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Abstract

In this thesis we describe some of the most important weak convergence techniques
set forth for studying constraint minima of functionals.

In particular, we first provide theoretical backgroung regarding measure theory and
Sobolev spaces; then, we concentrate on measure theoretic tools of noncompactness
which allow us to understand the ways in which a weakly convergent sequence of
functions may fail to be strongly convergent. In particular, we study concentartion
and oscillation effects and we apply them to constraint minima of functionals in

the critical growth case.
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0. Abstract




Sommario

In questa tesi presentiamo alcune delle piu importanti tecniche di convergenza
debole che permettono di studiare minimi vincolati di funzionali. In particolare,
nella prima parte della tesi sviluppiamo le basi teoriche riguardanti la teoria della
misura e degli spazi di Sobolev; poi, ci concentriamo su strumenti di misura di
non compattezza che ci permettono di comprendere in che modo una successione
di funzioni debolmente convergente puo non essere fortemente convergente. In
particolare, studiamo problemi di concentrazione e oscillazione e li applichiamo a

minimi vincolati di funzionali nel caso di crescita critica.
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Introduction

The aim of this thesis is to describe some of the most important weak convergence
techniques set forth for studying constraint minima of functionals.
In particular we will study and provide examples in the case of critical growth.

Suppose we wish to find a minimizer for the functional
I(w) = / F(Dw) dz,
U

where U is a subset of R™ and F' is a power like behaviour function.
We look for the minimizer among all the candidate functions w in the class .7 of

admissible functions:
o ={weWyP(U); |w|l ) =1}

In case ¢ = p < p*, the critical Sobolev exponent associated to p, the existence
of a minimizer u € &/ comes directely from Sobolev imbedding Theorem; indeed,

given a minimizing sequence {u;} C 7, i.e. a sequence such that
I(ug) — 12{f I

it is possible to see that (up to a subsequence) {u;} is weakly convergent to a
function w. Thanks to the properties of F', I is weakly lower semicontinuous, so
that

I(u) < iil{f I

Our aim is to show that u € 7, that is HuHLp(U) = 1. Since p < p*, Sobolev imbed-
ding Theorem assures that the imbedding W, ?(U) — LP(U) is compact and so

the LF-norm is preserved to the limit; hence |[uf|;, ) = 1.

\%
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When ¢ = p* , we are in the so called critical case for the Sobolev imbedding.
In this case showing that u € &/ requires more effort: the problem is that the
imbedding W, ?(U) — LP"(U) is not compact; as a conequence the main issue will
be to find a substitute for Sobolev imbedding Theroem which allow us to deduce
that u € 7.

Chapters 1 and 2 are devoted to the construction of theoretical tools which are
needed in the following part of the thesis.

In Chapter 1, we provide the main definitions and theorems concernig measure
theory. After recalling the first properties of abstract measure theory, we study
weak convergence in LP spaces and in measure spaces. Finally, one Section is de-
voted to Riesz representation Theorem for measures.

Chapter 2 concerns Sobolev spaces W™P. After giving the main definitions and
properties of Sobolev spaces, we turn our attention to the dual of W™ denoted
by W~=™#" where p is the conjugate exponent of p. In particular, we identify it
with a distributional space and we prove the main properties of such space. The
following Section is devoted to Sobolev imbedding Theorem, which, as explained
above, is one of the main tools we will use in order to find minima of functionals.
Then, we prove the main theorems concerning boundary traces. Finally, we devote
one Section to compactess in Sobolev spaces and we prove a refinement of Rellich
Konrachov Theorem.

Chapters 3 and 4 are the core of this thesis.

In Chapter 3 we construct measure theoretic tools which allow us to understand
the ways in which a weakly convergent sequence {uy}72, of functions may fail to
be strongly convergent to a certain function u. As we will see, the difficulty in
deducing strong convergence from weak convergence can be caused by rapid fluc-
tuation in the functions wy (oscillation effect), or because the mass of |uy — ul?
coalesces onto a set of zero Lebesgue measure (concentration effect).

In the first part of this Chapter, we construct appropriate methodology for char-
acterizing concentration effects, while in the second part we turn our attention on
the problem of oscillation.

Finally, Chapter 4 is organized as follows: we first prove Lagrange multiplier The-
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orem, which we will use to find the equation satisfied by minima of functionals
both in the case of subcritical and critical growth; then, we point out the role of
convexity in the calculus of variation; the last two Sections are devoted to exam-
ples. The first one is devoted to the subcritical case, which is based upon Sobolev
imbedding Theorem. The last Section is devoted to the critical case: as explained
above, we first need to prove theorems which allow us to deduce that the limit «
of the minimizing sequence {u;} belongs to the class &7 of admissible functions,
so that v is a minimizer. Finally, in both examples we find the equation satisfied

by the constraint minimum using Lagrange multiplier Theorem.
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Chapter 1
Measure Theory

We present in this chapter the basic notions of measure theory since these will be

largely used in the following chapters.

1.1 Abstract measure theory

We devote the first section to the basic notions of measure theory.

Definition 1.1. Let X be a nonempty set and .# be a collection of subsets of X.
We say that .# is an algebra if
VFl,F2€ﬁ7W€haVG @Gﬁ, F1UF2€f, X\Fleﬂ

Definition 1.2. We say that an algebra .% is a o-algebra if
for any sequence {F}}32, C .#, we have U, I}, € Z#.

Any set F' € % is called measurable set.

Definition 1.3. For any collection ¢ of subset of X, the o-algebra generated by
¢ is the smallest o-algebra containing ¥.

If (X, 7) is a topological space, we denote by #(X) the o-algebra of Borel subsets
of X, that is the o-algebra generated by open subsets of X.

Definition 1.4. A measure space is a couple (X, .#) where X is a nonempty set

and .7 is a o-algebra.



1. Measure Theory

Remark 1. Using De Morgan laws it is not difficult to see that algebras are closed

under finite intersections and o-algebras are closed under countable intersections.

Definition 1.5. Let (X,.%#) be a measure space and p : . % — [0, 400].
We say that p is additive if VFy, Fy, € % we have

Fl N F2 = @ — /,L(Fl U FQ) = /,L(Fl) +,U(F2)

We say that p is o-subadditive if YF € .7, {F,}7°, C .% we have
F e F—= u(F) <3 u(F),
h=0 h=0

We say that p is o-additive on Z if, for any sequence {F},}7°; of pairwise disjoint

elements of .%, we have

4@m=§mm.

Definition 1.6. We say that p is a positive measure if u()) = 0 and p is o-additive
on .#. We say that p is finite if u(X) < 4o0.

A positive meausre p such that p(X) =1 is called probability measure.

Definition 1.7. We say that a set £ C X is o-finte with respect to a positive
measure 4 if it is the union of an increasing sequence of sets with finite measure.

If X is itself o-finite, we also say that u is o-finite.

Remark 2. Any positive measure p is monotone with respect to set inclusion and
continuous along monotone sequences.

Actually, if {F,}7°, in an increasing sequence of sets, then

u(hL:JO Fp) = lim p(Fy).

And, if {F},}72, in a decreasing sequence of sets with u(Fy) < oo, then

u() F) = lim p(F).
h—0 h—o00
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Remark 3. We note also that o-subadditivity and additivity imply o-additivity:

M(f_j ) < iu(Fh) = JL%iM(Fh) =

h=0

— tim u(U) B < (U F).

n—oo
h=0 h=0

Beside positive measures, it is possible to define real-valued mesaures. No-
tice that, according to the following definition, real measures must be finite, thus

positive measures are not a particolar case of real measures.

Definition 1.8. Let (X,.#) be a measure space.
We say that p: . F — [0, 400[ is a real measure if () = 0 and for any sequence

{Fp}%2, of pairwise disjoint elements of .# we have

WU F) =S ul(F).
h=0 h=0

Remark 4. The absolute convergence of the series in the above definition is a
requirement on the set function p, since the sum of the series cannot depend on

the order of its terms, as the union does not.

Definition 1.9. Let p be a real measure. We define its total variation, and we
write |u|, the measure such that for all F' € .7,
|| (F) = sup{z \1(En)]; Fy € Z pairwise disjoint, F = | Fh}.
h=0 h=0
We define the positive and negative parts of meausure p respectively as follows:
o el p d ~_pl=p
P an =
Theorem 1.1.1. Let p be a real measure on (X,.%). Then |u| is a positive finite

1

measure.

For the proof, see [2] Theorem 1.6.

Remark 5. The above theorem shows that for any real measure y its positive and
negative part are positive finite measures.
It follows that the decomposition p = p* + p~ holds.

This is known as Jordan Decomposition of .
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Definition 1.10. Let u be a positive measure on the measure space (X,.%).

We say that N C X is p-negligible if there exists F' € .% such that N C F and
u(F) = 0.

We say that a property P(x) depending on the point x € X holds p-almost-

everywhere in X if the set where P fails is a pu-negligible set.

Definition 1.11. Let p be a positive measure on the measure space (X, . %).

Let .#, be the collection of all the subsets of X of the form £ = FFU N where N
is a u- neghglble set and F' € #. Then Z, is a o- algebra called the p-completion
of # and we say that G € X is u-measurable if G € F

The measure p can be extended to .%, by setting, for E as above, u(E) = u(F).

Remark 6. If p is a real measure, thanks to Theorem 1.1.1 we know that |u| is a
positive finite measure. For this reason, we legitimately call the completion of .%#
with respect to |u| the p-completion %, of Z.

Definition 1.12. Let (X,.%) be a measure space and (Y, d) a metric space.

A function f: X — Y is said to be .#-measurable if f~1(A) € .Z for every open
set AeY.

If 4 is a positive measure on (X,.#) the function f : X — Y is said to be
p-measurable if it is .#,-measurable.

Proposition 1.1.2. Let (X,.%) be a measure space. Then the following results
hold:

1. if f,g : X — R are ¥ -measurable functions, thenVa, B € R, af+5g is F -
measurable; fg is F -measurable; 5 is F -measurable, provided that g(x) # 0

for any x € X.

2. if f,g: X — R are extended .F -measurable functions, then min{f, g} and

max{ f, g} are F-measurable.

3. if fn: X — R is a squence of extended .F -measurable functions, then

inf f, sup fn, liminf f;, lim sup f,
heN heN h—o0 h—s00

are all #-measurable functions.

For the proof, see [3].
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1.2 Integration and convergence theorems

In the first part of this section we define the integral with respect to a measure.
We then introduce summable and integrable functions and we state the main

convergence theorems of Levi, Fatou and Lebesgue.

Definition 1.13. Let (X,.#) be a measure space and E € .# the characteristic

function of F is defined as follows:

1 ifreF
0 ifr¢ E

xe(T) =

Definition 1.14. Let (X,.#) be a measure space. We say that f: X — Ris a

simple function if
k
i=0
where E1,..., B} are measurable sets and Aq,..., A\, € R.

Definition 1.15. Let x be a positive measure on (X,.%#) and f : X — [0, +00]
a simple p-measurable function. We define the integral of f on X with respect to

the measure p as:
k
/ fdp = Z)\zM(Ez>
X i=0

The definition is extended to any p-measurable function f : X — [0, +00] by
setting:

/ fdu:= sup{/ gdu : g p-measurable, simple, g < f}.
X X

Definition 1.16. Let u be a positive measure on (X,.#). We say that a

p-measurable function f : X — R is p-integrable if either

/ frdu < oo or / fdu < oo.
X b's

If f is p-integrable, we set:

Jofaw= [ prau— [ £ dn
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Definition 1.17. Let u be a positive measure on (X,.%#). We say that a

p-measurable function f : X — R is u-summable if

[ 1y < oo,
X
In this case we say that f € L'(X, p).

Remark 7. If p is a real measure on (X,.#), we say that a |u|-measurable function

f is p-summable if f is |p|-summable.

Definition 1.18. Let i be a real measure on (X,.#)and f: X — R a

p-summable function. We set:

o fans= [ gdt = [ pdu.

Remark 8 (Chebyshev inequality). If f € L'(X,u) is a positive function, then for
any t > 0 we have:

n({z € X flz) > 1)) < /fdu

Indeed,

1 d =/ ——d / Tz
t/Xf(x) a {zex: {E>1y 8 e feex: Hh<ny 1 "

> Ldp = p({x € X f(x) > 1}).

{zwex: {51y

We now state the main convergence theorems of Levi, Fatou and Lebesgue.

Theorem 1.2.1 (Monotone convergence Theorem). Let f, : X — R be an

increasing sequence of p-measurable functions and assume that fr, > g, with
g € LN(X, ), for any h € N. Then

lim / Fody = / lim 5 dp.
h—oo JX X h—oo
For the proof, see [3].

Theorem 1.2.2 (Fatou’s Lemma). Let f, : X — R be p-measurable functions
and g € L' (X, ).



1.3 Absolute continuity and Radon-Nikodym Theorem

o If fr, > g for any h € N, then
/ liminf f, du < lim inf/ fndpu.
X h—o h—oo JX

o If fr, <g for any h € N, then

limsup f, du > lim sup/ fndpu.
h—oo JX

X h—soo

For the proof, see [3].

Theorem 1.2.3 (Dominated convergence Theorem). Let (fy)n>1 a sequence of

p-measurable functions in LY(X, ) such that:
1. there exists limy_,o fr(z) := f(2) for a.e v € X;
2. there exists g € LY(X, p) such that |fn(z)] < g for a.e x € X.

Then f € LY(X, ) and

lim / fhdu:/ fdu.
h—oo JX X
For the proof, see [3].

1.3 Absolute continuity and Radon-Nikodym The-

orem

We consider now the classical notions of absolute continuity, the Radon-Nikodym
Theorem and Lebesgue and polar decomposition. To begin with, we introduce the

measure induced by a summable distribution of mass.

Definition 1.19. Let p be a positive measure on the measure space (X,.#) and

let f € L'(X,u). We define the following real measure:

fu(B) ;:/B fdu, VBeZ.

Using the elementary properties of the integrals, it is easy to check that the
above formula defines a real measure. The total variation of the real measure

defined above is computed in the following proposition:
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Proposition 1.3.1. Let fu be the real measure defined as fu(B) = [g fdu
V B € .%. Then its total variation is:

Ful(B) = [ |fldn.  ¥BeZ.

that is | fu| = | f|p.

For the proof, see [2] Proposition 1.23.

Given two measures p and v defined on the same measurable space (X, %), it is
interesting to find out if they can in any way be related. The following definitions

and theorems concern this topic.

Definition 1.20. Let i be a positive measure and v a real measure on the measure
space (X, .%#). We say that v is absolutely continuous with respect to p, and write

v < i, if for every B € .# the following implication holds:
p(B) = 0= [v|(B) = 0.

Definition 1.21. If x4 and v are positive measures, we say that they are mutually
singular, and write v L i, if there exists £ € .# such that u(E) = 0 and
v(X \ E) =0. If p or v are real measures, we say that they are mutually singular

if |u| and |v| are so.

Theorem 1.3.2 (Lebesgue decomposition). Let u be a positive measure and v be
a real measure on the measure space (X, F). Then there exists a unique pair of

real measures v* and v° such that:
o L .
o ¥ | p.
o v =1%+15

For the proof, see [13] Theorem 6.9.



1.4 Weak convergence in [P spaces

Theorem 1.3.3 (Radon-Nikodym Theorem). Let p be a positive measure and v
be a real measure on the measure space (X,.7). Assume that p is o-finite and

v < . Then there is a unique function f € LY(X,.F) such that:
v=fu  de ()= /A fdu VAc 7.
The function f is called the density of v with respect to u and it is denoted by i
For the proof, see [13] Theorem 6.9.

Corollary 1.3.4 (Polar decomposition). Let p be a real measure on the measure

space (X, F). Then there exists a unique S°-valued function f € L*(X,|u|) such
that i1 = fpl.

Proof. Since each real measure p is absolutely continuous with respect to |u| the

Corollary follows form Radon-Nikodym Theorem 1.3.3 and Proposition 1.3.1. [

1.4 Weak convergence in L” spaces

In this section we discuss some properties of L” spaces. We will mainly concen-
trate on the notion of weak convergence of sequences of LP functions and we will
compare this kind of convergence with other notions of convergence, such as strong

convergence and covergence a.e.

1.4.1 Main properties of L’-spaces

Definition 1.22. Let p be a positive measure on the measure space (X,.#) and

f: X — R a p-measurable function. We set:

= (f P an) it1sp<s

and
| fll oo :=Inf{C € [0,00] : |u(z)| < C for p-a.ex € X}.

We say that f € LP(X, p) if || f]l;» < oo.
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Remark 9. The set f € LP(X, p) is a real vector space and ||-||;, is a semi-norm;
however, when dealing with measure-theoretic properties of functions, it is often
convenient to consider as identical the functions that agree almost everywhere and
thus, to think of the elements of L” spaces as equivalence classes. In particular,
this makes ||-||;, a norm. We shall follow this path whenever our statements will

depend only on the equivalence class, without further mention.

We now present some interesting properties of LP spaces.

Theorem 1.4.1. Let 1 < p < 4o00. Then the space LP(X, ) with the norm ||-|| .,

is a Banach space.
For the proof, see [1] Theorem 2.16.

Theorem 1.4.2. Let X be a separable measure space and 1 < p < +o00. Then the
space LP(X, ) is separable.

For the proof, see [1] Theorem 2.21.

Definition 1.23. Let X be a Banach space. X is uniformly convex if, for every
g > 0, there exists § > 0 so that, for any two elements x,y € X with
|z]| <1, [ly|]| <1, the following implication is true:

le—y|>e = |Z5Y

H<1—d
Theorem 1.4.3. Let 1 < p < +o00. Then the space LP(X, ) is uniformly conver.

Proof.

As 1 < p < 400, the real variable function f : ¢t — |t|P is stricty convex, so
fOz+ (1 =Ny) <Af(x)+ (1 -=Nf(y) VzyeR, A€]0,1]

In particular, if A =3, =t + 1 and y = ¢ — 1 we have:

p

1
“t+-+st—=

1 1 1
2 2 2 2

1 1
< =t + 1P+ =t — 1|7
St 1P+ Sl = 1]

And so,
1
F(t) := 5(]t+l|p+|t—1|p)—|t|p>0, vVt e R. (1.1)
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Moreover, if € > 0, F' is continuous and strictly positive on every interval [—Z, %],

thus there exists v > 0 so that

F(t)>~, Vie [—i,i]. (1.2)

Let h,g € LP?(X) and t = Z—Jjg. Using (1.1), we have:

1(lh+g+h—gf
2 h—g

|h+g—h+gp> _|hty

p p
h
g >> +g

1
5(’}”1’ + 9P > |—=2|, for a.e.x € U.

Moreover, using (1.2) we have:
Ve > 0, 3y > 0 such that, if |h — g| > e|h + ¢|, then

(et )
2

h—g

+27
h—g

1 p
,213 h +
2 h—g h—g

1
SR+ lgP?) >

p p
h+
>>g—m

p

h—gp
2

-

Now, fix ¢ > 0 and let A = {z € X; |h(z) — g(x)| < e]h(z) + g(z)|} and
B={zeX; |hx) - g(@)| > elh(x) + g(x)]}.

Suppose H htg H L > 1= 0, where we will define 4 > 0 as a function of ¢.
Suppose further that ||hl|;, <1 and ||g||;, < 1. We have:

1 1 1
1> = P P :7/ p P ,/ p P >
—2/X<‘h‘ FloPydu = 5 [ (P + gy dyt 5 [ (B + [gP) dye

+9 dﬂ+/ ’—f-g() d,u—i-’y/ ‘—g() du >

S hw) =g@)" .,
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In particular

Thus
h(z) = g(z)["
2

J;

§ﬂ+é.
Y

Thus, we just proved that if ¢ > 0 and ||h]|;, <1, ||g]l;» < 1, there exists 6 = &P
such that:

h h—gl’
H ] >1—5:¢H < 2eP,
Lpr
Extracting the p'* root and using a new ¢ := 1 —(1— 6)%, we obtain the definition
of uniform convexity. O]
Definition 1.24. If 1 < p < oo, we set p’ := -2+ the conjugate exponent of p.

If p=1, we set p := +o0.
If p=+o0, we set p/ := 1.

Theorem 1.4.4 (Riesz representation Theorem in LP spaces).

Suppose 1 < p < 00, i a finite positive measure on X and

L: LP(X, ) — R a bounded linear functional on LP(X, ). Then there exists a
unique function g € LY (X, 1), where p' is the conjugate exponent of p, such that

:/mwb Vf e L(X, ).
Moreover, ||L| = HgHLPI(X,,u)'

For the proof, see [13] Theorem 6.16.
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1.4.2 Weak convergence in L’-spaces

Definition 1.25. Let X be a Banach space and X™* the dual space of X.
Let {z,}°, be a sequence in X . We say that {z, }32, converges weakly tox € X,

and we write z,, — x, if
Jim f(an) = fla) VfeX"

In particular, if X = L? for 1 < p < +o0o, thanks to Riesz representation

Theorem 1.4.4, the above definition becomes

Definition 1.26. Let 1 < p < +o00. We say that a sequence (fx)7>, C LP(X, i)
converges weakly to f € LP(X, u), and we write

fo— f inLP(X pn)

provided that, for each g € L” (X, 1), we have:

/fkgdu—>/ fgdu ask — +oo.
X X

Remark 10. In the same way we can define weak convergence in L>°(X, p1) checking
the convergence as above for functions which belong to the dual of L*®(X, pu).
However, usually, we are interested in checking the convegence for functions in
L' (X, p) which is not the dual of L>°(X, ). For this reason, we need to provide a

different notion of weak convergence known as weak star convergence.

Definition 1.27. We say that a sequence (f;)32, C L>®(X, u) converges weakly
star to f € L>®°(X, u), and we write

fe = in L%(X, p)
provided that, for each g € L'(X, 11), we have:

/fkgd,u—>/fgd,u as k — 4o0.
X X

We now present some theorems concerning weak convergence in L spaces.
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Theorem 1.4.5 (Boundedness of weakly convergent sequences).
Assume that fr, — f in LP(X,p). Then

1. (fx)k>1 1s bounded in LP(X, ),

2l e < Miminfp oo || fell 1o -

Using Theorem 1.4.5 part 1, it is possible to prove the following proposition:

Proposition 1.4.6. If fi — f in LP(X,p) and g — g in L” (X, ), then

[ fegdn— [ fgdn

Theorem 1.4.7. Let X be an uniformy conver Banach space and (x,)n,>1 a se-

quence in X which converges weakly to x € X. Then:
T, > x as n— +oo <= |z, = ||lz].

