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Abstract

A cellular automaton is an extremely simple physical system: it has both a discrete
time and space dimension. While they were initially developed as a new paradigm
for quantum computation, it was soon realized that cellular automata were able
to display very interesting behaviours like integrability and large-scale diffusive
transport. Indeed rule 54, an elementary cellular automaton, is widely considered
the simplest physical system to display integrability, making it the perfect toy
model to study various properties of classical and quantum integrability and how
they connect.

Since a cellular automaton is a fully discrete system it is natural to ask what is
the corresponding model in the continuum, if it exists. Recently a new algebraic
framework was developed that made it possible to generate classes of integrable
quantum spin chains with medium range interactions while also building their
corresponding discretization, in the form of quantum cellular automata. In this
work we will study what it means for an system to be integrable, both in the
classical and quantum realm; then we will describe the structure behind cellular
automata and we will show the connection between integrable spin chains and
quantum cellular automata. Finally we will try to extend this framework to a

more complex system, the class of Restricted Solid-on-Solid models.
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Chapter 1

Introduction

Let’s imagine one of the simplest non-trivial physical system possible: we take a string of
zeros and ones of finite length and we define a rule that evolves the string by one discrete
time-step; this rule is also very simple, depending only on a small neighbourhood. This
class of systems is called cellular automaton and, despite their apparent triviality, they
can accommodate highly non-trivial dynamical properties.

While cellular automata were first developed in the 1950s by von Neumann as a model
for self-replicating machines in [1], they soon realized that cellular automata were a ver-
satile tool to model phenomena with local interactions. A first attempt at classification
and formalization of cellular automata was given by Wolfram in [2]; the long-time be-
haviour shown by the automata is extremely varied, from randomness to uniformity and
periodically repeating sub-structures.

Already in 1993 it was noted by Bobenko et al. in [3] that a particular automaton, rule
54, showed the presence of soliton-like scattering, a characteristic of integrable systems.
Integrability is a nebulous property, with a clear definition only for classical systems. In
general we expect that an integrable system has enough conserved quantities to make it
completely solvable, at least in principle.

Historically, quantum integrable models were discovered in two different areas of physics:



CHAPTER 1. INTRODUCTION

from quantum mechanics Bethe in [4] was able to solve completely the XXX spin chain
by a method called coordinate Bethe ansatz, later augmented by Yang and Yang to
solve XXZ chain; from statistical mechanics the six-vertex model was solved by Lieb
and Sutherland in the 1970s using the transfer-matrix method and the coordinate Bethe
ansatz, revealing a connection between two very different classes of models.

The underlying structure was recognized and codified by Fadeev et al. in a framework
called quantum inverse scattering method; this method is based on a specific notion of
integrability called Yang-Baxter integrability that is based on the existence of an oper-
ator, called R-matrix that is the solution of the Yang-Baxter equation. The R-matrix
can be used to find the tower of conserved quantities and, ultimately, the eigenvectors
and eigenvalues of the model through a process called algebraic Bethe ansatz, a sort of
second quantization of the coordinate Bethe ansatz.

A cellular automaton that is Yang-Baxter integrable could be the perfect toy model to
study both exact large scale behaviour and how integrability behaves under quantization.
Despite the initial observation about the possible integrability of rule 54, a rigorous inte-
gration in the Yang-Baxter formalism turned out to be a highly non-trivial task. Indeed
methods taken from the field of quantum information were used to describe the equilib-
rium and out-of-equilibrium dynamics of rule 54, finding even the exact thermalization
dynamics of the model in [5].

Recently, a connection between spin chains with medium range interactions and quantum
cellular automata was found; in particular the quantum cellular automata was found to
be the Trotterization, or time discretization, of the folded XXZ chain, a spin chain with a
three site interaction length. Then the established methods for spin chains were applied
to prove both the integrability of the quantum automaton and of its classical limit.

To employ this connection a framework was developed to generate classes of integrable
medium range spin chains and compute their quantum automata limit; in this way it

was proven that automatons, like rule 150 and rule 105, are integrable, while rule 54 was



CHAPTER 1. INTRODUCTION

not found as the classical limit of any of the model studied.

In chapter 1 of this work we will study the meaning of classical integrability, both in the
Liouville sense and in the Yang-Baxter sense. Then we will extend the construction to
the quantum case.

In chapter 2 we will instead focus on cellular automata, by first giving a thorough de-
scription of classical automata and a subset of this models called elementary automata.
Then we will extend the models to the quantum case and to a more general description
that admits time-dependent and periodic evolution operators that we will need in the
next section.

In chapter 3 we will explain what a medium range spin chain is and how we can build
classes of this chains that are already integrable. We will also describe the discretization
procedure that leads to the integrable quantum cellular automata and their classical
limit, when it exists.

In chapter 4 we will apply this framework to a different class of higher spin chains, the

RSOS quantum chains.



Chapter 2

Integrability

Finding an exact solution for a dynamical system is, in general, a complex and often
unsolvable task. In fact we can expect a generic dynamical system to have a small num-
ber of conserved charges, if at all, relative to the number of the degrees of freedom; this
leads to chaotic behaviour making it impossible to write down explicit solutions.

There is however a subset of dynamical systems called integrable system that can, the-
oretically, be completely solved. Even thought the requirement of integrability is ex-
tremely strong there are many physical systems that, at least as a good approximation,
seems to be integrable. One of the most famous examples is that of solitons: solitary
non-linear waves that preserve their shape as they evolve. They were first observed by
Russel in 1834 and later they were understood as a pretty general solution of a class of
integrable PDEs like the Korteweg-de Vries equation or the Sine-Gordon equation [6].
The definition of integrability is clear in a classical, finite-dimensional setting. We discuss

this case in the next section, commenting on the quantum case later.

2.1 Classical Integrability

The space of states of a classical system with n degrees of freedom is a 2n-dimensional

space, called the phase space, parametrized by ¢; € R coordinates and p; € R conjugated
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momenta, where i = 1,...,n. The equation of motion is given as the solution of a first

order differential system:

0OH 0H
5 — ), = — 2.1

It depends on a special function H(q;, p;) called the Hamiltonian.
On phase space is defined a bilinear, antisymmetric product between functions F, G € F,

where F is the space of real smooth functions, called the Poisson bracket:

OF 0G  0GOF
F = — 2.2
{ ’ G} ; Op; 0g; Op; 0q; ( )

This product induces a symplectic structure on phase space that characterizes Hamilto-
nian dynamics.

The time evolution of any function F'(g;,p;) € F is given by
F={H F} (2.3)

From this we can see that any function F' that satisfies {F, H} = 0 is conserved by the
time evolution.
We say that a system with a 2n-dimensional phase space is Liouville integrable if it has

n independent conserved quantities in involution [7]:
(F,F;y =0, i,j=1,.,n with F, =H (2.4)

This system is solvable, due to Liouville theorem:

Theorem 2.1.1 (Liouville Theorem:) The equations of motion of a Liouville inte-

grable system can be solved by quadratures.
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Given this theorem, there exists a canonical transformation that gives as new momenta

the conserved quantities F;

(pi, i) — (F3, ¢i) (2.5)

The equations of motion in the new coordinates are very simple

Fi=0

0H
by — - O,
Pi aE 7

and the solution can be found by integration:

i(t) = Qit + ¢;(0)
Although Liouville’s theorem guarantees the existence of a set of variables where the so-

lution becomes linear in time, it does not provide an explicit way to construct the new set.

1D Harmonic Oscillator Let’s consider the harmonic oscillator as the simplest ex-

ample [8]. The Hamiltonian is given by '

2 2.2
p wq
H =L = F 2.6
5T (2.6)
We can make a change of variable to
p= Fcosyp (2.7)
F
qg= —siny (2.8)
w

!The mass has been chosen as m = 1 here to simplify the notation.

7
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The Hamiltonian becomes

F2 2F2 F2
H:7cos2<p+u}2w2 sin2g0:7:E (2.9)

so we find that F' = +/2E. The equation of motion then take the linear form

o(t) = wt + ¢(0) (2.10)

For some models we can introduce a way to find the integrals of motion using a couple
of n-dimensional square matrices called the Lax pair L, M, where L; ;, M, ; € F [8].

The dynamics of the matrix L is given by
L =[L,M] (2.11)
This implies that the traces of powers of L
Q=TrL, j=1,..n (2.12)

are conserved by the time evolution since

d .
=T (L") =mTr (L"HL>
=m Tr (Lm 1 )
=mTr (L™ "ML — L™ 'LM)
=mTr (ML™) —mTr (ML™)

=0 (2.13)
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1D Harmonic Oscillator The Lax pair of a standard harmonic oscillator [9] can be

found to be
1| P wq 1(0 —w

h
I
|
<
[
|

(2.14)
2
wq —p w 0

The equation of motion 2.11 is satisfied and we can find the Hamiltonian as the trace of

L2
1 [P+’ 0 2w
Te(L%) = T - % n wzq (2.15)
0 P2 + Wi
Assuming that L can be diagonalized by a matrix U
L=UAU" (2.16)
Then we can recast the evolution equation 2.11 as
A=[B,A]=0 (2.17)

so we get an equivalent set of conserved charges given by the n eigenvalues of L.

Now we have to determine if the conserved charges are in involution. Since we want to
compute the Poisson brackets between function-valued matrices we need to introduce
some notation first.

Given A, B € M, the space of F-valued n X n matrices, we can define a Poisson bracket

as a map M @ M — M ® M given by

{A,B}Y =) {Aa, Bs} EaEs (2.18)
ap

where E, is a basis for M [7].

Theorem 2.1.2 The eigenvalues of L are in involution if and only if there exists r €
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M @ M such that
{Ly1, Lo} = [r12, Ln] — [ra1, Lo] (2.19)

where the indices refer to which space in the tensor product the matrix operates on, e.g.
A3 =1® 1 ® A®I...I, and ry; is the permutation of 5.

If the matrix r is constant the Jacobi identity gives as a constraint the following equation

(112, T13) + [r12, 23] + [32,713) = 0 (2.20)

If r1o = —ro; this condition is called the classical Yang-Baxter equation and r is called
the classical r-matrix.
When dealing with systems with an infinite number of degrees of freedom this construc-
tion is no longer adequate but we can augment it by introducing a non-physical spectral
parameter z € C such that L = L(z), M = M(z); this is done to avoid the use of infinite
dimensional matrices.

The equation of motion remains the same but the Yang-Baxter equation becomes:

[Tlg (Zl — 212) ,T13 (21)] + [7’12 (21 — 22) , 23 (Zg)] + [Tlg (Zl) ,T23 (22)] = 0 (221)

where we assumed that the r-matrix is antisymmetric and that it depends only on the
difference of the spectral parameters.

To find the conserved charges we need to define a new quantity, the transfer matrix

t(z) = Tr L(z) (2.22)

Since the transfer matrix is defined in terms of L(z) it’s conserved in time and in invo-

lution with itself

{t(z1),t(22)} =0 (2.23)

10
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So if we expand the transfer matrix in terms of its spectral parameter

t(z) =) Q. ieZ" (2.24)
=1

we find an infinite number of conserved charges (); in involution and independent of the

spectral parameter.

