (3.6)

where the quantity Cℓ ≡ ⟨|aℓm|2⟩ is the angular power spectrum of the CMB anisotropy.
It is important to stress that the averages in the above formulas are ensemble averages,
which means that these quantities are computed making averages on all the possible dif-
ferent realizations of the Universe. What we really observe is instead only one particular
realization, thus once measured the coefficients alm the power spectrum can be estimated
as

Ĉℓ =
1

2ℓ+ 1

ℓ∑

m=−ℓ

|aℓm|2 , (3.7)

where now with Ĉℓ we mean the observed quantity, in principle different from the theo-
retical one (Cℓ). This introduces an unavoidable error which is called cosmic variance,
given by

∆Cℓ =

√
2

2ℓ+ 1
Cℓ (3.8)

(under the assumption of Gaussian fluctuations, Cℓ follows a χ2 distribution) and it is
dominant for small ℓ (i.e. for large scales, where indeed we have very few modes m to
estimate Cℓ).

The standard cosmological model and the standard models of single field slow roll
inflation predict CMB fluctuations to be almost entirely Gaussian, with only very lit-
tle non-Gaussian contributions well below the current experimental sensitivities. The
Gaussian hypothesis implies that the two-point correlation function fully determines the
statistical properties of the CMB anisotropies 3. Using the equation (3.6), the two-point
correlation function C(θ) can be expressed as

C(θ) = ⟨Θ(n̂1)Θ(n̂2)⟩
=

∑

ℓℓ′

∑

mm′

⟨aℓma∗ℓ′m′⟩Yℓm(n̂1)Y
∗
ℓ′m′(n̂2)

=
∑

ℓ

Cℓ
∑

m

Yℓm(n̂1)Y
∗
ℓm(n̂2)

=
∑

ℓ

2ℓ+ 1

4π
Cℓ Pℓ(cos θ) , (3.9)

3In a Gaussian random field, all the n-point correlation functions with n odd vanish, while the n-even
ones can be expressed in terms of the two-point correlation function.
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where cos θ = n̂1 · n̂2 and Pℓ(cos θ) are the Legendre polynomials, defined as

Pℓ(cos θ) =
4π

2ℓ+ 1

ℓ∑

m=−ℓ

Yℓm(n̂1)Y
∗
ℓm(n̂2) . (3.10)

It is useful to express the angular power spectrum Cℓ in terms of the primordial
perturbations. For this purpose, let us compute the temperature anisotropy in a generic
spacetime point (x, τ) as superposition of plane waves, that is

Θ(x, n̂, τ) =

∫
d3k

(2π)3
eik·xΘ(k, n̂, τ)

=

∫
d3k

(2π)3
eik·x

∞∑

ℓ=0

(−i)ℓ(2ℓ+ 1)Θℓ(k, τ)Pℓ(k̂ · n̂) , (3.11)

where we also used an expansion in series of Legendre polynomials. The coefficients Θℓ

depend on the initial perturbations and therefore we can factorize such dependence as

Θℓ(k, τ) = R(k)Θℓ(k, τ) , (3.12)

where R(k) is the curvature perturbation already introduced in the previous chapters
and Θℓ(k, τ) is the photon transfer function, i.e. the solution of the Boltzmann equation
setting R = 1 4. Using the expression (3.7) and the orthonormality of the spherical
harmonics, we obtain the final result:

Cℓ = 4π

∫
dk

k
Θ2
ℓ(k, τ)PR(k) , (3.13)

where PR(k) = (k3/2π)P(k) is the (dimensionless) power spectrum of primordial cur-
vature perturbation, defined through its two-point correlation function

⟨R(k1)R(k2)
∗⟩ = (2π)3 δ(k1 + k2)P(k) . (3.14)

3.2 CMB multipoles

We shall now analyze more in details the features of the CMB angular power spectrum.
In equation (3.3) the temperature perturbation is decomposed in a series of multipoles,
each of them concerning different angular scales, for different values of ℓ. At the same
time, temperature anisotropy can be sourced by different physical processes at different
scales, so it is interesting to investigate deeper the characteristics of such multipoles and
consequently better understand the form of the power spectrum shown in Figure 3.3.

4Note that the photon transfer function depends only on the magnitude of k, since its evolution via
Boltzmann equations does not depend on k̂.
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Figure 3.3: CMB temperature power spectrum expressed in bandpowers Dl ≡ [ℓ(ℓ+ 1)/2π]Cl
and residuals in the lower panel [72].

3.2.1 Monopole (ℓ = 0)

The monopole component of the power spectrum, a00, is simply related to the average
temperature of the CMB radiation. Such term needs absolute temperature devices to
be measured, like the FIRAS instrument on the COBE satellite, while more recent
experiments are dedicated to differential measurements and therefore they are insensitive
to such average quantities.

3.2.2 Dipole (ℓ = 1)

The dipole anisotropy of the CMB was well known since the 1970s and it represents
the largest contribution to temperature fluctuations. It is commonly interpreted as the
relative motion of our galaxy with respect to the comoving frame in which the CMB
radiation is isotropic. It is better to specify that this is not just a simple Doppler effect,
since both the energy of the CMB photons seen in the direction of motion of the Earth
and the interval of frequency dν are increased by the same factor and therefore the
temperature (which is proportional to the energy per unit frequency) is not affected.
The main two contributions of the dipole anisotropy are indeed the following:

• we collect a larger number of photons in the direction of motion with respect to
the CMB reference frame and less in the opposite one, providing a variation factor
for the temperature of (1 + v

c
cos θ) (where θ is the angle between the direction of
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motion, with velocity v, and the direction of observation);

• there is an effect of aberration: the solid angle under which we observe the sky is
reduced by a factor (1 + v

c
cos θ)−2 and therefore the flux increases by the inverse

of this factor.

These effects together produce a factor of (1 + v
c
cos θ)3 for the intensity and therefore

(using equation (3.1)) the temperature changes accordingly as

T = T0

(
1 +

v

c
cos θ

)
. (3.15)

Such variation corresponds to a perturbation of ∼ 10−3, from which, after subtracting
the Earth’s motion around the Sun, the Sun’s motion around the galactic centre and the
velocity of our galaxy with respect to the centroid of the Local Group, the relative motion
of the latter with respect to the CMB rest frame can be estimated to be ∼ 600 km s−1

in the direction of Hydra-Centaurus.
In order to study the CMB anisotropies directly connected with the physics of the

early Universe, the dipole moment has to be subtracted; however, it still plays an im-
portant role in cosmology, since it allows the identification of a “preferred” cosmological
reference frame, which is the one where the dipole would vanish.

3.2.3 Higher-order multipoles (ℓ ≥ 2)

Temperature anisotropies at smaller scales (i.e. starting from the ℓ = 2 quadrupole term)
are mainly the result of the primordial density fluctuations in the early Universe, thus
representing a powerful tool for cosmologists to obtain information from the otherwise
inaccessible early epochs of the Universe and constrain their models. However, it is
important not to forget that the CMB photons we detect on Earth, after decoupling
from baryons, traveled across the Universe before reaching us, possibly being affected
by different phenomena which may distort their initial features. This concept leads to
a natural distinction of the anisotropies of the CMB: primary anisotropies, originated
directly at last scattering surface, and secondary anisotropies, which take into account
all the integrated effects occurring during the path of the photons from the decoupling
moment to the Earth detection.

Temperature anisotropy is sourced mainly by three different contributions: photon
energy density perturbations, gravitational potential which causes gravitational redshift
and Doppler effect at last scattering surface. These effects can be better visualized in
the following expression:

Θ(n̂) =

[(
1

4
δγ +Ψ

)
+ n̂ · v

]

ls

+

∫ τ0

τls

(Ψ′ + Φ′) dτ , (3.16)
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which well approximates the temperature anisotropy; δγ = (ργ − ρ̄γ)/ρ̄γ is the photon
density contrast and v is the velocity vector of the photon. The first three terms are
evaluated at last scattering and take into account the contribution of the photon energy
density, gravitational redshift and Doppler effect respectively. The factor 1

4
multiplying

δγ comes from the dependence of the energy density of a relativistic species on the fourth
power of the temperature, implying the above factor between temperature and energy
density perturbations. The combined effect of photon density and gravitational redshift
(the terms inside the round brackets in (3.16)) is called Sachs-Wolfe effect (SW) [76]
and it dominates at large scales (small ℓ). The last term, which is the conformal time
integration of the sum of the conformal time derivatives of the gravitational potentials
Ψ and Φ from last scattering (τls) to the present time (τ0), takes into account secondary
effects coming from possible time varying gravitational potentials which CMB photons
may encounter during their journey; it is known as Integrated Sachs-Wolfe effect (ISW)
and is dominant at very large scales.

It is now the moment to understand why the CMB power spectrum in Figure 3.3 has
this peculiar form, what are the relevant features it shows and what are the principal
physical processes involved. For these purposes, it is convenient to analyze the power
spectrum in three different regions, starting from the lowest ℓ’s to the largest ones (so
from large scales to small scales).

Sachs-Wolfe plateau

A critical scale which discriminates between two very different physics for the evolution
of perturbations is the horizon at last scattering (or, more precisely, the Hubble radius),
corresponding to ℓ ∼ 100. At larger scales, perturbations are driven only by gravity
and therefore they do not evolve significantly. This implies that such fluctuations reflect
directly their initial conditions and hence provide strong constraints to the inflation
mechanism. As already mentioned, at these scales the Sachs-Wolfe effect is dominant,
whereas the Doppler effect and ISW are negligible. We have already seen (Sec. 2.5) that
for adiabatic initial conditions the monopoles of photons and matter are initially related
by a factor of (3/4) and the same holds for the density contrasts, that is δm = (3/4) δγ.
At the same time, at superhorizon scales in a matter-dominated Universe we have that
δm = −2Φ and Ψ = Φ, leading to δγ = −(8/3)Φ. Therefore, from equation (3.16) we
obtain the following result:

Θ(n̂) ≃
(
1

4
δγ + Φ

)

ls

≃
(
− 2

3
+ 1

)
Φls =

1

3
Φls . (3.17)

In this case the integral in equation (3.13) can be computed and, using the parametriza-
tion of the primordial power spectrum as in (1.74), PR(k) = As(k/k∗)

ns−1, and assuming
a nearly scale invariant primordial spectrum (ns ≃ 1), we obtain that the angular power
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spectrum is proportional to the primordial amplitude of perturbations,

Cℓ ∝
1

ℓ(ℓ+ 1)
As , (3.18)

leading to the plateau that we actually observe in the CMB power spectrum. This result
represents a great success for the theory of inflation, since the latter predicts a nearly scale
invariant spectrum for the primordial fluctuations; at the same time, inflation does not
constrain the amplitude As of such perturbations, which is therefore estimated directly
from CMB observations.

At very large scales (ℓ < 10) ISW becomes relevant and its effect produces a rise
above the plateau (the ISW rise); other effects can contribute at low ℓ’s, but at these
scales it becomes hard to disentangle them due to the dominance of the cosmic variance.

In general, inflation produces scalar, vector and tensor perturbations. Both vec-
tor (vorticity) and tensor (transverse traceless perturbation of the metric) modes decay
rapidly with the expansion of the Universe unless sourced by exotic mechanisms as for
example primordial magnetic fields and cosmic strings; however, outside the horizon ten-
sor modes survive and can therefore contribute to temperature perturbations by making
the expansion of space locally anisotropic. Nevertheless, such contributions are almost
impossible to distinguish from other effects in temperature anisotropies and therefore the
principal way to identify primordial gravitational waves from CMB data is polarization,
as we will see.

Acoustic peaks

At scales smaller than the horizon at last scattering, perturbations were able to evolve
causally and therefore their signature on the CMB anisotropy pattern reflects all the
complexity of the physics occurring before decoupling (also the other interactions play
now a role, not only gravity). As mentioned, before recombination photons and electrons
were in thermal equilibrium and formed together a baryon-photon fluid5. Perturbations
of baryonic matter were therefore unable to grow significantly, since any attempt of the
baryons to collapse was in opposition to the high radiation pressure of the photons.
On the contrary, dark matter was already decoupled from radiation and consequently
its perturbations could grow and form potential wells. Then, in these potential wells
acoustic oscillations were able to take place: baryons tried to follow dark matter and
collapse, while photon pressure provided an opposite contribution and tried to prevent the
collapsing of the baryon matter. This competition causes the system to oscillate around

5Protons do not actively participate to Thomson scattering with photons like electrons, due to
their higher mass (σT ∝ 1/m2); however, they are kept tightly coupled to electrons through Coulomb
scattering, e− + p+ ⇌ e− + p+. and therefore we can safely say that photons are tightly coupled to
electrons and protons (tiny differences in velocity between the two baryonic components can however
be relevant at higher perturbative orders and source primordial magnetic field, as we will see).
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its equilibrium, with a frequency which depends on the sound speed, and led to time
variations of the temperature. When photons and baryons decoupled at recombination,
the temporal phases of these sound waves were frozen, leaving projected on the sky a
series of peaks, which is what we actually observe in the power spectrum. In particular,
the odd peaks correspond to waves which were maximally compressed at last scattering,
while even peaks correspond to maximal rarefaction.

The peak structure reflects a strong dependence on the cosmological parameters and
therefore it is characterized by a great constraining power. For example, the first peak
occurs at the physical scale of the sound horizon, which does not depend very much
on the cosmological parameters and can be computed; however, the angle subtended by
this scale depends on the geometry of the Universe and the observation of the first peak
at l ∼ 200 is strongly in agreement with a spatially flat Universe. The relative heights
between even and odds peaks is instead highly sensitive to the abundance of the baryon
component: the peak structure is indeed an alternating sequence of compressions and
rarefactions, which are driven by baryons and photon pressure respectively and hence
changes in the baryon density would affect it. The oscillations also depend on the amount
of dark matter which builds the potential wells and therefore from the peak heights with
respect to the troughs we can estimate the dark matter density.

Silk damping

Oscillations in the power spectrum have not all the same strength but they are progres-
sively damped at small scales. This effect, which is known as Silk damping, is mainly
due to the fact that the photons and baryons do not form a perfectly coupled system,
especially at small scales: photons diffuse from hotter regions to colder ones, dragging
along also protons and electrons. This mechanism causes an averaging of the anisotropies
at small scales and therefore a damping in the power spectrum.

We can roughly estimate the scale of the Silk damping by considering the mean free
path of the photons which interact with electrons via Thomson scattering; the probability
per unit time of a photon performing Thomson scattering is neσT , where ne is the number
density of the electrons, σT = (8π/3)(α/me) is the Thomson scattering cross section
(with α = 1/137 the fine-structure constant and me the mass of the electron). The mean
time between collisions for the random walking photon in the local baryon rest frame is
tc ∼ (neσT )

−1; the average number of steps in time t is N = t/tc, thus the diffusion of a
photon in the same time is d ∼

√
Ntc ∼

√
ttc. The Silk scale is therefore [19]

a k−1
S ≃

(
t

neσT

)1/2

, (3.19)

which at the epoch of last scattering is estimated to be k−1
S ≃ 8Mpc.

Another effect which contributes to the damping comes from the fact that recombi-
nation is not an instantaneous process and therefore we should more correctly think at
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the last scattering surface having a non-vanishing thickness. This produces a damping
of anisotropies at scales smaller than the one corresponding to this thickness.

3.2.4 Secondary anisotropies

All the anisotropies described so far were produced directly at last scattering (primary
anisotropies), but other processes occurring after the decoupling could in principle af-
fect the CMB radiation, thus providing additional signals which are called secondary
anisotropies [2]. Being able to describe and consequently identify them from CMB data,
with very high precision measurements, can therefore provide a way to extract further
information about the Universe at z < 1000. Unlike the primary anisotropies, secondary
ones are generally non-Gaussian.

The most important secondary effects are the following:

• Integrated Sachs-Wolfe effect (ISW): as already discussed, this effect is due to time-
varying gravitational potentials encountered by the CMB photon along the line of
sight; it is used to distinguish it in the Early ISW, which occurs immediately after
the usual SW effect as there is still enough radiation even in a matter-dominated
scenario and affects the first peak of the power spectrum, and the Late ISW, which
(at linear order in density perturbations) is caused in the recent epoch by the
presence of the dark energy and also (at fully non-linear order) by time-varying
structures like clusters or voids (this last contribution is also known as Rees-Sciama
effect) and is responsible of the rise of the plateau at very large scales;

• Reionization: around z ∼ 7 the Universe underwent a process of re-ionization
due to the formation of the first stars and luminous objects and the newly freed
electrons scatter with photons increasing the optical depth τ . Due to this effect
the amplitude of the CMB power spectra is proportional to As e

−2τ , opening one of
the most known degeneracy in the CMB cosmology. This can be broken using the
effect that reionization has in polarization, that will be described in the following
section;

• Sunyaev-Zel’dovich effect : free electrons of the hot intergalactic plasma in galaxy
clusters can transfer energy to the CMB photons via inverse Compton scattering,
leading to a distortion of the CMB black-body spectrum; this effect is dominant
at the scale of galaxy clusters and superclusters and provides a great instrument
for their identification;

• Gravitational lensing : the presence of structures along the line of sight to the last
scattering surface deflects the photon path in a weak lensing effect; this induces a
smoothing of the acoustic peaks due to the defocusing of the CMB maps and the
generation of B mode polarization that we will see in the next section.
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3.3 Polarization

CMB radiation is observed to be linearly polarized [35, 95]. Such polarization is generated
by Thomson scattering of the quadrupole moment of the temperature fluctuation around
recombination. It is at the level of ∼ 5% of the temperature anisotropies and hence it was
not detected soon. Its first measurement came only in 2002 from the DASI experiment
and still today polarization measurements represent an experimental challenge. The
precise analysis of the CMB polarization pattern is however of great importance for
cosmologists, since it provides complementary information to those extracted from the
temperature power spectrum and it is also able to break parameter degeneracies, thus
contributing to constrain cosmological parameter and probe theoretical models.

