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Abstract An important task of the modern research in particle physics
is to measure the properties of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix. The CKMmatrix governs the mixing between mass and flavour
eigenstates of quarks and is responsible of the breaking of the CP
symmetry in the Standard Model (SM), hence, in the very end, of the
imbalance between matter and anti-matter in the Universe. Probing
the consistency and the unitarity of the CKM matrix is fundamental
to verify the validity of the SM and to look for physics beyond. Using
the measurements of CP-violation parameters and branching ratios
of the B0 → π+π−, B0 → π0π0, B+ → π+π0 and B0

s → K+K− de-
cays, a bayesian analysis is performed to determine two parameters of
the CKM matrix: the angle γ and the mixing phase, −2βs, of the B0

s
meson.
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Introduction

The study of the Cabibbo-Kobayashi-Maskawa (CKM) matrix is directly related
to the flavour dynamics of quarks, and governs CP violation in the Standard Model
(SM). Relevant tests of the role of the CKM matrix in the SM can be obtained by
studying CP violation in some processes involving weak decays of B mesons. In a
brief introduction of the SM we show that the CKM is a unitary complex matrix
that can be parameterised by four parameters, three real angles and one complex
phase. Testing the unitarity of the CKM matrix is one of the most powerful tools
to probe the SM and to search for physics beyond it. This thesis focuses on the
determination of two parameters of the CKM matrix: γ and −2βs. These param-
eters can be determined with great accuracy from decays dominated by tree-level
transitions, hence in cases where only SM contributions are expected. An alterna-
tive strategy is to determine them using decays receiving significant contributions
from loop topologies, like two-body hadronic decays of B mesons (B0 → π+π−,
B0 → π0π0, B+ → π+π0 and B0

s → K+K−). The advantage of using these decays
is that in the loops new particles, not present in the SM, may appear as virtual
contributions modifying the values of the CP asymmetries and branching fractions
with respect to their SM value. Hence, any deviation of γ and −2βs from their val-
ues determined from tree-level decays would be a proof of physics beyond the SM.
Unfortunately the loop topologies introduce additional hadronic parameters in the
decay amplitudes, that are a dangerous source of systematic uncertainties. However,
several strategies have been proposed to minimize these effects and have already
been tested. In this thesis we perform the same analyses, but updating the input
measurements to the latest available results.

The thesis is organized as follow: a first chapter introduces the basic concepts
of the SM, the Feynmann diagrams representing the interactions between particles,
and the CKM matrix. In the second chapter a description of the hadronic two-
body decays of B mesons is given, summarising the mechanism at the basis of CP
violation in these decays. The third chapter is dedicated to the theory behind the
bayesian analysis and how it can be applied in situation like the one at hand. In
the fourth chapter we first present how the decay amplitudes of the used decays
relate to the CKM parameters. Then, after summarising the measurements used
as constraints in the analysis, the bayesian inference is used to determine γ and
−2βs. Particular attention is given in the analysis to the effect introduced by the
theoretical assumptions used to deal with the hadronic parameters. In the final
chapter the results of the analysis are summarised and briefly discussed.
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Chapter 1

Standard Model

1.1 Introduction to the Standard Model
The Standard Model (SM) is a model used to describe the fundamental particles

and antiparticles (which are particles having the same features of their own associ-
ated particles but opposite quantum numbers) and the nature of their interactions
at high energy. This model divides the particles on many levels, but the two main
types are defined by the nature of their spin. Particles with a semi-integer spin are
called Fermions and are the fundamental constituents of matter, while particles with
an integer spin are called Bosons and are responsible for the interactions.
Fermions are classified in two groups regarding whether or not they interact through
strong interaction. Those that do are called Quarks, while the others are called Lep-
tons. Both Leptons and Quarks can have electro-weak interactions. Both groups are
composed of six different particles, organized in three ”families”, each one composed
by a couple of particles. This scheme is symmetrically reproduced for the antiparti-
cles.
The families of the Leptons have flavour of electron (Le), muon (Lµ) and tau (Lτ ).
Each family is composed of a charged lepton (which gives the name to its family)
and a characteristic neutrino with zero electrical charge.(

νe
e−

)(
νµ
µ−

)(
ντ
τ−

)
. (1.1)

Quark families are organized this way:

(
u
d

)(
c
s

)(
t
b

)
, (1.2)

where the quark up (u), charm (c) and top (t) have an electrical charge qup = +2
3 and

the quark down (d), strange (s) and beauty (also called bottom) (b) have electrical
charge qdown = −1

3 , in units of the fundamental electric charge e. Every quark has a
baryonic number of 1

3 . In addition a quantum number called flavour is assigned to
each quark. This quantum number is

• strangeness S = −1 for the s quark,
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• charmness C = 1 for the c quark,

• beautyness B = −1 for the b quark,

• topness T = +1 for the t quark.

Quarks are bound by the strong interaction to form hadrons. When three quarks are
bound together they form a baryon with baryonic number 1, while when a quark
(q) and an antiquark (q̄) are bound together they form a meson with baryonic
number 0. The quantum chromo dynamic (QCD), the theory that describes strong
interactions, states that quarks can combine as long as their baryonic number is an
integer, condition followed by both adrons and mesons.
Bosons are the mediators of the interactions. They are also called gauge bosons,
because they follow from the gauge symmetry. These particles are the photon (γ),
mediator of the electromagnetic interaction, the gluons (g), mediators of the strong
interactions, the bosons W± and Z0 , mediators of the weak interactions, and the
Higgs boson, which couples with the particles assigning them their mass.

Figure 1.1: Scheme of the particle of the standard model, organized by families and nature.
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1.2 The Feynman diagrams
A fairly simple but extremely functional way to describe interactions among

particles is given by the so-called Feynman diagrams. These diagrams represent the
particles and their interactions on a space-time frame, representing in different ways
the various kinds of interaction involved.
As examples, in Figure 1.2 we can see the interaction of two electrons represented
in a Feynman diagram, in Figure 1.3 we can see the annihilation of a quark and its
corresponding antiquark resulting in the emission of a gluon and eventually in the
creation of a top and antitop quark. Two examples Feynamnn diagrams for weak-
interaction processes are reported in Figures 1.4 and 1.5. One thing to note is how

Figure 1.2: Feynman diagram of the electromagnetic repultion between two e−.

Figure 1.3: Feynman diagram of the strong annihilation of a generic quark and antiquark
with the emission of a gluon and the generation of a couple top-antitop.

this representation shows really well the concept of the interactions being mediated
by bosons, picturing them as mediators between the initial and final particles. It
should be noted that each vertex of the diagram is associated to a coupling constant,
which represents the strenght of the interaction.
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1.3 The CKM matrix
As seen in the previous section, the probability for a process to occur is pro-

portional to the coupling constant of the vertex in the Feynman diagram. For the
strong and electromagnetic interactions the coupling constant is indipendent of the
family of particles. In the case of weak interaction, however, this is not the case.
In fact there are experimental evidences that the strenght of weak interaction de-
pends on the flavour of the involved particles. This phenomenon has been explained
by Cabibbo in 1963 [1]. At that time only the u, d and s quarks were known and
experimental observations evidenced that in hadronic decays,

• some decays have variation of strangeness |∆S| = 0 while others shows |∆S| =
1,

• processes with strangeness variation |∆S| = 0 are preferred over those with
|∆S| = 1.