2.2 Quantum Integrability

A notion of integrability is present also in quantized systems, although a precise defi-
nition of what it means for a quantum system to be integrable is still up for debate.
Mimicking the classical construction we can require the existence of a set of N inde-
pendent and local charges in involution, where /N is the number of degrees of freedom.
Both the requirement of locality and independence are not trivial to define clearly in
a quantized system [7]. Since we will study spin chain we can give a widely accepted
definition of integrable spin chain: a local quantum spin chain model is integrable if
there exists infinitely many local conserved quantities in involution and whose densities
are local with respect to each other [8][10].

We can extend the formalism that we developed in the classical case can to give a recipe
to build the conserved charges of a system given a quantum R-matrix. The method is
called Quantum Inverse Scattering method (QISM) [11].

Let’s consider a chain of N sites, where each site is described by the standard Hilbert
space of a spin—% system, H; = C?. The total Hilbert space therefore is the tensor prod-
uct H = ®fV:1 C? and the Hamiltonian of the chain H = H(¢¢) will depend on the spin
operators o = I ® ... ® 0% ® ... ® [ with a = z,y, z, where the lower index refers to the
site on the chain on which the operator acts.

N

As we can easily deduce the o can be represented by 2V x 2V matrices, hence the

Hamiltonian will also be a 2V x 2% matrix [12].

11
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The basic approach to solve this system would be to diagonalize the Hamiltonian, nu-
merically or analytically, to find the energy spectrum; but, as the length of the chain
grows, it becomes unwieldy and ultimately impossible to diagonalize explicitly so other
tools were developed, like QISM.

Let’s introduce an operator L, ;(#;) called the Lax operator that acts on the tensor prod-
uct V, ® H, of an auxiliary space V,, normally identified as C?, and the Hilbert space of
a single lattice site. The introduction of a non-physical space seems arbitrary but it will
be fundamental to obtain the conserved charges [13].

The Lax operator is given as the solution of the RLL equation:

Rab(2a, 20) La,j(2a) L i (26) = Lo, (26) Laj (2a) Rav(Za, 2b) (2.25)

The operator Rup(za, 25), called the R-matrix, acts non-trivially on the tensor product
V, ®V, and as the identity on H and it must be a solution of the quantum Yang-Baxter

equation:

Rab (Zaa Zb) Rac (Za; Zc) Rbc (Zb, Zc) - Rbc (Zb, ZC) Rac (Zaa Zc) Rab (Zay Zb) (226)

There is no general, algorithmic way to find the R-matrix of a given model so class of
solutions of the YB equation were found using tools from the theory of quantum groups.
Notice that, given a R-matrix, there are many possible Lax operators that are solution
of the RLL equation; one operator that is always the solution is the R-matrix itself.

We can perform a "classical" limit of the quantum R-matrix as follows

Rap(2a, 25) = k(2a, 2) (Tap + Arap(2a, 2) + O(R?)) (2.27)

12
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where we find 74 (z,, 25), @ classical r-matrix, and k(z,, 2) is a scalar function.

If the R-matrix depends only on the difference of the spectral parameters

Rab(zaa Zb) = Rab(za - Zb) (228>

it is said to be of difference form.
Taking the ordered product of the Lax operators at every lattice sites we can define a

new operator, the monodromy matrix:

Tou(za) = Lan(za)Lan-1(24)--La1(za) (2.29)

It is also possible to choose the opposite order for the product

To(2a) = Laa1(2a)La2(20) - Lan(za) (2.30)

The monodromy matrix is a 2 X 2 matrix in the space V, such that T%(z) are operators

acting in the total Hilbert space #H of the chain. In the standard notation [14]

T(z) = (2.31)

Due to the RLL equation the monodromy matrix automatically satisfies the following

relation, called RTT equation

R(za,2)(T(24) ® 1) (1 @ T(2)) = (1 @ T(23))(T(24) ® 1)R(2q, 2p) (2.32)

It holds on the product of three spaces: V, ® V, ® H, where T'(z,) acts on V, @ H.

We can add back the indices to make it clearer which auxiliary space every operator is

13
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acting on

Rab(za, Zb)Ta(Za)Tb(Zb) = Tb(zb)Ta(Za)Rab<Zaa Zb) (233)

If we multiply the RTT equation by R, (24, 2) from the right and we take the trace on
V, ® V,, we obtain
Trab [Ta(za)Tb(zb)] = TI‘ab [Tb(zb)Ta(za)] (234)

but since the trace of the tensor product is equal to the product of the traces we find
Tr, To(24) Try Ty (2) = Try T(2p) Try To(24) (2.35)

where

T(2)=TrT(2) = A(z) + D(2) (2.36)

is called transfer matrix [15].

We can expand the operator 7 (z) in a power series over z centered in some point 2

T(2) =) (2 — 20)'Q; (2.37)

to find the coefficients @);: this are commuting operators acting on H and correspond to
the conserved charges of the chain.

Sometimes instead we can use the logarithm of the transfer matrix [16]
logT(z) =Y (2 —2)'Q: (2.38)

so that the charges can be found as the logarithmic derivative of the trasnfer matrix

da—l

Qa - dzo—1

1og 7(2)|sy (2.39)

14
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For most physical systems the R-matrix is regular, that is it satisfies the following con-
dition

Rab(z, Z) = kpab (240)

where P, is the permutation operator that acts on V, ® V4. Such condition imply that
the momentum is a conserved charge or, equivalently, the tower of conserved charges

commutes with the operator of cyclic permutations.

XXZ model To give an example of the QISM construction let’s consider the XXZ

periodic spin chain [8], with Hamiltonian given by

N

J T T zZ -z
H= ) Z(Ui oiy tojoly + Acjol,) (2.41)

=1

The model is local and has nearest neighbour interaction. The R-matrix is given by

sinh(z4+mn) 0 0 0
0 sinh z sinhn 0
R(z) = (2.42)
0 sinhn sinh z 0
0 0 0  sinh(z+7)

where z is the spectral parameter and 7 is related to A.

This matrix is of difference form, it satisfies the YB equation and it’s regular since

R(0) = sinhnP (2.43)

We assume as the Lax operator the following solution of the RLL equation

sinh(z + Z(1 + o7 . sinh(Z
Loi(z) = Fralra) 7 sinb(z) (2.44)
o;f sinh(3) sinh(z + 2(1 — 07))

15
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Since the Lax operator £, ;(0) o« P,,; and so Tr, L£,,;(0) o I; then the first conserved

charge is

Q1 = log T(0) = (sinh )N Pyy... Py_1n = iP (2.45)
which correspond to the momentum. The second charge is

@ = T1og ()l = TO)T'(0) (2.46)

This is longer to compute so let’s consider only N = 3, then

QQ :(sinhf?’ 777)237)237)12) (Tra (£;73(0>£a,2 (O)ﬁa,l (O)+

+Tra(La3(0) £ 2(0)La1(0) + Tra(Las(0)La2(0) £, 1(0))

]‘ / / /
= sinh n (P23£23<0) + 7312512@) + 7D31£31<0))
3
= Z Piiv1Llii1(0) =H (2.47)
i=1

In a similar way we can compute the analytic expression for every conserved charge.

16



Chapter 3

Cellular Automata

First developed in the 1950s by Von Neumann and Ulam, a cellular automaton is one
of the simplest, non-trivial, dynamical systems that can be built: it’s composed of a
discrete set of identical cells defined on a lattice. The cellular automaton evolves in
discrete time steps according to a local transition rule that is homogeneous in space and
time and depends on the state of neighbouring cells only, ensuring a finite propagation
speed.

From a physical point of view we can interpret cellular automata in a twofold way.
First we can use them as a discretization of a dynamical system originally defined on
the continuum, as we will do in the case of spin chains; second, we can build cellular
automata as original models for physical phenomena.

Even by considering just the simplest class of cellular automata, they can display a great

variety of behaviours, including integrability [17][18].

3.1 Classical Automata

A cellular automaton is a fully discretized system, both in space and time, which evolves
thanks to a local rule that is fixed for every point in space and time.

Let’s consider a simple example: we take a one dimensional lattice of length N such that

17
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every lattice site x = 1,..., N can assume the value ¢, = 0 or ¢, = 11; then we choose a

function such that the value of the site x at time ¢ 4+ 1 is given by

fx(cmfla Cy, C:c+1) =C; + Cr41 + Cp1

where the function depends on the value of the site  + 1 and x — 1 and we implicitly
assume a mod 2 in the sum. So, if we have ¢,_; = 0,¢, = 1,41 = 0 then f,(0,1,0) =1
is the new value of the site x at the next time step.

If we apply this function to every point in the lattice we obtain the single-step time
evolution of the lattice and thus we defined a classical cellular automaton, in particular
an elementary cellular automaton, that we will describe later in more details.

The formal definition of a cellular automaton (CA) is a set of 4 elements (L, X, N, f)

such that:

L is a d-dimensional space, normally a lattice indexed by integers so L = Z¢

Y. is a finite set of possible cell states with the cardinality |X| being called the cell

dimension

N, C L is a finite neighborhood scheme such that N, =N, Vz,y € L

we call classical configuration a function ¢ : L — ¥ that assigns an element of X

to each lattice point, so that the space of all configurations is ¥y,

o f.: Xy, — X, is a local transition rule that evolves the state of the cell x from

timettot+1

So the local transition function f, takes the states of the neighbours N, of z at the
current timestep t € Z and it determines the state of x at time ¢ + 1.
By considering the local transition rule for every x € L we can derive a global transition

rule:
f:E =30 flo)(z) = fo ({c(y);y € Na})

18
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Notice that CAs are homogeneous in space, since the local transition function is the same
for every cell, and they are also homogeneous in time, since f # f(¢).

Le The connection between the local transition function and the global behaviour of the
CA is the most important and most complex question to study, and if we want to relate
CA to a physical systems there are first a few issues to resolve.

First, we want to understand if CAs admit some notion of reversibility, since it’s a
fundamental property of the microscopic physical systems that we want to simulate.

We can find two notion of reversability:
e standard reversability: a CA is said to be reversible if the global map f is bijective

e structural reversability: a CA is said to be structurally reversible if it is reversible

and the inverse map is still a CA

Clearly the most interesting definition is the second one. While in the quantum setting
this two notions of reversability are equivalent, there are examples of classical CA which
have a non-local inverse map (for example see [19]).

It has been proven by Amoroso and Pratt in [20] that, for one-dimensional CAs, there
exist algorithms based on the automaton local rule to determine if it’s bijective, and so
reversible. This result does not generalize to higher dimensions but it’s not an issue since
we will consider only one-dimensional CA in a standard lattice so L = Z. This will also
greatly simplify the general structure since neighborhood schemes are only classified by
their length in one dimension.