Let us now briefly analyze the mechanism of polarization production from Thomson
scattering of radiation with a quadrupole moment. The Thomson scattering cross section
depends on the polarization as [17]

dσT
dΩ

∝ |ϵ̂ · ϵ̂′|2 , (3.20)

where ϵ̂ and ϵ̂′ are the incident and scattered polarization directions respectively. This
implies that the target electron is induced to oscillate in the direction of the incident
photon polarization and the scattered radiation is therefore polarized in the same direc-
tion, while its intensity peaks to the normal one. Assuming an isotropic radiation field,
the net outgoing polarization would vanish, since orthogonal polarization states from
incident directions separated by 90◦ would compensate each other. We need therefore a
radiation field with a non-vanishing quadrupole moment, i.e. with a variation in tem-
perature at 90◦, which would produce a net linear polarization of the scattered radiation,
as shown in Figure 3.4. However, in a tight coupling regime (i.e. when the Thomson
scattering rate is high) the random motion of photons destroys any quadrupole moment
and consequently any polarization. Even so, a quadrupole moment can form around
recombination by the diffusion of photons.

The linear polarization pattern can be decomposed in the Q and U Stokes parameters,
which are related to the polarization amplitude P and to the angle clockwise from north
α as [35]

P =
√
Q2 + U2 , α =

1

2
tan−1

(
U

Q

)
, (3.21)

while the circular polarization V is assumed to be zero. It is however more intuitive to
have a more geometrical decomposition, given by splitting the polarization into a curl-free
(the E-modes) and a divergence-free component (the B-modes). More explicitly, Q and
U are not rotationally invariant in the plane perpendicular to n̂, like the temperature,
but their combinations Q ± iU behave like a spin-2 quantity, namely, under a rotation
by an angle ψ they transform as

(Q± iU)′(n̂) = e∓2iψ(Q± iU)(n̂) . (3.22)
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Figure 3.4: Generation of linear polarization from Thomson scattering of radiation with a
quadrupole anisotropy. Blue and red lines represent hot and cold radiation, respectively [35].

We can therefore decompose them in spin-weighted spherical harmonics [95]:

(Q± iU)(n̂) =
∞∑

ℓ=0

ℓ∑

m=−ℓ

a
(±2)
ℓm Y

(±2)
ℓm (n̂) , (3.23)

where Y
(±2)
ℓm are spin-(±2) spherical harmonics. We then introduce the following conve-

nient linear combinations

aEℓm ≡ −1

2
(a

(2)
ℓm + a

(−2)
ℓm ) (3.24)

aBℓm ≡ i
1

2
(a

(2)
ℓm − a

(−2)
ℓm ) , (3.25)

to finally obtain the desired rotationally invariant quantities

E(n̂) =
∞∑

ℓ=0

ℓ∑

m=−ℓ

aEℓmYℓm(n̂) , (3.26)

B(n̂) =
∞∑

ℓ=0

ℓ∑

m=−ℓ

aBℓmYℓm(n̂) . (3.27)

The advantage of considering these quantities is that, whereas scalar perturbations source
only E-modes, tensor ones produce both E-modes and B-modes, hence a detection
of B-modes in the CMB polarization pattern provides a way to measure primordial
gravitational waves and therefore to test inflation, which indeed predicts their existence.
However, the expected signal within inflationary models still allowed by data is very weak,
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making it necessary to have data cleaned to great accuracy from possible contamination,
as the astrophysical signals, the foregrounds, or for example B-modes, which are also
generated by gravitational lensing of E-modes; therefore such effects have to be carefully
taken into account.

3.3.1 TE, EE and BB power spectra

Analogously to the case of the temperature anisotropy, it is possible to characterize the
statistics of the CMB perturbations by defining their power spectra, either autospectra
or cross-spectra. Out of all the possible 6 combinations, only 4 are non vanishing in the
standard model,in fact the cross correlations BE and BT vanish because of the opposite
parity of B with respect to E and T . Additionally to the two-point correlation function
for the temperature (3.6), those for the polarizations are

⟨aEℓmaE∗
ℓ′m′⟩ = δℓℓ′ δmm′ CEE

ℓ , (3.28)

⟨aBℓmaB∗
ℓ′m′⟩ = δℓℓ′ δmm′ CBB

ℓ , (3.29)

⟨aTℓmaE∗
ℓ′m′⟩ = δℓℓ′ δmm′ CTE

ℓ (3.30)

and accordingly

CEE
ℓ =

1

2ℓ+ 1

ℓ∑

m=−ℓ

|aEEℓm |2 , (3.31)

CBB
ℓ =

1

2ℓ+ 1

ℓ∑

m=−ℓ

|aBBℓm |2 , (3.32)

CTE
ℓ =

1

2ℓ+ 1

ℓ∑

m=−ℓ

|aTEℓm |2 , (3.33)

where just for a matter of notation we redefined aTℓm ≡ aℓm.
In Figure 3.5 the EE power spectrum and the TE cross power spectrum are shown.

They are both characterized by acoustic peaks due to the baryon-photon fluid oscillations,
while the Sachs-Wolfe effect is absent for polarization and hence there is no plateau.
The TE one has a larger amplitude than the EE signal thanks to the correlation with
the temperature and it can be positive or negative, since the polarization anisotropy
comes from fluid velocity perturbations at last scattering and the latter can give positive
or negative correlations with the temperature.
The peaks of the EE power spectrum are out of phase with those in the TT one, since
polarization anisotropy is indeed sourced by fluid velocity. At ℓ < 10, the observed excess
signal arises from the Doppler shift during the reionization epoch and its amplitude gives
additional information on when the first stars form.
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Figure 3.5: TE (top) and EE (bottom) power spectra and residuals in the lower panels [72].





Chapter 4

Second-order CMB

The linear cosmological perturbation theory, within the framework of general relativity,
has been progressively developed in the last 40 years, reaching high levels of robustness
and sophistication [3, 45, 67, 58, 54]. Describing the Universe with this first-order approx-
imation proved to be a very successful approach and still allows performing predictions
with an outstanding accuracy. Moreover, observations of the tiny CMB temperature
fluctuations justify a linear treatment rather than higher-orders approaches, at least for
most of the purposes. However, the focus of recent research is progressively shifting
to the study of deviations from the standard picture, such as non-Gaussianity or non-
adiabaticity. A second-order approach is then becoming an important opportunity to
address these problems and gain further accuracy in the cosmological predictions. There
are a lot of physical effects which a linear theory cannot predict [70]: a few examples
are the generation of non-Gaussian signals in the CMB from the propagation of photons
through an inhomogeneous Universe, spectral distortions due to the momentum transfer
between photons and electrons through Compton scattering and generation of magnetic
fields from vorticity at recombination. This last effect, in particular, is of particular in-
terest for the purposes of this thesis. In fact, non-linear dynamics can generate vortical
currents from the tiny difference between electron and proton velocity, then leading to a
vortical electric field and, ultimately, to a magnetic field [34, 55]. Moreover, it has been
recently proposed that the presence of primordial magnetic fields can induce small-scale
non-linear baryon inhomogeneities which can considerably affect the recombination his-
tory and the average time of when it occurs [40]. These issues will be better explored in
the next chapters.

The first study of relativistic cosmological perturbations at second order was per-
formed by Tomita [89], who analyzed the growth of second-order density perturbations
in synchronous gauge. Extensions to other gauges were then explored by Bruni et al. [13],
Sonego and Bruni [83] and Matarrese et al. [56]. More recent works about second-order
equations and gauge invariance can be instead found in [4, 71, 7, 59, 60].

As in Chapter 2, we mainly follow the notations and conventions of [70], where a

67
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more detailed and complete discussion can be found.

4.1 Second-order perturbation theory

4.1.1 The formalism

The perturbative expansion (2.2) is now truncated at second order, so a generic cosmo-
logical field X(t,x) now reads

X(t,x) ≃ X(0)(t) + ϵX(1)(t,x) + ϵ2X(2)(t,x) . (4.1)

As in Chapter 2 we absorb the parameter ϵ into the definition of the perturbed variable,
ϵnX(n) → X(n), in order to improve the readability of the equations.

A generic function f(X) is now expanded around X(0) ≡ X̄ as

f(X) ≃ f(X̄) +

(
∂f

∂X

)

X̄

(X − X̄) +
1

2

(
∂2f

∂X2

)

X̄

(X − X̄)2 (4.2)

and, after expanding X ≃ X(0) +X(1) +X(2), it can be rewritten order by order as

f(X)(0) = f(X̄) , (4.3)

f(X)(1) =

(
∂f

∂X

)

X̄

X(1) , (4.4)

f(X)(2) =

(
∂f

∂X

)

X̄

X(2) +
1

2

(
∂2f

∂X2

)

X̄

X(1)X(1) . (4.5)

Note that the expression for f(X)(2) contains a purely second-order part (the first term)
and a quadratic part, which is formed by the product of two first-order perturbations
(the second term).

4.1.2 The structure of equations at second order

Second-order equations can look quite intimidating at first sight, due to the appearance
of numerous terms with respect to the linear case. However, it is possible to simplify the
picture by noting the structure of equation (4.5). In fact, thanks to this property, any
second-order equation can be always split in

• a purely second-order part, which is linear in the second-order perturbations;

• a quadratic part, which is composed of a product of couples of first-order pertur-
bations.
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Moreover, comparing equations (4.4) and (4.5), we see that the purely second-order part
has the same structure of the linear one. Hence, a second-order equation can always be
schematically represented as

G(1)
[
X(2)

]
+ S

[
X(1)X(1)

]
= 0 , (4.6)

where G(1) is the first-order operator, i.e. the operator for which the linear equation
is G(1)[X(1)] = 0, and S represents the quadratic contribution, that is the product of
first-order perturbations and acts as a time-dependent source term for the second-order
structure. This peculiar property, which can be generalized at any perturbative order,
hugely simplifies the treatment of higher-order equations: they always present the same
structure of the linear equation, with in addition quadratic terms, whose evolution is
however known from the equations at previous orders (which, in our case, are just the
linear ones).

Despite this recursive structure of higher-order equations surely relieves the complex-
ity of the non-linear framework, there are some issues which one has to face once he goes
beyond linear theory; we shall now discuss some of them.

4.1.3 SVT decomposition and mode coupling

In Sec. 2.2.1 we introduced the projection vectors ξi[m] and matrices χij2,[m], with which
we were able to decompose any generic spacetime tensor and consequently the Einstein
and Boltzmann equations in scalar (m = 0), vector (m = ±1) and tensor (m = ±2)
components, through what is known as SVT decomposition. Moreover, we saw that in
linear theory these components never mix, that is we can always solve the equations
separately for scalar, vector and tensor perturbations. This nice property, however,
does not hold at second and higher orders and one cannot in principle decouple different
azimuthal modesm. This issue comes directly from the non-linear nature of the quadratic
sources, which allow different kind of modes to source each other (a few explicit examples
will be shown in the next sections). Nevertheless, from a practical point of view, it is
still possible to solve the second-order Einstein and Boltzmann equations separately
for scalar, vector and tensor modes. In fact, the linear structure of the second-order
equations is the same of the one of first-order equations and hence it is decoupled in
m. The mixing of the different modes is all contained in the quadratic terms, which
however can be previously computed by solving the linear equations, which in turn are
decoupled in m; therefore, we are still always able to solve the equations separately for
scalar, vector and tensor modes, even at second order.

The presence of quadratic terms introduces another kind of complexity to the second-
order equations. In fact, when going to Fourier space, we have now to deal with the
Fourier transform of products of first-order perturbations, which is not obtained by just
applying the transformation to the two multiplying factors but is given by a convolution.
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Let A(x)B(x) be a generic quadratic term, its Fourier transform leads to the following
convolution integral:

Fk[A(x)B(x)] =

∫
dk1

(2π)3
A(k1)B(k− k1)

=

∫
dk1dk2

(2π)3
A(k1)B(k2) δ(k− k1 − k2) , (4.7)

where the Dirac delta δ(k − k1 − k2) forces the three wavevectors k, k1, k2 to form a
triangle. The crucial thing to note is that the evolution of the wavemode k of a second-
order perturbation is affected by the evolution of all other modes k1, which means that
perturbations at different scales influence each other. This is completely different from
the linear case, where all the modes k evolve independently, and such property of the
non-linear theory is known as mode coupling.

In what follows, we will often denote with A1 ≡ A(k1) and B2 ≡ B(k2) the first-
order perturbations appearing in the quadratic terms, while for the convolution integral
we will adopt the notation

K{f} ≡
∫

dk1dk2

(2π)3
f(k1,k2) δ(k− k1 − k2) . (4.8)

4.2 Second-order Einstein equations

It is now the moment to address the second-order Einstein equations, which take the
form

δGµ
ν = 8πG δT µν . (4.9)

We then project them in their scalar, vector and tensor components in the same way of
Sec. 2.3.

The form of the metric is still the one in equation (2.6), but now the metric pertur-
bations are expanded as X = X(1) + X(2); hence, its components up to second order
read

g00 = −a2(1 + 2Ψ(1) + 2Ψ(2)) , (4.10)

g0i = gi0 = a2ω
(2)
i , (4.11)

gij = a2(1− 2Φ(1) − 2Φ(2))δij + 2a2γ
(2)
ij , (4.12)

where now we can notice the appearance, at second order, of the vector and tensor
perturbations, whose linear parts are assumed to be zero; for this reason, the second-
order Einstein and Boltzmann equations will be written not only for scalar, but also for
vector and tensor perturbations. Enforcing again the Newtonian gauge, we have that
∂iωi = 0 and ∂jγij = 0, which leads to 6 degrees of freedom (remember that γij is
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traceless by construction). The variables ω
(2)
i and γ

(2)
ij are further decomposed in scalar,

vector and tensor components through ξi[m] and χ
ij
2,[m], respectively, hence getting

ω
(2)
[m] = ξi[m] ω

(2)
i , γ

(2)
[m] = χij2,[m] γ

(2)
ij . (4.13)

The Newtonian gauge conditions, in Fourier space and aligning k along the zenith, then
imply ω

(2)
[0] = 0 and γ

(2)
[0] = γ

(2)
[±1] = 0.

Let us now focus on the energy-momentum tensor. Using the same parametrization
in terms of fluid variables as in equation (2.14), its components, expanded up to second
order, read

T 0
0 = −ρ− (ρ̄+ P̄ )V iVi ,

T i0 = −(ρ+ P )(1 + Ψ)V i ,

T 0
i = (ρ+ P )(1 + Ψ + 2Φ)(V i + ωi) ,

T ij = δijP + Σi
j + (ρ̄+ P̄ )V iV j , (4.14)

where V i ≡ aU i, ρ = ρ̄+ δρ(1) + δρ(2) and P = P̄ + δP (1) + δP (2), the last two being the
only quantities to possess a background value. We note that, at second order, the EMT
components acquire also metric variables.

The SVT decomposition of the EMT, up to second order, leads to

T 0
0 = −ρ− (ρ̄+ P̄ )V iVi ,

T ii = 3P + (ρ̄+ P̄ )ViV
i ,

ξi[m]Ti0 = −(ρ+ P )(1 + Ψ)V[m] ,

χij2,[m]Tij = Σ[m] + (ρ̄+ P̄ ) (V V )[m] , (4.15)

where (V V )[m] = χij2,[m]ViVj and V[m] = ξi[m]Vi. Now we explicitly see the mixing of
different azimuthal modes in the quadratic terms, such as the term ΨV[m] which mixes the
scalar potential Ψ with vector (form = ±1) or tensor (form = ±2) velocity perturbation
V[m]. We should finally remark that every quadratic term always involves the product
of two first-order perturbations, hence Ψ, Φ and V i are always meant to be first-order
variables, in both (4.14) and (4.15).

We have now all the ingredients to write the Einstein equations at second order in
perturbation theory, after having inserted the SVT decomposed components of the metric
and the EMT in equation (4.9) and projected in Fourier space. In what follows, we omit
the dependence on the wavemode k for the purely second-order quantities and also the
order of perturbations, since any variable which appears alone in the equations is always
a second-order one, while two perturbations which multiply each other are necessarily
first-order variables. In doing the spherical decomposition, we align the wavemode k
with the zenith. We also collect all the quadratic terms into the symbols Q, in order to



72 Chapter 4. Second-order CMB

clearly visualize the purely second-order structure of the equations (which we remember
is the same of that of linear equations) and give their explicit expressions separately.

