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Introduzione

Un arrangiamento di iperpiani ¢ una collezione finita di sottospazi affini
di codimensione uno (chiamati iperpiani) in uno spazio vettoriale complesso
di dimensione finita.
L’algebra di coomologia del complementare di un arrangiamento di iperpiani
ammette un’elegante presentazione dovuta a Orlik e Solomon, i quali hanno
dimostrato che questa algebra ¢ isomorfa ad un’algebra graduata, generata in
grado uno, che soddisfa relazioni di tipo combinatorio, che dipendendono solo
dal reticolo delle intersezioni ([OT92]). In particolare, se tutti gli iperpia-
ni dell’arrangiamento passano per l'origine, I'algebra di coomologia dipende

soltanto dal matroide associato all’arrangiamento.

Negli ultimi anni, vari autori hanno studiato gli arrangiamenti torici,
collezioni finite di sottotori di codimensione uno (chiamati ipertori), in un
toro complesso.

L’algebra di coomologia del complementare di un arrangiamento torico e
pit complicata in quanto il toro complesso ha gia di per sé una coomologia

non banale e perche 'intersezione di due sottotori in generale non e connessa.

Nel 2005, De Concini e Procesi si sono concentrati sullo studio dell’algebra
di coomologia del complementare degli arrangiamenti torici nel quale le inter-
sezioni di sottotori sono sempre connesse (arrangiamenti torici unimodulari)
ottenendone una presentazione sullo stile di quella data da Orlik e Solomon

per gli arrangiamenti di iperpiani ([DCP05]). In questo caso, I'algebra di
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coomologia del complementare ¢ sempre generata in grado uno.

Nel 2018, Callegaro, D’Adderio, Delucchi, Migliorini e Pagaria hanno
generalizzato il lavoro di De Concini e Procesi fornendo una presentazione,
sempre sullo stile di quella data da Orlik e Solomon, dell’algebra di coomolo-
gia di un generico arrangiamento torico ([CDD™19]). Studiando il caso gen-
erale, hanno visto che questa algebra non ¢ necessariamente generata in grado
uno.

Inoltre, perfino per calcolare i numeri di Betti del complementare di un ar-
rangiamento torico, non e sufficiente considerare le dipendenze lineari tra
gli ipertori. Infatti, & necessario considerare un matroide aritmetico che
tenga conto del numero di componenti connesse delle intersezioni di iper-
tori dell’arrangiamento ([DM13], [Moc12]).

A differenza del caso degli arrangiamenti di iperpiani, la coomologia del com-
plementare di un arrangiamento torico non dipende unicamente dal matroide
aritmetico dell’arrangiamento. Pagaria ha infatti costruito esplicitamente

due arrangiamenti torici con matroidi isomorfi ma anelli di coomologia non
isomorfi ([Pagl9b]).

Piano della tesi. Nelle tre appendici richiamiamo concetti di base
riguardanti i moduli, i matroidi e la coomologia di de Rham. Nel primo capi-
tolo trattiamo gli arrangiamenti di iperpiani. Dopo alcune definizioni di base
ed alcuni esempi, definiamo ’algebra di Orlik e Solomon dell’arrangiamento
e, grazie alla costruzione di una particolare base di quest’algebra (chiamata
base dei circuiti non rotti), dimostriamo l’esistenza di un isomorfismo tra

quest’algebra e ’algebra di coomologia del complementare dell’arrangiamento.

Nel secondo capitolo affrontiamo alcuni concetti relativi al toro com-
plesso, come il gruppo fondamentale, ’anello della coomologia di de Rham

ed alcune proprieta dei rivestimenti finiti.
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Nel terzo capitolo analizziamo gli arrangiamenti torici. Prima di tutto
introduciamo, per un generico arrangiamento torico, il reticolo delle com-
ponenti connesse delle intersezioni di ipertori, il matroide aritmetico as-
sociato e una scelta di forme logaritmiche differenziali. Successivamente
trattiamo il caso unimodulare, ottenendo una presentazione, sullo stile di
quella data da Orlik e Solomon, dell’algebra di coomologia del complementare
dell’arrangiamento. Infine generalizziamo questo risultato per un arrangia-
mento torico arbitrario, attraverso un suo rivestimento dato da un arrangia-

mento unimodulare.






Introduction

An arrangement of hyperplanes is a finite collection of codimension one
affine subspaces (called hyperplanes) in a finite dimensional complex vector
space.

The cohomology algebra of the complement of an arrangement of hyperplanes
admits an elegant presentation due to Orlik and Solomon. They proved that
this algebra is isomorphic to a graded algebra generated in degree one, that
satisfies some combinatorially determined relations ([OT92]).

Moreover, the cohomology algebra depends only on the intersection poset.
In fact, if all hyperplanes pass through the origin, it depends only on the
matroid associated with the arrangement, which is a combinatorial abstrac-

tation of the way these hyperplanes intersect each other.

In the last years, many authors studied the toric arrangements, that are
finite collections of subtori of codimension one (called hypertori), in a com-
plex torus.

The cohomology algebra of the complement of a toric arrangement is more
complicated because the ambient torus has its own cohomology algebra.
Moreover the intersection of two subtori in general is not connected mak-

ing the combinatorial data more intricated.

In 2005, De Concini and Procesi provided an Orlik-Solomon-type presen-
tation for the cohomology algebra of the complement of unimodular toric

arrangements ([DCP05]), that are toric arrangements in which the intersec-
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tions of subtori are always connected. In this case, the cohomology algebra

of the complement is always generated in degree one.

In 2018, Callegaro, D’Adderio, Delucchi, Migliorini and Pagaria gener-
alised De Concini and Procesi’s work, providing an Orlik-Solomon-type pre-
sentation for the cohomology algebra of the complement of a general toric
arrangement ([CDD™19]). In the general case, this algebra is not necessarily
generated in degree one.

Moreover, even to encode basic topological data such as the Betti numbers
of the complement of a toric arrangement, it is not enough to consider the
linear dependencies among the hypertori. In fact, it is necessary to consider
an arithmetic matroid that keeps track of the number of connected compo-
nents of the intersections of subtori ([DM13], [Moc12]).

Unlike the case of hyperplane arrangements, the cohomology of the com-
plement of a toric arrangement does not depend only on the arrangement’s
arithmetic matroid. In fact, Pagaria explicitly constructed two toric arrange-

ments with isomorphic matroids and with non-isomorphic cohomology rings

([Pagl9b]).

Plan of the thesis. Some background material on modules, matroid and
de Rham cohomology is recalled in three appendices. In the first chapter,
we treat the hyperplane arrangements. After some basic definitions and ex-
amples, we define the Orlik-Solomon algebra of an arrangement, and, thanks
to the construction of a particular basis of this algebra (called non-broken
circuit basis), we prove the existence of an isomorphism between this algebra

and the cohomology algebra of the complement of the arrangement.

In the second chapter, we recall some basic fact of the complex torus such
as its fundamental group, its de Rham cohomology ring and some properties

of its finite coverings.
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In the third chapter, we analyse the toric arrangements. First we in-
troduce, for a general toric arrangement, the poset of layers, the arithmetic
matroid and a choice of logarithmic forms, then we treat the unimodular case
and, after some formal identities, we provide an Orlik-Solomon-type presen-
tation for the cohomology algebra of the complement of the arrangement.
Thus, finally, we consider a general toric arrangement, and, by covering it
with unimodular arrangements, we obtain an Orlik-Solomon-type presen-
tation of the cohomology algebra of the complement of an arbitrary toric

arrangement.






Chapter 1

Arrangements of hyperplanes

and Orlik-Solomon algebras

1.1 The poset of intersections L(.A)

Definition 1.1.1. Let K be a field and Vi be an ¢-dimensional IK-vector
space. An arrangement of hyperplanes A = (Ak, Vi) = {H1,..., H,} is
a finite set of affine subspaces of dimension (¢ — 1). We call every H; in A
a hyperplane in V. If we want to emphasize the dimension of V', we say

that A is an /-arrangement.

From now on we will denote by n the number of hyperplanes in the ar-

rangement, and by ¢ the dimension of the ambient space V.

We say that an arrangement A is central if (., H # 0, and we call
T(A) := (\yea H the center of A.

Let V* be the dual space of V, the space of linear forms on V. Choose
a basis {ei,...,e,} in V and let {xy,..zy} be the dual basis in V*, i.e.
zi(e;) = d;; Vi,j. Note that if A is a central arrangement, the coordinates
may be chosen so that each hyperplane contains the origin, then, without

loss of generality, we can say that the center of A contains the origin.

1
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Each hyperplane H € A is the kernel of a polynomial ag of degree one.
This polynomial is defined up to a non-zero scalar multiple, in fact, two
distinct polynomials p,q € K[zy,...,x;] define the same hyperplane H if
p = cq for some ¢ € IK*. In this case we write p = ¢q. Then we are allowed to

give the following definition.

Definition 1.1.2. The product

Q(A) = TT e

HeA

is called a defining polynomial of A.

Note that if A is a central arrangement, then each ay is a linear form

and Q(A) is a homogeneous polynomial of degree n.

Definition 1.1.3. Let A be an arrangement. Define L(.A) the poset of all
non-empty intersection of elements of A with the partial order given by the

reverse inclusion
X<Y<«<YCX

We agree that L(.A) includes the ambient space V' as the intersection of
the empty collection of hyperplanes. Note that V' is the unique minimal
element since X C V for every X € L(A).

Definition 1.1.4. Define a rank function on L(A) by
r:L(A) — N
X — codim(X).

Note that (V) = 0 and r(H) =1 VH € A. For this reason we say that
every hyperplane H is an atom of L(A).

Definition 1.1.5. Denote L,(A) = {X € L(A); r(X) = p}.

The Hasse diagram of L(.A) has vertices labeled by the elements of L(.A)
and arranged on levels L,(A) forp > 0. If X € L,(A) and Y € L,1(A), an
edge in the Hasse diagram connects X with Y if and only if X <Y.



The poset of intersections L(.A)

Definition 1.1.6. Let X be a maximal element of L(.A).
Define rank(A) = r(X). We say that an ¢-arrangement A is essential
if rank(A) = £.

The rank of an arrangement is well defined since it can proved that

maximal elements of L(A) have the same rank.

Remark 1.1.7. An (-arrangement A is essential if and only if it contains ¢
linearly independent hyperplanes. If A is a central essential /-arrangement,
then rank(A) = r(T(A)) = ¢. In particular the coordinates may be chosen
so that T'(A) = {0}.

Example 1.1.8. Let A be a (-arrangement defined by Q(A) = x1xs ... 2y,
ie. A={Hy,...,Hs}, with H; = {x; = 0} Vi = {1,...,/¢}, is a central
essential arrangement since (. H = {(0,...,0)} =: T(A) and rank(A) =
r({(0,...,0)}) = £. This arrangement A is called Boolean arrangement and

it is the arrangement of the coordinate hyperplanes in K.

Example 1.1.9. Let A be a 2-arrangement defined by Q(A) = zy(x+y—1),
ie. A={Hy, Hy, H3} with H, = {(z,y) € V2 =0}, H, = {(x,y) € Viy =0}
and Hy = {(z,y) € V;x +y = 1}.

Figure 1.1: A
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The Hasse diagram of L(.A) is:

Lo (0,0) (0,1) (1,0)
. ! ><H > !
L(l) 1 \ \|/:/ 3

It is an essential arrangement since rank(A) = r({(0,0)} = r({(0,1)}) =
r({(1,0)}) = 2 but it is not central since H; N Hy N H3 = ().

Example 1.1.10. Let A be a (-arrangement defined by

QA = [] (zi—u).
1<i<j<t
Since T'(A) = Nyea H = {21 = --- = x4}, rank(A) = £ — 1. It follows that
A is a central but not essential arrangement. This arrangement A is called

braid arrangement.

For ¢ =3, A= {H, Hy, H3} with H, = {(z,y,2) € V2 =y},
H2 = {(xvya Z) € V;l’ = Z} and Hs = {(1 Y, ;) cV: Yy = ;}‘

Figure 1.2: Projection of A in the plane Ozy
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1.2 The Mobius function

Definition 1.2.1. Let A be an arrangement and let L = L(A).

Define the Mo6bius function
pa=p: LxL — 7

as follows:

w(X, X)=1 if X e L,
[ J
> ouX,z)=0 if X,YeLand X <Y,
ZeL,
X<Z<Y
[ J
u(X,Y)=0 otherwise.

Note that for fixed X the values of (X, YY) may be computed recursively.
It follows that if v is any other function which satisfies the defining properties

of u, then v = p.
Theorem 1.2.2. I[f X <Y, then u(X,Y) # 0 and sgn u(X,Y) = (—1)7X) =),
Definition 1.2.3. For X € L, define p(X) = p(V, X).

Remark 1.2.4. In general is not possible to give a formula for p(X), but

we know that
Lop(V)=1
2. wW(H)=-1 VHEe€L;

3. ifr(X) =2, then p(X)=|Ax|—1; where Ax ={H e A;H <X}
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Example 1.2.5. Let A be the Boolean (-arrangement.
For X € L,

Proof. Define v(X) = (—1)"%). It suffices to show that v satisfies v(V) = 1
and Y zer,v(Z) = 0 VY € L. Clearly v(V) := (-1)° = 1. IfY € L
and Y irg}i/, there exist H; ,...,H;, € A such that Y = H; N---NH;,.
For every Z € L such that Z <Y, there exist Hj;,..., H; € A such that

Z = Hj; N---NHj; with {J1s-- s dqt SH{i,..yipfand g =7(X) <r(Y) =p.

Then »
S =Y @ =3 (M=o
ZeL, ZeL, q=0 q
Z<Y Z<Y

]

Definition 1.2.6. Let A be an arrangement with intersection poset L and
Mobius function p. Let ¢t be an indeterminate.

Define the Poincaré polynomial of A by

w(A, 1) = 37 p(X)(~t) ),

XeL

The reason for this terminology is that, as we will show in Theorem [I.5.13],
if A is a complex arrangement, 7 equals the Poincaré polynomial of the co-
homology ring of the complement of A viewed as a complex manifold. In
particular, the Betti numbers of the complement of a complex arrangement

are just the coefficients of the polynomial 7.

It follows from Theorem that m(A,t) has nonnegative coefficients.

In fact,

sgn u(X)(=1)"®) = sgn (—=1)r V)X (—1)yr X)) = 41,
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Example 1.2.7. Let A be the Boolean f-arrangement.
We have already proved in Example that pu(X) = (=1)"™). Then

(A t) =1+ (f) (=1)(—t) + <§> (+1)(—t)* + <§> (=1) (=) 4 =

£ e

p

Example 1.2.8. Let A be the arrangement defined by Q(A) = zy(z+y), i.e.
A = {H,, Hy, H3} with H; = {(z,y) € V;2 =0}, Hy = {(x,y) € V;y = 0}
and Hy = {(z,y) € V;x = —y}. The Hasse diagram of L(.A) is:

SIN
N/

H, H;

v
Then

m(A,t) = p(V)(=)° + p(Hy) (=)' + p(Hy)(—t)" 4+ p(Hs)(—t)" + p((0,0))(—t)* =
=1+ 3t + 2t2.

Even if it seems like every Poincaré polynomial of a central arrangement
is a product of linear terms (1 + bt) € Z[t], we give an example that proves

that this is a false impression.

Example 1.2.9. Let A be the central and essential arrangement defined by
Q(A) = zyz(z +y — 2).
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The Hasse diagram of L(.A) is

(0,0,0)

// \\

{(0,0,2)} {(0,y,0) {0,y,9)}  {(z,0,0)} {(z,0,2)}

Oy, sz :By, xy,x—l—y

and then the Poincaré polynomial of A is

(A1) =1+ 4(=1)(=t) + 6(+1)(=t)* = [6(+1) +4(—1) + 1](—t)* =
= (1+t)(1 + 3t + 3t?).

1.3 The Orlik-Solomon algebra

In this section we assume A is a central arrangement.

Definition 1.3.1. Let A be an f-arrangement over a field I and K be a
commutative subring of K.

Let {ey; H € A} be a set of symbols in one-to-one correspondance with the

E1 == @K@H

HeA

hyperplanes of A. Define

the free K-module of all K-linear combination of these symbols and

A
E = E(A) = ANE) =P NE;

the exterior algebra of Fy, that is a graded K-algebra.

;0)}
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Write F; := N E; and uv = u A v. Note that E, := A'E, agrees with its
earlier definition.

Recall that:

o Ey:=ANE, =K;

e ¢4, =0and egex = —exey VH, K € A;

e [, is the K-module generated by the products of p distinct e; with
H, e A

Definition 1.3.2. Define a K-linear map
0= aE EF— F

by 01 =0, deyg = 1 and

p
dem, -..em,) = Z(—l)k_lehz1 . €M, ---€m, Vp>2 Hy,...,H, € A,
k=1
where the notation ey, indicates that the factor ey, is omitted from the

product.

Remark 1.3.3. Since dg o g = 0 and O is homogeneous of degree -1,
(E, 0p) is a chain complex. Moreover, since Jg is a derivation of the exterior

algebra, it gives F the structure of a differential graded algebra.

Definition 1.3.4. Given S = (H, ..., H,) a p-tuple of hyperplanes of A, we
define

|S| :== p, NS:=H N..NH, and eg:=ep,...ey, € E.

For S = () the empty tuple, we agree that |[S| =0, NS =V and eg = 1.
Let S, denote the set of all p-tuples (Hj, ..., H,) and let S = U,>0S,.