Proof.

(=) Follows from the inequality: |||z| — ||z.||]| < [z — x,]| -

(<) If x =0 then ||z,|| — 0 and the thesis is proved.

If # #0, let a, :== max{||z|,||z,||}. Using the hypothesis, we have

an — [|z||. Define now y, := 2= and y := - As @n — x and a, — |||, we have

Yn — y and so also ¥ — y. Moreover, ||y,|| = HEZH < 1and |y = 1.

As the norm is weak lower semicontinuous, we have:

1 =|ly|]| <liminf Yn +yH < limsup‘ WH < limsupw <1.
n—+oo n——+00 n—s—+o00 2
So,
lim ’ y”+yH ~1.
n—+oo

As X is uniformly convex, we deduce from the definition of uniform convexity that

|lyn — y|| — 0; on the other hand, z, = a,y, and x = y ||z||, and so:
[zn = zll = lanyn =y (2]l < llanyn = yu [2[l] + |2 lyn =yl =

= lan = [zl llynll + 2] lyn =yl -
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As [an — 12| = 0, Jlga]l < 1 and ||y — yl| = 0, we have:
e — 2]l < lan — llllllgall + 2] llg — yll = 0

and the thesis is proved.
O

Since we showed in Theorem 1.4.3 that the space LP(X, p1) is uniformly convex,
the above theorem is proved also for LP spaces, thus the following refinement of
Theorem 1.4.5 part 2 holds:

Theorem 1.4.8. If 1 < p < oo and fi, — f in LP(X, ), then:

fe= fin IP(X,p) <= | felle = 170

Theorem 1.4.9 (Weak compactness). Assume 1 < p < oo and the sequence
(f&)x>1 ds bounded in LP(X, p). Then there exists a subsequence (fi;)52; C (fi)il,
and a function f € LP(X,u) such that fr, — f in LP(X,p).

Remark 11. If p = oo, the analogues of Theorem 1.4.5 and 1.4.9 are valid, while if
p = 1 the weak compactness Theorem 1.4.9 is false.

A sequence which converges weakly and pointwise a.e., in general, does not

converge strongly, as the following example shows.

Ezample 1 (Concentration). Let f € C2°(R), suppose f(0) > 0 and let 1 < p < oc.

fula) = =1 ().

e, \En

Consider the sequence

We study the behaviour of this sequence as n — oo and ¢,, — 0.

The sequence { f., } converges pointwise to 0 almost everywhere: indeed, as n — oo
the support of f. concentrates around x = 0, hence for any fixed T # 0, there
exists 7 such that, for any n > 7, T ¢ supp(f,); so if n is large enough, f., () = 0.

Moreover,

£..00) = - £(0) — +oo.

n—00
EnP
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This proves that the sequence {f. } converges pointwise to 0 almost everywhere.

The sequence {f., } converges weakly to 0: indeed for any fixed g € C°(R), using

the change of variables y = =, we get:

en’

[ fe@wydn = [ o1 (£) gl o -

1
R EnP En

1-1
=/€n " fW)g(eny) dy — 0.
R n—oo

This proves that the sequence {f. } converges weakly to 0.

However, the sequence {f.,} does not converge to 0 in LP(R): indeed, notice that

using the change of variables y = =, we get:
1 z\ | 1 x \|P
p _ _ _
el = |25 (2)] e [ 2|7 (2] -
= L1 @) dy = 113 ey
So for any n, we have
1feull Loy = 11l Loy >0 (1.3)

and so the sequence {f., } does not converge to 0 in LP(R) because otherwise also

1 feull oy ;52 O

n—oo

and this is a contraddiction because of (1.3).

1.4.3 Convergence of averages

We now develop some further insight into the meaning of weak convergence.

Let U be an open bounded smooth subset of R", n > 2.

Assume 1 < p < oo and fp — f in LP(U) which, by Definition 1.26, means that
for each g € LP (U), we have:

/fkgd:v—>/fgdx as k — +o0.
U U

Then, if £ C U is a bounded measurable set, we deduce, upon setting g := xg,
that:

/Efkdx—>/Efd:)3 as k — 4o00.
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This implies that the averages of the functions { f}3, over the set E converge to
the average of f over F.

Conversely, we have the following statement:

Proposition 1.4.10. If {fi}32, is bounded in LP(U) and [; fxdx — [ fdx as
k — +oo for each bounded measurable set E C U, then fi, — f in LP(U).

Proof. We have to show that for any g € LP(U), [, frgde — [; fgdx as
k — +oo. Let g € L¥(U); we can choose a simple function h = SN a;xz,,
E; € U bounded measurable sets, such that:

lg —hll;» <e for somee > 0.
Thus:

<

‘/U(fk—f)gd1?

S'/U(fk—f)(g—h)dx

+‘/U<fk—f>hda:

N

< J, V=Sl = bldo e [ (i = o)<
N

< J, W= Allg = blda 3o [ (= )|

= A + B.

Using Holder inequality, the fact that {f}72, is bounded in LP(U) and the choice
of h we get:

A< fi = fllpe lg = ll o < (W felle + 1F o) lg = Rl < Ce, CeR.

Using the hypothesis, if £ il large enough, then also B < e¢. Hence:

[ U= Dgda< (€ +1)e

and so frp — f in LP(U).
O

A problem we will face in PDE application is that this convergence of av-

erages, even if, under the above hypothesis, implies weak convergence, does not



18

1. Measure Theory

imply norm or even a.e convergence. For example, it may be that the sequence
{fr}32, does not weakly converge to f by virtue of perhaps unbounded, very high
frequency and quite irregular oscillations. Such behaviour utterly excludes any
simple analysis of nonlinear functional of the sequence {f;}° ;.

In particular, as the following example shows, f — f in LP(U) does not imply

F(fx) — F(f) for any nonlinear real-valued function F.

Ezxample 2. Let a,b,A € R, a < band 0 < A < 1 so that
F(Aa+ (1 =X)b) # AF(a) + (M) F(D).

Let U =]0,1[C R and we set:

ESl

a if I<z<r j=0,.k-1
b otherwise

Then f, —= f=Xa+ (1 —A)b in L*>®(U), that is:

/U(fkg)d:c—>()\a+(1—)\)b)/U gdr ask — oo Vg € LY(U).

This is can be directly checked if g is the characteristc function of measurable
subsets of U; using the linearity of the integral, the result is also true if g is a
simple function. Finally, let ¢ € L*(U) and h be a simple function such that
I = gll;» < e Then

‘/U(fkg)dw—/U(fg)dfv

| [ (heg = Fo)d

<

- /U(fkg — fuh + fuh — fh+ fh — fg)dx

< /U filg — h)dzx

+|[ = s

+‘/U f(h—g)dz

and, using that f; and f are bounded and the definition of h, we get:

§C||h—g||L1§O€, C eR.

|/U filg — h)dx

|/ F(h— g)dz|< D}h— gl < De, DeR.
U
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Moreover, since h is a simple function and we proved that the result is true for

simple functions, if k is large enough, we have:

<e.

[, U= s

This proves that
/U (fog)de —s (ha+ (1 — )\)b)/U gdr ask = oo Yge LMU).
In the same way we can prove that
F(fx) = F = AF(a) + (M F(b),

but, by definition of F', F = AF(a) 4+ (A\)F(b) # F(f) and so F(fi.) /~ F(f).
Remark 12. The above calculation imply that f — f in LP(U) for any p, but
frx # fin LP(U). If there was strong convergence, then also F'(fy) — F(f).

1.5 Measures in metric spaces

In this section we consider only locally compact and separable metric spaces. No-
tice that every such space, toghether with all its open subsets, is a countable union

of compact subsets. In this case, we say that the space is o-compact.

Definition 1.28. Let X be a locally compact and separable metric space, %(X)
its Borel o-algebra and consider the measure space (X, Z(X)).
A positive measure on (X, Z(X)) is called Borel measure.

If a Borel measure is finite on compact sets, it is called positive Radon measure.

Definition 1.29. Let X be a locally compact and separable metric space, #(X) its
Borel g-algebra and consider the measure space (X, Z(X)). A real-valued Radon
measure on X is a real set function defined on the relatively compact subsets of X
that is a measure on (K, Z(K)) for every compact set K € X.

We denote by #,.(X) the space of real-valued Radon measures on X.

If p: AB(X) — R is a measure according to Definition 1.8, then we say that u
is a finite Radon measure and we denote by .# (X) the space of finite real-valued

Radon measures on X.
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Let us introduce the spaces of continuous functions on X that provide the

functional setting for the duality theory with Radon measures.

Definition 1.30. We denote by C.(X) the vector space of real continuous function
with compact support defined in X endowed with the supremum norm

[ull = sup{lu(z)] : = € X}.

We denote by Cy(X) the completion of C.(X') with respect to the supremum norm.

Co(X) is the space of real continuous function that vanish at infinity.

The polar decomposition given by Corollary 1.3.4 leads to the following formula

the total variation measure.

Proposition 1.5.1. Let X be a locally compact and separable metric space and
1 a finite real-valued Radon measure on it. Then for every open set A C X the

following equality holds:

l(A) = sup{/X wdp s u € Co(A), |lull. < 1}.

Proof. Let us denote by B := {fX wdp: u € Ce(A), |lull, < 1}.

First of all, we show that |u|(A) > sup B.

Let f : X — S° be given by Corollary 1.3.4 and fix A € X open. Since, from
Corollary 1.3.4, we know that u = f|u|, we have:

[ udn= [ ufdiul < lull [ If1dul <1/ Ll = 1u(A),

Thus |p|(A) is grater than every element in B and so |u|(A) > sup B.

Now we show that |u|(A) < sup B.

Since C,(A) is dense in L'(A, |u|), we can choose a sequence {u;}52, C C.(A)
converging to f in L'(A,|ul).

Moreover, by a truncation argument, we can assume that |lup|| < 1.

Since {uy,}5°, converges to fxa in L'(X, |u|) and using Corollary 1.3.4, we obtain

lim [ wpdp= lim/ upf d|p|.
h—oo0 JX h—oo J X
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As up —> fxa in L'(A, |u|), it is also true that u;, — fxa and since
f € L>*(X,|u|), using the Definition of weak convergence 1.26, we deduce that:

Jim [ unfdlal = [ xarfdipl = [ xatdl = [ 1dlal = |ul(A).
—00 JX X X A

Thus, we proved that:
hlggo/x up dp = |p[(A)

and the inequality follows. O

Now we present a definition of outer measure in metric spaces which embodies

an additivity condition on separated sets.

Definition 1.31. Let X be a metric space and u : Z(X) — [0, +o0], where
Z(X) denotes the set of all the subsets of X. We say that p is an outer measure
if u(@) =0, p is o-subadditive and the following additivity condition holds:
VE, F e X

dist(E,F) > 0= pu(FUF) = pu(E)+ p(F). (1.4)

The main result on outer measures is the following Carathéodory Criterion.

Theorem 1.5.2 (Carathéodory Criterion). Let pu be an outer measure on the
metric space X. Then p is o-additive on B(X), hence the restriction of u to

Borel sets of X is a positive measure.

Proof. By Remark 3, since p is o-subadditive on &?(X), and thus on #(X), in
order to prove g-additivity, it is sufficient to prove that u is additive on #(X).

To this aim, we set
F={EecBX): u(BNE)+u(B\E)=pnB) VBe ABX)}.

Notice that p is additive on .#: given E, F € .% disjoint, choosing
B:=FUF € #(X), we have, using the definiton of .#:

WEUF) = u(B) = u(BAE) + u(B\ E) = u(E) + u(F).

Hence, in order to show that u is o-additive on Z(X), it is sufficient to show that

Z is a o-algebra containing the Borel sets.
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STEP 1 The collection .7 is a o-algebra.

0e.7

EFe % = X\E €% since, given B € #(X) and E € . by definition of .7
H(BAX\E))+u(B\(X\E)) = u( BAE)+u(B\E*) = u(B\E)+u(BNE) = u(B)
thus X \ £ € #

E,Fe% = FUF € .7 since, given B € #(X) and E, F € .# we have:

p(B) = p(BNE) +u(B\ E) = u(BOE)+p((B\ E)NF) +p((B\ E)\ F) =

( (
(BNE)+u((BNE)\ E) +p((B\ (EUF)) =
( )
( )

BN(EUFNE)+uwBN(EUF)\E)+u((B\ (FUF)) =
BN(EUF))+p((B\(EUF)).

I
0
0

Thus EUF € .Z.
This shows that .% is an algebra. Now let {E},}7°, C .# and let us show that

E = U E, e #.
h=0
Possibly replacing Ej, for h > 1 by E; = E}, \ (Uj<h Ej), we can assume that Fj,

are pairwise disjoint. Given B € #(X) and using o-subadditivity of p we have:

u(B) < u(B\E)+ u(BNE) < u(B\ E) + 3. y(BOEy) =

h=0

:JE&<“<B\E>+“< BmEh>>
- B\hgogw(m@ )<

Thus w(B\ E)+ pu(BNE)=u(B) and so F = U;2, En € Z.

This proves that the collection .% is a o-algebra.

STEP 2 We prove that .% = Z(X).

Since A(X) is generated by closed subsets of X, it is sufficient to prove that
VO C X closed, C € #. Using the definition of .%, we shall prove that given,
B € #(X), we have u(BNC) + pu(B\ C) = u(B).
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Since p is o-subadditive, u(B) < u(BNC) + u(B\ C).
Let us show that u(B) > u(BNC)+ u(B\ C).
We may assume that p(B) < oo and let:

e By={z e B: dist(z,C) > 1},
oBh:{xEB g < dist(z,0) < }fothl.

Using the additivity hypothesis (1.4), and bearing in mind that
diSt(BQh, B2h+2) > 0 and diSt(B2h+1, th+3) > 0, we get Vn € N:

h=0 h=0 h=0 h=0

Hence
h=0 h=0 h=0
Since B\ C = ;2 B, using the o-subadditivity of u we get:

M(BWCHM(B\C):M(BHCHM(G Bh)g

h=0

w(BNC) +u<nulBh>+Zu By) =

h=0 h=n

_u<(BmC unulBh>+Zu By) <

h=0 h=n

< u(B) + i w(By) Vn eN.

h=n

By letting n — +o0 the inequality follows since
limy, 00 o0, p4(Bp) = 0.

S () = U B )< 8) and 3 ) = (U B )< ),

3 () = Jim, (X2 () + 3 (o) ) < g (2(B) = () <

]

Remark 13. The Carathéodory Criterion 1.5.2 applies as well to set functions

defined only on Borel sets.

Let us introduce a construction wich leads to the definition of Lebesgue measure

and that is a direct application of Carathéodory Criterion.
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Ezample 3 (Lebesgue measure). Let Q,.(z) = {y € R" : max; |r; — y;| < r} the

open cube with side 2r centered at x and for any £ C R" set

w(E) = inf{?(?rh)N  EC hfj th(ﬁh)}-

It can be direclty checked that p is an outer measure. In fact, notice that dividing
a big cube into smaller cubes does not affect its contribution to the sum defining
wu(E), thus the cubes @, (x5,) can be taken as small as one wants and this leads to
the verification of (1.4). Moreover, we can verify the o-subadditivity condition:
it £ C ; E; and for any 1,

w(E;) = inf{i(th)N . E; C E_j Qih(l'h)}7

then the cubes Qih (xp) covering E; can be collected to give a doubly indexed cover
of U; F;, this leads to the o-subadditivity of .

Thus p is an outer measure which we call Lebesque outer measure and denote by
N . Since it is finite on compact sets, according to Carathéodory Criterion 1.5.2,
its restriction to Z(X) is a positive Radon measure. £ C R is said to be Lebesgue
measurable if E belongs to the completion Z o~ (R™). The o-algebra of Lebesgue

measurable sets is denoted by Zy.

1.6 Riesz representation Theorem

In this section we prove the classical Riesz representation Theorem which states
that the dual of the Banach space Cy(X) is the space .#(X) of finite real-valued
measures on X.

We first recall some theorems which will be used in the proof of Riesz Theorem.

Lemma 1.6.1 (Partitions of unity). Let X be a locally compact and separable
metric space and A be an arbitrary subset of X. Let & be a collection of open
sets in X which cover A, that is A C Uyep U. Then there exists a collection ¥ of
functions ¥ € C.(X) having the following properties:
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1. For every v € ¥ and every x € X, 0 < ¢(x) < 1.
2. If K CC A, all but finitely many v € ¥ vanish identically on K.
3. For every ¢ € ¥, there exists U € & such that supp(v) C U.

4. For every x € A, we have 3 ycy ¥(x) = 1.

For the proof, see [1] Theorem 3.15.
The proof of Riesz representation Theorem is based upon Carathéodory Crite-
rion 1.5.2, Lemma 1.6.1, Theorem 1.4.4 and the following representation theorem

for bounded linear and positive functionals.

Theorem 1.6.2. Let X be a locally compact and separable metric space and
L:C.X)— R be a functional such that:

L is positive: L(u) > 0, whenever u > 0, u € Co(X).

L is linear: L(au+ bv) = aL(u) + bL(v) Yu,v € C.(X), Va,b € R.

L is bounded: ||L|| = sup{L(u) : u € Co(X), |u| <1} < 0.

Then there is a unique positive measure p on X such that:
L(u) = /X udp Vu € Co(X).
Proof. For every open set A C X let
AMA) :=sup{L(u) : ue C.(X), 0<u<1, supp(u) C A}
and for every B C X let
A(B) :=inf{\(A) : Aopen, B C A}.

We now show that A is an outer measure according to Definition 1.31.

STEP 1 If o-subadditivity and condition (1.4) hold for the open sets, then the
general case readily follows.

For every C' C X let us call Po:= {\(A) : Aopen, C C A}.

We prove that, if o-subadditivity holds for open sets, then, if B C X and

B C Up2y Br, we have A(B) < >332 A(By,).
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Using the definition of A for arbitrary subsets of X, we have that given € > 0, for
every h € N, A(By) + 5  is not a lower bound for Pg,. Hence, there exists an
open set A, C X, B;, C Ay, such that

€
MAR) < AN(Bp) + o
And so, A := U;2,(Ap) is an open set such that B C A and using o-subadditivity

for open sets we have:

A(B) < MA) < fj AAp) < i A(By) + 2e.

h=0 h=0

Taking the limit for ¢ — 0 we have the thesis.
We prove that, if condition (1.4) holds for open sets, then, given £, FF C X

dist(E,F)> 0= ANEUF)=\E)+ \F).

Let E, F C X such that dist(E,F)=:3d >0 deR, d>0.

Using o-subadditivity we have A(E U F) < A(E) + \(F).

Now we shall prove that, given ¢ > 0, A(EU F) > A(E) + A(F) — «.

Let P:={z € X : dist(z,F) < d} and Q := {zx € X : dist(z, F) < d}. Notice
that it easily follows from the assumption dist(E, F') = 3d > 0 that dist(P, Q) > 0.
Using the definition of A for arbitrary subsets of X, we have that A(E'U F)) 4 ¢ is
not a lower bound for Pg,r. Hence, there exists an open set A C X, (EUF) C A
such that AM(A) < AM(EUF) + ¢, that is

MEUF) > AA) —e.

Let A1 := PN A and A, := QN A.

Ay, Ay are open sets such that dist(A;, As) > 0 as dist(P,Q) > 0. Moreover,
A1 UAs C A and so, using (1.4) for open sets AM(A) > AM(A;UAy) = A(A1) + A(As).
Finally, E C Ay and F' C A, thus A(A;) > A(F) and A\(Ay) > A(F). Hence:

MEUF) > MA) — > AMA) + A(Ay) — £ > ME) + \F) — e.

Taking the limit for ¢ — 0 we have the thesis.
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STEP 2 We prove o-subadditivity and condition (1.4) for open sets.
Fix A and {4} }n>0 open with A C U Ay; our aim is to show that
AA) <3520 A(Ap), that is

sup{L(u) : v e C(X), 0 <u <1, supp(u) C A} <

<Y sup{L(v) : v € C(X), 0<v <1, supp(v) C Ap}.
Thus, it is sufficient to show that if u € C.(X), 0 < u <1, supp(u) C A then

u) < i AAy) = isup{L(v) c v € Cu(X), 0<v <1, supp(v) C Ap}.

Then let v € C.(X) with 0 <u <1 and supp(u) C A C U A,. Since

supp(u) C X and {Ap} is a collection of open subsets of X which covers supp(u),
using Lemma 1.6.1, there exists a collection W of functions ¢ € C.(X) which verify
the four properties listed in the Lemma. In particular, there exists v, ...1), such
that Vh = 1,...n, supp(yy) C Ap; by property 4 Va € supp(u) we have

oy n(z) = Eplyvn(z) = 1. So, u = Yoy wibp(z) = X3, uhn(z). Using the
linearity of L and that supp(ui,) C Ap, we have:

[e.e]

This prove the o-subadditivity for open sets.

We now prove condition (1.4). Let E, F' open with dist(E, F)) =: 3d > 0,
deR, d>0. We have

MEUF) =sup{L(u): ue Ci(X), 0<u<1, supp(u) C EUF},
AE) = sup{L(v) : v € C(X), 0 <v< 1, supp(v) C F},
A(F) = sup{L(w) : we€ CC(X), 0<w<1, supp(w) C F}.
Using o-subadditivity for open sets we have A(E U F) < A(E) + A(F).
Now we shall prove that A\(E U F) > \(E) + A(F).
It is sufficient to prove that, if v € C.(X), 0 < v < 1, supp(v) C E and
w € Cu(X), 0 <w <1, supp(w) C F, then

L(v) + L(w) < MEU F). (1.5)
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In fact, if the claim (1.5) is true, then, for a fixed w and for all v we have:
L(v) < MEUF)— L(w).

Since this is true for all v, we have, taking the supremum with respect to v:
ME) < ANEUF)— L(w).

