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Chapter 1

Introduction

The aim of this thesis is to study the following convection diffusion dila-
tion/erosion equation in a Lie group:

{%(% t) = _CW(pat) - (—Ag1>aW(p, t):t H szw(pvt) Hég fOT peE G/H7t >0
W(p,0) =U(p) forpe G/H.

(1.1)
This equation has been introduced by R.Duits,B.Smets, E.Bekkers and J.Portegies
in [I] in order to solve image processing problems through PDE-based Group
Equivariant Convolutional Neural Networks.

In chapter 2] we recall notions of sub-Riemannian theory. In particular,
we prove the connectivity property which allow us to define a distance if the
Hoérmander condition is satisfied. We then suppose the Hérmander condition
is satisfied and we define the notion of sub-Riemannian Laplacian operator
and sub-Riemannian heat operator; with this hypothesis these operators turn
out to be subelliptic.

In chapter |3| we consider equation introduced by R.Duits,B.Smets,
E.Bekkers and J.Portegies in [I] in order to solve image processing problems.
In particular, since this equation is defined on a homogeneous space we recall
notions on groups and homogeneous spaces. We then analyze each part of
the equation separately; the convection part of the PDE is solved by a trans-
lation of the initial condition. Instead, the solution of the fractional diffusion
PDE is written as a linear convolution of the fractional diffusion kernel with
the initial condition. We then analyze the dilation/erosion part of the PDE:
the solution is written as a morphological convolution of the dilation/erosion
kernel with the initial condition. In order to implement these equations and
apply them in image processing, it will be necessary to provide explicitly
expressions of these kernels. First we propose to make the approximation of
the fractional diffusion kernel through the parametrix method.



In chapter we analyze the parametrix method for operators defined on
R™. First of all we recall the notion and the properties of the foundamental
solution of a parabolic operator with constant coefficients. We then consider
a parabolic operator with Hélder-continuous coefficients, whose foundamen-
tal solution is found using the parametrix method. In particular, we write
the foundamental solution as a convolution of a convergent series with the
foundamental solution of the operator with constant coefficients.

In chapter we extend the parametrix method for operators defined on
a Lie group where equation is defined. We will approximate the founda-
mental solution of a parabolic operator on this group with the foundamental
solution defined on a homogeneous Carnot group, always with the parametrix
method. As a result the foundamental solution will be expressed as a convo-
lution of a convergent series whose terms are iteration of the foundamental
solution of the parabolic operator defined on a Carnot group.

In chapter @ we consider equation in order to do approximations of
the kernels found in chapter . The approximate fractional diffusion kernel
for a = 1 is found through the parametrix method. For a generic value of
« we then consider a key relation between the a—kernels and the Laplacian
kernel. For the dilation/erosion equation we first prove a foundamental rela-
tion between the dilation/erosion kernel and the fractional diffusion kernel:
in order to do that we need to introduce the notion of Cramér-Fourier trans-
form. We then find the approximate dilation/erosion kernel starting from
the fractional diffusion kernel.

In chapter we consider a possible application to image processing
problems of the equation discussed within the thesis. In particular we de-
scribe the PDE-based Group Equivariant Convolutional Neural Network de-
fined by R.Duits,B.Smets, E.Bekkers and J.Portegies in [I].



Chapter 2

Sub-riemannian manifolds

The aim of this chapter is to describe the roto-translation group SFE(2) with
a sub-Riemannian metric on it and to clarify the role in image processing
and in modelling the visual cortex.

The chapter is organized as follows: in the first section we give the main
definitions on Lie groups. These notions will serve us in the second section,
where we will give the definition of sub-Riemannian manifold and we will
prove the Hormander theorem. Finally, in the third section we will explain
the model of the visual cortex as the SE(2) group.

2.1 The notion of Lie Group

In this first section we give some basic definitions on Lie groups. These are
well known notions of Lie group theory, that can be found for example in
[12].

Definition 2.1.1. An internal operation - on a set G is a function which
associates to each couple of elements (a,b) of G another element denoted as
a - b of G. This condition is also called closure: for all a,b € G, a-b € G.
To qualify the set as a group, the operation must satisfy three requirements
known as the group axioms:

e Associativity. For all a,b,c € G, (a-b)-c=a- (b-c).

e Identity element. There exists an element e € G, such that for all
aceG,e-a=a-e=a.

e Inverse element. For all a € G, there exists an element a~! € G such
that a-a~' = a~! - a = e, where e is the identity element.

If G is a group and Va,b € G, a-b = b - a, then G is called an Abelian
or commutative group. A subgroup is a subset G’ of G satisfying the group



axioms.

The distinguishing feature of a Lie group is that it also carries the struc-
ture of a smooth manifold, so that the group operation is continuous.

Definition 2.1.2. A Lie group is a group which also carries the structure
of a manifold in such a way that both the group operation

m:GxG—G, m(g,h)=g-h, gheG (2.1)
and the inversion
i:G—Gilg)=g"' ged (2.2)
are smooth maps between manifolds.
Examples of Lie groups are:
e The Euclidean space R”, with the usual sum as group law
e The circle S? of angles mod 27, with the standard sum of angles

Definition 2.1.3. Let C be a smooth curve on a manifold M, parametrized
by v : I — M, where I is an interval of R. In local coordinates x =
(xl,...,2"), C is given by n smooth functions v(s) = (71(8), ..., Ya(s)) of the
real variable s. At each point x = v(s) of C, the curve has a tangent vector

0 0
X |z=17'(s) :’Yi(s)@Jr---Jr’Yﬁ(S)@- (2.3)
By this definition it becomes clear that tangent vectors can be identified

with directional derivatives in the direction:

In particular if we apply the tangent vector X to a smooth function
f: M — R we obtain:
Xf=(X,Vf)

Within the thesis we will then identify differential operators and vectors, we
will see this fact in details in the next section.

Definition 2.1.4. The collection of all possible tangent vectors to all pos-
sible tangent curves passing through a point x € M is called the tangent
space to M at x, and is denoted as TM |,.

Definition 2.1.5. An integral curve of a vector field X is a smooth parametrized
curve z = 7(s) whose tangent vector at any point coincides with the value
of X at the same points for all s:

7 (s) =X |y



An integral curve is called maximal integral curve if it is not contained
in a longer integral curve.

Definition 2.1.6. For two differential operators X and Y, their Lie bracket
(or commutator) is defined by their actions on functions f : M — R:

X, Y] = X(V]) - Y(X/). (2.4)

Note that the Lie Bracket is a measurement of the non-commutativity of
the operators: it is defined as the difference of applying first Y and then X
and vice versa. In particular [X, Y] is identically 0 if X and Y commute.

Definition 2.1.7. Let G be a Lie group. For any element g € GG, we define
the left-multiplication (or left-translation) Lg : G — G by:

Lyh)=g-h, YhedG (2.5)
where - denotes the group operation in G

Definition 2.1.8. An operator X on G is called left-invariant if:
X(foly) = (Xf)oL, VgeG (2.6)

Definition 2.1.9. The Lie algebra of a Lie group G is the vector space of
all left-invariant vector fields on G

Intuitively the Lie algebra associated to a Lie group encodes its differen-
tial structure, and it is identified as the tangent space at the origin.

2.2 Hormander vector fields and sub-Riemannian
manifolds

In this section we will prove the connectivity property, which states that, if
X1, ..., X, are Hormander vector fields defined on a manifold M, then every
couple of points can be connected with an admissible integral curve. The
proof follows the approach of [I§]. This theorem will permit us to define a
distance on a sub-Riemannian manifold. Before stating the theorem we need
to give some basic definitions on sub-Riemannian theory.

Definition 2.2.1. A Riemannian metric on a differentiable manifold M
is given by a scalar product on each tangent space T,M which depends
smoothly on the base point p. A Riemannian manifold is a differentiable
manifold, equipped with a Riemannian metric.

Example 2.2.2. In order to understand the concept of a Riemannian metric,
we again need to study local coordinate representations and the transforma-
tion behavior of these expressions.



Thus, let x = (z', ..., x%) be local coordinates. In these coordinates, a metric
1s represented by a positive definite, symmetric matriz (gij(a:))i,jzlymyd where
the coefficients depend smoothly on x.

The product of two tangent vectors v,w € T, M with coordinate representa-
tions (v',...,v?) and (w',...,w?) is

(v,0)g = gij(x(p)Jv'w (2.7)

and
[vllg) = 1/ (v, v)g (2.8)

Definition 2.2.3. Let M be a Riemannian manifold equipped with a Rie-
mannian metric g. Let [a, b] be a closed interval in R, v : [a,b] — R a curve
of class C'.The length of « then is defined as

b
L(y) = / 17 Ol (2.9)

Definition 2.2.4. On a connected and differentiable manifold the distance
between two points p,q € M can be defined as:

d(p,q) = inf{L(y) : 7 : [a,b] = M piecewise smooth curve with vy(a) = p,v(b) = ¢}
(2.10)
Note that M is connected, hence d(p,q) < oo Vp,q € M.

We call vector field a map X : Q — U,T}, such that X |,&€ T,M for all
p € M. In the sequel we will always identify vector fields and differential
operators as follows. Let X = (a1, ..., an) be a vector field of class C*° (2, R"),
Q CR™
If X is a smooth first order differential operator, X = > | @;0; and I is the
identity map I(§) = &, then it is possible to represent the vector field with
the same components as the differential operator X in the form

XI() = (a1, .., an) (2.11)

Definition 2.2.5. Let M be a differentiable manifold. We call distribution
A a set (Ap)pens such that Vp A, is a subspace of T, M.

Notice that the definition of distribution implies that A is subbundle of
the tangent bundle. If (X, ..., X,,) are differential operators then
Vpe M Ay = (X11 |p,..., XnI |p) define the distribution A = (Ap)pens.
Note that T,M has the same dimension Vp € M while A, and A,, with
p,q € M p # q have not necessarily the same dimension.



Definition 2.2.6. Let M be a connected and differentiable manifold, A a
distribution A C T'M and g a metric defined on A. Then (M, g, A) is called
sub-Riemannian manifold.

The problem now is how to define the length of a curve defined on a
sub-Riemannian manifold. We then have to distinguish between admissible
and non admissible curves.

Definition 2.2.7. Let v : [a,b] — M be a smooth curve. Then 7 is called
an admissible curve if Vt € [a, b] it holds +/(t) € A, ).

Definition 2.2.8. Let v : [a,b] — M be an admissible curve. We call
b
/
= [ 10 oo

Notice that 7/(t) € A,y then it follows from the definition of sub-
Riemannian manifold that [| 7/(¢) ||4(y«)) exists. The difference with Rie-
mannian manifolds is that on a sub-Riemannian manifold it is not always
true that any couple of points can be connected. Hence, the distance can be
defined as follows

Definition 2.2.9. Let (M,A,g) be a sub-Riemannian manifold and let
xz,y € M. If it exists at least one admissible curve that connects = and
y we call

d(z,y) = inf{l(y) : v : [a,b] = M is admissible,y(a) = z,v(b) =y} (2.12)

the length of v

the distance between x and y. If it doesn’t exist any admissible curve that
connects x and y we set
d(z,y) = +o0

Remark 2.2.10. If we have X = 71 5a;0,, Y = >0 b0y, and f €

C2°(R™) then the explicit computation of the commutator is:

(X Y)f = (XY =YX)f = a0, (b, f) - Z b;0s,(a;i0y, f) =

i,j=0 1,j=0

= Zn: aiaxibjaxjf + Zn: a;b; a:% xjf Z b 8957%8%]0 Z b ;0 Ti xjf
',j—O i,j=0 i,j=0 i,j=0

:Z Zaﬁxzb )0, f — Z Zb 0z,0:) 05, f =
; =0 7=0

(ij@xj f — Yajaxj f)

<
Il
o

'Pllﬂ: I

(2.13)
Note that [X,Y] is a first order differential operator.



Definition 2.2.11. If X4, X, ..., X,, are differential operators we call Lie
algebra generated by Xy, ..., X;, and denote it as

L(X1,..; Xm) (2.14)

the linear span of the operators Xi, ..., X;, and their commutators of any
order.
We will say that the vectors

X1, ..., Xm have degree 1, deg(X;) =1 (2.15)

Vi,j <m: [X;, X;] have degree 2, deg([X;, X;]) =2 (2.16)
and define in an analogous way higher order commutators.

Example 2.2.12. In general the degree is not unique. Indeed, if we consider
the vector fields in R? x S1

X1 =cos(0)01 + sin(0)02  Xo = 0y (2.17)

the vector X1 has degree 1, but it also has degree 3, since in this specific
example X1 = —[Xo, [ X2, X1]].

If the degree is not unique, we call degree of a vector field the minimum
degree.

In the sequel we will consider the Lie group M = R". Since m < n,
in general £(X1, ..., X,;,) will not coincide with the tangent bundle. If these
two spaces coincide, we will say that the Héormander condition is satisfied.

Definition 2.2.13. Let Q C R"™ be an open set, and let (Xj)=1,..m be a
family of smooth vector fields defined on Q. If V€ € R™ the condition

rank(L(X1, ..., Xm)) (&) = n, (2.18)

is satisfied, we say that the vector fields (X;);=1,. n satisfy the Hérmander
rank condition

If this condition is satisfied, at every point £ we can find a number s such
that (X;) =1,..m and their commutators of degree smaller or equal to s span
the space at £&. At every point we can select a basis {X; : j =1,...,n} of the
space made out of commutators of the vector fields {X;: j=1,...,m}. In
general the choice of the basis will not be unique, but we will choice a basis
such that for every point

Q=) deg(X;) (2.19)
j=1

is minima. The value of @ is called local homogeneous dimension of the
space.

10



Example 2.2.14. Consider X, ..., X, vector fields defined on R™. The sim-
pliest example of family of vector fields is the Fuclidean one.In this case,
if m = n, then the Hormander condition is satisfied while it is violated if
m <n.

Example 2.2.15. We denote by ¢ = (v1,72,0) a point in R? x S'. Using
the notation of (2.17) X1, X2 are the generators of the Lie algebra.In fact
thewr commutator is

X3 = [XQ,Xl] = —8in(9)81 + 008(9)82 (2.20)
and X1, X, X3 are linearly indipendent and generate R? x S*.

The lemmas that follow will allow us to prove the connectivity property.
First of all we need to define what is an integral curve.

Definition 2.2.16. If X is a smooth first order differential operator, we call
integral curve of the vector field X1 starting at £ a curve « such that

{7/@) = (XI)(v(?))
7(0) = o

The curve will also be denote by v(t) = exp(tX)(&o)

Lemma 2.2.17. Let X be of class C® and f of class C'. If v(t) =
exp(tX)(&o), then 3(f o v)'(t) = (X f)(v(¢))

Proof: If X =" | a;0; then

%(fov)(t) = (VF(y(0):7 (1)) = (VL (v(1), XI(v(1)) = Y aidi f(v(1)) = X f(7(1))-
=0

(2.21)
0
Lemma 2.2.18. Let X be of class C*°, then
2
eap(tX)(E) = £+ HXD)E) + 5 X1 +o(?) 150 (222)

In general we have:

exp(tX)(€) = &+ H(XT)(€) + t;)m(g) ot ’;:th(g) Fo(th)  (2.23)

Proof: We have v(t) = exp(tX)(§), then v(0) = &.
7' (t) = (XI)(v(#)), then 7' (0) = (XT)(E).
V(1) = G(XToy)(t) = X21(v(1)), then 7"(0) = X*1(v(0)) = X*I(¢).

11



7" (t) = (X"I)(7(t)), then v"(0) = X"I(¢).
The Taylor expansion ensures that
2

v(t) = v(0) + t7'(0) + %7”(0) +o(t*) t—0 (2.24)
Hence
2
exp(tX)(€) = €+ HXD(E) + (XD +o(P) t50  (2.25)
O

Definition 2.2.19. Let X be a first order differential operator. We call
Lie derivative of f in the direction of the vector X on the tangent space to
R™ at a point £ the derivative with respect to ¢ in ¢ = 0 of the function
foexp(tX)(§).
Lemma 2.2.20. Let f be of class C* and X of class C*®, then
tk:
flezp(tX)(€)) = f(&) +UX () + ... + ngf(f) +o(t") (2.26)

Proof: We prove the thesis for k = 2, the proof for k > 2 is analogous.
Y(t) = exp(tX)(§). We have: (fo7)(0) = f(7(0)) = f(£), (fe)(t) =
Xf(v(#) = (fo0)(0) = (X f)(&)
(fo)'(t) = (Xfon)(t) = (X2f)(v(t)) = (f o)"(0) = (X*f)(&)-
If f is of class CP then (f 0 7)"(0) = (X" f)(¢).
If f is of class C? and we consider the second order Taylor expansion:

2

(f om)(®) = (F o)(0) +#(f 07)(0) + & (f o) (0) + o) (227)

Hence:

2
fleap(tX)(€)) = F(§) + L(X)(E) + %XQf(f) +o(t?) (2.28)
O
Theorem 2.2.21. Let X, Y be of class C? then:

exp(—tY)exp(—tX)exp(tY)exp(tX)(€) = £ + (X, Y] +o(t?)  (2.29)

Proof: exp(tX)(€) = & + t(XI)(€) + £ X2I(€) + o(t?).
Pose n = exp(tX)(&). First of all, we compute:

2
exp(tY)(eap(tX)(€)) = exp(t)(n) = 0+ Y 1(u) + SYI(0) + o(t%) =
2 2
=6+ EXT(E) + 5 XPT(E) + off) + 1Y I(eap(tX)(€)) + 5 Y T{exp(tX)(6)) + olt?) =

=&+ tXI(€) + t;XQI(g) +o(t?) +t(YI(E) +tXYI(€) +o(t)) + t;YZI(ea:p(tX)(f)) + o(t?)
(2.30)

12



Note that

12 12 t2
SV I(exp(tX)(©) = 5YI(E +o(1)) = SYI(O)

Hence

2 2
exp(t¥ ) (eap(tX)(€)) = EHH(X YIS HE+XY €)1+ 1() +o(r)

(2.31)
In particular

exp(tY)(exp(tX)(§)) = £+ LX +Y)I(§) + o(t) = exp(t(X +Y))(£) + o)

Pose v = epx(tY )exp(tX)(£).Now we compute:
mM%kaﬁYMw@ﬂ@%:mﬂ4Xﬂm:V—Lﬁﬁ0+iX%@%Hﬁ%:

=E+tXI(E) +tYI(E) + t;XQI(g) +2XYI(€)+ t;YQI(g) + o(t*) — tXI(exp(t(X +Y)(€))+

dwy+iX%@+ou»—

=+ tXI(E) +tYI(E) + t22X2I(§) +2XYI(€) + iY2I(§) —HXIE) +t(X +Y)XI(€)+

+o(t)) + t;XQI(g) +o(t?) =

=+ tYT(E) + i)@f@) +2XYI(€) + t;Y2I(§) —2X21(8) - Y XI(€) + t;XQI(f) +o(t?) =

=£ +tYI(E) + [ X, Y]I(€) + t;YQI(f) + o(t?)
(2.32)

In particular
exp(—tX)exp(tY )exp(tX) = +tYI(E) + o(t)
Finally, we compute:
2
exp(—tY)exp(—tX)exp(tY )exp(tX) = exp(—tY)(n) =n—tY1(n) + %YQI(Q +o(t?) =
S VI + XY + DY) + oft) Y T(eap(t¥)(©) +o(t) + 5 Y21(€) + oft?) =

=+ Y T(E) + 2[X, Y]I(€) + t;YQI(f) +o(t?) —tYI(€) — t2Y21(€) + ’;21/21(5) +o(t?) =

=& + 12X, Y]I(€) + o(t?)
(2.33)

O

13



We first observe that

erp(~tY )eap(~ 21X, Y])eap(tY )eap(2[X, Y]) = € + B[IX, Y], Y] + o(t)
(2.34)
exp(—t%[X,Y]) is obtained composing exp(tX) and exp(tY). Then, we can
conclude that, composing together exp(tX) and exp(tY’) we can find incre-
ments in the direction of the commutators of any degree.

