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Abstract

La seguente tesi si sviluppa in tre parti: un’introduzione alle simmetrie conformi e di
scala, una parte centrale dedicata alle anomalie quantistiche ed una terza parte dedicata
all’anomalia di traccia per fermioni. Nella seconda parte in particolare si introduce il
metodo di calcolo alla Fujikawa e si discute la scelta di regolatori adeguati ed un metodo
per ottenerli, si applicano poi questi metodi ai campi, scalare e vettoriale, per 'anomalia
di traccia in spazio curvo. Nell'ultimo capitolo si calcolano le anomalie di traccia per un
fermione di Dirac e per uno di Weyl; la motivazione per calcolare queste anomalie nasce
dal fatto che recenti articoli hanno suggerito che possa emergere un termine immaginario
proporzionale alle densita di Pontryagin nell’anomalia di Weyl. Noi non abbiamo trovato
questo termine e il risultato e che I’anomalia di traccia risulta essere meta di quella per

il caso di Dirac.
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Introduction

Trace anomalies were first discovered in 1973 by D. Capper and M. J. Duff. Massless
fields of spin 0, % and 1 in interaction with gravity classically show invariance under a
Weyl rescaling of the metric. This invariance does not occur once we pass to a quantum
theory. This manifests itself in the fact that the trace of the energy-momentum tensor
of these theories vanishes at the classical level, but acquires anomalous terms at the
quantum level. These terms depend on the background geometry of the spacetime on
which the conformal field theories are coupled to. The trace (or Weyl) anomaly has a
big importance in physics (for a review see [1]) and historically was first connected to the
Hawking effect and to gravitational instantons. The Weyl anomaly has also found use in
cosmology, supersymmetry and string theory. In cosmology the Weyl anomaly has been
connected to inflation, the cosmological constant, particle production and wormholes.
For example in the early universe the trace anomaly on a de Sitter space determines
the energy momentum tensor and in this way it is related to inflation. In string theory
the preservation of Weyl invariance is connected to the critical dimension, to the central
charge of the Virasoro algebra and when background fields are present it is possible to
obtain the Einstein field equations coupled to matter (and stringy extensions) from the
trace anomaly. The Weyl anomaly is also broadly studied today, for example for its
connection to the renormalization group or in supersymmetry, where the trace of the
stress tensor, the divergence of the axial current and the gamma trace of the spinor
currents form a scalar supermultiplet. We are in particular interested in a recent result
2, 3], which analyses the trace anomaly for a Weyl fermion and claims that it contains
a purely imaginary term proportional to the Pontryagin density. Such a result would
have big consequences since it may imply a unitarity problem at one loop. Moreover it
could become a selective criterion for consistent theories. In the following our final aim

is to calculate such anomaly with a different method to check the results, on the way



we introduce the general topics of anomalies and relevant symmetries of field theories
coupled to gravity. In particular in the first chapter we introduce both the conformal
invariance and Weyl rescaling, and we show the effect of the latter on massless scalar,
vector and Dirac fields. In chapter two we introduce the tools that will be used for the
calculation. We will review a path integral approach leading to the Fujikawa method of
computing anomalies, and then we will discuss how to choose a consistent regulator that
must be introduced in that method. To do so we use a comparison with Pauli Villars
regularization, and by using this parallelism we will establish a method to calculate
anomalies. Then we will apply this method to the Weyl anomaly for the scalar and
Maxwell bosonic fields. Finally in chapter three we calculate the trace anomaly for
both Dirac and Weyl fermions. Our final result unfortunately does not match the one
mentioned above. We find that the trace anomaly for a Weyl fermion is half the trace

anomaly of a Dirac one which does not present a Pontryagin term nor an imaginary one.



Chapter 1

Classical Models, conformal

symmetry and Weyl invariance

1.1 Conformal and Weyl symmetry

In this chapter we shall give an introduction to conformal symmetry and Weyl invariance.
Afterwards we will show these symmetries in three classical models: scalar (spin 0),
fermionic (spin 1), and Maxwell (spin 1). To start off we consider conformal invariance. A
conformal transformation can be described as the most general coordinate transformation
that preserves angles. To be more specific we say that a transformation z* = ¢*(x) is

conformal if it satisfies the condition

9w (T') = (@) g (). (1.1)

If we restrict to a four dimensional euclidean space, starting from the above condition
it is possible to calculate the transformations that respect it, and one finds in cartesian

coordinates

=zt + at

2 =azt
1.2
ot =M*,z” (1.2)
B hlae2
" xt — bt

1 20V, + b2x?



where from top to bottom we have translations, dilation, rigid rotations and special
conformal transformations; in particular M*” is an orthogonal matrix belonging to the
group SO(4). For a more intuitive expression we can rewrite the SCT (Special Conformal

Transformation) in the form

S, VT (1.3)

which let us understand that SCT are an inversion followed by a translation and then

followed by another inversion. We show it in a more explicit way writing

o
TR g ot — bha?

- . 1.4
72 (=2 1— 20w, + b%a? (14)

We notice that the Poincaré group is a subgroup of the conformal one. The generators

of this group acting on the coordinates are easily found to be the following ones

P, =—id,
D = —ix"9,
L,, =i(z,0, — x,0,)
K, =—1(2x,2"0, — x28u)

where the order is the same as before. The Lie algebra associated to the conformal

algebra can now be evaluated, and one finds

D, P,] =iP,
D, K| =iK,
[Km B, :ZZ(UWD - LW) (1.6)
[Kps Lyw] =i(npudSy — npu K)
[Bo: Lyw] =i(pu P = 110 Fy)
[Lyws Lol =i(Mpw Lo + Mo Lvp — NopLve — Mo Lyp)



If we define the generators

Juw =L
1
‘Ll,u :§(Pu - Ku)
7 (1.7)
J,Lo =D
1
JO,M :E(Pu + Ku)

and imposing that J,, = —Ju,, and one finds that the Lie algebra takes the form

[Jaba ch} = i(nadt]bc + nchad - 7/IULchal - nbdjac) (18)

where the index span from —1 to the dimension of the space and 7 has an extra minus
sign. This means that there is an isomorphism between the conformal group in d dimen-
sion and the SO(d + 1, 1) group. Similarly, in a Minkowskian spacetime of d dimension,
whose Lorentz group is SO(d — 1,1), the conformal group is isomorphic to SO(d, 2).
It is interesting for our purpose to consider the general field transformation for the
dilatations
d'(2') = a2 d(z) = A(z) 2D (). (1.9)

More in general all conformal transformation can be written in the form

_A
1

_ |97 g (1.10)

q)/ (I/) = a—x

where A is the scaling dimension which depends on the kind of field.
Now to the Weyl transformation. Weyl transformations, or rescaling, are not a coor-

dinate transformation but simply a local rescaling of the metric

G (1) = M) g () (1.11)

notice that on the left hand side of the equation we do not have x’. We can then say
that a conformal transformation leaves the metric unchanged up to a Weyl rescaling. To

have Weyl invariance though we have to introduce transformations that act also on the



fields and follow the rule
' (z) = A(z) (). (1.12)