• Time-Time equation (TT):

6H2Ψ+ 6H + 2k2Φ +QTT = 8πGa2 δT 0
0 . (4.16)

• TRace equation (TR):

6Φ̈ + Ψ(6H2 + 12Ḣ) + 6H(Ψ̇ + 2Φ̇) + 2k2(Φ−Ψ) +QTR = 8πGa2 δT ii . (4.17)

• Space-Time equations (ST):

−2k(Φ̇ +HΨ) +QST[0] = 8πGa2 (iξi[0]δTi0) , (4.18)

i

2
ω[±1](4H2 − 4Ḣ + k2) +QST[±1] = 8πGa2 (iξi[±1]δTi0) . (4.19)

• Space-Space equations (SS):

−2k2

3
(Φ−Ψ) +QSS[0] = 8πGa2 (χij2,[0]Tij) , (4.20)

− ik√
3
(ω̇[±1] + 2Hω[±1]) +QSS[±1] = 8πGa2 (χij2,[±1]Tij) , (4.21)

γ̈[±2] + 2Hγ̇[±2] + k2γ[±2] +QSS[±2] = 8πGa2 (χij2,[±2]Tij) . (4.22)

As in the linear case, the energy-momentum tensor is meant to be the sum of the EMTs
of the single species, that is photons, neutrinos, baryons and cold Dark Matter. Note
also that the four scalar equations have exactly the same structure of the first order ones
(2.17)-(2.20), if the quadratic terms are set to zero.

The quadratic terms for the second-order Einstein equations, defined as

QTT = a2G
0 (1)(1)
0 , QTR = a2G

i (1)(1)
i ,

QST[m] = iξi[m] a
2G

(1)(1)
i0 , QSS[m] = χij2,[m] a

2G
(1)(1)
ij , (4.23)
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have the following explicit expressions:

QTT = −12H2Ψ1Ψ2 + (3k1 · k2 + 4k21 + 4k22) Φ1Φ2 + 12HΦ′
2 (Φ1 −Ψ1)− 3Φ′

1Φ
′
2 ,

QTR = −12Ψ1Ψ2(H2 + 2H′) + (k2 + k21 + k22)Ψ1Ψ2

+ (3k1 · k2 + 4k21 + 4k22) Φ1Φ2 + (2k1 · k2 − 4k22) Φ1Ψ2

+ 12(Φ′′
2 + 2HΦ′

2) (Φ1 −Ψ1)− 6Ψ′′
2 (4HΨ1 + Φ′

1) + 3Φ′
1Φ

′
2 ,

QST[m] = 2k1[m]

[
2HΨ1 (Ψ2 − Φ2)− 2Φ1Φ

′
2 − 4Φ′

1Φ2 +Ψ1Φ
′
2

]
,

QSS[m] = (k1k2)[m]

[
2Φ1Ψ2 − 3Φ1Φ2 −Ψ1Ψ2

]
+ (k1k1)[m]

[
2Ψ1Φ2 − 4Φ1Φ2 − 2Ψ1Ψ2

]
.

(4.24)

The wavemodes k1 and k2 are dummy variables which are integrated out by the
convolution integral.

4.3 Second-order Boltzmann equations

We remind that the Boltzmann equation for the different species completes the infor-
mation given by the Einstein equations, accounting for interactions among particles and
providing the evolution of the EMTs. It mathematically determines how the distribution
function f of a given species changes in the phase space, according to

df

dτ
= C[f ] , (4.25)

where the collision term C[f ] encodes the information about the interactions in which
the species is involved.

At second order, a lot of extra quadratic terms appear, introducing additional effects
which are absent at linear order. In fact, let us rewrite the Boltzmann equation in the
form of (2.24),

∂f

∂τ
+
∂f

∂xi
dxi

dτ
+
∂f

∂p

dp

dτ
+
∂f

∂ni
dni

dτ
= C[f ] . (4.26)

If we consider the photon distribution function, we have that the left hand side of the
above equation (the Liouville term) contains all the key effects which produce the ob-
served CMB anisotropy. The first two terms (free streaming) account for the propagation
of perturbations from small to large multiples; at higher order, they also include gravi-
tational time delay effects. The third term (redshift) encodes, at background level, the
redshifting of photons and, at higher orders, the SW, ISW and Rees-Sciama effects. The



74 Chapter 4. Second-order CMB

fourth term (lensing) vanishes at linear order, while at higher order describes small-scale
gravitational lensing.

As in Chapter 2, we use the formalism of beta-moments, defined through equation
(2.26), namely

1 + n∆(τ,x, n̂) ≡ 1∫
dp p3f (0)(τ, p)

∫
dp p3

(
p

E

)n−1

f(τ,x, p, n̂) , (4.27)

and the βn operator is defined as βn[f ] = 1 + n∆. Further projections in Fourier and
multipole spaces lead to

n∆ℓm(τ,k) ≡ (Fk ◦ Lℓm ◦ βn)[f ]

= iℓ
√

2ℓ+ 1

4π

∫
d3x dΩ e−ik·x Y ∗

ℓm(n̂) n∆(τ,x, n̂) . (4.28)

The projected Boltzmann equation then reads

(Fk ◦ Lℓm ◦ βn)
[
df

dτ
− C[f ]

]
= 0 , (4.29)

which, as already explained in Chapter 2, is remarkably easier to solve than the original
one.

The beta-moment formalism has the great merit of describing relativistic (photons
and neutrinos) and non-relativistic (baryons and CDM) species in the same way, since
the former case is recovered by just setting n = 1 (p/E = 1), while the latter is in
agreement with the fact that only the first moments are relevant (p/E ≪ 1), as one can
see in equation (4.27). Following the same notations as in (2.32), the relations with the
fluid variables, up to second order, for fluids with equation of state ω = P/ρ = constant
are the following:

0∆00 = δ + (ω + 1) vivi ,

1∆1m = 3 (ω + 1) iv[m] (1 + δ) ,

1 + 2∆00 = 3ω (1 + δ) + (ω + 1) vivi ,

2∆2m = −15

2

[
Σ[m]

ρ̄
+ (ω + 1) (vv)[m]

]
, (4.30)

where (vv)[m] = χij2,[m]vivj. The quadratic terms represent the Lorentz boosts that brings

the observer (which is chosen to be at constant spatial coordinates) to be at rest with
the fluid, since ρ and P are defined in the comoving frame of the fluid. The relation
P = ωρ, up to second order, reads

P (ρ) = ρ̄

[
ω + δ c2s +

ρ

2

∂c2s
∂ρ

δ2
]
. (4.31)
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We can now express the second-order Boltzmann equations for photons, neutrinos,
baryons and CDM. As already did for the Einstein equations and for the same reason,
we drop the the suffix of the perturbative order.

4.3.1 Photons

Following the same arguments as in Sec. 2.4.1, the photon distribution function is now
expanded up to second order as

fγ = f (0)
γ − p

∂f
(0)
γ

∂p
Θ+

(
p2

2

∂2f
(0)
γ

∂p2
+
∂f (0)

∂p

)
Θ2 , (4.32)

where now Θ = Θ(1) + Θ(2). The relation between the brightness perturbation ∆ and
the temperature fluctuation Θ, at second order, is not just ∆ = 4Θ, but reads

∆ = 4Θ + 6ΘΘ ⇐⇒ Θ =
1

4
∆− 3

32
∆∆ . (4.33)

We denote again with Iℓm(k) = (Fk◦Lℓm◦β)[fγ] the brightness multipoles for photons,
we drop the k dependence in the purely second-order terms and we define ω̃i ≡ iωi and
ui ≡ ivi (relative to baryons), in order to absorb the imaginary factors. For the expansion
in spherical harmonics, the wavemode k is chosen to be aligned with the zenith. For
what concerns the quadratic terms, instead, we group them in Lℓm

[
QL

I
]
and Lℓm

[
QC

I
]
,

for the Liouville and collision terms respectively.
The second-order Boltzmann equation for photons then reads

(
Iℓm

)′
+ k

(
Aℓm Iℓ+1

m −Bℓ
m Iℓ−1

m

)
− δℓ0 4Φ

′

− 4δℓ1
(
δm0 kΨ− δm1 ω̃

′
[1]

)
− δℓ2 δm2 4 γ

′
[m] + Lℓm

[
QL

I
]

= κ′
(
− Iℓm + δℓ0 I0

0 + δℓ1 4u[m] + δℓ2Πm

)
+ Lℓm

[
QC

I
]
, (4.34)

where we have defined

Πm =
1

10

(
I2
m −

√
6 E2

m

)
, (4.35)

and E ℓm are the multipoles associated to the E-mode polarization (for the second-order
Boltzmann equations of the E-modes and B-modes, see [70]). The quantities Aℓm and
Bℓ
m are just numerical coefficients, defined as

Aℓm =

√
(ℓ+ 1)2 −m2

2ℓ+ 3
, Bℓ

m =

√
ℓ2 −m2

2ℓ− 1
. (4.36)

It is possible to check that the Boltzmann equations for m = 0 and with vanishing
quadratic sources coincides with the one given in Sec. 2.4.1 (equations (2.38)-(2.41)),
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which is the direct consequence of having the purely second-order structure equal to the
one of linear equations; it also implies that m modes are not mixed without quadratic
terms (but this would not be true anymore if we choose the wavemode k not aligned
with the polar axis).

The quadratic terms are a convolution integral over k1 and k2. In what follows, the
expressions we will give are meant to be the kernel of this convolution and omit the sign
of integration over the two dummy variables and the Dirac delta δ(k − k1 − k2) (see
equation (4.8)). We also assume that in any product the first variable is a function of
k1, while the second one is a function of k2. We then introduce the indices m1 and
m2 = m−m1 and implicitly assume a sum over m1 = −1, 0,+1. The expressions for the
coupling coefficients C and R can be found in Appendix B.

The expressions of the quadratic sources for the Liouville and collision terms, respec-
tively, are

Lℓm
[
QL

I
]
=
∑

±

±(Ψ + Φ) k
[m2]
2 Iℓ±1

m1 C
±,ℓ
m1m

+ 4

[
− Φ′ Iℓm +

∑

±

±k[m2]
1 Ψ Iℓ±1

m1
C±,ℓ
m1m

− δℓ0 2Φ
′Φ− δℓ1 k

[m]
1 Ψ(Φ−Ψ)

]

+
∑

±

±k[m2]
1 (Ψ + Φ) Iℓ±1

m1
R±,ℓ
m1m

, (4.37)

Lℓm
[
QC

I
]
=

(
Ψ+ δb +

x
(1)
e

x̄e

)
Cℓm

[
I
]
+ κ′ u[m2]

{∑

±

∓Iℓ±1
m1

C±,ℓ
m1m

+ δℓ0
(
2 I1

m1
− 4um1

)
C+.0
m1m

+ δℓ1 3 I0
m1
C−,1
m1m

+ δℓ2

(
7u[m1] − 1

2
I1
m1

)
C−,2
m1m

+ δℓ3 5Πm1 C
−,3
m1m

}
. (4.38)

The quantities x̄e and x
(1)
e are the background and first-order ionization fraction, for

which the density of free electrons ne is ne = Ne xe, with Ne being the density of all
electrons. The quadratic Liouville term (equation (4.37)), is written in such a way that
the free-streaming, redshift and lensing contributions are contained in the first, second
and third lines, respectively.

4.3.2 Neutrinos

As in the linear case, (massless) neutrinos obey the same Boltzmann equation, with
the only difference of having vanishing collision term. Using the same definitions and
conventions for the case of photons and denoting with N ℓ

m the multipoles of neutrinos,
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it is straightforward to write
(
N ℓ
m

)′
+ k

(
AℓmN ℓ+1

m −Bℓ
mN ℓ−1

m

)
− δℓ0 4Φ

′

− 4δℓ1
(
δm0 kΨ− δm1 ω̃

′
[1]

)
− δℓ2 δm2 4 γ

′
[m] + Lℓm

[
QL

N
]
= 0 .

The quadratic Liouville term reads

Lℓm
[
QL

N
]
=
∑

±

±(Ψ + Φ) k
[m2]
2 N ℓ±1

m1 C±,ℓ
m1m

+ 4

[
− Φ′ N ℓ

m +
∑

±

±k[m2]
1 ΨN ℓ±1

m1
C±,ℓ
m1m

− δℓ0 2Φ
′Φ− δℓ1 k

[m]
1 Ψ(Φ−Ψ)

]

+
∑

±

±k[m2]
1 (Ψ + Φ)N ℓ±1

m1
R±,ℓ
m1m

. (4.39)

4.3.3 Baryons

For baryons, being non-relativistic and treated as pressureless perfect fluid, the only
beta-moments which survive are the n = 0 and n = 1 ones. At second order, denoting
them with nb

ℓ
m, their evolution is governed by the following Boltzmann equations:

(
0b

0
0

)′
=−H2b

0
0 −

k

3
1b

1
0 + 3Φ′ − (L00 ◦ β0)

[
QL
b

]
− r C

[
I
]
00
, (4.40)

(
1b

1
m

)′
=−H1b

1
0 + k

(
B1
m 2b

0
0 − A1

m 2b
2
m

)
−
(
L1m ◦ β1

)[
QL
b

]

+ 3 δm0 kΨ− 3 δm1

(
ω̃′
[1] +H ω̃[1]

)
− r C

[
I
]
1m

, (4.41)

where r = ρ̄γ/ρ̄b and C
[
I
]
ℓm

is the collision term for the photons (the right hand side of
equation (4.34)).

Note that in the above equations we should also know the values of 2b
0
0 and 2b

2
m,

i.e. the evolution of the n = 2 moment would be needed to. However, since baryons
are assumed to be a perfect fluid, the anisotropic stress vanishes; hence, from equation
(4.30), we see that we are allowed to simply set

2b
0
0 = vivi and 2b

2
m = −15

2
(vv)[m] . (4.42)

Thus, since the velocities forming the quadratic terms are already known from the first-
order equations, we do not really need any higher moment than n = 1.

The expressions for the quadratic Liouville terms are the following:

(L00 ◦ β0)
[
QL
b

]
=k1 · k2 (Ψ− Φ) v + k22 (Φ + Ψ) v + 3Φ′(δb + 2Φ) , (4.43)

(L1m ◦ β1)
[
QL
b

]
=3 k

[m]
1 (δbΨ− 4vΦ′ + ΦΨ)− 3ΨΨ (k

[m]
1 + k

[m]
2 ) . (4.44)
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4.3.4 Cold Dark Matter

Cold Dark Matter behaves like baryons and hence is governed by the same equations,
but since it interacts only gravitationally with other species, the collision term is now
zero.

Thus, denoting with nc
ℓ
m its multipoles, we simply have

(
0c

0
0

)′
=−H2c

0
0 −

k

3
1c

1
0 + 3Φ′ − (L00 ◦ β0)

[
QL
c

]
, (4.45)

(
1c

1
m

)′
=−H1c

1
0 + k

(
B1
m 2c

0
0 − A1

m 2c
2
m

)
−
(
L1m ◦ β1

)[
QL
c

]

+ 3 δm0 kΨ− 3 δm1

(
ω̃′
[1] +H ω̃[1]

)
, (4.46)

with the quadratic part being the same of that of baryons.

4.4 Initial conditions for second-order perturbations

We assume adiabatic initial conditions for scalar modes (m = 0) and vanishing initial
conditions for vector and tensor ones (m ̸= 0). As in the linear case, all the fluids share
a common velocity field, v[0], but now the relation between the energy density contrasts
of the different species up to second order reads

δm =
3

4
δr −

3

16
δ2r ⇐⇒ δr =

4

3
δm +

4

9
δ2m . (4.47)

with δr referring to either δγ or δν , and δm to either δb or δc. It should be remarked that
now we mean δ = δ(1) + δ(2) and δ2 = δ(1)δ(1).

Thus, the adiabatic initial conditions for the cosmological perturbations up to second
order are the following:

I0
0 = N 0

0 = −2Ψ + 4ΨΨ , 0b
0
0 = 0c

0
0 =

3

4

(
I − 1

4
I0
0I0

0

)
, (4.48)

u[0] =

{
2
k

H

[
Ψ− QST[0]

2kH

]
− u[0] (3Ωm δm + 4Ωr δr)

}
1

3Ωm + 4Ωr

, (4.49)

I2
0 = −10 (vv)[0] , N 2

0 =
2

3
(kτ)2Ψ+QN2 , (4.50)

[
1 +

4

15
Ων

]
Ψ =

2

3

[
− ζ +

1

2
Ψ2 − Φ2 +QB

]
, (4.51)

Φ =

[
1 +

2

5
Ων

]
Ψ−QB , (4.52)
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where u[0] = i v[0], Ωr = Ωγ + Ων , Ωm = Ωb + Ωc and

QN2 ≡ (kτ)2
(
4

3
Ψ2 − 1

3

L10

[
QL

N
]

k
− 1

2

L20

[
QL

N
]

k2τ

)
, (4.53)

QB ≡ 3

2k2
QSS[0] −

3

5

1

(kτ)2
[
Ωγ I2

0 + Ων QN2

]
. (4.54)

Since the Boltzmann equations given in the previous sections evolve the dipoles and not
the velocities, we give the expressions for the former in terms of the common velocity
field v[0], that is

I1
0 = N 1

0 = 4 i
(
v[0] + δr v[0]

)
, (4.55)

1b
1
0 = 1c

1
0 = 3 i

(
v[0] + δm v[0]

)
. (4.56)

The expression for the gauge-invariant curvature perturbation ζ up to second order
is

ζ = −R−R2 , (4.57)

with

R =Φ+
2

3H(ω + 1)

[
Φ′ +HΨ− 4HΨ2 − Φ′2

H − 4 (Ψ− Φ)Φ′
]

(4.58)

+ (1 + 3 c2s)

[
δ

3 (ω + 1)

]2
+

4

3 (ω + 1)
δΦ , (4.59)

where the density contrast δ, ω and the sound of speed c2s refer to the total fluid. In the
radiation dominated era and on superhorizon scales we simply have

ζ = −Φ− 1

2
Ψ +

1

2
Ψ2 − Φ2 . (4.60)

4.5 The code, SONG

In order to implement all the formalism and equations introduced so far and compute
the non-liner effects on the CMB observables, we make use of the numerical code SONG
(Second Order Non-Gaussianity)1 [70, 69]. It is a second-order Boltzmann code, which
solves the Einstein and Boltzmann equations up to second order in the cosmological per-
turbations. The advantage of this code is its ability to provide predictions for additional
observables which do not exist at linear order, such as

• the intrinsic bispectrum of the CMB (i.e. the three-point function of temperature
anisotropy),

1SONG is open-source and available on the website https://github.com/coccoinomane/song.
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• the angular power spectrum of spectral distortions,

• the angular power spectrum of B-mode polarization,

• the power spectrum of the magnetic fields generated at recombination.