Another important issue regarding classical cellular automata is if we can build it using
local operations on the cells. We say that an automaton is locally implementable if its
single step evolution ¢t — t+ 1 can be decomposed in a finite sequence of local operations
on non-overlapping groups of cells called blocks.

For example we could build a localized automaton via Margolous block structure: an

automaton has Margoulous block structure if the single time step is implemented by

19
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a finite number of layers of local transformations; in each layer cells are grouped into
non-overlapping blocks and each block undergoes a local transformation, where in each
layer the blocks are identical.

It has been proven [21] that all of the structurally reversible CAs in one (and two) dimen-
sions admit a Margolous block realization with no more than two (four) layers, combined

with shift-like transformations.

3.1.1 Elementary Automata

The simplest examples of CA are characterized by a one dimensional space (L = Z),
only two possible states for a cell (X = 0, 1) and only nearest neighbours "interactions"
(N; = {z — 1,z,2 4+ 1}). There are exactly 256 possible local transition functions, since
there are 8 combinations of states in N, and 2% = 256. The name of the elementary
CA is given by their rule: since the local transition function can be expressed as an 8
bit code, ranging from 00000000 to 11111111, we can translate from binary to decimals
obtaining a number from 0 to 255, which is the name of the CA.

This CA have been classified by Wolfram [22] in four qualitative categories depending

on their large scale behaviour:

e the evolution leads to a homogeneous state (e.g. rule 0,4,16)

e the evolution leads to a set of separated, simple, stable or periodic structures (e.g.

rule 8, 56, 40)
e the evolution leads to a chaotic pattern (e.g. rule 6,22,46)

e the evolution leads to complex localized structures, sometimes long-lived (e.g. rule

20, 52)

We give some examples in figure 3.1 Given that the state of the cell at position x is

c(x) = ¢, the local transition rule will be a function of the two nearest neighbours so
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o

Fig. 3.1. Examples of CA for the four classes with random initial conditions. Up-Left:
Rule 0, Class I; Up-Right: Rule 24, Class II; Down-Left: Rule 126, Class III; Down-
Right: Rule 54, Class IV.

¢ = fo(Co—1,Cs,Cry1), where the apex in ¢ indicates that it’s the time-evolved state

of the cell x . To find the most interesting CA we consider a light-cone lattice and we

enforce two symmetry constraints [3]:
o left-right symmetry: f,(civ1,Cs,Cr1)
e up-down symmetry: if ¢, = fi(cs_1, s, Coy1) then ¢, = for(cpo_1, ¢, Cry)

These constraints reduce the number of possible CA to 8: rule 204, 51, 150, 105, 108, 147,
54 and 201. We can further reduce these elementary CAs by rewriting the local transition
rule using a different parametrization. Consider the maps ¢, = ¢, + 0,(co—1, Czv1), if we
require that 0,(c,—1,¢p11) = 0p(Cot1,cz-1) (ice. left-right symmetry) then the maps
depends only on 8 combinations of states and with the identification f,(c,_1, s, Cor1) =

Cp + 0(Cr_1,crr1) We recover the exact 8 CAs as before.
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We can explicitly write our new eight possible local transition functions:

204: 6° =0, 108: 6* = cy_1cp41,
51: 9* =1, 147 65 = ¢y qvp41 + 1,
150: 6% = ¢, + Crt1, 54: 95 = Cr—1Cz4+1 + Co—1 + Cyi1,

105: 6% =c,q + cz+1+ 1, 201: 07 = Cr—1Cpi1 + Co1 + Cpq + 1,

The four rules on the left are affine, since they contain only sums of the states, while on
the right we have also products of states. By exchanging the two states {0} <» {1} we
can see that 0% ~ 67, 65 ~ 0%, 6° ~ #' and 62 ~ 62 so we get only four inequivalent CAs:
rule 54, 201, 150 and 51. Rule 51 is trivial while Rule 108 does not have an interacting
dynamics. Indeed, by interpreting the 0’s as the vacuum and the 1’s as a particle, we
can see that the world-lines of the particles are vertical, i.e. they are at rest.
Instead rule 54 shows something much more interesting: in figure 3.2 we can see particles
moving towards the left (left-movers) and particles moving towards the right (right-
movers) in a straight line. When a left-mover and a right-mover interacts the two particles
pass through each other, but with a time shift (a shift of one lattice point upward), a
scattering behaviour typical of solitonic and other integrable systems.

This similarity is more qualitative then quantitative but it spurred the curiosity towards
possible relationships between integrable lattice systems and cellular automata. But to

explore possible links we need to introduce first quantum cellular automata.

3.2 Quantum Automata

Formally the only difference between a classical and quantum CA lies in the fact that
each lattice point x € L can take as value an element of a basis ¥ of an Hilbert space
‘H.. Naturally the local transition map will become an operator that will act on an

appropriate tensor product of H, and this operator must be unitary. For this reason the
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Fig. 3.2. Evolution of Rule 54 (left) and Rule 150 (right) in a light-cone lattice with
two initial points. Notice the difference in the interaction between the two propagating
particles.

operator itself is also called unitary.

To be precise a quantum cellular automaton is a set of 4 elements (L, %, N, U,) such

that:

L is a d-dimensional space, normally a lattice indexed by integers so L = Z¢
Y. is a finite set of (orthogonal) basis states
N, C L is a finite neighborhood scheme such that N, = N, Va,y € L

U. € U(Qy, He) is a unitary operator that acts on the tensor product of the

Hilbert spaces of every point y € N, and it evolves the state of the site in z € L

We must further require that the local evolution operator must commute with transla-

tions of itself along the lattice:

U, U] =0 Va,yelL
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so that we can apply the local operators in parallel on L without worrying about ordering
ambiguities or issues with simultaneity.

The global evolution then can be described as

v=]][v.

which is a well defined operator on L.

Technically this description is not general enough to accommodate all possible quantum
CAs: for example, considering L = 7Z, it’s not possible to define a unitary operator that
implements a simple shift. This is related to the fact that in the classical case, when we
are updating the lattice, we are formally conducting two operations at once: we are first
reading (and storing) the current state of the cell and then we are updating the value
of the cell based on the rule. In a quantum system we must thread more carefully, due
to the no-cloning theorem; we can circumvent the issue by adding ancillary spaces to
store the necessary informations and by using two different operators, one for reading
the current state of the lattice and performing the computation, and one for updating
each cell with the new value. In the model that we will see further along the updating
operator will simply be given by the identity operator so it will not be explicitly shown.
The issues that we have shown regarding reversibility in a classical CA do not appear
in the quantum case due to the unitarity of the time evolution. In fact a quantum CA
with neighborhood scheme N, and global evolution U is always structurally reversible
with the inverse CA having the time evolution given by U~! and scheme N, = z — N,.
The structure of a quantum CA has a lot of similarities to the standard description of
quantum circuits. Indeed, it has been build has a possible alternative model of compu-
tation. Further, it has been proven that a quantum CA can be simulated by a quantum
circuit and vice-versa, thereby giving us an efficient and simple tool to write explicitly

the local evolution operators in term of unitary quantum gates, as we will see.
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In this work we will focus in particular on 1-dimensional, finite CAs with periodic bound-
ary conditions with neighborhoods of length three and four. We will be interested in
understanding the relations between the local evolution and possible global phenomena
like integrability and diffusive transport at the mesoscopic level. To do this we will study

which physical system, if any, we get in the continuous-time limit.

3.2.1 Brickwork QCA

A small extension of the previous framework is given by brickwork quantum cellular
automata [23|. This models are characterized by a discrete and periodic time evolution
(Floquet system), namely the unitary gates are time dependent and the global evolution
operator is periodic.

Let’s consider a time dependent unitary operator

l
U A, (3.1)

Here in the apex we indicate the length of the neighbourhood. This operator acts on the
site x, + Ay where A, is a time-dependent displacement.

Then we build the global evolution operator at time ¢ as

!
V=102, (3.2)
k
and the global evolution operator with time period 7 as

In the cases of interest to us the unitaries U,(u) depend on a parameter, called spectral

parameter, that has some special points of physical interest:

e for u — 0 we have U]l- (u) = 1+iuh;_jri—1+O(u?) where h; ;-1 is an Hermitian
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operator acting on the cells j,...,j+1—1 that we will identify as the Hamiltonian

density

e for some models there exists a u = ug such that Ul(ug) ~ P is a permutation (with
a possible phase), so the unitary operator becomes deterministic and the QCA

reduces to a classical cellular automaton

In the first case the global Hamiltonian is obtained by Taylor expanding the global

evolution operator around zero
V =1+ iucH + O(u?) (3.4)

such that H = Zj hj....j+i-1-

Let’s consider an explicit example.

Folded XXZ quantum CA  We consider a one dimensional QCA with #; = C? with
basis elements indicated by |o > and |e > and length L = 3k. The Floquet period is
T=3.

The local unitary gate acts on three sites and is given by
3 O () 2
U1 jeau) = Py + PraU, 0 (u) (3.5)

where U® comes from the R-matrix of the XXZ spin chain at the free fermion point,

that is

1 0 0 0
0 sech(u) ditanh(u) 0
U ial) = (36)
0 dtanh(u) sech(u) 0

0 0 0 1
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and P°* are projectors on the basis.

It can be proven by direct computation that
T
3 3 3 3
U@ o(—u) =1, (US)(w)) = U(—u) (3.7)

so the local operator is actually unitary and it defines a family of quantum cellular
automata.

The global evolution operator is given by

V(u) = V3(u)Vo(u) V1 (u) (3.8)
where
k k k
Vi(u) = H US(?-)Ft Ué?-)i-l—o—t H U3(?-)l-2+t (3.9)
j=1 j=1 j=1

where we can see that, in this case, A; = t.

In the limit v — 0 the local unitaries become trivial

3
UJ(,j)Jrl,j+2 =1 (3.10)

so the total model becomes trivial. If we then consider also what happens at first order

we find the expected form

2 o _
U]sj)Jrl(u) =1+iu(o;of +o o74)+0 (v (3.11)
that leads to
Ug{%l,g’ﬂ(“) =1+ iuhjji1 42 + O (07) (3.12)
where
hjjrigee =05 Ploofs+ 0 Pryog, (3.13)
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is an Hermitian operator density. Then the global evolution operator gives the global

Hamiltonian:

V(u) =1+iuH+ O (v) (3.14)

This Hamiltonian is the Hamiltonian of the folded XXZ model.
The inverse procedure, starting from a spin chain to obtain a QCA is called Trotteriza-
tion.