Since at the beginning of this chapter we have supposed A central, for every
tuple S, we have NS # (), then NS € L with r(NS) < |S].
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Definition 1.3.5. We say that a tuple S is independent if r(NS) = |5]|
and dependent if r(NS) < |S|.

Remark 1.3.6. The terminology has a geometric significance: the tuple
S = (Hy,...,H,) is independent if and only if the corresponding linear form
apy, ..., o, are linearly independent. Equivalently, if and only if the hyper-

planes of S are in general position.

Definition 1.3.7. Let < be a fixed total order on A.

A p-tuple S = (Hy,..., H,) is standard if H; < --- < H,.

A p-tuple S = (Hi,...,H,) is a circuit if it is minimally dependent, i.e.
(Hy,...,H,) is dependent but (Hy, ..., [/{\k, ..., H,) is independent for every
1<k <np.

Definition 1.3.8. Let A be an arrangement.
Define I = I(A) the ideal of the K-algebra E generated by deg for all de-
pendent S € S, i.e.

I:={as,0es, + -+ ag,des,; p > 0,a5, € £ and S; € S, S; dependent Vi}.
Lemma 1.3.9. If S is dependent, then eg € I.

Proof. For s € S, 0 = 0(eses) = (Oes)es £ es(0es) = es +es(deg). 1t follows
that eg = ey (deg) € 1. O

Proposition 1.3.10. E is generated by the elements es where S is standard

and I is generated by elements of the form Oeg where S is a circuit.

Proof. We need to prove only the second statement. Let S a dependent p-
tuple. There exist T, U C S with T circuit, such that S =T UU. For every
t € T, we have that

des = O(erey) = £(der)eyterdey = +(0er)eytederdey = (feytedey)der.

]
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Definition 1.3.11. Let ¢ : E — FE/I be the natural projection on the
quotient KC-algebra.

Define A = A(A) := E/I the Orlik-Solomon algebra of A and denote
A, = p(E,), ag = p(ey) for H € A, and ag := p(eg) for S € S.

Since F is a graded algebra and [ is a homogeneous ideal of F, A is a

graded algebra

Note that, for p > ¢, A, = 0 since every element of S, is dependent.

Proposition 1.3.12. 0l C I.

Proof. If S is dependent, by Leibniz rule, d(xdeg) = (0x)(des) € I for any
r e L. O

Remark 1.3.13. It follows that:

e Ogp induces a K-linear map 04 : A — A defined by, for = € E,
Ialp(x)) == ¢(9p(x)).

e A inherits the structure of a differential graded algebra.
e (A, 0,) is a chain complex.
Lemma 1.3.14. (A, 04) is acyclic complex of chains.

Proof. We have to prove that Kerds C Im0d,4. For every a € A there exists
u € E such that a = p(u). Let v := ey with H € A and b := p(v). We have
that 0a(ba) = da(p(v)e(u)) = dalp(vu)) = ©(9p(vu)) = @(u — vOpu) =
p(u) = p(V)e0r(u) = ¢(u) — ¢(v)0a(p(u)) = a — bda(a) = a. Then there
exists © € A such that a = d4(z) € Im0a. O
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Proposition 1.3.15. Let A be an (-arrangement, then

l
A=A,

p=0

In particular

l
A=Kao P Kay o P 4,
2

HeA p=

Proof. From now on, for every p, denote I, := I N E,.

Iy = {x0eglxr € E,,S € S, dependent and r + (¢ — 1) = 0} = {z0eg|z €
Ey, S € S; dependent} U {xdeg|z € E;,S € Sy dependent}. Since every
element of Sy and S; is independent, we have that I, = 0 and hence Ay = K.
I, = {z0eglx € E,, S € S, dependent and r + (¢ — 1) = 1}, since the only
dependent elements of S, are of the form S = (H, H), and since eg = €% = 0,
we have I; = 0 and then the elements ay are linearly independent over K
and A; = @4 Kag. O

Example 1.3.16. Let A be the Boolean f-arrangement.

Since S = (Hy, ..., H,) is independent if and only if Hy,..., H, are distinct
hyperplanes. It immediately follows that if S is dependent, than eg = 0,
I =0 and than A = F.

1.3.1 The grading by L(A)

In this subsection we want to discuss a grading on A(A) finer than the

standard grading inherited from E.

Definition 1.3.17. Let X € L(A). Denote
Sx={Se€eS|InsS=X}

and

EX = Z ICeS.

SeSx
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Note that, since S = UXEL Sx is a disjoint union and ExFEy C Exny,
E is an algebra graded by L(A), with

JEZEBEy

XeL

Proposition 1.3.18. [ is homogeneous with respect to the grading of E by

L(A), with
[:EBIHEX

XeL
Proof. 1f S is a circuit with NS = X, then, for every s € S, we have that
N(S\{s}) = X otherwise S\{s} would be a proper dependent set in S. Thus
every homogeneous component of deg = ZSiGS(—l)i_leS\{si} € Ex belongs
to the same Ex. O

Remark 1.3.19. Since E is a graded algebra with respect to L(A) and [ is
a homogeneous ideal of E with respect to the same grading, A is a graded

algebra with respect to L(A), i.e.
i@
XeL

where, for every X € L(A), Ax := If?gx'

Proposition 1.3.20. The grading of A by L(A) is finer than the standard
grading A = @izo A,.

Proof. In order to prove that

4,= P Ax,

r(X)=p

it suffices to prove
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C: For every a € A,, there exists u = Zsesp cses € E,, with cg € K,
such that a = p(u). Note that, for every S dependent, es € I and, for every
S independent with X = NS, eg € Ex (because r(X) = |S| = p), it follows
that a = )"  ses,, csples) € Ax.

S independent

DO: Let X € L,. For every a € Ax, there exists u = ZSGSX cges € Fx,
with ¢g € K, such that a = ¢(u). Since eg € I for every S dependent and
es € E, for every S independent (because r(NS) = r(X) = p), It follows that

a=>, sesy, csples) € A,

S independent

O

1.3.2 The broken circuit basis

The aim of this subsection is to show that the K-algebra A(A) is a free
K-module by constructing a standard K-basis for A(A).

Definition 1.3.21. Let < be a fixed total order on A(A) and denote minS
the minimal element of S with respect to <.

A standard p-tuple S = (H,...,H,) is a broken circuit if 3K € A such
that K < minS and (K, Hy,..., H,) is a circuit.

A standard p-tuple S = (Hy, ..., H,) is a nbc-set if it does not contain any

broken circuit. If S ia a nbc-set, we say that eg is a nbc-monomial.

Remark 1.3.22. Every broken circuit is a dependent tuple obtained by
deleting the minimal element in a standard circuit.

Every nbc-set is an independent tuple.

Definition 1.3.23. Define

nbe,(A) :={S €S, | S is nbc-set} nbe(A) == U nbe,(A);

p=>0
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Co:=K  C, the free K-module with basis {es € E | S € nbc,(A)} for p > 1;

C:=C(A) = @ C, the broken circuit module.
p=0
Note that C(A) is a free graded K-module and a sub-/C-module of E(A).
In general C' is not closed under multiplication in E, so C' is not a sub-X-

algebra of F.

Remark 1.3.24. If S is a nbc-set, for every s € S, S\{s} is a nbc-set. Then
Op(C) C C and the restriction 0 : C — C of g : E — E' is well defined.
It follows that (C,0¢) is a chain complex.

Lemma 1.3.25. (C,0¢) is an acyclic complex of chains.

Proof. First we prove that ey, C' C C' with H; the minimal element of A with
respect to <. Let S be a nbe-set. If (Hy,.S) contains a broken circuit, then
there exists 5" C S such that (H;,5’) is a broken circuit. Since every broken
circuit is obtained by deleting the maximal element in a circuit, there exists
a circuit 7" such that (Hy,S") = T\minT. It implies that minT < H;, that
is absurd for hypothesis.

In order to prove that (C,0¢) is an acyclic complex of chains, we have to
demonstrate that Ker(dc) € Im(d¢). Let ¢ € C with ¢ (c) = 0 and H; the
minimal element of A with respect to <. Thanks to the previous statement,

we know that eg,c € C, then ¢ = ¢ — ey, (0c(c)) = dc(eny,c) € Im(9c). O

Remark 1.3.26. Since E is a graded algebra with respect to L(A), C' is a

graded algebra with respect to the same grading, i.e.

C =Py,

XeL

where, for every X € L(A), Cx := CN Ex.
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Lemma 1.3.27. The grading of C' by L(.A) is finer than the standard grading
¢

Proof. Tt suffices to prove that for every p > 0,

C,= P CnEx =  Cx.

XeLy XeLy

C: Let eg € C,. Since S is a nbe-set with |S| = p, it is an independent tuple
with r(NS) = p. It immediately follows that es € @y, Cx -

DO: Let eg € Cx with X € L,. Since every S € nbc(A) is independent,
|S| =r(NS) =7r(X) =p, then eg € C,,. O

We introduce now two statements that will be very usefull in the next
theorem (see Proposition 3.31 and Lemma 3.40, [OT92] for the proofs).

Proposition 1.3.28. Let X € L(A) and Ax := {H € A|H < X}.
1. Ax<./4x) ~ Ax(A)
2. Cx(Ax) = Cx(A).

Theorem 1.3.29. Let ¢ : E — A(A) be the natural projection such that
p(eg) = ag. The K-linear homomorphism ¢|cay : C(A) — A(A) is an

isomorphism of graded KC-module.

Proof. Tt suffices to prove that, for every X € L(A), ¢lc, : Cx — Ax is
an isomorphism. We use induction on rank(A).

If rank(A) = 0, we have that L = {V}, then C =Cy :=CNEy =CNK =
K = Ay = A. It follows that ¢|¢, is the identity map.

Suppose the theorem holds for rank(A) < r. We need to prove it for
rank(A) =r. Let X € L(A).

o If r(X) < r, then r(Ax) < r, so by induction hypothesis
¢ : Cx(Ax) — Ax(Ax) is an isomorphism. Considering Proposition
1.3.28) it follows that ¢|cy : Cx(A) = Cx(Ax) > Ax(Ax) ~ Ax is

also an isomorphism.
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o If r(X) =r, since A is a central arrangement, X = T where T is the

center of A. Now consider the following diagram

dc

dc dc
0 > O y Oy > .. > Co > 0
lwlcr lsolcr_l lsolco
oA da o4
0 > A, y A1 > .. y Ag > 0

Since A, = ®xer,Ax and C, = ®xer,Cx, it follows that ¢, is an
isomorphism for every p < r. For the five lemma we have that also

¢|e, is an isomorphism.
]

Corollary 1.3.30. {as € A(A); S is nbc-set} is a basis, called the broken
circuit basis, for A(A) as a graded K-module.

Example 1.3.31. Let A be the central and essential arrangement defined
by Q(A) = zyz(z +y)(z +y — 2).

Define Hy = {z +y = 2},H, = {x = 0}, H, = {y = 0}, H; = {# = 0} and
Hy = {x = —y}. The Hasse diagram of L(.A) is

{00,9.9)}  {(2,0,2)} mO} {002 {(0,5,0}  {(«,0,0)}

N\

{(m,y,a:+y)} {(Ovywz)} {<x>0>z)} {<x>y70)} {('CE’_%Z)}

The circuits of A are: {(Ho, Hs, Hy), (Hy, Hy, Hy), (Ho, Hy, H, H3)}, then

an(A) = (Z) U Sl U SQ\{(HQ, H4>, (Hg, H4)}U
U {(Ho, H1, H,),(Ho, Hi, Hy), (Ho, Hy, Hy), (Ho, Ha, Hs)}.
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Then {as;S € nbc(A)} is the broken circuit basis of A(A). Note that in
order to compute this basis we needed only the poset L(A).

1.3.3 The deletion-restriction exact sequence

Definition 1.3.32. Let A = {H, ..., H,} be a non-empty arrangement and
let H' a fixed hyperplane in A. We define two new arrangements:

A" := A\{H'} obtained by the deletion of H" and

A" :={HN H'|H € A} obtained by the restriction of A to H'.

Remark 1.3.33. A’ is an f(-arrangement with |A’| = n — 1, and A” is an
(¢ — 1)-arrangement in the space H' with |A"] <n — 1.

For any object O associated with arrangements, we write O = O(A),O" =

(A') and 0" = O(A").

Without loss of generality, from now on we will always choose H' as the

last hyperplane H,.

Definition 1.3.34. Let A, A" and A" as defined above. Define the map
A A — A

H+— HNH,

and, for every S = (H; ,H; ), the g-tuple

Ly
/\(S) = (Hj“...,qu)
such that A\(H;,) = Hj, for every k € {1,...,p} and exs) :=epm; A+ Nen,, .

Note that, since distinct hyperplanes in A may have identical intersection

with H,, the indices j; need not to be distinct and then |A”| < n — 1.



The Orlik-Solomon algebra 19

From now on, we choose linear order on A’ and A” such that A" in-
herite the order from A, ie. A" = {Hi,...,H, 1}, and in A", for every
i,j €{l,...,n—1}, H;N H, precedes H; N H,, if and only if H; precedes H;
in A’

Let’s consider the sequence

\ / i \ ‘7 \ " \
0 7 E’ 7 E 7 E 7 0,
where ¢ is the natural inclusion
i(es) = €g

and

] EXN(S\{Hp}) if Hn < S,
](65) =

0 otherwise.

Note that 7 is an injective map, j is surjective, Im(i) C Ker(j) but Ker(j) €
Im(i). In fact, if S = (Hy, He, H,) where H; N H, = Hy N H,, then
jles) = emnm,emnm, = 0, but S is not a tuple of hyperplanes of A’. It

follows that this sequence need not to be exact at E.

Now we prove a lemma that will be very usefull in Proposition [1.3.36| and
in Theorem

Lemma 1.3.35. 1. i(I') C I;
2. §(I) C I;
3.i(C") C C;

4. J(C) =C".
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Proof. 1. It immediately follows from the fact that if S is dependent in
A’ then it is dependent also in A.

2. Let eg € E. If H, ¢ S, then j(eg) = 0. If S = (H;,,...,H,,, H,),
we have that NA(S\{H,.}) = (H;, N H,,..., H;, " H,) =NS. If S is
dependent, then ap, ,...« Hy,» O, Are dependent functionals, and then

m, are dependent functionals, that is A (S\{H,})

is dependent too. Now

also O, | Hys - - Ol

j(Pes) = J (Oes\imay)em, £ e\ 0en,)) = 7 (0(es\uy)en,) =

=J (Z(—l)j_lfiS\{Hj,Hn}@Hn) =
J=t1
= > (=1 'en, an, - €M, - CH,OH, =

Jj=ti1

= (e, nH, - - - em, nm,) = Oens\(a,y) € 1.

3. Let eg € C". If eg ¢ C, then there exists S’ C S and H € A such that
H < minS" and (H,S") circuit. Since S is a nbec-set for A’, it follows
that H has to be equal to H,, but H; < H,, for every i € {1,...,n—1}
and this contradicts the hypothesis.

4. First note that if S € {HiNH,,...,H,_ 1 N H,}, there exists S €
{H,,...,H,} such that A\(S\{H,}) = S. The thesis immediately fol-
lows from the fact that S is a nbe-set if and only if A(S\{H,}) is a
nbc-set.

]

Proposition 1.3.36. Let i and j be the restriction of i and j respectively to
C" and C. The short sequence

15 exact.
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Proof. Thanks to 3) and 4) of Lemma [1.3.35] the sequence is well defined.
Moreover, since ¢ is injective, j is surjective and j ot = 0, it suffices to prove
that Ker(j) C Im(3).

Let N C C be the sub-XC-module generated by {es|H,, € S, S nbc-set}, since
C = N @i(C") and since i(C") C Ker(j), we have that Ker(j) C Im(i) &
Kerj N N = {0}. Then it is enough to check j is injective over N. Let S,T
nbc-sets such that H, € S, H, € T and suppose S # T. It follows that if
eAS\{Hn}) = EA(T\{H,}), then N(S\{H,,}) = AM(T\{H,,}),so IH, € S,H, € T
with Hs, # H,, such that H, N H, = H; N H,. This implies that, if we
suppose Hy < Hy, {Hs, H;, H,} is a dependent set and then {H;, H,} is a
broken circuit. This contradicts the fact that T is a nbe-set. It follows that
S =T and this completes the proof. ]

Theorem 1.3.37. The not exact sequence

0 yE — s B L R

e}

descends to the exact sequence

0 N L SN S RN U s 0.

Proof. Thanks to 1) and 2) of Lemma|1.3.35| factorising
0= EA), % E(A)r 2 E(A")i_1 — 0 we obtain the well define se-

quence 0 — A(A') N A(A), 2 A(A")—1 — 0. Theorem [1.3.29] and
Proposition [1.3.36] suffice to conclude. [
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1.4 The matroid M(A)

In the previous section we have construct the Orlik-Solomon algebra A
of a central arrangement A and it is clear by its definition that it depends
only on the poset L(A), i.e. on the linear dependencies of the hyperplanes.
We now want to show that the Orlik-Solomon algebra depends only on a

particular matroid associated with the arrangement.

The next statement immediately follows from Remark [1.3.6]

Proposition 1.4.1. The pair (A,{S € ;S independent}) is a matroid,
called the matroid of the arrangement M = M(A).

Remark 1.4.2. e {S € S|;S is a circuit} = C(M) where C(M) is the

set of circuits of M;

e If r is the rank function on L(A) = {NX; X C A} and rp is the rank

function of the matroid of the arrangement, then r(NX) = rp(X);

o cl(X)={K € A;ax € span{ay; H € X}}.