Definition 2.2.22. If deg(X) = 1, we define
Cx(t) =exp(tX)(&) = {gﬁgg; zéXI)(f)

Note that, if we define

Crx,v)(t) = exp(—tY )exp(—tX )exp(tY )exp(tX)(€) = £+ [X, Y]() +o(t)

then C[XY]( ) =0 when t =0.

Hence, in order to mantain the homogeneity, we have to give a different
definition of integral curves for differential operators of degree higher than
1. We start by giving this definition for vector fields of degree 2 and then
generalize it.

Definition 2.2.23. If X is of class C* and deg(X) = 2, X = [X, Xo], we
define:

Cx(t) = {CXQ(_\/W)Cxl(_m)Cxa (VINCx, (VI () zf £>0
Cx, (=t C—x, (= It) Cx, (VI C-x, (VIEN)(€) if t <0

Theorem 2.2.24. Cx(0) = ¢ and C'(0) = XI(&)
Proof:

Cx(t) = {%(—m)cxl(—JchQ(m)ch(m)@ if1>0
Cx, (=D C—x, (—V/Tt) Cx, (VIENC-x, (VIE)(€) if t <0

C[EH X, XolI(E) +o(t) if t>0
a { — |t [X17Xz]1'( )+o(t) if t <0 =&+ t[Xq, XolI(€) + o(t) =
Cx (0) = [X1, Xo]I(€) = XI(€)
- {Oxw) —¢

O

Definition 2.2.25. If deg(X) = j and X = [X;, X5] with deg(X;) =1 and
deg(Xs2) = j — 1, we define:

Oy (— [tV O, (— [t Cx, (1) Cx, (11M) () if t> 0

Cx()(8) = {cX2<_ [1179)Cx, (= 1) Oy (1) O, () €) i t < 0

Hence:
{CS((O) = (XI)(§)
Cx(0)=¢

14



As we have said before, the span of a family of Hérmander vector fields
generate the manifold M. Then it is a basis of the space: the following
definition gives a particular way to construct this basis.

Definition 2.2.26. Let X, ..., X,, be Hérmander vector fields. Then we
can use them to define a basis. Cousider Xj, ..., X, vector fields of degree
1 and complete them with a basis of A®) = span{Xi, ..., X, (X, X;] -
i,7 =1,...,m} of degree 2. Repeat the same procedure with vector fields of
increasing degree. At the end in a finite number of iterations we will obtain
a basis:

Xl, ceey va Xm+1, ey Xdim(A(2>)’ ceey Xdlm(A(k>) (235)
————
Degree 1 Degree 2 Degree k

This is called an adapted basis.

Definition 2.2.27. Consider v a curve defined on the subriemannian man-
ifold (M, A, g). We call v an admissible curve if and only if 7 is an integral
curve of a vector field of degree 1.

We now want to prove that, if X1, ...X,, are Hormander vector fields, then
it is possible to connect every two points in the subriemannian manifold with
admissible integral curves. First of all we have to prove the following lemma

Lemma 2.2.28. Let (M, A, g) be a sub-Riemannian manifold and letXy, ..., X,
be an adapted basis. If s € R", & € M consider

C(s)(§) = Cx,(51)Cx,(52)---Cx,, (sn)

, where § = (81, ..., Sm).
Then C' s a local diffeomorphism around the point s = 0.

Proof: Consider 2—2(0). Let j be fixed, then

0(07 05 S5 0)(5) = CXj (5])(5)
If we now consider the derivative with respect to s; we obtain:
aC d
5, 06 = 3-Cx, (06 = X,1(6)
Then the Jacobian matrix of C' in s = 0 is

JC(0)(€) = (X11(€), oy X (£))

where X1, ..., X, is a basis. This implies that det(JC(0)(€)) # 0, then C is
a local diffeomorphism around 0. This completes the proof. ]
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The previous lemma implies that it exists a neighborhood U of 0 and a
neighborhood V of £ such that

VneV,AseU:n=Cls) (2.36)

This means that it exists an admissible integral curve which connects £ and 7.

We can now prove the following connectivity property

Theorem 2.2.29. Let (M, A, g) be a connected sub-Riemannian manifold
whose basis satisfies the Hormander condition. Then V&, & € M it exists an
admissible integral curve on M which connects € and &.

Proof: Let & be fixed and consider:
A = {¢£ : Iy admissible integral curve of extremes £, &y} (2.37)

We want to prove that A is an open and a closed subset of M. This fact will
imply, thanks to tha fact that M is connected ,that A = M.

First of all we verify that A is an open subset of M. Consider £ € A, then
implies that it exists a neighborhood U of 0 and a neighborhood V
of € such that for every n € V, n = C(s)(€), s € U. This means it exists an
admissible integral curve 7, which connects n and §.

Notice that we have chosen £ € A, then it exists an admissible integral curve
v which connects § and . If we compose together v and ~y, we obtain an
admissible integral curve which connects 1 and &g, then n € A.

We have then proved that V€ € A, 3V neighborhood of £ such that V C A.
Then A is an open subset of M.

Let’s now prove that A is a closed subset of M.

Let (£,) be a sequence in A such that &, — &. We want to prove that £ € A.
Thanks to we know that 3V neighborhood of ¢ such that Vi € V it
exists an admissible integral curve C'(s)(€) of extremes &, 7.

We have supposed &, — &, then In : Vn > n, &, € V. This implies that it
exists an admissible integral curve ¥ which connects &, and £.

& € A then it exists v admissible integral curve of extremes &y, &n. If we
compose together v and 4 we obtain an admissible integral curve that con-
nects & and €. Then &€ € A. This completes the proof. ]

The connectivity property permits us to define a distance on the sub-Riemannian
manifold.

Definition 2.2.30. Let (M, A, g) be a connected sub-Riemannian manifold,
with A verifying the Hérmander condition. Then, if £,y € M we define the
distance between & and & as

d(&,&) = inf{l(v) : v is an admissible integral curve of extremes &y, &}
(2.38)
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Notice that
VE, &0 € M, d(§, &) < +o0

We end the discussion on the distance defined on a sub-Riemannian manifold
giving an estimation of the distance between two points which are connected
with not only admissible integral curves.

Definition 2.2.31. If {g € M is fixed, we define the canonical coordinates
of £ around &y as the coefficients ¢t such that

¢ = exp(Y_1;X;)(&)
j=1

Theorem 2.2.32. Let &y € M be fized and consider V' a neighborhood of &g.
Then for every £ € V there exist two constants c1,co > 0 such that

er Y [T < d(g,6) <oy [t 9D (2.39)
=1 i=1

Proof: We want to prove that E(t) = exp(t1 X1 + ... + t,X5)(&o) is a
local diffeomorphism, with ¢ = (¢y, ..., t,).
First of all notice that F(0) = &y and that if we consider the derivative 3—5(0)
this is equivalent to consider the derivative of E(0,...t;,...0) in ¢t; = 0. This
fact yields:

iE(O,..,ti,..O)(fo) = d

d; dTiemp(tin‘)(fo) = Xil (exp(tiXi) (o))

where the last equality follows from definition (2.2.16|).
Then for t; = 0 we obtain %E(O) = X;1(&), where X1, ..., X,, is a basis of
M. This implies (2—5(0)),-:17_._771 are linearly indipendent, then det(Jg(0)) =

det(g—g, e STE,) 2 0. This completes the proof. O

We end this section by giving the main definitions and results on dif-
ferential calculus in a sub-Riemannian setting. Clearly, if f is C', then the
Lie derivative coincides with the directional derivative. Then, it is a more
general definition: the Lie derivative can exist even though the directional
derivative doesn’t exist.

Definition 2.2.33. Let M C R™ be an open set, let (X;),j = 1,...,m be a
family of smooth vector fields defined on M, and let f : M — R. If there
exists X f for every j = 1,...,m we call horizontal gradient of the function
f with respect to this set of vectors

va = (X1f7 7me)
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Definition 2.2.34. Suppose the same hypothesis of the previous definition.
A function f is of class C}; if Vi f is continuous with respect to the distance
defined in . f is of class 012{ if Vg f is of class C}{.Analougously all
C¥ classes are defined.

Note that a C}q function is not differentiable with respect to X if j > m.
It follows that a function of class C}; is not of class C}, in the standard Eu-
clidean sense.

Remark 2.2.35. If the vector fields (X;),j = 1,...,m satisfy the Hormander
condition, f is CFF if and only if is of class CF in the standard sense.

From the definition of Lie derivative and the properties of integral curves,
the following result follows:

Theorem 2.2.36. Let M C R"™, let X and Y be continuous vector fields
defined on M and let f : M — R. Assume that at every point £ € M there
exists X f(§) and Y f(§), and these derivatives are continuous. If v(t) =
exp(tX)(exp(tY)()), then there exists

(f 07)(0) = Xf(§) + Y £(£)

Proof:

L)~ Fo0) =
=~ (Jlemp (X (eap(t¥)(€))) — Flean(t¥ ) () +
+ 2 (Flerp(tY)(©) - 1(6) =

(2.40)
by the mean value theorem
— X fexp(tiX)(exp(tY)(€)) + Y flexp(t2Y )(©))) = X F(€) + Y F(€)
ast — 0. OJ

Remark 2.2.37. Consider
K(t) = exp(—tY )exp(—tX)exp(tY )exp(tX)(&)

and f € CL(M), then there exists

d
S(f o K)(0) =0,
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Theorem 2.2.38. Let M C R"™, let f: M — R be a continuous function
such that there exist the Lie derivatives X f and Y f and they are continuous
functions. Then there also exists (X +Y)f = Xf+Y f in M.

Proof: Arguing as in theorem [2.2.21] we immediately see that
lexp(tX)exp(tY)(€) — exp(t(X +Y))(€)] = O(t?),

locally uniformly in €. It follows that
1
1 (fleap(t(X +Y))(€)) — £(€)) =

= %(f(exp(tX)(esﬂp(tY)(ﬁ))) — f(€) +0@) = Xf(§) +Y[(E),

as t — 0 by theorem [2.2.36 O

Definition 2.2.39. Let M be an open set in R”, and assume that on M is
defined a family of vector fields X; j = 1,...,m, satisfying the Hormander
condition. A function f : M — R is differentiable at a point £ € M in the
intrinsic sense if

(2.41)

FOQ eap(t; X)(©)) = F(€) =Y ;X f(€) +o(ll ¢ ]I) (2.42)
j=1 j=1

as || t|— 0.

Note that in the above definition appears only vector fields of degree
1. As a direct consequence of the previous theorem it follows the following
theorem

Theorem 2.2.40. Let M C R”, and assume that on M is defined a family
of vector fields X;, j = 1,..m satisfying the Hormander condition. If f is
of class Cl (M), then it is differentiable.

Finally, we introduce the notion of subelliptic operator and we recall the
Hérmander theorem.

Definition 2.2.41. If ¢ = (¢1,...,¢) is a C}; section of the horizontal
tangent plane, we call divergence of ¢

divi(¢) = > X;o;
j=1

where X7 is the formal adjoint of the vector field Xj;.

Definition 2.2.42. Let M C R" be an open set, let (X;),j =1,...,m be a
family of smooth vector fields defined on M, and let f : M — R, f € CL,.
We define the canonical Sublaplacian operator as

An(f) = divia (Vi) (f).
where Vi is the horizontal gradient defined in Def. 2.2.33]
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Definition 2.2.43. Let A be an m x m matrix (A;;). A is uniformly elliptic
if there exist two positive numbers A, A such that

Mail? <7 Ay&ig; < AJEP

J=1

We call the operator induced by the matrix A

m
La= )Y A;XiX;
ij=1

a uniformly elliptic operator.

We then define the subcaloric equation, the natural analogous of the heat
equation, expressed in terms of the subelliptic operator:

Oy =1La

Definition 2.2.44. Consider L4 an operator. L4 is called hypoelliptic if
for every u € C§°, uis in CF in every open set where Lu is CF.

We end this section by stating the well known Hérmander theorem [I9]

Theorem 2.2.45. If X1, ..., X, satisfy the Hormander condition, then the
associated subelliptic operator and the heat operator are hypoelliptic opera-
tors.

2.3 The visual cortex as the SE(2) group

The visual cortex at a certain level is naturally modelled as the Rototrans-
lation group with a sub-Riemannian metric. In the literature the Rototrans-
lation group is also known as the 2D Eucliedean motion group SE(2). The
aim of this section is to study the law group of the Rototranslation group
and find the Lie algebra. Within this thesis we won’t focus on how to model
the visual cortex, for more details see [15]. In [15] is described the functional
architecture of the visual cortex, in particular the fibration resulting from
the vector product R? x S' describes the space of parameters of simple V1
cells. The parametrization is given by their retinotopic position (z1,¥;) and
their orientation reference 6.

We now want to define the group law. First of all we denote T}, ,, the
translation of the vector (z1,y1) and Ry a rotation matrix of angle 6:

Ry = <0059 —sm0> (2.43)

sinf  cosO
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Then a general element of the SFE(2) group is of the form A, ,, 9 = Ty 4, ©
Ry, and applied to a point (z,y) it yields:

Ao () = (51) + 0 () (2.44)

All the profiles can be interpreted as: ¢(x1,y1,6) = ¢ © Az, 4,6 The set of
parameters g; = (x1,y1,61) form a group with the operation induced by the
composition Az, 4, 6, © Az, ys.0,- This turns out to be:

T
9192 = (x1,y1,6h) +r (z2,y2,602) = (((Z) + Ry, <§)> 01+ 92)

(2.45)
Being induced by the composition law, one can easily check that +p verifies
the group operation axioms, where the inverse of a point g1 = (z1,y1,61) is
induced by the rototranslation:
-1 _ p—1_p—1
Aml,y1791 =Ry o Txlvyl’
and the identity element is given by the trivial point e = (0,0,0). Then,
the group generated by the operation +p in the space R? x S! is called the
rototranslation group or equivalently SE(2).

In the case of V1 Citti and Sarti in [I3] and [14] proposed to endow
R? x S' with a subriemannian structure. In the standard Euclidean setting
the tangent space to R? x S has dimension 3: they selected a bi-dimensional
subset of the tangent space at each point, called the horizontal plane, as a
model of the connectivity in V1.

The horizontal plane is generated by the first order operators X1, Xo defined
as follows:
X1 = cos00, + sinf0, Xo = Op. (2.46)

They then proved that only curves of the space are integral curves of the two
vector fields X1, X9, while there is no natural curve with a non vanishing
component in the direction

X3 = —s5inb0, + costo,

We explicitly note that the vector fields X 1, Xé,fg are left invariant with
respect to the group law of rotations and translations, so that they are the

generators of the associated Lie algebra.
Finally note that rank(L£(X1, X2)) = 3, infact

(X2, X1] = X3
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then a basis of the space R? x S is

X1 = cos00, + sinb0,
Xo =0y (2.47)
X3 = —sinf0, + cosb0,

We are now ready to illustrate the PDE which is the starting point of dis-
cussion of this thesis.
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Chapter 3

A convection-diffusion-
dilation /erosion equation

In this chapter we will study the following equation introduced by Duits,
M.N.Smets, Portegies and Bekkers in [I]:

Convection Fractional dif fusion  Dilation/Erosion
W (1) = D) (Dg WD = | Ve W 1) |8 for pe G/H, 1> 0
W(p,0) =U(p) forpe G/H

(3.1)
where G is a Lie group and H is a subgroup of G. This is a convection-
diffusion-dilation/erosion equation composed of three different parts which
will be analyzed separately. We will analyze the case the function is defined
on a homogenous space, in particular we will look for our case of interest
M, which will be identified with R? x S'. This kind of equations can be
applied in image processing problems, see for example [I].

The chapter is organized as follows. In the first section we briefly recall
the main definitions and result on homogeneous spaces which will serve us
to introduce the PDE . In the second section we will then introduce
more in details equation (3.1)) and in the third, fourth and fifth section we
will analyze each part of the equation separately.

3.1 Groups and homogeneous spaces

In this section we will define the space in which we will work and see some
important properties deriving from the request of equivariance. Finally we
will see the particular case of the homogeneous space M?2.

First of all consider X and Y two spaces and let:

U(X)=A{f, [: X >R}
VY)={ff:Y >R}
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Then we want to consider operators defined from a space of functions ¥(X)
defined on X to a space of functions ®(Y") defined on Y

l:¥(X)— oY)
First of all we need to introduce the notion of homogeneous space.

Definition 3.1.1. We say that a group G acts smoothly on a space X if it
exists a smooth map px : G x X — X such that for all g, h € G,

px(gh,x) = px (g, px(h,x))

Notation: We write

px(g,x) =gz py(h,y)=hy

Definition 3.1.2. A group G acts transitively on a space X if, Va,y € X,
dg € G such that

gr=y

Definition 3.1.3. Let G be a group and let X be a non-empty manifold.
Then we say X is a homogeneous space for the group G if G acts smoothly
and transitively on X.