Thus, for any w we have: L(w) < A(EUF) — A(E).
So taking the supremum with respect to w we obtain: A(F) < AMEUF) — A\(E),
that is \(EU F) > XN(E) + A(F).

We now prove claim (1.5). Consider the function v + w. By definition of v and w
we have v +w € C.(X), 0 <v+w <1, supp(v+w) C EUF.
Thus using the linearity of L and the definition of A(E U F)

L(v)+ L(w) = L(v+w) < ANEUF), as claimed.

STEP 3 We prove that L(u) <2 [y |u|dA.
To this aim we reduce to 0 < u < 1 and for everyn € Nand h =1,2,...,n—1, set

h h+1
Kp={reX: —<u< ha
n

).

n

Figure 1.1: K.
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Then, let {U,} open sets such that
o K; C Uy,

e \NU\ Kp) < %
° VxGUh,u(x)Sh—::l—l—n—lg.

Notice that it is possible to find {U,,} open sets that satisfy those properties since
by definition A(K}) = inf{\(A) : Aopen, K} C A}.
We now show that

Ll <2 [ udr+ leA(X) ey O(i).

n

Write u =2 4+ (u— 1) =1 — (u—2)" + (u—1)". Hence
sl =t (3 - - o )rr(- D)<
<Pl tem )l
Since |1 — (u 1)|§ L we have:

1 ] 1 1 Iz

L= —@=2) )< Lll= = (u=2)| <=

(-t by )it -] <L
Thus we proved that

Ll < U= b))
oon n

Now we estimate L((u — i)*) :
If z € K}, then by the definition of Kj; we have: % < u(x) — % < %

Moreover by definition of Uj,

1 n—1 n—1
supp((u — E>+) c U Knc | U

h=1 h=1
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Since supp((u— 2)*) C X and {U,}72, is a collection of open subsets of X which
covers supp((u— +)"), using Lemma 1.6.1, there exists a collection ¥ of functions
1 € C.(X) which verify the four properties listed in the Lemma. In particular,
there exists 1, ...10,_1 such that Vh = 1,..n — 1, supp(¢p,) C Uy; by property 4
Va e supp((u— £)T) we have Y31 ¢y (z) =

So, (u— )" = Zhoi((w — ) u()).

Since supp((u — )+ (x)) C Uy and for any = € U,

S22 (w- o)

h=1

< n_1<h 4 ;) ()\(Kh) AN Kh)>.

By definition of Uy, we have A(U, \ K},) < -5, thus:

R D2

1n1 nlhl —1
P

<Z AKh +—ZAKh +Z

Since Y71 %/\(K 1) is the integral of a simple function less or equal than u and
taking into account that the sets Kj; may not be disjoint, by Definition 1.15, we

have:

1 1 -1
gz/ wdh+ —SANX) + =+ 1=
X n

on? n4

1 1
_ 2/ A+ —\(X) +O(2).
[Cwdr+ S (X) +0( )
In conclusion, if 0 < u < 1 we proved that

1 Ll 1
< — = -).
IL(w)| _z/XudA+n2A(X)+ = 00)
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In the general case u € C.(X), we notice that there exists M € R such that
—M < u < M and we reduce to the previous case considering the positive and

negative part of u. In this way we obtain:

L) < 2] < 2+ 1260 <2l x+ pac0 + ) o

n

and passing to the limit as n — 400 we have:

M@S2AJMM-

STEP 4 Using Riesz representation Theorem 1.4.4 in L? and the Hélder inequality,
we extend L to L?(X, \) and we construct p.

First of all, notice that by Carathéodory Criterion 1.5.2 the measure A is a positive
measure, thus the Hilbert space L?(X,\) is well defined according to Definition
1.22. If u € Cy(X), which is dense in L*(X, ), using Holder inequality, we have:

1
2 1
ol <2 [ jdar <2( [ 1 ar) A0 = elulage

Thus L can be extended to a linear and continuous functional, which we still call
L, such that L : L?(X,\) — R. By Riesz representation Theorem 1.4.4 in L?
there exists a unique v € L*(X, \) such that Vu € L?(X, \) we have:

L(u):/ uv d\ ::/ udp,
X X
where, if A € B(X), p(A) = [, vdA\

This proves the existence of the measure p := vA.
Now we claim that the function v found above is v = 1 A-a.e. In order to prove
our claim, let U C X be an open set; then for any function u € C.(X),

0 <wu<1, supp(u) C U we have:

MMz/umMS/vM.
U U

Hence, by definition of A we have also:

)\(U):/Ud)\zsup{L(u): u€ C(X), 0<u<l, supp(u)CU}ﬁvad)\.
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Now consider a sequence {u, }°°, such that, for any n, u, € C.(X),
0 <u, <1, supp(u,) C U and {u,} 1 xv in L?(X,\). Using the definition of A

and monotone convergence Theorem 1.2.1 we get:
)\(U)ZL(un):/ unvd)\—>/ vdA as n —» +00.
U U

This proves that for any open set U C X, A(U) = [, d\ = [; vdX and so

v =1 A-a.e. In conclusion p = A.

STEP 5 Now we prove the uniqueness.

Let 1, po be positive measures on X as in the thesis of the theorem; set v = 11 — puo.
v is a real-valued finite Radon measure on X and suppose [y udv = 0,

Vu € C.(X). By Polar decomposition Theorem 1.3.4, there exists a unique
SO valued function f € L'(X,|v|) such that v = f|v|. Since C.(X) is dense
in L'(X,|v|), we can find a sequence {h,} C C.(X) which converges to f in
LY(X,|v]).

Moreover, using the above representation for v and bearing in mind that

{h,} C C.(X) we have:

[ =naravl= [ fapl= [ hafdvi= [ v~ [ b=
X X X X X
= [V[(X) = 0= [v[(X).
Thus, using that {h,} converges to f in L'(X, |v]), we get:
VIO = [ (=) vl < [ 1f = haldlv] — 0, asn — oo,
X X

So [v|(X) = 0, hence v = 0.
This proves uniqueness and concludes the proof.
O

Now we prove Riesz representation theorem which asserts that the dual of the

Banach space Cy(X) is the space . (X) of finite real-valued measures on X.
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Theorem 1.6.3. Let X be a locally compact and separable metric space and
L:Co(X) — R be a functional such that:

L is linear: L(au+ bv) = aL(u) + bL(v) Yu,v € Cy(X), Va,b € R.

L is bounded: ||L||,(xy = sup{L(u) : u € Co(X), |u] <1} < oo.

Then there is a unique real Radon finite measure i on X such that:

L(u) = / wdp  Yu € Co(X). (1.6)
X
Moreover,
||L||CO(X) = [ul(X). (L.7)
Proof.
UNIQUENESS

Let py, po real Radon finite measures on X as in the thesis of the theorem;

set v = 1 — Uo.

v is a real Radon finite measure on X and suppose [y udv = 0, VYu € Co(X).
By Polar decomposition Theorem 1.3.4, there exists a unique S°-valued function
f € LY (X, |v|) such that v = f|v|. Since Cy(X) is dense in L' (X, |v|), we can find
a sequence {h, } C Cy(X) which converges to f in L'(X,|v]).

Moreover, using the above representation for » and bearing in mind that

{hn} C Co(X) we have:

/X(f—hn>fd|l/|:/Xf2d|y|—/X hnfd|y|:/X 1d|y|—/X By di =
= [v[(X) = 0 = [v|(X).

Thus, using that {h,} converges to f in L'(X, |v|), we get:
lv|(X) :/ (f — hy) fdlv| g/ |f — hy|d|lv] — 0, asn — oo.
b b

So |v|(X) =0, hence v = 0. This proves the uniqueness.

EXISTENCE
Consider a given bounded and linear functional L on Cy(X). Without loss of
generality we can assume [|L[|o ) = 1. In fact, if ||L[|o, ) = 0 the only measure

which satisfies (1.6) is o = 0; while, if || ||, ) > 1, We can consider L:= ||L“£O(X).
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The main idea of the proof is to construct a positive linear functional A on C.(X)
such that
[L(u)] < AJul) < lulle Vu € Ce(X). (1.8)

Once we have this A, we associate with it a positive Borel measure A as in Theorem
1.6.2. Since A(X) = sup{A(u) : u € C.(X), 0 <wu < 1}, and since any
u € Ceo(X), 0 <u <1issuch that |lul| , <1, using (1.8), we get:

Au) = A(Ju]) < lufl, <1
and we see that actually A\(X) < 1. We deduce from (1.8) that
[ L(u)] < Afu]) = /X uldA = Jlullpxny  Vu € Ce(X).

Thus L is a linear functional on C.(X) of norm at most 1 with respect to the
LY(X, A)-norm. Since L'(X, \) is dense in C.(X), there exists a norm preserving
extension of L to a linear functional on L'(X, \) (which we still call L). Therefore,
by Theorem 1.4.4 (case p = 1) there exists a unique function g € L>*(X, \) with
191l = IIL1[ 1 (x5 such that

L(u) = /Xugd)\, Yu € Cu(X) (€ LY(X,N)). (1.9)

Since the norm is preserved by the extension, ||g|l,, = [|L[|p1(x ) < 1

and so |g| < 1 A—almost everywhere. Each side of (1.9) is a continuous functional
on Cy(X) and since C.(X) is dense in Cy(X), (1.9) holds for any u € Cy(X).
Hence we obtain (1.6) with u := gA.

Moreover, since |[L||q x) =1, (1.9) shows that

[ lsldx = swp{IL()l;  we Co(X) flull, < 1} = Ll ox = 1
The above inequality is true since, for any u € Cy(X), ||ul|,, < 1, we have
L) = | [ fgar| < [ 17llslar < [ lglar
X X X

So, to recap, we know that A\(X) < 1 and |g] < 1 A-almost everywhere. These
facts are compatible only if A(X) =1 and |g| = 1 A\-a.e. because

1= Illeye = [, 19142 < lglloo ACX) < lglloo = 120y < 1
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Hence, by Theorem 1.3.1, we get d|u| = |g|d\ and so

|l (X) = AMX) =1 = [|Ll[¢,x)

and this proves (1.7).

Since A(X) =1 and |g| =1 Ma.e., then g € L'(X, \).

Now we shall construct the positive functional A which satisfies (1.8). First of all,
we define its values on the functions u € C7(X), where we denote by CF(X) the

space of continuous and positive functions on X with compact support. We define
A(u) :=sup{|L(h)|; h e C.X), |h] <u}, Vu € CHX). (1.10)

It follows that A is positive and satisfies (1.8); in fact the first inequality in (1.8)
is trivial, since |u| = u, while the second one follows from the boundedness of L
because Vh € C.(X), |h| < u we have

[LW] < Lo 1Pl = 1Pl < Ml

and so A is bounded with norm at most 1. Moreover A satisfies the following

properties:
1. For any u € CF(X) and ¢ > 0, we have

A(cu) = cA(u).

2. For any u, ug € CF(X) such that 0 < u; < uy we have

Auq) < Auy).

Property 1. follows form the linearity of L, while 2. is true since

|h| < ui = |h| <us = sup [L(h)| < sup |L(h)|.

|h|<uy |h|<ug

To conclude that A is linear we shall prove that

A(u+v) = A(u) + Av), Vu, v € CF(X) (1.11)
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and then we will extend A to a linear and positive functional on all of C.(X).
To this aim, let u, v € Cf(X) and € > 0. By (1.10), there exist hy, hy € Co(X)
such that

|hi] <, |ho| <v and A(u) < |L(hy)|+ ¢, A(v) < |L(hy)| + €.

Moreover, we can assume that L(h;) > 0 otherwise we consider —h; for i = 1, 2.
We have:

A(u) + A(v) < L(hy) + L(ha) 4+ 26 = L(hy + ha) + 26 < A(u+v) + 2¢

and this proves (>) in (1.11).
Now choose h € C.(X) such that |h| <wu+v and let V :i={z; wu(z)+v(z)> 0}
and define

{hl(:c) — w@h@) ey {hg(a:) — 2@h@) g ey

u(z)+v(z) u(z)+v(z)
hi(z) =0 ife gV hao(z) =0 ifegV

V' is open and h; is continuous on V', while on V¢ h; vanishes identically. Notice
that on X we have |h;| < |h|. Now let o € OV since 0V C Vand h is continuous
on X, we have

|hi(2)] < |h(z)] — 0 as = — x

and it follows that hy € C.(X) and the same holds for hs.

Since hy + hy = h and |h| < u + v, we have that |h;| < u and |hs| < v, hence
|L(h)| = [L(h1) + L(h2)| < [L(h1)| + |L(h2)| < A(u) + A(v).

Passing to the supremum on h such that |h| < u+ v, we get

Alu+v) < A(u) + A(v)

and this proves (<) in (1.11); thus A is linear.
Now we extend A to a linear and positive functional on all of C.(X).
Let u € Co(X). Since u = ut +u~ where u™, u= € CF(X), we define

Aw) = A(u™) + A(u™) Vu € C.(X).

This extension preserves linearity and this completes the proof. O
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In this section we define weak star convergence for sequences of Radon measures,
we prove the classical De La Vallée Poussin compactness criterion and we provide

some useful properties of weak star convergence for measures.

Riesz Theorem can be restated by saying that the dual of the Banach space Cy(X)

is the space . (X) of finite real-valued measures on X, under the pairing

)= f, v

Moreover by Proposition 1.5.1, |x|(X) is the dual norm.
Analogously, #,.(X) can be identified with the dual of the locally convex space
Co(X). Accordingly, two different notions of weak™* convergence of Radon measures

are defined.
Definition 1.32. Let u € #,.(X) and let {un}se, C A,.(X). We say that
{pn}sey locally weakly* converges to u if

lim [ wdu, = / udp  Yu e Co(X).
X X

h— 00

Definition 1.33. Let u € .#(X) and let {uy}52, C 4 (X). We say that {u,}72,
weakly™ converges to u, and we write — py, — p if

lim [ wdyp, = / udp Vu € Co(X).
X X

h—o00

Now we prove the classical De La Vallée Poussin compactness criterion for finite

Radon measures.

Theorem 1.7.1 (Weak™ compactness). Let X be a locally compact and separable
metric space and {pp}5, C M (X) a sequence of finite Radon measures. Assume
{pn}ie, bounded in A (X), that is sup{|un|(X) : h € N} < co. Then, there ezists
a subsequence {pin; 132, C {un}i, and a measure p € M (X) with — pp; — p
in M(X).

Proof. Assume that |up|(X) < 1Vh € N and let {u,}32, C Co(X) be a sequance
such that [Juy| <1 and G := span{uy, k € N} is dense in Cy(X). Then using a
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diagonal argument, it is possible to find a subsequence {uy, }‘;‘;1 such that Vk € N
the sequence {ug, jin, 52, has a limit as j — 400 whose absolute value does not

exceed 1. That is, using the notations above,
/ wdpn, — U as j — +o0o
X

and [lx| < 1 since [lug, <1 and |pp,|(X) < 1.
The above limit exists in the whole G := span{uy, k¥ € N} and so if u € G then

there exists the limit
lim [ wdpy; =: L(u) (1.12)

j—oo )X

and L is a linear and continuous functional on G whose norm does not exceed 1.
Since G is dense in Cy(X), L can be extended to a linear continuous functional
whose norm is less or equal than 1 on Cy(X). This means, thanks to Riesz theorem
1.6.3, that a measure p € . (X) with |u[(X) = ||L]] <1 is defined.

Now we prove that p,, — p. According to Definition 1.33, let w € Cy(X). Our
aim is to prove that lim; .. [x wdps; = [y wdp. Let € > 0. Since G is dense in
Co(X), there exists v € G such that ||w — v <e. Thus:

\/ wap, - | wdu‘é’/ w vl dp, +]/ Iw—vldu‘+’/ v, - [ vds
X X X X X X

< ||w—v||oomhj|<x>+||w—v||oo|u|<x>+|/X v, ~ . vom].

<

Since v € G and using (1.12) we have

lim [ vdun, = L(v) :/ vdu,

Jj—oo JX X

thus for j lare enough we have

‘/ Uduhj—/ vdu‘gs.
X X

Finally, since |w —v| <&, |uy[(X) <1 and |u|(X) <1, we have

‘/ wduhj—/ wdj
X X

<l = vl Jany | (X) + flw = o]l 1] (X) + \/X v, = [ vdu

<

< 3e.

So that {u,; }32, weakly™ converges to . O
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In the following lemma we give an approximation theorem for semicontinuous

functions through Lipschitz continuous ones.

Lemma 1.7.2. Let c € R, u : X — [¢, +00] not identically equal to +oo, d the
distance function on X. Define fort > 0:

u(z) = inf{u(w) + td(z,w) : we X}.

Then Lip(u) < t, uy < w and, if x is a lower semicontinuity point of u, then

w(z) Tu(z) as t1 +oo.

Proof. Let us call B, ; := {u(w) + td(z,w) : we X}.
First of all we prove that wu; is Lipschitz continuous.
Let us call fy(w) := u(w) + td(y, w) for y € X . Then

u(y) == inf By; = inf{f,(w) : we X}.
Let {wy}72, € X a minimizing senquence such that
w(y) = inf{fy(w) : we X} = lim f,(wy).
So, Vk we have:
u(@) = fy(wi) < fa(wr) = fy(w) = u(wy) + td(z, wy) — u(wy) — td(y, wi) < td(z,y).

Thus, passing to the limit for & — oo we have: uy(x) — us(y) < td(z,y).

The above calculation apply in the same way if we exchange x and y and so
lug(z) — w(y)| < td(x,y). It follows that Lip(u,) < t.

Moreover, u; < u since u(x) = u(z) +td(x,x) € By, and w,(x) := inf B, .

Let  be a lower semicontinuity point of u, so x is such that lim inf,_,, u(y) > u(z).
If ug(x) T oo as t1 400, we are done because u; < u.

Otherwise, suppose that u;(x) converges to a finite limit. Let z; € X be such that
u(zy) + td(z, v) < ug(x) +27°
Then, using the definition of w,

td(z, z,) < ug(w) +27" —ulz,) < w(r) +27" ¢
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and so td(x,z;) is bounded, hence x; converge to = as t T +o0.
Passing to the limit in the inequality u(z:) < wu(x) + 277, and using that z is a

lower semicontinuity point of u, we have:
o . —t .
u(z) < h{r_lmlxrjlfu(xt) < hgg(l)gf(ut(x) +27°) < Jim u ().
On the other hand, since u; < u, limy_,o u;(x) < u(z) and then
Jim w(z) = u(z),
as claimed. O

Proposition 1.7.3. Let X be a locally compact and separable metric space and
{n}52, be a sequence of positive Radon measures on X such that p, — p. Then:

for every lower semicontinuous function u :— [0, +00|, we have:

liminf [ wdp, > / wdp
h—oo JX X

and for every upper semicontinuous function v :— [0, +oo[ with compact support,
we have:

limsup [ vdu, < / vdpy.
h—oo JX X

Proof. Let u :— [0,400] be a lower semicontinuous function and, excluding the

trivial case u = oo, let u; be as in Lemma 1.7.2.
Let ¢ € C.(X) such that 0 < ¢ < 1.
Then, using that pu, — p and that u;p € C.(X), we get:

/ up dp = lim / u) dpy, < lim inf/ g ditp,
X h—oo JX h—oo JX

and so:
sup/ u) dp < liminf/ Uy dftp,.
¥ JX h—oo JX

Since u is lower semicontinuous, by Lemma 1.7.2, us(x) 1 u(z) Vo € X, hence by

monotone convergence Theorem 1.2.1, we get:

sup/ utwdu:/ utd,u—>/ udp ast — o0
o JX X X
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and

lim inf utd,uh—ﬂiminf/ wdiip.
h—oo JX h—oo JX

So

liminf [ wdup 2/ wdp.
h—oo JX X

If v :— [0,400] with compact support is upper semicontinuous, we follow a
similar argument using v;(x) = sup{v(y) — td(z,y) : = € X}. Since the support
of v is compact and v is bounded, there exists a relatively compact neighbourhood

U of supp(v) which contains the support of v; for any ¢ sufficiently large.

Example 4. Interesting particular cases of Proposition 1.7.3 are obtained for char-
acteristic function of compact and open sets. If {1}, is a sequence of positive

Radon measures on X such that p, — p, then:
1. if K is compact we have:  p(K) > limsup,, pup(K).

2. if A is open we have:  p(A) < liminf, u,(A).
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Chapter 2
Sobolev spaces

In this chapter we introduce Sobolev spaces and establish some of their most impor-
tant properties. Sobolev spaces are function spaces whose elements are functions

whose partial derivatives satisfy certain integrability conditions.

Definition 2.1. We call multi-index an n-tuple of nonnegative integers

a = (aq,...,a,). We define the lenght of the multi-index « as |a] := >, ;.

If x € R", we denote by 2 the monomial 27" - - - 2%,

If o and 8 are two multi-indices, we say that 8 < a provided that 3; < a; for
1 < j < n. In this case also a — 3 is a multi-index.

We also denote a! = a4! -+ - a,!, and if 5 < a,
(5) == () ()
B)  Bla=B)1 \A Bn)
If D; = 8%],, then we denote a differential operator of order || by

pr—pp.pe O
n aalxl e aanxn

Proposition 2.0.4 (Leibniz formula). Let € R™ and uw and v functions which

are |a| times continuously differentable near x. Then:

D (uv)(x) = 3 (D u(x))(D*Fu(x)).

BLla

43
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Definition 2.2. Let (2 be an arbitrary nonempty open set in R™. Let m be a

positive integer and 1 < p < co. We define a functional [|-[|,,  as follows:

||u||m,,,=( 5 HD%H@) 1< p< oo

0<]al<m

el 0 = (Iax (1D o

for any function u for which the right side makes sense.

(2.1)

(2.2)

(2.1) or (2.2) defines a norm on any vector space of functions on which the right

side takes finite values provided that functions are identified in the space if they

are equal almost everywhere in €.
We now define three vector spaces on which |[|-[|,, is a norm.

Definition 2.3. For any positive integer m and 1 < p < oo we define:

1. H™?(Q2) = the completion of {u € C™(Q); Hu||mp < oo} with respect to

the norm ||-||,,, -
2. WmP(Q) = {ue LP(Q); D e LP(Q) for 0 < |a| < m}.
3. Wy (Q) = the closure of C°(Q) in the space W™P(Q).