Instead in the u — oo limit we get a permutation matrix plus a phase ¢

1000
lim U2, (u) = 00 x P (3.15)
wsoo  Jdt2 JJ+2 :
0 i 00
0001

and so the evolution operator of the corresponding classical CA is given by
3 o .
Ug( ) = P+ PiaPjje (3.16)

Brickwork Elementary CA

Since the update rule for elementary CAs depends on three sites, it will be useful to re-
express the rules in the brickwork construction, to make a connection with spin chains
[23].
First we need to transform the light-cone lattice in a rectangular lattice by adding new
sites to the center of the light-cone plaquettes. Then we impose a local, three-sites up-
date rule U f})jq. j+2 such that it is only the identity or a permutation.
Then the global update rule will have a Floquet period of 7 = 2 and it will act alter-
natively on the odd and even sites under time evolution. So the global rule is given
by

Y =WV (3.17)
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where
L/2

3
V= HU(JL, t=1,2 (3.18)
Since the rule of elementary CAs evolves only the central bit and uses the other two as

control bits we can write the local operator as

U(j)+1,j+2 Z P ja-?-l]D]b—f—Q (3.19)
ab=o,e

where P} is the projector to the basis state a acting on j and f; +1 is a collection of four
matrices acting on j + 1.
We note that the local operators overlap at one site in V; but, since they act diagonally
on the boundary site, the local operators still commute.
The dynamics of the models are determined by the structure of the four matrices f®
but we must impose the same restriction as we did for elementary CAs: up-down sym-
metry (time reversal) and left-right symmetry (space reflection). This leaves us with two

possibilities for the matrices:
fab — 1 or fab — — O_r (320)

Then, in total, there are eight possible elementary CAs. Of these, two are trivial and
two are related to the others by an exchange of basis states so we are left with four

possibilities:
o Rule 54 f00 =1, f0l — f10_ ¢11 _
e Rule 105 f% = fll — o= f0L — 10 _
o Rule 105 f00 = 11 =1 f01 — f10 _ 5o

e Rule 201 f00 = gz, [0l — f10— fll _ 5o
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The relation between Rule 150 and 105 is a bit more involved in this formulation. Indeed,

their matrices f® are obtained from each other by a multiplication by %, so

Vt(150) _ Xtvt(lo5) _ Vt(los)Xt

where
L/2

o x
Xe=][ o5
j=1

and since

[V{105/150),X2} _ [V2(150),X1} —0

we get that the global update operators of the two rules are related by
L
150) _ 105 _ _ x
Y0 = xpi® X = XX, =[] o
j=1

and it follows that
(V(150))2 _ (V(105))2

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

We expect that the physical behaviour of the two rules will be the same, up to a stag-

gered global spin reflection.

Following the brickwork approach we found the same results as in the standard classi-

fication and we will be able to use this new formulation to connect elementary cellular

automata to quantum spin chains.
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Chapter 4

Medium Range Spin Chains

The spin chain is a very general setting in which many properties of more complex
quantum systems can be studied in a controlled setting, like integrability and topological
phases.

We want to focus our study to spin chains with interactions that can span multiple sites,
in particular three and four. We will build systems that are integrable by design and
we will make a connection between spin chains, quantum cellular automata and classical
cellular automata [24].

A medium range integrable spin chain is a model which has an infinite set of commuting
local charges {Q,}, where a« € S, S € Z*, such that the lowest dynamical charge, that
we suppose is the Hamiltonian, has a range [ > 3. By local operator we mean an operator
that has a finite support that does not grow with the length of the system.

We need to require that the charge be dynamical because medium range models can have
one and two-site conserved charges, but they will not be able to generate a dynamic on
the chain.

A chain with L sites will have a total Hilbert space H = ®JL:1VJ» given by the tensor
products of the local Hilbert spaces at each site V}; we will focus on chains with spin %

and periodic boundary conditions so V; = C?, but the framework can accommodate any
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spin.

The basis for spin % Hilbert space is the standard one with spin up and spin down but
we will use the notation |o) for spin down (empty site) and |e) for spin up (occupied
site). We will use the standard Pauli matrices 0®%* and ladder operators o*. We will
indicate the projectors onto the basis as

1407 P.:Plzl—az

p° =Pl = 7
2 2

(4.1)

Further, we will indicate with O(j) a local operator O that has finite support starting
from the site j, with its range given by |O(j)| = [ if the support is on the sites [j,...,j+
[ —1].

Finally, we will consider Hamiltonians that are translationally invariant.

4.1 Nearest neighbour

First we want to see how integrability structures develop naturally for nearest neighbor

chains. We focus only on Hamiltonians given by local Hamiltonian densities
H =" h(j) (4.2)
J

where h(j) is a local operator with some range [.
The tower of conserved charges is given by a set of operators {Q, } such that it’s extensive

and composed by local charge densities
Qa = Z qa(j) (43)
J

Notice that it’s not the only possibility, we could also construct integrable chains with

quasi-local charges.
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We require that H = (), for some « and that all the charges must commute

[Qa, Qs] = 0 (4.4)

If these conditions are met we can normally choose the label of the charge as the support

of the charge density:

6.(7)| = a (4.5)

In the case of the nearest neighbour (n.n.) models then we have

Qs =H, Qu#0VYa>2 (4.6)

If the chain is also symmetric under U(1) then also @) is allowed.
A complete classification already exists, see [25], so we will only show the most common

examples:

H =3, (J.o§0%, + Jyolol,, + J.oj07,,) is the XYZ model

H = Zj (Jxa;”cr;ﬁrl + Jyoiod, + J.oj07 + hzajz-) is the XXZ model, special point

J, = J, of XYZ, with magnetic field h, (symmetric under U(1))

H=J%, (o%0%, +0lol  + 0707, + h.0F + heo? + hyo?) is the Heisenberg model,
special point J, = J, = J, of XYZ, with magnetic field h,, h,, h, (symmetric under
SU(2))

H=3 (J.0%0%, + Jyolo?,, +h.o?) is the XYh model

H=3 (JxOfoH + hzaj) is the Ising chain

N.n. models satisfy a property called the Reshetikhin condition on integrability, here

reported in a general formulation:
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Theorem 4.1.1 Reshetikhin Conjecture If there exists a conserved charge Q3 commuting

with the dynamical two-site Hamiltonian H = Zj h(j) then it can be written as Q3 =

Zj q3(j) with

g3(7) = [n(5), (G + )] + h(7) (4.7)
where ﬁ(]) 15 a two-site operator.

The conjecture is very restrictive, since it requires that a three-site operator must be
built only from two-site operators, but, unfortunately, it does not have a proof, we can
only prove the reverse implication.

We further conjecture that, when the R-matrix is of difference form, A = 0.

4.1.1 Integrability

As we outlined earlier we need an auxiliary space V, = C? and a Lax operator £, ; that
acts on the tensor product V, ® H; of an auxiliary space and a physical space. We will

also need an R-matrix R, ;(u,v) that satisfies a Yang-Baxter equation and a regularity

property:
Rab(u, U) ~ Pab (48)

where P, is the permutation operator acting on V, ® V.

If the R-matrix satisfies then regularity condition the it also satisfies the following relation

Rab()\’ M)Rba(:u7 )\) ~1 (49)

called inversion property, where

Rba(uv )‘) = ’PRab(/Lv )‘)P (41())
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Since we can always use the R-matrix as a Lax operator we impose

Laj(1) = Ra;j (1, &) (4.11)

where & is a fixed parameter.

The regularity condition of the R-matrix then implies the initial condition
t(&) =U (4.12)
If the R-matrix is of difference form
R(u,v) = R(u — v) (4.13)

then the parameter & is irrelevant and it can be set to zero.
Let’s compute the first two charges, to verify if the Reshetikin condition holds. We will

use the log formula:

Qa = 01V log(t(u))u=g, (4.14)

We find that the second charge ()5, the Hamiltonian, is given by
H=Qy=) hijjin =Y (0uLij(u)lg) (4.15)
J J

where

Ljj(u) =Pji1Ljjp(u) (4.16)

is the braided Lax operator.

The third charge is given by

Qs = [hjjes hyprgea) + L7511 (60) = b3 51 (4.17)

J
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We see that the first term is the commutator and the second is composed by two-sites
operators, thereby verifying the Reshetikinn conjecture. Further, if the R-matrix is of

difference form, the Lax braided Lax operator satisfies
L(u)L(—u) =1 (4.18)
and so the third charge reduces to

Qs =Y [hjj1, hje1jeo) (4.19)

J

4.2 Three site models

4.2.1 Integrability

First let’s focus on models with [ = 3, in which case
H=Qs=> hjji
J

where 1 ;11 42 is a three site Hamiltonian density. To help us classify these Hamiltonian

we use a generalization of the Reshetikhin condition:

Theorem 4.2.1 A three site Hamiltonian is integrable iff the charge Qs = . q5(j)

defined by

a5(J) = [Py ge15+2 Py jreges + Rgr2gesgral + 1o
commutes with the Hamiltonian in every volume L > 5

This result is very restrictive since we use just two three-site operators to construct a
five-site charge.
So to classify three-site models we can make an Ansatz for h, h by also including some

free parameters, then we construct Q5 and we impose the commutation relation [H, Qs].
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Since the most general form of h has 64 free parameters we will just check the subspaces
of parameter space that appear to be most physically relevant.

Since we already know how to build the integrable structure for a nearest neighbour
chain the best way forward is to map a three site chain to a nearest neighbour chain
and we do this by grouping together every two spins into blocks. To make this process
possible we consider chains with even length L = 2k. Then we pair the spin and we label

then using the original coordinates thereby obtaining:

L/2

]:[ = Z Bj,j—o—l
j=1

where, for example

hjjv1 = hojojv12j42 + hojy12j4225+3

This new model has k sites with dimension d? since each n.n. site is the tensor product
of two spaces j ® 7 + 1. In the same way we can construct local n.n. charges by using
the charges of the original model, obtaining an integrable n.n. chain.

Let’s focus on the n.n. chain: it has a set of commuting local charges so it is reasonable
to assume that it’s Yang-Baxter integrable and so it will have an R-matrix (and an
auxiliary space V) which generates the charges. The auxiliary space will have the same
dimensions of the physical spaces so V4 = V, ® V;, where V,,V} are isomorphic to the
physical spaces of the original chain.

In this way we obtain a commuting set of transfer matrices
t(u) = Tra Rar-1,0)(w,0) ... Ra3.4)(u,0)Ra a2 (u,0) (4.20)

Notice that the R-matrices act on the n.n. spaces and we can expect for it to be regular:

Riap).(5.j+1)(0,0) = Pap) (j.j+1) = PajPhj+1

37



4.2. THREE SITE MODELS CHAPTER 4. MEDIUM RANGE SPIN CHAINS

The transfer matrix that we built will act as a non local operator on the original Hilbert
space but its Taylor expansion will still give us the charges of the original model, by
design even though the grouping procedure explicitly breaks translational invariance.