It is written in C, it is OpenMP parallelized and its structure is based on that of the
first-order Boltzmann code CLASS [52, 9]; in particular, it inherits its philosophy, which
is to provide an easy-to-use interface and a modular internal structure. It is also based
on the principle of encapsulation, so that the code has to be modified only in a few
localized portions of the source files if you want to add some feature in it.

SONG implements the formalism of beta-moments, which has been introduced in
Chapter 2 and has the great advantage of treating both relativistic and non-relativistic
fluids in a unified framework. Thus, the notations and the equations implemented in
the code are almost the same of those presented in this thesis; however, it is worth to
mention at least a couple of differences. First of all, the quadratic sources in SONG are
symmetrized with respect to the exchange of k1 and k2, since they are dummy variables
and there is not a unique way to express these terms. Secondly, the Einstein equations
which are actually evolved in the code are just four, that is the time-time and the scalar,
vector and tensor space-space equations, which evolve Φ, Ψ, ω[1] and γ[2], respectively.
In fact, using the Newtonian gauge conditions (ω[0] = γ[0] = γ[±1] = 0) and the fact that
ω[−1] = −ω[1] and γ[−2] = γ[2], we have that only four of the ten Einstein equations are
actually independent.

4.5.1 Setting up of the standard code

For the purposes of this thesis and its follow up with future studies, we needed a code
that was capable of computing the angular power spectrum for CMB anisotropies up to
second order, in order to then create a dedicated extension of the code to include the
magnetic contributions to the equations, that we will see in the next chapters. Together
with the second order perturbations the code SONG has also an additional interesting
feature, that is the generation of weak magnetic fields from second order perturbations
through the Harrison mechanism (see Sec. 5.2.3). This feature although not involved
in the current work will be important for the future developments. Unfortunately the
original code was partitioned into different branches which evolved independently over
time, making each branch not suitable for our purposes. The master branch actually
includes the Harrison mechanism, but it does not provide in output the power spectrum
neither for the magnetic field, nor for matter. After exploring and testing all the different
branches we identified the branch spectra2 pks as the most optimal one for our scope,
since it provides both the second-order angular spectra and the magnetic power spec-
trum through the Harrison mechanism. The branch by construction was not capable
of providing the second-order perturbations together with the magnetic spectrum; we
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therefore extended it in order to provide both the results. The new extended code has
been then extensively tested in the ΛCDM framework.

4.6 Second-order TT, EE and TE spectra for ΛCDM

and magnetic power spectrum

We present now the second-order TT, EE and TE spectra for the CMB anisotropy for the
ΛCDM model (Figure 4.1 and Figure 4.2), together with the magnetic power spectrum
generated through the Harrison mechanism, obtained with SONG. In particular, we
assumed adiabatic initial conditions and vanishing primordial non-Gaussianity, which
means that the transfer function of the gauge-invariant curvature perturbation ζ is set
to zero. This implies that the second-order perturbations are initially sourced only by
the quadratic terms in the first-order ones.

Our results are based on the Planck 2018 results [72]; in particular, we set

Ωbh
2 = 0.02237 , Ωch

2 = 0.120 ,

τ = 0.0544 , H0 = 67.36 km s−1 Mpc−1 ,

As = 2.1× 10−9 , ns = 0.9649 . (4.61)

We can note that for the temperature power spectrum the relative second-order contri-
bution becomes progressively important at small scales, but still highly subdominant.
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Figure 4.1: First-order (solid line) and second-order (dashed line) temperature spectra ob-
tained with SONG.
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order TE spectrum (right) obtained with SONG.
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Chapter 5

Primordial Magnetic Fields

Magnetic fields are everywhere in the Universe at all scales probed so far, from planets
and stars to galaxies [47, 8] and galaxy clusters [10, 31, 16] with hints of their presence
on larger structures as voids [61, 88, 91] and filaments [30, 12, 90] . The Earth displays a
dipolar magnetic field of about a Gauss, together with several other solar system planets
and the Sun. In 1949, data on polarized star emission showed the presence of a diffuse
magnetic field in our Galaxy, suggesting for the first time the existence of magnetic
fields at such large scales. Also nearby spiral galaxies host magnetic fields of few or
tens µG and with coherence lengths of the order of the galactic scales; moreover, the
magnetic field presents the same spiral pattern and is aligned with the rotation direction.
Magnetic fields of similar strengths are also present in elliptic galaxies, but in this case
they are randomly distributed and possess coherence lengths smaller than the galactic
scale. Observations of distant quasars, instead, showed the existence of magnetic fields
also in higher redshift galaxies, with similar properties to that of low redshift ones. Also
in cluster of galaxies, magnetic fields of a few µG are detected, with correlation on Mpc
scales, and even in voids of the intergalactic medium weak magnetic fields of ∼ 10−16 G
seem to be present.

The rapid growth of precision reached by recent experiments makes it increasingly
difficult to ignore the presence of such magnetic fields, which are then progressively
acquiring importance in the astrophysical and cosmological researches. In particular,
the main subject of study about magnetic fields is about their generation and evolution.
In fact, although a great amount of data strongly fixes the status of magnetic fields in
the astrophysical context, their origin is still an open question. Since magnetic fields of
∼ µG would have dramatically affected the process of structure formation, they must
have originated from the amplification of smaller pre-existing fields. Compression from
gravitational collapse and dynamos are the main two mechanisms which are able to
amplify initial seed magnetic fields.

Such magnetic seeds can have an astrophysical or cosmological origin for reviews on
the cosmic magnetism see [84, 21, 94, 93]. In the first case, they can be provided by small-
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scales objects like stars in galaxies or AGN in clusters of galaxies; however, the resulting
magnetic fields would have too small coherence lengths and too low amplitudes to be
compatible with the observed large scales magnetic field. The other possibility is instead
to have a cosmological origin for the magnetic seeds; in this case, both the coherence
lengths and amplitudes can be comparable to the observed ones after amplification.

This scenario implies the existence of magnetic fields generated prior to recombination
called primordial magnetic fields (PMFs). The generation of such fields implies the
involvement of non-standard fundamental physics in the early Universe, as we will see
in this chapter. This makes the PMFs existence and characteristics a non conventional
observational window on the physics of the early Universe and for this reason is crucial to
investigate their nature. Luckily, PMFs affect all the cosmological observables, leaving
peculiar imprints that allow constraining their characteristics with cosmological data.
The overall agreement between different probes from the CMB is currently of few nGauss
on a Mpc scale [62, 66].

5.1 Generation of PMFs

Assuming the existence of these primordial seeds, whose subsequent amplification leads to
the observed magnetic fields, does not solve completely the problem, since a mechanism
which explains the generation of such primordial magnetic fields is still necessary. There
are two main classes of generation mechanisms: inflationary and post inflationary ones.

5.1.1 Post inflationary mechanisms

This class of generation mechanisms is associated with phase transitions, like the elec-
troweak (EW) or the QCD one. The main problem for these kind of processes however
is that the generated magnetic fields suffer from too small coherence length, which has
to be smaller than the Hubble radius at that epoch. Processes of inverse cascade can
help to increase such correlation lengths, but it requires an helical component in the
field (thanks to its conservation). Another issue is due to the fact that the optimal phase
transition which can generates magnetic fields is the first order one, which is currently
disfavoured. The idea behind such transitions is that bubbles of the new phase nucleate
through the old phase environment, then expand and eventually collide until the whole
volume is entirely occupied by the new phase. This mechanism provides non-equilibrium
conditions which can possibly sustain processes like baryogenesis and leptogenesis, which
in turn could lead to the generation of magnetic fields; such fields can then be amplified
by turbulence, which is generated from the violent collisions of the bubbles. As already
said, first order phase transitions are the optimal ones for the magnetic field generation,
but both the EW and QCD phase transitions seem to be second order ones; however,
there are some conditions under which this is not generally true. QCD phase transitions,
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for example, could be first order if the lepton chemical potential is sufficiently large (and
still within allowed values) [78]. Also the EW transition can be first order in some super-
symmetric extensions of the standard model, like the MSSM [33, 37]. Post-inflationary
PMFs have the peculiar characteristics of having a spectral index even and equal or
greater than 2 [15].

5.1.2 Inflationary mechanisms

Contrary to the post inflationary scenarios, inflation provides the ideal conditions for
the generation of primordial magnetic fields with large correlation lengths. In fact, the
exponential stretching of wave modes due to the accelerated expansion during inflation
can provide such fields with large coherence lengths. Moreover, vacuum fluctuations of
the electromagnetic field can be excited when a mode is still inside the Hubble radius
and then transformed to classical fluctuations once became superhorizon.

There is however a problem with this scenario, which is related to conformal invari-
ance of the standard electromagnetic action. In fact, under a conformal transformation
g∗µν = Ω2 gµν , the electromagnetic action is not affected, that is S → S∗ = S (for the
explicit form of the action see Sec. 5.2). Furthermore, it can be noted that the FLRW
metric is conformally flat, which means that it can be written as gµν = Ω2 ηµν , with ηµν
being the flat Minkowski metric. It can be proven that it is always possible to transform
the electromagnetic waves and the Maxwell equations into their flat versions; this in turn
implies that it is not possible to amplify an electromagnetic wave fluctuation in a FLRW
spacetime and hence the field always decays with expansion as 1/a2(t). We would then
obtain PMFs with too small amplitudes to be the seeds for large scale magnetic fields
and the only way to avoid this issue is to break conformal invariance. Such breaking can
be achieved by involving in the inflationary mechanism some physical processes, such as
coupling to scalar fields like the inflaton and the dilaton, extradimensions, coupling to
pseudo-scalar field like the axion, having charged scalar fields and so on. Allowing for
the breaking of conformal invariance, it is then possible to obtain the amplification of
electromagnetic waves as the Universe expands. After the end of inflation, the process
of reheating leads to the production of charged particles and hence to a huge increase
in the plasma conductivity, which in turn makes the electric fields disappear and the
magnetic fields get frozen in.

The best way we have to discriminate between inflationary and post inflationary sce-
narios and to constrain the properties of PMFs is to investigate cosmological observables,
in particular CMB anisotropies in temperature and polarization. In fact, the presence of
such primordial fields has a strong impact on the evolution of cosmological perturbations
and hence leaves several imprints on CMB data, which can then be used as a powerful
tool for the study of PMFs. Before going into these details, let us now see some general
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features of the formulation of electrodynamics in a general curved spacetime and, in
particular, in our Universe. We will mostly follow the notations of [85].

5.2 Electrodynamics in the expanding Universe

Electrodynamics in a generic curved spacetime is described by the following electromag-
netic action:

S = −
∫

d4x
√−g FµνF

µν

16π
+

∫
d4x

√−g AµJµ , (5.1)

where Aµ is the electromagnetic 4-potential, Jµ is the 4-current density and Fµν =
Aν;µ − Aµ;ν = Aν,µ − Aµ,ν is the electromagnetic field tensor. From the variational
principle we obtain the source dependent part of the Maxwell equations, while from the
definition of Fµν we get the source free part. They read

F µν
;ν = 4π Jµ , (5.2)

F[µν;γ] = F[µν,γ] = 0 , (5.3)

where with the square brackets we mean adding terms with cyclic permutations of the
indices contained by them. It is useful to define the dual tensor ∗F = (ϵµναβ/2)Fαβ,
where ϵµναβ = Aµναβ/

√−g is the total antisymmetric Levi-Civita tensor and Aµναβ is
the total antisymmetric symbol such that A0123 = 1 and ±1 for even or odd permutations
of (0,1,2,3), respectively.

In flat spacetime, the electric components Ei and the magnetic ones Bi are directly
related to the 6 independent components of F µν as

F 0i = Ei , F 12 = B3 , F 23 = B1 , F 31 = B2 . (5.4)

In a general curved spacetime, instead, we need first to isolate a time direction, which
can be done by choosing a family of observer who measure the electromagnetic field and
whose 4-velocity is Uµ = dxµ/ds, with UµUµ = −1. We can then define the projection
tensor hµν = gµν + UµUν , which projects into the 3-space orthogonal to Uµ. The metric
for these particular observers takes the form

ds2 = −(Uµ dx
µ)2 + hµν dx

µdxν . (5.5)

The electric and magnetic fields can then be expressed as the 4-vectors Eµ and Bµ,
respectively, which are defined as

Eµ = Fµν U
ν , Bµ =

1

2
ϵµναβ U

ν Fαβ = ∗Fµν U
ν . (5.6)

One can check that Eµ U
µ = Bµ U

µ = 0, which means that both Eµ and Bµ are effectively
3-vectors in the 3-space orthogonal to Uµ.
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The Maxwell equations can be decomposed into timelike and spacelike parts using Uµ

and hµν . For this purpose, let us define the spatial projection of the covariant derivative
as DβB

α = hµβ h
α
ν B

ν
;µ, and split the covariant velocity gradient tensor, Uα;β, as

Uα;β =
1

3
Θhαβ + σαβ + ωαβ − U̇α Uβ . (5.7)

In the above equation, Θ = Uα
;α is the expansion scalar, σαβ is the (symmetric, trace-

less and purely spatial) shear tensor, ωαβ is the vorticity and U̇β = Uα Uβ;α is the ac-
celeration of the observer. Another useful quantity to define is the vorticity vector
ων = −ωα;β ϵαβµν Uµ/2. Finally, the timelike and spacelike projections of both equations
(5.2) and (5.3) read

DβB
β = 2ωβ Eβ , (5.8)

hκαḂ
α =

[
σκβ + ωκβ −

2

3
Θ δκβ

]
Bβ − ϵ̄κµν U̇µEν − Curl(Eκ) , (5.9)

DβE
β = 4π ρq − 2ωβ Bβ , (5.10)

hκαE
α =

[
σκβ + ωκβ −

2

3
Θ δκβ

]
Eβ + ϵ̄κµν U̇µBν + Curl(Bκ)− 4π jκ . (5.11)

Here we have defined Ḃα = Uβ Bα
β, Curl(E

κ) = ϵ̄κβν Eν;β with ϵ̄κβν = ϵκβνµ Uµ being
the 3-dimensional fully antisymmetric tensor; finally, ρq = −Jµ Uµ and jκ = Jν hκµ
are respectively the charge and 3-current densities as perceived by the observer with 4-
velocity Uµ. Note that in the equation (5.8) the term 2ωβ Eβ acts as an effective magnetic
charge, which is generated by the vorticity related to the motion of the observer. We
complete the set of equations by giving the generalized relativistic Ohm’s law, that is

Jα = ρq ω
α + σ Eα , (5.12)

where σ is the conductivity of the fluid and all the quantities are measured in its rest
frame (ωα is the mean 4-velocity of the fluid and Eα = Fαβ ωβ).