In the sequel we will then make some assumptions: the first one is that
all the possible transformations form a Lie group G, then G acts smoothly on
the spaces.Secondly, we will assume that the group G acts transitively on the
spaces: then, for any two elements of the space there exists a transformation
in G that maps one to the other. This fact has the consequence that X can
be seen as homogeneous space. We said we want to work on an homogeneous
space and now we want to show that we can consider instead the quotient
G/H, where G is a Lie group and H is a subgroup of G. In particular,
this means that if we choose a reference element xy € X, we can make the
following isomorphism. Consider GG a Lie group with homogeneous space X
and let zg € X then

(X, G, x0) = G/Stabg (o)
using the mapping
z+— {g € Glg.xp = x} (3.2)
where
Stabg(xo) = {g € G|g.xo = zo}

This mapping is a bijection due to the transitivity and the fact that Stabg(xo)
is a subgroup of G. Because of this we can represent a homogeneous space
as the quotient G/H for some choice of subgroup H since all homogenous
spaces are isomorphic to such a quotient by the above construction.
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Definition 3.1.4. Consider p € G/H. Then p is a subset of G and it is
called a left coset of H since Vp € G/H Jg € G such that p = gH.

We will denote the group action by an element g € G by the operator
Ly:G/H — G/H given by

Lyp:=gp VYpeG/H. (3.3)

In addition, we denote the left-regular representation of G on functions f
defined on G/H by L, defined by

(Lo f)(p) == flg~" p) (3.4)

Remark 3.1.5. Consider p € G/H a left coset, then it is a subset of G. If
we consider the equivalence relation:

g=gpegleped

the left cosets are a partition of G under the above equivalence relation. In-
fact, every left coset is expressed as p = gH, with g € G; then if we con-
sider g1,92 € p we have g1 = ghy and ga = gho, with hi,he € H. Then
gflgg = h;lhz € H.

We can now naturally extend the group action defined on G by consid-
ering the isomorphism defined in (3.2). We now have

TP g.r>gp

where we have defined
g.p == gp,

which is again a left coset and so an element of G/H. We can see the subsets
p also as atomic entities which represent some x € X by p.xg = x. With this
notation the left coset that is associated with the reference element g € X is
H and for that reason we will indicate it by pg := H so that the isomorphism
maps xg — Po-

Finally, notice that if we consider the p’s as subsets of G and use the

explicit notation
Gp:=pCG (3.5)

then we have that the group G consists of the disjoint union
¢= ][] &
peG/H

Definition 3.1.6. If we indicate with e the neutral element of the group G
and consider H = {e} we get G/H = G, then the Lie group is a homoge-
neous space of itself. We call this space the principal homogeneous space.
Notice that in this case the group action is equivalent to the group compo-
sition.
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The third assumption is that we ask the operators to be equivariant.

Definition 3.1.7. Let G be a Lie group with homogeneous spaces X and
Y. Let @ be an operator from functions on X to functions on Y, then we say
that ® is equivariant with respect to G if for all functions f we have that:

VgeG,yeY : (Lyo®)(y) = (PoLy)(y). (3.6)

The idea is to design the PDE in such a way that it is equivariant. Equivariance
essentialy means that one can either transform the initial condition and then
feed it through the PDE, or first feed it through the PDE and then transform
the output function, and both give the same result.

The action on a homogeneous space induces an action on spaces of func-
tions on the homogeneous space. The particular operators that we will base
our framework on are vector and tensor fields, then we need to define the
pushforward, a function defined on the tangent space of the homogenous
space.

Definition 3.1.8. For g € G and p € G/H, the pushforward
(Lg)« : Tp(G/H) — T,(G/H) (3.7)

of the group action L, is defined by the condition that for all smooth func-
tions f on G/H and all v € T,,(G/H) we have that

((Lg)sv)f :=v(f o Lg). (3.8)

As we've already seen we can consider a tangent vector v € T),(G/H) as
a differential operator acting on functions defined on G/H.

In order to complete this section we need to define left-invariant vector
fields and left-invariant metric tensor fields on homogeneous spaces.

Definition 3.1.9. A vector field v on G/H is left invariant with respect to
G if it satisfies

Vg € G,Vp € G/H,v(g.p) = (Lg)+v(p). (3.9)
Lemma 3.1.10. A wvector field v on G/H 1is left invariant if and only if
Vg€ G,Vpe G/H :v(p)f =v(g-p)[Lyf]. (3.10)

Proof:Consider f a differentiable function defined on G/H.
First of all notice that for p € G/H and g € G it holds:

Ly(f o Ly)(p) = Ly(f)g-p) = flg " g9.p) = f(p) (3.11)
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Then we have L4(f o Lg) = f.
Now, suppose v is a left invariant tensor field and consider

v(g-p)(Lygf) = (Lg)wv(p)(Lyf) = v(p)(Ly(f 0 Ly)) = v(p) f (3.12)

where we have used definition 3.9 and B8
On the other hand, if we suppose holds for every g € G,p € G/H then

(Lg)«v(p)f = v(p)(f o Lg) = v(g-p)(Ly(f o Ly)) = v(g.p) f (3.13)

this completes the proof. O
The lemma immediately implies the following result

Theorem 3.1.11. On a homogeneous space G/H with reference element pg
the left invariant vector fields have the following properties

1. they are fully determined by their value v(po) in po,
2. Yhe HVv €Ty, (G/H) : (Lp)sv = v.

Finally, we introduce left-invariant metric tensor fields.

Definition 3.1.12. Let G be a Lie group and G/H a homogeneous space
then the metric tensor field G on G/H is left-invariant with respect to G if
and only if

Vge G,Vpe G/H,Yv,w € T,(G/H) : G |, (v,w) =G |gp ((Lg)+v, (Lg)sw).
(3.14)

Recall that Lgp := g¢.p and so the push-forward (Ly). maps tangent
vector from T}, to T,,. Again it follows immediately from this definition
that a left-invariant metric has similar properties as a left-invariant vector

field

Theorem 3.1.13. On a homogeneous space G/H with reference element po
a left-invariant metric tensor field G has the following properties:

1. it is fully determined by its metric tensor G |p, at po
2. Vh € HVv,w € T, (G/H) : G |p, (v,w) =G |py (Ln)«v, (Lp)sw).
Or in other words, the metric has to be invariant with respect to the

subgroup H. We end this theoretical preliminaries by analyzing the particular
case of the space of positions and orientations M.
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3.1.1 The group SE(2) and the homogenous space M,

The particular case we want to consider is the one of the homogenous space
M. Consider the Special Fuclidean group SE(2) of rotations and transla-
tions of R? introduced in section . When we take H = {0} x SO(1), by
taking the quotient SE(2)/H, we obtain the space of positions and orienta-
tions M.

As a set we identify My with R? x S* then we can represent elements of
My with (x,7,0) € R® where z,y are the usual Cartesian coordinates and 6
the angle with respect to the x-axis. The reference element is then simply
denoted by (0,0,0). If we denote elements of SE(2) as translation/rotation
pairs (y, R) € R% x SO(2) then the group multiplication is given by

91 = (y1, R1), 92 = (y2, R2) € SE(2) : g192 = (y1, B1)(y2, R2) = (y1+R1y2, R12)
(3.15)
and the group action on elements p = (x,n) € R? x S1 = Mj is given as

gp=(y,R).(x,n) = (y + Rx, Rn). (3.16)

We end this brief introduction to the My space by stating the following
theorem about Riemannian metric tensor fields.

Theorem 3.1.14. The only Riemannian metric tensor fields on My that are
left-invariant with respect to SE(2) are of the form:

g ‘(x,y,@) ((I‘, yv 9)7 ('fﬁg? 9)) = D]W(‘j:cose‘Q + ‘3/31”9’2)‘*‘ (3 17)
+ Dy (|&sind)? + |ycosh]*) + DA|9\2. .

with Dy, Dp, D > 0 weighing the main, lateral and angular motion respec-
tively.

Proof: See [1],Th.2.8.

3.2 Convection-diffusion-dilation/erosion equation
We want to find the solution to the PDE:

Bt (0.t) = —cW(p,t) = (=2g)*W(p, )£ || Vg, W(p.t) g} forpe G/H,t>0
W(p,0) =U(p) for pe G/H.

(3.18)

Here, c is a left-invariant vector field on G/H, o € [1/2,1], G; and Ga are

left-invariant metric tensor fields on G/H, U is the initial condition and Ag

and || - ||g denote the Laplacian operator and norm induced by the metric

tensor field G.

As we can clearly see the PDE is divided in three parts:
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1. The first one —cW (p,t) is the convection part, it takes care of equiv-
ariant transport and depends on the left-invariant vector field c.

2. The second part of the PDE —(—Ag, )*W(p, t) is the fractional diffu-
sion

3. The third part of the PDE + || Vg, W (p,t) [|3* is the dilation (+ sign)
and erosion (- sign).

Since the convection vector field ¢ and the metric tensor fields Gy and G are
left-invariant, the PDE is automatically equivariant.

The convection, diffusion and dilation/erosion steps are implemented
with respectively a shift, convolution and morphological convolution. In
the next sections we will analyze each step separately.

3.3 Convection

Suppose we have an input function U' : G/H — R, then the convection step
takes this function as initial condition of the following PDE

{%Vzl(p,t) = —c(p)W'(-t)  forpeG/Ht>0, (3.19)

W(p,0) =U(p) forpe G/H

The output is the function p — Wl(p,T). In fact, as we’ve said before,
we want to find the solution of the PDE at time ¢t = T. In this case the
solution of the PDE is a shift of the initial condition, in particular it holds
the following theorem

Theorem 3.3.1. The solution of the convection PDE is found by method of
characteristics, and is given by

Whp,t) = (LU (ve(t) ™ po) = U (gp7e(t) ™ -po), (3.20)

where g, € Gy, (then g,.p0 = p) and 7. : R — G is the exponential curve
that satisfies v.(0) = e and

2 Gelt) p)(8) = erelt)), (3.21)

This means that . is the exponential curve in the group G that induces the
integral curves of the left-invariant vector field ¢ on G/H when acting on
elements of the homogeneous space.

Note that in general such exponential curves do not exist for general
convection vector fields. Then the previous theorem is a consequence of the
vector field ¢ being left-invariant.
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Proof: We want to show that the solution (3.20) solves the convection PDE.
Consider:

oW . Wl(p,t+h) —W'(p,t)
ar (Pt = Jim h
1 1 —1
— lim U (gp’YC(t + ) pO) U (gp’yC(t) 'pO) (3_22)
h—0 h
= lim (9p7e(t) ™ ve(h) ™ ".po) — Ul(gp%() ".po)
h—0 h

where we have used the fact that v, is an exponential curve, then

Ye(t + h)il = 'YC(t)il'YC(h)il

:l\IOVV7 let U — E (t)g_lU
Recall that (£, Ul)( ) =U!(g71.p), then

%(t)gzlel (p) = U (gp'Yc(t)_lp)
Substituting, it yields:

U (ve(h)~"-po) — U(po)

= lim

h—0 h 923
= —c(po)U (3.23)
= _(Lgp>*c<p0)£gp17

where in the last equality we have used definitions (3.8]) and ( .
The vector field c¢ is left invariant, which means that 1t holds the following
equality

c(g.p) = (Lg)«c(p) (3.24)
Then
(Lg, )+c(po) = c(gp-po) = c(p) (3.25)
This yields:
—c(p)L oL Yol 1U
= —c(p)lp— U' (gp%(t) ‘g, 1p)] (3.26)
= —c(p)lp = U (gpre(t) " -po)]
—c(p)W' (-, 1).

Where we have used the fact that ggl.p = po. This completes the proof. [
In this first step we do not need to do any further approximations because
the solution is a shift of the initial condition U?.
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3.4 Fractional diffusion

We will indicate the initial condition of the fractional diffusion PDE as the
function U? : G/H — R. The fractional diffusion step solves the PDE

{%Z = —(=8,)"W2(p,t)  for p€ G/H,t>0 5am

W2(p,0) = U?(p)

Before analyzing the solution of the PDE we want to give the main definitions
and results about the fractional laplacian. We refer to [2] for details.

3.4.1 Fractional laplacian

In this section we will introduce the notion of fractional Laplacian L® =
(=A)*,0 < s < 1 and we will show how we can obtain the pointwise formula
for (—A)*u(z) starting from the semigroup formula. We will then give the
formula for the solution to the Poisson problem (—A)*u = f found through
the semigroup approach as the inverse of the fractional Laplacian u(x) =

(=A)*f ().
First of all, let u be a function in the Schwartz class S = S(R™), the set
of all functions on R™ which decrease rapidly.

S(R™) := {f € C=(R") | Yo, B € N3, sup |¢°05f(z)| < o0}
zeR?

Then the Fourier transform of u, denoted by 4, is also in S§. For the Laplacian
—A on R™ we have:

“(A)u(€) = ¢ ae) (3.28)

The Fractional Laplacian is then defined in a natural way as

Definition 3.4.1. Let v € S(R"), then we define the fractional Laplacian
—(A)*,0<s<1as

—

— (A)*u(€) = ¢ a(g). (3.29)

It is obvious from the above definition that
(A u=u, (—A)lu=—-Au, (=A)% o (=A)2u=(—A)"T2y Vs, 59
Even though [€[** 4(€) is a well defined function of & € R", we still have
(~A)y ¢S

because \5]25 creates a singularity at £ = 0. On the other hand we have that
if u € S then (—A)u € C*(R"™).
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In order to find the pointwise formula for the fractional Laplacian and
give the solution to the Poisson problem we start stating the following nu-
merical identities:

s __ 1 o —tA dt

A= F(—s)/o (e7*" — 1)t1+5 forany A >0 (3.30)
—s 1 o —tA dt

A5 = () / e for any A > 0,5 >0 (3.31)

which can be easily checked with a simple change of variables.
If we now choose A = |£ \2, for £ € R™ and substitute in the numerical

formula (3.30)), then

CAyu(e) = €)= 7y [ a0 - a0 (6

0

Thus by inverting the Fourier transform, we obtain the semigroup formula
for the fractional Laplacian:

(A u) = s [ —u s 63)

The family of operators {e!®};>0 is the classical heat diffusion semigroup
generated by A. Consider the solution v = v(z,t), for x € R™ and ¢t > 0, of
the heat equation on the whole space R™ with initial temperature u

{ﬁtv:Av forx e R" ¢t >0 (3.34)

v(z,0) = u(z) for x € R"

If we apply the Fourier transform in the variable x for each fixed time ¢ then

iz, 1) = e 1q(¢) = Bu(e) (3.35)
so that u — e®u is the solution operator. It is well known that
v(z,t) = ePu(z) = Gy x u(x) = Gi(x — 2)u(z)dz
R’ﬂ

where Gy(x) is the Gauss-Weierstrass heat kernel:

1 gl

The semigroup formula and the positivity of the heat kernel easily
imply the maximum principle for the fractional Laplacian. They also permit
us to compute the pointwise formula for the fractional Laplacian. Then it
holds the following theorem
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Theorem 3.4.2. Letu € S,x € R" and 0 < s < 1.

1. If 0 < s < 1/2 then
u(e) ~u(z) |

n+2s

(—=A)*u() = cns /

n |z — 2|
and the integral is absolutely convergent.

2. If1/2 < s < 1 then, for any 6 > 0,

u(x) — u(z)d

(—A)u(z) = cps lim —F

e=0t Jjz—z|>e |z — 2|

dz

B u(z) —u(z) = Vu(z) - (# — 2)Xjz—2z<s(2)
- e /n |z — 2|7 T2

where the second integral is absolutely convergent.

Proof:See |2, Theoreml]

Consider the Poisson problem. If we apply the Fourier transform to solve

the Poisson equation
(—A)Y’u=f inR" (3.37)

we find that |€]** a(€) = f(¢).

Definition 3.4.3. Let u € S(R™). The inverse of the fractional Laplacian,
or negative power of the Laplacian (—A)™% s > 0 is defined for f € S(R")
as

o —

(—A)f(&) = €17 f(&), for 0. (3.38)

If we now choose A = |£]*, € # 0, substituting in the numerical formula
(3-31)) we obtain, for £ € R™,

CR1O = 75 /0 et (3.39)

Therefore, by inverting the Fourier transform, we obtain the semigroup for-
mula for the inverse fractional Laplacian:

(A7) = 1 | e re) (3.40)

Finally, it holds the following theorem on the foundamental solution for the
Poisson problem considered in (3.37))
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Theorem 3.4.4. Let f € S,z € R” and 0 < s < n/2. In case s = n/2
assume in addition that fR” f=0. Then

(=A) 7 f(z) = - K_g(x — 2)f(2)dz. (3.41)

Here

L if 0<s<n/2

Cn,fs ‘w_z‘nf2s

Hoele) = ! | (3.42)
Tomame(—2loglel =) if s=n/2

where 7y is the Euler-Mascheroni constant and

_ I'(n/2—5s)
Cn’_S_W fOT0<S<Tl/2

Proof:See [2, Theoremb.

If we now consider the fractional diffusion PDE on R"

{atv(m) = —(=A)w(z,t)  inR" x (0,00) (3.43)

v(z,0) = f(x) on R"

it can be demonstrated that the solution is given by the linear convolution of
f with a function called the foundamental solution of the fractional diffusion
equation. The solution v is then given by

v(z,t) = (K°* f)(z,1) (3.44)
where
K?®:(0,00) x R™ — [0, 00)
Now that we have briefly introduced the notion of fractional Laplacian we

can continue our discussion on the solution to the PDE (3.27).

Now that we have defined the fractional Laplacian we need to introduce
the notion of linear group convolution. This will serve us to define the
solution to the fractional diffusion equation.

Definition 3.4.5. Let G be a topological group. A left-invariant Haar mea-
sure on G is a Radon measure p on G (then a regular measure which is finite
on compact sets) such that pu(gA) = p(A) for all g € G and all measurable
subsets A of G.

Definition 3.4.6. Let H = Stabg(po) be compact with reference element
po € G/H,let f € L*(G/H) and k € L'(G/H) such that

Vh € H,p € G/H : k(h.p) = k(p) (3.45)
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then we define the linear group convolution as

(k*c f)(p) = /G k(g™ ) F(gp0)duc(9) (3.46)

where pg is the left-invariant Haar measure on the group.
As with fractional diffusion on R™, there exists a smooth function
K*:(0,00) x (G/H) — [0, 00), (3.47)

called the foundamental solution of the a—diffusion equation, such that for
every initial condition U?, the solution to the PDE (3.27) is given by the
convolution of the function U? with the foundamental solution K

W2(p,t) = (K{* +c U?(-,1))(p) (3.48)

For details on the analytic expression of K see [23].

In chapter [6] we will analyze more in details the foundamental solution
K. In order to find approximation of the fractional diffusion kernel we
need to illustrate the parametrix method, which will solve the fractional
diffusion equation. Let’s now focus on the last substep of the PDE unit: the
dilation/erosion PDE.

3.5 Dilation and erosion

Suppose U? is the input given to the dilation/erosion PDE. Then the output
W3(p,t) will be the solution at time ¢t = T of the following dilation /erosion
PDE:

{8223 =+ | Vg,W3(p,t) 122 forpeG/H,t>0 (3.49)

W3(p,0) = U?(p) forpe G/H
where we have chosen U? as initial condition of the PDE.