Further, given U the cyclic shift operator of the original chain, that translates the chain
to the right by one site, the transfer matrix 4.20 will be invariant under a two-site shift

by construction so

t(u) = Ut (u)U? (4.21)

However we know that the original charges are one-site invariant and they are the Taylor

coefficients of t(u) so the transfer matrix must also be translationally invariant

tu) = Ut (u)U (4.22)

This implies that two different grouping procedures must lead to the same transfer ma-

trix:

Trop Riap),n—1,0)(1,0) ... Rap),1,2) (1, 0) = Trap Rapy,r,1)(1,0) ... Riap), 2,3 (u,0)
(4.23)

This, in turn, implies the existence of a Lax matrix for the original chain:

Theorem 4.2.2 If the condition /.25 holds in every volume L then the R-matrix of the

n.n. chain factorizes as

Riap),(g+1)(w, 0) = Lapjy1(u)Lapj(u) (4.24)

where L. j(u) is a proper Lax operator for the original chain which satisfies the following
RLL relation
Rap(u,v)La;(u)Lp;(v) = Lp,;(0)La;(u)Rap(u,v) (4.25)
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It follows that, if the n.n. R-matrix is regular then

R(1,2),(3,4)<07 0) =PayP13 =
27)2,47)1,2731,2731,3 = (4,26)

=(P14P2,4)(P13P23) = L1,24(0)L123(0) (4.27)
and so the Lax operator satisfies the equivalent regularity condition for three sites:
Lapj(0) = Pu;Ps; (4.28)

The RLL equations do not have unique solutions, up to normalization, if the R-matrix

is gauge invariant with respect to a spectral parameter dependent d x d matrix G 4(u)

[Rap(u,v),Ga(u)Gp(v)] (4.29)

This is due to the fact that, given a gauge invariant R-matrix, the transformed Lax
operator G 4(u)L 4 j(u) is also a solution of the RLL equations.
We will focus on R-matrix with no gauge invariance.

So now we can factorize 4.20 as
t(u) = Trop Lopr(u) - Lopi(u) with ¢(0) = U? (4.30)

and, as we expect, this representation is manifestly translationally invariant.

Now we can define a new operator L, ;(u) such that £(0) = 1 so

Ea,b,j == ’Pa,jfpb,jﬁa’b,j (u) (4.31)
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So if we compute the logarithmic derivative of the transfer matrix

H =t7(0)0ut(w)|u=o = Y _ hjjejso (4.32)
J

hjjtgre = Oulyjsnjra(w)|uzo (4.33)

We can formalize this ideas in the following conjecture:

Theorem 4.2.3 FEvery integrable three-site Hamiltonian has a three-site Lax operator of
the form

£172,3(u) = 7)1,3732,3(1 + uh123 + O(u2)> (4.34)

and there exists an R-matrix for which the RLL-relation is satisfied
RAB(U, U)ﬁA,j(u)ﬁBJ‘ (U) = EB,J'(U>£AJ'(U)RAB<U, U) (435)

such that the R-matriz factorizes as 4.2/.

We can find immediately two trivial solution of the RLL relation that connect it directly

with a n.n. chain:

o Lopi(u) = Ly;(u)Lly;(u) where L, ;(u) is the Lax operator of a n.n. chain. The

transfer matrix obtained from this operator is the square of the n.n. transfer matrix

o Lop;(u) ="PypLey;(u) this leads to two decoupled spin chains in the even and odd

sub-lattices with n.n. interaction in each sub-lattice

This examples lead us to believe that the source of the three-site interaction comes from
a coupling of the auxiliary spaces which can not be factorized in a trivial way.
To check if theorem 4.2.1 actually holds in this construction we compute the next con-

served charge, (5. To do this we need to calculate

(0u)" log(t(w)) =t~ (u)t"(u) — (¢ (u)t'(u))* (4.36)
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and then substituting © = 0. We obtain a five-site operator

Qs = > [hjjrtjen it gezges T hjszgesgeal — (hjjarge2)’ + L] 501 510(0)  (4.37)

J

This is a generalization of 4.17 to a three-site Hamiltonian. We see that the first term, in
the charge, is the commutator and the second is composed of two three-sites operators.

This last term cancels if the Lax operator obeys the inversion relation:

Lapi(w)Lap;(—u) =1 (4.38)

4.2.2 Classification

We can perform a partial classification of three-site spin chains with spin 1/2 by following

these steps:
e make an Ansatz for h; ;i1 42, ﬁj,jﬂ,jﬂ
e compute (5 using 4.2.1
e impose the commutation relation [H, Q5] =0
e make an Ansatz for a three site operator £, ;j(u) and compute 4.20
e impose the commutation relation [H,t(u)] = 0
o check that Lq,;(0) = Pu;Py; and hjji1jio = 0uLlyji1jr2(u) L
e solve the RLL equation for the R-matrix

e check if R solves the Yang-Baxter equation

By choosing the initial Ansatz correctly we can follow this procedure and find all the
informations about the integrability structure of three-site chains. However we must first

eliminate solutions that lead us to n.n. chains; this can happen by choosing, for example,
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hj i1 j+2 = h; JJr)l, with hj /1 Hamiltonian density of a n.n. chain.

The first non-trivial models can be found by imposing a global U(1) symmetry, i.e.
requiring that the Hamiltonian commutes with the charge (); = 5., and also requiring

space reflection invariance. We find two families of spin chains.

The Bariev Model The Hamiltonian is

_ _ Uo?,,
H = ; (07 0510+ 07 05,0) Tja UeR (4.39)
This model was described as a zig-zag spin ladder, a spin chain made up of two indepen-

dent sub-lattices such that the particles cannot move between them but such that they

can influence one another (see, for example [26]).

When U = 41 we find the folded XXZ model in the bond picture.

The hard rod deformation of XXZ The Hamiltonian is

H = Z +1Ug+2 +0 Ploj,—A (POP].+1P. 2t P.PJ.+1PJO+2)] A€eR
(4.40)

At the point A = 0 we find again the folded XXZ model in the bond picture.

IRF models The last class of models is given by an Hamiltonian density ;i1 42
that acts diagonally on the site 7 and j + 2, so they act as control bits that can only

influence the action on the site 7 + 1. The most general form for the density is

]]-H J+2 = Z Pah?ilpgb-m (4-41)

a,b=0,1

where h? is a collection of four Hermitian matrices.

42



4.3. IRF MODELS CHAPTER 4. MEDIUM RANGE SPIN CHAINS

4.3 IRF models

We want to focus our attention on the interaction-round-a-face models since they have
a very close relation with elementary cellular automata, as we will see. This models are

characterized by a Lax operator that acts non-trivially only on one of the spins:

Ligrrgra(u) = Y PRI (u)Ply (4.42)

a,b=0,1

where f%(u) are four matrices that depends on the spectral parameter.

4.3.1 Integrability

Due to 4.42 the Lax operators satisfy the following condition
Lio3(u), Lass(v)| =0 (4.43)
so we can rewrite the RLL relation as
2345(U)_1R23,45(U7 0)5345("0) = 2123(11)1:212,34(% 0)5123(@_1 (4.44)

The Lh.s acts trivially on the space 1 while the r.h.s acts trivially on 5 so they have to

be equal to a three-site operator Q234(u, v) such that

g~234(u7 v) = 5345(1&)_1}?23,45(% U)£345(U) (4.45)

§234(u, v) = 2123(0)-}?12,34(“, U)£~123(U)_1 (4.46)
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Then we can invert these relations to find the R-matrix

R12,34(U, v) = 5123<U)_1g~234(u7 U)["123(u) (4.47)

R23,45(U, v) = 5345(u)g~234(u, 0)5345(11)_1 (4.48)
or equivalently

R12,34(U, v) = 2234(10)?123(% U)9~234(U)71 (4.49)

To have a consistent relation for the R-matrix we require that

g~234 (U, U)/jm:s (U)/jzzszx(v) = 5123(0))5234(16)@123(“, U) (450)

This relation is similar to the standard RLL relation but in this one the supports for the
Lax operators overlap at two spaces instead of just one. We call this equation the GLL
relation.

Using the regularity of the R-matrix and 4.47 we get that

Gias(v,v) =1 (4.51)

Further, using the factorization property of the R-matrix, 4.49 and 4.47, we get that

Gras(u,0) = Lig3(u) (4.52)

G123(0,v) = L13(v) ™" (4.53)
We can also derive the inversion property from 4.47

Q123(U,U)Q123(U,U) =1 (4-54)
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Finally it’s easy to prove by substitution that the G-operator also satisfies a Yang-Baxter-

like equation

g~234 (Ul, Uz) Q~123 (Ul, Us) g~234 (U2, Us) = 6123 (U27 U3) 6234 (Ub U3) 6123 (Ub U2) (4'55)

4.3.2 Classification

Following the same steps as described for the general three-sites models we can obtain
a partial classification of these IRF models. From the construction we just outlined we

expect an Hamiltonian density of the form 4.41 with

h = 0, f (w)]u=0 (4.56)

We require further that the inversion property hold, so we exclude the possibility of
having a non-zero l~1j7j+17j+2 in Q5.

Since h® are four 2 x 2 hermitean matrices we have 16 real free parameters, that can
be brought down to 14 by subtracting the identity and performing a U(1) rotation, but
they were considered too many to do a full classification so a more restrictive Ansatz

was chosen, that contains 6 free real parameters:

hies = Aoy + Boj + Cojoy + Dojoi + Eojoj0; + Fojoso; + Goioj (4.57)

Three non-trivial models were found.

Bond-site transformed XYZ model (bXYZ) The Hamiltonian density is

hiog = Jyo5 — Jyoio505 + J.0704 (4.58)
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It can be seen as the bond-site transformation of the XYZ model [27], thus it describes
the interacting dynamics of domain walls. with creation and annihilation of pairs al-
lowed.

When J, = J, the model reduce to the bond-site transformation of XX7 and the Hamil-

tonian commutes with

Qs = Z 0505, (4.59)
J

which is the U(1) charge that represent the number of domain walls.
Another special case is found at J, = 0 when the model decouples in two Ising chains
on the even and odd sublattices.

We can write explicitly the Lax operator for this family:

1sn(n) +sn(u)oy 1sn(u+n) + ksn(n) sn(u) sn(u + n)o3

123() 2 sn(n) + sn(u) ( 0103)+2 sn(n) + sn(u) (14 0703)
(4.60)
where sn(u) = sn(u; k) and
Jy 1—ksn®*(n) J. cn(n)dn(n) (4.61)
J.  14+ksn2(n) J, 14 ksn2(n) '
where sn, cn, dn are Jacobi’s elliptic functions.
The Lax operator for this model satisfies the inversion relation
217273(’&),5172’3(—%) =1 (462)
and it has a very simple relation with the G-operator
5123(% v) = 2123(U — ) (4.63)
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To obtain the Lax operator in the XXZ limit we take £ — 0 so

Braalu) = (PP + PPt (prpyp 4 P "o S
Instead, for n — 0,u = v, we get the XXX Lax operator
Lraslu) = (PPPS + PLPS) + (PP} + PrP) 2t (4.65)
Twisted XX model For this model the Hamiltonian density is
higg = o705 + kojol + Goioj (4.66)

where k = +1,G € R. To find the connection to the XX model, in the case k = —1, we

can write the global Hamiltonian with the Pauli matrices cyclically changed such that
H =Y 2i(cjo;,, — 0 0f,,) +Golol,, (4.67)
J

which can be seen as a twisted XX model with a next-to-nearest neighbor interaction.