Figure 1.4: Feynman diagram of the β decay. A conversion of a quark d in a quark u with
the emission of a W− boson, which later generates a couple e− and νe.

Figure 1.5: Feynman diagram of the Λ0 decay. A conversion of a quark s in a quark u with
the emission of a W− boson, which later generates a couple ū and d.

Considering for example the two decays:

n→ pe−ν̄e (1.3a)
Λ→ pπ−. (1.3b)
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We can see that the quark composition of the hadrons involved are:

n =

ud
d

 , S = 0

p =

uu
d

 , S = 0

Λ =

sd
u

 , S = −1

π− =
(
ū
d

)
, S = 0.

(1.4)

We can see that in the decay of Eq. (1.3a) we have |∆S| = 0 while in the one of
Eq. (1.3b) |∆S| = 1.
In his paper Cabibbo proposed to consider the down-type (d and s) quarks in the
interactions not as pure flavour eigenstates, but instead as linear combinations d′
and s′, such that both

(
d s

)
and

(
d′ s′

)
pairs constitute an orthonormal basis for

the description of the quark state involved in the transition. The eigenstates d′ and
s′ correspond to a rotation by the so-called Cabibbo angle of the flavour eigenstates
d and s: (

d′

s′

)
=
(
Vud Vus
Vcd Vcs

)(
d
s

)
=
(

cos θC sin θC
− sin θC cos θC

)(
d
s

)
(1.5)

In this way it was possible to explain the suppression of ∆S = 0 processes. In fact,

Figure 1.6: Rotation of a θC angle of the (d s).

since the weak interaction acts on flavour eigenstates, the couplings of the decays in
Eqs. (1.3a) and (1.3b) are hence propotional to cos θC and sin θC respectively. The
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Cabibbo angle is observed to be small, so that the interaction which preserve the
strangeness is easier to find than the other.
The generalization of the Cabibbo idea with all the three families of quarks was
then proposed by M. Kobayashi and K. Maskawa [1, 2]. The matrix of Eq. (1.5) was
replaced with the Cabibbo-Kobayashi-Maskawa (CKM) matrix V :d′s′

b′

 =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

ds
b

 = V

ds
b

 , (1.6)

that is a complex unitary matrix, hence respects the condition:

V †V = 1 = V V †. (1.7)

This relation of unitarity corresponds to nine equations. Three of these equations
express the universality of weak interaction:

|Vud|2 + |Vus|2 + |Vub|2 = 1, (1.8a)
|Vcd|2 + |Vcs|2 + |Vcb|2 = 1, (1.8b)
|Vtd|2 + |Vts|2 + |Vtb|2 = 1, (1.8c)

while the other six equations define the ortogonality relations and can be represented
as triangles in a complex plane:

V ∗udVus + V ∗cdVcs + V ∗tdVts = 0, (1.9a)
V ∗ubVud + V ∗cbVcd + V ∗tbVtd = 0, (1.9b)
V ∗usVub + V ∗csVcb + V ∗tsVtb = 0, (1.9c)
VcdV

∗
ud + VcsV

∗
us + VcbV

∗
ub = 0, (1.9d)

VtdV
∗
ud + VtsV

∗
us + VtbV

∗
ub = 0, (1.9e)

VtdV
∗
cd + VtsV

∗
cs + VtbV

∗
cb = 0, (1.9f)

The requirements of Eqs. (1.8) and (1.9) reduce the number of free parameters of
the CKM matrix to four: three real mixing angles and one complex phase. This
complex phase, is responsible for the CP violation in the SM.
Using a 3-dimensional space

(
d, s, b

)
we can obtain the real part of the mixing

matrix using some transformations. In particular we are interested in the case where
this is accomplished with three rotations: first we rotate around the b-axis of an angle
θ12, then around the s axis of an angle θ13 and finally around the d axis of an angle
θ23. Defining cij = cos θij and sij = sin θij the real CKM matrix calculated this way
looks like:

Re|V | =

1 0 0
0 c23 s23
0 −s23 c23

 c13 0 s13
0 1 0
−s13 0 c13

c12 −s12 0
s12 c12 0
0 0 1

 (1.10)

The values of the angles are measured to be [4]
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θ12 = (12.78± 0.06)◦ (1.11a)
θ23 = (2.41± 0.03)◦ (1.11b)
θ13 = (0.211± 0.005)◦ (1.11c)

From this matrix we can obtain V adding the complex phase δ13 in the calculus:

V =

1 0 0
0 c23 s23
0 −s23 c23

 c13 0 s13e
−iδ13

0 1 0
−s13e

+iδ13 0 c13

c12 −s12 0
s12 c12 0
0 0 1


=

 c12c13 s12c13 s13e
−iδ13

s12c23 − c12s23s13e
+iδ13 c12c13 − s12s23s13e

+iδ13 s23c13
s12s23 − c12c23s13e

+iδ13 c12s23 − s12c23s13e
+iδ13 c23c13

 (1.12)

All the θij angles can be chosen to lie in the first quadrant and the mixing between
two quarks generation i,j vanishes if the corresponding θij is equal to zero.
In particular, in the case θ13 = θ23 = 0 the CKM matrix would take the form of the
VC from Eq (1.5).
The values of the CKM matrix elements have been measured by studying the fol-
lowing processes:

• |Vud| → Nuclear beta decays (d→ ueνe transitions)

• |Vus| → Semileptonic kaons decays K → πlν̄ (s→ ulν̄ transitions)

• |Vub| → Exclusive and inclusive semileptonic B-hadron decays (b→ ulν̄ tran-
sitions)

• |Vcd| → Semileptonic D-hadron decays D → πlν̄ (c → dlν̄ transitions) and
charm production from ν interaction with matter

• |Vcs| → Semileptonic D decays (c → slν̄ transitions) and leptonic Ds decays
(Ds → lν̄)

• |Vcb| → Exclusive and inclusive semileptonic B decays to charm(b→ clν tran-
sitions)

• |Vtb| → Branching fraction of t→ Wb decay (assuming CKM matrix unitarity)
and single top-quark-production cross section.

The magnitudes of Vtd and Vts are not measurable using tree-level processes. The
cleanest way to meeasure them is to determine Vtd

Vts
from B0 − B̄0 and B0

s − B̄0
s

oscillation processes.
The magnitudes of the elements of the CKM matrix are [3]:

V =

|Vud| |Vus| |Vub||Vcd| |Vcs| |Vcb|
|Vtd| |Vts| |Vtb|

 =

974.20± 0.21 224.3± 0.5 3.94± 0.36
218± 4 997± 17 42.2± 0.8
8.1± 0.5 39.4± 2.3 1019± 25

× 10−3.