Theorem 1.4.3. Let A = {Hy,...,H,} be a central arrangement and let
L(A) and L(A) be, respectively, the poset of intersections of the arrangement
and the poset of flats of the matroid of the arrangement. Then

L(A) = L(M).
Proof. Let S, T C {Hy,...,H,}. Then

NS =nNT & span{agy|H € S} = span{ay|H € T}
& cl(S) = c(T).

Since L(M) = {cl(X)|X C E}, it follows that the map ¢ that sends
NS to cl(S) is an isomorphism between L(A) and £(M).
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It immediately follows that

Corollary 1.4.4. Let A be a central arrangement. Then the poset L(A)
of the intersections of the hyperplanes of A depends only on the matroid of
the arrangement M(A). Thus the matroid M(A) encapsulates the essential
information about A needed to define L(A) and the Orlik-Solomon algebra of

the arrangement.

Example 1.4.5. Let A be the central and essential arrangement of Example

1.3.31| with Hasse diagram of L(.A)

Note that:

Z(M) :={S € 8|S is independent} = {D}US1US2U(S3\{(Ho, Hs, H4), (H1, Ho, Hy)});
C(M) = {(Ho, Hy, Hy), (Hy, Ho, Hy), (Ho, Hy, Hy, H3)}

and B(M) = S3\{(Ho, H3, Ha), (H1, Hz, Hi) }-

In order to construct the lattice of the flats of M(.A), first we have to compute

the rank and closure function of M(A).

r(0) =0
r((H;)) =1 Vi
((Hi, H;)) = r((Ho, H3, Hy)) = r((H1, Ha, Hy)) = 2 Vi # j
((Hi, Hy, Hy)) =7r(X) =3 V(i,7,k) ¢ {(0,3,4),(1,2,4)},

VX € S, US:s.
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Then
cl(0) =
c({H:}) = {H} Vi
cl({H;, H;}) = {Hi, H;} v{i,j} ¢ {{0,3},{0,4},{3,4}, {1, 2}, {1,4}, {2, 4}}
cl({H;, H;}) = {Ho, Hs, Ha} V{i,5} € {{0,3},{3,4}, {0, 4}}
cl({Hi, H;}) = {Hy, Hy, Hy} Vi, gy € {{1,2},{1,4},{2,4}}

cl({Ho, Hs, Hy}) = {Ho, H3, H,}
cl({H1, Hy, Hy}) = {Hy, Hy, Hy}

({Hia Hk}) - Cl( ) A V{i,j, k} ¢ {{07374}’ {1’274}}
VX € S4US:s.

Finally we have:

‘C(M) :{@} U Sl U {{sz Hj} V{Z,j} ¢ {{07 3}7 {074}7 {3’ 4}’ {17 2}7 {174}7 {27 4}}U
U{Ho, Hs, Hy} U{Hy, Hy, Hi} USs.

The Hasse diagram of £(A) is

{HO Hl HQ H3 H4

N T

{Ho, Hi}  {Ho,Ho} {Ho, H3, Hi} {Hi, Ha, Ha} {H1, Hs} {Ha, H3}

N

{Ho} {Ha}
N

which is isomorphic to the Hasse diagram of of L(.A).
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1.5 Cohomology of the complement M (A)

Definition 1.5.1. Let V¢ v Cf be a complex vector space and A be an

arrangement in Vg. Denote the complement of H as
My :=V\H
and the complement of A as

M =M(A) :=V\ | ] H.
HeA
Note that, since V' is an open smooth manifold of real dimension 2¢ and
M, My are open in V', M, My are open smooth manifolds of real dimension
20. Tt follows that we can study theirs de Rham cohomology H*(M;Z.) and
H*(Mpy; 7). All cohomology rings to follow have integer coefficients, and we

henceforth omit the Z from our notation.

Remark 1.5.2. The canonical generator of H'(C*) ~ Z in the de Rham
cohomology can be represented by the form ﬁdlog(z). It follows that, since
My is homotopy equivalent to C* via projection onto a complex line meeting
H transversely, H'(My) ~ H'(C*) ~ Z. Note that, for every H € A, we

have a well-defined map
@H’MH : MH — C".
It follows that we are allowed to give the next definitions.

Definition 1.5.3. For every H € A, define on V the following logarithmic
form

1
wy = ﬁdlog(ab{).

We will denote w;, instead of wy,, the logarithmic form of H; € A.
Let 7 and j be the inclusion maps i : My — V and j : M — V.
Denote < wpy > the cohomology class of wy in H'(My) and [wg] the

cohomology class of wy in H'(M).
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Remark 1.5.4. Let k be the inclusion map k£ : M —> My, then
1
<wy >=H' (anliy,) (%dlog(z)> € H' (Mpy);

[wn] = H'(k*)(< wy >) € H'(M).

Note that the cohomology classes [wy| € H'(M) determine a homomor-
phism of graded algebras ¥ : E — H*(M) sending ey — [wg].

Proposition 1.5.5. The map ¥ defined above, descends to a homomorphism
of graded algebras 6 : A — H*(M).

Proof. Tt suffice to prove that ¥(I) = 0. Let S = {H,,,..., H; } be a depen-
dent set and consider {;,, ..., q;, } the set of the correspondent linear depen-
dent functionals. Without loss of generality, we can suppose «;, = Zkf ! CjQ;
where ¢; € C for every j, then w;, := L doy L Zf;ll €00, T,

27 Oy
Thus

k
V¥(Deg) : Z 1 19(es, A N Neg N Neg, ) =

7=1
k—1
= ( 1)j 1(wi1 VANCEIVAY @ VAN N —'CjOéijwij)‘f—
j=1 *
+ _1)k l[wil N /\wlk 1] =
k—1
= ( 1)j_1( 1)k_]_1 Cjaij[wll A /\wlk 1]+
i=1 i
+ _1)k_1[wil A /\wlk 1] =
k—1 1
= (123 g + (1)) A Ay =
g=1 "k
= <(_1)k 1( — 0y, + 1)>[wl1 A @i, ]
i
= 0.
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1.5.1 Isomorphism between A(A) and H*(M(A))

Our aim is to prove that the map 6 of Proposition is an isomorphism
of graded algebras. In order to do this we construct an exact sequence in

cohomology analogous to the one that we have construct with Orlik-Solomon

algebras in Theorem [1.3.37

Let (A, A, A”) be the deletion restriction triple determined by the hyper-
plane H, € A. We denote the complements of these arrangements by M’ M
and M" respectively.

Remark 1.5.6. M" = H,\U,,,(H; "V H,) = M’ 0 H, and M = M"\M".

Lemma 1.5.7. There exist two maps ¢ and 1) such that

HE(i%)

s HMMY) HAY (M) —2 HFY(M") —Y HMY(M) —— ..

is a long exact sequence in cohomology, where iy : M — M’ is the inclusion

map.

Proof. By the long exact sequence of the pair (M’', M),

HE(i%))

. k .
. HNM) HA M) i geaog, a2 gEaogy

it is enough to find an isomorphism H*~1(M") ~ H*1(M', M).
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Since M"” = M' N H,, we can consider a tubular neighborhood N of M”
in M’ and Ny := N\M". For example, in the arrangement of Example [1.1.9]

we would have:

Figure 1.3: Tubular neighborhood of M"” = M’ N Hj.

It follows that there exists a vector bundle £ = (N, 7, M”) of rank 1 such
that the restriction on Ny is a bundle with fibre homeomorphic to C*. Since
both bundles are restriction of trivial bundles over H,, it follows that they
are trivial and (N, Ny) = M” x (C,C*) up to homeomorphism. Thus

H*(N, No) = H*(M") ® H*(C, C*).

For every k there is an isomorphism 7 : H*(M") — H""(N, Ny) called
Thom isomorphism (for further information see [BT95, Chapter 6]).
Since M'\N C M C M’, by excision we have

HY(M', M) ~ H*(M'\(M'\N), M\(M'\N))
and since M\ (M'\N) = N\M" = Ny, we have an isomorphism
r: HY(M', M) — H*(N, N).

Thus if suffice to define ¢ := 71 oro H* and ¢y = H**'jor-tor. O
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Now we can finally conclude that

Theorem 1.5.8. The map 0 : A — H*(M) is an isomorphism of graded

algebras.

Proof. We use induction on |A|. If A =0, A~ H*(M) =7 and

0:A— H*(M) is the identity map. If A # (), we can consider the deletion
restriction triple (A’, A, A”) determined by the last hyperplane H,, and we
have already proved in Theorem that, for every k, the sequence

0 s AL A L AT —— 0

is exact. Let’s consider the following commutative diagram for every k.
0 > Al s Ay ! > Al > 0
J/a/ l@ l@//

k i*
0 —— ) U gy 4 Y M) —— 0

By induction hypothesis, 6’ and 0" are isomorphisms. If we prove that
the second row is exact, then, thanks to the five lemma, we can conclude
that 6 is an isomorphism too. From Lemma we know that the second
row is exact in H*(M). Since the first row is exact in Af, 0” 0 is surjective.
It follows from the commutativity of the diagram that 6 o v is surjective,
thus ¢ is too and the second row is exact in H*"*(M"). Again from Lemma
[1.5.7, Kery = Im¢ = H*1(M") i.e. ¢ = 0. It immediately follows that
KerH*(i%,) = Imi = 0 and then the second row is exact in H*(M’).

O

Corollary 1.5.9. The cohomology classes [wy| generate H*(M).

Remark 1.5.10. In other words, the cohomology algebra H*(M(A)) is iso-
morphic to the algebra A with

e A generated by {ag; S independent set}. The degree of ag is |S|.
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e The following types of relations
1. For any two generators ag and ag,

0 if SIS is a dependent set
asagr — ,
(—1)455 a6 e otherwise
where, for C'={c; < - <¢g}and D ={dy <--- <dy}, ¢{(C,D)
denote the lenght of the permutation that takes
(C,D)=A{c1,...,c,dy,...,dy} into C'UD.

2. For every circuit C,

d(ac) = > (=1 ac\u, = 0.

H]‘EC

1.5.2 Consequences

In Section [1.4] we have seen that the Orlik-Solomon algebra A(A) depends
only on the matroid M(A). Thanks to Theorem we can say that also
the cohomology of M(.A) is completely determined by the matroid M(.A).

Since the complement of a hyperplane f-arrangement in V ~ C’ is a
manifold of real dimension 2¢, we know that H*(M(A)) = 0, for every k > 2/.
Moreover, thanks to Theorem [1.5.8, we can also state that

Corollary 1.5.11.
H*(M(A)) =0, for every k > (.

Definition 1.5.12. The Poincaré polynomial of the complement is
defined as

Poin(M(A),t) =Y b,(M)t",

p=>0

where, for every p, b,(M) = rank(HP(M)) is the p-th Betti number of M.
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Theorem 1.5.13. Let A be a complex arrangement. Then
Poin(M(A),t) =m(A,t).

where m(A,t) is the Poincaré polynomial of A.

In particular

X€ELy
Example 1.5.14. Let A be the arrangement of Example [1.3.31] in which we
have already computed {ag; S € nbc(A)} the broken circuit basis of A(A),
with
an(A) = (Z) U Sl U SQ\{(HQ, H4>, (Hg, H4)}U
U {(H07 H17 H2)7 (H07 H17 H3)7 (H07 H17 H4)7 (H07 H27 H3)}

Since A(A) is a graded algebra isomorphic to H*(M(A)),

5
by =1 by =5 b2:<2>—2:8 bs = 4.

If we compute b, using Theorem [1.5.13| we obtain the same results. In fact

/ 0 ' O \
{(0,9,9)}  {(2,0,2) —2,0)} _{(0,0,2)} ~ {(0,5,0)}  {(£,0,0)}
{(a:,y,a:+y)} {<an72)} {(:L‘,O,Z)} {(:my,())} {(%,—:L‘,Z)}
\ ) /
D oxer (—D°u(X) = (-1)°(1) = L;
erLl(_l)PJ(X) =5(-1)(—1) =5
D oxer, (C12(X) = 4(=1)%(1) + 2(-1)*(2) = §;
D oxer, (—1)?(X) = (=1)°u((0,0,0)) =3, o0 #(Z) =1 =5+ 8 =4.
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Chapter 2
Complex tori

Definition 2.0.1. The d-dimensional complex torus is the set T := (C*)?
of d-tuples of non-zero complex numbers. This is a group under coordinate-

wise multiplication.

Let’s now consider the surjective group homomorphism f : C — C*
such that f(z) = exp(2miz). Since Ker(f) =7, C/Z ~ C*. It immediately
follows that exists a group isomorphism f such that C¢/Z% ~ (C*)4.

2.1 Characters of the torus

Definition 2.1.1. A character of (C*)¢ is a group homomorphism
[ (€4 — ¢
Denote A the set of characters of (C*)<.

Definition 2.1.2. Define C[t{",...,t3'] the ring consisting of Laurent

polynomials

ot = D Naanti® -ty

with finitely many A, .. 4, # 0.
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Proposition 2.1.3. Let f : (C*)? — C* be a Laurent polynomial.
f is a character of (C*)? if and only if it is a Laurent monomal, i.e. for

every t € (C*)%,
d
fltr,.ota) =[] &
i=1
with a € 7.

Proof. <=: It is immediate to verify since, for every t,s € (C*),

f(ts) = (t1s1)™ ... (tgsa)™ = t7* . t50sT ... syt = f() f(s).
=: Let s € (C*)? and define m, the multiplication operator

ms: A — A

fr—f
such that f(t) := f(st). If f is a character of (C*)?, it is an eigenvector for
the operator my of eigenvalue f(s), in fact ms(f)(£) = f(s)f(2).
In particular, if a,b € Z¢ with a # b, then the characters [, t* and ], t%
are eigenvectors for m, of distinct eigenvalues.
It follows that there exist A € C*, a € Z? such that

d
F=x]]t
i=1

In fact, let f(2) := A\ []t% + X\ [[ " and suppose a # b. Since f is a
eigenvector of myg, there exists ¢ € C* such that my(f) = cf. Since ev-
d

ery monomial of the form [[;_, ¢ is an eigenvector of my, if follows that

=1 "

there exist ¢1, ¢y € C* such that my(f)(t) = Aams(JTt%) + Nems(JT27) =
Aot TTt2 + Mo [t Thus ¢; = ¢ = ¢, that is absurd since a # b.

We conclude noting that, since f is a non-zero group homomorphism,

f(1) =1, then A = 1.
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Looking only at characters that lie in C[t;, ... 3], so we can say that

Corollary 2.1.4. The set A of characters of (C*)? is an abelian group under

coordinatewise multiplication, naturally isomorphic to Z.°.

Proof. It immediately follows from Proposition that the mapping

is a group isomorphism between the additive group Z? and the multiplicative
group A.
]

Example 2.1.5. Consider two characters on (C*)? — C*:
(tit2) = () (tte) = (87183).

The first is identified with (0,3) € Z? and the second one
with (=1,2) € Z2 Their sum is the character (¢,t,) + (t;'t3) which is
identified with (—1,5) = (0,3) + (~1,2) € Z2.

Definition 2.1.6. A character x of (C*)? viewed as an element (ay, ..., ay)
of Z4, is called primitive if GCD{ay,...,aq} = 1.

Example 2.1.7. Consider again the characters on (C*)* — C*:
(tite) = (83)  (tte) = (8'8).

It is obvious that the first one isn’t primitive (GC'D{0,3} = 3) while the

second is.

2.2 Fundamental group and de Rham coho-
mology ring

Since (C*)? is a d-dimensional complex manifold, it is a 2d-dimensional

real manifold and as such we can compute its de Rham cohomology.
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First we introduce a very important statement that will be very useful in the
computation of the fundamental group and the coomology groups of (C*)?

(see Appendix C for the definition of strong deformation retract).

Proposition 2.2.1. S is a strong deformation retract of C*.

In particular St and C* are homotopy equivalent.

Proof. 1f we take
r:C*— St

Z — £

[1=[1

we immediately see that r(z) = z for every 2z € S', and then r is the
retraction wanted.

We can conclude considering
F:C" x[0,1] — C*

(z,1) iz +(1—t)

In fact, for every z € C* and for every a € S, we have that

. F(Z,O)ZﬁZ(iOT)(Z)§
o F(z,1) =z = Idc+(2);
. F(a,t):a YVt € [0,1].

Moreover, through F|si,0,1), S Land C* are homotopic equivalent.

Corollary 2.2.2.

71 (SY) ~ 7 (CF),
H:ER(SI) ~ Hjr(C").
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Recall that 7, (S') ~ Z, HY,(S') ~ Z Vk = 0,1 and H%,(S') ~ 0
Vk # 0,1. We can now easily compute the fundamental group and the de
Rham cohomology groups of the torus 7' = (C*)¢, using basic properties of

algebraic topology. In fact,

Proposition 2.2.3.
T (T) = Zd.

Proof. For every z = (z1,...,24) € T = (C*):

7T1(T,§) ~ 7Tl<G*,Zl) X oo X 7Tl<C*,Zd) ~

Proposition 2.2.4.
HE(T) =2 vk <

Proof. Thanks to Corollary and Kunneth formula, we obtain, for every
k:

Hip(T)= @@ HRC) - @ Hip(CF) ~
i1+ tig=k

P HRSH @ ® Hi(S') ~

i1+ tig=k

:@Z:

i1+ tig=k
d
k

— 7).

12
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Remark 2.2.5. In order to study the ring structure of H;,(7), we must
recall that Hj,(S') ~ A(x) with deg(z) = 1. Thanks to Kunneth formula,
we have that Hi,((C*)?) ~ H}p(C*) ® H;p((C*)41), then, by induction we
have that H3,((C*)?) ~ A(zy,...,z4) with deg(z;) =1 Vi € {1,...,d}.
Thus

HEA(T) =~ A (21, ... wq) =< {xiy A--- Ay, withip # i, VE#m} > .