We now have all the ingredients to consider the particular case of the flat FLRW
spacetime. The observer that we now consider is the fundamental one of the FLRW
metric, which has Uα = (1, 0, 0, 0). Hence, we also get U̇α = 0, ωαβ = 0, σαβ = 0 and
Θ = 3 ȧ/a. With all these simplifications, Maxwell equations now take the form

∂Bi

∂xi
= 0 ,

1

a3
∂

∂t

[
a3Bi

]
= −1

a
ϵ∗ilm

∂Em

∂xl
, (5.13)

∂Ei

∂xi
= 4π ρq ,

1

a3
∂

∂t

[
a3Ei

]
=

1

a
ϵ∗ilm

∂Bm

∂xl
− 4π ji , (5.14)

with ϵ∗ijk being the usual 3-dimensional fully antisymmetric symbol, such that ϵ∗123 = 1.
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Let us consider the case of no peculiar velocity (ωα = Uα) and infinite conductivity
(σ → ∞), which are realistic conditions for the plasma in the Universe. Then, from
the Ohm’s law (5.12) we have Eα = 0 and hence, from the second of equations (5.13),
Bi ∝ 1/a3. This is however in contrast with the idea that in flat spacetime and in a
highly conductive fluid, the magnetic flux through a comoving surface with the fluid itself
is constant; thus, since in an expanding Universe the proper surface increases as a2(t),
we would expect that Bi ∝ 1/a2 as the Universe expands. This apparent contradiction
comes from the fact that the magnetic and electric fields considered so far are defined on
the coordinate basis, that are the ones for which the metric is of the FLRW form. Let
us instead refer the EM components to the local inertial frame, which is the one that
laboratory measurements would use. This can be done by projecting them into the four
orthonormal vectors e(a) (a = 0, 1, 2, 3), which satisfy the relation gµνe

µ
(a)e

ν
(b) = ηab. In the

frame defined by the tetrads, the metric assumes locally the form of the flat Minkowski
one, ηµν . It can be proven [85] that the projected components of the magnetic field along

the four tetrads, that is B̄a = gµν B
µ eν(a) = Bµ e

(a)
µ , scale as B̄i = B̄i ∝ 1/a2, which is

exactly what we would expect from the the flux freezing. Thus, such frame seems to be
the most natural one to express the physical components of the magnetic field. A similar
argument holds also for the electric field.

If we now define the vectors B ≡ (B̄1, B̄2, B̄3), E ≡ (Ē1, Ē2, Ē3) and J ≡ (j̄1, j̄2, j̄3),
together with the comoving variables

B∗ = a2B , E∗ = a2E , ρ∗q = a3 ρq , J∗ = a3 J , (5.15)

the Maxwell equations become

∇ ·B∗ = 0 ,

∇ · E∗ = 4π ρ∗q ,

∇× E∗ = −(B∗)′ ,

∇×B∗ = 4π J∗ + (E∗)′ , (5.16)

while the Ohm’s law reads

J∗ = ρ∗q v + σ∗ (E∗ + v∗ ×B∗) , (5.17)

with σ∗ = a σ. Note that we are now referring the equations to the conformal time τ and
to the comoving spatial coordinates xi. The interesting result is that the above equations
are exactly the same of those in flat spacetime, which is also a consequence of conformal
invariance of electrodynamics.
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5.2.1 The induction equation

The combination of the Ohm’s law with the Maxwell equations leads to an evolution
equation for the magnetic field, which is called induction equation and reads

∂B∗

∂τ
= ∇× [v ×B∗ − η∗∇×B∗] , (5.18)

with η∗ ≡ (4π σ∗)−1 being the magnetic diffusivity.
We can notice that in absence of resistivity (η = 0) and with no peculiar velocities

(v = 0), the magnetic field defined in the local inertial frame just decays as B ∝ 1/a2. In
the general case, instead, the two terms in the right hand side of the induction equation
affect the evolution of the magnetic field; in particular, it is possible to identify two
different regimes, which are valid when one term dominates the other and vice versa.

• Magnetic flux freezing. In the high conductivity limit η → 0, the only term which
contributes to the evolution of the magnetic field is v×B∗, also known as induction
term. In this case, the magnetic flux through a surface which is moving with the
fluid stays constant.

• Magnetic diffusion. In the opposite limit, that is v = 0, for a constant η∗ the
induction equations reduces to the diffusion equation

∂B∗

∂τ
= η∗∇2B∗ . (5.19)

Hence, the field B∗ decays on the comoving diffusion timescale τd ∼ L2/η∗, where
L is the typical comoving scale for the variation of the magnetic field.

All the intermediate cases are characterized by the magnetic Reynolds number, which
quantifies how much the induction term dominates the diffusion term and it is defined
as

Rm =
v L

η∗
=
v l

η
. (5.20)

Here, v is the typical fluid velocity on the comoving scale L, while l = aL is the proper
scale. For Rm → ∞ we recover the high conductivity scenario, while for Rm → 0 we
obtain the magnetic diffusion case.

5.2.2 Magnetic helicity

An important quantity characterizing magnetic fields is the magnetic helicity, which is
defined as

H =

∫

V

d3rA ·B (5.21)
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where V is a proper closed volume and B = ∇r×A (the definition of helicity is the same
if comoving quantities were used). It intuitively quantifies how much non-overlapping
field lines are linked and twisted. An important property of helicity is that, under
many astrophysical conditions with Rm large, it is almost conserved even in presence of
magnetic energy dissipation. Magnetic helicity is also crucial for the evolution of post
inflationary PMFs, since they require its conservation to activate the inverse cascade
mechanism which in turn increases their correlation length, as already mentioned in Sec.
5.1.1.

The presence and the relative importance of helical components into PMFs is still a
subject of intense study. Such contribution would lead to different imprints on the CMB
power spectra, which therefore provide the best way to constrain magnetic helicity so
far [62]. However, helicity is a parity violating property: this would imply, together with
many other deep implications for fundamental physics, the presence of non-vanishing
odd cross-correlators TB and EB for CMB anisotropy, hence providing an extraordinary
opportunity for future experiments to constrain the presence and properties of helical
PMFs.

5.2.3 The Harrison mechanism

The induction equation (5.18) admits the solution B = 0, which means that if a mag-
netic field vanishes at some initial time, it will never be generated. There is however a
mechanism, proposed for the first time by Harrison in 1970 [34], through which a initially
vanishing magnetic field can be generated. It is based on the vortical velocity difference
between electrons and protons, which induces an electric field with a non-vanishing curl
and hence, through the Maxwell equations, a magnetic field can be generated. Although
the resulting magnetic fields would be too weak to justify the observed large-scale mag-
netic fields, it is worth mentioning it, especially for the purposes of this thesis and more in
general for possible future studies of primordial magnetic field. Harrison considered the
case of the differential rotation of electrons and ions in a protogalaxy, but this mechanism
is now reinterpreted in a more general framework. Let us consider the multicomponent
fluid formed by photons, electrons and protons. Before recombination. photons and elec-
trons are tightly coupled through Thomson scattering, but also electrons and protons can
be considered tightly coupled through Compton scattering. However, a tiny difference in
the velocities of protons and electrons arises from the difference in the strength of these
interactions and in the mass of the two species, leading to vortical currents and magnetic
fields. This effect is appreciable only at non-linear order and this is why the Harrison
mechanism should be considered for a fully non-linear treatment of primordial magnetic
fields in the cosmological plasma (and hence for this thesis, which computes a first step
in this direction). At first order, in fact, vector perturbations are zero after inflation, at
least in the standard model; at second order, however, vector modes can be sourced by
scalar cosmological perturbations and therefore vortical currents can be generated.
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The original version of SONG implements the generation of magnetic fields around
recombination through the Harrison mechanism, up to second order. In particular, the
evolution equation for the field is given by [24, 25]

(a2Bi)′ = −a2 ϵijk ∂j[(1 + Φ−Ψ)Ek] , (5.22)

where all the quantities are evaluated in the local inertial frame. The electric field is the
one generated by the vortical currents induced by protons and electrons and has to be
calculated at least up to second order to give a non-vanishing result in equation 5.22 1.
This is one of the reasons of having chosen this code, because it might be suitable for a
future fully non-linear treatment of PMFs, since this mechanism may be used to drive
the evolution of the magnetic field at second order in perturbations.

1In fact, at linear order we have only scalar perturbations and therefore Ei ∝ ∂iΦ, which would imply
a zero right hand side of equation 5.22 and a decay of the magnetic field just as 1/a2.





Chapter 6

Primordial Magnetic Fields and
CMB anisotropy

PMFs offer an extraordinary observational window to study the early Universe, test its
physics and possibly open the way at new exotic phenomena. Detecting and measur-
ing primordial fields and constraining their properties could, for example, provide strong
constraints to inflation and the possibility to discriminate between different models. For-
tunately, the presence of PMFs has a strong impact on several cosmological observables,
leading to a wide range of possibilities to constrain their properties. A lot of information
can be extracted, for example, from the imprints of PMFs on Big-Bang nucleosynthesis
(BBN) [44, 18, 29, 43, 53] and on large-scale structure (LSS) [87, 42, 23, 63, 48, 14, 57,
77]. In particular, such observational windows allow the identification of upper bounds
on the strength of the PMF; an upper limit of ∼ 0.1µG was found from BBN [32, 43]
and of ∼ 10 nG from LSS [5]. Another way to constrain PMFs come from the study of
the thermal spectrum of the CMB radiation. The presence of such primordial fields can
indeed induce spectral distortions through the injection of dissipated magnetic energy
via damping processes [49].

A crucial role in the investigation of PMFs is however played by the CMB anisotropies.
Most of the more robust constraints we have so far come indeed from the analysis of CMB
data, which provide one the best opportunities to acquire information about the origin
and characteristics of PMFs, together with their possibility to be the seeds of the large-
scale magnetic fields we observe today. An extensive and detailed discussion about PMF
constraints from combined analyses of CMB temperature and polarization anisotropies
is found at [62].

There are mainly two way to model a PMF:

• as a homogeneous field, which however cannot be included in a homogeneous and
isotropic model since it breaks isotropy, but it has to be described in the framework
of an anisotropic cosmological model;

95
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• as a stochastic background (SB), which can be described within the FLRW metric
and is modelled as a fully inhomogeneous component of the cosmological plasma,
i.e. its energy density and anisotropic stress do not contribute at background level
and its energy-momentum tensor components are treated on the same footing of
first-order cosmological perturbations.

In this thesis we assume a SB of PMF, which is also the most used model in the literature.

6.1 Stochastic background of PMF

As already said, for SB of PMF the contribution of its energy density and anisotropic
stress can be neglected at homogeneous level. The PMF EMT components contribute,
indeed, at the same level of first-order perturbations. At linear order, PMFs evolve like
a stiff source, which means that we can ignore the back-reaction of gravity onto the
PMFs. Moreover, prior to the recombination we can safely consider the case of infinite
conductivity, in which case the induced electric field is zero. Within this limit, the
magnetic field just dilutes as B(x, τ) = B(x)/a(τ)2, with B(x) being the comoving field
(the B∗ of Chapter 5, but now we drop the asterisk to avoid a heavy notation). These
conditions allow working in first approximation within the ideal magneto-hydrodynamics
(MHD); however, at small scales the magnetic field undergoes non-trivial dynamics and
the aforementioned assumptions of ideal MHD cannot hold anymore. In our work, we lay
the foundation of a complete treatment that includes all these non-linear and non-ideal
MHD effects, which may be crucial, as we will see, for the physics of recombination [40],
and in general for acquiring further predictive power.

As a first approximation (as it is usually done) we will focus on non-helical PMFs.

6.1.1 Statistics of PMF

The non-helical SB of PMF is modelled with a power-law power spectrum, defined
through the two-point correlation function in Fourier space

〈
Bi(k)B

∗
j (k

′)
〉
=

(2π)3

2
δ(3)(k− k′)

(
δij − k̂ik̂j

)
PB(k) , (6.1)

with PB(k) = AB k
nB and k̂i being the cartesian component of the normalized wave

vector. Hence, the two key quantities which specify the characteristics of the PMF are
the amplitude of the power spectrum, AB, and the spectral index, nB. In particular,
the latter is strictly related to the generation mechanism and hence provides a powerful
tool to discriminate between different generation scenarios (for example we remind that
post-inflationary mechanisms generate PMF with nB ≥ 2 [15, 20]).
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It is customary to smooth the fields on a comoving scale λ, which is usually taken to
be 1 Mpc (that is similar to the typical coherence lengths of large scale magnetic fields).
Such smoothed amplitude is expressed as [62]

B2
λ =

∫ ∞

0

dk k2

2π2
e−λ

2k2 PB(k) =
AB

4π2 λnB+3
Γ

(
nB + 3

2

)
. (6.2)

Note that the condition nB > −3 must be satisfied in order to avoid infrared divergences.

Magnetic modes have the interesting property to not suffer from Silk damping, which
instead causes the suppression of high multipoles in the CMB angular power spectrum.
However, PMFs are still suppressed on small scales by radiation viscosity [39], although
on scales much smaller than the Silk one. This damping is modelled by a sharp cut-off
in the PMF power spectrum at the damping scale kD, whose expression is [86]

kD = (5.5× 104)
1

nB+5

(
Bλ

nG

)− 2
nB+5

(
2π

λ/Mpc

)nB+3

nB+5

h
1

nB+5

(
Ωbh

2

0.022

) 1
nB+5

Mpc−1 . (6.3)

The root mean square of the field is instead given by

〈
B2

〉
=

〈
Bi(x)B

∗
i (x

′)
〉
|x=x′ =

1

2π2

∫ kD

0

dk k2 PB(k) . (6.4)

The relation between the root mean square of PMFs and the smoothed amplitude is

〈
B2

〉
= B2

λ

(kD λ)
nB+3

(nB + 3)Γ
(
nB+3

2

) . (6.5)

6.1.2 PMF energy-momentum tensor

PMFs source scalar, vector and tensor perturbations. There are mainly three way in
which PMFs influence the evolution of cosmological perturbations:

• PMFs carry energy and momentum which are treated at the same level of first-order
perturbations, therefore gravitating and influencing the metric perturbations;

• PMFs carry anisotropic stress, which adds to the ones of neutrinos and photons1;

• PMFs induce a Lorentz force on baryons, hence affecting their velocity and, due
to the tight coupling, also having an indirect influence on photons.

1The photon anisotropic stress is however negligible before the decoupling.
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Another important contribution which arises at next-to-leading order is the effect which
magnetic fields have on the speed of sound due to the presence of MHD waves 2 in the
magnetized plasma and becomes particularly important as approaching to recombination.
Such effect, which is not included in the standard (ideal MHD) treatment, is particularly
important for the purpose of this work and it will be discussed in the next chapter. The
PMF energy-momentum tensor components are

τ 00 = −ρB = −B2(x)

8π a4
, (6.6)

τ 0i = 0 , (6.7)

τ ij =
1

4π a4

(
B2(x)

2
δij −Bj(x)B

i(x)

)
. (6.8)

Note that the components are all quadratic in the magnetic field. Hence, since we are as-
suming the PMF EMT to contribute at first order in the cosmological perturbations, we
can equivalently state that the magnetic field itself is a half-order perturbation, which
in a perturbative expansion reads B ∼ ϵ1/2. Another consequence of such quadratic
dependence is that, even if the magnetic fields are Gaussian distributed, the EMT pro-
vides a non-Gaussian contribution to CMB anisotropies, since it approximately follows
χ2 statistics.

The Fourier transform of the PMF energy-momentum tensor, being quadratic in the
magnetic fields, is a convolution. The two-point correlation function of the spatial part
of EMT is

〈
τ ∗ab(k) τcd(k

′)
〉
=

∫
d3q d3p

64π5
δab δcd

〈
Bl(q)Bl(k− q)Bm(p)Bm(k

′ − p)
〉

−
∫

d3q d3p

32π5

〈
Ba(q)Bb(k− q)Bc(p)Bd(k

′ − p)
〉
. (6.9)

The scalar, vector and tensor correlation functions are then obtained as follows

〈
Π∗(S)(k)Π(S)(k′)

〉
= δab δcd

〈
τ ∗ab(k) τcd(k

′)
〉
,

〈
Π

∗(V)
i (k)Π

(V)
j (k′)

〉
= ka Pib(k) k

′
c Pjd(k

′)
〈
τ ∗ab(k) τcd(k

′)
〉
,

〈
Π

∗(T)
ij (k)Π

(T)
tl (k′)

〉
=

[
Pia(k)Pjb(k)−

1

2
Pij(k)Pab(k)

]
×

[
[Ptc(k

′)Pld(k
′)− 1

2
Ptl(k

′)Pcd(k
′)

]〈
τ ∗ab(k) τcd(k

′)
〉
, (6.10)

2In a magnetized plasma, three different kind of waves can be generated: the transversal shear Alfvén
wave and the longitudinal slow and fast magnetosonic waves.
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where Pij = δij − k̂i k̂j and a sum over repeated indices is implied. We can write such
convolutions in terms of spectra, namely

〈
Π∗(S)(k)Π(S)(k′)

〉
= |Π(S)(k)|2 δ(k− k′) ,

〈
Π

∗(V)
i (k)Π

(V)
j (k′)

〉
=

1

2
|Π(V)(k)|2 Pij(k) δ(k− k′) ,

〈
Π

∗(T)
ij (k)Π

(T)
tl (k′)

〉
=

1

4
|Π(T)(k)|2Mijtl(k) δ(k− k′) , (6.11)

where Mijtl(k) = Pit Pjl + Pil Pjt − Pij Ptl. With this choice, the spectra take the form

|ρB(k)|2 =
1

1024π5

∫

Ω

d3pPB(p)PB(|k− p|) (1 + µ2) ,

|Π(V)(k)|2 = 1

512π5

∫

Ω

d3pPB(p)PB(|k− p|)
[
(1 + β2) (1− γ2) + γ β (µ− γ β)

]
,

|Π(T)(k)|2 = 1

512π5

∫

Ω

d3pPB(p)PB(|k− p|) (1 + 2 γ2 + γ2 β2) , (6.12)

where µ = p̂ · (k − p)/|k − p|, γ = k̂ · p̂, β = k̂ · (k − p)/|k − p| and Ω is the volume
with p < kD. The general expression for the Lorentz force is [41]

Li(x, τ0) =
1

4π

[
Bj(x)∇jBi(x)−

1

2
∇iB

2(x)

]
(6.13)

and L(x, τ) = L(x, τ0)/a
4(τ). Since we are interested in the scalar sector, its scalar part,

which is defined as ∇2L(S) ≡ ∇iLi, is

∇2L(S) =
1

4π

[
∇iBj(x)∇jBi(x)−

1

2
∇2B2(x)

]
(6.14)

The Fourier power spectra of the Lorentz force reads

|L(S)(k)|2 = 1

128π2 a8

∫

Ω

d3pPB(p)PB(|k− p|)
[
1 + µ2 + 4 γ β (γ β − µ)

]
. (6.15)

The conservation equations for the PMF energy-momentum tensor are given by

∇µτ
µ
ν = −F µ

ν Jν . (6.16)

which, for ν = 0, give the energy conservation equation, ρB ∝ a−4, while from ν = i give
a nice relation between the scalar anisotropic stress (σB)

3, the energy density and the
Lorentz force, that is

σB =
ρB
3

+ L , (6.17)

3Here we are using the notation of Ma&Bertschinger [54] for the scalar anisotropic stress, see Ap-
pendix A for more details
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This useful relation, which is also model-independent, allows us to compute only two of
the three convolution integrals for ρB, L and σB.