(1.13)
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Figure 1.7: Graphic representation of the magnitudes of the CKM matrix elements and of
their hierarchies

The squared values of these modules are proportional to the transition rates of
processes between a down-like quark

(
d s b

)
and an up-like one

(
u c t

)
.

Analyzing the values in Eq. (1.13) we can see that the terms on the diagonal are
definitely bigger than the others, showing the already known fact that transitions
between quark of the same family are strongly favorite. We can also see that tran-
sitions between the first and second generation are more probable than the ones
between the second and the third generation. The least probable transitions are
those involving the first and the third generation, meaning that the decays are more
likely to happen between generations next to each other.

1.4 Wolfenstein parameterization of the CKM ma-
trix and unitary triangles

Considering the hierarchy of the elements of the CKM matrix, L. Wolfenstein
proposed a parameterization of the matrix in terms of powers of sin θC [18].
By substituting in Eq. (1.10) the terms:

s12 = λ (1.14a)
s23 = Aλ2 (1.14b)

s13e
−iδ13 = Aλ3(ρ− iη), (1.14c)

the CKM matrix can be written as:

V =

 1− λ2

2 λ Aλ3(ρ− iη)
λ 1− λ2

2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4) (1.15)

Considering Eq. (1.7), and interpreting the sides of the triangles in terms of power of
λ, we can see that the triangles that are not squashed are those defined in Eqs. (1.9b)
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triangles

and (1.9e), which have all sides of the same order of magnitude.
It is convenient for our analysis to rewrite the triangles so that one side is unitary.

V ∗ubVud
V ∗cbVcd

+ 1 + V ∗tbVtd
V ∗cbVcd

= 0 (1.16a)

VtdV
∗
ud

VtsV ∗us
+ 1 + VtbV

∗
ub

VtsV ∗us
= 0 (1.16b)

We concentrate our study on the first triangle, which is particularly interesting for

Figure 1.8: Triangle representing the unitary condition of Eq. (1.16a)
.

our case. Applying the Wolfenstein parameterization we can write:V ∗ubVud
V ∗cbVcd

= Aλ3(1−λ
2

2 )(ρ+iη)
−Aλ3 = Aλ3(ρ+iη)

−Aλ3 +O(λ4)
V ∗tbVtd
V ∗cbVcd

= Aλ3(1−ρ−iη)
−Aλ3 +O(λ4)

(1.17)

We can define the generalized parameters:

ρ̄ = (1− λ2

2 )ρ η̄ = (1− λ2

2 )η (1.18)

The equation for the unitary triangle is calculated as:

(1− ρ̄− iη̄) + (−1) + (ρ̄+ iη̄) = 0 (1.19)

The modules of the vectors in the new parameterization are:
ĀC = |V ∗ubVud|

|V ∗cbVcd|
= |(ρ̄+ iη̄)|2 = Rb

B̄C = 1
ĀB = |V ∗tbVtd|

|V ∗cbVcd|
= |(1− ρ̄− iη̄)|2 = Rt

(1.20)
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These equations in a complex plane
(
ρ η

)
represent the unitary triangle as shown

in Figure 1.8.
The values of the angles inside the triangle are then given by:

α = arg
(
V ∗ubVud
V ∗tbVtd

)
(1.21a)

β = arg
(
V ∗tbVtd
V ∗cbVcd

)
= arctan η̄

1− ρ̄ (1.21b)

γ = arg
(
V ∗ubVud
V ∗cbVcd

)
= arctan η̄

ρ̄
(1.21c)

The other triangle defined in Eq. (1.16b) is the same as the one in Eq. (1.16a)
but rotated by the angle βs corresponding to

βs = arg
(
−VtsV

∗
tb

VcsV ∗cb

)
. (1.22)

The experimental determination of the sides Rt and Rb and of the angles α, β,
γ and βs is fundamental to verify the validity of the SM.The determination of these
parameters can be obtained from the study of many different decays. If the various
measurements should not agree with a common apex of the UT, it would mean that
the CKM model of CP violation is incomplete and requires more particles that are
currently not present in the SM.



Chapter 2

Hadronic two-body B decays

The B meson is a meson composed by a quark and an antiquark of the form(
q b̄

)
. Of particular interest for this thesis is the case where q ∈ {d, s} generating

the neutral mesons B0 and B0
s respectively.

Hadronic two-body B meson decays are fairly important for the exploration of the
CP violation. The Feynman diagrams describing the topologies contributing to the
amplitudes of these decays can be divided in two groups: tree-level diagrams and
loop diagrams(also referred to as penguin diagrams). An example of these diagrams
is reported in Figure 2.1.
Each vertex of a Feynman diagrams contribute to the decay amplitude with a

(a) Example of a tree-level decay (b) Example of a penguin decay

Figure 2.1: Examples of a tree-level decay (a): an antiquark b̄ becomes an antiquark ū,
emitting a W+ boson, which then generates a meson π+, (u d̄), and of a penguin decay
(b) with emission of a g boson, which generates a π0 meson

complex term. This term takes into account the strength and the phase due to the
interaction and the CKM elements corresponding to the quark-level transitions. An
important thing to note is that under CP transformation only the phase of CKM
elements change sign, while the other phase of the amplitude does not. For example
in the diagram in Figure 2.1 the decay amplitude will be proportional to the CKM
elements

A ∝ V ∗ubVud, (2.1a)
A ∝ V ∗tbVtd, (2.1b)
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for the left and right diagrams, respectively. Another process governing neutral B
meson decays is the so-called B0

q − B̄0
q mixing. This process is the oscillation of a

neutral B0
q meson into its antiparticle and is governed by the Feynman diagrams in

Figure 2.2.
In this case we see that the CKM elements involved are Vqd(s) and V ∗qb, where the
case in which q is the t quark is the dominant one.

Figure 2.2: Example of B0
q − B̄0

q mixing

2.1 Direct CP asymmetries
Considering a decay governed by the diagrams in Figure 2.1, the amplitude of

the decay can be written as:

A = A1e
iδ1eiφ1 + A2e

iδ2eiφ2 (2.2)

Where A1 and A2 are the modules of the amplitude of the two diagrams, δ1 and δ2
are the so-called strong phases and φ1 and φ2 are derived from the CKM elements.
The amplitude of the CP-conjugated decay can be written as:

Ā = A1e
iδ1e−iφ1 + A2e

iδ2e−iφ2 . (2.3)

The modules squared of the amplitudes in Eqs. (2.1) and (2.2) represent the probabil-
ity of the transition of a generic B meson to the final state f and the CP-conjugated
process, respectively.
The asymmetry between these probabilities can be written as:

ACP ≡
Γ(B̄ → f̄)− Γ(B → f)
Γ(B̄ → f̄) + Γ(B → f)

= |A(B̄ → f̄ |2 − |A(B → f)|2

|A(B̄ → f̄ |2 + |A(B → f)|2
=

= 2|A1||A2| sin (δ1 − δ2) sin (φ1 − φ2)
|A1|2 + 2|A1||A2| cos (δ1 − δ2) cos (φ1 − φ2) + |A2|2

.