This means that every k-form of the torus can be written as the wedge of k
different 1-forms. Then H};5(T) = A(H}z(T)) is generated in degree one.

Example 2.2.6. Let T = {(t,s) € (C*)?} be the 2 dimensional complex

torus.

Hc(l)R(T) | >=
1 dt 1 ds
1 _
Hip(T) =< [2m’ f] {2“, J l; [a] >,

2w t 2w S8

Hin(T) =< |50 7] 3 ds] S [ Ails] >

2.3 Coverings

In order to study the coverings of "= (C*)?, we have to recall a funda-

mental theorem in algebraic topology.

Theorem 2.3.1. Let X be a topological space path connected and locally path
connected such that there exists a universal covering q : X —s X. Then, for
every x € X and for every subgroup H < m(X,x), there exists an unique
covering p : E — X and a point e € p~'(z) such that H = p,m(FE,e).
Moreover

deg(p) = [m(X,z) : H].
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Corollary 2.3.2. If p: U — T is a finite covering, then U = (C*).

Proof. We want to prove that, for every H < m1(T) of finite index, there
exists a finite covering p : (C*)? — T such that p,m((C*)¢) = H, then,
thanks to the uniqueness of the finite covering we conclude.

Since m(T) ~ Z4, it follows that every subgroup of finite index H of m(T)
is isomorphic to Z4, then if {vy,...,vq} is a basis of H and {e1, ..., e4} is the

canonical basis of Z, we have that
7¢ ~ H — 7°
V; — a;1€1 + - F ;. d€q-

This implies that for every H < Z¢ there exists A € GL4(Z) such that

H = Im(A). Now we conclude considering

p: (C*)d — T

ai,1 al,.d ad,1 ad,d
(wr,..oug) > (ug™ gty ug™)

which is a finite covering of T with p,.(m (U)) = H.
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Chapter 3

Toric arrangements

3.1 The poset of layers L(A)

Definition 3.1.1. Let T = (C*)? be a complex torus, and let A be the set
of characters of T
Consider a list ¥ = (x1,..-,xn) € A4 and b = (by,...,b,) C (C*)%. The

toric arrangement defined by \ and b is
A={H;ie{l,...,n}},

where H; := x; (b)) is the levet set of x; at level b;. We call every H; a
hypertorus. We will always denote by n the number of hypertori in the

arrangement and d the dimension of the complex torus.

Remark 3.1.2. Every toric arrangement can be described by primitive
characters. In fact, if x = (a1, ...,aq) is a non-primitive character, there ex-

ists a primitive character x’ such that y = my’ with m := GCD{ay, ..., a4},
then x7'(0) = {(x')~*(c); ™ = b}.

41
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Example 3.1.3. Consider the character y such that (¢,s) — s. It is non-

primitive since, viewed as an element of Z?, y = (0,3) = 3(0,1) = 3y’

(C)%s* =1} =

= ()73 U ()T e3™) U () TH ().

Definition 3.1.4. A toric arrangement is central if b = (1,...,1) i.e. if H;

is the kernel of y; for all i.

Definition 3.1.5. Let A be a central toric arrangement defined by ¥ =
(X1 -+ Xn) With x;(t1,...,tg) = 7' ... t5e. Define, in C% the hyperplane
arrangement
A= {]—ifik;kEZ,izl...,n}
with
f[ik = {(21,...,24) € C%an2) + - + ajqrq = k}.

Such hyperplane arrangement is called periodic.

Remark 3.1.6. The family of hyperplanes {H*; k € Z} is the preimage of
H in the universal cover of (C*)?. In fact, in the previous section, we have
seen that there is a group isomorphism f such that €¢/Z? ~ (C*)?. It follows
that

FUH) = {(21,...,14) € CH(eFm)m . (eFMimd)% = 1} =
= {(z1,...,2q) € CYayxy + -+ agzg =k Vk€Z} =

Example 3.1.7. Let T' = (C*)? and consider the central toric arrangement .4
defined by X = (x1, X2, x3) with x1(¢, s) = ¢, x2(, s) = s and x3(t, s) = t?s7 1.

(C*)s = 5™y U{(t,5) € (€)% s = 3™ FU{(t,5) € (€)% s
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We can then consider the hyperplane arrangement A given by the hyper-
planes, for every k € Z, "= {(z,y) € C*|x = k}, ' = {(z,y) € C*ly =
k} and ﬁgk = {(x,y) € C*|22 —y = k}.

. = /72
Figure 3.1: A — A

Definition 3.1.8. A toric arrangement A is unimodular if, for every A C

{Hi,...H,}, Ng,eaH; is either connected or empty.

Example 3.1.9. Let T' = (C*)? be the 2-dimensional torus and A = {H;, H}
where Hy := {(t,s) € (C*)?|t = 1}, Hy := {(t,s) € (C*)?|s = 1}. Tt is

obviously unimodular since H; N Hy = {(1,1)} is connected.

Figure 3.2: A - A
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Take, instead, A" = {H;, Hy} where H, = {(t,s) € (C*)*|ts = 1},
Hy = {(t,s) € (C")*|ts ' = 1}. A"is not unimodular since H;NH, = {(1,1), (—1,—1)}.

/

/ — =

Figure 3.3: A’ — A’

Definition 3.1.10. Let A be a toric arrangement on 7' = (C*)? and let
L(A) be the set of all connected components of non-empty intersection of
hypertori of A. We agree that L(A) includes T as the intersection of the
empty collection of hypertori.

The elements of L(A) are called layers of the arrangement.

Define a partial order on L(.A) by the reverse inclusion:
X<Y&Y X

Define also a rank function on L(A) such that, for every X € L(A), r(X)
is the lenght of any chain 7" < --- < X.

Definition 3.1.11. A toric arrangement A is essential if the maximal ele-

ments in L(.A) are points.

From now on we will consider only essential arrangement with < a fixed

total order on it.
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3.2 The arithmetic matroid M(A)

Since A ~ Z4, we can identify every character of T = (C*)¢ with an ele-
ment of Z?. We say that a subset of hypertori is independent if the defining
characters of these hypertori are linearly independent over Q.

For every toric arrangement A = {H;,...,H,} in T = (C*)? we can con-
sider the pair (A, {S C {H,, ..., H,} with S independent}) that is a matroid
called matroid of the toric arrangement M := M(A).

Definition 3.2.1. Let A = {H,..., H,} be a toric arrangement and S a
p-tuple of hypertori of A. Define [S] the integer d x | S|-matrix whose columns
are the characters in S viewed as elements of Z?. The columns appear in the
total order < chosen on A.

We say that S is a circuit if it is minimally dependent, that is, S is linearly
dependent but any proper subset of S is not.

Let min(S) be the minimal element of S with respect to <. S is a broken
circuit if 3K € A; K < min(S) and (K, S) is a circuit.

S is a no-broken-circuit set (nbc set) if it does not contain any broken
circuit. Denote nbc(.A) the set of all nbc sets.

Remark 3.2.2. e SC{Hy,...,H,} is an independent set if and only if
rank([S]) = |S];

e {SC{Hy,...,H,} with S circuit} = C(M) the set of circuits of the
matroid M (A);

e cvery nbc-set is an independent set.
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Example 3.2.3. Let T' = (C*)? be the 2-dimensional torus and A = {Hy, Hy, H3, H,}
where H, := {(t,s) € (C*)?|t = 1}, Hy := {(t,s) € (C*)*s = 1},
Hy :={(t,s) € (C*)?*|ts =1} and H, := {(t,s) € (C*)*|ts' = 1}.

N
’
=
/
Figure 3.4: A’ z, A’
The Hasse diagram of L(.A) is:
(1,1) (-1,-1)
SN TN
H, H, Hy Hy
\\ //
(C*)?

Note that every hypertorus and every pair of hypertori is independent.
Moreover C(M) = {{H,, Hy, H3},{H1, Hy, H,},{ H1, H3, Hy},{H>, H3, H,} },
the broken circuits are: {Hs, H3} {H2, Hy} {Hs, H,} and
nbe(A) = {0, {H:}, {H2}, {Hs}, {Ha}, {H1, Ha}, {H1, H3}, {H1, Ha}}.
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Definition 3.2.4. Let A= {H,,..., H,} a toric arrangement in (C*).
For every subset S of hypertori of A, viewed as a subset of A, define

Ag =< § >C A,
A = (Q @z As) NA,
m(S) :=[A*: A4] multiplicity of S,

where < S > is the Z—module generated by S.

For S = () we agree that m(S) = 1.

Remark 3.2.5. m(S) is the greatest common divisor of all minors of [S]
with size equal to the rank of [S]. In particular if [S] is a non singular square
matrix, m(S) = |det([S])].

0 3

Example 3.2.6. Take S = {<1> , (1>} C 72

0 3 3
ASI ma -+ Mo ;My, Mo A= e ;My, Mo e QZZ,

1 1 my + Mo

0 3 3
A =g + ¢ Q1,2 €QpNZF = 2 ) peqinze

1 1 91+ q

Since Z C Q, obviously Ag C A%, but Ag C A® since, for example

(O) + 3 <3> e A%\ Ag.
1 1

Since Ag ~ 3Z @ Z and A° ~ Z?, we have that

W

s _[AS:A]_
[A .AS]—[AS:A]—?),

that equals
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We now introduce the definition of arithmetic matroid.

Definition 3.2.7. A triple M = (E,Z, M) is an arithmetic matroid if (E,T)

is a matroid and m : P(E) — N is a function such that:

o if AC F v e Eisdependent on A (i.e. ry(AU{v}) =rym(A)), then
m(A U {v}) divides m(A).

e if AC F, v e E isindependent on A (i.e. ry(AU{v}) =rpm(A)+ 1),
then m(A) divides m(A U {v}).

e if AC BC FE with B=AUFUT and, for every A C C' C B,
rm(C) =rym(A) + |C N F|, then

m(A)m(B) = m(AU F)m(AUT).

e if AC B C E with ry(A) = ry(B), then

> (=) im(T) > 0.

ACTCB
o if AC B C E with r},(A) = rj,(B), then
> (=)IHim(E\T) > 0
ACTCB

with 77}, the rank function of the matroid M* on E with bases the
complement of the bases of M (M* is called dual of M).

We say that an arithmetic matroid M = (E,Z,m) is GCD if, for every
ACE m(A)=GCD({m(B); BC Aand |B|=rmu(B)=rm(A)}).

Proposition 3.2.8. Let A be a toric arrangement on (C*)?. The matroid
of the arrangement M(A) together with the function m of Definition
determines a arithmetic matroid.

In particular, thanks to Remark[3.2.5, it is a GCD arithmetic matroid.
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Remark 3.2.9. It follows from the properties of the arithmetic matroids
(see [DM13]), that m(S) is the number of connected components of () .o H;
when this intersection is non-empty. In particular, if A is unimodular, then
m(S) =1 for all S.

Remark 3.2.10. The poset of layers L(A) determines the arithmetic ma-
troid M(A) = (A, {S C A|S independent}, m). In fact, for every S, if Xg is

the set of minimal upper-bounds in L(A), we have that
e S is independent if and only if r(z) = |S| for every z € Xg;
e m(S) = |Xgl

Example 3.2.11. Let 7' = (C*)? be the 2-dimensional torus and

A ={H;, Hy, H3} the central not unimodular toric arrangement with
Hy :={(t,s) € (C*)*|t =1}, Hy := {(t,s) € (C*)*|s = 1} and

Hs = {(t,s) € (C*)?|t3s = 1}.

\

. < /72
Figure 3.5: A s A

We want to compute the arithmetic matroid M(A). Thanks to the Hasse
diagram of L(A),
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we can immediately say that {Hy, Hs, H3} is the only dependet set.
In order to compute the multiplicity function, thanks to Remark [3.2.5] we

need to construct the matrices of every tuple of hypertori

10 3 1 0]

{Hy, Ho, H3}] = [0 ) 1] , {H1, H.}| = o 1] :
13 [0 3]

{Hy, Hs}] = [O 1] 7 [{Hy, Hs}] = I

Then we obtain

m({H,}) = m({Hy}) = m({H3}) = 1, indeed H;y, Hy, H3 are connected;
m({Hy, Hy}) = |det[{ Hy, Ho}]| = 1 as well as m({H;, H3}) = 1,indeed H; N
Hy = HiN Hs = (1,1) =: p connected;

m({Hy, H3}) = |det[{Hs, H3}]| = 3, indeed HyNHz = {p, q := (2> 1)r :=
(e*/3™51)} that has 3 connected components;

m({Hy, Hy, H3}) = GCD{1,2} = 1, indeed H; N Hy N H3 = {p} connected.

Thanks to Remark 3.2.10 we can also construct the arithmetic matroid
M(A) looking only the poset L(A). In fact,
Xeuy = {H1}, r(Hy) = 1 = |{H1}| and m(H,) = | Xp,3|. The same argu-
ment for Hy and Hj.
For j € {2,3}, Xy = {ph, 1(p) = 2 = [{Hy, Hy}| and m({Hy, Hy}) =
L= [{p}. Ximmy = {p,a,r}, v(p) = 1(q) = r(r) = 2 = [{Ha, H3}| and
m({Hz, H3}) =3 = [{p,q, }|.
Xiwy ooy = A0}, 7(p) = 2 # 3 = |{H1, Hy, Hg}| and m({H,, Ha, H3}) =
1= K{p}.

Lemma 3.2.12. If C' = {H,,, ..., H;,} is a circuit, then there exist {ci,...,c,}
with ¢; € {—=1,+1} Vj e {l,...,p} such that

P

S em(C\{H;, Pxi, = 0

j=1

where every x;, is viewed as element of 7.
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It can be proved that the coefficients ¢; depend only on L(.A) (see [Pagl9al).

Corollary 3.2.13. If A is unimodular, then every circuit can be realized by

a minimal linear dependency

p
Z ¢iXi; =0
j=1
where ¢; € {—1,+1} forall j € {1,...,p}.
Proof. Tt immediately follows from Lemma [3.2.12f and Remark |3.2.9 ]

Example 3.2.14. Let A be the non-unimodular toric arrangement of Ex-

1 0 3
ample [3.2.11, We have that y; = (0), X2 = <1> and y3 = <1> Since

C = {H,, Hy, H3} is the unique circuit of A, we have that, for ¢; = +1,
Cy = +17C3 = _17

cim(C\{H1})x1 + com(C\{Ha})x2 + cam(C\{H3})x3 =

3.3 Cohomology of the complement M (.A)

Definition 3.3.1. Let A be a toric arrangement in 7' = (C*)¢. Define the
complement of A by

M(A) =T\ | J H
HeA

and the Poincaré polynomial of the complement by

d
Poin(M(A),t) =Y _b;(M)t/
=0
where, for every j, b;j(M) := rank(HgR(M)) is the j-th Betti number of
M(A).
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Definition 3.3.2. Let A be a toric arrangement in (C*).

Given a point p € T, we define A[p| the linear arrangement in the tangent
space T,,(T") as the arrangement given by the hyperplane T,(H) for all H € A
such that p € H.

For W € L(A), a point p € W is called generic if, for any H € A such that
W ¢ H, we have that p ¢ H. In other words, p € W is generic if it does not
lie in any other hypertorus.

We define A[W] as the hyperlane arrangement A[p] for a generic point p € W.

Note that A[W] is well defined since it does not depend on the choice of

the generic point p.

Example 3.3.3. Let A be the toric arrangement on T' = (C*)? of Example
3.2.11] For every point py in any hyperplane H in A, we identify 7, (T') with
C? with coordinates (Z, 5).

Let [, := {(t,5) € C*|t = 0}, Hy := {(£,5) € C*5 = 0} and

Hj :={(t,5) € C?|3t+ 5 = 0}.

We have that Ap] = {H,, Hy, H3}, Alq] = Alr] = {Ha, H3}.

For W = Hy, every point py # p = (1,1) is generic and we have that
AlH\] = Alpo] = {H1}.
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The following lemma is essentially proved in Theorem 4.2 of [DCP05].

Lemma 3.3.4. If A is a toric arrangement in T = (C*)4,

Poin(M(A,t)) = > N;(t+ 1)*7t,

J=0

where, for j € {0,...,d},

Nj= ) [nbe;(AL))
L layer
|L|=j

and nbc; is the set of nbe of cardinality j in the arrangement A[L].
In particular,

L d—i

5=30(577)

i=0
Example 3.3.5. Let A be the toric arrangement on T = (C*)? of Example
[3.2.11] We want to compute the Poincaré polynomial of the complement.
First we have to compute A[W] for every W € L(A). The Hasse diagram of
L(A) is:

{r} {q} {r}

S

H, H, H,
\ | /
AT =10
A[H\] = {H\} AlH,| = {H»} A[Hs| = {Hs}
Alp| = {H:, H,, Hs} Alg] = {H, Hs} Alr] = {Ha, Hs}.

Then
No = [nbeo(A[T))| = |€2] =1
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Ny = |nbey (A[H:])| + |nbey (A[Ho])| + [nbey (A[Hs])| =
= {H:} + {Ha} + [{Hs} =3

Ny = [nbey(Alp])| + [nbea(Alg))] + [nbea(Alr])] =
= [({Hy, Ho}, {Hy, Hy}| + [{Ha, H3}| + [{H2, H3}| = 4.
Thus
bp = Ny =1 by =2Ng+ N1 =5 by = Ng+ N1 + Ny = 8.
and

Poin(M(A,t)) =1+ 5t + 8t2.