CMB anisotropies are strongly affected by the infrared behavior of the spectra. In
particular, for indices greater than nB = −3/2, the spectra show white noise, while for
smaller indices they are infrared-dominated as k2nB+3.

6.1.3 Compensated modes

In this work, we analyzed the effects of PMFs directly on the adiabatic modes, i.e. we
properly modified the fluid and Einstein equations to account for the presence of PMFs,
but keeping the adiabatic initial conditions. This is however an original approach with
respect to what is usually done. In fact, magnetically induced perturbations are typically
associated with different initial conditions, which are obtained by solving the Einstein
and Boltzmann equations, with in addition the magnetic terms, on large scales deep
in the radiation era. With this approach, the presence of PMF induces, in addition to
the usual adiabatic ones, new independent fully magnetic modes in matter and metric
perturbations, which are indeed the particular solutions of the (now) inhomogeneous4

system of the Einstein-Boltzmann differential equations. At linear order, such modes
decouple and evolve independently. The post inflationary evolution leads to two types
of them, the compensated and the passive modes.

The compensated modes are magnetically induced modes which are sourced by the
PMF energy-momentum tensor after neutrino decoupling. The term “compensated”
comes from the fact that the magnetic contributions to the metric perturbations in the
initial conditions are compensated by those of the fluids to leading order in kτ . Thanks
to this compensation, the curvature potential ζ remains constant outside the Hubble
radius, since it is affected by PMF only at order ∼ (kτ)2 [26, 65].

The passive modes are instead generated before neutrino decoupling. Hence, without
the neutrino free-streaming, the anisotropic stress of PMF is not balanced and a loga-
rithmic growing mode (in conformal time) is therefore generated. As neutrinos decouple,
their anisotropic stress can compensate the PMF one, leading to the compensated mode
previously described; however, such logarithmic growing mode leaves an imprint in form
of a constant offset on the amplitude of the inflationary (non-magnetic) mode [80].

There is also another class of magnetic modes, the inflationary ones, which are directly
related to the inflationary generation mechanism for PMFs [11].

We now focus only on the compensated modes and show what are their contributions
to the angular power spectra. We will then present, in Sec. 6.2.2, the comparison of such
effects with our results, which were instead obtained by looking at the effects of PMFs

4The SB of PMF, if treated as a stiff source, acts as a force term in the Einstein-Boltzmann system,
making them inhomogeneous. Thus, the solution will be the sum of that of the homogeneous system
(the primary adiabatic modes) and that of the inhomogeneous one (the fully magnetic modes).
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Figure 6.1: Magnetically-induced CMB TT (top left), TE (top right), EE (bottom left) and
BB (bottom right) power spectra, for PMFs with B1Mpc = 4.5 nG and nB = −1. The solid lines
represent primary CMB anisotropies, while the dotted, dashed and dot-dashed lines represent
magnetically-induced compensated scalar, vector and tensor modes, respectively (for the BB
panel. the solid and dotted lines represent the primary tensor modes with a tensor-to-scalar
ratio of r = 0.1 and the lensing contributions, respectively) [62].
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Figure 6.2: Dependence of the magnetically-induced CMB temperature power spectrum on
the spectral index, for scalar (left) and vector (right) contributions. The amplitude of PMF is
fixed at B1Mpc = 4.5 nG [62].

directly on the primary adiabatic modes. For the explicit expression of initial conditions
for the compensated modes, see [26].

In Figure 6.1 the spectra for magnetically-induced compensated modes are shown.
The dominant contributions to the angular power spectra for compensated initial condi-
tions come from scalar and vector modes. Moreover, it can be noticed that the magnetic
contributions become relevant at small scales, since magnetically-induced perturbations
do not suffer from Silk damping, contrary to the primary ones 5. Hence, a careful anal-
ysis of such scales is crucial for the constraining of PMFs. Another property of the
magnetically-induced spectra is that their shape are strongly dependent on the PMF
spectral index. This can be explicitly see in Figure 6.2, where such dependence for the
temperature power spectrum, for scalar and vector perturbations, is displayed. In par-
ticular, one can see that, as nB changes, for indices greater than nB = −3/2 there is just
a rescaling of the amplitude, while for smaller indices there is a change of the tilt, which
reflects the infrared domination of the PMF EMT.

6.2 Effects for scalar adiabatic initial conditions

We show now our original results of the effects of PMFs for adiabatic initial conditions.
Contrary to the usual approach of analyzing the PMF contribution for magnetized initial
conditions and evolving magnetically induced independent modes, as shown in Sec. 6.1.3,
we instead study the impact of PMFs directly on the primary adiabatic modes.

For this purpose, we select the usual adiabatic initial conditions, those presented in
Sec. 2.5, and we developed a dedicated extension of the SONG code which includes
the PMF contributions to the Einstein and Boltzmann equations. With this dedicated

5Alfvén waves behave as overdamping oscillators, hence being suppressed at scales smaller then the
Silk one.
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extension we see how the cosmological perturbations and the CMB power spectrum are
affected. However, in the original version of SONG the PMF terms into the Einstein and
Boltzmann equations were not implemented. Hence, we modified the code by introducing
PMF contribution in the first order Einstein equations and in the first order evolution
equation for baryons. The final goal would be to include all the next-to-leading effects
which arise from the presence of PMFs in the primordial plasma. In fact, particularly
at small scales non-linear effects induced by PMFs may be relevant and we would enter
the realm of non-ideal MHD. So far, such effects are tested mainly with small-scale
MHD simulations, but a complete and careful analysis of such physics with the use of
the full Einstein and Boltzmann system is still lacking. In our work, we performed the
first step towards this promising treatment by considering the coupling of the adiabatic
modes with the magnetic field with the inclusion of the main PMF contributions: energy
density, anisotropic stress, Lorentz force, Alfvén velocity; into the first-order Einstein
and fluid equations, in such a way to capture the relevant next-to-leading order effects.
We stress however that this is an approximate calculation, since we are for this first step
neglecting the backreaction of the fluid into the PMF and hence the non-linear evolution
of the magnetic field itself.

In this chapter we focus on the PMF effects for the first-order temperature power
spectrum. In particular, we see the contributions of the Lorentz force and the PMF
terms in the Einstein equations individually. In Chapter 7 instead we will focus on the
next-to-leading effects of PMFs, showing in particular how baryon inhomogeneities are
affected and their possible non-linear behaviour around recombination, especially for
blue magnetic spectra; we will also introduce the effect of PMFs on the speed of sound,
which is usually neglected in standard linear treatments, and show the correspondent
impact on the baryon density perturbations and on the temperature power spectrum.

We finally stress that our treatment is limited to the scalar perturbations, but an
extension to vector and tensor ones can be surely an interesting subject of future studies.

6.2.1 Lorentz force contribution

The presence of PMFs induces a Lorentz force on baryons and affects their velocity. In
particular, being electrically charged, their conservation equations are modified by the
introduction of an electromagnetic source term as

∇µδT
µν
baryons ∝ F µν Jµ . (6.18)

Since the primordial plasma can be considered globally neutral, J0 = 0 and hence the
energy conservation equation for baryons is not modified. The Euler equation, however,
gets an additional term which is the Lorentz force contribution and becomes

(
1b

1
0

)′
= −H 1b

1
0 + 3 k c2s 0b

0
0 + 3 kΨ− rκ′

(
4u[0] − I1

0

)
− 3 k

ρb
L , (6.19)
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The new term −3 k L/ρb encodes the Lorentz force contribution on baryon velocity and
scales as 1/a(τ).

Prior to recombination, photons and baryons are tightly coupled and therefore an
indirect influence of the Lorentz force is present also for photons during this regime. The
combination of the photon and baryon equations gives

(1 + r)
(
1b

1
0

)′
=−H 1b

1
0 + 3 k c2s 0b

0
0 + (1 + r) 3 kΨ

+ 3 k r

(
1

4
I0
0 −

1

10
I2
0

)
+ r

[
3

4

(
I1
0

)′ −
(
1b

1
0

)′
]
− 3 k

ρb
L , (6.20)

with r = ρ̄γ/ρ̄b and

(
1b

1
0

)′ − 3

4

(
I1
0

)′
=

2 r

1 + r
H

(
1b

1
0 −

3

4
I1
0

)
+

τ

1 + r

[
− a′′

a
1b

1
0

− 3 kH
(
1

2
I0
0 +Ψ

)
+ 3 k

(
c2s
(
0b

0
0

)′ − 1

4

(
I0
0

)′
)
+H 3 k

ρb
L

]
. (6.21)

The photon Euler equation in the tight-coupling regime becomes

(
I1
0

)′
=− 1

r

(
4

3

(
1b

1
0

)′
+

4

3
H 1b

1
0 − 4 k c2s 0b

0
0 +

4 k

ρb
L

)

+ 2 k

(
1

2
I0
0 −

1

5
I2
0

)
+

1 + r

r
4 kΨ . (6.22)

Hence, we note the appearance of the Lorentz term which however disappears once the
tight-coupling ends, as we would expect.

For the expression of the Lorentz force, we use the analytic solutions to the con-
volution integral 6.15 derived in [26] and [65] for fixed spectral indices. In particular,
one finds that there is a non-vanishing contribution only for 0 < k < 2 kD, as a conse-
quence of the sharp cut-off of the power spectrum at the damping scale kD. The explicit
expressions of the Lorentz Fourier spectra are given in Appendix C.

In Figure 6.3 we show, in the top panel, how the CMB temperature power spectrum
is affected by the presence of the Lorentz force, for different spectral indices and for
B1Mpc = 1 nG, while in the lower panel percentage differences from the case without
PMFs are shown (for a better visualization of the small percentage differences for negative
indices, see Appendix D). It can be noticed that the effect progressively increases for
larger values of nB, but remains pretty subdominant up to nB = 1 (≲ 2%), with a quite
appreciable contribution only for nB = 2 (up to 10% of difference). However, for indices
smaller than nB = −3/2 we note an increasing effect at large angular scales: this may
reflect the change in the infrared behaviour of the Lorentz spectra, which from white
noise for indices greater than −3/2 become infrared dominated for smaller indices.
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Figure 6.3: In the top panel, CMB temperature power spectrum without (black line) and with
Lorentz force contribution for different spectral indices (coloured lines, see the legend); in the
lower panel, the percentage differences with respect the case without PMFs for different indices
(see the legend). In all cases with PMFs, B1Mpc = 1 nG.
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6.2.2 PMF contribution in the Einstein equations

We associated to PMFs an energy-momentum tensor which is treated at the same level
of first-order perturbations. Hence, at linear order PMFs gravitate and affect all the
components of the cosmological fluid. The perturbed Einstein equations now read

δGµν = 8πG (δTµν + τµν) . (6.23)

where δTµν and τµν are the EMTs of the fluid and of PMF, respectively.
In Newtonian gauge, we then have

6H2Ψ+ 6HΦ′ + 2k2Φ =− 8πGa2
(∑

n

ρ̄n 0∆
(n)
00 + ρB

)
,

6Φ̈ + Ψ(6H2 + 12Ḣ) + 6H(Ψ̇ + 2Φ̇) + 2k2(Φ−Ψ) =8πGa2
(
3
∑

n

c2sn ρ̄n 0∆
(n)
00 + ρB

)
,

−2k(Φ̇ +HΨ) =8πGa2
∑

n

(ρ̄n + P̄n)V[0]n ,

−2k2

3
(Φ−Ψ) =8πGa2

(∑

n

Σ[0]n + σB

)
, (6.24)

where n = γ, ν, b, c labels the different components. For the expression of ρB we again
used the analytic solutions of the convolution integral (6.12) in [26] and [65] (see Ap-
pendix C), while σB is directly obtained through equation (6.17). We see then that
additional terms due to the presence of the PMF EMT appear in the time-time, trace
and space-space equation, while the space-time one is not affected. It is also evident,
from the space-space equation, that PMFs provide anisotropic stress in addition to that
of photons and neutrinos.

In Figure 6.4 we see the impact of such terms on the CMB temperature angular
power spectrum for different spectral indices and the percentage differences. As in the
Lorentz case, the effect becomes larger as the considered spectral increases (for nB = 2
we observe a difference up to 15%), except for indices smaller than −3/2, where an
increasing effect at larger angular scales as nB becomes smaller is observed (but always
below 2%). However, the impact on CMB power spectrum due to the modification of
the Einstein equations seems to have an opposite behaviour with respect to that of the
Lorentz force. Such feature is quite evident looking at the percentage differences in
Figure 6.3 and Figure 6.4, where one can clearly see the opposite contributions due to
the two effects (for example, the modification to the Einstein equations enhances the
odd peaks and suppresses the even ones, at least till ℓ ∼ 2000 where an overall raising
takes place, while the opposite happens for the Lorentz contribution).

In Figure 6.5 the same plots are shown for the combined effects of the PMF EMT in
the Einstein equations and the Lorentz force. We see that there is an overall suppression
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Figure 6.4: In the top panel, CMB temperature power spectrum without (black line) and with
PMF EMT contribution in the Einstein equations for different spectral indices (coloured lines,
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Figure 6.5: In the top panel, CMB temperature power spectrum without (black line) and with
both the PMF EMT in the Einstein equations and Lorentz contributions for different spectral
indices (coloured lines, see the legend); in the lower panel, the percentage differences with
respect the case without PMFs for different indices (see the legend). In all cases with PMFs,
B1Mpc = 1 nG.

of anisotropies for scales smaller than the horizon at recombination especially for the
largest indices, while at larger scales the spectrum is only slightly increased for nB =
2. The combination of the two effects provides a smaller contribution with respect to
the individual cases, with differences below 4% at all scales. A comparison with the
magnetically-induced compensated power spectra is shown in Figure 6.6.
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Chapter 7

Next-to-leading effects for PMF in
CMB

The presence of PMFs in the cosmological plasma introduces several complex effects
which are beyond the linear and ideal MHD regimes. Despite countless studies, a gen-
eral and exhaustive treatment of PMFs within the general relativistic framework of the
Einstein-Boltzmann equations is still lacking. So far, such non-linear effects, which are
relevant mostly at small scales, are investigated through MHD simulations of small cells
of plasma, which however completely miss the large-scale physics and the possible effects
into the cosmological observables, like the CMB anisotropies.

A crucial effect which arises at small scales and which is particularly important for
the purpose of this work is the generation, induced by PMFs, of baryon density inho-
mogeneites of considerable magnitude [38]. Shortly before recombination, photons and
baryons are no longer tightly coupled and the photon mean free path (lγ) progressively
increases; hence, below this scale, photons do not co-move with the fluid anymore and
they start to free stream. However, they still strongly affect the fluid by occasionally
scattering with the moving electrons and therefore they introduce a drag force on the
baryon fluid, leaving the plasma in a highly viscous state at small scales, before recom-
bination. As the photons decouple from the fluid, there is a dramatic decrease in the
speed of sound and the magnetic pressure becomes dominant with respect to the ra-
diation one. It was shown [38] that such magnetic fields, with strengths of ∼ 0.1 nG,
can induce compressional flows at scales smaller than lγ and hence density fluctuations
as large as δρ/ρ ∼ 1 may be generated before recombination. The presence of such
inhomogeneities on ∼ kpc scales may profoundly change the recombination history. In
fact, the recombination rate is proportional to the electron density square n2

e. As an
inhomogeneous Universe has ⟨n2

e⟩ > ⟨ne⟩2 = ⟨n2
e⟩|homo (with ⟨n2

e⟩|homo being referred to
an homogeneous Universe), the generation of baryon inhomogeneities would increase the
average recombination rate and makes it happen at earlier times. An earlier recombi-
nation in turn would imply a smaller sound horizon (r∗) at recombination and hence a
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shift of the Doppler peaks at smaller scales. According to a recent proposal by Jedamzik
and Pogosian [40], since the positions of the peaks, ℓ ∝ rls/r∗, are accurately measured
by the Planck satellite, it becomes necessary to have a smaller conformal distance to
last scattering (rls) to compensate for the shift, hence requiring a larger value of the
Hubble constant, H0. The presence of PMFs could therefore provide a promising way to
relieve the tension with the measurements of H0 from the local Universe through type
Ia supernovae, according to which H0 is up to 5 standard deviations higher than the one
determined from CMB [74, 73].