(2.4)

A non vanishing CP asymmetry ACP indicates that the behaviour of the particle
B is different from the behaviour of its antiparticle B̄. CP violation arises from
the interference between the two amplitudes corresponding to the two diagrams in
Figure 2.1. This is referred to as direct CP violation.
Since the weak phase difference is generally given by one of the angles of the unitary
triangles, it is possible to determine this angle from the measured value of ACP .
However, the extraction of (φ1 − φ2) from ACP is problematic because the number
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of unknowns includes also the amplitudes |A1,2| and the strong phase difference
(δ1 − δ2). It is possible to deal with this problem, searching for fortunate cases,
where relations between decay amplitudes of different channels allow to use more
CP-violation observables and to overconstraint the system of equations determining
also the values of the hadronic parameters.

2.2 Mixing of neutral B mesons
Another source of CP violation in neutral B meson decays is the CP violation

arising from the interference between B0
q − B̄0

q mixing and decay processes. This is
called the mixing-induced CP violation.

2.2.1 Neutral mixing
The phenomenon of neutral mixing arises from the box-diagrams shown in Figure

2.2. At any time t the B meson can be seen as a superposition of states:

|B(t)〉 = a(t)|B〉+ b(t)|B̄〉, (2.5)

where |B〉 and |B̄〉 represent the particle and antiparticle state of the B0
q meson,

a(t) and b(t) are the coefficients of each state as a function of time and satisfy the
relation:

|a(t)|2 + |b(t)|2 = 1. (2.6)

The time evolution is thus governed by a 2× 2 effective hamiltonian, which can be
expressed in terms of the Hermitian matrices M and Γ:

H = M − i

2Γ =
(
M M12
M∗

12 M

)
− i

2

(
Γ Γ12

Γ∗12 Γ

)
. (2.7)

The elements of this matrix are related to the amplitudes of the vertices in the
Feynman diagrams in Figure 2.2. The matrix diagonal elements have to be equal to
guarantee the invariance of the system for CPT transformations.
The time evolution of a neutral B meson can hence be described by a Schroedinger
equation of the form:

i
d

dt

(
a(t)
b(t)

)
= H

(
a(t)
b(t)

)
. (2.8)

Solving for the eigenvalue of H we obtain two eigenstates of massesMH,L and widths
ΓH,L, respectively :

|BH〉 = p|B〉+ q|B̄〉√
|p|2 + |q|2

, (2.9a)

|BL〉 = p|B〉 − q|B̄〉√
|p|2 + |q|2

, (2.9b)
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corresponding to the eigenvalues:

λH = M − i

2Γ + q

p

(
M12 −

i

2Γ12
)
, (2.10a)

λL = M − i

2Γ− q

p

(
M12 −

i

2Γ12
)
, (2.10b)

where we have defined:
q

p
=

√
M∗

12 − i
2Γ∗12

M12 − i
2Γ12

. (2.11)

Note that each mass eigenstate |BH〉 and |BL〉 can be expressed as a linear combi-
nation of the flavour eigenstates |B〉 and |B̄〉. The time evolution of a pure B meson
gnerated in the pure |B〉 state, hence having b(0) = 0, is:

|B(t)〉 = g+(t)|B〉+ q

p
g−(t)|B̄〉. (2.12)

The opposite case of a B meson generated in the pure |B̄〉 state is instead:

|B̄(t)〉 = g+(t)|B̄〉+ p

q
g−(t)|B〉, (2.13)

where the time-dependent coefficients g+(t) and g−(t) are:

g+(t) =
(
e−iλH t + e−iλL

2

)
, (2.14a)

g−(t) =
(
e−iλH t − e−iλL

2

)
. (2.14b)

Considering now the decay B → f , the time-dependent amplitudes dependent from
the time of this process will be, for the two cases of Eqs. (2.12) and (2.13),

〈f |Heff |B(t)〉, (2.15a)
〈f |Heff |B̄(t)〉, (2.15b)

that, if expanded, will be:

AB→f (t) = g+(t)〈f | Heff | B〉+ q

p
g−(t)〈f | Heff | B̄〉, (2.16a)

AB̄→f (t) = g+(t)〈f | Heff | B̄〉+ p

q
g−(t)〈f | Heff | B〉, (2.16b)

where 〈f | Heff | B〉 = Af and 〈f | Heff | B̄〉 = Āf are the instantaneous decay
amplitudes of B → f and B̄ → f . From the amplitudes above it is possible to
determine the time dependent decay rates by computing the module squared of the
amplitudes:

ΓB→f (t) ∝| AB→f (t) |2=| Af |2| g+(t) + λfg−(t) |2, (2.17a)

ΓB̄→f (t) ∝| AB̄→f (t) |2=| Af |2|
p

q
|2| λfg+(t) + g−(t) |2, (2.17b)



19 2.2. Mixing of neutral B mesons

where
λf = q

p

Āf
Af

(2.18)

is the parameter governing the mixing induced CP violation. A last useful transfor-
mation is to rewrite Eqs. (2.10a) and (2.10b) as:

λH = M + ∆M
2 − i

2

(
Γ + ∆Γ

2

)
, (2.19a)

λL = M − ∆M
2 − i

2

(
Γ− ∆Γ

2

)
. (2.19b)

With this transormation and expanding the modules squared of the time dependent
decay rates we obtain:

ΓB→f (t) = |Af |2(I+(t) + I−(t)), (2.20a)

ΓB̄→f (t) = l|Af |2
∣∣∣∣pq
∣∣∣∣2 (I+(t)− I−(t)), (2.20b)

where

I+(t) = (1 + |λf |2) cosh
(

∆Γ
2 t

)
− 2R(λf ) sinh

(
∆Γ
2 t

)
, (2.21a)

I−(t) = (1− |λf |2) cos (∆Mt)− 2I(λf ) sin (∆Mt). (2.21b)

2.2.2 CP violating parameters
The CP violating term λf can be separated in two components. The term q

p

arises from the CKM elements entering the feynman diagram in Figure 2.2. Instead
the terms Af and Āf̄ contain the CKM elements appearing in the Feynman dia-
grams in Figure 2.1. Using Eqs. (2.20) it is possible to write the time dependent CP
asymmetry:

ACP (t) =
ΓB̄→f (t)− ΓB→f (t)
ΓB̄→f (t) + ΓB→f (t)

=

= (|λf |2 − 1) cos (∆Mt) + 2I(λf ) sin (∆Mt)
(|λf |2 + 1) cosh (∆Γ

2 t)− 2R(λf ) sinh (∆Γ
2 t)

=

= −Cf cos (∆Mt) + Sf sin (∆Mt)
cosh (∆Γ

2 t)− A∆Γ
f sinh (∆Γ

2 t)

(2.22)

where:

Cf = 1− |λf |2
1 + |λf |2

, (2.23a)

Sf = 2I(λf )
|λf |2 + 1 , (2.23b)

A∆Γ
f = 2R(λf )

|λf |2 + 1 , (2.23c)
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and we assumed
∣∣∣ qp ∣∣∣ ' 1, that is well supported by experimental results independent

of those used in this thesis. The three Eqs. (2.23) satisfy the relation:

|Cf |2 + |Sf |2 + |A∆Γ
f |2 = 1. (2.24)

In the case of Cf 6= 0 we can speak of CP violation in the decay process.
The parameter Sf , instead, parameterises the CP violation due to the interference
between mixing and decay.