1.2 Trace of the energy-momentum tensor

Now we would like to address the relationship between conformal and Weyl invariance
and the consequences on the energy momentum tensor . To do so we recall that for a

model ® coupled to gravity we can define the energy momentum tensor as

2 0
T = ——— 5@, q) 1.1

This definition gives directly the improved Belifante energy momentum tensor and as a

concept it is obtained remembering that 7}, is the source of the gravitational field. Now
if we consider an action coupled to gravity, where gravity is only a background, and we

assume that such action is invariant under local Weyl rescaling, then we must have that

0= 65 = 605 + 6,5 = /d4x\/§[<5—£5(aq>) + 5—%@) -

1
- v
595 = T..0g } (1.14)

2

where in this equation dg is the variation with respect to the field and d, with respect
to the metric. We see that the first term on the right hand side is proportional to the

Euler Lagrange equation, so that on-shell it vanishes, and we obtain

/ d*z\/gT" ,o(z) =0 (1.15)
where we have defined an infinitesimal parameter o(z) = In A(z) so that
g = —o(x)g". (1.16)

We see that as a consequence of the invariance of the action the energy momentum tensor
must be traceless on-shell. Now assuming that we have an action invariant under local

Weyl rescaling we ask ourselves if it is also invariant under conformal transformations.



To answer this question let us consider an infinitesimal coordinate transformation
't = ot — e(x) (1.17)
so that the metric varies as

dgu(x) = gl’w(x) — guw(x) = Ve (z) + Ve, (). (1.18)

To have a true symmetry (as opposite to a background symmetry where the background
is also transformed) one may try to compensate the variation of the metric with an

infinitesimal Weyl transformation, as in (1.16), and require that
dguw = Ve, + Ve, +0g,, =0. (1.19)

Taking the trace of this equation one finds

2
d

g =

V € (1.20)
and thus obtains the conformal Killing equation
2 (e
Ve, + Ve, — Egu,,vae =0. (1.21)

Solutions of this equation are the conformal Killing vectors e that generate the conformal
transformations. In flat space they are precisely the vectors that produce the finite
conformal transformations reported in eq. (1.2).

To summarize if a model in curved space is invariant under local Weyl rescalings of
the background metric, its energy momentum tensor is traceless and as a consequences
the model is also invariant under conformal transformations. For this reason in the

following we will only check local Weyl invariance in the models we are going to discuss.

1.3 Scalar Field

In this section we would like to introduce a scalar field model in 4-dimensional euclidean

curved space which is also invariant under Weyl transformation. The classical action



is similar to the one for a massless scalar field minimally coupled to gravity, but to
guarantee the invariance under Weyl transformations one needs to add an improvement

term proportional to R (our conventions can be found in appendix A.3)

S = / d4x\/§% (g“”@uqb@,,gb _ %quz) . (1.22)

Varying the action one can obtain the equation of motion. Using covariant derivatives,

the variation reads

1
08 = /d%ﬁ(V“qf)V,ﬁgb — 6R¢5¢) (1.23)
that after an integration by part becomes
1
08 = /d4x\/§(—D¢ — éRgzﬁ)(ngﬁ (1.24)
so that we can read off the equation of motion
1
(D+ 63)¢:0. (1.25)
In the above relation we have defined the covariant laplacian [1 = V,V* that acts on a
scalar.
At this point, recalling the definition of the energy-momentum tensor 7, = —\% 535,,,

we would like to calculate its explicit expression (see appendix A.3 for the variation of

the scalar curvature R)

1/ 1 1
5,8 = / 2G5 (=59 VIOV 009" + V,u6V,009" + =g, R 09"+

1 1 1
— SR d%9" — Z0°V,V,00" + 2670, 000" ) =

1/ 1 1
= / d4x\/§§ (—gg,ﬂ,vpgbvpgb@“” + V, 0V, 009" + ng,Rngég’”%— (1.26)
1

6
1 P pv 1 wv
+ 5 V0V 909" + 20009,,09" )

1 1
Ry ¢*0g" — 3 VudVugogh — 2oV, V., gog" +
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that reads

1 2 1
T;w :gvp¢vp¢guu - §vu¢vu¢ - §¢D¢guu+

1 1 1 (1.27)
+30VuVid - EQWI%Q + 6RW¢2'
Now we can show that this tensor is indeed traceless
Tg" = V"6V, ~ 2V,09,6 — 5000+
+ %qsmqs - %Rng + %Rqs? = (1.28)

=~ 606~ <R$ = 9(~06 — S RY) =0

in the last line we applied the equation of motion. As already mentioned, this is a
consequence of Weyl invariance.
Now, we would like to show explicitly the invariance of the action under local Weyl

rescalings. We define o(x) = In A(z) so that we can write the infinitesimal transforma-

tions
69 = 0(T) Gy (1.29)
1
66 = —5o(2)é, (1.30)

after some calculation is also possible to show that
dR=—-0R+3V'V,0 = —0R+ 3(9,0"c —T'",0,0). (1.31)
Now we can proceed to calculate the variation of the action
5L =03 (9" 0,00,0 éR¢2)+

1 1
+5V9 (—ag’“’@l@&,gb — 9" 00,00,0 — 09" 0,00, + o R+

N L, I laRqs?) = 1
27 2 6

1 1 1
=~ 5VI (0 60:60,0 + 56°0,0"0 — SPT0,0)

where we have applied the above mentioned rules taking into account that ¢g"” has

11



an infinitesimal transformation with the opposite sign. Since we are interested in the
variation of the action we may add for free a total derivative %8M(\/§g””¢28l,0) and

obtain
1 v L v .2 1 v 2
0L =5v/5(—9" 00u00,0 + 19" Oudpog" 60,0 + 049" 60,0+
+ g" $0,00,0 + %¢28,ﬁ“0 — %¢28M(9“0 + %&FWV@U) = (1.33)
:%\/g(}lgpaaugpag“”gfaya + %augw(p?aya + %¢2FWV8H0>,
now we remember that the covariant derivative of the metric vanishes so that we can use

oGy =L ppGov + 1'% pwGpuo

(1.34)
Oug"” = —T" 9™ = I pg"”
and, after a substitution in the equation we can say that
1 1 v 2 1 v 42 1 v 2 1 2 v
5L = 5\/g(grﬂ u820,0 = ST 20,0 = ST7,0%0,0 + S6° T D) =0 (1.35)

that proves the invariance of the action. This calculation is a bit complex, but quite
explicit. Thus, we would like to present the same calculation done in a more covariant

way

5L :o—@(vﬂww - éRgzbz) +
+ %\@(—avuw% B VA VAT v v N
+ éaRngQ - %&Da + éaRgbZ) - .
_ %\/g(wﬂwﬂa + %¢2DJ) — |
=— %\/g (%VﬂqbZV“a + %QSQDa) _

__l 12 I 12 iz
- 4\/§v#(2¢va+2¢va)

which is a total derivative that can be dropped upon integration, so that 65 = 0. This

proves Weyl invariance.