Logarithmic forms

Definition 3.3.6. Let A= {H,,...,H,} a toric arrangement in (C*)%.

For every i € {1,...,n}, define the following logarithmic forms:
Wi 1= ! dlog(1l — eX) ;= ! dlog(eXt)
" omi g ’ " omi g ’
o = ——dlog(l — ) + ——dlog(1 — e %)
W; = —dlog(1 — e¥) + —dlog(1 — e™X).
271 g 271 g

For every S = {H,,,..., H;,} C{Hy,..., H,},
wg = wiy N Awy, Ys i= Yy A Ny, Wg = Wiy N Ny,
Lemma 3.3.7. For everyi € {1,...,n},
w; = 2w; — ;.

Proof. If suffices to prove that w; — ¢; = ©; — w;. Note that

1 eXi eXi
i = — dl Xi) = iy
W e —dlog(e) = Y
then
eXi 1 1 1
i — W = -1 )¢, =— dl Xy = —dlog(1 — e X7).
Wiy (eXi -1 ) ¥ 2mieXi — 1 og(e™) 2me og(l —e™)

]
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3.3.1 Unimodular case
Let A be an unimodular toric arrangement in T = (C*)¢ and C =

{Hy, ..., Hy} a circuit of A. Thanks to Corollary |3.2.13, we have that

k

Y eix; =0

=1

where ¢; € {—1,+1}. The aim of this subsection is to prove that:

k
H((Dj + Cjwj - (I)j,1 + ijlefl) =0.

Jj=2

In order to do it, we need to introduce two lemmas that deal with two

particular cases.

Lemma 3.3.8. If y; = Zfzg Xi, then

k—1

Wy ... WL = Wy H(w¢+1 —w; + @bz)
i=2

Proof. For every fixed j € {2,...,k}, we consider the product
Hk_l(wiﬂ — w; + 1;) without the factors w; and v, i.e.

=2
j—2 e k—1
H(%‘H —w; + V) (05 — wjg +Y5-1) (Wi — @5 + 5) H (Wit1 — w; + i),
=2 i=j+1

where the notationw; and @; indicate that w; and 1; are omitted.
Since, for every 7, w; Aw; = 0 and w; A ¥; = 0, we obtain

G—1 k—1
H<_wi + ;) H Wi+t1,
i=2 =3

then

w1 ]j(wi+l —wi + 1) = Zwl <1:[(_%’ + ;) ﬁwiJrl) :

i=2 =2 i=2 i=j
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Now, for every A C C' = {Hjy,..., Hy}, denote
w, ifH;, €A
b i H ¢ A

—

NA ="M - TMhaz(C\A) - - - Tk with ;= 77;4 =

where Hpoz(c\a) := maz(C\A).
If max(C\A) = H;, then {Hj1,..., Hy} C A, thus

k—1
Nna=m...Nj-1Wjt1 ... Wk =11 ... 751 Hwi-i-l-
i=j

It easily can be proved that

7j—1
H<_wi‘|‘wi) = Z (—1)|A§j|771---77j71,
=2 ACC,

maz(C\A)=H;

where A<; := AN{H;,...,H;}. Then it follows that

k—1 k
le(wiJrl_wi"_wi):Z Z (—1)MAsil=1y, = Z (—1)Asmazcral=1p
=2 j=2 H1€ACC, Hi€ACC
max(C\A)=H;
Define
. k
IV = —dlog(1 — [ [ e¥
5 —=dlog( j];[ze )

and, for every B C C":= {H,, ..., Hy},
o) = (-1 TTw, [ w0,

H;eB H;eC'\B,
Hj#max(C'\B)

Since x1 = S5, Xi, we have that 9() = w; and

B = (1P T

In [DP11, eq. (15.3)] it has been proved that

Z (—1)|B|+k<bg) = Wy ... Wk,

BCC
then, if we take A = B U {H;}, then max(C\B) = maxz(C\A) and |B| =
|A] = 1. Since k — 1 —max(C\A) = |A| — |A<maz(c\a)| We obtain the claimed
equality. O]
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Lemma 3.3.9. If Zle Xi: =0, then

k-1

H(%’H —wi + ;) =

=1

equivalently
k-1
H(@i+1 + i1 — @i+ i) =0
i=1

Proof. First we prove by induction on k that
k—1

Wy ... WL = Wy H(wiﬂ —w; + ;).

=2
For k = 2 it is immediate. If it is true for k = k, then it is true also for

k=Fk+ 1. In fact,
k
wo H(wiﬂ —wi + ;) =wa .. Wp(Wh — Wi+ YR) = wa .. WEWL -
=2

Now, if we denote x| = —x1, we have that x| = 25:2 xi and then we
can rewrite the left-hand side of the last equation using Lemma and we

obtain:
k—1 k—1
Wa H(%‘H —w + ;) =wa. . wp = wp | | (Wig1 — wi + ).
=2 1=2

Collecting terms we have (wy —wy) Hf;; (wit1 —w; +1;) = 0. It follows that,
thanks to Lemma [3.3.7]

wz — wl H Wi+1 — wi)
i=2

k—1
1
(wz - 2—mdlog 1 —e Xl H Wit1 — Wi + ¢l)
=2

k—1
= (w2 — w1 + wl) (wWit1 — w; + 1)

-
[l
¥

k-1

= | | (wit1 — wi + ).
1

<.
Il



58 Toric arrangements

Now we can easily prove:

Proposition 3.3.10. If Zle cixj = 0 where ¢; € {—1,+1}, then

k
H(@j + Cj@bj — W1+ Cj_lﬁ/)j_l) =0.

j=2
Proof. 1f we denote x; = ¢;x; for every i € {1,...,k}, we obtain Zle X: =0,
then, since w; = @w; and ¥, = ¢;7);, thanks to Lemma we conclude.

]

Example 3.3.11. Let T = (C*)? be the 2-dimensional torus and A’ the
unimodular arrangement defined by H, := {(t,s) € (C*)?|t = 1},
Hy = {(t,s) € (C*)%|s = 1} and Hz := {(t, s) € (C*)?*|ts = 1}.

>

R

Figure 3.6: A =, A’

Following the calculus of Example 3.2.3 we have that {Hy, Ho, H3} is the

1 1 0
only circuit in A’. In this case we have that y3 = <1> = (0) + <1> =

X1 + Xx2. Since

1 1 d(st) 1 sd(t) +td(s)
- 1 —gt) = — &) & 2t TS
wy = g odlog(l = st) = 5o = o T T
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and
(1= 8) — ——dlog(1 — 1) + ——dlog(t)
211 § 211 °9 211 °9
Ld(s) 1 d(t) 1 d(t)

1
wy —wy + Y = ——dlog

T omis—1 2mit—1 2mi t
1 ods) 1 d()
C2mis—1  2mit(t—1)

it follows that, exactly as Lemma [3.3.8| states,

1 (sd(t) at) |, td(s) _d(t) ):

wilwe —ert o) = o (G 1 T —Tat = 1)
_ 1 ( (st —D)d(t)d(s) \ _ —1 d(t)d(s)
CAm \(st—1D)(s—1)(t—1)) 4r2(s—1)(t—1)

-1
i dlog(1 —t)dlog(1 — s)

= Wi,

If we denote x4 := —x3 we have that x1 + x2 + x5 = 0.

Note that, since 15 = —13 and @} = w3, we have that

wy = %(@é — ) = %(@3+¢3) = %(@3 —3) + U3 = wg + Y3 =

= wy — 3.
Thus
0 = wiws — w3(wa — wi + Y1) = wiws — (W — Y5)(we —wy + 1) =
= (w1 — wy + ¥5) (w2 — w1 + ),

that is exactly what Lemma |3.3.9 states.

Definition 3.3.12. Let C = {Hy,..., Hy} a circuit of A.
For every A, B C C such that AN B = (), denote

w; ifH,eA
nas= [ #'  with 9=
W, if Hi € B

H;eAUB
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Proposition 3.3.13. Let C' = {H,, ..., Hy} a circuit of A such that
>_m,ec CiXi = 0 where ¢; € {—1,41} for all i. Then

k
Z Z (—)Msilepnap =0

j=1  ABcCC
C=AUBU{H;}

where cp = [[y.cpci and A<y = AN{H,, ..., H;}.

In particular

Z Z (—1)|A§j‘CB’IT/A’B = 0.

H]’EC A,BCC
C=AuUBU{H,}
| Bleven

Proof. From Proposition|3.3.10, we have that Hsz(@i—l—ciwi—@i,l +ci i) =
0. Exactly like we have done in the proof of Lemma|3.3.8, we can rewrite this

equation as
Jj—

k 1
Z —W; + Cﬂﬁz H ((Di + Cﬂﬁz) =0

7=1 =1 i=j+1
Expanding all the products we obtain exactly

k

S Y (—pMlepiap =0 (3.1)
j=1  A,BCC

C=AUBU{H;}

Moreover, for x} := —x;, Zle cixi =0,v¢" = —1¢ and &, = @;. Then

k ]—1 k
Z Wws CZ¢Z H ((Di Cz¢z) — Y,
j=1i=1 i=j+1
thus
k k
0= Z Z (—1)A<! o Z Z (—1)Asileg(=1) 1P, 5.
Jj=1 A,BCC j=1 A,BCC
C=AUBU{H;} C=AuBU{H;}

Adding this to (3.1]), we obtain

0=>" > (=Dlegnap 1+ (-1)").

7=1 A,BCC
C:AHBU{HJ‘}
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It immediately follows that

Z Z (—)M<ilepiap = 0.

HjGC A,BCC
C=AUBL{H;}
| Bleven

O

Theorem 3.3.14. Let A = {Hy,...,H,} be an essential unimodular toric

arrangement.

The rational cohomology algebra H*(M(A), Q) is isomorphic to the algebra
E with

e & generated by {ea|AN B = 0, AU B is a independent set} . The
degree of ea.p is |AU B|.

e The following types of relations

1. For any two generators ea.p and ear.p,

0 if AUBUA U B dependent

€A;BCA;B =
( _ 1)£(AUB,A’UB’)

eavapup Otherwise

where, for C = {c; < -+ < ¢} and D = {d; < --- < d},
((C, D) denote the lenght of the permutation that takes (C, D) =
{Cl,...,Cl,dl,...,dh} into C'U D.

2. If 377 1 nix; = 0 where n; € Z, then Y | niegqm,y = 0.

3. For every circuit C C {Hy, ..., H,}, with associated linear depen-
dency ZHl-eC n;x; = 0 with n; € 7, then

Z Z (—1)‘A§j|CBeA;B =0

HjGC A,BCC
C=AUBU{H;}
|B| even

where cp := ] cp s9n 1.
1
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Proof. We want to prove that the map ® given by ea.p — [74,5] is well
defined.

e if ALl B is an independent set, A and B are independent sets too.
e The clements [fjw 4 p| satisfy the same relations. In fact

1. For s p and nas g, with ALBU AU B’ independent set, we have

NA,BNA B = H U H =

H;cAUB H,cA’"UB’

_ L(AUB,A’"UB’) _A_A
= (—1)" I #'a=
H;,c AUBUA'UB’

{(AUB,A’"UB’)
= (_1) ( )UAuA',BuB'-

2. If Y7 nyx; =0, then
> nidion, =Y nabi =Y nidlog(eX) = d (Z 509<ew>) =
i=1 i=1 i=1 i=0
= dlog (ﬁ e”iXi) = dlog <€Z?:1 niXi) - 0.
i=1

3. it immediately follows from Proposition [3.3.13]

We will prove that ® is bijective at the end of this chapter, in Theorem [3.3.55

that is a generalization of this theorem. O

Remark 3.3.15. e Every generator of degree k can be written as the
product of k generators of degree one. In fact, if |[AU B| = k, by

definition

Hap = (—1)"5) H Wi H Wy = (=1)"H H NH, 0 H 19,H; -

HicA HjeB HieA HjeB

This implies that every form in H*(M(A), Q) is the product of 1-forms.
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e Among the generators of H*(M(A),Q) there are the generators of

H*(T,Q),infact {ny;;i =1,...,n} = {¢1,...,¢,} generates H*(T, Q)
since A is essential.

e This theorem gives a Orlik-Solomon-type presentation for the
cohomology algebra of an unimodular toric arrangement.
By Remark [1.5.10} the reason for this name is clear.

Example 3.3.16. Let A be the toric arrangement of Example [3.3.11]

e The generators of H*(M(A), Q) can be represented by {1, s, w3, 11, 2, 3},

with

Wy = ileQ(l_t) = QLmtdi—ﬂl Y = %dlog(t) = 2%”@

w2 = %dlog(l s) = 271rz sd(— )1 Ve = %dlog(s) N %d;)

w3 = ﬁdlog(l—ts) = %w 3 = %dlog(ts) = QL d( );td( )

and

(ts + ) (t) + t(ts + 1)d(s)
)

1
@3:2003—1#3:%(

e The relations are

1. For A= Hy,B = Hs, A’ = Hy and B’ = {Hy, H3}, we have that

Na,BA,B = W1Pswat1Ps = 0.
If we take instead B’ = (), we obtain

( 1)Z(AUB JA'UB') —

Na,BNA B = W13Wo = —W1Wath3 = TAUA’-
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2. Since x1 + x2 — x3 =0,

_ _ _ 1
Mo, {1y +70,2) =M. {3} = Y1+a—1Pg = i ( ; + r

3. If | B| even, then we have

(Av B) € {((Z)’ {Hlv HQ})? (0’ {Hla H3})7 (@7 {HZa HS})’ ({H17H2}7 @)’({Hla H3}7 (Z)),
({H2, H3},0)},

then

= Y192 — Y113 — PatP3 4+ W1y — W13 + Walz =
= 1902 — Y3(P1 + V2) + 01wy — W13 + Wewg =
= YP11Pa — Y313 + Wi1wg — W13 + Wallz =

_ -1 <d(t)d(s) (t+D(s+1Dd(s) (E+1)(ts+ 1)d(t)d(s)>
472

ts ts(t—1)(s—1) ts(t—1)(ts —1)
=1 [(s+1)(ts + 1)d(t)d(s)
_47r2< ts(s —1)(ts — 1) >:
_ -1 <(t—1)(5—1)(ts—1)+(t—|—1)(s—|—1)(ts—1)—(t+1)(s—1)(ts+1)>+
472 ts(t —1)(s —1)(ts — 1)
—1 [ (t—=1)(s+1)(ts+1)
el <ts(t —1)(s— 1)(ts — 1)>
_ -1 ((ts—l)[(t—l)(s—1)+(t+1)(5+1)]>+
472 ts(t—1)(s—1)(ts — 1)
_—1((ts+1)[(t+1)(s—1)+(t—1)(5+1)]>
472 ts(t —1)(s—1)(ts — 1)
=1 ((ts—1)[2ts + 2] — (ts + 1)[2ts — 2]\
B 47r2< ts(t—1)(s —1)(ts — 1) > B
—1 (2((753)2 — 1) —2((ts)? — 1)) _

Tam2 \ ts(t—1)(s— 1)(ts — 1)
=0.
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3.3.2 General case
Coverings

Definition 3.3.17. Let A be a primitive arrangement in 7" = (C*)? and
f:U — (C*)4 be a finite covering. Define

a; == |mo(f1(H;))| for every H; € A,

Ay = | m(~'H)) = | UH@UJ

HeA H;eA j=1
where H[; is the j-th connected component of f~'(H;), and for every ¢ €

fﬁl(Hi)u
HY (q) the connected component of f~(H;) containing g.

Note that Ay is a primitive arrangement, since every hypertorus is con-

nected.

Proposition 3.3.18. The connected components f~1(H;) are associated with
the primitive character f—, where X; :=x; 0 f.

In particular, every L € mo(f~(H;)) has equation

Xi &

o " ()

with q¢ any point in L.
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Example 3.3.19. Let A = {Hy, Hy, H3} be the toric arrangement in

T := (C*)? of Example with Hy == {(t,s) € (C*)?|t = 1},
Hy o= {(ts) € (C")2]s = 1} and Hy = {(t, ) € (C*)2]f%s = 1},

\ \
AN

. 't /72
Figure 3.7: A — A

Let f: (C*)? — T the covering given by f(u,v) — (u,v?).

Forp=(1,1) €T, f~(p) = {p1 = (1,6%’”),]92 = (l,e%”i),pg = (1,1)}. In
Ay we have

)2 1
f7HH) = {(w,0) € (C)lu= 1} = H{C : , with X1 = (0> , and a; =1,

F7UH) = {(u,0) € (C))0* = 1} = | J{(u,0) € (C)*|v = e3¥} =

keZ
= {(u,e5™) € (€2} U {(u,e5™) € (€2} U {(u,1) € (C*)?} =
= H2,1(‘D*)2 U HQ,Q(C*)Q U H2,3((D*)2 =
= H (p1) U HS (p2) U H ()

0
with Yo = (3) and ap, =3
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F7(Hy) = {(u,0) € (@ Pl = 1} = | J{(w.0) € (€)|uv = 37} =

keZ
= {(u,v) € (C")|uv = 5™} U {(u,v) € (C*)’uv = 57 HU
U{(u,v) € (C*)|luv = 1} =
= H3,(©" U Hy o @ U Hy 3@ =
*)2 *12 o 2
= H{ (p) UH (p2) U HS (ps)

3
with Y3 = (3) and az = 3.