Chapter 3

Bayesian analysis

In the bayesian statistic the hypothesis that a certain theoretical model, depen-
dent on a set of fundamental parameters {θi}, is true is assumed and then tested
against some given data {di}. The final aim is to obtain the probability that a given
set of values for the parameters {θi} would have produced the observed experimen-
tal results {di}. This probability is called posterior probability. Hence, the posterior
probability represents the distribution of the parameters that one would get repeat-
ing multiple times the experiment. Finally, from the posterior distribution is possible
to compute the credibility intervals for the various parameters governing the model.

3.1 Bayes theorem
Let’s consider a complete group of incompatible hypothesises H1, H2, . . . Hn and

that the result A is obtained from an experiment. The probability of the validity of
hypothesis Hk given the result A is:

P (Hk|A) = P (A|Hk)P (Hk)∑n
i=1 P (Hi)P (A|Hi)

(3.1)

demonstration
The multiplication rule of probability states:

P (AHi) = P (A|Hi)P (Hi) = P (Hi|A)P (A). (3.2)

Solving respect to P (Hi|A) we obtain:

P (Hi|A) = P (A|Hi)P (Hi)
P (A) . (3.3)

The probability that A is verified is the sum on the n hypotheses of the products
P (A|Hi) P (Hi):

P (A) =
n∑
i=1

P (Hi)P (A|Hi) (3.4)

Finally, substituting Eq. (3.4) in (3.3) we obtain the equation of the Bayes theorem.
The generalization to the continuum case of Eq (3.1) is:
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P (H|A) = P (A|H)P (H)∫
P (H)P (A|H)dH , (3.5)

where the terms of this equation are probability densities defined as follows:

• P (A|H) is also called likelihood

• P (H) is also called prior probability

• P (H|A) is also called posterior probability

3.2 Parametric inference
It is called parametric inference the method that, given a model interpreting a

set of data, makes a afterwards measurement of the unknown parameters of the
model, using the bayesian statistic.
The Bayes theorem has a key role in the application of this method. Given a generic
parameter θ and a variable d representing a measurable quantity, Eq eq:3.5 can be
rewritten as:

P (θ|d) = P (d|θ)P (θ)∫
P (d|θ)P (θ)dθ , (3.6)

where P (θ) is the prior probability, P (θ|d) the posterior probability and P (d|θ) the
likelihood. The denominator is a renormalization factor and is also called “evidence”.
Posterior probability distributions describe our knowledge of the parameters and are
used to calculate the confidence intervals, which are the probability that the true
value of a given parameter lies in a certain interval.
A typical example for the likelihood is the Gaussian function. Suppose to measure
the quantity d with error σ and that d is the direct measurement of the parameter
µ of a theoretical model. The likelihood for µ to be responsible of the observation d
is:

P (d|µ, σ) = 1√
2πσ

e−
(d−µ)2

2σ2 (3.7)

Substituting this likelihood in Eq. (3.6) we obtain:

P (µ|d, σ) =
1√
2πσe

− (d−µ)2

2σ2 P (µ)∫ + inf
− inf

1√
2πσe

− (d−µ)2
2σ2 P (µ)dµ

(3.8)

If we assume a uniform prior imposing the condition

P (µ) = constant (3.9)

Eq (3.8) becomes:
P (µ|d, σ) = 1√

2πσ
e−

(d−µ)2

2σ2 . (3.10)
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From this equation we extract the expectation value E(µ) = d and the standard
deviation σ(µ) = σ. In the case a precedent experiment already provided knowledge
on the possible value of µ = µ0 ± σ0 the prior would be:

P (µ|µ0, σ0) = 1√
2πσ0

e
− (µ−µ0)2

2σ2
0 , (3.11)

and if we substitute it in Eq. (3.8), we obtain:

P (µ|d, µ0, σ0) = 1√
2πσ1

e
− (µ−µ1)2

2σ2
1 , (3.12)

where:

µ1 = E(µ) =
d
σ2 + µ0

σ2
0

1
σ2 + 1

σ2
0

(3.13a)

σ2
1 = V ar(µ) = (σ−2

0 + σ−2)−1. (3.13b)

We can observe that the case of uniform prior distribution corresponds to the limit
case of prior gaussian distribution with big σ0.
As we can see from Eqs. (3.13a) and (3.13b) the more the number of measurements
grows the smaller the uncertainty on the parameters becomes. In case more differ-
ent set of measures {di} are avaliable, it is possible to improve the knowledge of
parameters. After the first measurement of d1 the posterior distribution is:

P (θ|d1) ∝ P (d1|θ)P (θ). (3.14)

after a second measurement it becomes:

P (θ|d1, d2) ∝ P (d2|θ, d1)P (d1|θ) = P (d1, d2|θ)P (θ). (3.15)

From this result we can see that the sequential inference gives the same result than
a single inference which uses all the known information.
Therefore if we consider the {di} organized in a measurement vector d it is possible
to generalize as:

P (θ|d) ∝ P (d|θ)P (θ). (3.16)

If the di are independent the combined likelihood is the product of every likelihood:

P (θθθθ|d) =
∏
i
P (di|θ)P (θ).(3.17)
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Chapter 4

Measurement of the CKM
parameters γ and −2βs using
B → h+h′− decays

The angle γ presented in Eq. (2.18) is the only angle of the UT that can be
measured using decays governed by tree-level diagrams only, hence in a way that
is free from possible contributions of physics beyond the SM [5]. However, over
the years, strategies have been proposed to determine γ using loop-mediated two
body B decays also called B → h+h′− [6, 7, 8]. The relevant contribution of penguin
topologies to the decay amplitudes of these decays can be seen as a great opportunity
to probe the presence of physics beyond the SM. In fact, within the loops, thanks
to the Heisenberg’s uncertainty principle, it is possible to violate the conservation
of energy. Hence very heavy particles, with masses beyond the reach of modern
particle accelerators, may appear in the loops as virtual contributions. Their presence
can thus modify the values of the observables of the decay, causing a disagreement
between γ determined from tree-level decays and γ determined from B → h+h′−

decays.
Unfortunately, the presence of penguin diagrams introduces additional parame-

ters in the model (so-called hadronic parameters) that can not be calculated from
theory. The consequence is that these parameters must be included as unknown
terms in the analysis. The effect is that the number of unknown might become
larger than the number of experimental measurements available to constrain them.
The strategies proposed in Refs. [6, 7, 8], make use of isospin and U-spin symme-
tries to reduce the number of unknown and determine the relevant parameters with
better precision. The isospin symmetry is the invariance of strong interaction under
the exchange of a d quark with a u quark and vice versa; the U-spin symmetry is,
instead, the invariance of strong interaction under the exchange of d quark with s
quark and vice versa.