Another important effect which is usually neglected in the standard approach is the
one that a magnetic fields induce on the baryon speed of sound, due to the possible
excitation of magneto-hydrodynamics waves. It is in principle a second-order effect
and further hidden by the large value of cs, but its contribution may become relevant
once approaching to recombination, when the baryon speed of sound experiences a large
decrease due to the photon decoupling.

In this chapter we focus on these two effects. In particular, we show the influence
of PMFs on the evolution of baryon density perturbations and investigate their impact
around recombination; we then study the effect on CMB angular spectrum and baryon
evolution with the modification of the speed of sound. We conclude by giving an outlook
showing the second-order spectra within our approach. The results show how the base
treatment we use may be insufficient for the full second order spectra, that might require
the involvement of more terms; hence an expansion of our work in this direction can
surely be an attractive goal for future studies.

As said before, an exhaustive treatment of all these effects within the use of Einstein-
Boltzmann codes still misses. In the perspective of future cosmological data, with a
precision which is progressively increasing, the modeling of this kind of physics may
become crucial. In this context, our work represents a first step, that is to capture such
effects by including the PMF energy-momentum tensor, together with the Lorentz force
and the Alfvén velocity contributions, in the linear equations and using the second-order
Einstein-Boltzmann code SONG to compute the evolution of cosmological perturbations
and CMB anisotropies. It is already known that non-linear effects induced by PMFs are
potentially relevant for structure formation, but their impact at earlier times on CMB
anisotropies is still unclear.

In our work, we ignored the backreaction of the fluid into the magnetic field, i.e. we
did not consider the non-linear evolution of the field due to the coupling with the plasma
and therefore we simply evolved it as 1/a2. The idea could be to use the induction
equation (5.18) and include the Harrison mechanism, already implemented in SONG, to
evolve the field beyond linear order, but such treatment would surely require a deeper
and longer study. This probably represents the major limitation of our work and the
most natural extension for future, more complete, studies.
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Figure 7.1: Time evolution of baryons for 4 different wavenumbers without (black line) and
with PMFs for different spectral indices (coloured lines, see the legend). The golden and silver
bands refer to the recombination epoch and z < 2, respectively. For all the cases with PMFs,
B1Mpc = 1 nG and both the PMF EMT and Lorentz contributions are considered.

7.1 Effect on baryon inhomogeneities

We now focus on the influence that PMFs have on baryon inhomogeneities and test if,
under our assumptions, such effects may be relevant during recombination and lead to
possible non-linearities already during this epoch, in particular for blue magnetic spectra.
In Figure 7.1 we show the time evolution of baryons 1 for 4 different wavenumbers
(k=0.1 ,1, 10, 100 Mpc−1) in presence of PMFs (with both the PMF EMT and Lorentz
contributions) for different spectral indices, with in addition the case of no PMFs as
reference. The golden and silver bands refer to the recombination epoch and z < 2,
respectively. The first important thing to note is that the maximum contribution of
PMFs is for k = 10 Mpc−1, whereas for k = 100 Mpc−1 the effect almost disappears;

1In this chapter, all the baryon perturbations are represented in synchronous gauge, in order to be
allowed to perform comparisons with results in the literature, that are available in synchronous gauge.
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this behaviour is indeed expected, since at such small scales like k = 100 Mpc−1 we are
well below the damping scale kD for the chosen field configurations and furthermore for
k > 2kD the EMT and Lorentz spectra have no support (see Appendix C). In accordance
with what has been seen for the angular power spectra in Chapter 6, the case for nB =
2 provides the maximum contribution also for the evolution of baryons. Particularly
interesting is the case for k = 10 Mpc−1, where unlike the other cases we observe an
enhancement of the growth of baryon perturbations for blue spectral indices like nB = 2
and nB = 1, even at recombination. Although this may be a good argument in favour of
the claim in [40] concerning the inhomogeneous recombination and the possible affection
to the Hubble constant, a few considerations have to be made. First of all, the result we
obtained are for B1Mpc = 1 nG, which however is larger than the current upper 95% C.L.
bound of 3 pG [64], for nB = 2 and for the same assumptions we have used. Moreover,
we are so far neglecting the contribution of the magnetic pressure, which however at
sufficiently small scales causes an opposite force against the growth of perturbations and
may profoundly affect the results in Figure 7.1, as we will see in Sec. 7.2. A similar
argument about the importance of the magnetic pressure for the perturbation growth is
also made in [81]: below the magnetic Jeans scale, the restoring force due to the magnetic
pressure gradient is significant and cannot be neglected anymore.

We also tested our result by comparing it with the approximated analytic solution
found in [81] for the evolution of δb. This solution was found by considering a magnetized
plasma in the limit of ideal MHD (so η = 0 and B ∝ a−2) and weak magnetic fields,
hence obtaining the following evolution equation for δb (in real space) [81]:

∂2δb
∂t2

+

(
2H +

4ργ
3ρ̄b

neσT

)
∂δb
∂t

− c2s
1

a2
∇2δb = 4πG δρm +

1

a3
S0(x) , (7.1)

where δρm = ρ̄b δb + ρ̄c δc and S0 = ∇ · [B × (∇×B)]/[4πρ̄b(t0)] is the magnetic source
of the density perturbations (here B is the physical field, i.e. non-comoving) which
takes into account the induced Lorentz force on baryons. We see that whereas gravity
enhances the growth of perturbations (the first term in the right hand side), the expansion
of the Universe, the radiative viscosity and the baryonic pressure provide the opposite
contribution (second, third and fourth terms in the left hand side, respectively). At
sufficiently small scales, we are in the free-streaming regime where radiation viscosity
dominates, hence the contributions of gravitational instability and the expansion of the
Universe can be neglected. In this regime, the evolution of baryon inhomogeneities is
therefore controlled by the balance of the viscous and Lorentz forces in equation 7.1. In
this particular case, the equation can be integrated and yield [81]

δb ≃ 3.5× 10−5B2
−9

(
k

Mpc−1

)2(
Ωmh

2

0.15

)−1/2(
1 + z

103

)−5/2

, (7.2)

which represents the baryon inhomogeneity induced by the magnetic field. B−9 is the
smoothed field on the scale k in units of nG. This solution is however valid only around
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Figure 7.2: Baryon evolution for k = 1 Mpc−1 (left) and for k = 1 Mpc−1 (right). The
dotted red line represents a rendering of the analytic solution (7.2) (equation (16.31) in [81])
for Bλ = 1 nG and nB = 2, for all the other cases see the legend. For all the cases with PMFs,
the spectral index is nB = 2 and the contributions of both the Lorentz force and the EMT in
the Einstein equations are considered.

recombination and for scales greater than the magnetic Jeans scale [81]

kJ ≃ 14.8Mpc−1

(
Ωm

0.3

)1/2(
h

0.7

)(
BJ

nG

)−1

f
1/2
b , (7.3)

where fb = Ωbh
2/0.022 and BJ is the smoothed field at the magnetic Jeans scale kJ .

In Figure 7.2 we show the comparison of our numerical result with the analytic
approximation 7.2 for B1Mpc = 1 nG, nB = 2 and for k = 1, 10 Mpc−1. We observe
a good agreement around recombination, which we remind is the period of validity of
equation 7.2, although the analytic approximation seems to give a slightly larger values
than our results, which however may be due to the different underlying assumptions
with respect to ours. Moreover, in equation (7.2) we used as a first approximation the
root mean square of the field (obtained from equation (6.5) and setting B1Mpc = 1 nG),
but a more solid treatment, taking also into account the exact relations between the two
notations, may be an interesting goal for future analyses to establish a more accurate
comparison (which however is already at good level). An interesting feature that can
be further noted is that for k = 10 Mpc−1 the slopes of our numerical result seems to
roughly match the analytic estimates till recombination.

In Figure 7.2 it is also represented the baryon evolution for smaller values of Bλ (0.1
nG and 10 pG). We clearly see that the enhancement of baryon inhomogeneities progres-
sively reduces as the smoothed amplitude decreases, and for Bλ = 10 pG (which is not far
from the upper bound of 3 pG in [64]) the impact around recombination is particularly
suppressed. All these arguments, together with the possible further suppression provided
by the magnetic pressure (whose contribution will be investigated in Sec. 7.2), reinforces
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Figure 7.3: Comparison of baryon evolution for adiabatic perturbations (solid lines) with that
for compensated modes (dashed lines), for different spectral indices (see the legend) and for
k = 10 Mpc−1. The golden and silver bands refer to the recombination epoch and z < 2,
respectively. For all cases with PMFs, B1Mpc = 1 nG and both the PMF EMT in the Einstein
equations and the Lorentz force are included.

the necessity to perform a more accurate and exhaustive treatment of all the non-trivial
effects introduced by PMFs at such small scales before drawing firm conclusions about
the impact on recombination and the cosmological implications that would follow, as
also stressed in [81]. Moreover, we remark the fact that all the results we obtained are
dependent on our underlying assumptions, like for example the use of equation (6.3) as
sharp cut-off in the magnetic power spectrum, and hence slightly different conclusions
might be made for other choices.

7.1.1 Comparison with compensated modes

In Figure 7.3 we show the baryon evolution for k = 10 Mpc−1 for different spectral
indices, with both the Lorentz and the PMF EMT contributions, in comparison with that
for compensated modes, again for different spectral indices and for B1Mpc = 1 nG. An
interesting fact which can be noted is that as the spectral index increases, the two cases
become more and more overlapping, while such coincidence is gradually lost for smaller
values of nB. This can be due to the fact that at such scales and for high spectral indices
the contribution of the PMF terms for the adiabatic mode starts becoming dominant
and therefore a similar behavior of the pure magnetic case is achieved.
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7.2 Effect on the speed of sound

A relevant, non-linear contribution we included in our work is the magnetic counterpart
of the Jeans effect. When a perturbation grows due to gravitational collapse, the pressure
of the gas increases and eventually stops the growth. A magnetic field, if present, gives
a contribution to the pressure, hence providing additional support against the collapse.
A magnetic Jeans scale can therefore been identified, given by the balance between
the gravitational force and the magnetic pressure. We expect that the Jeans effect is
primarily mediated by the fast magnetosonic mode, which is the fastest one that can
arise in a magnetized plasma and reduces to the usual acoustic mode in the limit of
small magnetic field. A way to model this effect and hence to include the contribution
of the magnetic pressure is to take into account such modes and properly modify the
speed of sound. A pioneering work in this direction was made by Adams et al. [1], who
however considered the case of an homogeneous magnetic field. We followed instead the
approach for a stochastic background presented in [79] and we modified the baryon speed
of sound as

c2s → c2s +
2

9
v2A , (7.4)

where vA is the Alfvén velocity defined as

v2A =
1

4πρb a4
⟨B2⟩ . (7.5)

The factor 2/9 is an angular factor which depends on the exact velocity and field ori-
entation (see [79] for the computation). We however remark that, while the authors in
[79] in the definition of v2A used ⟨B2⟩k, that is the variance of the field from scales larger
than k, we instead used the mean square of the field, ⟨B2⟩.

In Figure 7.4 the time evolution of baryon density perturbations are represented, for
different values of nB. As it can be clearly noted, the addition of the Alfvén velocity
to the speed of sound has the effect of strongly suppressing the growth of the baryon
overdensities and this effect becomes larger as the spectral index increases. This is in
agreement with the fact that with this modification of the speed of sound we are encap-
sulating the effect of the magnetic pressure, which provides additional support against
gravitational collapse and hence hinders the growth of baryon overdensities. Moreover,
this suppression starts at earlier times and becomes stronger as the considered scale of
perturbations decreases and the spectral index increases; in particular, for k = 0.1, 1
Mpc−1 we observe an appreciable deviation from the case without PMFs only from re-
combination, while for greater wavenumbers and for the largest indices such effect begins
even earlier. This is again an expected result, since, as already said, either approaching to
recombination or considering smaller scales, photons progressively decouple from baryon
as their mean free path increases and hence the baryon speed of sound decreases, which
in turn implies that the contribution of the Alfvén velocity starts becoming relevant.
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Figure 7.4: Time evolution of baryons for 4 different wavenumbers without (black line) and
with the Alfvén velocity contribution for different spectral indices (coloured lines, see the
legend). The golden and silver bands refer to the recombination epoch and z < 2, respectively.
For all the cases with PMFs, B1Mpc = 1 nG.

In Figure 7.5 we show the impact on CMB power spectrum and the percentage
differences due to the modification of the speed of sound. As in the previous cases, the
effect becomes progressively more important as nB increases; now, however, we do not
observe a raising of the contribution at large scales for indices smaller than −3/2, since in
equation (7.5) the Alfvén velocity just depends on the root mean square of the magnetic
field and therefore no Fourier spectra is involved. It provides a stronger contribution
with respect to the other effects seen so far, with differences up to 20% for nB = 2. It
should be remarked, though, that the used smoothed amplitude is B1Mpc = 1 nG, which
is however larger than the upper bound of 3 pG at 95% C.L. [64] for nB = 2. Another
feature that can be noted is that the acoustic peaks are slightly shifted at larger scales,
this effect being more evident for nB = 2: this is exactly what we expect when increasing
the speed of sound, since in this way also the sound horizon at recombination becomes
correspondingly larger and hence the peaks get shifted at larger scales, i.e. at lower
multipoles.
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Figure 7.5: In the top panel, CMB temperature power spectrum without (black line) and with
Alfvén velocity contribution for different spectral indices (coloured lines, see the legend); in
the lower panel, the percentage differences with respect the case without PMFs for different
indices (see the legend). In all cases with PMFs, B1Mpc = 1 nG.

7.3 Total PMF contribution and comparison with

compensated modes

We now consider the combined effect of all the PMF contributions considered so far
(Lorentz force, PMF EMT in the Einstein equations, the Alfvén velocity) and show
their impact on baryon density perturbations and on CMB angular power spectrum. In
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Figure 7.6: Time evolution of baryons for 4 different wavenumbers without (black line) and
with the total PMF contribution for different spectral indices (coloured lines, see the legend).
The golden and silver bands refer to the recombination epoch and z < 2, respectively. For all
the cases with PMFs, B1Mpc = 1 nG.
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Figure 7.7: In the top panel, CMB temperature power spectrum without (black line) and with
the total PMF contribution for different spectral indices (coloured lines, see the legend); in
the lower panel, the percentage differences with respect the case without PMFs for different
indices (see the legend). In all cases with PMFs, B1Mpc = 1 nG.
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Figure 7.6 we see that the evolution of baryons is similar to the one for the only Alfvén
contribution, suggesting that this one dominates over the other two effects. Particu-
larly interesting is the case for k = 10 Mpc−1, where we saw in Figure 7.1 that the
introduction of the Lorentz contribution and the PMF terms in the Einstein equation
produced the maximum effect at recombination and the growth of baryon overdensities
were enhanced. We see however that the support against gravitational collapse provided
by the magnetic pressure is dominant and even for nB = 2 the perturbation growth is
not enhanced anymore around recombination. At k = 100 Mpc−1 the contribution come
almost exclusively from the introduction of the Alfvén velocity in the speed of sound,
because we have already discussed the fact that at such scales the Lorentz and PMF
EMT spectra were zero or very close to it.

In Figure 7.7 we show the total impact of PMFs into CMB angular power spectrum
and the percentage differences. We note again an increasing effect for larger indices and
a quite important raise of the very first multipoles for nB = 2 (even beyond 20%), while
for the lowest indices the overall contribution is particularly tiny for almost all the scales,
with the exception of a small raise in the spectrum at the largest ones.