Equipped with the appropriate norm (2.1) or (2.2) they are called

Sobolev spaces over €.

Remark 14. Obviously W?(Q) = LP(Q2), and since C°(Q) is dense in LP(Q), if

1 < p < oo, also WJP(Q) = LP(Q).

Moreover, for any m, we have the following chain of imbeddings:

W P(Q) — WP (Q) — LP(Q).

Theorem 2.0.5. W™?(Q) and Wy™*(Q2) endowed with the norm [|-||,,, , are Banach

SPaces.

For the proof, see [1] Theorem 3.3.



Corollary 2.0.6. H™?(Q) C W™?(Q).
For the proof, see [1] Corollary 3.4.

Theorem 2.0.7. W™P(Q) and WP (Q) are separable if 1 < p < oo and they are
uniformly convex and reflexive if 1 < p < oo.
In particular W™2(Q) is a separable Hilbert space with inner product:

(W, V)= > (D%, D),

0<|ar|<m

where (u,v) = [qu(x)v(x)dz is the inner product in L*(Q).

Proof. Several important properties of the spaces W"™P(2) can be easily obtained
by regarding W™P(Q)) as a closed subspace of an L? space on a disjoint union of
copies of €.

Let n, m € N, n > 1 m > 0and N = N(n,m) the number of multi-indices
a = (aq, ..., ap) such that || < m. For each « let €2, be a copy of €2 in a different
copy of R" so that the N domains €, are, by construction, disjoint. Let Q0™ be
the union of these domains, that is Q™) = Ulaj<m Qa-

Given u € W™P(Q), let U be the function on Q™ that coincides with D%y on Q.
It is easy to check that the map

P W™P(Q) — LP(QM™) (2.3)

taking u to U is an isometry. Since W™P(€) is a complete space, also the range W
of the isometry P is complete and thus W is a closed subspace of LP(Q2(™). Hence
W is separable if 1 < p < oo and is uniformly convex and reflexive if 1 < p < oo.
Since W™P(Q) = P~Y(W) the same conclusions hold for W™?(Q). In particular
W™2(Q) is a separable Hilbert space, since this is true for L?(Q(™); moreover, if
u, v € W™2(Q), then u, D, v, D* € L*(Q) and L?*(f2) is a separable Hilbert
space with the inner product (u,v) = [qu(z)v(z)dzr and |jul . = (u,u)2; so we
define in W™2(Q2) the inner product:
(W, 0)m = > (D%, D) and  ||ullyyme = ((t,0)m)?.

0<|a|<m
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We now state the classical Mayers and Serrin theorem W = H.
Theorem 2.0.8 (W=H). If1 < p < oo, then H™P?(Q2) = W™P(Q).

For the proof, see [1] Theorem 3.17.
Example 5. Theorem 2.0.8 can not be extended to the case p = oo. For instance,
let Q={zr R, —1<z<1}and u(x) = |z|.
Then u'(z) = 3 for 2 # 0 and so u € WH(Q), but u ¢ H"*(Q) since, if
0 < e < 1, there exists no function ¢ € C*(2) such that [|¢/ — /|| <e.

We now formulate a condition on a domain €2 that guarantees that for any k
and m, C*(Q) is dense in W™P(2) provided that 1 < p < oo.

Definition 2.4 (Segment Conditon). A domain €2 satisfies the segment condition
if every x € 00 has a neighbourhood U, and a nonzero vector y, such that if

2€QNU,, then z 4+ ty, € Qfor 0 <t < 1.

If nonempty, the boundary of 2 satisfying this condition must be (n—1)-dimensional

and must lie on only one part of its boundary.
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Figure 2.1: Segment condition.

Theorem 2.0.9. If Q) satisfies the segment condition, then the set of restrictions
to Q of functions in C°(R™) is dense in W™P(Q) for 1 < p < oc.

For the proof, see [1] Theorem 3.22.
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2.1 Duality and the spaces W "7 ((Q)

Let us fix €, m, p, the number N, the space W, the spaces LP(2™)) and the
operator P defined in (2.3). We also define:

(u,v) ::/Qu(a:)v(a:) dx,

for any wu, v for which the right side makes sense.

Finally for a given p, let p’ denote the conjugate exponent of p.

In this section we first extend the Riesz representation Theorem to the space
Wm™P(Q). Then, we identify the dual of Wy™"(Q) with a subspace of 2’(€2). Finally
we show that if 1 < p < oo, the dual of W""(Q) can also be indentified with the

completion of L¥ (Q) with respect to a norm weaker than the usual L norm.

Theorem 2.1.1 (The dual of LP(2™)). Let 1 < p < cc.
Then to every L € (LP(Q(’”)))/, there corresponds a unique v € LP (Q™) such
that, for every u € LP(Q™)

L(u) = /Q(m) u(z)v(z)de = )

laf<m

/Qa Ua () Vo () do = Z (UaUa),

laf<m

where uy, v, are the restrictions of u, v respectively to §2,.

! /
Moreover, HLH( )/ = [[vl| o (mry s thus (LP(Q(m))) = [P (Qm),

Lr(Q(m)
Proof. This is valid because LP(2™)) is an LP-space for which Riesz representation
Theorem holds.

Theorem 2.1.2 (The dual of W™P(Q)). Let 1 < p < co.
Then for every L € (Wm’p(Q))/ there exist elements v € LY (Q™) such that, if v,

is the restriction of v to Q,, we have, for any u € W™P(Q),

L(u) = Y (D%,v,). (2.4)

0<]al<m

Moreover,

||L||(

Wm,P(Q)>I = inf HU”L”/(Q(”’)) = min HUHLP’(Q(m)) ) (2.5)
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where the infimum is taken over, and attained, on the set of all functions

v E Lp/(Q(m)) for which (2.4) holds for every u € W™P(().

Proof. Let W be the range of P : W™P(Q) — LP(2(™)) and define a functional
L* : W — R such that for any v € W™P?(Q), L*(Pu) = L(u). By definition
of P, Pu coincides with D% on {2, and since P is an isometric isomorphism,
[ Pull ooy = l|tllyymsq)- Thus, since L* € W’ and using that P is an isometric

isomorphism, we have:

L[|y = sup{L"(Pu); ||Pu||LP(Q("L)) =1} =

= sup{L(u); ||v||yympoy = 1} = || L »
(L Tl =13 = UE
By Hahn-Banach Theorem, there exists a norm preserving extension L of L* to
all of LP(2(™)) and by Theorem 2.1.1 there exists v € L (™) such that if
u € LP(Q™), then

Lw)= > (ta,va).

0<|ar|<m
Hence, if u € W™P(Q), using the definition of L and bearing in mind that by
definition of P, (Pu), = D“u, we obtain:

L(u) = L*(Pu) = L(Pu) = Y A(Pwasva) = > (D, vy).

0<[al<m 0<[a]<m

Moreover,

A

L 5= / m .
(Lp(mm))) 0]l o (Q(m)

||L||( ) = [|L*]ly» =

Wmp(Q)
Now (2.5) must hold since any element v € L (Q0™) for which (2.4) holds for
any u € W™P(Q), defines a linear and continuous functional, which we call L.
This functional extends L* since on W it operates as L*. Moreover ||v| 1,/ ) =

| L|| + because the norm of the extension is not less than the norm of the
Wmp(Q)

operator which is extended.
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Finally, the minimum is attained when v is associated with a norm preserving

Hahn-Banach extension. O

Theorem 2.1.3. If 1 < p < oo, then every element L of (Wm’p(Q))/ is an
extension to (W™P(Q)) of a distribution T € 2'(Q2).

Proof. Let L be the operator given by (2.4) for some v € L (Q(™) and define
T, T,, € D'(Q) such that:

T,.(¢) = ($,0a) Vo€ P(Q), 0<|a|<m
and
T= Y (-1D°T,,. (2.6)
0<|ar|<m
For any ¢ € 2(2) C W™P(Q), we have:
T@) = > (-)UDad)= > (va, D)=

0<|al<m 0<|al<m

= > T.(D%)=L(9),

0<]al<m

hence L is clearly an extension of 7. Moreover, using (2.5) we have:

IILH(

W""p(ﬂ))/ = min{||v|| . qom)y » L extends T' given by (2.6)}.

O

Remark 15. The conclusion of the above theorem is also true for L € (Wé" P (Q)),
In fact, any of such functionals possesses a norm preserving extension to (W™((2))
and for this extension the thesis of the theorem holds.

Let T € 2'(Q) having the form (2.6) for some v € L¥ (M) 1 < p/ < 0.
Then we proved that T possesses a, possibly non unique, continuous extension to
W™P(Q)). However it possesses a unique continuous extension to Wy (), as the

following theorem states.

Theorem 2.1.4. Let T € 2'(Q) having the form (2.6) for some v € LP' (Q™),

Then T possesses a unique continuous extension to Wy *(£2).
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Proof. Let u € Wy™"(2). By definition of W™" (), it is possible to find a sequence
{n}52 o in CX(Q) = 2(2) which converges to u in norm in W™ (). Thus, using
the definition of T" and Holder inequality, we get:

T(¢r) = T(dn) < Y |Toa(D% = D) = D |L(dr — du)| =

0<]a|<m 0<|a|<mn
= > UD¢r — ¢n)sva)| <
0<[al<m

< Y[ 1D 60| vl dr <
0<fa|<m 7 e

< 3P0k = ou)ly Nl <

0<|a|<m

< ||x — ¢n”m,p HUHp, — 0 as k, n — oo.

Hence {T'(¢,)}52, is a Cauchy sequence in C and so it converges to a limit which
we call L(u) and which does not depend on the choice of the sequence {¢,}>2,.
Actually, if also {1, }5°, is a sequence in C'>° which converges to u in norm in

WyP(Q), with the same passages as above, we can to prove that
T(¢pn) — T(¢p) — 0 as n —» 00.

The functional L thus defined is linear because T is linear:

if Y, — w and ¢, — v, then T'(Yp) — L(u) and T(¢r) — L(v), moreover

T(Yr, + ¢r) — L(u+v), but also T'(¢x + ¢x) = T(vx) + T(¢r) — L(u) + L(v);
/

and so L is linear. Finally, L € (Wén P (Q)) since, if

u = lim,_,o ¢n, the L is continuous because

1L(w)] = Jim [T(62)] < 1m0 a0l = el ol = ¢l -
]

Thanks to Theorems 2.1.3 and 2.1.4, we have therefore proved the following

theorem:

Theorem 2.1.5 (The normed dual of Wi"*(Q2)). If 1 < p < oo, p’ is the conjugate
exponent of p and m > 1, then the dual space (Wén’p(Q))/ is isometrically isomorph
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to the Banach space, which we call W‘m’p/(Q), consisting of those distributions
T € 2'(Q) which satisfy (2.6) and have norm:

17| = min{[[v]| o gmy 5 v satisfy (2.6)}

Remark 16. W=7 (Q) is a complete space thanks to the isometric isomorphism.

Moreover it is separable and reflexive if 1 < p < oc.

Remark 17. When WP (Q) is a proper subset of W"?(Q2), continuous linar func-
tionals on WP (Q) are not fully determined by their restriction to C.(€2) and so
are not determined by distributions 7' given by (2.6).

2.1.1 The (—m,p') norm on L”(Q)

There is another way of characterizing the dual of Wy"P(Q) if 1 < p < oc.
Eache element v € L¥ () determines an element L, € (Wén P (Q))/ by means of

L(u) = (u,v); in fact L, is linear and continuous, since by Holder inequality:
| Lo(w)] = [, 0} < [oll, lull, < ol lull,,,-

Definition 2.5. The (—m, p/)-norm of v € L¥' () is the norm of the functional
L,, that is:

N , = sup [ (u, v)].
WEP@)  wew @), ful, <1

[l [E——— HLUH(
Remark 18. Clearly |v||_,, , < |[[v]l, since by Holder inequality:

lv sup [(w, )| < ully, , 1]l < Tlloll,, = oll, -

ueWg™? (), llull,, ,<1

m,p—

I , =
—m,p

Remark 19 (Generalization of Holder inequality). For any u € W™ (Q) and
v € LP () we have:

T

[

Proposition 2.1.6. Let V := {L,; v € L’ (Q)} which is a vector subspace of
WiP(Q2). Then V is dense in Wy'*(£2).

|<U’U>| = ||u||m7p S ||u||m,p ||v||—m,p’ :
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Proof. Tt is sufficient to show that if F' € (Wé"’p(Q))” such that F(L,) = 0 for
any L, € V then F' =0 in (Wé”’p(Q))H. Since WP () is reflexive, there exists
f € WyP(92) which corresponds to F' € (Wg”’p(QDH such that

(f,v) = Ly(f) = F(L,) = 0 for any v € L” (), that is:

/Qf(x)v(x) de=0 Yoe L'(Q).

So f(x) must be zero almost everywhere in €; thus f =0 in W5"*(Q2) and F =0
in (W5"(22))". O

Let H~"™"(Q) denote the completion of L” () with respect to the norm

||'||_m,p,. Then we have

H"(Q) = (W (Q)) = W' (9).

In particular, corresponding to any v € H~™?(Q), there exists a distribution
T, € W= (Q) such that, for any ¢ € 2(Q) and sequence {v,}>2, such that
limy, 00 ||Un — v||7m7p, =0, we have:

Ty(¢) = lim (§, vn).

n—oo

Conversely, any T' € W=7 (Q) satisfies T' = T,, for some v of that kind; moreover
by Remark 19, |T,(9)] < [[¢]],,,,, V]| 1,1
This shows that the dual space of Wy""(€2) can be characterized for 1 < p < oo as

the completion of L” () with respect to the norm [

Remark 20. A similar argument as the one provided above shows that the dual
space of W™P(2) can be characterized for 1 < p < co as the completion of L¥'(Q)
with respect to the following norm:

sup [{u, )]
ueWmr(Q), |lull,, ,<1

m,p—

HUH*—m,p’ =
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2.2 Sobolev imbedding Theorem

The imbedding characteristics of Sobolev spaces are essential in their use in analy-
sis, especially in the study of differential an integral operators. The most important
imbedding results for Sobolev spaces are gathered into a single theorem, called the
Sobolev imbedding theorem, although they are of different types and can require
different methods of proof. Most of the imbeddings hold for domains €2 € R" sat-
isfying the “cone condition” which enables us to derive pointwise estimates for the
values of a function at the vertex of a truncated cone from suitable averages of the
values of the function and its derivatives over the cone. Some of the imbeddings
require stronger geometric hypothesis which force 2 to have a (n — 1)-dimensional
boundary which is the graph of a Lipschitz continuous function and to lie on
only one side of its boundary. In this section we will first discuss these geometric

properties of domains, then we will state the Sobolev imbedding Theorem.

2.2.1 Geometric properties of domains

Imbedding properties of Sobolev spaces depend on regularity properties of the
domain €2. Such properties are normally expressed in terms of geometric or analytic
conditions that may or may not be satisfied by a given domain. We specify below

some of these conditions.

Definition 2.6. Let v be a nonzero vector in R", and for each x # 0 let 2v be
the angle between the position vector x and v. For given such v, p > 0 and £ such
that 0 < k < m, we call a finite cone of height p, axis direction v and aperture k,

with vertex at the origin, the following set:
.k
C={zeR": z=00r0< |z|] <p, xv§§}.

Note that z +C = {z +y: y € C} is a finite cone with vertex at x but the same

dimensions and axis direction as C' and it is obtained by parallel traslation of C.
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W —
v

Figure 2.2: Finite cone of height p, axis direction v and aperture k, with vertex at

the origin.

Definition 2.7. An open cover & of a set S € R" is said to be locally finite if
any compact set in R"™ can intersect at most finitely many members of &2.
Moreover, such locally finite collection of sets must be countable.

If S is closed, then any open cover of S by sets with a uniform bound on their

diameters possesses a locally finite subcover.

We now specify some geometric properties that a domain 2 € R™ may possess
and which will be necessary in the following part of this section.
We denote by 02 the boundary of the domain §2 and by €25 the set of points in €2
within distance ¢ of the boundary of €.

Qs ={z € Q: dist(x,00) < d}.
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Figure 2.3: €.
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Definition 2.8 (The Cone Condition). 2 satisfies the cone condition if there exists
a finite cone C' such that each = € () is a vertex of a finite cone C, contained in
) and congruent to C'. Note that C, does not need to be obtained from C' by

parallel traslation, but simply by rigid motion.

Definition 2.9 (The Strong Local Lipschitz Condition). 2 satisfies the strong
local Lipschitz condition if there exist positive numbers § and M and a locally
finite open cover {U;}32, of €2, and for each j a real-valued function f; of n — 1

variables, such that the following conditions hold:

1. For some finite R, every collection of R + 1 of the sets U; has empty inter-

section.

2. For every pair of points z, y € {25 such that |x — y| < J, there exists j such
that
z,yeV,={xeU;: dist(z,0U;) > 6}.

27 M = a0
e R W
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o t :‘«"" Qs )
- Semm Tl
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i N} r'ﬁ;\,*\; /
{ \l 0 ',k'\ L /l
o b 7 N 1 7’
\ /( 4 ,r‘-l '_'/
Wil 7
2N -
7 Saglab

Figure 2.4: Strong local Lipschitz condition, condition 2.

3. Each function f; satisfies a Lipschitz condition with constant M; that is, if
5 = (517 "‘7571/—1)7 p - (pla --~7pn—1) E Rnil, then

1f(&) — f(p)] < M| —p).

4. For some cartesian coordinate system (7;1,...,7j») in U;, then Q N U; is

represented by the inequality:

Yin < fj(%‘,l; -~-7’Yj,n1)-
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Remark 21. If € is bounded, the set of condition above reduce to the simple
condition that €2 should have a locally Lipschitz boundary, that is each point
x on the boundary 02 should have a neighbourhood W, whose interection with

0€) should be the graph of a Lipschitz continuous function.

Definition 2.10. Let ¢ be a one-to-one trasformation of a domain €2 € R" onto
a domain G € R” having inverse ) = ¢~ 1. We say that ¢ is m-smooth if, when we

write: y = ¢(z) and x = ¢(y) in the form:

1 :qbl('rlw"axn)a £ :wl(yla'“ayn)a
y2:¢2(x17”'7‘xn)7 $2:¢2(y1,--.,yn),

yn:(bn(xl;-u,xn)’ xn:wn(yhayn)
then ¢1, ..., ¢, belong to C™(Q) and /1, ..., ¥, belong to C™(G).

Definition 2.11 (The Uniform C™-Regularity Condition). 2 satisfies the uniform
C™-regqularity condition if there exists a locally finite open cover{U;}22,, of 9§ and
a corresponding sequence {¢;}52, of m-smooth transformations with ¢; taking U;

onto the ball B ={y € R": |y| < 1} and having inverse v); = ¢; ', such that:

1. For some finite R, every collection of R + 1 of the sets U; has empty inter-

section.
2. For some 6 >0, Q5 CUjZ, @/)j({y eR™: |yl < %})
3. For each j, ¢;(U;NQ)={yeB: y, >0}

4. If (¢j1,..., ¢;n) and (¢;1,...,4;,) are the components of ¢; and ;, then
there is a constant M such that for every a with 0 < |a| < m, every ¢ such

that 1 <4 < n, and every j, we have

’Da¢j7i($)’ S M fOI' T € Uj,
|D*Yj(y)| <M fory € B.
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Remark 22. Except for the cone condition, the other conditions defined above re-
quire the boundary 0f) to be (n — 1)-dimensional and that €2 lies on only one side
of its boundary.

Tipically, most of the imbeddings of W™P(Q2) have been proven for domains satis-
fying the cone condition. However, the imbeddings into spaces C7(Q) and C7*(Q2)
of uniformly continuous functions, require that €2 lies on one side of its bound-
ary. These imbeddings are usually proven for domain satisfying the strong local
Lipschitz condition. Finally we note that {2 does not need to satisfy any of these

conditions for appropriate imbedding of Wi"*(£2) to be valid.

2.2.2 Sobolev imbedding Theorem

In the following theorem we indicate by:

o C%(9), the space of function having bounded, continuous derivatives up to
order 7 on {2 normed by

. — «
ey o) = max. i}ég\D u(z)|.

e (C79(0Q), the closed subspace of C%(€2) consisting of function having bounded,
uniformly continuous derivatives up to order j on €2 with the same norm as
CL(Q):

||¢||Cj(§) = max sup|D%¢(z)|.

0<|a|<i zeQ
This space is smaller than C%() in that its elements must be uniformly

continuous in 2.

e (7*(Q), the closed subspace of C7(Q) consisting of functions whose deriva-

tives up to order j satisfy Holder conditions of exponent A in 2. The norm
on C9(Q) is:

|D*p(x) — D*¢(y)|
TH#Y
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Theorem 2.2.1 (Sobolev imbedding Theorem). Let Q be a domain in R™ and for
1 <k <n let Q be the intersection of 2 with a plane of dimension k in R™.
(If k = n, then Qp = Q.) Let j > 0 and m > 1 be integers and let 1 < p < oo.
Denote by p* the critical Sobolev exponent associated with p.

PART I: Suppose §2 satisfies the Cone Condition 2.8.

Case A If either mp >n orm =n and p =1, then:
Witmp(Q) — CL(Q). (2.7)
Moreover, if 1 < k < n, then:
WIHme(Q) —s WH9(Q)  for p < q < o0, (2.8)
and, in particular,

WmP(Q) — LI(Q) for p < q < .

Case B If1 <k <n and mp =n, then:
WItmP(Q) —s WH(,) for p < q < oo, (2.9)
and, in particular,

WmP(Q) — L1(Q) for p < q < 0.

Case C If mp < n and eithern —mp <k <n, orp=1andn—m < k <n,
then:

. , kp
WA+ () W(6) <q<pk=—2L _ 2.10
(€Q) — W) for p<q<px =) (2.10)

In particular,

WmP(Q) — LI(Q) for p<q<px= (niujnp) (2.11)
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The imbedding constants for the imbeddings above depend only on n, m, p, q, j, k

and the dimensions of the cone C' in the cone condition.