Another important parameter of the CKM matrix that can be determined by
studying charmless two-body B-meson decays is the mixing phase −2βs of the B0

s

meson defined as:
βs = arg

(
−VtsV

∗
tb

VcsV ∗cb

)
. (4.1)



Measurement of the CKM parameters γ and −2βs using B → h+h′− decays26

The value of this parameter can be determined very precisely both from theory and
from decays dominated by tree-level diagrams [4, 9]. Hence it is also a very valid
tool to test the SM. According to Refs. [6, 7, 8] −2βs can also be determined from
the study of B → h+h′−.

In this thesis we will repeat the analysis performed by the LHCb collaboration
in Ref. [8], but updating all the input quantities to the latest results available. The
analysis consists of two approaches that will be referred as Analysis A and Analysis
B. Analysis A provides a method to determine γ, leaving it as unknown parameter
and constraining −2βs to its current theoretical determination [4]. Analysis B, on
the other hand, makes use of the value of γ determined using tree-level decays to
constraint it and leaves −2βs as an unknown parameter. In both cases the depen-
dency of the result from the assumption of the validity of U-spin symmetry will be
investigated.

Initially, only the information provided by the B0 → π+π− and B0
s → K+K−

decays will be used as proposed originally in Ref. [6]. Then, the extension of the
analysis, suggested in Ref. [7] will be implemented including information also from
B0 → π0π0 and B+ → π+π0 decays.

This chapter is structured in the following way: in the first part we will define
the parameterisation of the decay amplitudes of the B → h+h′− decays. Then we
will use the bayesian inference presented in previous Section to implement Analysis
A and Analysis B.

4.1 Decay amplitudes
According to Refs. [7, 8], the decay amplitudes Af entering the CP-violation

parameter λf = q
p

Āf
Af

can be written, for the considered decay modes, as:

Āπ+π− = D(e−iγ − deiθ), (4.2a)

Āπ0π0 = 1√
2
D(qeiθqe−iγ, (4.2b)

Āπ−π0 = 1√
2
D(1 + qeiθq)e−iγ, (4.2c)

ĀK+K− = D′
λ

1− λ2

2

(
e−iγ − 1− λ2

λ2 d′eiθ
′
)
, (4.2d)

where γ is the CKM phase, and D, d, d′, q, θ, θ′ and θq are unknown hadronic
parameters, and λ = sin θC . Analogously the CP-conjugated amplitudes Āf are:

Aπ+π− = D(eiγ − deiθ), (4.3a)

Aπ0π0 = 1√
2
D(qeiθqeiγ, (4.3b)

Aπ−π0 = 1√
2
D(1 + qeiθq)eiγ, (4.3c)

AK+K− = D′
λ

1− λ2

2

(
eiγ − 1− λ2

λ2 d′eiθ
′
)
. (4.3d)
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The term q
p
, entering the definition of λf , is approximately equal to q

p
' e−iφD for

the B0 meson and q
p
' e−iφs for the Bs meson, where φD = 2β and φs = −2βs are

the corresponding mixing phases. This is valid under the assumption that | q
p
| ' 1 as

done in Sec. 2.2.2 for Eqs. (2.23). Using the definitions of Eqs. (2.18), (2.23), (4.2)
and (4.3) it is possible to write the CP-asymmetries of the various decays in terms
of the unknown parameters entering the amplitudes. The computation leads to:

Cπ+π− = − 2d sin θ sin γ
1− 2d cos θ cos γ + d2 , (4.4a)

Sπ+π− = −sin (2β + 2γ)˘2d cos (θ) sin (2β + γ) + d2 sin (2β)
1− 2d cos θ cos γ + d2 , (4.4b)

Cπ0π0 = − 2dq sin (θq − θ) sin (γ)
q2 + 2dq cos (θq − θ) cos (γ) + d2 , (4.4c)

Aπ+π0 = 0, (4.4d)

CK+K− = 2d̃′ sin (θ′) sin (γ)
1 + 2d̃′ cos (θ′) cos (γ) + d̃′2

, (4.4e)

SK+K− = −cos (−2βs + 2γ) + 2d̃′ cos (θ′) sin (−2βs + γ) + d̃′2 sin (−2βs)
1 + 2d̃′ cos (θ′) cos (γ) + d̃′2

, (4.4f)

where d̃′ = d′ 1−λ
2

λ2 and λ = sin θC .
The CP-averaged branching fractions are defined, in terms of decay amplitudes,

as:
Bf = 1

2F (B0
(s) → f)

(
| Āf |2 + | Af |2

)
, (4.5)

where

F (B0 → π+π−) =
√
m2
B0 − 4m2

π+

m2
B0

τB0 , (4.6a)

F (B0 → π0π0) =
√
m2
B0 − 4m2

π0

m2
B0

τB0 , (4.6b)

F (B0
s → K+K−) =

√
m2
B0
s
− 4m2

K+

m2
B0
s

[2τB0
s
− (1− y2

s)τ(B0
s → K+K−)], (4.6c)

with τB0 and τB0
s
the average lifetimes of B0 and B0

s mesons, respectively, τ(B0
s →

K+K−) is the effective lifetime measured using B0
s → K+K− decays and ys = ∆Γs

2Γs .
Including the definitions of the amplitudes of Eqs. (4.2) and (4.3) we obtain:

Bπ+π− = F (B0 → π+π−)|D|2(1− 2d cos (θ) cos (γ) + d2), (4.7a)

Bπ0π0 = F (B0 → π0π0) |D|
2

2 (q2 + 2dq cos (θq − θ) cos (γ) + d2), (4.7b)

Bπ+π0 = F (B+ → π+π0) |D|
2

2 (1 + q2 + 2q cos (θq), (4.7c)

BK+K− = F (B0
s → K+K−) λ2

(1− λ2

2 )2
|D′|2(1 + 2d̃′ cos (θ′) cos (γ) + d̃′2). (4.7d)

All the physics inputs used to implement the above-defined constraints are reported
in Tab. 4.1.
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Table 4.1: Physics inputs used in the analyses described in this Section.

Quantity Value Reference
Cπ+π− −0.34± 0.06 [10]
Sπ+π− −0.63± 0.05 [10]

ρ(Cπ+π− , Sπ+π−) 0.45 [10]
Cπ0π0 −0.33± 0.22 [12]
CK+K− 0.20± 0.06 [10]
SK+K− 0.18± 0.06 [10]

ρ(CK+K− , SK+K−) 0.01 [10]
Bπ+π− × 106 5.10± 0.19 [12]
Bπ+π0 × 106 5.48± 0.35 [12]
Bπ0π0 × 106 1.59± 0.18 [12]
BK+K− × 106 24.8± 1.7 [12]

sin 2β 0.689± 0.018 [4]
λ 0.22574± 0.00089 [4]

mB0 [MeV/c2] 5279.63± 0.15 [3]
mB+ [MeV/c2] 5279.32± 0.14 [3]
mB0

s
[MeV/c2] 5366.89± 0.19 [3]

mπ+ [MeV/c2] 139.57061± 0.00024 [3]
mπ0 [MeV/c2] 134.9770± 0.0005 [3]
mK+ [MeV/c2] 493.677± 0.016 [3]