In order to give the expression of the solution to the dilation/erosion
PDE we need to introduce the definition of morphological convolution.

Definition 3.5.1. Let k : G/H — R U {oo}. k is a proper function if and
only if there exists at least one z € G/H such that:

k(x) <400 and k(z)> —o0
then the function k is not everywhere equal to oco.

Definition 3.5.2. Let f € L>*(G/H), let k: G/H — R U {oco} be proper
and let pg € G/H be the reference element of the homogeneous space, then
we define the morphological convolution between f and k as:

(kOa f)(p) := giggk(gfl-p) + f(g-po) (3.50)
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Example 3.5.3. For m € R let us define the conver Dirac function:

5, () = {“’O for @ #m (3.51)

0 for x =m,

and consider the function Mb,, : R — R, Mb, ,(z) = %(\w —m| /o)P for
p > 1 with Mfmo = 0¢,. We have the formula

M, OME, - = MP with 1/p+1/p' =1

m~+m,[o? +50' |1/P
This result is the analogue of
Nm70 * Nm’a' = Nm+ﬁ’b7\/0'2+5'2

in the particular case p = 2, where N, , denotes the Gaussian law of mean
m and standard deviation o and * the convolution operator.

Therefore there exists a morphism between the set of quadratic forms
endowed with the morphological convolution operator and the set of expo-
nentials of quadratic forms endowed with the convolution operator. This
morphism is a particular case of the Cramér Fourier transform that we will
define later.

Example 3.5.4. Consider f1, fo two proper functions on R®. The grayscale
morphology operations @ (dilation) and © (erosion) on RY are defined as
follows:

(f1 ® fo)(z) = sup (fi(y) + falx —y))

yeR (3.52)
(f1© f2)(=) (fily) = fo(x —y))

= inf
y€ERd

The morphological convolution s related to these grayscale morphology oper-
ations as follows. Consider the following function:

v(z) = — fo(—2)
then

[1® fo=—(—fi0ra — f2),
10 fo = fillgav.

By a generalization of the Hopf-Lax formula [21], the solution to (3.49)
is given by morphological convolution

(3.53)

W3(p,t) = — (k{0 — U°)(p) (3.54)
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for the (+) dilation variant and
Wi(p, 1) = (k{TcU?)(p) (3.55)

for the (—) erosion variant, where the kernel kf* is a proper lower semi-
continuous function of the type

k : (0,00) x (G/H) = R U {00} (3.56)

In chapter [6] we will see in details the approximations for the fractional dif-
fusion and dilation/erosion kernels. In order to solve the fractional diffusion
equation we have decided to use the parametrix method. This method is an-
alyzed for o = 1 for diffusion equations on R¢ and on Lie groups. Using the
parametrix method allow us to find approximations for the diffusion kernel
also in case « is different from 1.

Concerning the dilation /erosion equation we will give later the definition
of Cramér-Fourier transform. This particular operator will permit us to
relate linear convolution and morphological convolution. Thanks to this fact
we will be able to relate the approximate diffusion kernel (found thanks to
the parametrix method) to the approximate dilation/erosion kernel.
Therefore in the next chapter we will analyze the parametrix method for
parabolic operators on R%,
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Chapter 4

Parametrix method

The objective of this chapter is to determine the foundamental solutions of
parabolic equations with the parametrix method.
The parabolic operator is defined as the operator:

LA: Zai7j(x,t)m_at
ij=1 v

where (a; ;) is a symmetric and positive definite matrix defined on
Q X [Tl, T2]

,where Q is a bounded open set of R".

With I'y we will indicate the foundamental solution of the L operator.
For constant coefficients a;; the fundamental solution can be easily obtained,
through a change of variables, from the fundamental solution of the heat
operator. The foundamental solution of the heat operator is:

(2,1) ’ =" (4.1)
I'(x,t) = l=l? 4.1
We 4t t> 0

As a result, the foundamental solution I'4 will be:

Vdet(A) Izl (4.2)

Fat,t) = (4mt)n/2

where ||z]| 4 is the norm associated with the matrix A.
For variable coefficients a; ;, in order to find the foundamental solution
Iy, we have to use the parametrix method. This method is an iterative

method which consists in approximating the operator L with operators with
constant coefficients whose fundamental solution is explicitly known.
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Let (&,7) € Q, we define:

n 82
Ler = Z a“(g’ﬂiax-ax» — O
ij=1 R

Let It , be the foundamental solution of L ;, which is known from [.2}
The foundamental solution I" of the parabolic operator L will be found as:

+o00
I(z,t) = Ter(@,t) — (Ter + > RYT)(x,1)
j=1

Where:

{ R?T(IE’ t) = fit“o fQ(L - Ly,o)Fy,U("E —y,t— U)dydo- (43)

RS (w,t) = (—R}™ = RS7))(x, 1)

It will therefore be demonstrated that I" defined in this way is the founda-
mental solution of the L operator.

The chapter is organized as follows. In the first section we will prove
some main properties of the foundamental solution I of a parabolic opera-
tor. These properties will serve us to demonstrate the subsequent results.
In the second section we will focus on the characteristics of the function RS
Finally,in the third section, we will construct the parametrix, we will demon-
strate the convergence of the series 3> RST and verify that I is the

1,j=1""]
foundamental solution of the L operator.

4.1 Parabolic operators with constant coefficients
In this section we will see some of the main properties of the foundamental
solution of a parabolic operator.
Definition 4.1.1. Let A be a symmetric and positive definite matrix. The
dot product associated with A is defined as:

<U7 w>A = <A_1U7 w>
Therefore the associated norm is:

zlla = v/ {z, 2)a

Remark 4.1.2. : Since A is a symmetric and positive definite matriz,it
holds:
)‘mionHZ < HxH,%l < /\mexHQ
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Let’s consider the following parabolic operator:

La= -0,
A= ;1 Y r01; Bac,axj t

where A(x,t) = (as5(x,t))1<i j<n is a symmetric and positive definite matrix.

Definition 4.1.3. The foundamental solution of the operator L4 is a func-
tion I'4 such that:

LTy =6

Example 4.1.4. Let Q be Q = Q x [Ty, T], where Q is an open subset of
R"™. Let L = 0y — M, where M 1is an operator which does not depend on the
time variable t. Let I'(x,t,&,T) be the foundamental solution of the equation
Lu=9 on Q.Then

o V(& 7)€ Q fized, I'(x,t,&,7) is a solution of the equation Lu = (&, 7),
V(z,1) € Q with (z,t) # (§,7)

e For every function f continuous on Q it holds:

lim [ I(x,t,&7)f(€)dé = f(z) Yo eQ (4.4)

t—rt JQ

Remark 4.1.5. : Since A is symmetric and positive definite , also A~ is

symmetric and positive definite, and there exists N symmetric and positive
definite such that N'N = A~1.

If uw is a solution of Lpeqru(x) = f(z), then v(x,t) = w(Nx,t) is a solution
of Lav(z,t) = f(Nx,t). Here Lpeq indicales the heat operator.

Proof:

u(Nz,t)  Ou(Nw,t)

Ly(v(z,t)) = La(u(Nzx,t)) Zaw

] 0x;0x; ot
= Z a; j(Hess(u(Nx,t))Ne;, Nej) — au(]gsn,t) =
i,j=1 t
Z ZZ ”ag ]\gl‘ t)nsinti B 8u(](;7tx,t) _ (4.5)
i,j=1 s=1 t=1 TsOTt
ZZ u(Nz,t) Ou(Nz,t)
= Osp — =, =
pr e 0x,0x; ot
N
— Au(Na,t) — W — F(Na,1)



OFrom remark (4.1.5) it clearly follows that:

[a(z,t) = delt(A)F(Nx,t)

Where I' is the foundamental solution of the heat operator. Therefore the
foundamental solution of the L 4 operator can now be explicity expressed as:

0 ift<0
La(z,t) = Jaeria—ty _ el (4.6)
(Zﬂi()f/Tl)e*TA if t>0

Remark 4.1.6. : The derivatives of I'a are

O@'s(x,t) (x,ei)a
HALY _ _p
81‘,‘ A(x’t) 2t
0?I'a(z, ) (x,e)alx, ej)a — 2t(ej,ei)a
) — ) ) M 4.7
0x;0x; Fa(t) 4¢2 (4.7
Ol'a(z,t) |z]|4 — 2nt
o LAl T

Theorem 4.1.7. The following inequalities hold for the foundamental solu-
tion I'4

1 2
det(A ) 7AmzZtH Il

I t) <
r t Amaz ,
Ol 4(z, )‘ < Fymm)(x,t)
Oz vt (4.8)
PLa(x,t)| _ AmasM (A |
bl < axr F min t
8.7}1'(9.%']' t A (J}, )
Ol 4(x,t) AnazM Omin)
< 1—1 man
at ‘ s Lamr@
Where:
M = max max ai;(x,t)

1<i,j<n (z,t)eQ

Proof: For the first inequality we have used only remark (4.1.2). For
the second inequality we have:

0I's(z,t T, ei)A 1 Apazl|z]|a
‘(%(v) < FA@J)W < FA(a:,t)\/%\/”%H <

i (4.9)
< 2 ),
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where the last inequality follows from the following result: let & € R be fixed,
then there exists C' > 0 such that:

ste™* < Ce/2 Vs> 0 (4.10)

For the third inequality we have:

0?I'a(x,1) [{(x,ei)alx,e;)a — 2t{e;, ) Al
) <r " ) » €5 y €5 <
‘ 69%69@ - A(x’ ) 4¢2 -
1 M (Amaz |22 = 2¢) 1 M Az ||z (4.11)

<TI t)— <TI t)——mM < :
< Tal@ ) At s Tl )= =

MM )
< tmam F,g)\mm) (ﬂj,t).

Finally, similar calculations are made to find the last inequality. O

4.2 Parabolic operators with Holder-continuous co-
efficients

The idea of the parametrix method is to find the foundamental solution of
a parabolic operator with Holder-continuous coeficcients starting from the
foundamental solution of an operator with constant coefficients. In partic-
ular, the solution will be written as a convolutional operator with the fun-
damental solution of the operator with constant coeflicients. It is therefore
necessary, before illustrating the method, to study some important continu-
ity properties of the convolutional operators.

Definition 4.2.1. A function f defined on Q is Holder-continuous of order
o, with 0 < a < 1, if there exists ¢ € R, ¢ > 0 such that:

[f(@) = f)l <cle—y|* Vo,ye

We want to study the following parabolic operator:

n

Lu(z,t) = Z a;j(z,t)

1,j=1

0%u B @
ébsiawj ot

where a; j(z,t) are functions defined on Q that satisfy the following Holder-
continuity conditions:

| j(x,t) — aij(y, )| < K(jx —y|* + [t — 7%/ (4.12)

Moreover, we consider the matrix A = (a;;)1<ij<n to be symmetric and
positive definite.
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If we consider (£,7) € @ fixed the parabolic operator L is an operator
with constant coefficients then, for what we have seen in the previous section,
the foundamental solution of:

- 0?u ou
Le u= . _gu _du
et Z g (5’7)8@83@]- ot
i,j=1
is:
0 if t<0
Ieqr(z,t) = Tet(A=T llell? (4.13)
T\ 3 _ lI=lle, + .
%fzﬂ)e at if t>0
where ||z|[¢; = [[z]|a(e,r). Furthermore, the following inequality holds:
Mminll2* < 2l 7 < Amallz]* (4.14)

As we said before, the foundamental solution of the L operator will be find
as:

+00
I(z,t) = F{,T(xat) - (FE,T * ZR?T)(x?t)
=1

Definition 4.2.2. Let f be a Holder-continuous function defined on Q. We
define:

¢
V(a:,t)—/T /QF&T(l'—{,t—T)f(é,T)dde—Féﬂ-*f(l',t) (4.15)

We want to study the regularity properties of V' (z,1t).

Theorem 4.2.3. Let f(x,t) be a continuos function defined on Q. Then

% is continuous and it holds:

OVia,t) _ " [ Olerlw—&t—7)
Ton /T | FE D e nagar a9

Proof: Iy (x —¢&,t—7) is a gaussian function, from (4.8) it holds:

aFfT(m —§,t— T) / Amaz (Amin) C

) d < F mn _ ,t— d <
/Q oz < o vierter @t 7)5—#7)
4.17

which is an L' function with respect to the variable t. The thesis follows
from the Lebesgue’s dominated convergence theorem. Moreover,

Ol (v —&t—T)
a:IZZ'

is a continuous function, then, from the dominated convergence theorem,also
OV (z,t) - . ]
“ox 18 continuous.
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Theorem 4.2.4. It holds

O*(Ier = Lya)(w — &t — 7)
8a:i8xj

- |t o 7_|1—04/2 FE,T (x - fat - T) (418)

Proof: First of all we remember that, for the mean value theorem,
dc € [a, b] such that:

e’ —e® c
b—a |=°
Then, from (4.14) we get:
lz—llg,r llz—¢ll — — Nz —
Q*Tj)’ _ e*% < e &3 f”i,(tt Ha; Elle,r
-7

where

=l Nlz—¢

e =Eller Nz =&l Yy < ¢ < maa(

TS ST At—7) " Alt—7)

. Then we obtain:

le—€llg - ll=—¢ll Apinlle—£l2 _ Ay —
6_ 4(t_fj _ 6_ 4(155_‘3)’15 <e A 4] l.r‘ dl H‘T f”yﬂf Hl‘ ngaT <
- 4(t — 1) -
7>‘minH175”2 -1 — -1 — —
- 40t — | -
L Pl [ AZ1(E ) — A7V (g, )l — €]
- 4|t — 7|
The coefficients of A are Holder-continuous, then we have
_ _ 2
A7 6 m) = AT g, Dl < nP(le = €1 + [t = 7]77?)
Then, using ({.10) with k& = 2 we get:
lle—¢€lle,~ llz—¢lly, Apminllz—£l% 1?2
e 4(#5) — e o= <e Alt=T] %(Hx - T|a/2)

44

y,t) < _>\min|’x_£||2



Now we can demonstrate the thesis, infact:
Pler — L)@ =&t =7)| | Ter = L)@ =&t = 7)

8@8% t—r -
C Clle=glle,  lla—€lly.
< e a(t—-7) — e 4(t—T) <
T (t—-7)dn(t—T7))"/? -
*/\'minHl’*EHZ — o — 04/2
< ¢ gl (o — g+ [t = 7| _
~ (t—T7)dn(t —T))"/? 4 -
C dminle=€? ||z — €| 1 _Amipllz—¢)? 1
< —( e 4lt—r] e dlt—7]
(4m(t —7))"/2 it — 7|2 |t — 71702 It — 7)o
C _ Amiglle—¢l® 1 C Oomin)
P alt—7] min _ _ .
< =y [ ]
(4.20)
O
Theorem 4.2.5. Let f(x,t) be function defined on Q, f(x,t) Holder-continuous

of order o with respect to x. Then %Xigt) s continuous on () and it holds:

82F5 7—)
axzaxj /TO / axzax] fle,rydedr  (4.21)

Proof: Consider
Hator) = [ Tenlo =gt = n)f(6 e

Then from theorem (4.2.3)) we have:
ov t
) _ [ 20aer)
61’1 To 8:L‘z
Let y € Q fixed, and consider:

oJ(x,t,7) Olyi(x — &t —1)
o _f(y,’/')/Q . o dg+

+f(yjr)/Qa(F€’T_ ’8)11 —&to )d£+

Ol (v —&t—1) B
+ [ TSI ) - Fla e

1

= f(y,T)[/aK Ly — &t — 7)vdS + /Q\K Oy 4(x — &t — 1) de]+

8:@
O = ) — &1 =)
+ ) [ wt e+

Ol (x—&t—1)
+ [ SRS () — ()

(2

(4.22)
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where K C Q is a closed ball and we have used the divergence theorem.
We consider now y = x and derive another time J(z,t,7):

0?J(x,t,7) B
 Owidr;
8F7t($—£,t—7') ) 82F,t($_57t_7)
flx,7) [/aK S VZdS—i—/Q\K Somar, %y
O*(Ier — —{t—
A
821277-(.7}—6,15—7') o
+ /Q orn (ET) ~ fla e =

=L+1L+1I;3
(4.23)

For the dominated convergence theorem we have lim,_,; Iy = 0, then I; €
LY([Ty, T1]). Using (4.8) and the Holder-continuity condition for f we have:

o
(t _ 7_)1—0¢/2
Finally, using theorem (4.2.4)) we obtain:
0?(T, r—&t—T
’Ig|—‘fx7"/ er — Ly £ ) e <

Bx,(?wj -
o @)l

JECT—— ST I
min)(qp , — <
- | ’1 a/2 a ‘t—T|l_a/2

We have therefore shown that:

0?J(x,t,T)
8a:i8mj

|I3] <

e LY([Ty, T1))

- (t _ T)l—a/Q

Now we can use the dominated convergence theorem and demonstrate (4.21]). The

continuity of the function avgx ) follows from the dominated convergence

theorem. O

In a similar way it can be demonstrated the following:

Theorem 4.2.6. Let f(x,t) be a Hoélder-continuous function of order «
defined on (). Then % 1s continuous on Q) and it holds:

V(1) _ arg,( ) e
Z /T/ ”21% ST gwae, ST (54 ;5)
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The proof of theorem (4.2.6) uses the properties of the foundamental

solution Iy, and makes calculations similar to the previous theorems to

prove the continuity of the function 8V(§f’t).

4.3 Construction of the parametrix

In this section we will deal with the recursive construction of the fundamental
solution of the parabolic operator L.
We will indicate with I'(x,t) the foundamental solution of the parabolic
operator:
n
0? 0
L= aij(x,t) 7——F— — =
Z %J( ’ )8a:i8xj ot
1,j=1
so that LI = 4.
Suppose that the functions (ai;(z,t))1<ij<n are Hélder-continuous, so
that V(z,t), (y,7) € Q, (x,t) # (y, 7) we have:

| aij(z,t) —aij(y,7) [S K(lz—y |* + |t — 7 [*?) (4.26)

For (§,7) € Q fixed, we will indicate with I -(z,t) the foundamental solu-
tion of the following parabolic operator with constant coefficients:

- 0? 0
Ler = Z ai,j(fﬁ)m T o
ij=1 v

so that I - L¢ r = 0.