In order to visualize this 7 hypertori in A(c+y2, we consider the associated

periodic hyperplane arrangement A(@*)z, defined by

~ (C*)Q

H, = {(z,y) € C*|z = 0},
A" = {(x,y) € C*J3y = 1
S = {(x.y) € C*3y = 2},
HSS" = {(z,y) € €3y = 3},
F[éﬁ*)Q = {(z,y) € C*|3z + 3y = 1},
ﬁég*)Q = {(z,y) € C*|3z + 3y = 2},
7S = {(x,y) € C*3x + 3y = 3}

Note that, in this example, A(¢-y> is unimodular.

~ 2
Figure 3.8: A(C*)2 /i) A(@*)z
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Logarithmic forms of coverings

The aim of this subsection is to describe the logarithmic forms on M (Ay).

Definition 3.3.20. Let A = {H),..., H,} be an arrangement in 7' = (C*)?
and f: U — T be a finite covering.
For every i € {1,...,n} and every L € mo(f(H;)), we define the following

logarithmic forms:

1 X % () 1 X
U L—2t(q) U i :
= ; = —dl 1— a; a4 = S = = —dl ajg
wr = w7 (q) = 2w; () — ¥}
with ¢ any point in L, and f* the pull-back of f.
For mo(f~'(H;)) = {H,, ..., HZ, }, we also denote Wy, as o

For every S C {Hy,...,H,}, define

wi(q) = [ w(@ w§=T][¢" @)= ],

H;eS H;eS H;eS
where ¢ € Np,esHY (q).
For every A, B C {H,,...,H,} with AN B =0, denote

Misl@= ] '@ with 7(q)=
H,cAUB wlU lf HZ - B,

where g € mHieAHiU(Q)'

Remark 3.3.21. Note that wY(¢) does not depend on the choice of the point
q € L.
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Definition 3.3.22. Let S C {H;,...,H,} be an independent set, W a

connected component of Ny,egH; and p any point in W. Since the pullback

f* is injective, we can define the forms w{jv g and az{;, ¢ as the unique forms

on M(A) such that
x(~f _ 1 U
P @s) = s @ ) 2

qcf~1(p)

and

f(wg) = ! S (o)

CNmesHY (qo) N f1
| HZGS' (2 (qo) f (p)‘ qufl(p)
where ¢ is any point in f~1(p).

Lemma 3.3.23. If Ay is unimodular, then for any S C {Hy,..., H,} inde-
pendent, W € mo(Ng,esH;) and p € W,

mo(fTH(W)) = { () 2 (q0)la € f‘l(p)}-
H;eS

Proof. 2: If Ay is unimodular, Ng,esHY (qo) is a connected component of
Naesf H(H;), then f(Ng,esHY (q0)) is a connected component of Ngr,esHi.
Since qo € Nu.esHY (q0), f(NmesHY (qo)) has to contain f(qy) = p, thus
f(NesHY (q0)) = W and then Ny,esHY (qo) is a connected component of
).
C: Take L € mo(f~1(W)) and take a point ¢ € L. Since L C Ny esf ' (H;)
and ¢ € L, L C Ny,esHY (q), but, since Ng,esHY(q) is connected, we have
that L = Ng,es HY (q).

[

It immediately follows that:

Remark 3.3.24. If Ay is unimodular, then

* (- o 1 —
/ (ng,s)— A7) Z @4 (q)

qcf~1(p)

with L any connected component of f~*(TV).



70 Toric arrangements

Example 3.3.25. Let A be the toric arrangement in T := (C*)? of Example
3.2.11) and f : U = (C*)> — T such that f(u,v) = (u,v3). As we have
already computed in Example [3.3.19

&
3
=

T R
Ses ST
No= W N

5
3
3

Denoting & = e3™, we obtain

B —1—§2vdv B —1—-¢vdv B —1—wvdv
U _ U _ av U _ av

w3 (p1) = —— I w3 (p2) = —— & v w3 (p3) = 4

_ —1 — uv d(uw) _ —1 — &uv d(uv) _ —1 — uv d(uv)
U o U _ U _

@5 (p1) = 1—-&uv  w @5 (p2) = 1—¢éuv v @5 (ps) = 1—uwv wv

For W = p, S = {H,, H3}, we obtain

[ (@yy5) = 02,3(p1) + wo,3(p2) + wo,3(p3) =
-1 <1+§2vdv 1+ Euvd(uv) 1 —i—fuvdvl—i—{uvd(uv))

T Ar \1-v v 1—-Cuwv w 1—¢éuv v 1—E&uv ww
=1 /14+vdvl+uvd(uv)) _
dr \1—v v 1—uw wuv N
—3 4?00 4+ w3 4 4u0d 4+ du® + 03 + 1
= — dudv,
A wo(v3 — 1) (udvd — 1)
thus
_y 7—1t332+t3s—|—4t23+4t3+3+1

dtds.

“ws = ts(s —1)(t3s — 1)
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Separating coverings

Definition 3.3.26. Let A= {H,..., H,} be an arrangement in 7' = (C*)?
and S C {Hy,...,H,} be an independent set. We say that a covering

f U — T separates S if, for any connected component W of Ny, csH; and
for every H; € S, there exist ¢; € f~1(H;) such that f(Ng.esH (q;)) = W.

Lemma 3.3.27. If f is a covering such that Ay is unimodular, then f
separates every independent set S C {Hy,..., H,}.

Proof. Thanks to Lemma [3.3.23] there exists ¢ € f~'(H;) such that W =
W) = f(NmesH (q))- U

Example 3.3.28. Let A be the toric arrangement in 7" := (C*)? of Example
3.2.11land f: U — T such that f(u,v) = (u,v?).

o\

Figure 3.9: A — A

Since Ay is unimodular, f separates every independent set. In fact for
S = {H,, H3}, mo(H> N Hz) = {p, ¢, r} and

f(Hg(m) n HaU(Pl)) = f(p1) =p,

f(Hg(QI) n HaU(Ch)) = flq) = q,

f(HS (r) N HY (r1)) = f(r1) =,
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P3

~ 2
Figure 3.10: A(C*)Q /i> A(C*)Q

Here we state an important result of ﬂm, Proposition 5.3].

Proposition 3.3.29. Let A = {H,,...,H,} be an arrangement in
T = (C*)% and S C{H,,...,H,} an independent set. There exist a covering
f:U — T that separates S.

Lemma 3.3.30. If f is a covering that separates S = {H, ..., Hy}, then

f*(@{:v,s) = Z H ngm

I<j<a,  Hies
nHY, CFH (W)

4,54 =

where mo(f~'(H;)) = {HY,, ..., HY, } and the k—tuple 1,7,d are defined by
T=(1,...,0),7= (1, jx)y@=(a1,...,az).

Theorem 3.3.31. Let A = {H,,...,H,} be an arrangement in T = (C*)?
and S C {Hy,...,H,} an independent set. If f : U — T,g:V — T are

coverings that separate S, then

Analogously w{/@v’s = Wiy
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Proof. First we suppose there exists a finite covering h : V' — U such that
g=/foh

U%T

s

In this case, thanks to Lemma [3.3.30, we have

where 7mo(f~'(H;)) = {H,,...,HY, } and mo(9~ ' (H;)) = {H},,... . H}, }-

Since

MHY)=HT;,

we obtain

g*(wtﬁ/,s) = Z H h*(@ng) =

I<j<a,  Hies
nHY, CF (W)

= > I > =

i<j<a, HL€S h(HY), )=H[},
nHY, Cf~Y(W)

74

= ) >, Ila@k=

i<j<a, I<k<p, Hi€S
NiHY, CfH (W) h(HY, )=HY,

_ -V _
- Z H Wik, =

T<k<b, H;eS
mHiESHi‘,/ki gg—l(W)

= g*(wlg/v,s)v
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and then

-f  _ ~9
Wiyg = Wiy g-

Finally, in the general case, we have two coverings f : U — T and g : V —
T. Consider h : V! — U the pullback of g by f, ¢’ := f o h and note that

g’ separates S since f does.

U%T

N l

Now, applying the previous part of the proof, we can say that

Analogously, considering the diagram
vV 2T
’X T,
g
V/
we can say that
9" (Wys) = 9" (@) = g =W
then we conclude. O

It immediately follows that we are allowed to give the following defini-

tions:

Definition 3.3.32. Let S be an independent set of A = {Hy,..., H,} and

W a connected component of Ny,esH;. Define
D i e = !
wW,s -— Wy s W, - — W5

where f : U — T is any covering that separates S.



Cohomology of the complement M (A) 75

Lemma 3.3.33. Let S, S’ be two sets of A ={Hy,...,H,} such that SU S’
is an independent set and W W' be, respectively, connected component of
mH»;ESHiﬁ mHiGS/Hi' Then

o o(S,s' -
ow s g = (—1)15) E W, suS -
Lero(WAW?)

Proof. First notice that the left-hand side is well defined since, if S U S’ is
independent, then S and S’ are too. Take a covering f : U — T that sepa-
rates SLS" (remember that f exists thanks to Proposition 3.3.29). Obviously

f separates also S and S’, then we have

[ (@w,sowr,s) = fH(Ow,s) [ (@wrs) =

i<j<a, H;eS 1<k<b, H;es’
ﬂHiest,inQf’l(W) mHieS’ Hffkigf’l(W’)

_ ~U -U __

- Z H Wi ji H Wik, =

g H;eS H;eS’
)Cf LwWnw)

_1)\4(S,57) —U _
( 1) H ’pz -

T<p<(ab), H;eSus’
(nH esus HY), Yt wnw?)

= (e 37 > II &=

Lemg(WnW?’) T<p<(a,b), H;eSus’
(nH,L-ESuS’ ngi)gffl(L)

= (—1)"5) Z [ (@r,sus) =

Lemo(WnW?)

= | (-1 Z Wr,sus’

Lemg(WnW’)

where p; := (ji, /fz)
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Lemma 3.3.34. If Ny,esH,; is connected and Ng,esH; = W, then
(IJW7S - (1)5.
Proof. The identity map id : T' — T separates .9, in fact:

id(Nmes(H () = N,esHi = W.

Then
ows=alrs= Y. [] @ =[] @ =as
1<j<1 H;eS H;eS
n
Definition 3.3.35. Define
w,ap = (—1)"“P oy 4p.
Lemma 3.3.36. If Ny,csH,; is connected and Ng,esH; = W, then
Nw,A,B = TA,B
where Na,p of Definition|3.5.12,
Proof. Thanks to Lemma |3.3.34
T — (_1)UAB) -~ _ (_1\UA,B) - B A
mwap = (=)o app = (=) Pass = [ 7' =nas.
H;,€cAUB
O

From Lemma [3.3.33] we have

Lemma 3.3.37. Let A, A', B, B’ be four sets of A ={Hy,..., H,} such that
AU A UBU B is an independent set and W , W' be, respectively, connected

component of Ng,eal;, Nuea H;. Then

— — {(AUB,A’"UB’ —
w.aTw g = (—1)% ) E NL,AUA", BUB' -
Lemo(WNW")
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Definition 3.3.38. Define F, = {F;}cz the increasing filtration of H*(M(A), Z)
defined by
Foi=0 Fo = H (T, Z)

and
Fi =P H (M(A),2)® H (T, 2),
J<i
identifying H*(T, Z) with its image j*(H*(T,Z)) in H*(M(A),Z)
where j : M(A) — T is the natural inclusion.

The associated graded module is defined by

(" (1(A)) = D 7

i>0

It can be proved that there exist an isomorphism of graded modules such
that
gri(H (M(A) =~ €D H' (W)@ HN(M(AW)),

WeL(A)
rk(W)=k

where A[W] is the hyperplanes arrangement of Definition [3.3.2, Recall that
AW is a rk(W)-arrangement.

Lemma 3.3.39. For A,B C {Hy,..., H,} with AU B independent and for
any W € mo(Nm,eaH;), we have that the image of w.a,p in gria(HPI(M(A)))
equals

(—1) B2y @ wy € HE(W) @ HA(M(AW))),

where w4 is the canonical generator in the top degree of the Orlik Solomon
algebra of the hyperplane arrangement A[W] associated with the hyperplanes
indezed by A.

Proof. See [CDD™19, Lemma 5.14]. O

Example 3.3.40. Consider A the arrangement of Example [3.2.11], with
Hy :={(t,s) € (C*)*|t =1}, Hy := {(t,s) € (C*)*|s = 1} and
Hs = {(t,s) € (C*)?|t3s = 1}.
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We have already computer in Example that Alp] = {H,, Ho, H3} with
H, = {(t,5) € C?|t =0}, Hy :={(t,5) € C*|5 =0} and
Hs :={(,3) € C?|3t + 5 = 0}.

N

Figure 3.11: A Alp]

For A = {H,, H3} and W = p, the image of @, (p, m,y in gro(H*(M(A)))

equals

1 d(s) 1 d(35+1)
4@, ith eg,=-——— ez, =——r
® {11y, 15} VIO T o Ts I T on 3541
Unimodular coverings
Let A= {H;,...,H,} be a primitive, central and essential arrangement

in T = (C*)? and denote E the ground set of the arithmetic matroid M(.A)
associated with A. Suppose the arrangement contains exactly one circuit
C = {Hy,...,Hy}, hence rk(E) = n — 1. Denote F' = {Hy41,...,H,}.
Thanks to Lemma , S em(C\{H:})x; = 0, with ¢; € {—1,+1}.

Definition 3.3.41. For every i € {1,...,n}, define

S e m(C\(H,}) fori = L.,k
H;#H,;

m(E)?

a; =

fori=k+1,...,n.

where FSi =FnN {Hl, e vy Hz}
Denote A(E) the set in Q ®z A generated by {2F,..., 22},

7an
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Remark 3.3.42. e A= AF. In particular m(E) = [A : Ag].

Example 3.3.43. Let A be the toric arrangement in T := (C*)? of Example

3.2.11] In this case, C = {Hy, ..., H,}, then

1 0 3
AY = {Q1 ( ) + Q2 ( ) +(I3< ) ;Q17Q2,C]3€Q}0Z2:
0 1 1
1 0
= {Q1 (O) + Q2 <1> 1q1, Q2 € Q} NZ* =7

We have already computed computed in Example |3.2.11
m({Hl, HQ}) = m({Hl, Hg}) =1 and m({Hg, Hg}) = 3,

then it follows that

1 0 1
AC) = {ml ( ) + mey <1> + mga <1> ;ml,mg,m3€Z} =
0 3 3
1 1 )
my 0 +ma | | |imi,me €Z QZ@§Z§Q®ZZ
3

Now consider C\{H; }, then

0 3
AC\{Hl} = {m1 (1) + Mo (1) 3M, Mo € Z} ~37.d 71,

[A(C) . AC\{Hl}] = 9 = a9203.

=}

thus
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Lemma 3.3.44. i
- a;
=1

Proof. Note that a;m(C\{H,}) = %EC); H?:l m(C\{H,}), then we have

k

0= Zcim(C\{Hi})Xi = TZ”L((EC); Hm(C\{HJ}) Ci%;

i=1 i=1 i=1 v

<

and since TZZ((EO); H?Zl m(C\{H,}) # 0, we conclude. O

Proposition 3.3.45. A C A(F) with

AE) A = i,

where H; is any element of C.

In particular there exists a special covering of T of degree g.

Definition 3.3.46. Let ny : U — T the covering of Proposition [3.3.45]

Denote Ay the arrangement in the torus U induced by the characters % in

M) ey ={ ()7 () o (@) (B ke 2

Lemma 3.3.47. Ay is primitive and unimodular.

Proof. For every H; € C, {3*};2; is a basis for A(E). It follows that Ay is
primitive.

In order to prove the unimodularity of Ay, we can use Proposition 15.7 of
[DCP11] which state that an arrangement is unimodular if and only if, for

every A = {Hy,..., H,} independent and H, dependent on A, xo can be

written as linear combination of {x1, ..., xm} with coefficients in {—1,0, +1}.
Now, since C' is the unique circuit of {H;, ..., H,}, then, for every H; € C,
{xr ..., % ., X} s an independent set. Moreover, by Lemma [3.3.44,
1 a;j an
Zle c,i—z = 0, then, every Z—j can be written as linear combination, with
integer coefficients, of the characters {*,.. ., X ., X2y Thus, if
1 a; an
A C {Hy,...,H,} is an independent set, there exists H; € C\A, then
{3 }r,ea can be completed to a basis {31, ..., Zf—;, o 32} of A(E). O
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Remark 3.3.48. For every i, x; = a;2*, then it can be written as linear
combination of the elements of the basis {ij—j}#l Thanks to Remark ,
we have that ’7‘1’0 (7‘(’51([{1‘))’ = a;.

Example 3.3.49. Let A be the toric arrangement in T := (C*)? of Example
3.2.11} In Example [3.3.43| we have proved that A(E) = A(C) is generated by

{e1, %, e1 + 2} where e; = (é) and ey = 0
A = {H,, Hy, H3} with
Hy = ()" (1) ={
Hy = ()7 (1) = {
Hjz = (exg’)_1 (1) = {

that are primitive in

o ()0}

_ U U U U U U U -
Ay = {H1,17H2,17 H2,2a H2,37H3,1= H3,27H3,3} with

1Yy = () (e37) = {(wv) € Usv = €17}
1Y, = (%) (e47) = {(u) € Do = €7
1y = (e3) (1) = {(wo) € o = 1)

HY, = (ei.;)l (¢F7) = {(w,v) € Usuo = 7}
1, = (e3) 7 (1) = {(u,0) € Usuw = 17
HY, = (ei‘s>1 (1) = {(u,v) € Usuv = 1}
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Then we have that A is represented by

10 3
01 1/’
10 3
03 3/

Note that the covering 7y is exactly the covering f of Example [3.3.19]

while Ay is represented by

Lemma 3.3.50. Let S C {Hy,...,H,}, W a connected component of Ny, esH;
and p € W.