τB0 [ps] 1.520± 0.004 [12]
τB+ [ps] 1.638± 0.004 [12]
τB0

s
[ps] 1.509± 0.004 [12]

∆Γs/Γs 0.132± 0.008 [12]
τ(B0

s → K+K−) [ps] 1.407± 0.017 [11]

4.2 Determination of γ and −2βs from B0 → π+π−

and B0
s → K+K− decays

The method implemented here was proposed by Fleischer in Ref. [6], using the
B0 → π+π− and B0

s → K+K− decays. The method assumes the validity of U-
spin symmetry in order to reduce the number of unknown. In fact, we have only 6
constraints represented by Cf , Sf and Bf for the two decays, and the 9 unknown
γ, 2β, −2βs, d, θ, D d′, θ′ and D′. The value of 2β is well known from independent
measurements and can hence be constrained, reducing the number of unknown to
8. Assuming the validity of U-spin the following relations hold

d = d′, (4.8a)
θ = θ′, (4.8b)
|D| = |D′|, (4.8c)

(4.8d)
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further reducing the number of unknown to 5. However U-spin symmetry is known
to be broken and the effect must be parameterised. Some of the effects of this
breaking can be computed theoretically, while others must be considered as unknown
parameters. According to Ref. [8] |D′|, d′ and θ′ can be written as:

|D′| =
∣∣∣∣D′D

∣∣∣∣
fact
|D||1 + rDe

iθrD |, (4.9a)

d′eiθ
′ = deiθ

1 + rGe
iθrG

1 + rDe
iθrD

, (4.9b)

where: ∣∣∣∣D′D
∣∣∣∣
fact

= 1.41+0.20
−0.11. (4.10)

is the term that can be determined theoretically [17]. Given the asymmetric error of
this parameter an asymmetric Gaussian prior is used for it. The parameters rD and
rG are the relative magnitudes introduced by the breaking, while θrD and θrG are the
corresponding phase shifts. In the following we will make no assumption on θrD and
θrG using priors between [-180, 180]. Concerning the magnitudes rD and rG they will
be let free to vary between 0 and κ. In this way the parameter κ plays the role of the
maximum magnitude of U-spin breaking effects that are allowed in the analysis. Dif-
ferent values of κ will be tested, between 0 and 1, corresponding to allowing 0% and
100% breaking of the symmetry, respectively. To mitigate the introduction of these
further unknown, as explained previously, γ and −2βs are alternatively constrained
using the current knowledge of their values from independent measurements.

Table 4.2: Priors used in Analysis A and Analysis B. In the case the priors are expressed
in terms of ranges, flat priors are used. In case the prior is expressed in terms of a central
value and an error then Gaussian priors are used.

Quantity Priors
Analysis A Analysis B

d [0, 20] [0, 20]
θ [−180◦,+180◦] [−180◦,+180◦]
θq [−180◦,+180◦] [−180◦,+180◦]
γ [−180◦,+180◦] (70.0± 4.2)◦
−2βs − [−180◦,+180◦]

4.2.1 Analysis A
In the SM the value of −2βs given by an approximation of order λ4 is given by:

− 2βs = 2λ2η̄[1 + λ2(1− ρ̄)], (4.11)
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where ρ̄ and η̄ can be written as functions of β and γ as:

ρ̄ = sin β cos γ
sin (β + γ) , (4.12a)

η̄ = sin β sin γ
sin β + γ

, (4.12b)

hence −2βs is expressed in this terms in order to eliminate one unknown.
Flat priors, with the ranges shown in Table 4.2, are used for θ, d and γ, while

for all the physics inputs Gaussian constraints are used. No prior is defined for
the unknown |D|. As it can be seen, inverting Eq. (4.7a) it is possible to avoid to
extract this parameter using a flat prior. We decided instead to extract Bπ+π− using
a Gaussian prior and then use this information to compute the value of |D|. In
this way significant CPU power is gained without affecting at all the validity of the
analysis.

The analysis has been performed assuming different values of the U-spin breaking
parameter κ, with particular attention to the change in the posterior distribution
of γ as a function of κ. The dependencies of the 68% and 95% probability intervals
for γ are reported in Fig. 4.1. The plot shows a relevant dependency of the width of

κ
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Figure 4.1: Dependency of the (dark green) 68% and (bright green) 95% probability in-
tervals for γ as a function of the U-spin breaking parameter κ. The intervals are obtained
from Analysis A using only the constraints from B0 → π=π− and B0

s → K+K− decays.

the probability intervals as a function of κ. In particular for κ > 0.6 a small second
solution appears. This is mainly driven by the non-linearity of the constraints in
Eqs. (4.4) and (4.7). Since typical U-spin breaking effects are expected to be around
30% [15, 16], we decide to quote, in a conservative way, the result obtained using
κ = 0.5. The corresponding probability intervals are reported in Table 4.3, while the
corresponding posterior distributions are shown in Fig. 4.2.

4.2.2 Analysis B
In this alternative approach, instead, −2βs is left as a free parameter with a flat

prior in the range [−180, 180]◦. A Gaussian prior is used for the angle γ corresponding
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Table 4.3: Probability intervals for the unknown parameters determined from Analysis A.
Only the constraints from the B0 → π+π− and B0

s → K+K− decays are used.

Quantity 68% prob. 95% prob.
|D| [MeV

1
2ps

1
2 ] [0.103, 0.117] [0.095, 0.125]

d [0.30, 0.52] [0.24, 0.75]
θ [124◦, 152◦] [103◦, 161◦]
|D′| [MeV

1
2ps

1
2 ] [0.127, 0.193] [0.096, 0.232]

d′ [0.33, 0.50] [0.28, 0.65]
θ′ [119◦, 144◦] [104◦, 157◦]
γ [54◦, 68◦] [47◦, 80◦]

Table 4.4: Probability intervals for the unknown parameters determined from Analysis B.
Only the constraints from the B0 → π+π− and B0

s → K+K− decays are used.

Quantity 68% prob. 95% prob.
|D| [MeV

1
2ps

1
2 ] [0.101, 0.111] [0.096, 0.116]

d [0.41, 0.60] [0.33, 0.74]
θ [139◦, 152◦] [130◦, 159◦]
|D′| [MeV

1
2ps

1
2 ] [0.119, 0.186] [0.089, 0.228]

d′ [0.34, 0.52] [0.28, 0.69]
θ′ [123◦, 151◦] [106◦, 163◦]
−2βs [−6.7◦, 3.6◦] [−11.9◦, 8.9◦]

to its determination from tree-level decays γ = (70.0 ± 4.2)◦ [4]. The probability
intervals for −2βs as a function of the U-spin breaking parameter κ are shown in
Fig. 4.3. In this case the dependency on κ is less pronounced with respect to γ.
The probability intervals obtained for κ = 0.5 are reported in Table 4.4, and the
corresponding posterior distributions are shown in Fig. 4.4.
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Figure 4.2: Posterior probability distributions for (top left) |D|, (top centre) d, (top right)
θ, (middle left) |D′|, (middle centre) d′, (middle right) θ′ and (bottom) γ, obtained from
Analysis A and using only the inputs from B0 → π+π− and B0

s → K+K− decays. The
intervals corresponding to (dark green) 68% and (bright green) 95% probability are also
shown.
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Figure 4.3: Dependency of the (dark green) 68% and (bright green) 95% probability in-
tervals for −2betas as a function of the U-spin breaking parameter κ. The intervals are
obtained from Analysis B using only the constraints from B0 → π=π− and B0

s → K+K−

decays.
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Figure 4.4: Posterior probability distributions for (top left) |D|, (top centre) d, (top right)
θ, (middle left) |D′|, (middle centre) d′, (middle right) θ′ and (bottom) −2βs, obtained
from Analysis B and using only the inputs from B0 → π+π− and B0

s → K+K− decays.
The intervals corresponding to (dark green) 68% and (bright green) 95% probability are
also shown.
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4.3 Inclusion of B0 → π0π0 and B+ → π+π0