The parametrix method consists in the construction of the foundamental
solution I' of L using the parametrix I ;. Consider:

{ e 2
1 er)ler
We obtain:
LK) =Ll¢;=(L—Le) s+ Le T, = RYT +6 (4.28)
Now we define:

Ko=Ky— T, RST
g T (4.29)
R2’ == _Rl’ * Rl’
If we now consider LK5, we have:

LKy =LKy — Ll * R%T = R?T +0— (L= Les) e x R?T — Lerle % Rﬁﬁ =
:R?T +45— R?T *R%T . R%’T _ 5+R§,T
(4.30)
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We define:

K3=Ky—Is, % RS
{ 3T AT AT (4.31)

Rgv‘r — _R%‘?T * Rgv‘r
then we get:
— ET _ péT U U &T _ &5
LK3 =LKy — LI xRy =Ry +6— Ry *Ry" — Ry =6+ R

Iterating, we have:

{ Ky = Kjo T x RS, (4.32)
Rj’ = —Ry" * Rj;l
and:
LK; =6+ R, (4.33)

From equation (4.33)) we can clearly understand that, if we consider the limit
for j — 400 and we demonstrate that lim;_ 4 R§’T =0, then lim; o K
is the foundamental solution of the parabolic operator L.

We rewrite K; in the following way:

Kj=Kj_1—T¢,* R?fl =Kjo—I¢rx R§f2 —Ter x R§f1 =

. : : (4.34)
=K — Fgﬂ_ * Rl’T - F&T * RQ’T... — F&T * ijl = Fgﬂ— — F&T *
with:
j—1
o= R;7 (4.35)
k=1
RS = (L—Le)ler
{ Lo (1:30)
Ry = —Ry" xRy, fork>2

It’s clear now that the foundamental solution I" of L will be:

+o0
1 L — _ 577—
J:

So the problem now becomes the study of the convergence of the series ¢.
First we have to prove some inequalities which will serve us to demonstrate
the convergence of the series.

Lemma 4.3.1. It holds:

2 2 2 2
T — - - -
lz — &l n ly —pll* ly — =] n |y — €|

t—T1 (t*il(U*T)  t—o0 o—T

(4.37)

where:
(t—0o)+ (o —7)x

t—T1
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Theorem 4.3.2. Vo € (7,t)
/ Iyo(x—y,t —o)leg (y—&o—7)dy < Cféimi")(m —&t—7T) (4.38)
Q k)

with: C = )‘"m

m'Ln

Proof: Using Lemma (4.3.1)) and we have:

/QFZJ,U('% - y7t - O->F§7T(y - 570' — T)dy =
- [ MBI et o
o (Am)n(t — o)n/2(0 — 1)n/2 <

S/ VIA (y,0) A€, 7)) . yin (el | Ju- sn?)d _

o (Am)n(t — o)/2(o — 7)"/2 TT Ay <
_Amm(nz—su%r lly—p)?

</ VIAT () AT E ) e T )y <
= Jo @m)nt — o) (0 — 7)n72 <

2
2 _2min _ ly=pll®
min llz—¢&ll 4 G—o)o—7)
t—7

[AT(E, e a™ s / A-1(y, 0)e
Q

< dy <
(477)"/2(1‘, — 0’)”/2(0 — 7')"/2 (47r)n/2((t_0't)_(:_7))n/2
_Amin lz=€l% |
|A71(€’T) € ! T ﬁ _ )\ma$ F(Amm)(x _S t— 7.)
- (47)"/2(t — 7)n/2  Amin &7 ’
(4.39)
where we have used:
n}lm (tu pl )2 )
\/ y, 6 = )\ma:p
<
/ oy/2(Eele =] yn2 =3
t—1
O
Theorem 4.3.3. Ifa <1, <1 then Vo € (7,t)
t do cost
< 4.4
| e = a0
Proof:
/t do B /té do . /t do
t—al*lo—7" Jr t—ol*lo—7" Jurjt—o¥o 7|’
(4.41)
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In the first integral we have that |t —o| > |t 4+ 7| /2, while in the second
integral it holds |0 — 7| > |t + 7| /2. Then we obtain:

/ /HT do N 28 /t do
It — o] \U—TW IthI lo—7® |t -1 Sz [t =0l

e B+ — 1t
o [ S A c

=t (1—=8) ' t—rP(l—a) -0

(4.42)

Theorem 4.3.4. It holds:
9 .
romm (@ —et—71) Vji=1 = (443)

577 —_—
’Rj (xat) ‘S |t—7’ |1fja/2 &1

Proof: We prove the theorem by induction: for j = 1 we have:
| RS (2,8) [= | (L= Le) Tep(z — &t —7) |<
- Pl (v —&t—1)

< Z ]aij(x,t) — aij(§77—) ‘ : o101 <
ij=1 o
oy (4.44)
<M (T 00 0 g4 ) <

[t —7| -
ct min)
‘t—T‘l a/2F§, (x_f’t_T)
Now suppose the thesis holds for j — 1 and consider:

t
B Gty 1= R BTy t)| = | [ (B = Lyo) Dyolo =91 = 0) RS, (3, 0)dydo] <

Cj_l (A] 1)
|O’—T|1 (J— l)a/2Ff7'

0?2 Iyo(z—y,t—o) ci-1
<‘/ / Z | aij(z,t) — aij(y, 0) | 01,07 | o — 7 [1=G-Da/2
Jj—1

(y =& 0 —7)dydo| <

_ (L - Ly7o—)Fy7U($ - y7 t )

1,j=1
i)y — €0 — r)dydo |<

é!T
¢ Iyo(x— —of(i”“lm) —&,0—T1)dydo| <
T |17(j71)a/2 / vl y,t ) & (y—¢, )dy >

t
] ()\mzn dU <
<OT (o — &1 — )/T ('t —o |02 g —r [F-G-Da/2 =

Cirfm (z — &t — 1)
= ’ t— 1 [1-ai/2

(4.45)
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where we have used the property of the functions a;; and the theorems (4.3.2)

and . O
Since a > 0, from theorem we have that:
JoeN: 1- 750 <0
that is there exists jg such that Vj > jg
‘Rgf(x,t)‘ < Kolt =7 Ten(w — €t —7) 4 >0 (4.46)
We want to prove another estimation for Rﬁ’T:

Theorem 4.3.5. Vm € N

(K(t 7))
v(1+ ma/2)

‘Ri:-m(‘r’ t)‘ < KO

where y(x) is the Gamma Euler function.

Proof: The proof is made by induction. If we consider m = 0 the thesis
follows from (|4.46|).

Suppose the thesis holds for m and consider ‘Rf o, t)’

R§’+m (z, t ; |t 1 a7 y(’\a"”")(z —y,t— 0)R§’+m 1(y,0)dydo| <
. dydo
7(1+(m— g Jr Ja ¥ ( )]t—all_a/g\U—T|_(m_1)a/2
(4.47)
We know that: .
I (@ —y,t—o)dy < o (4.48)
Q min
Using the following property of the Gamma Fuler’s function:
1
1 v(a)v(b)
1— p a lpb ldp — I\ T\F)
fa-» Ya+b)
with: p
a=a/2, bzl—l—(m—l)%, p::__ 27
We obtain:
/t do _ Y(a/2)y(1+ (m —1)%) . T|ma/2
7 |t =o' 72 g — p|(mle/2 v(1+m3)
(4.49)
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The thesis follows from (4.48) and from the previous equation, infact we
have:

‘R§7

"(a/2 ma
Gom (2 7t)‘ SKO#H—T’ /2, (4.50)

A iYL+ m$

mzn

C'We are finally ready to demonstrate the following:

Theorem 4.3.6. The series Zjojo Rg’ (x,t) is convergent.

Proof: From theorem (4.3.5)) we have:

100 a/2\m

§T t B 7—) )
;J RS (2, t) § Ko st (4.51)
=Jjo

The series is convergent for the ratio test

Ami1 _ K(t—T)"‘/Q’y(l + (m—1)a/2) saas 0

am v(1+ ma/2)

thanks to the property of the Gamma Euler function. O

Theorem 4.3.7. The following inequality holds:

2K0 K2 c :
T@ /a_}_m ’I,f|t—7_|§].

T at S et ;
3 (z,1) { 2KoK2/(t—7) eK2(t=7)/a 4 (o if [t—7|>1

[0}

(4.52)
Proof: Let r be the integer part of ma/2. Then for the properties of
the Gamma Euler’s function we have:
Y14+ ma/2) >~v(1+7r)=r!

Using the inequalities found in theorems and we have:

Jo—1
e+ (1) ZR“azt +ZR“xt
J=Jo
Jo—1 i +00 2
¢ (K(t— 7))
<2 e 2 e (453)
il Ty = (l+ma/2)
Jo—1 2/a ma/2
(K5t — 7))
< ‘t 1 I =) ZKO rl
Jj=1 J=jo
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Then if |t — 7| < 1:

C +oo (KQ/a(t _ T))ma/Q
Pe,r(x,t) < W + Z Ky ] <
J=Jo
__ ¢ 2K, *f (K¥(t—r)" _
T e— T|1—a/2 o = r!
_ C 2K0€K2/a(t_7_) < C 2K06K2/a
|t—7"1_a/2 o - |t_7_|1—a/2 o
(4.54)
If |t — 7| > 1 we have:
o +oo (KQ/O‘(t o T))ma/2
ber(0t) S i+ 2 Ko 5 <
Jj=jo
+oo 2/« r4+1 2/a
S C]O + 2K0 Z (K / (t — T)) _ CJO + 2KOK / (t — T) eKQ/a(t_T).
o = 7!
(4.55)

ONow we have to check if the function we have defined is actually the
foundamental solution of the parabolic operator L.

Theorem 4.3.8. If we define ['(x,t,6,7) = I, — It * ¢ then I is the
foundamental solution of the parabolic operator L.

Proof:
LI¢ ;(x,t) = LI 7 (z,t) — LT¢ 7 * (1) =
t +oo
= RYT 46— L/ / Iyo(x—y,t—o0) Z R§’T(y,0)dyda =
T /0 j=1 (4.56)
N
&5 &5
=RYT 46— l_lg_looL/ / o —y,t—a)lej (y, 0)dydo
j:
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If we focus on the last part of the equation:

t N
M £7T J—
Jdim L[ [ Reta=ui=0) > o =

_ £7(
_NEIEOOL Teqr* ZR (z,t)

N
= lim (L — Le,)(Teq Z RET)(w,t) + Ler(Ter % > R )(w,t) =

N—+4o00 = j—l
N N
_ &7 &7 T _ &,r &7 _
= Jim RYT Y RST4 ) R = m R +1+ZR =
j=1 j=1
+0o0
_ &7
=D K
j=1
(4.57)
Then we get:
+oo
B — 577— 5’7— — M E’T —
LT (x,t) = RY™ +6 — Zle =0 lim RS7 =0 (4.58)
]:
O
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Chapter 5

Parametrix method in Lie
groups

In this chapter we want to extend the results found in chapter in a more
general set. In particular we will analyze the case of parabolic operators in
Lie group.

We will find the foundamental solution of a special parabolic operator
defined on R? x S'. This parabolic operator is defined as:

L=X{+X35-0

where X7, Xo are the vector fields of degree 1 defined describing the model
of the visual cortex, . The main problem in this case is that we have
estimates for the foundamental solution of a parabolic operator in a Lie
Group only if the group is an homogeneous Carnot group. In our case R%x S*
it’s not an homogeneous Carnot group, so we have to apply the parametrix
method in order to find the foundamental solution of the parabolic operator.
Analogously to what was done in the Euclidean case we will consider an
approximate parabolic operator, whose vector fields will be defined on an
homogeneous Carnot group. This will permit us to illustrate some important
inequalities for the foundamental solution of the considered operator. After
that, similarly to what we have done in the Euclidean case, we will write the
foundamental solution of the parabolic operator L as:

F:FEO_Fét)*¢

where ¢ is the series Z;LZOS R;(&,T,-). In order to prove that I" is the founda-
mental solution of L we’ll have to prove that the series ¢ is convergent.
The chapter is organized as follows: in the first section we will give the
main definitions that have been mentioned above and we will recall the def-
inition of the group law which we will consider. In the second section we
will define the approximate vector fields and we will define the approximate

95



parabolic operator which will be used in the parametrix method. In partic-
ular we will see that the vector fields frozen at a point & are defined on a
Carnot group. In the third section we will see some of the main properties of
the foundamental solution of a parabolic operator on a Carnot Group, while
in the fourth section we will demonstrate the continuity properties of the
fucntions R§° and of the convolutional operator I, * Rgo. Finally in the last
section we will construct the parametrix and demonstrate that the function
I' defined as limit of the functions Kj is the foundamental solution of the L
operator.

5.1 Definition of the space

In order to study the parametrix method in a Lie group we need first of all
to introduce some main definitions.

Definition 5.1.1. A Carnot group (or stratified group) H is a connected
and simply connected Lie group whose Lie algebra h admits a stratification,
i.e. a direct sum decomposition:

h=Vid..oV,
such that [V4,V;_1] = V;if 2 <i <rand [V;,V;] =0

The stratification implies that the Lie Algebra b is nilpotent of step 7.
Any Carnot group is isomorphic to an homogeneous group.
This fact permit us to give another equivalent definition of a Carnot group:

Definition 5.1.2. Let o be an assigned Lie group law on R". Suppose RY is
endowed with a homogeneous structure by a given family of automorphisms
{dx}r>0,called dilations, of the form:

I(z) = 5,\(36(1), ...,x(r)) = ()\ac(l),)\za:@), ...,/\Tm(r)).

Here ) € RNi for i = 1,...,r and N; + ... + N, = N. We denote by g the
Lie algebra of (R, 0), i.e. the Lie algebra the left invariant vector fields on
RN, For i = 1, ..., N7 let X; be the unique vector field in g that agrees at the
origin with 0/0x;. If the Lie algebra generated by Xi,..., Xy, is the whole
g, we call G = (RY, 0,d)) a homogeneous Carnot group.

We also say that G is of step r and has m = Nj generators.

It is not difficult to verify that any homogeneous Carnot group is a Carnot
group according to the classical definition. On the other hand, up to isomor-
phism, the opposite implication is also true. Recall that we denote by

Q=Y deg(X;)
=1
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the homogeneous dimension of G. Then L(0)(E)) = A2 L(E) for any measur-
able set E, where L(.) denotes the Lebesgue measure on RY. This measure is
invariant with respect to the left and right translations on G. If ) < 3, then
G is the ordinary Euclidean group (R?,+) and Ag is the classical Laplace
operator.

Let’s now consider our particular case. In chapter we have considered
the group R? x S! with the group law defined in (2.45)) and we have defined
the following vector fields:

X1 = cos00; + sinbo,

5.1
Xy — 0, (5.1)

We have then proved that Lie(X;, X2) verifies the Hoérmander condition.
Infact, if we consider the commutator Xg:
X3 = [Xl,XQ} = —sinﬁﬁx + 60898y

From the formula above we can easily conclude that X7, X, X3 are linearly
indipendent then dim(Lie(X1,X2)) = 3. In particular these vector fields
have the following degrees:

deg(X1)
deg(X2)
deg(X3)

1
1 (5.2)
2

then @ = 4.
Let’s now consider the sub-Laplacian operator defined in (2.2.42)).The
operator we want to consider on R? x S =G is:

Ag = Xi + X3
Then, the associated heat operator is defined as:
L=Ag—0;=X}+ X350

The results we will show in the next sections are based on the fact that the
parabolic operator is defined on a Carnot group. In our case the issue is that
the vector fields X1, X2, X3 are defined on R? x S!, which is not a Carnot
group, then is not equipped with a homogeneous structure.

Therefore, it results necessary to introduce an approximate operator which
will be defined on a Carnot group. We will then look towards the homo-
geneity behavioural of vector fields in R? x S! in terms of the homogeneity
properties of the stratified group of same dimension, namely the Heisenberg
group H. This procedure is similar to the one we have done in the Euclidean
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case: in that case we had considered as approximate heat operator, the op-
erator with constant coefficients. Thanks to the properties already known
for the operators with constant coefficients, we had been able to apply the
parametrix method and find the foundamental solution of the original heat
operator. Therefore in the next section we will introduce an approximate
heat operator, which will be defined, up to isomorphism, on a Carnot group.

5.2 Approximate vector fields

In this section we want to define, for a fixed point £, the approximate vector
fields. Then we will show that , up to diffeomorphism, these approximate
vector fields are defined on the Heisenberg group, which is known to be a
Carnot group.

Let’s consider the vector fields {X;};—1,2 defined in (5.1)) and let
& = (20,v0,00) € R? x S! be a fixed point.

Definition 5.2.1. The approximate vector fields frozen at &y are:

Xi.¢, = (cosbty — (6 — 6p)sinby)0, + (sinby + (0 — Oy)cosbhy)0y
Xoeo =Xo=0p (5.3)
X3¢0 = [ X695 Xo,go] = —5inbo0; + cosbyO.

It’s easy to verify that dim(Lie(X ¢, Xa2¢,)) = 3, then {X; ¢ }iz1,2,3 are
Hoérmander vector fields defined in terms of the first order Taylor develop-
ment of the coefficients of the vector fields {X;}i=1 2 3.

We now want to show that the Lie algebra spanned by X¢, 1, X¢, 2, X¢ .3

is the Heisenberg algebra.
First of all we need to introduce some main definitions.

Definition 5.2.2. The Heisenberg group H" is the space R?"! equipped
with the following group law:

(z,y,2) - (2,9, 7)) = (@ + 2",y + 0/, 2+ 2+ 2(y,2") — 2(2,1/))

The group H" equipped with the parabolic dilations 6y (z,t) = (Az, A%t), A >
0, carries the structure of homogeneous group.
A stratified basis of left invariant vector fields for the Lie algebra g, of H"
is given by:
Xj :arj +2yj8t i=1,..,n
Y; =0, — 2x;0; (5.4)
T =0
In our case we have that n = 1 and the vector fields are:

X1 = 661 - 262663

5.5
X, = d, (5.5)
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We want to find a diffeomorphism that turns the coordinates (x,y,6) in
(e1,e2,e3). Let £ = (z,y,0) apoint in the neighborhood of &y. Let (e1, e2, e3)
the exponential coordinates of £ with respect to the basis X1 ¢, X2 ¢,, X3¢,
such that:

§ =exp(erXig, +eaXog, +e3X3¢,)(60)

By the definition of exponential mapping (1) = & = (z,v,0), where y(t) =
(71(t),72(t), v3(t)) solves the Cauchy problem:

{ﬁ =e1X1¢, +eaXog, +e3X3g, (5.6)
7(0) = &
A trivial computation yields:
v1(1) = & = z¢ + cosbpe; — %sin@oegel — sinfyes
(5.7)

1
v2(1) = yo + sinbpe + 5008906162 + cosBpes

=Yy
Y3(1) =0 =0 + ez
Plugging in e = 6 — 6y, one obtain the linear map:
y—yo\ _ (sinby+ %(9 —6p)coshy  cosb e1 (5.8)
x—x9) \ cosld — %(9 —0g)sinfy —sinby ) \e2 '
The inverse is:
1) _ Sine[) 00890 Y — Yo
es)  \cosby — %(9 —6y)sinfy —sinby — %(9 —6y)cosby ) \x — xo

(5.9)
The regular change of variables:

e1 = sinby(y — yo) + cosby(xz — o)
€y = 0 — 00 (5.10)

e3 = costy(y — yo) — sinfo(x — zo) — e1en
provides a diffeomorphism:

(I)SO (5) = (Pro,yo,eo (.I, Y, 0) - (617 €2, 63)

turning the coordinates (z,y, ) into the coordinates (eq, ez, e3).