For every layer L of Ay with my(L) = W, the number of preimages of p
contained in L 1s

—1 _ m(S)
|LN7gt(p)] = m(E\H,)

a;,
H,EE\S),
i#]
where H; is any element of C\S.

Proof. We know that |7;'(p)| = % On the other hand

gy = M OesH)| _ Tlaes o
7m0 (7 (W))| = im0 (NmesHy)) m(S)

Then we obtain, for any H; € C\S,

| J m(S) _
aym(E\H;) [Ti,es @i
__ml8) Ny
m(E\H;) ;S "
i#£]

Lyt (p)] =
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Example 3.3.51. Let A be the toric arrangement in T := (C*)? of Example

~_
N
>
Figure 3.12: A z, A
3 \Qa\
. ~ /72
Figure 3.13: A(c+y2 — Ay

Take S = {H,}, W = H,, q = (e3™,1) € H, and L = Hj,. We have
W[}l(q) ={q = (e%”,egm),qQ = (egm, e%”i),qg = (€§Wi7 1)}, then

1 m(HQ)

HY Nna:(q)| = =1==-.3=——~""" g,
| 21 1Ty (@) = Ha }H 3 m(Hg,H3)a3

If we take instead S = {H,}, W = Hy, p=(1,1) € H; and L = HY. We
3 -

have 7, (p) = {p1 := (1,€3™), py := (1,€3™), py := (1,1)}, then
_ 1 m(Hl)
[HY Nyt (p)] = Hpp2,ps}l = 3 = 7°3= m(Hy, Hy)
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Definition 3.3.52. For any A, B C E with A LI B independent set and for

every q € ;' (Np,eaH;), we define

Ma.p(0) = (1) P (g)vg.
Lemma 3.3.53. Let A, B C {H,,...,H,} with AUB is a mazimal indepen-
dent subset of {Hy, ..., H,}. For every connected component W of Ny,caH;,
we have (AU B)
. m(A U B
i (iwas) = — = > i1s)
m(A) ;
q€my " (po)

with po any point in W.

Proof. Recall that, from Definition [3.3.35, w45 = (—1) B oy, 4p.
Thanks to Definition [3.3.20, we have that

mo(s) = [ =) = [] el = [H az‘] V-

H,eB HieB HieB
It follows that, with Remark [3.3.24] we obtain:
x (- R (T 1 U
T (Ww,a) = 7TU(WM/,A) = }L A 7T51(p)| qeg(p) wWalq)-
Since AU B is a maximal independent set, |A|+|B| = rk(AUB) = rk(E) =
|E| — 1, then there exists a unique H; such that £ = AU B U {H,}. Thus,
by Lemma [3.3.50},

Z@&B)W*

75 (w,as) = (—1) o(@w,a)m(¥e) =

AB HHiEBai _U U _
= (1) )m > @l =

qET;

m(E\H;) [iepa U U
= (-1)"4P) ! : @Y (v =
m(A) HHie(E\(AUHj)) a; ] Z

:(_1)“’3)% Y. dlawg =

:% Z ﬁg,B(Q>'

a€nyt (po)
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Proposition 3.3.54. For every L connected component of Ny,ex H;,
_ m(A)
_1 \Agﬂ R — O7
E E (—1) CBm(AU B)nW,A,B
H;eC X=AUBU{H;}
FCA

|B| even
WDL

with ASj =AN {Hl, .. .,Hj}, Cp = HHZ-GB C;.

Proof. Since Ay is an unimodular arrangement, thanks to Proposition[3.3.13],
for any ¢ € 7;' (p) with p € Ny,ec H;, we have

SNy ()l pla) =0,

HjEC A" BCcC
CZA/UBUHJ‘
|B| even

then, since X = C U F,

0= > (Dl p@ire@ = D (=D"lepnlpq).

H;eC  A',BcC H,eC X=AUBUH,
C=A'UBUH, FCA
|B| even |B| even

Thus, thanks to Lemma |3.3.53|

o2 > ()leiple) =

g€y L(p) Hj€C X=AUBUH;

FCA
|B| even
_ _1)A<il
= E E (=1)" 7a,5(q
H;eC X:?W%ZUHj g€y Lp)
| B| even

= Z Z (—1)|A<j|CB—m(TZ(S)B)WE(ﬁW,A,B) =

H;eC X=AUBUH;
FCA
|B| even
W2OL

Z Z (—1)|A<j|CB—mZZ(S)B)T_]W,A,B

H;€C X=AUBUH;
FCA
|B| even
WDOL
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Now, dropping the assumption that A has an unique circuit, we can
finally give an Orlik-Solomon-type presentation for the cohomology algebra

of a general toric arrangement.

Theorem 3.3.55. Let A be an essential toric arrangement.
The rational cohomology algebra H*(M(A), Q) is isomorphic to the algebra
E with:

o & generated by {ew .a.5| W ranges over all layers of A, A is a set generating W,
AN B = 0,AU B is an independent set} . The degree of ewa.p is
|AU B|.

e The following types of relations

1. For any two generators ew a.p and ey arp, if AUBUA UB

dependent,
ew,a:pew A = 0, (3.2)
otherwise
6W,A;BGW’,A’;B/ == (—1)Z(AUB’A,UB,) Z 6L,AUA’;BUB’~ (33)
Lemg(WNW')

2. If 377 mix; = 0 where n; € Z, then
Z nieT,Q;{i} =0. (34)
i=1

3. For every X C {Hy,...,H,} with rk(X) = |X| — 1 and every
L e WO(mHiGXHi); then

Z Z (—1)|A§j|63%€wmg =0 (35)

H;eC  ABCX
X=AUBLU{H,}
FCA
|B| even
WDOL

where X = C'U F with C' the unique circuit in X with associated
linear dependency ZHiec n;X; with n; € 7. and

cp = HHZ,GB sgn n;.
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Proof. First we prove that the map ® given by ewa.p — [Jw,a,5] is well

defined (see Definition |3.3.35)).

e If AU B is independent, then A is independent too and, if W € L(.A)
and A is generating W, then W € mo(Ng,eaH;), thus fwa.p is well
defined and has degree |A| 4+ |B| = |AU B|.

e The elements [ 4 p| satisfy the same relations. In fact,

1. It immediately follows from Lemma [3.3.37]
2. Already proved in Theorem [3.3.14]

3. It immediately follows from Proposition [3.3.54] Note that, since
F C A, then B C C and cp is well defined.

It remains to prove the bijectivity of ®.

It is surjective since gr (Im(®)) = gr(H*(M(A),Q)). In fact, from
Lemma [3.3.39] we have that, for every ey 4.5,

gr(®(ew,a;p)) = (—1)"AP24pp @ wy € gria(H*(M(A))).

On the other hand, for every generators ¢ ® wy of gr(H*(M(A))) there

exists a preimage in € defined by (—1)“A4B) 2= Aley, 4 5.

Now, let A C {Hy,..., H,} anindependent set and take D(A) C {Hy, ..., H,}
such that AU D(A) is a maximal independent set.
In order to prove the injectivity of ®, we prove that £ is generated by ew 4.5
with A nbc set in the arrangement A[W] and B C D(A). Thanks to equa-
tion ewap = (—1) @PBey sgerp p, than it suffices to prove that each
factor of the rhs can be written as linear combination of ey s.zr with S nbc
set such that W € my(Ng,esH;) and R C D(S). First we prove that every

ew a;p satisfies the thesis.
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Define on P(E) a total order given by

A< A = |A| < |A|
or

|A] = |A'| with A greater than A" wrt the lexicographic order.

We prove the thesis by induction on P(E). For the base case we take
A = max(FE) that is a nbc set, then obviously the thesis is satisfied.

Let A={Hy,...,H,} be an independent non-nbc set and suppose that for
every A’ < A the thesis is true. Since A is a non-nbc set, there exists A; C A
broken circuit i.e. there exists K € E such that (K, A;) is a circuit. For
X =(K,A) ={K,Hy,...,H,}, rk(X) = rk(A) = |A| = |X| — 1, then by
equation , we have that ey 4,9 can be written as linear combination of the
ones ews.g with R # () and |S| < |A| and ew, g9 with S = X\ H;. It follows
that ey 49 can be written as linear combination of ey gz with S < A, then
by inductive hypothesis we can conclude.

From definition and equation erg,B = | [pep €m0 Where for every b € B,
eT0b = D ged MbaCT0a T ZdeD(A) tyaer.p.q, and, for equation , we have
that erg.p can be written as linear combination of erg.p with B' C D(A).

Since A is essential, for every W € mo(Ng,eaH;), k(W) = |A|, then
dim(&) < Z 2d_rk(w)|nbcrk(vv) (AW])| =

WEL(A)

= Y 25 b, (AIW])] =
WeL(A)

= Poin(M(A), 1)
= dim(H"(M(A))),

thus @ is also injective. O]
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Remark 3.3.56. e This theorem generalized the one for the unimodular
arrangement, in fact, by Lemma [3.3.360] if Ng,caH; is connected, we
have that Nw a p = Na,p With W = Ng,caH;. Thus, in the unimodular
case, the relations of this theorem are exactly the same of Theorem

B.3.14

e There are examples of non-unimodular arrangements whose cohomol-
ogy algebra is not generated in degree one. Anyway, as we have already
seen in Remark [3.3.15] if A is unimodular, the cohomology algebra is

generated in degree one.

e & determines an isomorphism that cannot be restricted to H*(M (A), Z)
due to the 21l factor in Lemma [3.3.391 However it is possible to give
a presentation also for H*(M(A),Z): see Theorem 7.4 [CDD™19].

e Since the equation and can be determined by the poset of
layers L(.A), and it can be proved that also can be recovered by
the poset [Pagl9a], this presentation of the cohomology algebra of the
complement of a toric arrangement is completely determined by L(.A).
We have also seen, in Remark , that the poset of layers L(.A)
determines uniquely the arithmetic matroid of the arrangement, but
unlike the case of hyperplane arrangements (Corollary , L(A)
does not depends only on arithmetic matroids. In fact, in [Pagl9b],
Pagaria constructed two toric arrangements with isomorphic matroids

but non-isomorphic cohomology rings.
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Example 3.3.57. Let A be the toric arrangement in 7" := (C*)? of Example
3.2.11, In order to compute the generators, we take the Hasse diagram of
the poset of layers L(.A), that is:

{r} {q}

Y

{r}

e For W =T,
MrpsH, = Vi Vi, N0, 1y = Vity Vi j.
For W = H;,
NH; H0 = THi0 = W Nw, im0, = N, = 0idy Vi # .
For W € {p,q,r},
T, {Hy Ha}0 = Wp, {Hy,Hy} Tp,{H1,Hs}:0 = Wp,{H1,Hs} Np.{Ha,Hs}0 = Wp,{Hy,Hzs}

Tq,{Hy,Hs};0 = Wq,{Hy,Hs} Ty {Hy,Hs}0 = Wr {Hy,Hs}-

Note that thanks to relation we have that
W1Wg = Wp {H Hy} W1W3 = Wp {H,,Hs}

Then we conclude that the generators of H*(M(A), Q) can be repre-
sented by

(G0 Py 3

Wp,{Hz,Hs} Wq,{H2,Hs} Wr {Hy,Hs}
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with, as computed in Example |3.3.19

B —183s2 +t3s+4t?s+4dts+s+ 1
w = —
pAH s} = s ts(s —1)(t3s — 1)

dtds,

similarly,

—13s2 4 35 + 4&t?s + 4€ts + s+ 1

B S dtd
Wa,(Ha H} = ts(s —1)(t3s — 1) %
B —1138% 4+ 135 + 4E%%s + 4%ts + s + 1dtd
Wy = -/ S,
A Hs} T ts(s —1)(t3s — 1)
where £ = 37
e The relations are
1.
with; =0 Vi

il p gy =0 Vi=23 Vs €{pqr};
W1Wo = Wy [Hy, Hy} W13 = Wp {Hy,Hs}
Wal3 = Wp (Hy H3} T Wq,{Ha,Hs} T Wr,{Hz,Hs}-

2. Since 3x1 + x2 — x3 =0,
3y + 1Py —1pg = 0.

3. C ={H, Hs, H3} is the unique circuit with {p} = H; N Hy N Hs,
then

1_ _ _ _
0= —577T,®,{H2,H3} + Np,{H2,H3}0 + Nr0,{H1,Hs} + np,{Hl,Hz},QH’

= N1,0,{H\,Hs} — Tp{H1,H3}0 =

1 B _ _
= —§¢2¢3 + Wp {Hy, Hsy T V12 + Op (1, 1oy — V13 — Wp (1) 1) =

1
= —5%1’2@/13 + Wp o, Hy) T V12 + 1w — P12P3 — Wyl3.
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Considering the relations above, we have that

- a basis for H'(M(.A)) is represented by
{1, wa, ws, 1, U},
then dim(H'(M(A))) = 5;
- a basis for H*(M(A)) is represented by
{W102, 103, Walz, P11, W1a, Wotl1, W3th1, Wr (Hy, 1y} )
then dim(H?*(M(A))) = 8.

Note that these results are the same of Example|3.3.5/in which we computed
blz5andb2:8.



Appendix A

Modules and algebras

A.1 K-modules

Definition A.1.1. Let (IC,+,*) be an abelian ring.
(M, L) is a K-module if (M, 1) is an abelian group and exists an operation
* 1 I x M — M such that:

e (a+b)xm=a*xmLbxm;
e ax(mln)=axmlaxn;
e (a*b) *m = ax (bxm);

e lpxm=m

Va,b e K and Vm,n € M.

A K-module where K is a field, is called K-vector space.

Definition A.1.2. Let M be a K-module and N a subgroup of (M, 1).
N is a sub-K-module of M if, for every a € K,n € N, a*xn € N.
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If X is a non-empty subset of the -module M, then we define

<X >:= ﬂ N

N sub-K-module of M
XCN

the sub-K-module generated by X, that is the smallest sub-x-module of
M that contains X.

If X = {z1,...,2,} is a finite set, then < X >= {3  a; x x;]a; € K} is
said to be finitely generated.

If X ={z}, we write Kz :=<z >= {a*xz|a € L}.

If M =< X > we say that X generates M.

Definition A.1.3. Let M be a K-module and N be a subset of M. N is
linearly independent if for any distinct z1,...,2, € N and aq,...,a, € K

we have

i=1
A set that is not linearly independent is linearly dependent.

Definition A.1.4. Let M be a K-module. A subset B of M is a basis for
M if B is linearly independent and generates M.
M is said to be a free K-module if M = {0} or if M admits a basis.

Theorem A.1.5. A subset B of a K-module M is a basis if and only if every

nonzero x € M 1is an essentially unique combination of the vectors in B.

Definition A.1.6. Let M be a K-module and N be a sub-K-module of M.
The binary relation

TRy xz—yeN

is an equivalence relation on M, whose equivalence classes are the cosets

[z] ={z +n|n € N}.
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The set M/N of all cosets of N in M is a K-module under the well defined
operations 1L : M/N x M/N —s M/N and % : M/N x M/N — M/N such
that

[z] L]y] := [z Ly] and a¥[z] := [a * x].
This K-module is called quotient K-module.

Definition A.1.7. Let M,N be K-modules and f : M — N a group

homomorphism. f is a K-linear map or X-homomorphism if
flaxm)=ax f(m) Vae,YVme M.

A bijective K-linear map is called £ isomorphism.

Definition A.1.8. Let M, N be two K-modules and consider the set of the
pairs (m,n) with m € M,n € N.
This set is a K-module with the operations 4+ and * defined as follow:
(m,n)+ (m',n') = (m+m',n+n')
and
ax* (m,n) = (a*xm,a*n)

VYm,m' € M,n,n" € N,a € K.
This K-module, denoted as M & N, is called direct sum of M and N.

In the same way, it is defined the direct sum of a finite collection of

KC-modules, and it will be denoted as

The direct sum of n copies of M is denoted as
M':=Me&---& M.

Definition A.1.9. Let (K, +,") be a graded ring with £ = &I, K,.
A K-module M = @&7_,M; is a graded K-module if KyxM, C My, VA, u.
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Definition A.1.10. Let M ,M’ be graded K-modules with M = & | M;,
M = @ M!. A K-homomorphism of K-modules f : M — M’ is a
graded homomorphism if f(M;) C M/ Vi. A bijective homomorphism
is called graded isomorphism. f is called homogeneous of degree k if
f(M;) € M, Vi

7

A.2 [K-algebras

Definition A.2.1. Let (K, 4,*) be an abelian ring. A IC-module (A, 1)
with scalar product * is a K-algebra if there exists a bilinear operation

*: Ax A— A, called multiplication of A.

Recall that a bilinear operation is an operation that satisfies the fol-
lowing properties:

o (rly)xz=axz2+y*xz

e rx(ylz)=x*xyle*z

o (axx)xy=ax(xxy)

e zx(bxy)=0bx*(z*y)

Vr,y,z € A and Va,b € K.

Definition A.2.2. Let A be a K-algebra and B a sub-X-module of A. B is
a sub-K-algebra of Aifxxy € B Vr,y € B.

Definition A.2.3. Let A be a K-algebra and I a sub-K-module of A. I is
an ideal of Aif 1xxel,xxiel Vielxe A
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Definition A.2.4. Let A be a K-algebra and I an ideal of A. The binary

relation

TRy x—yel
is an equivalence relation on A, whose equivalence classes are the cosets
[z] = {x +1|i € I}.
The set A/I of all cosets of I in A is a K-algebra under the bilinear operation
*x: A/ x AJ/I — A/I defined by
[z Y] = [z % y].
This IC-algebra is called quotient K-algebra.