12



1.4 Vector field

Now we are going to do the same for the vector field A,(z). We will introduce an
action and prove that it is classically invariant under local Weyl rescaling. The action

we consider is the free Maxwell action minimally coupled to gravity
4 1 vo
S=—-[d xz\/ﬁg“pg FuF,s (1.37)

where F,, = 0,A, —0,A,. First we would like to obtain the equations of motion. To do

so we vary the action

5= | d%@(;iF"”éFw) <Al <
_ / dw/5(VuF™ oA,

in the calculation we used the property [§, V] = 0 and also the antisymmetric nature of

F# . From the last line we can read off the equations of motion
V., F* = 0. (1.39)

We also want to calculate the energy momentum tensor, so starting again from the action

we recall that varying only the metric one finds

1 1
= [ d —— w) = [ gt —THv
0S /d x\/§< 2T,“,5g ) /d x\/§<2T (Sgu,,). (1.40)
Thus we consider

1 1
58 = / d%(-ZFWFW(a\/g) - \/§§Fﬂprp5g“”) _

| . (1.41)
- / oG (FF = 39" FopF ) 39,0,
from the last line we can read off
1
T, =F,F'— Zgw,ngF”". (1.42)
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This tensor is conserved and has a null trace
vo=g"F, F,° 14F For = 4
T n g ppt v T Z op - 0 (1 3)

Now we want to prove the invariance of the action under a Weyl rescaling. The trans-

formation we need are

59;”/ =09uv
ogh’ = —agh” (1.44)
0A, =0

where once again o = In(A). Now remembering §,/g = 50/99"" g, we can calculate

1 1
0L =~ gU\/EgWgWgM’g”"FWFpJ + EaﬂgupngwFPU - (1.45)
1 rvo 1 vo '
= — 50\/59“”9 FuwFo+ éa@g“”g F.Fy=0

which shows the invariance.

1.5 Dirac field

Before introducing this model we have to digress a little on how to couple a fermion to

gravity. Introducing the veilbein e?, by setting

Guv = Tab eua eub (146)

one gains a new gauge symmetry: the local Lorentz transformations of tangent space.
The covariant derivative needs a corresponding connection (the spin connection) so that

for a tensor or spinor field V' of tangent space one has

1
V.V =0,V + 5wwbwbv (1.47)

14



where M are the generators of the Lorentz group in the representation of the field V

and satisfy the algebra normalized as
[]\4ab7 Mcd] — T]bCMad o nachd . nbdMac + nadec‘ (148)

The spin connection without torsion is defined by requiring the vielbein to be covariantly

constant
Ve, =0,e —17,e," + wu“beyb =0 (1.49)

which can be solved for w,* by

w,® = e (T* e," — d,e,") (1.50)
or equivalenty by
b _ L e c c
w,” = 56 e”’e,c(0,€,° — 0,e,°)
+%e”a(6ueyb —0,e,") — %e”b(ﬁue,ﬂ —0,e,") . (1.51)

This last expression shows manifestly the antisymmetry under exchange of the indices a

and b. The spin connections transforms as a gauge field for local Lorentz transformations

e — e = A%e,’ (1.52)

w, ™ = Wl = AN + AN gw, (1.53)

In addition, the curvatures corresponding to the different connections (for the spin con-

nection we define it as [V, V,] = $ R0 (w) M) are related since
V.. Vie, =0 —  Rup(l) = Rupa(w) (1.54)

where of course indices are made flat or curved by using the vierbien e, and its inverse.

Now, thanks to this geometrical set-up, we can introduce the action for a spin % Dirac

15



field

S = —/dﬁ‘a:e@'y“vuw; (1.55)
where the covariant derivative is defined as
1 a_ b
Viy=0,+ J@natY" Y (1.56)

It is also important to notice that the gamma matrices have now a curved space variant
defined as

W =ety*. (1.57)

Now we want to obtain the equations of motion so that we vary the action

0S =— /d%eé@’yuvuw + e@*y“vuéw =

(1.58)
—— [ e (550V,0) = (V,57)50)
and from the least action principle we find the Dirac equation
YV, =0 (1.59)

and its complex conjugate. In this situation it is natural to define the energy momentum

tensor for the Dirac field as | 58
T, = - (1.60)

-
ede,

The reason for this is that when varying the action now we want to consider de,* instead
of dg"”. This definition is consistent with the previous one, in fact
LdS 155(590‘5_ 2 48

Tao— _= == F 27 faga T ePage 1.61
M e 56“a g 5gaﬁ 56‘“(1 g 5ga56 Iz s€ iz ( )

As a consequence we obtain the same result that we got before, that is the energy
momentum tensor is covariantly conserved, symmetric and traceless. To see this we may

again compute

0=08S =695 + 6.5 = / dize [(%5(@@) + %5@) + T“aéeua], (1.62)

16



so that on-shell only the last term survives (here we have collectively denoted by & the
fields ¢ and ¢, and used right derivatives). If we consider at this point a reparametriza-
tion

de,* =V e (1.63)

the variation becomes
/ d*zveTH,V e = — / d*ze(V,T",)e* = 0 (1.64)
proving that the tensor is indeed covariantly conserved
v, ", = 0. (1.65)
To prove that the tensor is symmetric we have to consider a Lorentz transformation

e, = we’ (1.66)

s

recalling that, for a Lorentz transformation, the infinitesimal parameter wy;, is antisym-

metric we get

/d%eT“aw“bebu = /d4a:eTb“wab = 0. (1.67)

This imply that as we stated the energy momentum tensor is symmetric. Lastly consid-
ering a Weyl rescaling

= —o(x)e,” (1.68)

we get
1 1
/d4:c§eT“aa(x)eM“ = /d4:c§eT“#a(:c) =0 (1.69)

that prove the tensor is traceless.
Let us now prove explicitly the invariance of the action under Weyl transformations.