Definition 5.2.3. The approximate subelliptic heat operator is defined as:

Ley = Xiey+ X3¢, — O (5.11)
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This operator admits an explicit foundamental solution Iy, which, up to
the change of variables we’ve seen above, is the well known solution of the
Heisenberg heat operator. If

Ly =Apg— 0y = X5+ YE — 0 (5.12)

is the Heisenberg heat operator in the standard basis, the related founda-
mental solution [y is given by:

1 YT 1 % + 62 274
I 0),t) = — = —Tcoth?2 d
H((xvya )a ) (27Tt>4) /COS( t )6.7}p(2’7'60 m t )sinh(27)4 T

(5.13)
Now that we have defined the space in which we will work and the opera-
tors we will use for the parametrix method we need, before illustrating the
method, to give some known properties of the foundamental solution of a
parabolic operator defined on a Carnot group. We refer to [8] for details.

5.3 Estimates for the foundamental solution of a
parabolic operator on a Carnot group

In this section we will see some estimates for the foundamental solution of a
parabolic operator defined on a Carnot group, with homogeneous dimension
equal to Q.

Therefore, let’s consider the following parabolic operator:

L=>Y X}-0 (5.14)
=1

defined on G x R, with G homogeneous Carnto group on RY. The first
issue that need to be solved is the one of the existence of the foundamental
solution. There are two main hypothesis which will permit us to demonstrate
the existence and the estimates of the foundamental solution. The first
hypothesis is that the vector fields {X;} satisfy the Hormander condition.
Infact, thanks to this hypothesis, we consider the following results.

Definition 5.3.1. If the vector fields Xy, ..., X,, are of Hérmander type
and selfadjoint, the associated subriemannian Laplacian and the heat oper-
ator (also called subelliptic Laplacian and Heat) are called Hormander type
operators.

Theorem 5.3.2. A second order differential operator L is hypoelliptic if and
only if there exist a fundamental solution of L which is C*° outside the origin.

Furthermore, the Hérmander theorem (2.2.45)) states the existence of a
foundamental solution for the operator (5.14).
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The second foundamental hypothesis we will need is that the heat kernel
I'g satisfies some homogeneity properties, which can be stated in terms of
the homogeneous dimension Q.

Definition 5.3.3. A differential operator D is homogeneous of degree r
w.r.t.the dilations {0y} if and only if

D(uooy) = N(Du) ooy
for all u € C§° and A >0

Definition 5.3.4. G x [0,7] is equipped with the family of parabolic dila-
tions {of} >0 given by:

o (£,7) = (oa(€), X°7)

The problem of the construction of the foundamental solution was solved
in [7]. The foundamental solution I" is constructed as a limit of a sequence of
Green functions related to an increasing sequence of regular domains invading
RN+ Thanks to this construction we are able to prove the following:

Theorem 5.3.5. There ezists a smooth function I' on G x [0,T] — 0 such
that the foundamental solution of[5.1/]] is given by:

The kernel Ig satisfies:

e I is homogeneous of degree —@Q) w.r.t. the parabolic dilations {af}
i.€.

FG(Uf(éat)) = )‘_QFG(gvt)a
b F(G(é-atanas) = FG(Th _S7§7t) = FG(nil o§7t - 37070)

e there exists a positive constant C' such that:
Te(6,1) < C(dg(&,0) + [t/%)~¢

where dg is a control distance on G and Q) is the homogeneous dimen-

sion of G

e (reproduction property)

Fe(et+s) = [ Totrl &M (19
Proof: see |6, Theorem2.1].
For the foundamental solution the following Gaussian estimates hold:
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Theorem 5.3.6. There exist positive constants Cy, C) 4 such that the founda-
mental solution g of the heat operator Lg and its derivatives satisfies:

—d2(z
i |F((;,(:L',t)| < Clt_Q/Qea:p(%);

Q+p+2q

q — —d%(:}?,o) .
o | X1 Xi, () g (w,1)] < Cpgt™ 2 exp(—g7);

for every p,q € N

Proof:We set A = {z € RY : dg(z) > 1} and Q = A4 x (0,1). We
want to compare I'(z,t) with the function w(z,t) = exp(—o (1 —t)d%(z)) in
Q). Here, o is a positive constant to be chosen in the sequel. The following
formula holds for radial functions f(z) = F(dg(z)).

Li(x) = [Veds (@) (?@F%d@(w» n F"(d«;(x») (5.16)

we have denoted with Vg the subelliptic gradient (x1,...,X,,). Hence,a
direct computation shows that

Lw(z,t) = w(z,t) |[Vedg (2)]* {—20(Q — 1)(1 — t) + (402d (z)(1 — t)2 — 20(1 — t))}+
— od(z)w(x,t)
(5.17)

For (z,t) € Q, we obtain:
Lw(z,t) < (402 |[Vgdg(z)|* — 0)d3 (x)w(x,t) <0

if o is chosen small enough (note that |Vgdg(x)| is bounded). Recalling that
LI =6 in Q, that Ig is continuous on € and that I'g vanishes at infinity
on A x {0} (note that I is the foundamental solution), from the maximum
principle we infer that

Ig <cw in

for a suitable constant ¢ > 0. In particular, chosen ¢ = 1/2, we obtain:
1
I'c(z, 5) < cexp(—odi(x)/2), if dg(z)>1
By the homogeneity of I, we then deduce:

adé(m)

1
Tg(x,t) = (20)" 9 Tg(0y ) g, 5) < =9 exp(— ), if 0< 2t <di(x)

On the other hand, if d%(z) < 2t, then

Ie(x, t:6,7) < c(d(a, &) + [t — 7Y% =@
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directly yields:

dg ()

Ta(z,t) < 92 < =9 exp(— ;
c

)
The second inequality is an easy consequence of the above inequality. This
end complete the proof. O

Finally, it can be demonstrated that there exists a positive constant ¢ > 0
such that:

2
Ig(z,t) > cth/Qexp(—cW) (5.18)

Before illustrating the parametrix method we need some continuity prop-
erties of the functions that we will use. Therefore in the next section we will
prove that the series and the convolutional operator defined in the parametrix
method are continuous.

5.4 Parametrix method

Now that we have introduced the main results for the foundamental solution
on an homogeneous Carnot group, we want to prove the continuity of the
functions that will be defined for the parametrix method.

First of all notice that the estimates found in section hold for the
foundamental solution I, of the following heat operator:

Ley = Xiey + X3¢, — O (5.19)

Infact, as we’ve already proved, the operator is defined on the Heisenberg
group, which is a homogeneous Carnot group.
In particular in this case we have that the homogeneous dimension is:

Q:Zdeg(Xi):1+1+2:4

Infact, in our case deg(X1¢,) = deg(Xag,) = 1 and deg(Xz¢,) = 2.
As theorem (5.3.6)) shows, the following inequalities hold for the foundamen-
tal solution I, of the operator Lg,:

—d%(x,0
e (,1)] < Cot_zexp(%(ot)) — C\E(x, Cyt)
—d?
| Xieola(z,t)| < Clt_ge:vp(%(j’o)) = %E(m,Clt) i=1,2
_ —d2(z,0 C ..
| Xieo Xjeol6(, )| < Cat 3€xp<(g(2t)) = TQE(.%',CQLL) i,j =12

(5.20)
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where we have defined:

—d2(z,0
E(z,t) = t_zexp(iG(m’ )

)

As we have already seen in chapter (4]), if the parametrix method is applied,
the foundamental solution of the heat operator:

L=X{+X;-0

will be found as lim;_, ., K, where:

Kj() = Kj1() = Igr % Rj-1(0. 73 °) (5.21)
and
{Pq(go,n ) = (L= Le) o () | (5.22)
R;j(§0,7;+) = —R1x Rj—1(80,75°)  forj>1
In an analogous way we obtain:
LEK;(-) = 6() + R;(&,75°)
and
r()= lim Kj() =l () = Lor* o) (5.23)
where

+oo
¢() = Z Rj(&)a 7, )
=1

In the next section we will see these calculations in a more formal way, but
for the purpose of this section is sufficient to recall the definitions of the
functions used in the parametrix method. Therefore we notice that, also
in this case, we need to prove some regularity properties of the functions
R;(&,7,-). In order to prove the continuity of the function R;(§,7,-) we
need to prove the following theorems:

Lemma 5.4.1. There exist constants Cy, C1 such that the following esti-
mates hold:

o [(Xi = Xigo) g, (&,8)] < CoE(&,1);
o [Xilk, (€0 < FEE 1)
fori=1,2
Proof: First of all notice that, from definition we obtain:

Or = X1 ¢ycos0p — X3¢,((0 — 6o)cosby — sinby)

) ) (5.24)
Oy = X3.¢,(cosby — (0 — bp)sinby) + X1 ¢,sinby
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For i = 2 the first statement is trivial. Consider ¢ = 1:
(X1 — X)L e, (&,1) = (cost — cosby + (0 — 0p)sinby)0n T, +(&, 1)+
(sinf — sinby — (6 — 6p)cosby)0y I, +(&,t) =
(cost — T g,c080) (X1 ¢,c0800 — X3.¢,((0 — bp)cosby — sinby)) ¢, (&, 1)+
(sinf — T g,51n0) (X3 ¢, (cosby — (0 — bp)sinby) + X1 ¢ sinbo) ¢y (&, 1)
(5.25)

where T g, f(0) = f(6o) + f'(60)(6 — 6p) is the first order truncated Taylor
series of f at 6y. Then we obtain:

(X1 = X165+ (6, 8)] < Cllg (&, 1) < CoE(E; 1)

where the last inequality follows from ([5.20). The second inequality follows
directly from the second inequality of ([5.20]), infact:

|XiF§0,T(£7 t)‘ < ’(XZ - Xi:fo)FEO,T@v t)‘ + ’Xiéopﬁoﬂ'(fa t)

< Co(E 1)+ SLB(E 0 < LE(E )

<
(5.26)

O]

Lemma 5.4.2. There exists constant C1,Co such that the following esti-
mates hold:

o | X2 Te(6t)| < SLE( 1)

o (L= Lg) Iy (6:t)] < ZE(, 1)

Proof: The first inequality follows directly from . For the second
statement consider:
(XF = XT g ) 0.r(6.1) = (Xf = X1 X1 g, + X1 X1gy — XTg,)0,r(68) =
= X1(X1 = Xig0)e0,r(§:1) + (X1 = X1g0) X160 20,7 (6, 8) =
= (X1 — Xug0 + X1,60) (X1 — Xu,g0) 50,0 (€, 1) + (X1 — X)) Xngo Lgo,7 (€5 1) =
= (X1 = X16) T (€, 1) + X160 L0, (€,) + (X1 — Xi60) X160 5,7 (€, 1)

(5.27)
Then we obtain:
C C
(L = Leo) T (6, 0)] = [(XT = XT ) Teor (6, 1)| < CoE(E, t)+71zE(£, t) < 7%E(57 t)
(5.28)
O

Theorem 5.4.3. For every j € N the following estimates hold:
|Rj(€o, T3 2,1)] < eqbj(1)(t = 1) P (7 o ot — 7)), (5:29)

where bj(1) = ”yj(%)/”y(%)(here v denotes the Euler gamma function).
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Proof: We prove the thesis by induction. For j = 1 we have:
|R1(€07T;$7t ‘ = ‘ L - Lfo)[‘{oﬂ'(fo_l ox,t— 7-)} <

> /7]}07 (50 €T, _T>

and we can conclude because b1 (1) = v(1/2)/v(1/2) =
Suppose now the thesis hold for j and consider:

(5.30)

|Rj+1(§077—§$7t)| = ‘Rl * Rj(&),T;a?,tH = /RN [ }Rl(xat;7775)Rj(77787§077)d77d8 <

é/ Ri( £, 8) R, (7, €0, 7)) dds <
RN x[7,t]

c1l . A
< — I, (g ozt —8)C(s—T “HI2p (DT, » &lon,s—1)dnds =

/]RNX[T,t] \/ﬁ 777( ) 1( ) J( ) &o, (0 )
t

= C{+1bj(l) / Fn,s(n*1 ox,t — s)FgoyT(fo_l omn,s—T)dn X / (t — 3)71/2(3 — T)*Hj/zds =
RN

= O () gy (&5 0t = 7) /t(t— s) M2 (s — r) T 24s
' (5.31)

where the last equality for I'g, » follows from (5.15)). If we apply the following

change of variables:
§s—T

p:t—T

and consider a = 1/2, b = j/2, a simple computation yields:

t . 1 . .
)2 (g 12 g — (41 a=1p-1 7, _ (4 -1+ 1(1/2)7(5/2)
[ =9 Ry s 5[ it — e L)

where the last equality follows from the property of the Gamma Euler func-

tion: .
a—1 b— vy(a)y(b
/ o lpb 1dp: (a)v(b)
0 v(a+b)
This ends the proof, infact:
t

|Rj1(6o, T2, 8)| < O b (D) I (&5 o t—T)/ (t —s)"Y2(s —7)"1HI/20s =

Mﬂwvm.&m()_
G+ 1/2)

— O Ty (&5 oyt — 7)(E—7) 75 by (1)

= I g (&g oa t —T)(t— 1)}

(5.32)

OWe will use this result in order to prove the convergence
of the series but, first of all, we want to prove that the functions R;(&o, ;")
are continuous.
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Theorem 5.4.4. For every x,2' € RN and t > 7 we have that
Rj (§07 T, t)
is continous for every j > 1.

Proof: Let z,2' € RN and consider:

‘Rl(g()a T3 :Uat) - Rl(é@v’r; xlvt)‘ = |(L - Lfo,T)(Ffo,T(g()_l © $7t - 7—) - F{oﬂ'(g()_l © .T/,t - T))‘ =
(XT = XT e ) Teor( 0wt = 1) = Ty (&5 02!, t = 7))| <

< tci T(E(go—l oz t—7)—E(¢ odt — 1))
(5.33)
and the continuity follows from the continuity of the function E(&,t).
Consider now j > 1 and:
‘RjJrl(va T, t) - Rj+1(£0a 75 xla t)‘ <
/ ’R](€07 7Y, S)| ‘Rl (y7 S, t) - Rl(y, S JZ'/, t)‘ dde S
RN x[7,t]
< JMbi(1) / (s = )72 = 8) TP £ (65 0 w8 = )Ty 0t = 5)+
RN x[7,t]
= Lys(y™ oa’ t — 8))dyds = 7 1b; (1) (T, (&' 0 2.t — 7)+
t .
~ L r(& o't = 7)) / (s = 7)1 = 5)7H2ds
= Clgyr (& 02, =7) = [gp.r(& 02t = 7))
(5.34)

and the continuity follows from the continuity of the foundamental solution
It, ~. Consider now t > tg > 7. Analogously we obtain:

N (B or, t—r)— B(& 0w, tg—7)) — 0

. _ . <
|R1(£0a 75 ﬂj‘,to) R1(£O>7,$7t)’ = V-7 to—t

If we consider now a generic j > 1 we have:
|Rj+1(80, 752, t0) — Rjy1(So, 752, 1)] <

to—0
< / IR;(€0, 759, )| [ R (s 552 t0) — Ru(y, s, 1)] dyds+

t (5.35)
+ / R (60,79 Ry s 0] duds+
to—

t
+/ 6|Rj(§o,7;y78)\\Rl(%S;x,to)\dyds
to—
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It is easy to see that the last two integrals in the right-hand side are small
if [t —to] <  and ¢ is small enough. On the other hand, for |t — o] < 6/2
we get:

to—0
/ |Rj(§0,7—;yv 5)| ’Rl(ya 53 .fL',t) - Rl(y’ S;xlvt)| dde S
T N | (5.36)
<c(6,5) It — t0|1/2/ (s — )7 H92ds < (8, j, to, 7) |t — to|'/?

T

In this way the continuity at ¢ty of R;(&o, 7;x, ) is proved. O

We are now ready to illustrate the parametrix method and prove that the
function defined in (5.23)) is the foundamental solution of the heat operator
(15.19)).

5.5 Construction of the parametrix

In this last section we will prove that the series resulting from the iterative
method of the parametrix is convergent.Moreover the results obtained in the
previous section will permit us to prove that I" defined as limit of Kj is the
foundamental solution of the heat operator L.

We recall for completeness the calculations made in the previous chapter.

Consider:
Kl() = Ffoﬂ'(') (537)
Rl(&O’T; ) = (L - Lfo,T)Ffo,T(’)
We obtain:
LE\(-) = LIty 7 (-) = (L = Leg s ) 0,7 () + Leg n L2 (1) = Ra(&0, 75 7) +(<5(‘))
5.38
Now we define:
Ko() = Ki() — Igy,r * Ra (80,75 ) (5.39)
Ry(§,13:) = =Ry * Ry(§,75+)

If we now consider LK5, we have:
LKs(-) = LK/ (-) — LI¢, r x Ri(&o0,73-) =
= Ri(0,7;:) +6 — (L — Ly, 7 ) e ,r % R1(€05 735 +) — Leg 7 Lo, % Ra (€0, 75 7) =
= R1(&0,7;-) +0(-) = R1 * Ry(&0,75+) — R1(&0,73-) = (-) + R2(&o0, 75 )
(5.40)

Iterating, we have:

{ Kj(-) = Kjo1() = Tgopr * Rj—1(60,75 )

(5.41)
Rj(€0,75) = —R1* Ry (&,750)
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and:
LE;(-) = 0(-) + R;(&0,75°) (5.42)

From equation we can clearly understand that, if we consider the
limit for j — 400 and we demonstrate that lim;_, . R;(§,7;-) = 0, then
lim;_, o K is the foundamental solution of the parabolic operator L.