PART II: Suppose ) satisfies the Strong Local Lipschitz condition 2.9. Then the
target space CL(Q) of the imbedding (2.7) can be replaced with the smaller space
CI(Q) and the imbedding can be further refined as follows:

if mp>mn>(m—1)p, then:

WitmP(Q) — CINQ) for 0< A< (m— Z), (2.12)
and if n = (m — 1)p, then:
Witme(Q) — CIAQ)  for 0 < A< 1. (2.13)

Moreover, if n =m — 1 and p =1 then (2.13) also holds for A = 1.

PART III: All of the imbeddings in Part A and Part B are valid for arbitrary
domains € if the W-space undergoing the imbedding is replaced with the corre-

sponding Wy-space.

For the proof, see [1] Theorem 4.12.

Targets of the imbeddings

The Sobolev imbedding theorem asserts the existence of imbeddings of W™P((2)
(or W5™P(€2)) into Banach spaces of the following types:

(1) W74(Q), where j < m and in particular in L%(€).

(2) W71(Qy,), where for 1 < k < n, 4 is the intersection of 2 with a plane of

dimension k£ in R"™.
(3) CH(9).
(4) C7/(Q).

(5) CI(Q).
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Since elements of W™P(Q) are not functions defined everywhere on € but rather
equivalence classes of such functions defined and equal up to sets of measure zero,
we must clarify what is meant by imbeddings of types (2) — (5).

What is intended for imbedding into the contiuous functions spaces, types (3) —(5)
is that the equivalence class u € WP () should contain an element that belongs to
the continuous function space that is the target of the imbedding and is bounded in

that space by a constant times HuHWm,p(Q). For example, existence of the imbedding
WmP(Q) — C5(Q)

means that each u € W™P(Q), when considered as a function, can be redefined on
a subset of Q, which has measure zero, to produce a new function v € C%(€) such

that u and v belong to the same equivalence class in W™?(Q2) and

HUH%(Q) < K [ullymaq) K independent of w.

Even more care is necessary to interpret imbedding of type (2).

We should clarify in which way elements in W™P(Q) are observed in W74(§,).
The intuitive idea could be to consider the “restriction” to € of u € W™P(Q),
but given the nature of the elements of W™P(Q), the classical idea of restriction
does not make sense for such u. However, the restriction to 2, does make sense
for functions u € C*(Q) NW™P(Q). The imbedding of type (2) is initially proved
for functions u € C*°(2) N W™P(Q2), hence there exists C' > 0 such that for any
u € C™®(Q)NW™P(Q) we have:

Thanks to (2.14) it is possible to extend the idea of “restriction” for functions
u € WmP(Q). Let u € W™P(Q); by Theorem 2.0.8 there exists a sequence {u;}°,
in C*(Q) N W™P(€) such that

<C - . 2.14
B ] s (2.14)

i = llyympiy — 0 asi — +oo. (2.15)
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For such w; (2.14) is true; thus, using (2.14) and (2.15), the sequence {uZ
a Cauchy sequence in W74(£2):

Hence {uZ
This v is independent of the sequence {u;}°, which converges to u in W™P(Q)
because if {w;}2, C C*(Q2) N W™P(Q) is another sequence such that

Oo .
} is
Q) i=0

U — Us

N < COllui = usllyympy — 0 as i, s — 400.
k

Qp

Wia(Sy)

o0 . .
o } , converges in W24(Qy,) to a function v € W79(€,).
k

1=

||wl - u”Wm,p(Q) — 0 as 1 —> —|—QQ7

then:

N

U; — W;

<C ||Uz - wiHWm,p(Q)

Q Qp

W4 ()

The function v € W24(£2;) is called trace of u on € and formalizes the intuitive
idea of “restriction” to 2 of u € W™P(Q).

2.3 Boundary traces

Of importance in the study of boundary value problems for differential operators
defined on a domain 2 is the determination of spaces of functions defined on the
boundary of 2 which contain the traces u 50 of functions u € W™P(Q).

In this section we will prove an L%-imbedding result for such traces which can be
obtained for domains with suitably smooth boundaries as a corollary of Sobolev
imbedding Theorem 2.2.1 using an extension operator. Then we will prove that
functions in W™P(Q) belong to Wy"*(2) if and only if they have suitably trivial

boundary traces.

Definition 2.12. Let 2 be a domain in R” satisfying the Uniform C™-Regularity
Condition 2.11. Hence, there exists a locally finite open cover {U;}%2,, of 0Q and a

corresponding sequence {v; }?‘;0 of m-smooth transformations with 1; taking the
ball B = {y € R": |y| < 1} onto Uj, such that, defined By := {y € B; |y, = 0},
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we have Uj NoQ) = w](BO)
Let f be a function such that supp(f) € U, do be the (n — 1)-volume element on
aQa y/ = (y17 ) yn—l) anda if v = %(y), then let

Ji(y') = [zn: (3(371, oy Ty ,_,,xn)>2] 3

k=1 a<y17 ) ynfl) Yn—0
We define the integral of f over 0f) as follows:
d:/ d/ (W, 0)T:() dyf. 2.16
| f@)do o J@ o [ 7000 dy (2.16)

o0

If f is an arbitrary funcion defined on R™ and {v;}32, is a partition of unity

subordinate to U;, we set:
/8  fa)do = gjj /a  f@)i(a) do (2.17)

Definition 2.13. Let € be a domain in R". For given m and p, let E be a linear
operator mapping W™?(Q2) into W™?(R™).

E is called a simple (m,p)-extension operator for € if there exists a constant
K = K(m,p) such that for evey u € W™P(Q) the following conditions hold:

1. Fu(z) = u(x) a.e in €,
2. HEU’HW"L»P(R”) <K HUHW"M?(Q)'

Theorem 2.3.1 (A Boundary Trace Imbedding Theorem). Let Q be a domain in
R"™ satisfying the uniform C™-reqularity condition 2.11 and suppose there exists a

simple (m, p)-extension operator E for Q). Suppose also that mp < n and

p<q<p ={=U5 Then

WP (Q) —s LI(A). (2.18)

If mp = n, then imbedding (2.18) holds for p < q < oc.

Remark 23. Imbedding (2.18) should be interpreted in the following sense.
Let U; be one of the open sets which cover €2 and 1), the corresponding m-smooth
transformation such that U; N 0 = 1;(By).
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If w e W™P(Q), then Eu =: v has a trace on 0f2 in the sense described in Section
2.2.2. In fact, for y € B let w(y) = v(¢(y)), that is w = vo; then w € W™P(B).
Let @ the trace of w on {y,, = 0} as defined in Section 2.2.2. We define & = woy~!;
v is defined on U; N0 and is the trace of v (thus of u) on U; N 0NQ.

Moreover ||Eullyoqp0) < K [|ullymsq) with K independent of u.

Note that, since C¢(R") is dense in W™?(€2), || Eul|y0.4(pq) is independent of the

particular extension operator F used.

_ (n— 1)p

() ; the other cases are similar.

Proof. We prove the case mp < n and ¢ = p* =
By definition of E, there exists a constant K such that

HEUHWm,p(Rn) < K HUHWm,p(Q) .

By the Uniform C™-Regularity Condition 2.11 there exists a constant K, such
that for each 5 and every y € B, we have

8(y17“‘7yn)

< K.
8(x1,...,:cn) 2

r= W) €U, L < Ko, ‘

Since 0 < v;(z) < 1 on R”, and using the imbedding (2.10) of Sobolev imbedding
Theorem 2.2.1 applied over B, we have, for u € W™P(Q),

/|Eu \qcza<z/ |Bu(z)|? do <

U;noQ

< K2ZI|EUO¢JIIWOQ (Bo) <

RS2

smszmmwm)s

J

< 10 Y (IBulonery) "

j
Using the finite intersection property possessed by the cover {U; };‘10 we get:
v q
Ko S (1Bullpm))” < KaR | Eullfyp g, -
J
Note that the constant K, is independent of j because, if ¢; = (¢;1,...¢;,), then

|D*;i(y)| < c for all 7, j where ¢ is a constant.
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In conclusion, using the definition of £/, we obtain:
| Bu@)[*do < KiR | Eullypn g <
< Ks [lulliysmqy -
This completes the proof. n

Now we will prove that functions in W™?(Q) belong to Wy""(2) if and only
if they have suitably trivial boundary traces. First of all, we state some theorems

which will be needed in the proof.

Definition 2.14. If function u is defined on €2 , we denote by @ the zero extension

of u to the complement Q¢ of {2 in R™:

u(x) ite e
0 if x € Q°
The following lemma shows that the mapping u — @ maps Wy""(Q) isomet-
rically into W™P(R™)

Lemma 2.3.2. Let u € WJ"(Q). If |a| < m, then DG = Dou in the distribu-

tional sense in R™. Hence u € W™P(R™).

For the proof, see [1] Lemma 3.27.
Now we state a theorem which gives a characterization of Wy (Q2) by exterior

extension.

Theorem 2.3.3. Suppose that €2 satisfies the segment condition.
Then a function u on Q belongs to Wi () if and only if the zero extension u of
u belongs to W™P(R™).

For the proof, see [1] Theorem 5.29.
Remark 24. Note that Lemma 2.3.2 shows, with no hypotesis on €2, that
if uw e WyP(Q), then @ € W™P(R™).

Theorem 2.3.4 (Trivial traces). Under the same hypothesis as Theorem 2.3.1, a
function u € W3"P(Q2) belongs to Wy (Q) if and only if the boundary traces of its

derivatives of order less than m all coincide with the O-function.
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Proof. (=) First of all, notice that every function in C§° has trivial boundary trace
and so do all derivatives of such functions. Since the trace mapping is a linear and
continuous operator from W™?(Q2) to W™=1P(9Q), all functions in W;"?(2) have
trivial boundary traces, and so do their derivatives of order less then m.

(<) Let u € W™P(Q) such that v and all its derivatives of order less than m have
trivial boundary traces. We can reduce, using localization and a suitable change
of variables, to the case where Q = {x € R"; z,, > 0}.

Now we will show that the zero-extension u of u belongs to W”?(R") and so,
by Theorem 2.3.3, we will conclude that v € Wy""(Q2). To this aim, we claim
that, if u € W™P(Q) such that u and all its derivatives of order less than m have
trivial boundary traces, then the distributional derivatives D*@ of order at most m

coincide with the zero-extension Deu. In fact, we first approximate the integrals

/n u(z) DY¢(x) dx and (=1)* | Dew(z) ¢(x)dx (2.19)

Rn

by approximating u with functions v; € C*°(Q) without requiring that these func-

tions have trivial traces. Since v; € C*°(€2), we can integrate by parts with respect
to x1,...,x,_1 and then with respect to x,. In this way, denoting by e, the unit

vector (0, ...,0,1), we show that the difference

([ o) Dot ar) — (=1 [ D) ola)de )

RTL

is a finite alternating sum of integrals of the form
/ 1 (Da*’%nfuj(xl, ooy Tp1,0) DF (2, ...,xn_l,O)) dzy..dz,_1, k>0 (2.20)
Rn—

By Theorem 2.0.9 we can choose the sequence {v;}32, to converge to u in W™?(2).
Thus, for each multi-index g such that g < «, the trace of Dﬁvj will converge in
LP(R™1) to the trace of DPu, which is 0 in that space. Since the restriction of
DE1¢ to R™! belongs to LP (R™'), each of the integrals (2.20) tends to 0 as
Jj — +oo. If follows that the two integrals (2.19) are equal and so @ belongs to
WmP(R™) as desired. O
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2.4 Compactness in Sobolev spaces

In this section we prove some useful compactness theorems for measures and we
provide a refinement of Rellich Kondrachov Theorem.

We denote by U an open, bounded, smooth subset of R", n > 2.

A consequence of Definition 1.25 and of representation theorems for W1?, is the

following definition of weak convergence in W' (U).

Definition 2.15. Let 1 < p < co. We say that a sequence {3}, C WH(U)
converges weakly to f € WHP(U), and we write f, — f, provided that
fr = fin LP(U) and Dfy, — Df in LP(U; R™).

For later reference we state the Gagliardo-Nirenberg-Sobolev inequality.

Theorem 2.4.1 (Gagliardo-Nirenberg-Sobolev Inequality). If 1 < p < n and

Pt = (npfp) 1s the critical Sobolev exponent associated with p, then

HfHLp*(]R") < Cp HDfHLP(R";R") ) (2'21)

for any function f € C}(R™).
The optimal constant C, depends only on p and n.

For the proof, see [1] Theorem 4.31.
Remark 25. Invoking usual approximations, the above estimate is also true pro-
vided f € L*" and Df € LP.
Moreover, it follows from (2.4.1) and standard extension theorems that, for each
1<q¢<p*and f € W'(U), since U is bounded,

1 lLzoy < C S lwroger -

The constant C' depends only on p, n and U.

Now we state the Rellich-Kondrachov Theorem which asserts that the imbed-
ding WHP(U) c L4(U) is in fact compact if 1 < p < mand 1 < ¢ < p*. In the
following chapters we will devote considerable effort to understand how compact-

*

ness fails for the critical case ¢ = p*.
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Theorem 2.4.2 (Rellich-Kondrachov Theorem).
Let 1 <p<n andp" = (npfp) is the Sobolev conjugate of p.
Then the Sobolev space WP (U) is continuously embedded in the space LP" (U) and

it is compactly embedded in LY(U) for any q such that 1 < q < p*.

For the proof, see [9].

Theorem 2.4.3 (Compactness for measures). Assume that the sequence { g }32, is
bounded in A (U) . Then {ux}5>, is precompact in W=L2(U) for each 1 < p < 1*

where 1* = (=R

Proof. Since {u}2, is bounded in .#(U), by Theorem 1.7.1, we may extract a
subsequence {/u; }320 C {pk }720 such that py, — pin 4 (U), for some p € .4 (U).
Let p/ = —2— and B the closed unit ball in W_* (U). Using that 1 < p < 1%, we

(p—1)
have p/ > n; in fact

p>n & >n&p>np—n<pll-n)>-n&

p
(p—1)

pn—1)>n & p< = 1" and this is true by hypothesis.

Thus, by Sobolev imbedding Theorem 2.2.1 PART II, B is compact in Cy(U).
Since B is compact, it is closed and totally bounded, and so given € > 0 , there
exist functions {¢;}Y)  Co(T) such that

min (6= 6lleqy <c  VoeB.

1<i<N(e

Hence, if ¢ € B, for some i such that 1 <i < N(g), we have:

[ od, — [ odu] =| [ 6~ 6 + [ dudus, ~ [ (60— 6 du~ [ ouin] <

S/U|¢—¢i|dlﬁkj+/U|¢—¢i|dlﬁ+‘/U¢idej—/U@dﬂ‘-

e Using that {u,}32, is bounded and that, for a suitable choice of i, we have

lp — &i] < e, we get:

] 16 = éildian, < e sup |, (V).
J
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e As above, for a suitable choice of i, we have |¢ — ¢;| < e, thus:

16 = 6l di < <lul(U) < <5up g |(V),

e Since i, — pin .#(U) and {6 N) < Co(T), if j is large enough, we have:

‘/ ¢idﬂk]~_/¢idﬂ‘§57
U U

and this is true for any finite nuber of 7.

In conclusion:
[ o, ~ [ | <
U U
< [ 10— oldm, + [ 16— oldu+ | [ o, ~ [ oudu| <
U U U U

< 2esup |pg,|(U) + &
J

Hence,
I Jy o, | ‘ =i - o
i sup| [ o = [ o] = timfon, =], =0
And so Hk; — U in W—l,p(U)_ O

Corollary 2.4.4. Let {f,}32, be a bounded sequence in W=P(U), for some p > 2,
{gr}32, be a precompact sequence in W=L2(U) and {h;,}32, be a bounded sequence
in A (U). Suppose further that fi = g, + hi, (k=1,...).

Then { fx}32, is precompact in W=12(U).

Proof. For k = 1,2... we claim that it is possible to find a function u; which is the

weak solution of

—Auk = fk inU

(2.22)

In fact, f, € W12(U), p > 2 and we look for u;, € Wy*(U) which satisfies (2.22).
Recall that W, ’2(U ) is an Hilbert space with inner product given by:

(u, U>W01’2(U) = (Du, Dv)r21).
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The condition —Awy, = f;, in W~'?(U) means that, for any 1 € W' (U)

(¥, —Auy) = (¥, fr), that is (D, Dug) = (9, fx)-

Consider now the functional L : W' (U) — R such that L(1)) = (1), fi).
L is linear and, using that {5}, is bounded in W~*(U), L is bounded:

L) = 10, Sl < 1 Fell s 1l ) < C bl o -

Since p > 2, we have p/ < 2 and so Wy*(U) € W (U); hence:

LG < C 1y ) < Co oo

So the functional, which we still call L, L : Wy*(U) — R such that

L(v) = (1, fi) is linear and bounded, and by Riesz representation Theorem in
Hilbert spaces, there exists a unique uj, € Wy*(U) such that, for any 1 € W, ’2(U )

L) = (&, Uk>wol’2(U)~

This prove the existence of the function wuy, the weak solution (2.22).

Now write u;, = v + w; where
—Av, = gx in U
VE = 0 in OU
and

—Awk = hk inU

{gr} is a precompact sequence in W~13(U) and so it is bounded in W~12(U).
As done above, it is possible to find a function v, which is the weak solution of

(2.23). Moreover, {hj}72, is a bounded sequence in .Z(U) and so the functional

M : Cy(U) — R such that M(¢) = (¢, hy) is linear and bounded and

(M(@)] = [{¢, hi)| < C1 ||¢||L1(U) < Gy ||¢||L2(U) <Cs ||¢||W01’2(U):
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and so, as done above it is possible to find a function w, which is the weak solution
of (2.24). Notice that <uk’uk>W01‘2(U) = ||uk||€vol,2(U) = L(uy) and, since

L is bounded, we have L(u) < C HukHW()l,z(U).

Hence HukHWOl’Q(U) < C = Cu || fellw-10(r) and using that

p>2= (W2U) c W r(u)),

we get:
[kl oy < Cs [ fillw—r2w
Similar inequalities are true for v, and wy,.
Thus {vy,}32, is precompact in W, *(U), since by hypothesis {gj }3>, is precompact
in W=12(U) and

[or — vhHWOl’Q(U) < Cslge — gh”W*L?(U) :

As a consequence {v;} is precompact in Wy (U) for any ¢ such that ¢ < 2.
Moreover, by hypothesis {hx}72, is bounded in .#(U) and so by Theorem 2.4.3
{h}22, is precompact in W=14(U) for any ¢, 1 < ¢ < 1*; hence, as done above,
{w}32, is precompact in W, 4(U) for any ¢ such that 1 < ¢ < 1*.

The above conclusions imply that it is possible to find ¢, 1 < ¢ < 2, such that
uy, = v +wy, is precompact in Wy'?(U) and so { f}22, is precompact in W=14(U).
Since ¢ < 2, we have W~14(U) € W~12(U) and so

||fk||W*1v2(U) < 07 ka”Wfl,q(U) .
Hence, {5}, is precompact in W=12(U). O
Our intention now is to prove a theorem which refines Rellich-Kondrachov
Theorem 2.4.2 and which asserts that a bounded sequence in W14(U) has a subse-
quence which converges uniformly except for a very small set. The idea is that the

set on which the uniform convergence fails has not only small Lebesgue measure,

but also small capacity.

Definition 2.16. Let 1 < p < n and, given a set M, we denote by M the interior
of M. For each A C R" we define the p-capacity of A as follows:

Cap,(A) = mf{/w IDfPPdr; feLP(RY), Df € LP(R™), AC {f > 1}0}.
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Definition 2.17. If f € L], .(R™), we define its precise representative to be

. lim, 0 a7 SBer f Ay if this limit exists
F(x) = | B(x,r)] JB(x,r)

0 otherwise

Note that f* = f a.e.

Remark 26. If f € W,5P(R™), then the limit in the definition above exists except

oc

for points x in a set of p-capacity zero. Note that when we speak of pointwise
properties of a function, we always mean the pointwise properties of its precise

representative.

Now we state a proposition which gives an estimate of the p-capacity of { f > 1}.

Proposition 2.4.5. For each f € L (R") such that Df € LP(R"™; R"), there

exists a constant C depending only on p and n such that:

Cap({(f 21) < C [ |DfP da.

For the proof, see [§].

Theorem 2.4.6 (Refinement of Rellich Theorem). Let {fr}32, be a bounded se-
quence in WHU(U). Then there exists a subsequence {fi,}32, C {fi}i2, and a
function f € WH9(U) such that for each p, 1 < p < q and each & > 0, there exists
a relatively closed set Es5 C U with

1. Cap,(U \ E5) <6,
2. fr, — [ uniformly on Es.

Proof. We my suppose that f; € Wol’q(U) for £ = 1,2, ... since, otherwise, we
choose V such that U cC V and extend each f; to belong to Wy (V).

Passing, if necessary, to a subsequence, we may assume that f, — f in LY(U) for
some f € Wy Y(U). In fact:

o {fi}32, is bounded in W,(U) and so there exists a subsequence {fi. }22,

which converges weakly to f € Wy ?(U).
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o {fr.}2, is bounded in Wy?(U) and by Rellich-Kondachov Theorem 2.4.2,
Wol’q(U) is compactly embedded in LP for any p such that ¢ < p < ¢*. In
particular, since ¢ < ¢*, Wy (U) is compactly embedded in LI(U): Thus
there exists a subsequence { fi, } C {fr,} which converges strongly in L(U)
to a function g € LI(U).

o {fr. }2, also converges weakly to f in Wy (U).

e Thanks to the uniqueness of weak limit we conclude that f = ¢ and so
fr — f in LY(U) for some f € Wy Y(U).

Fix 0, ¢ > 0 and let
Ef ={xeU; |fulx)— f(x)|>¢e}
and
2 €
k.~ _ _ =
o = Zmax{lfy ~ 1 - 5, 0}

Since fi, f € Wy(U), also g* € W, (U) and by definition of EF, g* > 1 on EF.

Hence using Proposition 2.4.5 and the definition of g*,

Capy(EL) = Cap,({g: 21}) < C [ |Dgt | do <
U

27 ,
: 0(6) /{m; |fk(9f»‘)—f(a:)—§>0}‘D(|fk<x> ~ J@D da.