The Weyl rescaling that we need are

de,* = —o(x)e,” (1.70)

det, = —%a(m)e“a (1.71)

17



de = eel, e, = 20(z)e (1.72)
1

OWpap = §(euae”b —eue’q)0,0(T) (1.73)
5 = —Za(az)w (1.74)
S1p = —Za(m)@. (1.75)

Now we can calculate the variation of the action, remembering while doing so that the

vielbein is a local object and as such it depends on the coordinates,

_ _ 3 _ 1 —
0L =6(—epy"'V ) = —20ey "'V p + Zaew’y“vuw + 506¢7“V,ﬂb+

1 — 3 — 3 —
— gegby“(elme”b — eube”a)’yavb@/@ya + Zae@/wl‘vuw + Ze@[m”@/@ua = (1.76)
1 — 3
= gewfy“(elme”b — e’ o)V Y V0,0 + Zez/ry“wﬁua,

remembering eq. (1.57) we obtain

_ 3 _
0L = = 2ey(Na”y = Nenea) YY" Y00 + ey 0,40 =

_ 3 _
Py = naea(=7"" + 20" )NPO,u0 + TPy YO0 = (1.77)

_ 3 _
== ge¥(d" + 4" = 2900 + ey Pduo =0,

— ool — oo

where we used the relations 74, = eyqety, and v, = 4. This concludes the proof of the

invariance of this classical Dirac model under local Weyl rescaling.
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Chapter 2

Quantum anomaly, Fujikawa method

and consistent regulator

2.1 Fujikawa method to evaluate quantum anomaly

The origin of anomalies in (perturbative) quantum field theory can be traced back to
the fact that in the computation of loop corrections, one has to specify a regularization
scheme. The latter, in general, does not preserve all of the symmetries of the classi-
cal action. After renormalizing, one can eliminate the regulating parameter (like the
momentum cut-off A, the e parameter of dimensional regularization, or the mass M of
Pauli-Villars fields) and it may happen that some (necessarily finite) non-symmetrical
terms survive, causing the breaking of those symmetries not preserved by the regulariza-
tion. Still, it may happen that these terms can be cancelled by adding local counterterms
to the effective action, whose variation cancel the anomaly. If this is not the case, one
has a true anomaly. In the language of generating functionals, it means that the effective
action I' does not satisfy the corresponding Ward identity. The piece which breaks the
Ward identity is identified as the consistent anomaly, where “consistent” refers to the
fact that the anomaly is obtained from the variation of the effective action, and thus
satisfies certain integrability conditions [4]. In the following we will apply the method
of Fujikawa [5, 6] for computing the anomalies, improved by the scheme of ref. [7] to
identify a consistent regulator. The latter scheme makes the anomaly calculation equiv-

alent to a Feynman graph calculation regulated a la Pauli-Villars, which is necessarily

19



consistent.
In Fujikawa’s method, one recognizes the anomaly as arising from the non-invariance

under a symmetry transformation of the measure D¢ of the path integral

7 = /ng e~ (2.1)

here written in euclidean time. To review Fujikawa’s method, let us consider an in-
finitesimal symmetry transformation of the form d,¢° = af*(¢,d,¢), with infinitesimal
constant parameter «, that leaves the action invariant, i.e. 6,S5[¢] = 0. Promoting
the parameter o to be an arbitrary function «(z), one identifies the Noether current J,

associated to the symmetry by calculating

da(@)S[0] = /d4x J"'0,0(x) (2.2)

and recognizing from this expression the form of J#. Terms proportional to an undiffer-
entiated o cannot be present, as for constant parameter one has a symmetry. On-shell
dS[¢p] = 0 for arbitrary variations (least action principle), and after performing an inte-

gration by parts in (2.2) one deduces that the Noether current J* is classically conserved
o J"=0. (2.3)

The quantum theory is defined by the path integral of eq. (2.1). Under a dummy change

of integration variables the path integral is left invariant

/ D¢’ e = / D¢ el (2.4)

Let us apply this property to an infinitesimal change of integration variables ¢* — ¢ =
@' 4 Oa(x)®’, Where 0y ()@ is given by an infinitesimal symmetry transformation with
the parameter « replaced by the arbitrary function a(x). In relating the path integral
written in terms of ¢ to the one written in terms of ¢* (in a condensed notation we

include the space-time dependence into the index ), one may use that

S[gb,] - S[gb] + 5a(m)5[¢] (25)

20



and taking into account the path integral jacobian J

B 09" o) @'
J = Det 8¢j_1+TrT¢j_1+TrA (2.6)
one finds from (2.4)
<T1” A — (5a(x)5[(b]> =0. (2.7)

After an integration by parts this is re-written as
/d433 a(z)0,(J") =—-Tr A (2.8)

which shows that the Noether current is not conserved at the quantum level if the path

integral measure carries a nontrivial jacobian
0, (J") #0. (2.9)

Here above, quantum expectation values have been indicated by (---) and defined as
normalized averages within the path integral. We have assumed that the jacobian is
independent of the quantum fields, so that it can be pulled out of the expectation value.
Of course, one must remember to check that the candidate anomaly computed from (2.8)
cannot be canceled by the variation of a local counterterm.

To proceed further, one must define carefully the formal expressions appearing in the
above reasonings. Ideally, one would like to fully specify the path integration measure,
so that the evaluation of the jacobian would be a well-defined task. In practice, one is
able to compute gaussian path integrals only, and resort to perturbative methods for
more complicated cases. Nevertheless, one can still obtain the one-loop anomalies by
regulating the trace in (2.8), as shown by Fujikawa [5, 6]. Employing a negative-definite
operator R the candidate anomaly is regulated as

R
2

A= lim Tr Aewum (2.10)
M —o00

This functional trace is written in a more explicit notation (for a single scalar field) as

8(0a(z)P(z))

56(y) (2.11)

Tr A= / i / dy A, y)dt@—y),  Aley) =
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and regulated by the differential operator R(z) acting on the = coordinates as

. R_ . 4 4 Rz) 4
lim Tr Aem? = lim [ d'z [ &y Ax,y)em? 6 (x —y) . (2.12)
M—o00 M—00

For an arbitrary regulator R, it is not obvious which kind of anomaly one is going to

get. In the next section we will provide a method to obtain consistent regulator.

2.2 Consistent regulator via Pauli Villars

A well-defined algorithm for determining those regulators R which produce consistent
anomalies has been established in [7] (see also [8]). The basic idea is to first use a Pauli-
Villars (PV) regularization [9], compute the anomalies due to the non-invariance of the
PV mass term, and then read off the regulators and jacobians to be used in the Fujikawa’s
scheme in order to reproduce the anomalies. Since the PV method yields consistent
anomalies, being a Feynman graph calculation, one obtains “consistent” regulators.

In more details the PV method for computing one-loop anomalies goes as follows.