We rewrite K; in the following way:

Kj(-) = Kj1()) = Lggr % Rj—1(60,757) =
= Kjo(-) = Igyr * Rj—2(&0,757) — L0 ¥ Rj—1(80,757) =
= K1(") = Igo,r x R1(&0,757) — Tgg,r * R2(§0,750) oo — T r % Rj—1(0, 73 0) =
= F&off(') - FEO,T * ¢()

(5.43)
with:
j-1
¢(-) = Riléo,75") (5.44)
k=1
Ri(&o, 7)) = (L — Lgor) g 7 () (5.45)
Ri(&o,75-) = —Ri* Rp_1(,7;-) fork>2

It’s clear now that the foundamental solution I" of L will be:

+0oo
i KG(0) = Ty r() = Teor ) Ri(6750)
Jj=1

Then now the problem is studying the convergence of the series ¢(-) =
+o0 .
j=1 Rj(gv T3 )

Theorem 5.5.1. The series

+oo
¢(w,t) = > R;(& 75 2,1) (5.46)
j=1

totally converges on the set {0 <t—7 < T,d(x,&)+ |t — T‘% > LY (for every
T > 0), and satisfies the estimate

lp(z,t)] < e(T)(t — T)_l/QE(fo_l ox,c(t—71)), 0<t—7<T. (547)

Proof: The proof follows directly from theorem (|5.4.3)), observing that

the power series Ej:(xf bj(1)w’ has infinite radius of convergence. O

Theorem 5.5.2. We have:

d(x,t) = Ri(&, 52, t) + / Ri(&, 152, t)p(x, t)dxdl (5.48)

RN x[7,t]

for every (x,t), (€, 7) € RNFL ¢ > 7,
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Proof: From the theorem above, it follows that the series:

+o00
Z/I\{N [ t} ‘Rl(é.oava,t)Rj(fo,T’x’t)’ dxdt
j=1 x [T,

is convergent.Hence:

+oo
/ R1(&o, 57, t)p(, t)dadt = Z/ Ri(&, 72, t)R;j (&0, T3 @, t)daxdt =
RN x[7,t] Nx[rt]
= ZRm (€0,752,1) = d(x,t) — Ru(&o, 753, 1)
J=1
(5.49)
This ends the proof. O

Theorem 5.5.3. Let T > 0. We have

|6(x,t) — ¢, 6)| < e(T)d(w, )2 (t—) "N (B(E 0w, e(t—7))+E(E o', c(t—7)))
(5.50)

for every x,2',6 € RN, 0 < t—7 <T. Moreover,¢(-) is a continous fucntion

in its domain of definition.

Proof:The proof follows directly from theorems (5.4.3) and (5.4.4). O
Consider now the following convolutional operator:

JEO,T(J}?t) = (Ffoﬂ' * ¢)($7t)

Then it holds the following:

Theorem 5.5.4. For every fized (&o,7) € RVNTL the function J7(-) is in
C?’({z = (z,t) e RN*L .t > 7)), and we have:

Xj(JSO’T)(:c, t) = / Xjfgoj(y_l ox,t—s)p(y,s)dyds (5.51)
RN+1x [r,4]

X X;(J7)(x,t) = lim XXy - (y o, t — s)o(y, s)dyds
=0+ RN+1x[r,t—e]
(5.52)
O (JOT)(x,t) = ¢(x,t) + lim ey (y Lox, t— )y, s)dyds
e=0F JRN+1x[r,t—e]
(5.53)

Proof:First of all we want to show that J is continuous in {¢ > 7}. This
can be done by showing that the functions

o (2, 1) = / Lo, £)6(1, 5)dds
RN X [r+0,t—0]
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are continuous and converge uniformly to J, as ¢ — 0T, on the compact
subsets of {t > 7}. The continuity of J, follows from the continuity of I, s
and of ¢(n, s) by dominated convergence, using the estimates (5.20). On the
other hand, for every K € {t > 7},

supldy —J| < sup / // Iyl )6(n, )| dnds
K (z,t),(é0,7)EK t—o

< oK) sup / / (s —7)2 / Lol o t—s)
xt) (&o,7)EK t—o RN

X F§07(§0 on,s—T1)dnds =

t
= ¢(K) sup F&W(folo:z:,t—T)(/ —I-/ )(S—T)_1/2ds <
(ﬁ,t),(fo,T)EK T t—o

< (K)o'/? =0
(5.54)

Here we used the reproduction property and the estimates (5.20)) and (5.47]).
O

In order to prove that the Lie derivatives in (5.51) and (5.52)) exist, we
shall use the following:

Lemma 5.5.5. Let X € g and let {u;}; be a sequence of continuous func-
tions, defined on an open set A C RN, with continuous Lie derivative along
X. Suppose that u; converges pointwise in A to some function u and that
Xuj converges to some function w uniformly on the compact subsets of A.
Then there exists the Lie derivative of u along X, Xu(x) = w(x), for every
x e A

Proof:see [7].

Then, let us set:
JEOT (2,1) = / Iy s(z,t)p(n, s)dnds (5.55)
RN x[r,t—e]

so that JgO’T converges pointwise to J¢7_ as e — 07. It is not difficult to see
that JE7(-,¢) has continuous Lie derivatives up to the second order along
the vector fields X1, X, obtained deriving under the integral sign. In
order to prove it is then sufficient to show that

sup/ | X;1.5(n lox t—8)p(n,s)|dnds -0 as e — 0T,
z€RN JRN X [t—e,t]

which is an easy consequence of the estimates yand ( -
In order to prove (5.52)), we only have to show that the limit in (5.52)) exists,
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uniformly in € R™. To this end, let us consider the integral

I= XZ»Xijs(n_l ox,t—s)dn, T<s<t.
RN

Using (5.20), (5.47) and the reproduction property , it is easy to see that
11| < e(T)(t— )" (s — 1) Y2E(E oyt — 7).
Moreover, for every fixed yo € RV, we have I = I} + I + I3, where

- / XiX; Ty a( L o 2,1 — 5)(6(n, 5) — (110, 8))dln
I, = ¢(7IO, 5) / Xin(FmS - Fno,S)(U_l ox,t— 5)d77 (5-56)

Is=¢ 7708/ XiX;ps(n tox,t —s)dn

Since [pn Iyy.s(n~tox, t—s)dn = 1, deriving under the integral sign, recalling
the estimates (5.20)), we obtain I3 = 0. We now chose 19 = = and we estimate
I, I,. Making use of the reproduction property, (5.20) and we get

|| < C(T)(t — s)_l(s — 7')_3/4 /RN d(zx, 77)1/2E( Yog,t— s)

X (B(& om,s —7)+ B o, s —7))dn

<) ((t =) =) B ot =) [ Tyl ot = sl

+ AN F&Oﬂ'(é.()_l on,s— T)F'r],s(n_l ox,t — S)d?])

< oT)((t — s)(s — 1) UEE 0wt — 1)+ E( oz, s — 7).
(5.57)

Using - the definition of the function Ry (&, 7;-) and (5.47 -, we obtain:

L] < o(T)(s — 1) VPE(E o wys — 1)
X d(xz,n)(t—s) B tox,s —1)dp (5.58)
RN

<co(T)(t—s) s — 1) V2B oa, s — 1)
Collecting the above estimates, it is now immediate to recognize that the
limit in (5.52) exists, and it is uniform in z € RY.
In order to conclude the proof of the statement, it remains only to prove
that J7(z,-) has continuous derivatives given by (5.53)). To this end, it is
sufficient to show that J&7 (2, -) has continuous derivative given by

8tJ§°’T(:c,t) = /N I’yﬂg_e(y_l ox,e)p(y,t —e)dy

; (5.59)

+ / atFy,s(y_l ox,t — 8)p(y,s)dyds
RN x[r,t—e]
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and that

sup |p(x,t) — / Lyi-e(y tox,t— 5)dy’ -0 (5.60)
teK RN
t
Sup/ Otfy’s(y_l ox,t—s)o(y, s)dy‘ ds — 0 (5.61)
teK Jt—e |JRN

as € — 01, for every K € (7, +00).We have
1
E(JE&”T(% t+h) — JET (x,1))

t—e+h 1
= / - / Lys(y tomt+h—s)p(y,s)dyds
t h RN

—&

1
+ / E(Fy,s(y_1 oz, t+h—s)—Iys(y tox,t—s))g(y,s)dyds
RN X [1,t—¢]
(5.62)

The second integral in (5.62)) converges (as h — 0) to the second integral in
(5.59), by dominated convergence. The first integral in (5.62) is equal to

1
/ / Fy,t—S-‘rrh(y_l ox,e+h—rh)o(y,t — e+ rh)dydr
0 RN

which converges to the first integral in (5.59)) by dominated convergence, by

means of (5.20)), (5.47) and Theorem (5.5.3).This proves (5.59)). Using the

properties just recalled, it is also easy to see that 8tJ§°’T(x, -) is continuous,

again by dominated convergence. We now prove (5.60) and (5.61). The
supremum in (5.60)) is lower than S; 4+ So 4+ S3, where

St=sup [ |Tyaecly™ 02.8) = Lot cly™ 02,200t~ )] dy
R

teK

So=sup [ Loy o, [60,t — )~ ot~ )] dy (5.63)
teK JRN

S3 = sup|o(x,t —e) — p(x,t)|
te i

From the continuity of ¢(z,-), we infer that S3 — 0 as e — 07. Using (5.20)
and ([5.47), we obtain

81 < (K, 7 / A, y)E(y " oz,e)dy + 2 / By~ oz, ¢)dy)
d(z,y)<d d(z.y)>0
<c(K,T)(0 Fy,s(y’1 ox,e)dy + / exp(—cd(o, y’)z)dy’)
RN d(O,y/)>%
(K, 7)(5+ / exp(—cd(o,y'))dy)
d(0,y")> Iz

(5.64)
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Hence S; — 0 as € — 07. In a similar manner one can see that aso Sy van-
ishes as € goes to zero. This proves . The proof of closely follows
the lines of the proof of , and therefore it is omitted.This completes
the proof. O

We are finally ready to show that the function I' is the foundamental
solution of the operator L.

Theorem 5.5.6. For every fived (&,7) € RV we have
r(-) e AR /{(¢o,7)}), L(I() =06(:) in RY*/{(&, 1)} (5.65)

Proof: Recalling the construction of I', from the theorems above, we
only have to prove that L(I'(-)) = (). We have, making use of (5.52)) and

theorem ({5.5.2)):

L(I'(z,t) =
= L(I¢yr(x,1)) — lim L(Iys(y~ ' ox,t — )y, s)dyds =
e—=0" JRN+1x[rt—e]
= Ry (&0, 5, t) + 6(x,t) +/ Ri(y, s;z,t)o(y, s)dyds — ¢p(z,t) =
RN x[7,t]
=0(x,t)
(5.66)
CONow that

we have analyzed the parametrix method in our case of interest R? x S* we
can go back to the main aim of this thesis: find the approximations for the
a—diffusion kernel and dilation/erosion kernel defined in chapter (3.
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Chapter 6

Kernel approximation

In this chapter we will analyze the kernels found in chapter . In particular
we want to show that the kernel of the fractional diffusion step can be found
applying the parametrix method in case o = 1. For a € (0,1) we will use a
key relation between the a—kernel and the diffusion kernel and we will show
an approximation of the a—kernel.

The dilation and erosion kernel will be found starting from the a—kernel
because we will show that a particular transform, the Cramér Fourier trans-
form, relates linear convolution with morphological convolution.

The chapter is organized as follows. In the first section we will analyze
the fractional diffusion part of the PDE. In particular we will apply the
parametrix method in the case @ = 1 and we will see an approximation in
case a €]0, 1[. In the second section, we will analyze the dilation/erosion part
of the PDE; in particular we will introduce the notion of Cramér transform
and see that the kernel in this case can be seen as the Cramér transform of
the fractional diffusion kernel.

6.1 Fractional diffusion

The fractional diffusion step solves the PDE

{8552 = (A W2(p,t)  forpe G/H,t >0 61

W2(p,0) = U(p) forpe G/H
As with fractional diffusion on R"™ there exists a smooth function:
K :(0,00) x (G/H) — [0,00)

called the foundamental solution of the a—diffusion equation, such that for
every initial condition U?, the solution to the PDE (6.1) is given by the
convolution of the function U? with the foundamental solution K

W2(p,t) = (K{* xq U*(:,1))(p)
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Our approximations will make use of the following norm on the Lie algebra
of the group G that is induced by a metric tensor field on a homogeneous
space.

Definition 6.1.1. Let G be a left-invariant metric tensor field on the homo-
geneous space G/H with reference element py then

0
Vo € TeG || v |lg=|| 5 expa(tv).po i=ollg,, (6.2)

is its norm on the Lie algebra T.(G) where expg : Te(G) — G is the expo-
nential map of G.

Note that due to the left invariance of G we can pick any point p € G/H
instead of pg in the definition above and get the same result.

For small enough distances from pg this norm then approximates the
metric dg of the homogeneous space as

dg(po,p) = inf | logag |lg, (6.3)
9€Gyp

where logg is the logarithmic map of G. The distance between py and p
is found as follows: we select all exponential curves in G whose actions on
the homogeneous space connect pg to p. Then, from this set we choose the
exponential curve that has the lowest velocity according to the norm in Def.
and use its velocity as the distance estimate.

Definition 6.1.2. Let G be a left-invariant metric tensor field on the homo-
geneous space G/H then we define the logaritmic metric estimate as

pg(p) := inf || logay g (6.4)
geGp

In our case of interest My the metric estimate simplifies to

pg(9) =l logag lg. (6.5)

Infact, using the coordinates (z, y, #) for My and a left invariant metric tensor
field of the form (3.17) we formulate the metric estimate in terms of the
following auxiliary functions called the exponential coordinates of the first

kind:
cl(x y.0) = g(y+xcotg) if 6+#0,
AT P =0,
B (,y.0) = g(—:p + ycot%) if 0 #0, (6.6)
) b . y 0 _ 0’
A (x,y,0) = 0.
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Then the logarithmic metric estimate for SE(2) is given by

pg(xa Y, 0) = \/DMcl(xvya 0)2 =+ DLCS(‘T’yv 9)2 + DACZ(xvyv 9)27 (67)

where the expression (6.7 is a consequence of theorem ([3.1.14). We can see
that the metric estimate pg has the necessary compatibility property to be
a kernel used in convolutions per Def (3.4.6]).

Lemma 6.1.3. Let G be a left-invariant metric tensor field on the homoge-
neous space G/H with reference element py and consider pg the logaritmic
metric estimate. Then

Vh € H : pg(h.p) = pg(p)- (6.8)

Proof: We apply Def and find

, B
pg(p) = glergp I 5pe2pa(t logag)-po li=ollg,,

Due to the left-invariance of G and the fact that h.pg = po the following
equality holds for all h € H:

0
— 91€an 1 (Ln) (¢ logag)-po li=ollgy,

This can be rewritten as:

0
= inf fh tl =
g1€nGp | expa(t logag)-po li=ollg,,

Now we see that we are optimizing over a set of left-invariant curves whose

actions connect py (at t = 0) to h.p (at t = 1), then we have:

0
= inf — tl . - = h.
o [ 5 ¢pa(t logag)-po li=ollg|,, = Pg(h.p)

This completes the proof. O
We can now make good approximations using the tools that we just

developed. First of all consider the case o = 1: the diffusion equation in this
case becomes

{dW? Ag,W(p,t)  forpe G/H,t>0 69)
0 .

W2(p, U*(p) forpeG/H

In our particular case we have G/H = My = R? x S! which is the space we
had considered in the previous chapter.Recall that in this case we have:

Ag = X{ + X3
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We can then apply the parametrix method seen before.
If we indicate with K 510 the foundamental solution of the approximate
subelliptic operator:
_ y2 2 _ AS
LEO - X&),l + X£072 - 8t — Agoz - 8t

then it follows from the parametrix method that the foundamental solution

of is:
Kl (p,t) = K¢ (p,t) — K& * ¢(p,t)

where N
¢ =Y R;(%;-)
j=1

and R;(&;-) is defined in . Then the kernel can be approximated by
the foundamental solution of an operator frozen at £y minus the convolution
between this foundamental solution and a convergent series. The parametrix
method in this case is really helpful because it finds out a local approxima-
tion for each point of the group.

We want now to extend the result found for o = 1 for a generic value of
a € (0,1). From semi-group theory [9] it follows that semi-groups generated
by taking fractional powers of the generator (in our case Ag — —|Ag|®)
amount to the following key relation between the a—kernel and the diffusion
kernel:

K (p) == /0+<>° qt7a(7')KT1(p)dT, for a € (0,1],t >0 (6.10)

where ¢¢, > 0 is the inverse Laplace transform of r — e~ [g]. It follows
that:

400
Ki'(p) :—/0 Qo (T) KL (p)dr =

+oo
= /0 Qt,a(T)(KElo (p,7) = Kflo * ¢(p, 7))dr = (6.11)

+o0 1 +o0 1
— [ ae KL e = [ ga(ni + olp.7))dr =
0 0
= Kg)(pat) - Kg) * ¢(p7t)
where K & 18 the foundamental solution of the operator:
g, = ~(-A%)" - o1

frozen at &g.
It follows that the foundamental solution of the fractional diffusion equation
for o € (0,1] can be approximated as:

Ki'(p) = Kg,(p,t) — K¢, * ¢(p, 1)
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where ¢ is a convergent series.

In the next section we will see the final step of the PDE unit: the dila-
tion/erosion substep. In particular we will see how we can find an approxi-
mation of the dilation/erosion kernel starting from the approximate diffusion
kernel that we just found.

6.2 Dilation/Erosion

The dilation/erosion step solves the PDE

ow3 3 2c
{ 5 =+ | Vg, W= (p, 1) Hg3 forpe G/H,t >0 (6.12)

W3(p,0) = U?(p) forpe G/H

By a generalization of the Hopf-Lax formula [2I], the solution is given by
morphological convolution defined in Def.

W3(p,t) = =(kiOc — U®)(p) (6.13)
for the +(dilation) variant and
W3 (p,t) = (kfDcU)(p) (6.14)

for the -(erosion) variant, where the kernel kf*, also called the structuring
element in the context of morphology, is a proper (then not everywhere
equal to oo) lower semi-continous function of the type

k® : (0,00) x (G/H) — R U {oo} (6.15)

The morphological convolution is the one that has been defined in ([3.50).
As with fractional diffusion we do not have a general analytic expression for
the foundamental solution to the dilation/erosion problem but we can make
the following analytic estimates.