7.4 Second-order CMB angular power spectra

We conclude this chapter showing some examples of second-order CMB temperature
spectra in presence of PMFs. We remark again that, since we are including PMF con-
tributions only in the first-order equations, the second-order spectra are affected only
through the quadratic terms in the first-order perturbations appearing in the second-
order equations. This is not however a complete way to include all possible next-to-
leading effects brought by the presence of PMFs; in fact, a full non-ideal MHD approach
would require the presence of additional quadratic terms due to the coupling of the fluid
with the magnetic field, which however are not considered in this work. The imple-
mentation of such terms would indeed require the solution of new (quite complicated)
convolution integrals and their coding would not be immediate, hence their inclusion will
surely be more suitable for future long-term projects in the direction we have taken. The
backreaction of the fluid into PMFs should also be taken into account for a proper anal-
ysis of this kind of physics beyond linearity and ideal MHD. In Figure 7.8 we show the
second-spectra for the individual contributions of the Lorentz force, the PMF EMT in
the Einstein equations and the Alfvén velocity. As one can immediately see, the second-
order spectra in the case of the PMF terms in the Einstein equations are very large and
even larger than the first-order ones. As said before, this may be a direct consequence
of our approximations and of the lack of coupling terms between the magnetic field and
the fluid at second order, which might suppress such a large non-linear contribution.
Moreover, we remind that beyond linear theory different scales couple with each other,
hence small-scale effects (which is sensible to non-linear physics) propagate towards large



7.4. Second-order CMB angular power spectra 123

101 102 103

10
4 1

0
3 1

0
2 10

1
10

0
10

1
10

2
10

3
10

4
((

+
1)

)C
TT

/2
 [

K]

nB = 2
nB = 2 (second order)
nB = 1
nB = 1 (second order)
nB = 0
nB = 0 (second order)
nB = 0.5
nB = 0.5 (second order)
nB = 1.5
nB = 1.5 (second order)
nB = 2
nB = 2 (second order)
nB = 2.5
nB = 2.5 (second order)
No PMF
No PMF (second order)

101 102 10310
1

10
4

10
7

10
10

10
13

10
16

10
19

10
22

((
+

1)
)C

TT
/2

 [
K]

nB = 2
nB = 2 (second order)
nB = 1
nB = 1 (second order)
nB = 0
nB = 0 (second order)
nB = 0.5
nB = 0.5 (second order)
nB = 1.5
nB = 1.5 (second order)
nB = 2
nB = 2 (second order)
nB = 2.5
nB = 2.5 (second order)
No PMF
No PMF (second order)

101 102 103

10
4 1

0
3 1

0
2 10

1
10

0
10

1
10

2
10

3
10

4
((

+
1)

)C
TT

/2
 [

K]

nB = 2
nB = 2 (second order)
nB = 1
nB = 1 (second order)
nB = 0
nB = 0 (second order)
nB = 0.5
nB = 0.5 (second order)
nB = 1.5
nB = 1.5 (second order)
nB = 2
nB = 2 (second order)
nB = 2.5
nB = 2.5 (second order)
No PMF
No PMF (second order)

Figure 7.8: First-order (solid lines) and second-order (dashed lines) CMB temperature spectra
without (black lines) and with PMFs for different spectral indices (coloured lines, see the
legend). In particular, in the top, middle and lower panel the individual contributions of the
Lorentz force, the PMF EMT in the Einstein equations and the Alfvén velocity are considered,
respectively. In all cases with PMFs, B1Mpc = 1 nG.
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scales and therefore have a strong impact on the CMB spectrum. Hence, a careful and
more exhaustive treatment of the physics in presence of PMFs at such small scales, which
would be an interesting subject of future studies, should be considered before drawing
conclusions from these second-order spectra.



Conclusions

The study of PMFs and their impact on CMB anisotropies and other key cosmological
observables represents a crucial tool for the investigation of fundamental physics in the
early Universe and at the same time their existence provides the ideal theoretical setting
for explaining the observed large scale magnetic fields in galaxies, galaxy clusters and
voids. Accounting for the ever increasing precision of CMB anisotropies measurements,
together with the perspective of future cosmological data, a solid analysis of PMF effects
beyond the standard assumptions of linearity and ideal MHD represents nowadays one of
the most compelling challenges of modern cosmology. Furthermore, these non-linearities
may have a considerable impact on the recombination history, leading to the possibility
of changing the value of the Hubble constant from CMB data and alleviating the ten-
sion with the measurements from supernovae, not to mention smaller scales relevant for
matter tracers at low redshift.

For all these reasons, this thesis has the objective to perform a step towards a fully
non-linear treatment of the impact of PMFs on the evolution of cosmological pertur-
bations and CMB anisotropies. We selected adiabatic initial conditions, instead of the
compensated ones which are widely used in literature, and treated the contribution of
PMFs (quadratic in the magnetic field) at the same footing of first order perturba-
tions. We studied the impact of the Lorentz force on baryon velocity, the gravitational
contribution of PMFs through the introduction of their energy-momentum tensor in the
Einstein equations and the effect of increasing the baryon speed of sound with the Alfvén
velocity, which has the meaning of including the contribution of the magnetic pressure
in the fluid; the last-mentioned one, in particular, represents an effect which is usually
neglected in the standard literature, since it would provide a next-to-leading order con-
tribution in perturbation theory that, however, is of much interest for us. Apart from
the impact on CMB angular power spectrum, it was particularly interesting to inves-
tigate how PMFs affect baryon inhomogeneities, and see if relevant non-linearities can
arise around recombination. For these purposes, we improved and extended the publicly
available Einstein-Boltzmann code SONG [70, 69], which is able to compute cosmological
observables taking into account all second-order contributions in cosmological perturba-
tion theory. We chose to use this code because it had already implemented the study
of the Harrison mechanism within second-order cosmological perturbation theory [25]:
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although this mechanism was not explicitly studied in this thesis SONG might be par-
ticularly interesting for future studies including non-linear/beyond ideal MHD effects.

Concerning the CMB temperature angular power spectrum, for B1Mpc = 1 nG we
observed for all the cases the maximum impact for blue spectral indices and in partic-
ular for nB = 2. The most important contribution is provided by the introduction of
the Alfvén velocity in the speed of sound, with deviations up to 20% from the ΛCDM
spectrum. In this last case, we observed a shift towards larger scales of the acoustic
peaks as expected, while the Lorentz force and the PMF EMT have the characteristic
to provide individually similar contributions but with opposite sign. The contribution of
all the combined PMF effects gives deviations in the spectrum up to 10% without any
overall suppression or enhancement, except for the very first multiples that are instead
increased up to a deviation of ∼ 20%.

Particular attention was then devoted on the analysis of baryon inhomogeneities, es-
pecially on the impact that PMFs have on them around the recombination epoch. If
baryon inhomegeinities were anomalously large with respect to ΛCDM at such epoch,
inhomogeneous recombination would indeed need further investigation. We first inves-
tigated the combined effect of the Lorentz force and the presence of the PMF EMT in
the Einstein equations for the wavenumbers k = 0.1, 1, 10, 100 Mpc−1 and B1Mpc = 1.
We noted that the contribution, that increases for higher indices as already experienced
for the Cℓ’s, is maximum for k = 10 Mpc−1, showing for both nB = 1 and nB = 2 an
important enhancement of baryon inhomogeneities at all times and, in particular, around
recombination. We also performed a comparison with the analytic estimate given in [81]
for nB = 2 and k = 1, 10 Mpc; we observed a good agreement around recombination
(which is indeed the epoch of validity of the analytic estimate) for both the cases, with a
small deviation that may be due to different underlying assumptions. Although baryon
inhomogeneities of appreciable amplitude seem to form around recombination with the
presence of PMFs, more careful considerations should be made before drawing firm con-
clusions. First of all, for nB = 2 the current upper bound for B1Mpc is 3 pG at 95% C.L.
[64], and we saw that even for a slightly larger value (B1Mpc = 10 pG) the enhancement
of the baryon inhomogeneities around recombination is absent. Moreover, we are so far
neglecting the contribution of the magnetic pressure, which together with the one of
the baryon-photon fluid provides, at sufficiently small scale, additional support against
gravitational collapse and hence hinders the growth of perturbations. We indeed encap-
sulated the effect of the magnetic pressure by increasing the baryon speed of sound with
the Alfvén velocity. We observed, as expected, that with this further modification baryon
inhomogeneities are strongly suppressed and, even for nB = 2 and k = 10 Mpc−1, they
do not experience any enhancement around recombination. This reinforces the idea that
a careful analysis of the small-scale physics in presence of PMFs is necessary to perform
more reliable statement about the impact of possible non-linearities around recombina-
tion, with the consequent effect on the Hubble constant as claimed in [40]. Moreover, it
should be stressed that the results we obtained are based on our assumptions, like for
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example the introduction of a sharp cut-off kD in the magnetic power spectrum to take
into account the radiative viscosity; slightly different results might be obtained with dif-
ferent choices, therefore a more in-depth analysis of the conventions and the underlying
assumptions assumed in [40] may be an interesting topic for future discussions.

We finally gave a preliminary look at the second-order CMB power spectrum in pres-
ence of PMFs. We saw immediately that they are more strongly affected by PMFs with
respect to the first-order spectra; however, the fact that in the case of the sole presence
of the PMF EMT in the Einstein equations the second-order contribution becomes par-
ticularly large may suggest that to obtain the full second-order spectra our treatment
requires a more complete involvement of all terms which may arise at second order, due
to the coupling between the magnetic field and the fluid.

This issue, together with all the considerations made so far, opens the way to a lot
of attractive challenges for future studies, making this thesis an important first step
towards a more robust and exhaustive treatment of the full non-linear contribution of
PMFs in the primordial plasma. We summarize the most relevant future perspectives in
the following:

• To perform a treatment which goes fully beyond linearity and ideal-MHD, the in-
volvement of additional coupling terms between the magnetic field and the fluid
may be crucial, especially to avoid that unaccounted small-scale non-linear effects
causes unexpected results like some of the second-order spectra we obtained (be-
yond linearity different scales are coupled, so a non-complete treatment of small-
scales physics might propagate towards large scales and strongly affect the angular
power spectrum). These quadratic terms require the resolution of new (not imme-
diate) convolution integrals and their implementation in the code, being therefore
more suitable for a future long-term project.

• In this thesis, we treated as a first approximation the magnetic field as a stiff source,
but for a more accurate analysis, the back-reaction of the fluid into the PMF
which drives its second-order evolution should be included. This would require
the resolution of the induction equation, together with the implementation of the
Harrison mechanism with a non-vanishing initial condition.

• We focused on the impact of PMFs on scalar cosmological perturbations, but an
extension to vector modes which is the dominant contribution for PMFs into CMB
anisotropies is important. Since the evolution equation for the vorticity part of
baryon velocity perturbations is similar to the scalar part, it may be interesting
to evaluate the possible non-linearity also in this sector and its possible impact on
cosmological observables.





Appendix A

Connection to the Ma&Bertschinger
notation

We briefly give here a connection of our beta-moment notation to the one of the most
common ones used in the literature for scalar linear cosmological perturbation theory,
that is the one introduced in 1995 by Ma and Bertschinger [54]. In fact, although the
beta-moment notation provides a unified framework for describing both relativistic and
non-relativistic species, it has the disadvantage of not being so intuitive at first sight and
therefore an explanation of how it is related to a more common notation like the one in
[54], at least at first order in perturbations, may be useful. From now on we always refer
to first-order variables.

The scalar energy density, velocity and anisotropic stress are expressed in [54] through
the following variables:

δ =
ρ− ρ̄

ρ̄
energy density contrast ,

θ =
ikj δT 0

j

ρ̄+ P̄
velocity gradient ,

σ = −(k̂i · k̂j − 1
3
δij)Σ

i
j

ρ̄+ P̄
anisotropic stress ,

with Σi
j = T ij − δijT

k
k/3 being the traceless component of T ij.

Whereas at linear order the density contrast δ corresponds to the first beta-moment
for ℓ = m = 0 for both relativistic and non-relativistic cases, the other two variables
connect with our scalar dipoles and quadrupoles as follows:

θ =
k

3
1∆10

ω + 1
, σ =

2

15
2∆20

ω + 1
. (A.1)

Concerning the adiabatic initial conditions, comparing equation (2.59) with equation
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(98) of [54], we find that
ζ = −2C , (A.2)

where C denotes in that reference the amplitude of the fastest growing mode.



Appendix B

Spherical projection

During all the discussion of this thesis we often encountered the necessity to split a tensor
into its scalar, vector and tensor components. It was possible to do that by employing
the projection vectors ξ and matrices χ, whose explicit expressions are now given. We
do not give here a exhaustive discussion of all the geometrical properties of such objects,
but a more extensive and detailed treatment about this topic can be found in [70].

B.1 The projection vectors ξ and matrices χ

The ξi[m] vectors are an orthogonal 1 set of spherical basis, whose cartesian components
are

ξ[0] =



0
0
1


 , ξ[+1] =

√
1

2



−1
i
0


 , ξ[−1] =

√
1

2



+1
i
1


 (B.1)

and through which a generic direction n̂ can be expressed as

ni =

√
4π

3

1∑

m=−1

ξi[m]Y1m . (B.2)

Their indices are lowered and raised with the Euclidean metric δij and its inverse δij

respectively and under complex conjugation they transform as

ξi[−m] = (−1)mξ∗im . (B.3)

1Their orthogonality holds for both their indices, i and m.
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The χij2,[m] matrices are symmetric and traceless matrices defined as

χ2,0 =
1

3



−1 0 0
0 −1 0
0 0 2


 , χ2,±1 =

√
1

6




0 0 ∓1
0 0 i
∓1 i 0


 , χ2,±2 =

√
1

6




1 ∓i ∓0
∓i −1 0
∓0 0 0


 .

(B.4)
The rank-2 tensor ninj can be expressed as

ninj =
δij

3
+

√
4π

5

2∑

m=−2

χij2,[m]Y2m . (B.5)

Under complex conjugation they transform as

χij∗2,[m] = (−1)mχij2,[−m] . (B.6)

B.2 The coupling coefficients

We saw in Sec. 4.3.1 the appearance in the quadratic parts of the Liouville and collision
terms of coupling coefficients C, which arise from the application of the operator Lℓm on
the wavevector k (for the Liouville term) and on the electron velocity (for the collision
term), and D, which instead comes from the action of Lℓm on ∂f/∂ni in the lensing
term. Their expressions are

C±,ℓ
m1m

= (−1)m(2ℓ+ 1)

(
1 ℓ± 1 ℓ
0 0 0

)(
1 ℓ± 1 ℓ

m−m1 m1 −m

)
, (B.7)

R±,ℓ
m1m

= (−1)m(2ℓ+ 1)
√

2(ℓ± 1)(ℓ± 1 + 1)

(
1 ℓ± 1 ℓ
1 −2 0

)(
1 ℓ± 1 ℓ

m−m1 m1 −m

)
.

(B.8)

Here we have made use of the Wigner 3j symbols,

(
ℓ1 ℓ2 ℓ3
m1 m2 m3

)
, (B.9)

which encode the geometrical properties of a system of three vectors that form a triangle,
that is ℓ1 + ℓ2 + ℓ3 = 0; ℓ1, ℓ2 and ℓ3 represent the magnitudes of the three vectors and
must be positive, while m1, m2 and m3 are the projections of the three vectors on the
zenith and must satisfy −ℓi ≤ mi ≤ ℓi. These symbols are non-vanishing only if the
triangular inequality is satisfied, i.e. |ℓi − ℓj| ≤ ℓk ≤ ℓi + ℓj, and if m1 +m2 +m3 = 0.



Appendix C

Convolution integrals

The convolution integrals for the Fourier spectra |ρB(k)|2 and |L(k)|2 have to be com-
puted, assuming that the magnetic power spectrum is parametrized as PB(k) = ABk

nB

and PB(k) = 0 for k > kD. Hence, two conditions must be taken into account, that
is p < kD and |k − p| < kD, which in turn allow the spectra to be non-zero only for
0 < k < 2kD (or equivalently, for 0 < k̃ < 2, with k̃ = k/kD). We give now the results,
derived in [26] and [65], for particular values of nB; σB can be directly obtained from
equation (6.17). Details on the integration technique can be found in [65].

nB = 2

|ρB(k)|2nB=2 =
A2
B k

7
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512π4
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nB = 1
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A2
B k
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nB = 0
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Appendix D

CMB temperature power spectra
percentage differences for negative
spectral indices

We show in this appendix the CMB temperature power spectra percentage differences for
negative indices (including the nB = 0 case) for the various contributions with respect
to the case without PMFs, since for these values of nB the differences are all below the
1% and are not well visible in the plots showed so far.
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Figure D.1: CMB temperature power spectra percentage differences for the case of the sole
Lorentz force contribution.
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Figure D.2: CMB temperature power spectra percentage differences for the case of the sole
PMF EMT contribution in the Einstein equations.
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Figure D.3: CMB temperature power spectra percentage differences for the case of both the
Lorentz force and PMF EMT contributions.
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Figure D.4: CMB temperature power spectra percentage differences for the case of the sole
Alfvén velocity contribution to the speed of sound.
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Figure D.5: CMB temperature power spectra percentage differences for the case of the total
PMF contribution.





Bibliography

[1] Jennifer A. Adams et al. “Distortion of the acoustic peaks in the CMBR due
to a primordial magnetic field”. In: Phys. Lett. B 388 (1996), pp. 253–258. doi:
10.1016/S0370-2693(96)01171-9. arXiv: astro-ph/9607043.

[2] Nabila Aghanim, Subhabrata Majumdar, and Joseph Silk. “Secondary anisotropies
of the CMB”. In: Rept. Prog. Phys. 71 (2008), p. 066902. doi: 10.1088/0034-
4885/71/6/066902. arXiv: 0711.0518 [astro-ph].

[3] James M. Bardeen. “Gauge-invariant cosmological perturbations”. In: Phys. Rev.
D 22 (8 Oct. 1980), pp. 1882–1905. doi: 10.1103/PhysRevD.22.1882. url:
https://link.aps.org/doi/10.1103/PhysRevD.22.1882.

[4] N Bartolo, S Matarrese, and A Riotto. “Evolution of second-order cosmological
perturbations and non-Gaussianity”. In: Journal of Cosmology and Astroparticle
Physics 2004.01 (Jan. 2004), pp. 003–003. doi: 10.1088/1475-7516/2004/01/003.
url: https://doi.org/10.1088/1475-7516/2004/01/003.

[5] E. Battaner, E. Florido, and Jorge Jiménez-Vicente. “Magnetic Fields and Large
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