Let us denote by ¢ a collection of quantum fields with quadratic action
L
invariant under a linear symmetry of the form
0p=Ko. (2.14)

The case of linear symmetries is enough for the present purposes. The one-loop of this

theory is regulated by subtracting a loop of a massive PV fields x with action

1 1
L, = §XTTOX + §MXTTX (2.15)

where the last term describes the mass of the PV fields'. The invariance of the original

!More generally, one should employ a set of PV fields with mass M; and statistic ¢; to be able to
regulate and cancel all possible one-loop divergences [9], but for the sake of the present exposition it is
enough to consider only one copy of the PV fields. Also, the mass M in the PV lagrangian generically
carries an appropriate positive power, according to the mass dimension of the differential operator O.
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action is extended to an invariance of the massless part of the PV action by defining
ox = Kx (2.16)

so that only the PV mass term may break the symmetry (if one can find a symmetrical
mass term, then the symmetry will be anomaly free). One refers to T'O as the kinetic
matrix and to 7" as the mass matrix. They both depend on eventual background fields,
which may get transformed under the symmetry variation as well. The anomalous re-
sponse of the path integral under a symmetry variation is now due to the mass term
only, since the measure of the PV fields x can be defined in such a way that their jaco-
bian cancels the jacobian of the original fields ¢, as argued in [7]. Under the symmetry

transformation (2.16) the mass term lagrangian of the PV fields varies as
1
6L, = §MXT(TK + KTT +6T)x . (2.17)

Using this into the variation of the PV-regulated path integral one computes the anomaly

in the Noether current as

/ d'za(z)0,(J") = — lim Tr BM (TK + KT'T + (ST) (TM + TO) _11

M—o0
. 1 o\

where we replaced KTT by TK, since both T and TO are symmetric, and used the
X-propagator from (2.15) to close the y-loop (recall its relative minus sign with respect
to the ¢-loop). The limit M — oo indicates that the PV fields are removed by making
them infinitely massive, so that in (2.18) only a mass independent term survives, which
gives the anomaly?.

At this stage one may notice that the expansion of (1 + %)_1 leads to Feynman
graphs, just as the expansion of e~ whenever O is a positive definite operator. Hence

one may cast the anomaly calculation as a typical calculation of a Fujikawa’s jacobian

2Eventual diverging term are removed by using a set of PV-fields entering the loop with suitable
coefficients ¢;, instead of a single PV field, as reminded in the previous footnote. It is not necessary to
explicitate this procedure further.
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as in (2.10) by identifying
1
A=K+ §T‘16T : R=-0. (2.19)

This freedom in regulating path integral jacobians by using suitable functions of the
regulator R was already noticed in [5, 6], and used in [7] to make the above connection.

For many cases the regulator O is enough, while in other cases (typically when O is
a first order differential operator) one has to improve it. A way of doing this is achieved
by inserting the identity 1 = (1 — £2)(1 — £)~! into (2.18), so that the functional trace

becomes
1, O 02\ !

which can be simplified using the invariance of the kinetical part of the action

1
X (TOK + 55(T(’)))X =0 (2.21)

obtaining
A=K+ %T‘HST + %501\4—1 : R = 0O? (2.22)

valid if O? becomes a positive definite operator. To calculate the anomaly we then have
to calculate
A= lim Tr Aen® . (2.23)

M—oo

To do so in the next section we are going to introduce the heat kernel.

2.3 Heat kernel

The heat kernel is the solution of the heat equation

P .
~55l =K. (2.24)

where H is a second order elliptic differential operator. This equation in quantum physics

is obtained via the Wick rotation of the Schroedinger equation, where H is the hamil-
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tonian of the system. The heat kernel is especially useful for one-loop calculations in
QFT, in particular for Laplace type operator. The solution of the above equation, the

heat kernel itself, can be written as

K(x,y, 8, H) = (yle *7|z). (2.25)

satisfying the boundary condition

K(z,y,0,H) =0(z — y). (2.26)

This is a formal solution because as the differential operator becomes more complicated
is not always possible to find an exact solution, and one as to turn to perturbative
methods. It is possible to show that on manifolds without boundaries one can expand

the heat kernel as

K(B,z,y, H) = K(B,z,y, Hy)(1 + Bas(z,y) + Bas(z,y) + ...) (2.27)

where Hy is the free hamiltonian operator. The coefficients as,(z,y) in the limit z — y
are regular, they are called heat kernel coefficient and are known for all the most common
operator of quantum physics. For all the calculation involved in this thesis we will have
the following situation

%

]Vl[im Tr Aem? = lim d4aj/d4yA(x,y) (y]e%k@ Sz —vy) . (2.28)
—00

M—oo

where M? plays the role of 3 so that the heat kernel for us will appear in the form

R(x)

(x|e ™ |z). (2.29)

In the calculations below we will only need the coefficient a4(x, ) at coinciding points,
that we are going to denote by a4(x). For a second order elliptic differential operator in
a curved space without additional structures (i.e. no gauge fields or scalar potentials)
one can check that, by dimensional analysis, it is quadratic in the curvature so that it

takes the form

as(z) = aRyype R*"P° + bR, R" + cR?* + dOR + eﬂeuypgR“”O"BRpaag (2.30)
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where the constants a, b, ¢, d and e depend on the specific operator. Of course, the
term proportional to e may be present only for chiral operators (i.e. not invariant under
parity). For the explicit calculation of the various coefficients for various differential
operators we refer to [10].

As we shall see, for conformal fields, the coefficient ay(z) will identify the trace
anomaly. In general, this anomaly must satisfy certain integrability conditions that arise
from the fact that the anomaly can be seen as arising from the variation of a functional,
the effective action. These consistency conditions have been worked out in [20], and imply
that only a certain combinations of the curvatures can appear in ay. These combinations

are the topological Euler density FE,
Ey= R, R"" — AR, R" + R® (2.31)
the square of the Weyl tensor C?
C? = ClypoC""” = R, pe R**° — 2R, R" + %RQ (2.32)
the topological Pontryagin density P
P = \/9€,p0 R P R .5 (2.33)

and the term LJR. This last term can be removed by a local counterterm, and thus is not
considered as a true anomaly. Thus only three coefficients characterize the trace anomaly
of conformal fields, so that up to the IR terms one expects for them an expression of
the form

as(z) = aFy + BC* + v P. (2.34)

However the topological Pontryagin density P has never been observed to arise in con-

formal field theories until the recent claims made in [2, 3].

2.4 Scalar field trace anomaly

In this section we would like to calculate the trace anomaly for a scalar field using the

methods introduced so far. We cast the model in euclidian space, so that after a Wick
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rotation we have the euclidean action
4 1 v 1 2
§= [ d'yg; (g“ 60,6 — ~Ro ) . (2.35)

We want to write the lagrangian in the form £ = ¢T'O¢ to apply the method we have

just explained. After a partial integration we get

1 1
_ 4 4 =
S = /d x\/§2¢(|j+ 6R>¢. (2.36)
where [ is the scalar laplacian
1
O=g¢"V,V, =¢"V,0, = —0,/399" 0,. (2.37)

V9

This covariant calculation can be check by standard algebra, without using the concept

of covarinat derivativest
£ =i (90,60,0 ~ (R&") =
2 HETVT 6
1 1 1
=5V99"0,90,6 = 5 VIRY = 50,(\/99"90,9) = (2.38)

= — V39" 0u0059" 60,0 — 5/309" D6 — 5\/509" 00,0 — 15 VIR,

where we added a total derivative. Now remembering that the covariant derivative of

the metric is zero

1 1
L=— Z\/ggaﬁ<rpuagpﬂ + Fpuﬁgap)gw(ﬁaugb + 5\/§(Fu“pgpu + Fyuﬂg#p)gbquH_

1 1
- 5\/§¢9MV8#8V¢ - E\/ER(ﬁQ =

1 1 (2.39)
= 2OV DD — T, + )6 =
:%(b[_@(vvvy + %R)]cf),

in the last line we reintroduced the covariant derivative.