Notice that, since fi, f € Wy )(U), we have |D(|fy(x) — f(x)] )‘pe L»(U);
moreover the set {z; |fi(z) — f(z)] — 5 >0} = E’%“

By Holder inequality and denoting by £ the n-dimensional Lebesgue measure,

we obtain:

p

dx

IN

c(2) [, 1 [pUa@ - f@))

<o (2) (e (=)




2.4 Compactness in Sobolev spaces

Now, recall the following elementary inequality:

a,beR, a,b>0=|a+0b|? <Cylal”+ [b|?)

and notice that since f is bounded in Wy %(U), we have |Df;|¢ < C; and

|D fi|? < Cy. Hence we obtain:

() ) (],

QI3

Mm@—ﬂMWm)g

Moreover,

| fe — LqU)—(/ \f =1 |‘1dm> p):(/U|fk:_f|qu>1

and

2
5

£) /U |fe — f|%dx > C(e) /Ek ()q de = C(e) L™ (E’%“) :

In conclusion we obtain:

Cap, (1) < C(e) (27 (4)) " < 0O 1= S,

Now choose a subsequence { fy, }52o C {fi}7Zo such that

S|l - £
j=1

v) < +00.

Notice that it is possible to find such subsequence since f, — f in LI(U).

Write
}.

S| =

Fe=Uey =l et [h@ - f@)2
j=l j=l

2
q

(2.25)

Thus, using the subadditivity of the p-capacity and inequality (2.25) we have

-bp
Lq(U)

Capy(F, <anpp< ><C Zka -
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and so, if [ = [(i) is large enough we obtain:

)
Cap,(Fl) < ST

Moreover, Cap,(E) = inf{Cap,(V); V open, E C V} and so
C'app(FZ-l) = inf{C'app(Gé); Gi open, F@'l - Gi}
Call G := {Cap,(G'); G! open, F} C G'}. Since Cap,(F}) < 55+ < &, we have
% > inf G and so % is not a lower bound for GG; hence, for any i, there exists § € G
such that g < %, that is: Vi, 3G open, such that F} C G! and
l 6
Cap,(G;) < 5
Finally, let
E5 = U\ U Gi(i);

=1

we have (U \ Es) C U<, Gé(i) and so:

Cap, (U \ Es) < Cap, (U Gﬁ“’) <3 Cap, (GIV) <

i=1 i=1
and fi, — f uniformly on Ej because we showed that |fy, — f| > % only on F!,
while on (Fj)C (and thus on Ej), |fy, — f| < T, and so we proved that for any 1,

there exists j; such that for any j > j; and for any » € Es we have [fi, — f| < %
and this completes the proof. O]



Chapter 3

Measures of concentration and

measures of oscillation

This chapter is devoted to the construction of measure-theoretic tools to allow us
understand the ways in which a weakly convergent sequence of functions can fail
to be strongly convergent.

Let U be an open, bounded and smooth subset of R", 1 < ¢ < oo. Let {fz}72, be

a sequence in LY(U) and assume that

fr = f weakly in LY(U),
but
fx /& f strongly in LI(U).

There are several distinct ways which can cause this breakdown of strong conver-
gence.

First observe that, even if we know that the functions { fz}7°, are bounded in the
L*>-norm, so that f; converges weakly to f in LP(U) for all 1 < p < oo, we still
cannot deduce strong convergence in LP(U) for any p, 1 < p < 0.

The difficulty can be caused by very rapid fluctuations in the functions f. This
is the problem of oscillation. See Example 2.

Secondly, observe that, even if we know additionally that:

fe — f ae. inU, (3.1)

75
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so that wild oscillations are excluded, we still cannot deduce strong convergence
in LY(U). The problem is that the mass of |f; — f|? may coalesce onto a set of
zero Lebesgue measure. This is the problem of concentration. See Example 1.

Finally, both oscillation and concentration effects can occur simultaneously, creat-

ing thereby the problem of oscillation/concentration.

3.1 Measures of concentration

In this section we construct appropriate methodology for characterizing concen-

tration effects.

3.1.1 Defect measures

We introduce certain measures which record the failure of weak convergence in

L9(U) to imply strong convergence in L4(U).
Definition 3.1. Let {f}32, be a sequence in LI(U) and assume that
fe — f weakly in LY(U); (3.2)
we define the measures
Or .= | fr — fl% k=1,2,..

Hence for any Borel set £ C U,

0(E) = [ o= I do.

Remark 27. This measure controls how close is f to f in the L?-norm restricted
to the Borel set E. Consequently, we can expect that the limiting behaviour of

the measures {6 }72 reflects the possible failure of strong convergence in L(U).
Definition 3.2. For each Borel set & C U we define the reduced defect measure 0

associated with the weak convergence (3.2), as follows:

O(F) :=limsup | |fx — f|?dx.
E

k—+o0
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This measure encodes the information about the extent to which strong conver-

gence fails.
Proposition 3.1.1. If " ((EUF)\ (ENF)) =0, then (FE) = 0(F).
Proof. Note that by hypothesis

L"(EUFR)\(ENF)) =2Z"(E\F)U(F\E)) =0,

and in particular

2" (E\F)) = 2" ((F\E))=0.

Hence,
SN pirde = [ Vo= glrde [ (- fide =
E E\F ENF
= [ o= slrde= [ |fi- flrdz,
ENF ENF
and
[ A= pide= [ ifo—firdo+ [ - flrde =
F F\E ENF
= [ e grde = [\ f1tde,
ENF ENF
Taking the lim sup,_, ., we obtain 0(E) = 0(F). O

Remark 28. Note that f;, converges strongly to f in LY(F) < 6(FE) = 0.

Moreover 6 is only a finitely-additive outer measure.

Now we will study the set upon which the measure  is concentrated inasmuch
as the non vanishing of 6 on a certain set signals the failure of strong convergence
on such set. We will present two alternative ways to assess the smallness of the
set onto which the measure coalesces: the p-capacity (see Definition 2.16) and

Hausdorfl measure.

Definition 3.3. If 0 < s < oo and 0 < § < oo, we define the s-dimensional
Hausdorff premeasure Hi by setting, for each A C R",

H3(4) = {f:acs) (P59

Ac |G, diamC; < 6},

j=1
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where

[V

_
L(E+1)
Definition 3.4. The s-dimensional Hausdorff measure H® is given by:

a(s) =

H*(A) =lim Hj(A) = sup Hj(A),

0—0 5>0
for each A C R™.

Definition 3.5. We say that 6 is concentrated on a set of p-capacity zero if there
exist open sets {V;}°, in U such that

¢ OU\V)=0,i=1,2, ..
o Cap,(V;) — 0 as i — 0.

Definition 3.6. We say that 6 is concentrated on a set of Hausdorff H*®-measure
zero if there exist open sets {V;}°, in U and a sequence {d;}2, CJ0, 400 such
that

e J(U\V;))=0,1=1,2,...
e ), — 0 as i —> 00,
o H;(V;)) — 0 as i — oo.
Remark 29. The idea is that the measure 6 is concentrated on the set

=NV

i=1
with either Cap,(C) =0 or H*(C) = 0.
Since, however, 6 is only finitely subadditive, we cannot deduce that

(U \ C) = 0 as the following example shows.
Ezample 6. Let U =]0, 1] and f = 0 and

Eoif -1
fk; (.I') = 2 2k
0 otherwise

<z <3+5

N[

Then @ is concentrated on C' = {%} and for any open set V' such that C' C V' we
have (U \ V) =0, but (U \ C) = 1.
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3.1.2 A refinement of Fatou’s Lemma

As already explained, concentration phenomena will arise in situations in which
we have both weak convergence and pointwise convergence of a sequence { fi }32,.
By Fatou’s Lemma 1.2.2 and thanks to the pointwise convergence of the sequence
{fx}32o, we have that:

||f||Lq(U) < h,?_l)iogf ||kaLq(U) .

However, this conclusion could also be deduced from the weak convergence of the
sequence {fi}72, in L9(U) and Theorem 1.4.5.
Brezis and Lieb have examined this situation more carefully and they established

the following sharp assertion, known as Brezis and Lieb Lemma.

Theorem 3.1.2 (Brezis and Lieb Lemma). Let 1 < g < oo, {fi}i2, be a sequence
in LY(U) and assume that

fr = f weakly in LYU)
and
fx = f a.e inU.

Then
dim (Ifellaw) = 1 = o)) = 11w (3:3)
Remark 30. The main point of the theorem is that f; decouples in the limit as

measured in L9%-norm, into (fy — f) and f.

Proof. First of all we recall the following elementary inequality:

Va, b € R and € > 0 we have:
[ la+0]* —[a]?| < elal” + C(e) b]% (3.4)

where C'(¢) is a constant depending only on € and q.

Let g5 == (’ |fil® = | fe = fI7 = | f]7 ‘_5|fk - f’q>+'

Since by hypothesis f, — f a.e. in U, we have g; — 0 as k — 0o. Moreover,
+
g5 < (| Ifel” = 1 e = £I7 |+ 117 = el i = £17)
< |\ [ Fel® = Lfie = F12 [+ 119 = el fi =
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Now, we use inequality (3.4) with a = f; — f and b = f and obtain:

g8 < || 1ol = i = FI |1 £1° = el fu = fI°|<
< |1 +elfi = F12+ CEIfI" = el fu = f1°|=
="+ C(e)).

Since f € LY(U), we have |f|? € L'(U), and we proved that
gi <|f|*(1+C(e)) € L'(U) and the right hand side is independet of k. Moreover

g7, — 0 pointwise. Thus by dominated convergence Theorem 1.2.3 we have:

lim / gpdx = 0.
U

k—o0

But then
| fel® = [foe = fIT = F1" = 1fel? = [ fr = fI" = | fI" = elfe = FI" +elfe — f]7 <
< ([15l® = Ve = £19 = |F10 | =elfie = F1) " + el fi — f17 <

Sg]f;_'_g‘fk_f’qa

and so

J B = fe = F19 = 11 do < [ gidete [ 15~ fl7de.

In conclusion

limsup/ fl? = 1 fx — f19 = |f]9] da Sslimsup/ fr — fl9de = O(e).
k—00 U k—00 U

and this concludes the proof. n

3.1.3 Concentration and Sobolev inequalities

An important instance in which concentration phenomena occur concerns the lack
of compactness of the injection of W14(U) into LY (U) for 1 < q < n. We single
out for attention the case U = R" for which the following characterization of

noncompactness is available. For simplicity we only consider the case ¢ = 2.
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Theorem 3.1.3. Assume n > 3 and let {fr}32, be a sequence such that:

(i) fu — f strongly in L} (R™),

(ii) Dfy — Df weakly in L*(R"; R"),
(iil) [Dfil* = p in A (R"),

(iv) [ful* = v in 4 (R").

Then:

1. There exists an almost countable index set J and a set of distinct points

{z;}jes CR™ and nonnegative weights {1, v;}jes such that

v=If" +> vd,, (3.5)
jeJ
and
0> DS+ b, (3.6)
jed

2. Moreover, denoting by Cy the optimal constant for the Gagliardo-Niremberg-
Sobolev inequality 2.4.1,

2
=

v; <C3y +u2, jE (3.7)

3. If f =0 and v(R")2* > Cou(R™)2, then v is concentrated at a single point.

Proof. We first assume that f = 0 and let ¢ € C.(R"). Using the Gagliardo-

Niremberg-Sobolev inequality 2.4.1, we have:

(Lo tost dx) < ([, |D(¢fk)|2dw)é ,

(f.16

Since fr — f = 0 strongly in L3 (R") and using hypothesis (iii) and (iv) we

(/R o> dV>21* < Cy </R |¢|2du>é. (3.8)

that is

1
2% 2

“ae) <o ([ 100+ oD )

Jr

obtain:
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Now we substitute ¢ with functions in C.(R"™) which approximate y g, where E is

a Borel set, and we get:
1

(v(E))> < Ca(u(E))

[ SIS

(3.9)

Since p is a finite measure by hypothesis the set
D:={zeR" p({z})>1}

is at most countable. Hence there exists an almost countable index set J such that

we can write D = {x;},e; and pu; = p({x;}), j € J so that
= by, (3.10)
jeJ
In fact, if E C R" is a Borel set and E' = EN{x;, j € J} C E we have

W(E) > u(E) =Y xjpj= Y (10, X5)-

z;€E z;€E

Moreover, (3.9) implies v < p and, if £ C R" is a Borel set, we have

v(E) = /ED“V du, where D,v(z) = lim v(B(z,r))

M (B, ) (3.1

and this limit exists for p-a.e € R™. (This is a consequence of theory of symmetric
derivatives of Radon measures; see Federer [F| pag. 152-169).
Now, by (3.9), we deduce that v(E) < C% (/L(E))% and so, if u(B(z,7)) # 0 we

obtain:

m < CF (u(Ba,r) T = CF (u(Bla,r)™2 7 = CF (u(Bla,r)) 7=
(3.12)
But then
D,wv=0 p-a.e. on R™\ D. (3.13)

Now define v; := D, v(z;)p;. Using (3.11) and (3.13) we get

v=> Duw(x)u => v(r;)ds,,

jeJ jedJ
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and by (3.10) we get p1 > 3¢y i1j0,;. So we obtain thesis 1. for f = 0.

Moreover, also thesis 2. is proved. In fact

v(B(z;,7))

v; = Dyv(xj)p; = lim )),uj,

r=0 p(B(z;, 7

and, as shown in (3.12),

v(B(zj,r)) 2 21
ML) < ¢F (u(Blwy,m)))
w(B(ajr) — * !
and passing to the limit for » — 0 we get:
. v(B(z4,1)) . 2y
= lim ——" < 02 Bl(r: 3 —
Vj 7}_{% M(B(l’j,?"))lu] — Y2 T}_{% (M( (.213]77’))) Hj

* *
2

* * 2
=5 pf =035 pft

Now, suppose the hypothesis of assertion 3. is satisfied, that is f = 0 and
v(R")2= > Cou(R™)2. Since we showed that, for any £ C R™ Borel set, we have

1

(v(E))>¥ <y (,u(E))%7 in particular this is true for R”, and so

*"“

V(R™)% = Cyu(R™)2. (3.14)

_n_
n—2

Moreover, by (3.8) and Hoélder inequality of exponents p = and ¢ = 5 we get

_n_
n

/n o dv < CF (/R !¢I2du>2; — 7 (/R \qﬁ]Qdu) 7
< ()7 ([ 1ol d) = €3 R ([ 10 d).

Hence, we obtain

1 1

([ 1ol av)™ < con®ys ([ 168 du)
Rn Rn

and we deduce that

v = CS*M(R")%M. (3.15)

Consequently (3.8) becomes:

1
*

([, tol av) ™ vier)

3=

<([. |¢|2dv>%-
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This is true because, by (3.14),

and so (3.8) reads

([ lor )™ <" (éi?)

And so using the formula (3.15) we obtain

([ 16

V]
*"“

([ 1ok an)"

[N

* ¥  yRY)F 1 :
“av)” < B ( — | \¢|2du) -
pRM)2 A\ CF p(Rr) =z &

1

— v (@) ([ loldn)”,

([ 1o ) vyt < ([ o)

as claimed. As a consequence, for any E C R™ Borel set,

that is

S

v(E)Zv(R")w < v(E)z.

This is a contraddiction if v is concentrated at more than one point.

This proves 3.

Now suppose f # 0 and let g, = fr — f. The calculation in the proofs of 1. and 2.
apply to {gx}r>,. Moreover

|Dgil* = [Dfi, = Df* = [Dfil* =2 Dfi- Df +|DfI* = p—|DfI* in .4 (R").
Finally, according to Brezis-Lieb Lemma 3.1.2,

9> = 1fe = [P = v =fF in AR
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3.2 Measures of oscillation

In this section we turn our attention to the problem of oscillation.

As mentioned at the beginning of this chapter, we expect such difficulties to arise
when we have weak convergence, but we do not know the convergence is almost
everywhere as well. On the other hand, we now suppose that we have enough good
estimates that concentration problems do not occur. The technical difficulties
therefore concern the possibility of wild, but suppose bounded, oscillations which
may be present in our weakly convergent sequence. The main idea, as in the
previous section, it to construct certain measures which appropriately encode the
persistent, limiting structure of such oscillations.

In this section we will work with vector-valued mappings from U into R™, m > 1.

3.2.1 Slicing measures

Definition 3.7. Let i be a finite nonnegative Radon measure on R"*™.

We denote by o the canonical projection of p onto R™, that is
o(E) = u(E x R"), for each Borel subset E C R".
We now recall Stone-Weierstrass Theorem, which will be used in the proof of

the first theorem of this section.

Theorem 3.2.1. Let X be a compact Hausdorff space. Suppose A is an algebra
of continuous real-valued functions on X which contains the constant functions

and which separates points in X, that is, for any x, y € X there exists a function

f € A such that f(z) # f(y). Then A is dense in C'(X).
For the proof, see [12] Theorem 12.3.

Theorem 3.2.2. Foro-a.e. point x € R™ there exists a Radon probability measure
vy on R™ such that, for each function f € Cg(R" x R™),

1. the mapping x — [gm f(z,y) dv,(y) is o-measurable

2. Jgoim f(2,y) dp(z,y) = fgn (Jom f(2,y) dve(y)) do(x)
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Proof. STEP 1: Let {fi}3>, be a countable dense subset of C.(R™). For any
Borel set £ C R™, define the signed Radon measures

V(E) = /Eme fe(y) du(z,y), k=1,2, ..

Clearly 7% < ¢, since if o(E) = 0, then, by definition of o, u(E x R™) = 0 and
using the properties of integrals, also v*(E) = 0. Hence, again invoking the theory
of symmetric derivatives of Radon measures (see Federer [F] pag. 152-169),

for o-a.e. point x € R", the limits

Y (B(x,1))

Dy () = lim k=1,2, .. (3.16)

exist and the mappings z — D,v*(x) are o-measurable and bounded because f;,

are bounded and

")/k(B<.’L',7’)> _ fB(w,r)X]Rm fk(y) du(xay) <C
o(B(z,r)) u(Bx,r) x Rm) | =
Moreover, for any Borel set £ C R™,
| hwdu(e,y) =1"B) = [ DAM@) o), k=12, (3.17)
ExR™ E

STEP 2: Now we prove the theorem for functions f(x,y) = h(y)xg(x) where
h € C.(R™) and E as above. Since {f;}72, is a countable dense subset of C.(R™)
we can choose a subsequence { fi, }32y C {fr}72, such that f,, — h uniformly on
R™. Then for each point z € R” for which (3.16) holds, the limit
[ (k) := lim Dy (z)
j—o00
exists and does not depend on the subsequence approximating h. Since the map-
ping h +— I';(h) is a bounded and linear functional on C.(R™), by Riesz represen-

tation Theorem 1.6.3, there exists a unique Radon measure v, on R™ such that,

for any h € C.(R™)
Lo(h) = [ h(y) dva(y). (318)
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Additionally, z — I';(h) is bounded and o-measurable, and from (3.17) we deduce

/Eme Jr; (W) dp(z, y) = /EDg’ykj(:C) do(x). (3.19)

By uniform convergence we can pass to the limit for j — oo in the left side of
(3.19) and we obtain

lim [ fi () dplz,y) = [E e M) i, y).

While in the right side we can pass to the limit for 7 — oo using dominated

convergence Theorem 1.2.3; in fact:

e By definition of I';(h), we have

D% (2) — T,(h), as j — oo.

e |D,v"(z)] < C, where C is a constant which does not depend on j and x
and is summable with respect to the finite measure o.

This claim is true since by definition:

v Is g fr; () dp(z, y)
k; — 1 (z,r)x j
Do) = I = Bl < Ry

but fx; — h uniformly on R™, and so Ve > 0, Jjo such that Vj > j,
|fe, —h| < e, Vy € R™, hence

| fe, ()| < |fr, () = h(y)| + |f(y)| < e+ Cy and the right hand side is inde-
pendent from j

and so | D,y (x)| < e+ C; =: C as claimed.

Passing to the limit in the right side we get:

lim /Engkj (x)do(x) = /E (/m h(y) dyx(y)> do(x).

Jj—o00

Finally, passing to the limit for j — oo in (3.19) we obtain

Lo b dutey) = [ ([ b dn) dot), (3.20)

for E and f as above.
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STEP 3: Now we prove the theorem for functions f(x,y) = g(x)h(y),
where g € C.(R") and h € C.(R™). By approximation, we can represent g as
g = limy o0 x, where ¢ = 30% yikXE, ., using (3.20), we get:

/R o 9@)N(y) dpu(z,y) = lim iyk / h(y) dulz,y) =

Ei,k xXR™

= Jim S [ ([, h0) () dote) =

(3.21)
= Jim [ o) ([ ) dna(w) dote) =

k—oo JRn

= [ 9@ ([, h) dnw) doa).

Setting h = 1 we deduce from (3.20) that u(E x R™) = v,(R™)o(E) but
w(E x R™) = o(F) and so we have v,(R™) = 1.

STEP 4: Finally, by Stone-Weierstrass Theorem 3.2.1, any continuous and bounded
function f on R™*" can be locally uniformly approximated by finite sum of the
form SN, gi(x)hi(y) where g;, h; are bounded continuous functions, i = 1,..., N

Y

and so we have:

o the mapping = — T, 6:(z) fgn hiy) dva(y) = fam (2, ) dos(y) is o-measurable
because g; is o-measurable for any ¢ and [gm hi(y) dv,(y) is o-measurable be-

cause of (3.18). This proves 1.

e By (3.21) we obtain

N

/R"+m ;g’ v dule,y) =2 /R gi(x) < / hiy) dvx(y)) do(x) =

=1

N—o0

(/ngz y) dvy(y )) do(z) — (/ flz,y) dv,(y )) do(z).

This proves 2.
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3.2.2 Young measures

We now use Theorem 3.2.2 to provide a theoretic characterization on the incom-

patibility of weak convergence and nonlinear composition.

Theorem 3.2.3. Let {fi}2, be a bounded sequence in L>°(U; R™).
Then there exists a subsequence {fi;}52, C {fe}32, and, for a.e. v € U, a Borel

probability measure v, on R™, such that, for each F € C(R™), we have:
F(fy,) = F in L®U), (3.22)

where

Fla) = / CF(y)dv(y) ae zel.