The Lax operator for the model is given by

3123(10 = G

| ( 2Gk e — 14 2G?
e

X + (0?05 + ko30%) + ————0%0% 4.68
i (o i) + S fo7) (a.05)

and it satisfies the inversion relation but it’s unitary only for u € iR.

The G-operator is more complex this time, given by

4G% —1)e¥ —e* + e¥e? + 1
ue - 1) (0703 + rota) 4G

(4G? —3)e" + e + e’ + 1

(5123(“, v) =K 2G (v — )

(4.69)
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Deformation of PXP model The Hamiltonian density is

hios = 0% + k(008 + 0%02) + V2030505 — oioiol (4.70)

with £ = +£1.

Even though there is no tunable parameter this model can be seen as an integrable
deformation of the PXP model, and it’s probably a particular case of a continuous
family of models that goes beyond the initial Ansatz.

The Lax operator for this model is

(4.71)

4.4 Four site models

To find the integrability structure of four-site models we can follow the same strategy as
before: by grouping some sites together, in this case three, we obtain a n.n. chain. Then,
since the n.n. chain is integrable, we can find a regular R-matrix Rqp c)(j,j+1,j+2) (¢ 0)
that will act on the three spin sites and on three auxiliary spaces.

Since we want translationally invariant charges for the original chain we can expect
also a translationally invariant transfer matrix and so we conjecture that the R-matrix

factorizes in

Riape)(jr1.ir2)(t,0) = Lapejra(w)Lapejrr(t)Lapes(u) (4.72)

where L,..;(u) is the Lax operator that acts on three auxiliary spaces and one physical

space.
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The transfer matrix is then given by
t(u) = Trope Loper() ... Lopen (4.73)
The regularity condition of the R-matrix implies the initial condition
Lape;(0) =Py PriPej — t(0) =U° (4.74)
Given the braided Lax operator, defined as
Lopej() = PajPhjPejLape;(u) (4.75)

with the inversion property

*Ca,b,c,j (u)ﬁa,b,c,j(_u) =1 (476)
we can compute the Hamiltonian density of the four-site model
h172,3,4 = au£~1,2,3,4(u)|u:0 (4-77)

and also the next conserved charge density, a seven-site operator ¢;(j) such that

3
¢7(1) = |h1234, Z Pk 24k 3444k (4.78)

k=1

As before, we can use the fact that H and Q7 commutes as a criterion for integrability,
to classify four-site interacting models.

As an example, the only new, non-trivial model with SU(2) and space reflection sym-
metry found is

h172’374 - 2(7)1,4 - 1)(732,3 - 1) - 7)173 - 7)2’4 (479)
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4.5 Quantum Automata

We’re now ready to flesh out the connection between spin chains and quantum cellular
automata.
To this end we will use the brickwork formulation, that is we want to build QCA with

Floquet cycles with time period 7 with global evolution operator given by
where the update at time t is

Vo =[]U%(; + A (4.81)

J
There are multiple ways to connect an integrable spin chain with a QCA so we will focus
on the Trotterization procedure, introduced in [28] for n.n. chains and on a more general

method for medium range chains.

4.5.1 Integrable Trotterization

This procedure creates a time-discretized version of an interacting lattice model with
nearest neighbours interactions. In particular, we want to obtain a QCA with Floquet
period 7 = 2 and A; = 2 given a regular R-matrix R(u,v) of a n.n. spin chain. Since we
deal with n.n. chains the unitary operator U;Z) will have support on two sites, so | = 2,
and the length of the chain must be an even number L = 2k.

On the chain we build an inhomogeneous transfer matrix with alternating inhomo-

geneities p, v:

t(u) = Try [Rar(u, V) Rap—1(u, i) ... Roo(u,v)Ro 1 (u, )] (4.82)
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Using the regularity condition we obtain two special points of the transfer matrix when

the spectral parameter assumes the values p and v

() =URL (s, v) .- Rya(p,v)

t(w) =URp1(v,p) ... Ros(v, 1)

(4.83)

where Ra,b is the braided R-matrix.
Then we can use the inversion relation to compute the inverse of the transfer matrix ¢(v)

as follows

t(w)™ = Rpa(u,v) ... Rys(p, v)U ™ (4.84)

And so the operator product

o)) (4.85)

can be interpreted as a brickwork QCA with period 7 = 2 and with local unitary given
by

Uy = Rjjea(p,v) (4.86)

Since U® must be unitary not all R-matrices are compatible; indeed, using the inversion

property, we find that the braided R-matrix must satisfy the following condition:
~ T ~
(Raslpv)) = Ras(v.p) (4:87)

4.5.2 Three site QCA

There are two ways to create the correct QCA from the R-matrix of a three site spin
chain: the first is an extension of the Trotterization scheme that is straightforward but
it does not generate a true brickwork QCA since it leaves some site untouched at every
discrete timestep; the second method leads to the expected brickwork QCA but it has a

more complex integrability structure.

o1



4.5. QUANTUM AUTOMATA CHAPTER 4. MEDIUM RANGE SPIN CHAINS

Extended Trotterization

We want to use the grouped chain, asin 4.2.1, to write the inhomogeneous transfer matrix
4.82. So we obtain a QCA with four-site local evolution operators that, for special values
of the spectral parameter, can be written as a three-site operator using the factorization
4.24.

Let’s consider a chain of length L = 4k and a four-site R-matrix R(qp)(jj+2), We can

define the inhomogeneous transfer matrix as

t(w) = Trap [ Reap)ar—1,46) (U, V) Ria by ah-345-2) (U, 12) - - Riap(3.4) (U V) Riap)2.1) (1, )]

(4.88)
The special points of the family of the transfer matrix is found for u = v, u:
t(#) = u2é(4k73,4k72)(4k71,4k)(M, I/) N 1:2(172)(374) (u, 1/),
) ) (4.89)
t(v) = U Rak-1.am)1.2) (V> 1) - - - Rz.ays.6) (Vs 1)
As before, we take the inverse of the second transfer matrix
t(V)_l = R(4k71,4k)(1,2) (/L, V) . R(3,4)(576) (,u, I/)Z/[_2 (490)

and so we define the global evolution operator as

V= t_l(V)t(#) = Ruk—1,41)(1,2) (w,v) ... R(3,4)(5,6) (1, V)R(4k73,4k72)(4k,4k71)(,ua v)... R(1,2)(3,4)(M, v)
(4.91)

This can be seen as a QCA with Floquet cycle with period 7 = 2 and with unitary with

support [ = 4 and expression:

A N
UJ(J)JrLjJr?,jH = R(jj+1)(+24+3) (s V) (4.92)
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The coordinates of the local operator are x; = 45 with a time delay A, = 2¢.

For the special value v = 0 the braided R-matrix factorizes as

Ryt 2,+3(1, 0) = Livrjio+3(1) L g2(1t) (4.93)

where £ is the braided Lax operator. Substituting this expression in 4.91 we obtain a

QCA with Floquet period 7 = 4 and unitaries of support [ = 3:

3 ~
U;,j)+1,j+2 = Ljjrir2(p) (4.94)

with coordinates x; = 47 and time displacement A; = ¢.
This construction as two issues: the QCA is not symmetric under left-right symmetry

and it’s not tightly packed (the fourth spin is untouched for every time step).

Five-site construction

This time, instead, we want to build a QCA with period 7 = 3, coordinates xz; = 35 and

time delay A; =t using as a unitary the three-site, braided, Lax matrix

3 ~
Ui = Ligeigsa(h) (4.95)

as in 4.94. This Lax matrix has a corresponding R-matrix given by é(a7b)’(j’j+1).

We build a new, five-site operator Ry 234,50, t):

731,2,3,4,5(9, u) = ﬁi%,3(u)é2,374,5(07 u)£1,2,3(9)

= £~3,4,5(9)]%1,2,3,4(9, U)E§i5(u)

(4.96)
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We also need to define another operator R 2,3),4,5,6) that acts on six sites using permu-

tation operators on R
R(1,273)(4,576)(9> u) = 771,4772,5P3,67~31,2,3,4,5(9, u) (4.97)
This operator satisfies the Yang-Baxter equation
R1,23),4(0,W)R,23),8(0,0)Rap(u,v) =Rap(u,v)Ru2s),80,v)Ra.23),4(0,u) (4.98)

where A = (4,5,6), B = (7,8,9) are two triplets of auxiliary spaces.

Then we can group together triplets of physical spaces to build the transfer matrix

t(u) =Try [R 12,3),4(0, W) Raps.6),4(0,u) ... R(r-5,0-4,0-3),4(0,u) R 2,L71,L),A(07U)]
(4.99)
where A = (a, b, ¢) are a triplet of auxiliary spaces. Note that the ordering of the product
of the sites is the inverse of the usual one.
The family of transfer matrix commutes, if we take 6 as a fixed parameter. Further, at

the point u = 6 the transfer matrix reduces to the shift operator
to) =u? (4.100)
Instead, at the point u = 0 the operator R factorizes as
Ri9345(0,0) = L345(0)La34(0)L125(0) (4.101)
The, the global evolution operator of the corresponding QCA is given by

V = t(0)71(0) = VsV, V) (4.102)
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with

3
Vi= H U?Ej)+t,3j+1+t,3j+2+t (4.103)
J

So we obtained an actual brickwork QCA from the Lax operator of a three-site spin

chain.

4.5.3 Interaction-round-a-face QCA

Since we would like to describe a QCA that, in the classical limit, gives back an ele-
mentary CA we need a different method than the one developed in the previous section,
since the unitaries found there do not overlap at a single time step [29].

This time we want a QCA with Floquet period 7 = 2 and so we consider a three-site

unitary such that

3 ~
U irgin = Ligiigra(0) (4.104)

where 0 will be a fixed parameter.

The two fixed time operators are given by

Vi = 51,2,3(9)53,4,5(9) . -EL—S,L—z,L—l(Q)ZL—1,L,1(9)

) ) ) ) (4.105)
Vo= L234(0)Las6(0) ... L1 21-10(0)Lr12(0)
Notice that neighbouring Lax operators overlap at one site.
Then we can write the global update operator as
V=U*Tra [L126L12.aL340L340 - Lo 106L0-1.1.0) (4.106)
We use the factorization property of the R-matrix, written as
R(172)7(374) (9, 0) = £17274(6)£17273(0) (4107)
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to reexpress 4.106 using the R-matrix as

V =U>Tra [Ra2),4(0,0)R34),4(0,0) ... Rir—1,1),4(6,0)] (4.108)

where A = (a,b) is a pair of auxiliary spaces.

We can define the transfer matrix ¢(u), with the opposite order of products, as

tu) = Tra [Raz) a0, w)Ra,a(0,0) - Rioana(@w)], [tw) t(v)] =0 (4.109)

with initial condition

t0) =U? (4.110)

so that the global update rule can assume the standard form

V =t(0)"'t(0) (4.111)

As a trick to compute the fourth charge we can define a spectral parameter dependent
global rule
V(u) = t(0)t(u) (4.112)

This family of operators commutes with itself and so with V(0) = V. Then the charge is
given by
Q1= 04V (u)|u=0 (4.113)

Since the transfer matrix is not translationally invariant, but only two-site invariant, the
charge will also be two-site invariant.