To calculate the anomaly at this point we introduce a lagrangian for a Pauli Villars
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field x with a covariant mass term

1 1 1
ﬁ::—ﬁv@X@1+gR)x+§V@mm?, (2.40)

so that using the definitions previously described we recognize

T0=—¢am+ém (2.41)
T=./g (2.42)
O=—(0+ éR) (2.43)
S (2.44)

Now we have to recall
09 = 0(2) G (2.45)

0p=—=0o(x)p (2.46)
to calculate K and 67. We can immediately recognize

K=—0 (247)

and with some calculation we get

1
0T = éﬁg“yaguy = 20./9. (2.48)

Now since O is a second order differential operator we can stop here, and say that the

anomaly is equal to

A="Tr Ae_% =
1 _o 1 11 O+gR
:Tr[(K+ 57 16T )e M?] =Tr [(—§0+ 5%20\/57)6 e } = (2.49)
1
:Tr(%aeuxng)

To explicitly calculate the functional trace we use an heat kernel approach considering
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the expansion

Mty A2n(x)
A= (i) /d x\/ga(x)zw (2.50)

where we recognize the Seeley-DeWitt coefficients at coinciding points [11, 12]. The
negative powers of M disappear as it goes to infinity, the positive one instead can be
eliminated considering a set of Pauli Villars field with appropriate masses. The result we
are interested in, as a consequence, has only one term left which after calculation gives
rise to

1

VA v
— / ' 2\/G0 (1) (R R — Ry R — OOR) (2.51)

in agreements with the results found in the literature.
We want now to find the value of the trace of the energy-momentum tensor; to do so

recalling equation (2.7) we can write

4 wo_ M* 4 (2n(z)
/d z\/go(x)T", = TSE /d z\/go () Z A (2.52)

The energy-momentum tensor trace as a consequence is equal to

T, = — = — R, \,R'"" — R, R" +0R). 2.53
14 (471')2 576071'2( 12N (2 + ) ( )

so that, up the OR term

1

T“u(x)

Obviously, the Pontryagin term cannot arise as the theory is not chiral.

2.5 Vector field trace anomaly

Next step we will calculate the trace anomaly also for a massless vector field. The action
has already been presented earlier in Minkowski space, but here we wish to proceed in

euclidean space so that after a Wick rotation we have

1
S = /d4$\/gzlg#agy'8FuyFaﬁ . (255)
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Now to compute the trace anomaly we have to quantize the system. However the model
enjoys the standard gauge invariance, 04, (z) = d,A(x), and one must introduce a gauge
fixing procedure to proceed with the quantization. We choose as gauge condition the
covariant Feynman gauge, which gives rise to Faddeev-Popov ghosts as well. As the
model is coupled to gravity, the latter cannot be neglected. These modifications will
alter the form of the energy momentum tensor (in particular there will appear also the
contribution of the ghosts fields). However one may prove by using BRST methods
that these modifications do not modify the result for gauge invariant observables, and in
particular the expectation value of the energy-momentum tensor and its trace.

Thus, we add to the classical action the gauge fixing term

1
Ly = 5\/§(V“AH)2 (2.56)
and the corresponding Faddeev-Popov ghost term
ﬁFp = \/EV“bé?ﬂc (257)

where b and c are the scalar Faddeev-Popov ghosts of anticommuting character. To have

a rigid scale invariance the ghosts must scale as the scalar fields of the previous section,

0Gu = O (2.58)
1

ob = —Qob (2.59)
1

dc = —50¢ (2.60)

but the full Weyl invariance is broken in the gauge fixing sector.
Let us now rewrite the kinetic terms of the various fields to expose the kinetic dif-
ferential operators and check that the gauge fixing procedure has produced invertible

operators. For the gauge field A, we have

1 1
La=L+ Ly = \/§<ZF‘“’FW + §(V“Au)2> (2.61)

and up to total derivatives (that integrate to zero in the action) we manipulate it and
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rewrite it as

1 1
Li = 7 (Z(V“A” — VARV, A, — VA + EV“AMV”AV>
(%V“A”VﬂAy - %V”A“V#A,, + %V“ANVAV>

1 1
—AVV”VMAV _ éAquVMAV + §AMV,U«VI/AV>

1 1
AT A, = SAV, Y, A + §A“VuVVA”>

(

(
= /g (—A“DlA# n %A“[VN, VV]A”>
— g (%A’*DlA“ n %A“RW”AAA>

1 1
- g (§A“D1AH + §A“RWA”)

1
= \/§§Au(_guu|:|1 - R;U/)AV (262)

where [J; = V¥V, is the covariant laplacian acting on vectors. It is obviously invertible
(at least for small curvatures, as it approaches the flat laplacian).

Similarly, for the ghost fields a partial integration puts the action in the form

Lrp = /Gb(—V"D,)c = \/gb(—O)e (2.63)

where [ = V*#9,, is the covariant laplacian acting on scalars, which appeared already in
the previous section. There are two ghosts, so they contribuite to the anomaly as two
scalar fields, but notice that no improvement terms is present, so it will be different from
the one already obtained.

Now to find the regulator we consider mass terms of the form

1
Lan = 5MGg" A,A (2.64)

and
EPV,M = M\/g_]bc (265)

to be used for the corresponding PV fields.
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Then in the A, sector we can recognize the following quantities
TO = —\/g(¢"0; + R") (2.66)

and
T = /99" (2.67)

Now we need to calculate T~ and 67T to identify O and A as in (2.19). We do not need

additional terms since O is a second order operator. We find

1
T7'=—gu 2.68
5 (2.68)
and recalling once again that
00, = 00,
G =0 (2.69)
0A, =0
we calculate
0T = 20\/9g"" — 0\/99"" = o\/99"" (2.70)
K=0 (2.71)
so that
A = o00,"
O = —0,’04 — R,". (2.72)
Thus the contribution to the trace anomaly is
op” 0 +Ry”
Ay = lim Tr(od,"e” u= ). (2.73)

M—o0

where only the MY survives in the limit (after renomalization). It produces a Seeley-
DeWitt coefficient that can be extracted from the literature [11, 12].

However, this will not give the final result, yet, as we have to add the ghosts contri-
bution. As we have mentioned before, the b, ¢ ghost sector produces the contribution of

two scalar without the improvement term, with a global minus sing as it correspond to
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anticommuting fields. Thus proceeding as before one finds at the end the contribution

o
2

Ape = =2 lim Tr(oem?). (2.74)
M—00

where only the M survives in the limit (after renomalization). The corresponding
Seeley-DeWitt coefficient can again be extracted from the literature [11, 12].