Remark 31. By weak compactness Theorem 1.4.9, since {f;}7>, is a bounded
sequence in L>(U; R™), there exists a subsequence {fi }52, C {fi}iZ, and a
function f € L>*°(U; R™) such that f, — f in L*(U). The above theorem
points out that, in general, given F' € C(R™), F(fy;) # F(f). See Example 2.

Definition 3.8. We call {v,},cp the family of Young measures associated with

the subsequence { fi, }32; C {fr}72:-
Proof. For each Borel set 2 C R™ x R™, define

up(E) = /UXE(x,fk(x))da:, k=12, ..

{pr}32, is a bounded sequence of nonnegative measures in .# (U x R™) because
sup (U x R™) = sup/nyme(x, fr(z))de = /U lde = 2"(U) < +o0.
k k

Thus by weak compactness Theorem for measures 1.7.1, there exists a subsequence
{1, }521 € {pe}2, and a nonegative measure p such that i, — pin .2 (U xR™).
Now, denoting by of"‘U the n-dimensional Lebesgue measure restricted to U, we

claim that the projection of pu onto R" is 0 = Z" .
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To prove this claim, note that if V' C U is open, Example 4 implies

o(V) = pu(V x R™) < liminf p, (V x R™) =

J—00

= liminf | xvxre (2, fr,(2)) do =
j—oo Ju

= liminf [ xyde=2"(V).
U

Jj—00

Thus 0 < ¥ ”‘U.

On the other hand, let K C U be compact. Since {f;,}52, is bounded sequence in
L>(U; R™), there exists R > 0 such that

supp(p), supp(pr;) C U x B(0, R). Hence, by Example 4 we obtain

o(K) = (K x R™) = u(K x B(0, R)) > limsup u, (K x B(0, R)) = £"(K).

Jj—00
And so, o > X”‘U. This proves the claim: o = .i””‘U.

Now from Theorem 3.2.2 we deduce that there exists for a.e. x € U a Borel

probability measure v, such that, for any bounded and continuous function f,

Lo e = [ ([ @) dn) do),

but, since o = £Z"

. the above equality becomes

/RMW flx,y)du(z,y) = /U (/Rm f(z,y) dl/x(y)> dx. (3.23)

Set f(x,y) = ((x)F(y) where ¢ € C.(U) and F' € C.(R™).
Our aim is to show that F(fy,) =~ F in L*(U), that is

| Flfi(@)g(@) dze — [ Fa)gla)de  for any g€ L'(U),
but since C.(U) is dense in L*(U), it is sufficent to prove that

| C@F(f (@) de — [ (@F(@)da for any ¢ € C.(U).
By definition of p4;, we have:

lim | ((2)F(fy;(7))dr = lim

j—oo JU j—oo JRm+n

f(x>y) d/"ij(x7y);
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since pip; — p in .# (U x R™) and using (3.23) we obtain:

lim /Ug(x)F(ka (x))dz = lim [z, y) dp, (z,y) =

j—00 j—oo JRm+n

= [ fewdutey) = [ @ (]

Rm+n

- /U C(2)F(z) da.

F(y) dyx(y)) dx =

m

A similar calculation obtains if only F' € C'(R™), since we can approximate F' with

continuous functions with an increasing sequence of compact supports. 0

Structure of Young measures

By making specific choices of F' in Theorem 3.2.3 we can deduce certain information

regarding the structure of the Young measures.

Example 7. If there exists C' C R™ closed such that f, € C' a.e. for k = 1,2, ...,
then suppr, C C a.e. x € U.

In fact, if we consider F' such that F' vanishes on C, we have F(f;) = 0 for any
k=1,2,... because f, € C a.e. for Kk =1,2,...; hence

and so
0= F(x) :/ F(y) dv.(y), VF' such that FF'=0 on C.

Thus, suppr, C C a.e. x € U.

Example 8. If v, is a unit point mass for a.e. x € U, then, passing if necessary to
a further subsequence, we have fi, — f a.e. in U.

Indeed, since {f}72, is a bounded sequence in L>*(U; R™), by weak compactness
Theorem 1.4.9, there exists a subsequence {fi;}32; C {f¢}iZ; and a function
f € L*(U; R™) such that f,, — f in L*(U).

Furthermore, if we choose F' = id we have

F(fx,) = fr, = F;
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thanks to the uniqueness of the weak limit, it must be F' = f;

this means that:

F(a) = f(x) = [ Fly)dualy) = [ ydvaly)

Since v, is a unit point mass for a.e. x € U, we necessarily have v, = dy(,)
Moreover, fr, — f in  L*(U; R™) because

‘/U<|fkj(x)|2_/ [yl dva(y) >d’” ‘/ [ fi, ()] = [ £(2)?) da:‘s

< [ 1@ = f@?| do = [ |fi,@) = £@)] |fi, @) + f@)] da:

since fy,, f are bounded, |fi, () + f (a:)‘ < C where C' is a constant; moreover,

notice that, since U is bounded, the function 1 € L*(U) and so using that
fe, = f in L*(U), we get

‘/U ('fkj<w>’2 - / ’y‘zdux(y)> da

< C/U‘fkj(x) ~ f(@)| dz —o.

< [ [5is(@) = @) |5y (@) + 1 (@) der <

In conclusion, as 7 — oo we have

oy = J e P@de — [ ([ 1y du) do =150

and so fp, — f in  L?*(U; R™) as claimed.

I




Chapter 4
Constraint minima of functionals

In this chapter we provide examples of partial differential equations solved by
minima of functionals. The main tool we will use to find such minima is Lagrange
multiplier method. We will analyze separately the case of critical and subcritical

exponent since they require different approaches.

4.1 Lagrange multipliers method

In this section we prove Lagrange multiplier Theorem.

If X,Y are Banach spaces, g € X and r > 0 such that B(xg,r) C X,

F: B(xg,r) — R and G : B(xg,r) — Ycontinuous and differentiable, we want
to find the minimum of F' when « varies in {G(z) = 0}.

Before stating Lagrange multiplier Theorem, we prove some propositions which
we will need in its proof.

Notation 1. Given X, Y Banach spaces, we denote by L(X,Y) the space of linear
functionals from X to Y.

Given a functional 7" € L(X,Y), we denote by R(T') the range of T and by N(T')
the kernel of T

We denote by p(+,-) the distance between a point and a set or between two sets.

Proposition 4.1.1. Let X, Y be Banach spaces, T € L(X,Y) such that
R(T)=Y, xy € X and r > 0 such that B(xg,r) C X and

93
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G : B(zg,7) C X — Y such that G(x¢) = 0 and, for any x, T € B(xo,r),
G(z) = G(x) = T(z —7)| < olz -, (4.1)

where § such that 6y < 1 with v such that p(z, N(T)) < ~|T(z)| on X.
Then there ezist s €]0, r], & > 0 and a function g : B(xo,s) — X such that

Glxz+g(x)=0 and |g(z)| < alG(x)| on B(xg,s).

Proof. Since, in general, the functional T is not invertible, for any z € B(xy, )

and any x € B(xg,r), with s < r appropriate, the set
U, (z)=1I(x) — T 'G(z+ )

contains more than one element.

For z, T € B(xo,r) — z, there exist u € V,(x) and w € V,(7) such that
p(V=(2), V(7)) = p(u+ N(T),u+ N(T));

moreover, since u € V,(z) = I(x) — T7'G(z + x), we have z —u € T7'G(z + x)

and, in the same way, T —u € T-'G(z + ), and so
Tx—u)=G(z+2x) and T(T—7u)=G(z+7T).
Thus, using the fact that p(xz, N(T')) < ~|T(x)|, we have
p(V=(2), V. (7)) = p(u —u, N(T)) < +|T(u—u)| =
=9T(x—u)—T@T—u)—Tx—-7)]=7|G(z+2) —G(z+7) —T(x —7)| <
< vd|z — 7|, with 0y < ;
Since N(T) is closed, also W, (x) is closed and if we choose u € T71G(z), we get:
p(0,V-(0)) = p(0,u+ N(T)) < ~[T(u)] = 7[G(2)]
Thus, if 2 € B(x, s) with s < § and s is such that y|G(z)| < § < (1 —~J) on

B(xo, s), then there exists g(z) € B(0, §) satisfying

l9(2)] < p(0,¥.(0)) < a|G(z)], with a=4y.

11—~
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Definition 4.1. Let X, Y be Banach spaces, o € X and » > 0 such that
B(zg,r) C X and G : B(zg,7) — Y continuous and differentiable. Let

D :={xz € B(zo,r); G(z)=0}, andzye€ D.

Let h € D. We say that h is a tangent vector to D at zy, and we write h € Tp(zo),
if there exists § > 0 and a function v : [0,] — D such that

e v(0) = xo,
e V'(0) = h.

Proposition 4.1.2. Let D as above and G : B(xo,r) — Y differentiable.
If G'(xg) : X — Y s onto, then N(G'(zo)) = Tp(xo).

Proof. Since Tp(x) is the set containing all tangent vectors to D in zy, an element
h € Tp(xp) must be such that
w(t)

o+ th+w(t) €D fort >0  and T—>0 ast — 0%,

where w(t) = v(t) — xo — th with w(0) = 0 and

wit) _ U(t)—tv(o) —h—=v(0)—h=0 ast—0".

Hence h € N(G'(xg)) because by Taylor expansion we have

0= G(xg+th+w(t)) = G(xo) + G'(zo)th + G'(xo)w(t) + o(th + w(t)) =
=0+ G'(zo)th + G'(zo)w(t) + o(t),

that is G'(zo)th + G'(zo)w(t) + o(t) = 0. And so:
/ / w(t) +
G'(xg)h = -G (xQ)T +0(1) >0 ast —07;

hence G'(zg)h = 0 and h € N(G'(x)). This proves Tph(zo) C N(G'(z0)).
Now we prove N(G'(zo)) C Tp(zo). Let h € N(G'(z0)), we shall find w such that:
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(i) G(zo+th+ w(t)) =0,
(i) w(t) =o(t) ast — 07.

Notice that condition (ii) is true if we find w such that |w(t)| < M|G(xo + th)|
for some M and for any small ¢. Since G is differentiable and condition (4.1) is
satisfied, by Proposition 4.1.1, there exists g(z) € B(zo,s) for any z € B(xy,$)
such that

G(z+g(2)) =0 and |g(z)| < alG(z)| on B(xg,s).
Thus, if we choose w(t) := g(zo + th), for a small ¢, we have
lw(t)| < a|G(zo +th)] and G(zo+th+w(t)) =0,
and so h € Tp(xg) and this concludes the proof. O

Now we are ready to prove Lagrange multiplier Theorem

Theorem 4.1.3 (Lagrange multiplier Theorem). Let X, Y be Banach spaces,

xg € X and r > 0 such that B(zo,7) C X, F': B(xg,r) — R and

G : B(zg,r) — Y continuous and differentiable such that G(xo) = 0 and R(G'(x))
closed. Suppose also that

F(z9) = min{F(x); x € B(xg,r), G(x) =0}.
Then, there exist Lagrange Multipliers A € R and y* € Y* not all zero such that
A (z0) + (G'(x0))*y* = 0.
Moreover, if R(G'(x¢)) =Y, then X\ # 0.
Proof. Let Yo = R(G'(x0)).

e Suppose Yy # Y, then the proof is easy: Yy is closed, hence there exists
y* € Y*\ {0} such that y*(Yy) = 0. By definition of Yy, y*(G'(x¢)(X)) =0
and so (G'(xg))*y* = 0, which is the thesis if A = 0.
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e Suppose Yy =Y, that is G'(zg) : X — Y is onto. The hypothesis on F(z)

implies that the function
Y(t) := F(xo + th +w(t))

has a minimum in ¢ = 0, and so passing to the limit for ¢ — 0" in

¥(t) — (0)
t

= F'(x9)h + F'(:(:O)wit) + o([th _; w(t)|)

gives 0 = ¢/(0) = F'(xo)h; hence F'(zg)h = 0.
Moreover, since R(G'(x¢)) =Y, by Proposition 4.1.2, N(G'(xo)) = Tp(xo).
As F'(xg)h = 0 for any h € Tp(xg), then

F'(wo) € (N(G'(20)))" = R(G(w0)");

so F'(zg) = —G'(xo)*y* for some y* € Y*
Thus F'(zg) + G'(x)"y* = 0.

Corollary 4.1.4. Let X be a Banach space,

o € X and r > 0 such that B(zo,7) C X, F': B(xg,7) — R and

G : B(zg,7) — R continuous and differentiable such that G(x¢) =0 and
G'(x9) # 0. Then, there exist A € R, X # 0 such that

F'(0) + MG (w0)) = 0.
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4.2 Convexity

Convexity is the simplest structural condition which is, at least, partially compat-
ible with weak convergence. In this section we explain the role of convexity in the

calculus of variation.

4.2.1 Calculus of variation

The calculus of variation provides one of the most important instances where weak
convergence methods were successfully applied to nonlinear problems.

Our aim is to find a minimizer for the functional:
I(w) = / F(Dw) dz (4.2)
U

among all candidate functions w lying in &/, which is the class of admissible

functions. We take
o ={we W™ ({U); w=g on OU},

for 1 < ¢ < oo, where the boundary values are assumed in the trace sense (see
Subsection 2.2.2) for some function g : OU — R.

Given a smooth function F': R" — R we want to establish conditions ensuring
the existence of a minimizer. To this aim, let {u;}p2, C &/ be a minimizing
sequence,

I(uy) — ui}g{](w), as k — oo

and suppose this infimum to be finite.
Definition 4.2. Let F' : R — R be a smooth function, a > 0, § > 0 constants.
We say that F' satisfies the coercivity condition if, for any p € R,

F(p) > alp|’ - 3.

Assume that F satiesfies the coercivity condition according to the above defi-
nition; this implies that the sequence {uy}72; is bounded in Wh¢(U):

: o L
since {ux}32, is a minimizing sequence,

/UF(Duk) dx — ul)g;](w) =m
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and by coercivity condition
/ F(Duy) de > / (a|Dugl? — B) dx = —BL™(U) + oz/ | Dug|? da =
U U U
=C+a Huk”%vl,q(U) ;

hence, {uy}52; is bounded in Wh4(U).

Thus, there exists a subsequence {ug, }32; C {ux}72, and u € & such that

Up, — U as j — oo, in W(U).

J

Now what is left to show is that the minimizer we are looking for is u € 7.

To do so, we must show that:

ug, — u = I(u) < liminf I(Uy,), (4.3)

J—00
that is, I is lower semicontinuous with respect to weak convergence in Whe(U).

In this way we would have:

uljrelg I(w) <I(u) < hjrgglf I(ug;) = ul}Igl; I(w),

and so, since u € &/ we would deduce:

I(u) = 111}161; I(w) = 1I1)Il€1§ I(w).

Since I depends on F', to conclude we must understand what structural assumption
we may need on F' to deduce (4.3). The natural assumption will be that F is

convex. Indeed the following Proposition holds:

Proposition 4.2.1. A convex function F is a convex hull of linear functions.
More precisely, if F' is convex, we can approrimate it with a monotone increasing

sequence of maximums of affine functions, that is:

F(p) = lim F™(p) with F™(p)= max (bj-p+c’), peR"
j=1,..m

=550

Since weak convergence is defined in terms of linear functionals, an affine func-
tion is weakly continuous and, by Proposition 4.2.1, a convex function is a convex
hull of affine functions, we expect that the structural assumption we may need on
F to deduce (4.3) is that F is convex, that is

'D*F(p)¢ >0, p E€R" (4.4)
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4.2.2 Weak lower semicontinuity

The aim of this paragraph is to verify that the intuition we had in the above
paragraph, that is to assume that F' is convex, is indeed the proper structural
hypothesis in order to show that I is lower semicontinuous with respect to weak

convergence in W4(U).

Theorem 4.2.2. The functional I is lower semicontinuous with respect to weak

convergence in WH4(U) if and only if F is conver.

Proof. (=) Fix a vector p € R"™ and suppose that U = @, where @ is the unit
open cube in R”. Fix any v € C°(Q) and for any k € Ny, we subdivide @ into
subcubes {Q;}7; of side lenght .

Then denote by x; the center of the cube @); and define

ug(z) = 21kv(2k(:1: —x))+p-x, xEQ

and let u(z) = p-z. Then, up — u in W4(U); indeed

1 sup jv|] _C
?U(Qk(x—a:l)) < oF S?—>O, as k — oo
and so
ur — u uniformly as k — oo.
Moreover,
Ouy, ov ,
- 2 - Iz
S (o) = (2@ — )+ p
Guk . .
5, W in LY(U) for some function w, as k — oo,
T

but w = g—; because for any ¢ € C°(U), integrating by parts,

and passing to the limit for £ — oo we get

/Qu(x)&g(b(:ﬁ) dr = —/Qw(bdx;
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ou

so, by definition of weak derivative, w = 5.

This shows that uj, — w in Wh4(U).

Finally, since by hypothesis the functional I is lower semicontinuous with respect
to weak convergence in W'4(U) and noting that

F(Du) = F(D(p-x)) = F(p), we have

LY Q)F(p) = /Q F(Du) dr = I(u) < liminf 1(uy) = /Q F(p+ Dv) dx.

Thus, in particular, the function u(x) = p - = is a minimizer subject to its own
boundary values on 0Q); consequently, inequality (4.4), asserts that F is convex.
(<) Now suppose that uj, — v in WH9(U) and assume for the moment that F is
the maximum of finitely many affine functions (and so F' is convex), that is

F(p) = max (b] p+c’), peR™ (4.5)

J=1,..
Moreover, let E; = {z € U; F(Du(zx)) = b; - Du(z) + ¢7} and suppose E; to be
disjoint for j =1,...,m. Then U = Uj~, E
Now, since weak convergence implies the convergence of averages (see Subsection
1.4.3), we have

I(u):/U i/ b; - Du(z) + ¢?) dx =

:hmZ/ (bj - Dug(z) + ¢7) dx.

k—o0

Now by the max representation formula (4.5), we have

1 /bD d<1f/D — lim inf I(uy).
kLIEOZ ug(z) + ¢?) dr < limin Z uy) dz imin (ug)
This estabilishes the weak lower semicontinuity of I when F' is the maximum of
finitely many planes.

In the general case with F' convex, using Proposition 4.2.1, we can approximate
F with a monotone increasing sequence of maximums of affine functions and we

conclude applying monotone convergence Theorem 1.2.1. O]
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Ezxample 9 (Euler-Lagrange equation). Under appropriate growth hypothesis on

F', so that u is a minimizer, we have that the function
i(t) = I(u+ tv) = / F(Du+tDv) dz
U

attains its minimum in ¢ = 0, hence i'(0) = 0; in particular:

/ O Duypyvde = — /Zax (aﬁ)vdm:
J

3pj
= —/Udiv(DF(Du))v dx,
so the minimizer u is a weak solution of the Fuler-Lagrange equation:
—div(DF(Du)) =0 in U
u=gq in OU

This is an example of a nonlinear PDE solved by weak convergence methods.

4.2.3 Convergence of energies and strong convergence

In this paragraph we show that under appropriate structural hypothesis on F
and if I(ug) — I(u), the the full minimizing sequence converges strongly to u in
Wh2(U).

Theorem 4.2.3. Let ¢ = 2 and suppose that F' satisfies
1 |F(p)| <CA+[pP), peR"
2. F is uniformly strictly convex, that is: 3y > 0 such that Vp, £ € R",
E'D*F(p)é > 7.
Suppose also that u, — u in WY2(U) and that I(ug) — I(u).
Then uy, — u strongly in W12(U).

Remark 32. This theorem asserts that the convergence of the energies I(uy) im-
proves weak to strong convergence. The uniform convexity of F' is necessary be-

cause it damps out wild oscillations in {Duy }2;.
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Proof. Using Taylor expansion, for any p, ¢ € R,
1 .
F(q) = F(p) + DF(p) - (4= p) + 5(a —p)" D*F(p)(qa — p).
Hence by 2., we have

F(q) = F(p)+ DF(p)- (¢ —p) + ;(q —p)"D*F(p)(q—p) >

> F(p)+DF(p)- (¢ —p)+ %Iq — |
Set p = Du and ¢ = Duy, and integrating over U, we obtain
I(wg) > I(u) + /U DF(Du) - (Dug — Du) dz + %/U(|Duk — Dul?)du,
that is
I(wg) — I(u) — /U DF(Du) - (Duy, — Du) dz > %/U(lDuk ~ DuP)dr.  (4.6)

Now using Taylor expansion, the convexity of F' and 1. we get

|DF(p)] < C(1+ |p|) which means |DF(Du)| < C(1 + |Dul).

Since u € W12(U), then Du € W2?(U) and so, thanks to the above inequality,
also DF(Du) € WY2(U).

Since by hypothesis u, — u in WH2(U), then Duy, — Du in L*(U, R"), so

/ DF(Du) - (Duy, — Du)dx — 0, as k — oc.

U

Moreover, I(uy) — I(u) and so I(ug) — I(u) — 0. Thus by (4.6),
Duy — Du in L*(U, R"),

so up — u strongly in WH2(U). O
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4.3 Examples with subcritical exponent

Given a nonlinear functional I, our aim is to find a minimizer for I in a certain

class of admissible functions .27 such that

o ={we Wy (U); |ul

s =1}, with s < s™

Since the exponent s is subcritical because is s < s*, Sobolev imbedding Theorem
assures that if u such that I(u) = inf,ecy I(w), then u is a minimum. In fact we
will prove that v € <7, that is [ju||,. = 1, using that if 1 < ¢ < s*, then the
imbedding W*(U) — L9(U) is compact.

Then we will find the equation satisfied by the minimizer using the Corollary to

Lagrange multipliers Theorem 4.1.4.

Example 10. Let U be a smooth bounded subset of R”. We will find a minimizer

for the functional
[(w) = / | Dwl|? dz
U
among all candidate functions w lying in &/ where

2n

o ={we WyA(U); ||lw||,.=1} and2< 2" =

n—2
Then, we will find the equation solved by the minimizer.
Let {ux}32, C & be a minimizing sequence, that is

I(ug) — ilg;[(w) as k — 0.