Theorem 6.2.1. The morphological convolution kernel kf* is for small times
t and a € (1/2,1] well-approximated by

o a,approx 20 — 1 1 20
ki'(p) = kPP (p) = ((204)20‘/(2‘“1)) 22T pgy (p) 2T, (6.16)
and for a« =1/2 by

,approx 0 if pgs(p) <t
)~ BT = {oo if pzsgpi >t (6.17)
3

where pg, 1is the estimate of the Riemannian distance between p and po in-
duced by the left-invariant metric tensor field Gs given by definition ,
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We will prove this result by using a transformation that is able to relate
the dilation/erosion PDE with the fractional diffusion PDE. Then we will
first introduce this so called Cramér Fourier transform in R? but since we do
not know a generalization to the group we introduce an approximate Cramér
Fourier transform via the Lie algebra. It is this approximate transform that
we will apply to the approximate diffusion kernel to get an approximate mor-
phological kernel. Let us first recall the definition of the Fenchel transform

Definition 6.2.2. Let ¢ € C,, where C, denotes the set of mappings from R¢
into R proper and lower semi continous.Its Fenchel transform is the function
from R¢ into R defined by

&0) Y 30 Y sup[f -z — c(o) (6.18)

Example 6.2.3. The Fenchel transform of M%, » defined in ezxample

18

FME, )](6) = ; 60 + m,

with 1/p+1/p’ = 1. The particular case p = 2 corresponds to the character-
istic function of a Gaussian law.

On R¢ the Cramér-Fourier transform is given as follows

Definition 6.2.4. For functions on R? that have a real-valued non-negative
Fourier transform we define the Cramér-Fourier transform as

Cr:=Fo—logo F, (6.19)

where F denotes the Fourier transform, log denotes the point-wise logarithm
and § denotes the Fenchel transform.

Before introducing the notion of approximate Cramér Fourier transform
we want to see some important properties of the Cramér Fourier transform.
In particular the last theorem we will see is the one that allows us to relate
linear convolution with morphological convolution. First we have to state
a theorem on the properties of the Fenchel transform that will serve us to
prove the main result.

Theorem 6.2.5. For f,g € C, we have:
1. §(f) € G,
2. § is an involution, that is F(F(f)) = f,
8. §(fOrag) = 3(f) +5(9)
4. S(f +9) = F(f)Orad(9)-
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Lemma 6.2.6. On R? the Cramér Fourier transform relates convolution
and morphological convolution in the following manner: let f1 and fo be
proper, lower semi-continuous have convex Cramér Fourier transform and
real-valued non-negative Fourier transforms. Then

Crlfi *pa f2] = Cr[f1]0paCr[f2] (6.20)

Proof: Since Cr[f] and Cx[g| are lower semi continous, proper and con-

vex, also their conjugates Cx[f]* and Cx[g]* share these properties. More-
over, it follows that C3 = —logF|f]. Therefore, a direct computation gives
Crf 9] = (~logFIf + g)(5))"
= ((—logF[f)(5=)) + (~logFlg)(s=)))*
(togZ UG ) + (ClogFlal 00" o
= (~1ogFf)(5-))" Da(~log Flg) ()"
i i
= Cr[f]OgaCr[g).
where we have applied the convolution theorem
FLf gl = FIf1F1g] (6.22)
for the Fourier transform and the well-known property
(f+9)" = fOgrag” (6.23)
of the convex conjugate. This completes the proof. O

Theorem 6.2.7. Let f : R — R be differentiable with compact support and
has a real-valued non-negative Fourier transform then for a € [1/2,1]:

Crl=(=2)*fl =~ | V(Cxf) > (6.24)
Proof: See [3].

These equalities allow us to relate the fractional diffusion system in
to the dilation/erosion system in and use the approximate solution we
have for the first system to construct an approximate solution to the latter
system.

Assuming that in fact we are working on R¢ and we have a solution W? :
R? x Ry — R to the system of the form W?2(-,t) = K{* #ga U%. Then:

oW? )
o = (AW

= D (Kf < U?) = —~(-A) (K = U?)

)

=Crlg (K + U)] = Crl=(=A)*(Kf + U?)] (6.25)
)

= 5 CrIRE + U%] = — || VCrIKE U7 |*

= D (CARPIOCHU?) = — | VCHRSIOCAD?) P
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Now choose U? = CZ'[U®] and let W3 = Cx[K?]OU® then we see that W3
solves the erosion version of the system by performing a morphological
convolution with the initial condition U? using the kernel Cx[K{]. The
solution to the dilation version of now follows from the last expression
with a few extra steps:

= D (CAIKFOU?) = — || V(CAIKFO0%) >

= D (CAIKFD - U%) = — | V(CARFIO - U°)

= — D {CARFIO - UP) =] V(CAKFI0 ~ U%) | (6.20)
= D (CAKFIO - U) =] ~V(CARFID - U%) |

:‘%(*(Cf[K?]D ~U?) =| V(= (C[EHD - U?)) ||

where we see that letting W3 = —(Cx[K]0 — U3) solves the dilation PDE.
We have then proved that the solution to the erosion PDE is given by:

W3 = Cr[KOU3
while the solution to the dilation PDE is:
W* = —(Cx[KP)0— U)

The Cramér-Fourier transform requires a function on R¢, or at least a
d-dimensional vector space that we can then naturally identify with R?. On
a homogeneous space we can use the Lie algebra of its group as that vector
space and use the expomnential and logarithmic maps to translate between
the homogeneous space and the group, this leads to an approximate Crameér-
Fourier transform

Definition 6.2.8. For functions on G/H that have the property that the
following Fourier transform

Flv = f(expgv.po)] (6.27)

is real-valued and non-negative for all v € T,G, we define the approximate
Cramér-Fourier transform as

CE" " f(p) == giencg Crlvw— f(expav.po)](logag), (6.28)

where we recall G), from (3.5).

Note that above we naturally identified the n dimensional vector space
T.G, then the Lie algebra of G, with R™.
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Example 6.2.9. A function f on My expressed in terms of coordinates
(x,y,0) is first transformed to a function fi on the Lie algebra expressed in
coordinates relative to the basis , then the exponential coordinates of
the first kind, as:

1 ain 2 3 2 1 2 3 2
ctsinc®—c®(1—cosc?) ¢ (1—cosc?)+c’cosc® 9 . 2
f( c2 ’ c2 , € ) Zf c 7& 0

f(ct,c3,0) if 2=0

(6.29)
The function now lives on R® and we can apply the Cramér-Fourier transform
on it to obtain the function fy:

fl(cl,cz,cg) = {

J2 :=Crfi, (6.30)

the function fo again lives on R and via the mapping (c',c?,¢3) — ' Xy |e
+c? X5 le +3 X5 l|e on the Lie algebra. We can use the exponential map-
ping to bring this function back to My again to complete the approzimate
transform.:

Fa(5y + acotg), §(—x +yeots),0) - if 670

fQ(xayao) zf9:0
(6.31)

CF" )@, y,0) = {

Now that we have developed the approximate Cramér-Fourier transform
on homogeneous spaces we can obtain an approximation of the morphological
kernel k¢

Theorem 6.2.10. Let « € (1/2,1] and let G be a left-invariant metric tensor
field on G/H, then:

e a,approx approx 1.-o,approx 200 — 1 pg(p 2a/(200-1)
ki (p) & kPP (p) = (CFP K (p) = (2a)20/(2a—1) gila(zal)

(6.32)
for oo — 1/2 this converges to:
0 ) <1
ktl/Q,approx(p) _ Zf pg(p) = (633)
o0 elsewhere
These estimates hold for all p € G/H for sufficiently small t > 0.
Proof: From the construction of K;"*"""°" we have that
Flv — KPP (expgu.po)] = et g (6.34)

which is real valued and positive, taking -log yields

thHvHéa.
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Applying the Fenchel transform § yields

St 15 (w) = sup {(w,0)g —t | v [}

veT,

Obviously to maximize this v must be chosen aligned with w(assume # 0)
and pointing in the same direction, then v = Aw/ || w ||3 for some X > 0:

=§u13{(w7kw/ w3 —t || M/ | w1218
>

\a (6.35)
=sup{\ —t——s-1}.
A>0 w13

Now we consider two cases.
Case 1: a=1/2

3111 - 12 (w) = sup{A — t—>}
S Sy e
t
BEANCRTER (6.36)

_ {o if Jwlg<t,

oo if wlg>t.

Next taking the mapping to the homogeneous space we get
(CF R () = inf ST 15 (logeg)
P

0 if |llogayg llg<t,
oo if [llogag llg>t,

0 if infgeq, [l logayg (o< t, (6.37)
00 if infyeq, || logag llg> t,

0 if pg(p) <t,
oo if pg(p) >t,

which proves (6.33)).
Case 2: a € (1/2,1] Seeing that the objective function is concave we apply
the first order test to find the supremum is reached forall
_2a
w 2a—1
N
(2art)2a-T

after substituting and simplifying this yields
20/ (2a—1)

Ci2aq0 . 20—=1  pg(p)
g[t || Hg ](w) - (2()[)2&/(20171) tl/(2a71)
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finally taking the mapping to the homogeneous space just like in the first
case we confirm [6.32] This completes the proof. O

We end this section proving two theorems that show how, with particular
values of o, we can find the ordinary max pooling operation and the ReLu
operation. Then morphological convolution will be a generalization of these
well known operations.

Theorem 6.2.11. Let f € L*(G/H), let S C G/H be non empty and
define ks : G/H — R U {0} as:

ks(p) = {0 Ires (6.38)
00 else
Then:
—(ksO—f)(p) = sup  f(g.po). (6.39)
g€G:g—1.pesS

This is the morphological kernel with @ = 1/2 and we can recognize
the morphological convolution as a generalized form of max pooling of the
function f with stencil S.

Proof: Filling in (6.38]) into definition yields:

—(ksO — = —j inf  —f(g. inf  —f(g.
(ksO = f)(p) mf{gea:ﬁ,ril.pes f(gpo),gegzzlglbp% f(g-po) + oo}
=— inf —f(g.
geG:;ril.pES f(gpo)
= sup  f(g.po)-
geG:g—1.pesS
(6.40)

(In the particular case G = G/H = R"™ we recover a more familiar form
of max pooling:

Theorem 6.2.12. Let G = G/H = R" and let f € CO(R"™) with S C R"
compact then:

— (ksOrn — f)(x) = max flz—y) (6.41)

ReLU is the other common CNN operation that can be generalized by
morphological convolution:

Theorem 6.2.13. Let f be a compactly supported continuous function on
G/H. Then dilation with the kernel

0 if p=mpo
kRe = 6.42
ReLU,f(D) {SupyeG/H ) olse (6.42)

equates to applying a Rectified Linear Unit (ReLu) to the function f:
— (krevOa — f)(p) = maz{0, f(p)} (6.43)
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Proof: Filling in k into the definition of morphological convolution:
—(kreLvle — f)(p) = — gllelg kreru (9~ p) = f(g-po)

=—inf{ inf —f(gpo), inf —f(g.po)+ sup f(y)}

9€G "g=L.p=po g~ '.p#po yeG/H
=sup{f(p), sup f(z)— sup f(y)},
geqG z€G/H:z#p yeG/H
(6.44)

due to the continuity and compact support of f its supremum exists and
moreover we have sup.cq/m..4p, f(2) = supyeq/m f(y) and thereby we ob-
tain the required result

= maz{f(p),0}
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Chapter 7

An application to a
group-invariant CNN for image
processing

In this chapter we will analyze the PDE-based convolutional neural network
defined by Duits,M.N.Smets, Portegies and Bekkers in [I]. In this frame-
work a network layer is seen as a set of PDE-solvers where the equation’s
geometrically meaningful coefficients become the layer’s trainable weights.
Precisely, each layer will be expressed by mean of equation and the
parameters are the left-invariant vector field ¢ and the left-invariant metric
tensor fields G1, Go.

The chapter is organized as follows. In the first section we will decsribe
the overall architecture of the network, while in the second section we will
clarify how to use PDE acting on R? x S! to process an image defined on R?
and we will focus on the lifting layer which transforms the input to the desired
homogeneous space and on the projection layer that transforms the output
back to the required output space. In the third section we will focus on the
design of a PDE layer,in particular we will focus on the design of a PDE
unit. Finally, in the last section we will focus on the trainable parameters of
the network and on the loss function.

7.1 Overall achitecture

The main scope of the net can be of impainting or denoising, or general image
processing. For this reason the network N will be considered as an operator
that will take in input a corrupted mage X and return a reconstructed image
N(X).The Network operator N is obtained by composing elementary oper-
ators, called the layers of the network, which will be represented in terms of
the PDE in (B.1]).Since this PDE only depends on the unknown coefficients
of convection, diffusion and erosion/dilation, finding the best operator N,
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simply reduces to find these parameters. These parameters are found by
minimizing a functional called the loss function.

One of the main peculiarities of this network is that the PDE layers are
defined on a homogeneous space. In our case of interest the data lives on R?
and not on My where we propose to do processing. We then need the addition
of lifting and projection layers. We will require the network to be equivariant,
which means that it will give the same result to first applying the operator
and then a transformation or vice versa. Of course for the entire network
to be equivariant we require these transformation layers to be equivariant as
well.Hence the network will have the following overall architecture:

e a preprocessing layer, with no unknown

e 3 PDE layer expressed in terms of left invariant vector fields. Each of
them will be expressed through equation (3.1]and the unknown are the
coefficients of the equation

e the loss function to be minimized, in order to find the coefficients
e 3 postporcessing layer, with no unknown

We refer to [10],[11] and [I] for details.

7.2 Preprocessing and post processing layer

The preprocessing operator maps L?(R?) to L?(R? x S!). In order to de-
scribe it,we recall that the structure of the group can be mapped to other
mathematical objects (such as 2D images) via representations. Group rep-
resentations describe groups in terms of bijective linear transformations of
vector spaces; in particular, they can be used to represent group elements as
invertible matrices. In our case of interest the left-regular SE(2) represen-
tation on 2D images f € Lo(R?) is given by

Uy H)(x') = f(Ry (2’ — ) (7.1)

with g = (x,0) € SE(2), 2’ € R2. It corresponds to a roto-translation of the
image. Now, on R? we define convolution via inner products of translated
kernels. Let 7, be the translation operator, the left-regular representation of
the translation group (R?,+). Then:

(ke f)(a) = (rok ooy = [ K = 0)f@hde’ (72)

In the SE(2) lifting layer we now simply replace translations of k by roto-
translations via the SFE(2) representation U, defined in ([7.1)).
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Let f, k : R? — R"c be a vector valued 2D image and kernel (with N,
channels), with f = (f1,..., fn.) and k = (k1, ..., kn,), then the group lifting
correlations for vector valued images are defined by:

N. N¢
BRS)9) =S Ugker fo) ey = S /R k(B - o) )y (73)
c=1 c=1

These correlations lift 2D image data to data that lives on the 3D position
orientation space R? x S1 = SE(2).

Projecting from My back down to R? can be performed by a simple maximum
projection. Then the projection layer projects a multi-channel SFE(2) image
back to R? in the following way: let f : My — R then

) 7.4
(:c,y)Hgg[})g;)f(w,y, ) (7.4)

is a roto-translation equivariant projection as used in [I1]. In these pre and
post processing layers we do not learn parameters.

7.3 Design of a PDE layer

Let us now describe the structure of the generic layer. It will be composed
by one PDE formally expressed by equation (3.1)),for each feature. In this
way it will have 9 unknown parameters for each layer:

e 3 parameters to specify the convection vector field
e 3 parameters to specify the fractional diffusion metric tensor field Gy
e 3 parameters to specify the dilation/erosion metric tensor field Gs.

Each PDE takes as input the output of the previous layer and it works on
the input up to a fixed time T. Afterwards, we take all the M; solutions at
time T and take M), linear combinations of them. These will be the inputs
for the next PDE layer. This design is illustrated in figure Each PDE
unit will be an N-fold repetition of a timestep-unit which is a composition of
convection, diffusion and dilation/erosion substeps, where N is some natural
number.

Let’s focus on the PDE unit: the default PDE unit that we are consid-
ering computes the approximate solution to the PDE

Convection Fractional dif fusion  Dilation/Erosion
Gt (0,1) = =W (p,t) —(=Ag)* W (p,t) £ | Ve, W (p,0) |5 for p€ G/H,t >0
W(p,0) =U(p) forpe G/H

(7.5)
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Figure 7.1: Nllustrating the architecture of a PDE layer. The M; PDE units
take as inputs the outputs of the previous layer. Then the solutions at a
fixed time T are combined in order to form the inputs for the next layer.

Here, c is a left invariant vector field on G/H, a € [1/2,1], G; and G are left
invariant metric tensor fields on G/H, U is the initial condition and Ag and
| - |lg denote the Laplace operator and norm induced by the metric tensor
field G.

A PDE unit will be an N-fold repetition of a timestep-unit which is a
composition of convection, diffusion and dilation/erosion substeps, where N
is a natural number. These units all take their input as an initial condition
of a PDE, and produce as output the solution of a PDE at time t = T". The
output of a previous timestep-unit is taken as the input for the next timestep-
unit. The convection, diffusion and dilation/erosion steps are implemented
with respectively a shift, convolution and morphological convolution, as illus-
trated in the diagram . The composition of the substeps does not solve

Wit —-- Convolution == Morphological Convolution = =~ W/ (..t + Af)

Trainables: c G G,
Figure 7.2: Convection, diffusion and dilation/erosion steps

(7.5) exactly, but for small At, it approximates the solution by a principle
called operator splitting. Of course in order to implement the three substeps
we need to make explicit approximations of the kernels found in chapter .

As we have seen in section the solution of the convection PDE does
not require the definition of a kernel but is just a translation of the initial
condition, then we don’t need to do any approximation. The approximate
kernels for the diffusion equation and the dilation/erosion equation are the
one that have been found in chapter @ through the parametrix method and
whose approximations have been discussed within the thesis.
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7.4 Trainable parameters and loss function

Now we want to focus on the trainable parameters of the network: in partic-
ular we will analyze our case of interest Mly. Training the PDE unit comes
down to adapting the parameters of the PDE, such as the convection vec-
tor field ¢ and the metric tensor fields Gi,Gs, in order to minimize a given
loss function. In this sense the vector field and the metric tensor fields
are analogous to the weights of this layer. Moreover, since we required the
convection vector field and the metric tensor fields to be left-invariant, the
parameter space is finite-dimensional as a consequence of theorem (3.1.11]
and .

As we've already said My can be identified with R? x S'. Then the left-
invariant vector fields are spanned by the basis , while the metric ten-
sor fields are of the form (3.17). Therefore each PDE unit would have the
following 9 trainable parameters:

e 3 parameters to specify the convection vector field
e 3 parameters to specify the fractional diffusion metric tensor field G;
e 3 parameters to specify the dilation/erosion metric tensor field Go.

The choice of the loss function to be minimized depends on the application
in which the network is used. For example, in [3] R.Duits,B.Smets,E.Bekkers
and J.Portegies tested the viability of PDE-based Group Convolutional Neu-
ral Networks (PDE-G-CNNs) for automatic segmentation of vasculature.
The loss function used in this case is the continuous DICE loss function,
which is implemented as follows:

25N pigs
p—_ 2rimipif (7.6)

N N
Y1 PP+ > in 97

where p; and g; represent pairs of corresponding pixel values of prediction
and ground truth, respectively.
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