Let’s consider a few examples from the IRF models found in 4.3.2.

The bonded XXX model has a three-site unitary given by the Lax operator 4.65 so

voy + 1
v+1

3 o po ® De o pe ® Do
U1(,2),3(U)I(P1P3 + PYP;) + (PYPs + Py Py) (4.114)
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with © = nv. In the limit v — oo the unitary operator reduces to
U, = PPy + PLP} + (PP} + PLPS)ok (4.115)

that is a classical update rule and coincides with the parametrization given for the Rule
150, proving that it’s Yang-Baxter integrable. Further, we found an entire family of
integrable QCAs connected to the bonded XYZ model.

If instead we focus on the twisted XX model, in the limit £k = 1 and G = 1, we have a

Lax operator, and so a three-site unitary, given by

~ eu_l 2 YA xr _Z z _Z
Liaslu) = —— (eu — T oi05 + o505 + 0103) (4.116)

that follows from 4.68. The classical limit is found for v = ¢w where the classical CA is
given by

Uy = 5 (=1 + 003 + 0505 + 0i0}) (4.117)

N | —

The f matrices of this CA can be easily found to be equal to
fOO — _fll — O_a:7 fOl — fl() —— (4.118)
These, up to phases, are equal to the one of Rule 105.

4.5.4 Four-Site QCA

Let’s consider a Lax operator for a four-site model with the condition:

[21234(u),£4567<v)] —0 (4.119)

57



4.5. QUANTUM AUTOMATA CHAPTER 4. MEDIUM RANGE SPIN CHAINS

We're asking for the first and last site to be control bits.

Then there exists a five site operator G such that the R-matrix factorizes as

R123456(U, U) = 21234(11)71523456(“, U)£~1234(U) =

= Ls56(1)Gr2345 (1, v) Laaz6(v) " (4.120)
For this factorization to be consistent the following GLL relation must be satisfied
g~23456<u7 U)£1234<U)£~3456(7}) = £~1234(71)23456(U)QN12345(U, v) (4.121)
The update rule for a single step can be constructed then as
Vi = L1934(0) Laser(0) ... L1—o0.0-1,01(0) (4.122)
where 6 is a fixed parameter. The full update rule is

V=V, =

= U Trope [L123:(0) L1236(0) L1230 (0) - .. Lr—21-110.(0)Lr—21-106(0)Lr—21-114(0)]

(4.123)
Then, applying the factorization formula
Ris3456(0,0) = L3156(0) Lasas (0) L1234(0) (4.124)
we can build the transfer matrix
t(u) = Tr, [R(lgg)A(e, ) Raseya(0,w) ... Rin—2,1-1,0ya(0, u)] (4.125)
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where the auxiliary space A = (abc). This family of transfer matrices commutes and it

generates the time evolution of the QCA as

Y =t"10)t(0) (4.126)

So the update rule of the QCA is a member of the family of transfer matrices at the

special point u = 0.
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Chapter 5

RSOS spin chains

The models the we studied until now all have the property that the total Hilbert space
H = ®H,; factorizes over the sites of the chain. There are more complex models where
this property doesn’t hold, such as Restricted-Solid-On-Solid lattice models.

RSOS models are a class of two-dimensional lattice models such that each site can assume
an integer value {; < m/’ called height, subject to the condition |[j — j'| = 1, i.e. neigh-
bouring sites can assume values according to a given Dynkin diagram of the A family|30].
Near criticality, these models correspond to the ¢; 3 perturbation of the M (m,m’) min-
imal models of 2D conformal field theory.

Even though RSOS models are two dimensional models it was possible to find an equiv-
alent spin chain Hamiltonian using the elliptic Boltzmann face weights of the RSOS
models and face transfer matrices. Since the Hamiltonian that was found in [31]| has a
very similar structure as the one for IRF quantum cellular automata we want to study
if RSOS chains can be included in the same framework and, consequently, if there exists

a classical limit of the corresponding quantum CA.
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5.1 RSOS spin chain

The RSOS models are two dimensional models defined on a squared lattice of dimension
N such that each lattice site can assume as a value an integer j = 1,2,...,m’ — 1 such
that the nearest neighibours on the edges of the square differ by +1; the heights then
live on the A,,_; Dynkin diagram. The corresponding minimal model is M (m,m/;t),
where 2 < m < m’, m, m’ coprime and t = ¢* is a temperature-like parameter.

The possible Boltzmann weights given the restriction are three and they are given by:

gl s(A —u)
on4(u) = W Sl
TAE Y Y
w7 TE g s(G ) s
2w =W PR G SGN) SOV
W () — g IELL s(iAtuw)
5 (w) =W o == (5.1)

where u is the spectral parameter, s(u) = 6;(u, ¢) is a standard elliptic theta function
01(u, q) = 2¢*/*sinu H(l — 2¢°" cos 2u + ¢*") (1 — ¢*") (5.2)
n=1

and A is the crossing parameter, given by
(5.3)

As we can see the elliptic nome ¢ of the theta function is the square root of the tem-
perature parameter of the minimal models and thus it measures the departure from
criticality corresponding to the ;3 integrable perturbation. To find the critical models
we will send ¢ — 0.

The function g; is a gauge factor and so is an arbitrary function of j; for convenience we
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’

X;(u) = X3¥ (u) = o - = wip(u) 8(b,0)8(a,¢) a + wh (u) 8(a, c)

abc

=

(b,b) a
+wh H(u) 8(a, c)d(b,b) «

Fig. 5.1. Face transfer matrix as linear sum of elementary tiles

set g; = 1 thereby breaking the Zj reflection symmetry about the SE-NW diagonal.

In the article the face transfer matrix X;(u)J is built as an operator acting on a lower
row configuration of the lattice 0 = oy,..., 0y that adds a single face at position j to
the upper row ¢’. The explicit expression of the operator X; in terms of the Boltzmann
weights is given in a diagrammatic form using a planar algebra decomposition, as in
figure 5.1.

We can write the face transfer operator as

/ /
o oL—0j_1

X; (1) = Xo 1005 (0) = w10, (w)d(05,05)0(05 1, 0511) + wolfy 71 (w)d(0j-1,0511)0(0,05)+

!
ol—0j-1

+wsy, (w)d(oj1,0511)0(0;, 05) (5.4)

s05—1

Notice that the symbol §(a,b) =1 — d(a, b).

The face operators satisfy an inversion relation

s(A —u)s(A+u)

X, (), () = SO (55)
and the Yang-Baxter equation
X ()1 (1 + )X (0) = X1 (0); (1 + 1)K () (5.6)

62



5.1. RSOS SPIN CHAIN CHAPTER 5. RSOS SPIN CHAINS

Further, the Hamiltonian of the chain is given by

H = i( EF+X> (5.7)

7=1
where
o M5(0»_1 0is1) (5.8)
j—10595+1 S(O‘j+1)\) J )
G SO L o)
X ooy = o )T 5y 0i)0(0 ) (5.9
=100+ S()\) s )\)S(UJJrl)\) + (Uj 0]+1) S(UjJrl)\) (U] 1 U]-i-l) (0] OJ) ( )

The face transfer operator 5.4 is a three site operator that, depending on the values of
the 7 — 1 and j + 1 cells, evolves the j cell only while leaving untouched all the other
cells. The action of this operator reminds us of the Lax operator for IRF spin chains;
further it satisfies a Yang-Baxter equation, an inversion relation and it can be used to
derive an Hamiltonian so we want to check if these properties are equivalent to the one
found in the IRF chains.

Let’s assume that we can identify X;(u) = £;_1;,11(u), then the Yang Baxter equation

5.6 becomes

L1 gLy gaa(u+0)Li15501(0) = Liginea(0) Lm0 (u+0) Ly aa(u)
(5.10)
The presence of the sum between two spectral parameters tells us that the underlying
R-matrix is of difference form so G(u,v) = G(u — v).
Let’s write equation 4.55 choosing as the value of the spectral parameters u; = v, u3 = —u
and uy = 0, a parameterization that we can always make for R-matrices of difference

form:

e (CwW G2 (ut 0)Gi 11 (0) = Ggat 2 (V)G 11 (w4 0)G5 o (—u)

(5.11)
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where we used the relations 4.52.
Since the G(u,v) operator satisfies the inversion relation 4.54 while the operator X;(u)

does not we need to normalize the latter. We define a new face transfer operator as

X,
Zi(u) = (s (5.12)
VsA —u)s(A + u)
Then the relation 5.5 becomes
Zj(u)Zi(—u) =1 (5.13)
and so the Lax given as £, 1;;41(u) = Z;(u) = G, 1,;,11(u,0) satisfies the correct

inversion relation.

We can now use this relation in 5.11 to find

Gi15501 (@G5 g41542 (0 +0)G515541(0) = Gy jaa(©)Go1 g1 (w4 0)Gj o ()

(5.14)

We have proven that the normalized face transfer operator satisfies the same Yang-Baxter

equation as the IRF models.

Another property of G operators that is easily checked is the regularity condition that,

for operators in difference form, simplifies to G,_; ;;41(0) = 1. By doing a simple calcu-

lation is easy to see that this is true also for the operator Z;(0).

As our last test we want to check if the Hamiltonian density can be recovered as the

derivative of the X operator computed in v = 0; in the article there is a different conven-

tion so we do not put the minus sign in the derivative. First we derive the Boltzmann
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weights:
duoy?, (u) S(N)
9j—10505+1 P 1
du =0 s(A) (5.15)
+ J’
dw2 0 — 1O'JO'J+1u)| _ S/(O)S<O-§')\) (5 16)
du 0T 5N s(oj40) '
:I:J
dws; 1o;0,4: (1) / s'(0j11))
I1%7% weo = (0 —0;_1)————= 5.17
du ‘ 0 (O'] O'] 1) S(O'j+1)\) ( )

Adding these derivatives in 5.4 we find

0_/

AXogopn (@), SN s SO)sod) o0 s

du |U=0_ S()\) 6( VA ])5< Jj—1 ]+1) 8(}\)S(U]+1/\)6( Jj—1 J+1)6< 7 J>+

/ 8/<Jj+1)‘)
+(Uj—<fj—1)m5(% 1,0541)0(0;, 0%) (5.18)

Using the definition of §

YW s'(0)s(aN) o

T )\) 5( Ojs ])+ ()\)S(Uj+1)\)5( J=1 J+1)+

s'(N)  $0)s(a5A) o — o §'(0j117) R
L5 e o gy A o))

In this equation we recognize the Fj and X; operators of equation 5.8 and 5.9 so

d s'(\)

s'(0)
du XUJ 1UJUJ+1( )|U=0 - = 8()\) 5(Uj7 OJ’) + _F} + Xj (519>

7 s(A)

Then the total Hamiltonian is given by

Hjéﬁ_lgj% f: [ ,;\ (0j,0 ;)} + f: [38,(()(\))) E; +Xj] (5.20)

J=1 Jj=1

We can shift the energy by an amount given by the first term to finally obtain the
expected result of 5.7.