Adding up the two contributions, one finds the complete trace anomaly for the spin
1 field that reads

1
576072

/ d*z\/g0(x)(—13R,,2,R" + 88R,, R" — 25R* — 1800R).  (2.75)
To evaluate the energy momentum tensor as we did before we use the eqation

/d4l‘\/§U(I)T“M =—A, (2.76)

so that the result is

1
T%) = =5 (18R, R — 88R,, R + 25R” + 180R). (2.77)

Disregarding the term [JR since it can be eliminated via a counter-term we rewrite the

last expression using £, and C?

1

T (1) = ——
w(®) = 5072

(62E, — 36C?). (2.78)

Once again since this is not a chiral theory the Pontryagin term cannot arise.
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Chapter 3

Trace anomaly for fermions

3.1 Trace anomaly for a Dirac model

The lagrangian of a massless Dirac fermion ¢ has been discussed in section 1.5 and can

be written as

L=—epy"V (3.1)

where we recall that the covariant derivative reads

1
v,u - au + Zwuab7a’7b (32>

and that v* contains the inverse of the vielbein e,?, i.e. v* = e# 7.
We want to evaluate the Weyl anomaly and to do so we are going to use the Fujikawa
method with consistent regulator as described previously. Thus we need to add a mass

term for the PV part and manipulate the lagrangian to put in the form
L p 1 T

where the operator T'O has to be the same for both the fermion and the PV part. So
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we manipulate la lagrangian to cast it in the required form

_ 1 _ 1 _ 1 —
L=—ein"Vph = —e0)" Vb — Sey Oy — gewwwwcv“vbe“czb

1 — 1 —
= - §€¢’Yﬂvu¢ + §8u<€¢€“a)7a¢+
_l_ a b.c 2cab_2cbau _
86¢Wuab(7 Yy + 2y = 2Ty et i =

1 _ 1 1 _ 1
= — 561/17“V“¢ + 56@1/17“1/1 + §e¢e”a8#ey“7“¢ + 561/)(%6“@7“1/1—1—

I — a 1 — a c
- gewwuab7 7b7M¢ - Zew(wucb’}/b — Wyac )eﬂ w =

1 1 1 . (3.4)
== 5"V + §€¢@ = a7 )Y Y+
1 — 1 —
+ §ewe”a(f‘w”e,{a — w#“beyb)’y“w — §ew(l“w“e”a + wuabe“b)’y“w
1 —
— Sty =
1 — L L T 1 a T\ L
= §€¢7 Vi — §€¢ ()" (O — Zwuab(”Y V) =
1 1 ~
:§¢CT(_€OT7MVM)¢ + §¢T(_€(7M)Tvuc)¢c
where we have found convenient to use the charge conjugated field
e =C"10" (3.5)
and the operator
~ 1
Vi =0 = 7wuan(7*7")" (3.6)

4
In order to reach the final line we added the total derivative term %@(e%v“w) and then

moved 7, from the right to the left of the w term. Then we remembered the property we
discussed in chapter 2, and in particular the fact that w,q, is antisymmetric in its lower
roman indices and that the covariant derivative of the vielbein is zero. Then in the final
line we introduced .. Thus we may rewrite the lagrangian in the form

L= (wT @DCT) (—eny“Vu —6(7“()] V“C> (:f) (3.7)

N | —
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Now we add the Dirac mass term which will be the one producing the anomaly

ALy =e'y (B -+ ) = e (~0TCCTGT +F(0)OTg) =

=0 (4T O+ T CTY)

that written as a matrix reads

o3 (oo T)(E) e

Using eq. (3.7) as the expression for 7O we obtain

A
o o) (3.10)
0 ct(ymrv,C

These expressions for the cases we have discussed can be rearranged by using

O (1,0 =07 ()T CO, ¢
_1 C—l o TOC—l AVA =1l a\Try _ 1 <311)
@ C (") (") CC (") C = ="V,

Now we need to calculate K, §T and 6O to do so we recall the Weyl rescaling transfor-

mations ]

de, " = 50(33)6“@ (3.12)
det, = —%a(x)e“a (3.13)
de =20(x)e (3.14)
OWpap = %(euae“b — e,e"4)0,0 () (3.15)

3
0 = —Zla(x)w (3.16)

3
0. = —ZU(:E)@DC (3.17)

that in a straightforward way, when considering 7', where the only varying part is e,
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leads to

0 —2 C
0T = co(x)C) (3.18)
2e0(x)CT 0
For the variation of O we need to compute
o as W 1 cs  ~a. b 1 c i ~a. b
0(7"Ap) =70€"a0u + JwuapY 0" N + LWy e Ny =
1 1
=— Qa(x)'y’“‘ﬁu - éa(x)’y“wuawwb—l—
+ (e,uaenb - eubena)aﬁa(l‘)yceuc/}/a’yb =

(3.19)

1
o(2)V"V, + énac’yc’y“’ynﬁna(x)—i—

Ne(—7* 7" + 20" 4") 0,0 (x)

NI~ N~

3
U(fp)V“Vﬂ + 17”811‘7(5)

in this last calculation we apply the above transformation law then used the relation

Nab = €"q€p, move v and then use Nayyy? = 41. In the end we obtain

LoV, — 3440,0 0
60 = | 2 oA s (3.20)
0 507"V, — 10,0,

Next we will like to calculate @2 and the results is

AV, 0
S ) (3.21)
0 YV YV

This is the regulator in both the Dirac and the Weyl case. Next we need K that we can
simply read off from the relations (3.16) and (3.17)

_3 0
K:( SU ) (3.22)
4
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The last matrix that we need to evaluate is 7-! that can be easily show to be

0 (CT)—I
T ! = o 6 : (3.23)

e

We recall now that we are trying to get to

2 1 ]_ 2
A=TrAeir = Tr lim (K + ST 70T + 5501\4—1)@% (3.24)

M —oc0

and we have obtained

0 (CTT)_I 0 —2e0(z)C N
¢t 2e0(z)CT 0

36 0 1
(0 5 (
4 e

+ L %O-’YMVH - %’yﬂaﬂg 0 — (325)
2M 0 S0V, — 24100
0 o+ AoV, — 2yloue )

now since (O? is in diagonal form we recall the propriety
0 B et 0
e = 3.26
(o) 320

which leads to

(Hvw?