In order to further mitigate the effects due to the breaking of U-spin symmetry it
is possible to use the isospin relation that connects the B0 → π+π−, the B0 → π0π0

and the B0 → π+π0 decays. Since the isospin symmetry is known to be almost
perfect the assumption of its validity introduce no additional uncertainty to the
analysis. In Refs.[13, 14] studies have been performed to determine the uncertainty
related to possible isospin breaking finding it small for the purpose of our analysis.
The two new decays introduce 3 additional constraints (Cπ0π0 ,Bπ0π0 and Bπ+π0) in
exchange of only two additional unknown (q and θq).

The analysis is performed in the same way as in Sec. 4.2. In order reduce the
usage of computing power a further optimisation is implemented. The constraint in
Eq. (4.7c) is substituted with a linear combination of Eqs. (4.7b) and (4.7c). In such a
way, the branching fractions of the B0 → π0π0 and B+ → π+π0 decays are extracted
according to their Gaussian priors, and are used to calculate the corresponding value
for q.

4.3.1 Analysis A
The probability intervals for γ as a function of κ are studied and shown in Fig. 4.5.

With respect to Fig. 4.1 it is evident that the effect of U-spin breaking is mitigated

κ
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Figure 4.5: Dependency of the (dark green) 68% and (bright green) 95% probability in-
tervals for γ as a function of the U-spin breaking parameter κ. The intervals are obtained
from Analysis A using all the constraints provided by the B → h+h′− decays.

by the inclusion of the additional constraints. The probability intervals, assuming
κ = 0.5 are reported in Tab. 4.5, while the corresponding posterior distributions are
shown in Fig. 4.6.

4.3.2 Analysis B
The probability intervals for γ as a function of κ are studied and shown in

Fig. 4.7. With respect to Fig. 4.1 the effect of additional constraints is less evident
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Figure 4.6: Posterior probability distributions for (top left) |D|, (top centre) d, (top right)
θ, (middle left) |D′|, (middle centre) d′, (middle right) θ′ and (bottom) γ, obtained from
Analysis A and all the constraints provided by B → h+h′− decays. The intervals corre-
sponding to (dark green) 68% and (bright green) 95% probability are also shown.

but anyhow not negligible. The probability intervals, assuming κ = 0.5 are reported
in Tab. 4.6, while the corresponding posterior distributions are shown in Fig. 4.6.
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Table 4.5: Probability intervals for the unknown parameters determined from Analysis A.
All the constraints from all the B → h+h′− decays are used.

Quantity 68% prob. 95% prob.
|D| [MeV

1
2ps

1
2 ] [0.101, 0.113] [0.096, 0.120]

d [0.35, 0.58] [0.28, 0.72]
θ [130◦, 153◦] [115◦, 160◦]
|D′| [MeV

1
2ps

1
2 ] [0.125, 0.188] [0.095, 0.223]

d′ [0.34, 0.51] [0.29, 0.66]
θ′ [121◦, 145◦] [108◦, 158◦]
γ [57◦, 71◦] [52◦, 79◦]
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Figure 4.7: Dependency of the (dark green) 68% and (bright green) 95% probability inter-
vals for −2βs as a function of the U-spin breaking parameter κ. The intervals are obtained
from Analysis B using all the constraints provided by the B → h+h′− decays.

Table 4.6: Probability intervals for the unknown parameters determined from Analysis B.
All the constraints from all the B → h+h′− decays are used.

Quantity 68% prob. 95% prob.
|D| [MeV

1
2ps

1
2 ] [0.101, 0.110] [0.096, 0.115]

d [0.44, 0.63] [0.36, 0.72]
θ [140◦, 153◦] [132◦, 158◦]
|D′| [MeV

1
2ps

1
2 ] [0.118, 0.183] [0.090, 0.223]

d′ [0.35, 0.53] [0.28, 0.68]
θ′ [123◦, 151◦] [107◦, 163◦]
−2βs [−6.4◦, 3.7◦] [−11.5◦, 8.8◦]
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Figure 4.8: Posterior probability distributions for (top left) |D|, (top centre) d, (top right)
θ, (middle left) |D′|, (middle centre) d′, (middle right) θ′ and (bottom) −2βs, obtained
from Analysis B and all the constraints provided by B → h+h′− decays. The intervals
corresponding to (dark green) 68% and (bright green) 95% probability are also shown.



Chapter 5

Conclusions

Using CP asymmetries and branching fractions of charmless two-body decays
of beauty mesons we have determined the angle γ and the B0

s mixing phase −2βs,
that are fundamental parameters of the CKM matrix. A bayesian inference approach
has been used to extract these parameters from the measurements. In section 4.2.1
and 4.2.2, we have determined γ and −2βs, respectively, using the constraints pro-
vided by the B0 → π+π− and B0

s → K+K− decays. In sections 4.3.1 and 4.3.2
we performed the same analyses including also constraints from B0 → π0π0 and
B+ → π+π0 decays. For each analysis we also studied the effects of allowing the
breaking of the U-spin symmetry, that is the main theoretical systematic affecting
the analysis. The determination of γ results to be slightly affected by U-spin break-
ing up to more than a 60% breaking. After this threshold the probability intervals
for γ are much enlarged and even a second solution appears. This effect is much
reduced when including the constraints from B0 → π0π0 and B+ → π+π0. On the
contrary the probability interval for βs is only marginally affected by the breaking
of the U-spin symmetry and the inclusion of the constraints from B0 → π0π0 and
B+ → π+π0 decays has a small effect. Anyhow, within the theory community there
is general consensous that U-spin breaking effects are expected to be around 30%.
Hence we decided to conservatively quote as final results, those obtained allowing up
to 50% of U-spin breaking effects. Considering the posterior distributions obtained
from the bayesian analysis we obtain for γ and −2βs

γ = (63.7± 6.8)◦, (5.1)
−2βs = (−1.5± 5)◦. (5.2)

The results are in very good agreement with the current standard model determi-
nation of these parameters that are γ = (70.0± 4.2)◦ and −2βs = (−1.2± 1.8)◦ [4].
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