Note that % is well defined, since, if [z] = [2] and [y] = [¢/],
zxy—2'xy =xx(y—y)+ (x—a')xy €1, thus [z xy] = [2' * /]
Definition A.2.5. Let A,A’ be K-algebras and f: A — A’ a K-linear map.
f is a homomorphism of K-algebras if f(zxy) = f(x)¥'f(y) Ve e Az €
A

A bijective homomorphism is called K isomorphism.

Definition A.2.6. Let A be a K — algebra. A K-linear map 9: A — A is

a K-derivation if it satisfies the Leibniz rule, i.e, Va,b € A,
d(a*b) = (0a)*xb+ ax*(0b).

In this case we say that A is a differential K-algebra

A.2.1 Graded K-algebras

Definition A.2.7. Let A be a K-algebra. A is a graded K-algebra if there

A= @?:1141‘ and Ai*Aj C Ai+j Vi, j € {1,...,n}.
An element z € A is called homogeneous if it belongs to one of the A; and

homogeneous of degree i if x € A;.
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Remark A.2.8. e ( is homogeneous of all degrees;

e if x # 0 is homogeneous, it belongs to only one of the A;. If z € A;,

we say that 7 is the degree of x and we write deg(x) = i;

e Every z € A may be written uniquely as sum of homogeneous elements
with, for z = > " | z;, x; € A;. In this case we say that z; is the

homogeneous component of degree i of .

Definition A.2.9. Let A be a graded K-algebra with A = @ ;A; and [ an
ideal of A. I is an homogeneous or graded ideal of A if I = @' ;1N A,.

Proposition A.2.10. If A is a graded K-algebra with A = &} A; and I is

a homogeneous ideal of A, then A/I = @;_, Ié‘j‘h is graded KC-algebra.

Definition A.2.11. Let A, A’ be K-algebras with A = @} | A;, A" = @, Al
A homomorphism of K-algebras f : A — A’ is a graded homomorphism
of graded algebras if f(A;) C A, Vi. A bijective homomorphism is called

graded isomorphism.
[ is graded of degree k if f(4;) C A}, Vi

Definition A.2.12. Let A be a graded K-algebra. A is a differential
graded K-algebra if there exists a IC-linear map 0 : A — A of degree
1 or degree -1, such that:

e Jo0=0;
e O respects the graded Leibniz rule, i.e.
d(a*b) = (8a) x b+ (—1)%9 g x (9b)
for every a,b € A.

In this case 0 is called derivation of A.
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A.2.2 Exterior algebras of -modules

Definition A.2.13. Let M,N K-modules. Define B the K-module of formal
linear combinations of elements of M x N, and R the K submodule of B

generated by the element of one of the following types:

o (my+mg,n)— (my,n) — (mag,n);

e (m,ny +ng) — (m,ny) — (m,ny);

e (axm,n)— (m,ax*n)
VYm,mq,mg € M, n,ny,ny € N,a € K.

The tensor product of M and N, denoted by M ® N, is the quotient
K-module B/R. For every m € M,n € N, define z ® y the tensor product

of m and n the image of (m,n) through the natural projection
m:MxN— M®N.

Remark A.2.14. Directly from this definition, it follows that
e (M1 +me)@n=m; @n+myn;
e m® (N +ng) =men; +m & ng;
o (axm)@n=m® (a*xn)

VYm,my,me € M, n,ny,ne € N,a € K.

Definition A.2.15. Let M be a K-module. Define M*° := K and for every
n >0,
M =M®- - @M

the C-module defined as the tensor product of n modules equal to M, and

T(M) = me"

n>0

the C-module defined as the direct sum of {M®"},,>¢.
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T(M) is a K-algebra, called tensor K-algebra of M, with the operation
*x:T(M)xT(M) — T(M) defined on the generators as

(.’B1®---®xp)*(y1®---®yq) = QR -y,
for every (1 ® -+ - ®x,) € M®P (Y1 ® -+~ ®y,) € M®",p,q > 0.

Clearly T'(M) is a graded algebra.

Definition A.2.16. Let M be a K-module. Define I the ideal of T(M)
generated by the elements * ® y — y ® x, with z,y € M. The exterior
K-algebra of M, denoted as A(M) is the quotient K- algebra of the tensor
algebra T'(M) by the ideal I.

For every 1 ® --- ® x, € T(M), denote z1 A --- Az, its class in A(M).
It follows from the definition that:

e x Ny=—-yANz Vr,y,€ M;

e xNx=0 VrelM.

Since T'(M) is a graded algebra and I is a graded ideal, A(M) is a graded
algebra, i.e.

A(M) = % =P A (m)

n>0 n>0

and A"EAANE C ATTSE.

Remark A.2.17. Since INM®° = INM®' = {0}, then A°(M) = M®° =K
and A'(M) = M®' = M.

It can be proved that z Ay = (=1)Ply Ax Vo € AP(M),y € AY(M).
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For X = {zy,...,2,}, denote A*(zy,...,z,) = AF(< X >) and
A(zy,...,x,) = A(< X >). Since z Az = 0 for every z € X, we have
that A*(zy,...,x,) is generated by {z;, A - - Az, with iy # 4, VI #
m,x;; € X}, ie. every element of A¥(xy,...,2,) can be written as the
wedge of k distinct elements of < X >, which are elements of degree 1 since
< X >= AY(< X >). For this reason we say that A(z1,...,r,) is generated

in degree one.
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Appendix B

Matroids

Definition B.0.1. A matroid M is an ordered pair (E,Z), where E is a

finite set and Z is a collection of subsets of F having the following properties:
(I1) 0 e 7,

(I2) If BC Aand A € Z, then B € T;

(I3) If A, B € Z where |B| < |A|, then Ja € A\B such that BU {a} € Z

The elements of Z := Z(M) are called independent sets, and E is called
ground set of M. A subset of E that is not in Z is called dependent.

Definition B.0.2. A circuit of M is a minimal dependent set. Define
C(M) the set of circuits of M, i.e.

CM)={X ¢TI, Ve e X, X\{z} €T}

Note that Z(M) = {X C E; Y C X with Y € C(M)}. It immediately
follows that

Proposition B.0.3. A matroid is uniquely determined by its set C(M) of

circuits.

Definition B.0.4. B C E is a basis of M if it is a maximal independent
set in M.Denote B the set of basis of M.
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Lemma B.0.5. If By and By are basis of a matroid M, then |By| = | Ba|.

Note that B is the collection of maximal subsets of E that contain no
member of C(M) and C(M) is the collection of minimal sets that are con-

tained in no member of B.

Definition B.0.6. Let M = (F,Z) a matroid and X € E. Define
T|x = {I C X|I € T}
M|x = (X, Z|x) the restriction matroid of M to X;
C(Mlx) ={C C X[|C e C(M)}
and the rank function
v P(E) — Z7 U {0}

X +— |B]
where B basis of M|x. Denote (M) :=r(E).

Note that the rank function is well defined thanks to Lemma [B.0.5l
Remark B.0.7. For every X C F/|
e XcT & | X | = rm(X);
e XeB & | X =rpm(X) = ry(M);
o X e & X #Qand ry(X) = |X|-1=rm(X\{z}) Vz € X.
Definition B.0.8. Define the closure operator of M as
cl:P(E)— P(F)

X — {z € Elrp(X Uz) = rpy(X)}
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Remark B.0.9. For every X C F,
Loram(X) = ru(c(X));
2. X Cd(X);
3. c(c(X)) =c(X);
4. c(X) Cc(Y),for X CY.

Definition B.0.10. A subset X of E is a flat (or closed set) of M if
cl(X) = X. Denote £(M) the set of flats of M and note that it is a poset

under inclusion.

Remark B.0.11. {X C F|X flat} = {cl(X)|X C E}. In fact, in order to
prove the right to left inclusion, we take Y = cl(X) which is a flat since, by

Remark [B.0.9, cl(Y) = cl(cl(z)) = cl(X) =Y.

Definition B.0.12. Let X, Y be subsetes of E. We say that X spans Y if
Y C cl(X) and that X is a spanning set of M if cl(X) = E.

Proposition B.0.13. Let X be a subset of E, then:

e X is a spanning set < ryp(X) = rpm(M).

X is a base of M < X is a spanning set and independent set

< X is a minimally spanning set.

e X is a circuit < X is a minimal non-empty set such that
recdX—z) VrelX.

o cl(X)=XU{x € FE|3 C circuit such that v € C C X Ux}.
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Appendix C

Vector bundles and de Rham

cohomology

C.1 Vector bundles

Definition C.1.1. Let £, M be C* manifolds and 7 : £ — M be a C*°
map. The triple £ = (E, 7, M) is a vector bundle of rank n over a field K,
if

e 7 !(x) is a K-vector space for every z € M;

e there exists an open cover {U,} of M and diffeomorphisms ¢, : U, X
K" — 7~ Y(U,) such that

T O P = Proji

where proj, : U, x K" — U, is the projection on the first component,
and Vo € U,, Vy € K" the maps

Yozt K" — 7T_1(1’>

Y — @a(z,y)

are linear isomorphisms.
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If K is equal to R or C, £ is called, respectively, real or complex vector
bundle.

Remark C.1.2. e 7 is a surjective map since for every z € M, 7~ 1(x)

is a K vector space and then it can’t be empty;

o [ = |_|xeM7T_1({E).

Definition C.1.3. Let M be a C* manifold. { = (M x K", proj;, M) is

called trivial bundle of rank n over K.

Definition C.1.4. Let £ = (E, 7, M) be a vector bundle and let O be an
open submanifold of M. The vector bundle {|o := (77 (O), 7|-1(0),O) is

called restriction of ¢.

Definition C.1.5. Let £ = (E, 7, M) be a vector bundle.
A C*® map s: M — FE is a section of ¢ if m o s is the identity on M.
Let U be an open set in M, a C"*° map is a section of £ over U if it is a

section of £|y, i.e. 7o s is the identity on U.

Proposition C.1.6. Every vector bundle & = (E,m, M) admits a section
so : M — E such that, Vx € M, so(x) = 0, where 0, is the zero element of

the vector space m—'(x). sg is called zero section of &.

Definition C.1.7. Let M be a n-dimensional C'*° manifold, and S be a k-
dimensional C'** submanifold of M. An open neighborhood T of S in M is a
tubular neighborhood if there exist a vector bundle £ = (E, m, S) of rank
n — k and a diffeomorphism ¢ : T — FE such that 1|s = sg, where sq is the

zero section of &.

Theorem C.1.8 (Tubular Neighborhood Theorem). Let M is a C*° mani-
fold. FEvery C*° submanifold S in M has a tubular neighborhood T.
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Let’s now recall some notions about homotopy:

Definition C.1.9. Let M ,N be C'"*° manifolds and f,g be C*° maps between
M and N. f and g are C"*°-homotopic if there exists a C'*° map

F:MxR-—N

such that
Flyxgoy = f and  Flyxay =g

In this case F is called homotopy from f to g and we write f ~, g¢.

Definition C.1.10. Let M ,N be C* manifolds. We say that M is homo-
topy equivalent to N if there exist f : M — N and g : N — M C*

maps such that

gof~1y and fog~1y.

In this case f and g are called homotopy equivalences and we write
M~ N.
If a manifold M is homotopy equivalent to a point, we say that M is con-
tractible.

Definition C.1.11. Let S be submanifold of a manifold M, with¢ : S — M
the inclusion map.

A C® mapr: M — S is a retraction from M to Sif roi = 1g. In this
case we say that S is a retract of M.

S is a deformation retract of M if there exists an homotopy F' from 1,
totor. S is a strong deformation retract of M if it is a deformation
retract such that F(s,t) = s for every s € S,t € R (i.e. F leaves S fixed for

every time t).

Proposition C.1.12. Let S be submanifold of a manifold M. If S is a de-

formation retract of M, then S is homotopy equivalent to M.

Proposition C.1.13. A vector bundle over a contractible manifold is trivial.
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C.2 De Rham cohomology

We assume the reader is familiar with basic concepts of differential
topology such as C'*° manifold, C*>° map, tangent space, pullback of a map
and smooth differential form. (See [Tu08]).

Let M be a C* manifold. We denote Q¥(M) the real vector space of
smooth differential k-forms on M.
From now on we will call a smooth differential k-form, simply k-form.

Recall that
e OV(M)=C®M):={f: M — R, fisaC>™map};
e OF(M) =0 for every k > dim(M) the dimension of M;

o O(M) := 21%(1\/[) QF(M), with the wedge product A of forms, is a
graded algebra;

e aAfB=(=1)*BAa for every a € Q¥(M), 8 € QF.

Definition C.2.1. Let M be a C* manifold. An exterior derivative on
M is a R-linear map
d: (M) — Q (M)

of degree 1 such that:
e on O-forms it agrees with the differential df of a function f;
e dod=0;

o dlaAB)=(da) AB+ (=1)*a A (dB), where a € QF(M).
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Theorem C.2.2. On any manifold M there exists an unique exterior deriva-

tive d : Q* (M) — Q*(M) characterized uniquely by the three properties of
Definition [C-2.1]

It follows that Q*(M) is a differential graded anticommutative algebra
and (Q*(M),d) is a cochain complex, called de Rham complex.

Define d* := d‘Qk(M) : Qk(M) — Qk+1(M)-

Definition C.2.3. Let M be a C° manifold.
A k-form w is a closed k-form if w € Ker(d*) and it is a exact k-form if
w € Im(d*1).

The cohomology of the de Rham complex is the quotient vector space

HE (M) = Ker(d¥) _ {closed k-forms on M}
ar Im(d¥1)  {exact k-forms on M}

It is called de Rham cohomology of M in degree k.

Define
dim(M)

H;lkR(M) = @ HSR(M)-
k=0
Note that, for every «, 3 forms:
e «, (3 closed = a A [ closed,
e « exact, ( closed = a A 8 exact;
e « closed, 8 exact = a A [ exact.

It follows that the wedge product of the k-forms induces a wedge product
on the classes defined by

[ A [B] = e A B

This product gives to Hjjz(M) the structure of an anticommutative graded

R-algebra.
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Definition C.2.4. Let M,N be C**° manifolds and f : M — N be a C*
map.
Define

Hip(f*) : Hip(N) — Hip(M)

W] — [/ (w)]
where f*: QF(N) — QF(M) is the pullback map of f.

These maps induce an homomorphism of algebras
Har(f") : Hig(N) — Hgp(M).

Note that H%.(f*) is well defined since it can be proved that the exterior

derivative commutes with the pullback of every C'*° map.

Proposition C.2.5. Let M ,N be C* manifolds and f: M — N be a C'*°
map. If f is a diffeomorphism, then HE5(f*) is a isomorphism of vector
spaces for every k.

In particular

Hip(M) = Hjp(N).

From this proposition immediately follows that the de Rham cohomology

is a diffeomorphism invariant of C*° manifold.

C.2.1 Homotopy axiom for the de Rham cohomology

Proposition C.2.6. Let M ,N be C* manifolds and f,g be C* maps be-
tween M and N. If f ~. g then Hf (f*) = H%:(g%).

Corollary C.2.7. Let M ,N be C* manifolds. If M is homotopy equivalent
to N, then Hjp(M) is isomorphic to Hjp(N).

Corollary C.2.8. Let S be a submanifold of a manifold M. If S is a defor-
mation retract of M, then H}n(S) is isomorphic to Hjp(M).
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C.2.2 Mayer-Vietoris sequence

Theorem C.2.9. Let {U,V'} be an open cover of a C*®-manifold M.

Consider, for each k,
i QF (M) — QFU) @ QF (V)

o — (Oé|U,CY|V)

and

MU @ QR (V) — QR U N V)

(B,7) — Blorv — v|vav-

The sequence
0= QM) L QM) @ (V) L QU nY)
15 exact for each k.

Remark C.2.10. If B C A, for every form w in A, w|g = ij(w) where

ig : B — A is the canonical inclusion.
In particular the sequence of cochain complexes
0= (M) LU0 (V) L WUNV) =0 (C.1)

1s exact.
Note that Q*(U) & Q*(V) =Q*(U L V).

Thanks to Snake’s lemma, the sequence gives rise to a long exact

sequence in cohomology, called Mayer-Vietoris sequence

o 1 () 2 gk e gk (v) LD gk onvy & mES (M) <

where 8% is the connecting homomorphism.
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C.2.3 Relative de Rham cohomology

Definition C.2.11. Let M be C'*° manifold, S be a submanifold of M and
is : S — M be the inclusion map. Define a complex Q*(M, S) := @,QF(M, S)
by

QF (M, S) == QF(M) & Q*1(S)

and
d: Q"(M,S) — QFY(M, S)

(a7ﬁ) — (dOé,O./|S - d/B)

It is easy to verify that d> = 0. Note that a cohomology class in Q*(M, S)

is represented by a closed form w on M such that w|g is exact.

Proposition C.2.12. Let
i QFH(S) — QF(M, )

a— (0, )
and

§:QFM,S) — QF(M)
(B,7) — B.

The sequence

0= QF1(S) 5 QF (M, S) L k(M)
15 exact for each k.

Proposition C.2.13. Let M be C'*° manifold, S a submanifold of M. There

is an exact sequence, called long exact sequence of the pair (M,S)

Hjp' (i) )

k . k i
o gy B O g gy 2O gk ypy BanCS e gy

where HY, (M, S) is called relative de Rham cohomology.

In conclusion we state an important theorem called excision theorem
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Theorem C.2.14. Let U,A,X be three manifolds. If U C A C X, then the
inclusion map (X\U, A\U) — (X, A) induces, for every k, an isomorphism

r HY (X, A) — H5(X\U, A\U).
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