Since we need to use the normalized face transfer operator let’s check if the normalization
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spoils this result. By putting

alu) = (5.21)

we have

By = (% )uco = a(0) 0o 3,0 T ro=n, (22)

So the normalization does not spoil the previous result.

In the IRF models we wrote the Lax operator using f matrices as

m’'—1
Lijjm(u) =Y Pryfi(u)Pp, (5.23)

a,b=1

so we want translate the face transfer operator 5.4 in this IRF form. As we can see from
5.23 a and b relates to the height of the j—1 and j+1 cell and so the term P ﬁ1(u)ij+2
is different from zero if and only if ;1 = a. 6,41 = b and f® # 0. Then we can rewrite
0.23 as
m'—1
Lirgea(u) =Y L16(05-1,a) f(w)18(0;41,0) (5.24)
a,b=1
However in RSOS models the heights of 7 and j — 1 are not independent but must follow

the nearest neighbours constraint; this strongly reduces the number of possible non-zero

f matrices. We are left with two possibilities:
e a and b differs by 2 so f®! = f%§(|a — b|, 2)
e o and b are the same so f%? = f%§(a, b)

There are 2(m’ — 3) of the first kind of f matrices and m’ — 1 of the second kind for a
total of 3m’ — 7 f matrices in the IRF representation of the RSOS spin chains. As we
can see the number of non-zero f matrices is much smaller than in the standard case,

where is simply (m' — 1)

66



5.1. RSOS SPIN CHAIN CHAPTER 5. RSOS SPIN CHAINS

As we can see from the Boltzmann weights 5.1 the first weight give the elements for the

first class of f matrices while the second and the third for the second class:
o (") =wic(w)alu) if c = d = %2, otherwise (f*).q =0

o (f102%) g = wib(u)a(u) ifc=bF1,0<c<m andd=>b+1,0<d < m/, otherwise
(f®%)ea =0
o (f102) 4= w;:b(u)a(u) ife=bx1l,0<c<m andd=0+1,0 <d < m/, otherwise

(fab’Q)cd =0

Notice that the first class of f matrices contains a single non-zero value on the diagonal
while, in the second class, there are four elements in a square pattern centered on the
diagonal.

We report the non-zero matrices for the simple case of m’ =4, m = 3:

0 0 0 0 0 0
00 o s(A+u) 02 o s(A—u)
u) =0 ———2— 0 u) = |0 ———t—80
f ( ) s(A—u)s(A+u) f ( ) s(A—u)s(A+u)
0 0 0 0 0 0
s(A)s(2A—u) s(3A)s(u)
$(20)/s(A—u)s(A+u) s(20)4/s(A—u)s(A+u)
f(u) = 0 0 0
s(A)s(u) s(A)s(2A4u)
5(20)y/s(A—u)s(A+u) s(20)/s(A\—u)s(A+u)
0 0 0 0 0 0
20 _ s(A—u) 22 _ s(BA—u)s(A)
u) =10 ———— 0 u)=10
J7 () s(A—u)s(A+u) F=(w) s(3\)y/s(A—u)s(A+u)
0 0 0 0 0 0

If we call Q), the f matrices generated by the Boltzmann weights w; we obtain the

following Lax operator

Y

-1+ (u Z Py [ (w)d(Ja = bl,2) + (9, (u) + Qp(w))d(a,0)], P7yy - (5.25)

a,b=1
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Since the theta function s(0) = 0, the Boltzmann weights computed in zero are equal to

CdLj(O) =1
wy;(0) =0
wy,;(0) =1

and so the f matrices are of diagonal form with only ones on the diagonals; they do not
become the identity due to the constraints of the RSOS models.
Then we need to check if Z;(u) are actually unitary in the IRF sense, since we will need
this operator as the three-site unitary. Due to the inversion property of Z;(u) we just
need the following property

(Z; ()Y = Z;(~u) (5.26)

Since at first we will use real values of the spectral parameter the property reduces to

Zj(w)" = Z;(—u) (5.27)

Further, due to 5.25, we can verify this directly for the f matrices:

e since w; is on the diagonal of Q!, we require that w;(u) = w;(—u) and this is true

only for u* =7k, k € £N

e since ws are on the diagonal of O3, we require that w3(u) = ws(—wu) and this is true

only for u* =7k, k € N

e since wy are in a position of Q2, symmetrical w.r.t the diagonal we require that
w3 (u) = wi (—u) and this is true only for u* = 7k, k € £N, but only because the

term s(u) becomes zero for u = u*

So the only values of the spectral parameter for which the Lax operator is unitary are

those for which wy (u) = 0 and wi = w; = +1 and so the operator reduces to a diagonal
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form.

This is clearly an issue, since any non-trivial Lax operator is not unitary.

Now let’s consider instead a purely imaginary spectral parameter iu, where u € R. First
we want to understand how the theta function behaves under complex conjugation with
a purely imaginary variable.

By substituting © — ix

S(Zu)* = Ql(iu7q)* 1/ SlIl ZU H 2q2n COS QZU) + q4n)(1 . q2n> _

sin H — 2¢*" cos(—2iu) + ¢*")(1 — ¢*") =
_ () (5.28)

s(A —iu)* = 61 (N —iu, )" = 2¢"*sin(\ — iu) H —2¢*" cos(\ — 2iu)* + ¢*")(1 — ¢*") =

= 2¢"/*sin(A + iu) [ (1 — 2¢*" cos(X + 2iu) + ¢*)(1 — ¢*) =
n=1
= s(A +iu) (5.29)

where we used the properties of the trigonometric functions.
Since now the spectral parameter is complex we have to check if the f matrices respect

5.26 so let’s first compute the complex conjugate of the Boltzmann weights:

wn (i) = (5(2(—;;“)) LGS 0 (5.30)

s(A)
oy = (UED GOV AU AGEIN ) _ g
? s(7A)  s(A) s(GA)  s(A) sGA) ()
(5.31)
W (iu)* = (5(‘72;; “)) _sU ?];F)w — Wi (—iu) (5.32)

Now we can see that
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e since w; is on the diagonal of Q}, we require that wi(iu)* = wi(—iu) and this is

true Vu € R

e since w3 are on the diagonal of Q3, we require that ws(iu)* = wz(—iu) and this is

true Vu € R

e since wy are in a position of Q2, symmetrical w.r.t the diagonal we require that

:F

Wy i(

(iu)* = wi(—iu) but, given 5.32, wf (iu)* = wi(iu) and so the requirement is
fulfilled only for u* = 7k, k € £N, but only because the term s(u) becomes zero

for u = u*

-It appears that there are no non-trivial values of the spectral parameter such that we
obtain a unitary Lax operator.

Further, even if the Lax operator was unitary, there is no clear value of the spectral
parameter such that the QCA becomes classical for that value. This is mostly due to
the fact that the elements of the f matrices depends on the heights of the cells, adding
complexity to the model.

This can be seen more clearly by considering the operator X;(u) at criticality, i.e. when

q = 0. In that case then

X;(u) = I+ e; (5.33)

were e; are generators for the Temperley-Lieb algebra with 8 = 2 cos \.
A Temperley-Lieb algebra T'Ly () is a unital associative algebra generated by N — 1

elements that satisfy the following properties:
° e? = fe; where [3 is a constant
® Ci€j+1€; = €5

o ciej =eje; for |i —j| > 1
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We know that a classical cellular automaton is characterized by f matrices that are
elements of the permutation group, since permutations are the only operations that we
can do on the cells while keeping the system classical.

As we can see the matrices e; are not compatible with elements of the permutation
groups due do the second property.

By looking at the structure of 5.33 we recognize that it’s an element of a class of spin
chains called Temperley-Lieb spin chains. This spin chains are defined on an Hilbert

space Hy and the Hamiltonian is given by

H=> b (5.34)

where b; is given by a representations of the generators e; on Hy [32].
Due do the properties of the Temperley-Lieb algebra the related spin chains are generally

integrable, with R-matrices having the form

Ri(u) = f(w)+ g(u)e; (5.35)

Inserting this R-matrix in the Yang-Baxter equation, the trigonometric solution was
found to be

f(u) =sin(A —u), g(u)=sin(u) (5.36)

for B = 2cosA\. We can then identify that critical RSOS chains are Temperley-Lieb
chains for a specific choice of the total Hilbert space of the chain.

We’ve encountered another Temperley-Lieb chain already, the XXZ chain. As we saw it
was not possible to find the quantum cellular automata directly from the XXZ chain but
first it was necessary to transform it using the bond-site transformation.

It is natural to ask if an IRF chain is the correct choice of QCA for the RSOS chain

or if it’s first necessary to consider some kind of higher-spin generalization of the bond-
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site transformation to be able to obtain an higher-range unitary RSOS quantum cellular

automata.
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Conclusions

In this work we studied the connection between two very different systems: cellular au-
tomata and spin chains. This connection, in turn, will simplify the study of quantum
integrable systems by giving access to a class of new integrable quantum cellular au-
tomata.

To fully understand this connection first we explored the meaning of integrability in a
classical and quantum setting; then we proposed a few constructions for classical and
quantum cellular automata; finally we described a framework that allows us to build
different classes of quantum spin chains with an interaction range of three or more sites
and spin S. This construction is also capable of finding, given a spin chain, the corre-
sponding time-discretized model, i.e. a quantum cellular automaton, and, in some cases,
its classical limit.

We focused on spin % chains with an interaction range of three and four sites since two
models were found with a well defined classical cellular automaton, thereby proving the
integrability of the latter: the bond-site XXX model with the related rule 150 and the
twisted XX model with rule 105.

We wanted then to study a more complex class of spin chains, the RSOS quantum chains,

using this framework due to the structure of the face transfer operator that closely re-

73



CHAPTER 6. CONCLUSIONS

sembled the Lax operator of a interaction-round-a-face cellular automata. After a careful
examination we found that, despite the similarities, the IRF quantum chain cannot be
used to describe the CA related to the RSOS models since the evolution operator is not
unitary.

We propose two possible interpretations for this incongruence: the first possibility is that
the issue is related to the presence of a more complex Braid symmetry behind the model
such that the corresponding total Hilbert space of the chain is not decomposable as the
tensor product of the spaces of the single sites, therefore making the system deeply non-
local; the second and more intriguing possibility is that, even though the RSOS chain
has a three site interaction, the CA do not. This is due to the fact the the critical RSOS
chain is an element of a large class of models based on the Temperley-Lieb algebra, like
the XYZ model. This algebra is incompatible with a QCA directly but it was possible
to build avoid the issue by transforming the XYZ chain, a nearest neighbour chain, in a
new model with a three site interaction through the bond-site transformation.

So, as the next step, it would be necessary to adapt the bond-site transformation to work

on the RSOS chain, a highly non-trivial task due to the nature of RSOS models.
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