Then {u;}52, is bounded in W, *(U) because there exists M such that for any
keN,

2 2
M = |I(up)| = | Durl| L2y = llunllwi2 o

and so there exists a subsequence {uy,}?°, which weakly converges in Wy*(U).
Moreover, by Sobolev imbedding Theorem 2.2.1, since 2 < 2*, the imbedding
Wy *(U) — L*(U) is compact and so there exists a subsubsequence, which we

still call {ug, }§°,, which strongly converges to u in L*(U) and [ull f2(1ry = 1 because
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[tk [ 2y = 1 V1. This function u is the minimizer we were looking for: indeed,

as {uy, 172, weakly converges in Wy?(U),

2 . . 2
||u”WOl’Q(U) < hlrgglf ”ukleWOl«?(U)

and so
. _ 2 o 2 T -
inf () < () = Jullyas gy < minf fug e, = liminf () =
= a2t 1)

Since using Sobolev imbedding Theorem we showed that [[ul| 2y =1, u € & is

a minimizer for I.

Remark 33. In this case, the reason why we could show that u € & is that we
look for functions w such that ||w||;» = 1 and the exponent is 2 < 2*. In fact,
Sobolev imbedding Theorem assures that the imbedding W,?(U) — L9(U) is
compact for any 1 < ¢ < 2* and so Wy*(U) — L?*(U) is compact. Thanks to this
compactness, the L?-norm is preserved passing to the limit and this allowed us to
deduce that ||ul| 2wy = 1. In the following part of this chapter we will study the
case with critical exponent 2* and the main problem we will face will be to find a

substitute for Sobolev imbedding Theorem which allows us to deduce that v € 7.
Now we find the equation satiesfied by w using the Corollary to Lagrange
multiplier Theorem 4.1.4, with F(w) = I(w) = [;; |Dw|* dx and with the constraint
G(w) = 0, where G(w) = ||Jw||7, — 1.
Let h € W,?(U) and we calculate dF(w)(h) and dG(w)(h).
AF(w)(h) = lim F(w+th) — F(w)] _

t—0 t

1
— im (/ D(w -+ th)Pde — [ |Dw|2da;)} _
t—0 | ¢ U U
!
= %1_{% P ((w +th,w + th)wom - (w,w)wg,zﬂ =

= lim _2<w, h>W01,2 + t] = 2(w, h>W01,2

t—0 L

:2/ Dw.thx:—Q/ Awh dz,
U U
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and, denoting by g(w) = |w|?, we have

LG (w) (1)  lim |G ) = G(w)]

t—0 t

_ Jim |2 [ (gtw-+1h) = gw)) d:zc] _

t—0 | ¢

— lim t/ w)th + o(t) — g(w)) dz

t—0

— Jim /U( "(w)h + o1 ))dx]:Q/Uwhdx.

t—0 |

Now we apply Corollary 4.1.4: since u is the minimizer there exist A € R such

that for any h as above,
dF (u)(h) = MG(u)(h) = —2/ Auhdz = 2)\/ whdz
U U

and so the equation satisfied by the minimizer u is —Au = Au.

Using that dF'(u)(h) = AdG(u)(h) is true also for h = u, we can find A:

A
2 L A 2
[(u)—glel;l[ /\Du| dx—zdF( u)(u) = dG —)\/ lul*dz = A

In conclusion the minimizer u satisfies

—Au = (min I(w)) u.

weY
We now provide another example with subcritical exponent.

Ezxample 11. Let U be a smooth bounded subset of R”. We will find a minimizer

for the functional
I(w) = / | Dwl|? dz
U
among all candidate functions w lying in &/ where

pn
n—op

o ={weWe*(U); ||y, =1} andp<p" =

Then, we will find the equation solved by the minimizer.

Let {u,}32; C &/ be a minimizing sequence,

I(ug )—>U32£{]() as k — oo.
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Then {u;}$2, is bounded in Wy”(U) because there exists M such that for any
keN,

M > 1w)| = 1Dl = ol

so there exists a subsequence {uy, }°, which weakly converges in Wy (U).
Moreover, by Sobolev imbedding Theorem 2.2.1, since p < p*, the imbedding
WyP(U) — LP(U) is compact and so there exists a subsubsequence, which we
still call {ug, }72,, which strongly converges to w in LP(U) and |[u|| ;) = 1 because
[tk [ oy = 1 VI This function u is the minimizer we were looking for: indeed,
as {uy, }3°, weakly converges in Wy (U),

< h]ggolf ||ul€z ||€V01»p

p
||u||W01‘p(U) )

and so

)

inf 1(w) < 1(u) = [ull .

< . . p
ot < B Inf ey

= liminf I(uy,) =
k—o0

= inf I(w).

we

Since, using Sobolev imbedding Theorem, we showed that ||u|| ey =1 u € a
is a minimizer for /. As in Remark 33 notice the importance of working with
subcritical exponent p < p*.

Now we find the equation satiesfied by u using Corollary to Lagrange multiplier
Theorem 4.1.4, with F(w) = I(w) = [;; | Dw|? dz and with the constraint

G(w) = 0, where G(w) = |[w|%, — 1. Arguing as in Example 10, let i € Wy*(U)
and we calculate dF'(w)(h) and dG(w)(h).

1
dF (w)(h) = ll_r)% L /U (p|Dw|p_2Dw -tDh + O(t)) dm} =
. p—2 . =
= %lil% g (p|Dw\ Dw - Dh + 0(1)) dx

:p/U (IDw"~2Dw - Dh) dz =

= —p/ div(|Dw|P~2Dw)h dx,
U



108 4. Constraint minima of functionals

and, denoting by g(w) = |w|P, we have

AG(w)(h) =ty | [ (5'(w)h+o(1)) da] =

t—0

= lim UU (p\w\p_zwh + 0(1)) dx] =

t—0

_ /U (plwl”2wh) dz.

Now we apply Corollary 4.1.4: since u is the minimizer there exist A € R such

that for any h as above,
dF (u)(h) = MG(u)(h) = —p /U div(|DulP~2Du)h dz = A /U (plulP~?uh) d,
so the equation satisfied by the minimizer u is
—div(|DulP~*Du) = A (p\u|p’2u> :

Using that dF'(u)(h) = AdG(u)(h) is true also for h = u, we can find A:

I() = min I(w /\Du]pd:x—de( )(u) = 3(1(; —/\/ [ul? dz = A.

weY

In conclusion the minimizer u satisfies

—div(|DulP~*Du) = <1ruréi§ I(w)) (p]u\p’2u> .
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4.4 Examples with critical exponent

We now turn our attention to variational problems which involve critical growth
nonlinearities and which fail to satisfy usual compactness criteria. As in the pre-
vious section, we are interested in discussing the problem of minimizing a certain
functional I over an admissible set .<7; however in this case we will deal with the
critical exponent case. The main problem will be to show that the infimum over
o/ is actually a minimizer because in this case we cannot apply Sobolev imbedding

Theorem.

Ezample 12 (Critical Sobolev nonlinearities). We will discuss the problem of min-

imizing the functional

I(w) :/ |Dw|*dz n >3
Rn
over the admissible set
o ={we L”(R"); |w|]prgn =1, Dwe L*(R",R")}.

Notice that in this case we look for a minimizer u such that ||w||;.- = 1, where 2*
is the crtitical exponent.

Denoting by C5 the optimal constant for ¢ = 2 in Gagliardo-Nirenberg-Sobolev
inequality 2.4.1, for any w € &7, we have

1) = [ |Dwf o = |Dwlfag = Cs* ullfe g = €5,

so I = infye, I(w) = Cy 2.
Now we inquire as to whether this infimum is obtained, and so choose a minimizing

sequence {uy}7>, C & such that
I(ug) — I, as k— oc. (4.7)

Since (4.7) means that ||Duk||iQ(Rn) — I as k — oo, {Duy}2, is bounded in
L*(R") and so we may assume that Duy — Du in L*(R", R").

Moreover, for any k, u, € & and so |uk|| o= (gny = 1; hence {u;}32, is bounded in
L%¥ (R") and we may assume that u, — u in L? (R").

As the integrand of I is convex, we infer from Theorem 4.2.2 that

I(u) < hlgglor.}f I(ug) = 111}161; I(w).
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Thus, provided that u € 7, u is the minimizer we were looking for.
Since by Theorem 1.4.5,
<1

lull g2 @y <1, (4.8)

the real question is whether or not

||U||L2*(Rn) =1

because this would imply v € /. Notice here the main difference with the sub-
critical exponent case, where, by Sobolev imbedding Theorem, we could directly
deduce that u € <.

Now there are two possible failures of compactness here.

1. It can happen that strict inequality obtains in (4.8) because some of the mass
of the approximations leaks out to infinity. In other words, it may be that

the family of measures {13}, vp = |up|?", k = 1,2, ... is not tight.

Figure 4.1: The mass of {14}, leaks out at infinity.

2. A second and rather more troublesome prospect is that, even if {v}32 is
tight, so that we may suppose v, — v in #(R") and v(R") = 1, then it
can happen that

¥ dr.

1=v®) # [ Ju
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This possibility arises if v has a singular part, that is if the measures {vy}2
concentrate in the limit some of their mass into a set of Lebesgue measure

Zero.

Figure 4.2: The mass of {1} }7°, concentrates around z = 0.

Each of these unpleasant possibilities can definitely happen if we are unfortunate
with the choice of the minimizing sequence. In fact, with appropriate translations
and dilatations we can effect either of the failures of compactness recalled above.

To see this, let v € &7, y € R” and s > 0 and consider the rescaled function

v (x) = sy ((x — y)> , xeR"

S

Using the change of variables ((x_y)> =z, dx = s"dz, v¥*(x) satisfies

@ (52) ‘ 4o =

2% dl‘:/ S‘("Q—Q)Q*
n
= [ s |u(z)

- dz:/ lv(2)
]Rn R'fl

2*
dz =

Moreover

ovY* () ~(n—2) v

((w - y)) PRy ) ((w - y))
ox; ox; s ox; s
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and

Hence,

/ | Dv¥* (x)|? dx :/ s | Du(2)]? dz :/ |Dv(2)|” d=.
Rr Rr R™

Consequently, given any minimizing sequence {ux}32,, we could consider a new
minimizing sequence {u}***}%2, for which by appropriate choices of translations
{yr}32; and dilatation {s;}32,, we could effect either of the failure of compactness
recalled above.

A far more interesting prospect is designing translations and dilatatons to ex-
clude the failure of compactness. The following theorem will provide the existence

of the minimizer u € <.

Theorem 4.4.1. Let {ux}2, C o/ be a minimizing sequence satisfying
I(ug) — I as k — oo.

Then there exist translations {yx}3>, C R™ and dilatations {s;}3>, CJ0,00[, such
that the rescaled family {ul***}% | C o is strongly precompact in L* (R™).

In particular, there exists a minimizer u € < .

Theorem 4.4.2. Given that a minimizer exists, a careful analysis using symmetriza-

tion and ODE theory shows that any minimizer is of the form

Ce
Uy (x) = R r € R"; (4.9)

(e + |z — y|?) 2>

fore >0, y € R" and an appropriate normalization constant C..

(See [10], [11]).

Proof of Theorem 4.4.1. For t > 0 and k = 1, 2,..., define Lévy concentration

functions as follows:

2 dx.

Qx(t) := sup |y,
ZGR" B(th)
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Denote by Q°(t) the concentration function of u}’*, then by a change of variables
we obtain QV°(t) = Q¥' (ﬁ) Moreover, since {u}3°, C 7,

lim Qx(t) = lim [sup/ |ug|* da:‘] :/ lug|? dr =1
t—ro0 =00 | ,cRrn B(z,t) Rn
1

and so we can choose dilatations {s;}32; CJ0,00[ such that Q;**(1) = 5 for any
y € R", k =1,2,... This done, it is now possible to select translations {y;}32, C R"
¥ k=1,2,... are tight in . (R").

The idea is that using appropriate translations we can shift so that at least half

such that the measures v/**" = |uj***

of the mass of 1/*** remains in the unit ball.

If, however, part of the mass escapes to infinity, then our minimization problem
splits into two parts, the sum of whose energies turns out to be strictly greater
than the energy we would obtain if splitting did not occur.

(See [11] for a more detailed explanation).

To simplify notation we assume that dilatations and translations were unnecessary
so that Qx(1) = 3, k = 1,2, ... and measures {1} are tight.

Passing, if needed, to a subsequence, we can assume that
vy = v inAR") and v(R")=1 (4.10)
Moreover, defined py := |Dug|?, k = 1,2, ..., we may also suppose that
pr = pin A (R").
Now we claim that v # 0. To prove this claim we note that by hypothesis on
{ur}iy, pr(R") — I and
u(R") = /R |Duf?dz = I(u) < inf I(w)=C;2

weL

But then if u = 0, thanks to (4.10) we can invoke thesis 3. of Theorem 3.1.3 and

find that v is concentrated at a single point xy. But then

1

S = Qu(1) = sup | di > / e
2 zeRn JB(z,1) B(zo,1)

Y de =
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This is a contraddiction, hence u # 0.
Now we claim that v € o/ If not, then ||u||2L*2*(Rn) =a,0<a<l
Define

Ao ={w € L*(R");  |w||}> @) = @, Dw € L*(R",R")}

and set I, = inf e, I(w).
Then I, = 1 arF = Cy 243 because (5 is the optimal constant of Gagliardo-

Nirenberg-Sobolev inequality 2.4.1 and if w € <7,

2

2
¥ = JaoF.

1w) = [ [Dwfde > Cy® ]} oy = C5 %0
Finally by thesis 1. and 2. of Theorem 3.1.3, for some countable set of points
{x;}; € J and positive weights {u;, v;}; € J we have

a) v=|ul> +Xcsv;0a,,

b) 1= [Dul? + ety 0z

moreover the positive weights {u;, v;}; € J satisfy v; < C3 11 5 hence

* 2 2
* E3

-2
IU’J Z CQ : ij

2
3

2
V2, 9% 2
=C, vy = [Vj .

Moreover,
1=v(R") =a+ > v
jeJ
Consequently, since u € 27, we obtain a contraddiction because

T2 p®) 2 [ |Dufde+ Y 2 Lo+ Yo ps 2

jeJ jed
2
> o + 3 IWwF =I(aF +Y v}
j€J j€J
O
Now we find the equation satiesfied by u using Corollary to Lagrange Multi-

plier Theorem 4.1.4 with F(w) = I(w) = [ga |Dw|*dz and with the constraint
G(w) = 0, where G(w) = HwHig*(Rn) — 1.
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Arguing as in Example 10, let h € L? (R") and we calculate dF(w)(h) and
dG(w)(h).
dF (w)(h) = =2 | Awhdz,
Rn

and, denoting by g(w) = |w|*", we have

dG(w)(h) = lim [/ (' (w)h + o(1)) dz| =

t—0
= 2*/ |w|<"i2>whd1’.
n

Now we apply Corollary 4.1.4: since w is the minimizer there exist A € R such

that for any h as above,
dF (u)(h) = MG(u)(h) = —2/ Auhdz = /\2*/ | h d,
U Rn

so the equation satisfied by the minimizer u is —Au = )\%|u|(n4f2>u
Using that dF'(u)(h) = AdG(u)(h) is true also for h = u, we can find A:

() = min I(w) = [ |Duf dr = dF(u)(u) = ;dG(u)(u) =

wed

Y : 2" 2
:fz*/ dr =A% = A= I(u)~.

27 Jp U dr =25 = (W)

In conclusion the minimizer u satisfies
. 4
—Au = (min I(w) | |u|" u.
we

Ezample 13 (Strong convergence of minimizing sequences).
We now study the problem of strong convergence of minimizing sequences for
critical growth variational problem set in a bounded smooth domain U C R”,

n > 3. For v > 0, we are interested in minimizing the functional
I (w) :/ (|Dw[2 —7w2) dx
U
over the admissible set
1L,2/77Y. _
o ={we Wy (U); Hw”L2*(U) =11}

This problem resembles the one just treated, in particular we still work with the

critical exponent 2*; however, in this case
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1. A lower order perturbation yw? occurs in the energy functional.

2. We work on a bounded domain U.

We will show that 1. and 2. together restore strong convergence for minimizing
sequences. In other words, we will use the structure of the nonlinearity to argue
directly that concentration does not occur.

So, choose a minimizing sequence {uy}°, C o/ such that
I (ug) — in};]”’(w) =:I,, as k— oo. (4.11)
we

We also denote by
I°(w) :/ | Dw|* dz
U
and
Iy := inf I°(w).

wed
Lemma 4.4.3. If A > 0 and n > 4, then I, < I,.

Proof. 1f we were working on R", we would know (see Theorem 4.4.2) that the
infimum of I° over & is obtained by functions u, . of the form
C
Uy () = : =)
(e+lz—yl*)

for ¢ > 0, y € R™ and an appropriate normalization constant C..

r e R", (4.12)

In the case we are studying, we work on U C R" bounded and assume for simplicity
that 0 € U. From what remarked above, the function ug.(z) is a good candidate
for a minimum of I°, except that ug.(z) # 0 on OU.

To repair this defect, given ¢ € C2°(U) such that ( = 1 near 0, for any x € U

define
v () = ((x)up ()
and modify the normalization constant C; so that [[v®[[ 2+ ;) = 1.
In this way v® € /. A careful analysis carried out in [4] shows that, for some
constant K > 0,
(o) = I+ O(e(n;2>) —vKe ifn>5
In+ O(e)vK|loge] ifn=4
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Hence, if we choose € small enough, I, < I7(v°) < I,. [

Theorem 4.4.4. Let 0 <y < v, n >4 and {ug}32, C & be a minimizing sequence
for I". Then there exists a subsequence {uy; }32, C {ux}Z, and a function u € o
such that

ug, — u  strongly in Wy (U).

In particular u € of is a minimizer for I7.
Proof. Since {ux}32, C & is a minimizing sequence for 17,
I(ug) — I, as k— oo,

so [7(uy) = I, +o(1) and, as {up}2y C &, [Juglp2e ) = 1.
Since 2 < 2* and U is bounded, L? (U) C L*(U) and so
k]l 2@y < Cllunl|pos 1y = C-
This means that the sequence {uy}2°; is bounded in L*(U) and so there exists a
subsequence {uy, }32, C {ux}72, such that uy, — uin L*(U).
Moreover,

I (ug) = HDukHi?(U) -7 ”uk|’i2(U) g
SO HDukHiQ(U) < C because {uy}52, is bounded in L2(U) and I7(uy) converges by
hypothesis. Thus Duy — Du in L*(U) and so uy, — u in Wy (U).
Furthermore, since {u;}32, is bounded in W,*(U), by Rellich-Kondrachov Theo-
rem 2.4.2,

ug;, — u a.e and strongly in LP(U), 1 < p < 2%,

Now, set vy, == up, —u, j = 1,2,.... Then vy, — 0 in Wy (U), hence
(vy,) = /U |Duy,|*dz — 0 as j — oc.
This implies that {I°(vy,)}; is bounded and so
I (u) 4+ I°(vy,) = I, + o(1).

Using Brezis-Lieb Lemma 3.1.2; we deduce:

1:/ |ukj2*d:c:/ lu
U U

2 Jug, — ul* da + o(1).
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But then, using the elementary inequality (a + b)? < a’ + 9,
with 0 <0 <1, a, b > 0, and since 2 <1, we get:

2
2 b
1 + 0(1) S < U dx) < ||U/||L2 (U) + H LQ*(U)

Thus 1 < [[ul[3 ) + [[vs,

iQ*(U) + 0(1) and so

D(u) + I(x,) = I, + 0(1) < L ([ull e gy + o || B 0y) + (1), (413)

Now set w := ——*——. We have that |[w]| 2 ;) = 1 so that w € &/. Moreover

Tl oy
2 2
]’Y < I“’(w) = ||Dw||L2(U) -7 ||w||L2(U) -

1

Dull? . 2 _
prmnm ull oy = 7 lulZaer) (414)

! I (u).

2
||U||L2*(U)

Hence we obtain I, |[u]|? .- @) < I7(u). But then, using (4.13)

D)+ I(0,) < L Jull e ) + I o

ey o) =

< D(u)+1, Hvk

) +o(1).

So: I°(vy,) < 1, Hvk +o(1).

L (U)
In the same way as in (4.14) we get I Hvk L) < I°(vy,) and we deduce
2
0
Iy Hvkﬂ' L) — < Plvy) < 1 Hv"’ 12" (U) +o(1).

Consequently,

2

(lo = 1)1°(0,) S o(1),  thatis (fo = 1) v, [f10,, <

and since by Lemma 4.4.3, (I, — I,) > 0, we have

2
W2 ()

2
:Hukj—u‘ — 0, as j — oo.

Wy (U)

o,

This proves that ug, — u strongly in Wy (U). O
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Now we find the equation satiesfied by u using the Corollary to Lagrange Mul-
tiplier Theorem 4.1.4 with F(w) = I"(w) = [;; (|Dw|* — yw?) dx and with the
constraint G(w) = 0, where G(w) = |]w|]ig*(U) -1
Arguing as in Example 10, let h € W, ?(U) and we calculate dF(w)(h) and
dG(w)(h).

dF (w)(h) :2/ (Dw - Dh) dx—?v/ whdr =
U U
:—2/ Awhdm—Zv/whdx:
U U
:—2/(Aw+7w)hdx,
U

and, denoting by g(w) = |w|*, we have

dG(w)(h) = lim [/U (' (W)h + (1)) dz| =

t—0
4
:2*/ |w| =2 w hd.
U

Now we apply Corollary 4.1.4: since w is the minimizer there exist A € R such

that for any h as above,
dF (u)(h) = AG(u)(h) = —2/ (Au +yu) hdz = )\2*/ | h do,
U U
so the equation satisfied by the minimizer u is —(Au + yu) = )\%|u|ﬁ*2>u

Using that dF'(u)(h) = AdG(u)(h) is true also for h = u, we can find A:

I (u) = min I (w) = /U (IDuf? = yu?) dz = ;dF(u)(u) = ;dG(u)(u) -

we

A i, 2 2
=22 /U|u| dr =) = A=I(u).

In conclusion the minimizer u satisfies

_ — (min I (=)
(Au+ yu) (glelg](wﬂ |u| =2 .
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