AT (ia + ﬁavﬂvu — SLMVP‘@MU)e M2 0 2
- (v*vu)
0 (30 + 75707V — g1 0u0)e it
(3.27)
so that we get
1 1 L 3 " (w“V;)Q
A= Tr[(§a + 27" V,— Y o,0)e M ] (3.28)

At this point if we use the series expansion of the exponential each member of the series
has an even number of gamma matrices; this implies that both the second and the third

term of the above result will generate a series with an odd number of gamma matrices
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for which the Dirac trace is always null. Thanks to this consideration we can rewrite A

as . o
(M)
A= Tr[iae ) }

(3.29)

which is the expression of trace anomaly for a Dirac fermion already considered by

Fujikawa. Using the heat kernel results that can be extracted from the literature we get

5

1 4 7 UVAD 2
- L v _ 4R, RM 4 2 OR). .
A=y / d'2/g0(2)(=5 R, R R, R + _ R + 6OR) (3.30)

We can obtain the trace of the energy momentum tensor from

1
/d4x gia(z)T“u =A (3.31)
The sign differs from the one used so far since we are now dealing with a path integral
defined for fermions and no longer for bosons, as a consequence the trace of the jacobian
(2.6) has the opposite sign. The energy-momentum tensor trace as a consequence is
equal to

1
7RWPRWP + 4R, R — 2R2 — 60R). (3.32)

T

"= 5760
Now as explained in the second chapter we would like to check the consistency condition
by rewriting the tensor as a combination of E4, C? and P. Since this is not a chiral
theory we certainly cannot obtain a contribution from P and we find the well-known

result

1

TH - -
u(*) = 15502

(11E, — 18C%) . (3.33)

3.2 Trace anomaly for a Weyl model

Finally, let us consider the case of our interest, a left handed Weyl spinor A defined by
A=A (3.34)

with 7° the chirality matrix (see appendix for our conventions). The lagrangian for such
a chiral spinor cannot contain a Dirac mass term, as the Lorentz scalar A\ vanishes.

Originally the neutrino was treated this way.
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Let us review in some details the model in flat space to build the stage for later

analysis. The standard lagrangian for the massless Weyl fermion A in flat space reads
L= M0\ (3.35)

with the spinor A containing just two complex (Grassmann valued) independent functions
instead of four, because of the chiral constraint (3.34). It is invariant under U(1) phase

transformation

Ao N =c®\, X=X =e @) (3.36)

that gives rise to a conserved fermion number. The related conserved current
G4 =AY (3.37)

is called the chiral current, as the fermion is chiral. It is anomalous when the coupling
to curved space is introduced. As anticipated, a Dirac mass term preserving the chiral
U(1) symmetry cannot be introduced, as the A\ bilinear vanishes. However, one may

add to (3.35) a Majorana mass term of the form
M 7
ALy = 7()\ CA+ h.c.) (3.38)

with M a real mass parameter, C' the charge conjugation matrix, and “h.c.” denoting
the hermitian conjugate. This mass term is real, Lorentz invariant, and nonvanishing for
Grassmann valued spinors (C' is antisymmetric). However it violates the U(1) symmetry
(3.36). The latter symmetry is sometimes needed in applications, so that a Majorana
mass term is excluded in those cases (e.g. for the left handed neutrino, which has an
hypercharge that couples to a gauge field). In other situations the Majorana mass is
not excluded by symmetries (e.g. for the right handed neutrino, which has vanishing
hypercharge) and it might be present. The possibility of using a Majorana mass will
be useful for constructing a Pauli-Villars ultraviolet regulator for the massless chiral

fermion. Let us explicitate the Majorana mass term as

ALy = %(ATC)\ +he) = %(ATC/\ +ATCTA)

= %(ATC/\ A8 et () = %(ATCA 30N, (3.39)
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This last form is useful for considering A and X as independent fields when varying the
action to find the field equations, as well as for performing the path integral quantization.
To obtain it we have used that [ is symmetric and anticommuting with C', and that
CT = (7', properties which are certainly true in the explicit chiral representation
reported in the appendix (the final result is probably representation independent, though
we have not tried to prove it in detail). The equation of motion from £+ AL, are easily

found to be given by the coupled equations

VN 4+ MCN =0
O+ MNT'C =0 . (3.40)

One can transpose the second one and rewrite it by using the properties of the charge

conjugation matrix as
Y0, (CTIN ) + MA =0 (3.41)

In this form it may be inserted into the first equation, after applying to it the y*d,

operator, to recognize the mass shell condition (Klein-Gordon equation)
(=00 + M)A =0 . (3.42)

This shows that the parameter M is indeed a mass for the chiral spinor A\. The breaking
of the chiral U(1) fermion number symmetry is evident from the massive equations (3.40),
that mix A with its complex conjugate field contained in X. A phase transformation does

not leave those equations invariant. Let us describe the basic dynamical variables as a
A
X = ( ' > (3.43)

L= -XJ\+ %(ATC)\ —xc\ (3.44)

column vector

so that the massive lagrangian

with ¢ = 7?0, can be written in the general form (after an integration by part)

1 1
L= §XTT(’)X + 5MXTTX (3.45)
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with

(0 =T (c o
o (57 (S8 e
with @7 = ~*T9,, so that
0;( 0 CH@T), (92:<(792 0 ) (3.47)
cp 0 0 CPc

Once covariantized the operator O? will be used as regulator for our anomaly calculation.
Using the charge conjugated field A\, = C—'X instead of XT, things become perhaps

more evident. The equations of motion can be written as

DA+ M, =0
e+ MA=0 (3.48)

( ) ) (3.49)

L = %(ACTC@A + ATCPN) + %(ATCA + A CA)

and if one uses as independent variables

o<
Il

the lagrangian takes the form

1 e s 1 .
= §~TTO>~<+§M>2TT5< (3.50)

T@:<OC‘?>, T:<CO), @:<0@) (3.51)
cy 0 0 C 7 0

and the consistent regulator takes the form
- 20
O? = ? : (3.52)
0 @
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We also recall that A\, has opposite chirality of A, as from (3.34) one gets

Ve = —Ac - (3.53)

3.3 Anomaly calculation for a Weyl fermion

The lagrangian of a massless Weyl fermion A in flat space written in eq. (3.35) can be

immediately covariantized and reads just as the Dirac lagrangian
L=—eM'V,\ (3.54)
but now one must remember the chiral relation
A=) (3.55)

In the same way as the Dirac case we have

1
V,u - au + Zwuabva’yb (356>
=el . (3.57)

We want to evaluate the Weyl anomaly, and to do so we are going to use the Fujikawa
method with consistent regulator as explained in section 2 and used later on. To do so
we need to add a mass term for the PV part and manipulate the lagrangian to obtain
the form

1 1
L= §XTTOX + 5MXTTX (3.58)

where the operator T'O has to be the same for both the fermion and the PV part. As

this operator is exactly the same as the Dirac case, reading from (3.4) to (3.7) we find

()\T )\T) 0 _6(7#)716#0 A (359)
¢ —eCTy'v, 0 | '

We could also use a different approach and treat A as a Dirac fermion while adding

again

E:

N | —

to it the projector # With this approach the calculation stays almost the same but
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we obtain !

0 —e( ) (v) TV, C
c:%(v ACT) oy, <1+Tv> e( 2 )OV : <;> (3.60)

Now we want to calculate the mass part using the mass term described before, we get
M — —
ALy = e (ATCX — XC\) (3.61)

which we can rewrite as

e (5 L)) e

where we have introduced A, as well. If we are thinking of using Dirac spinors and

projecting them, we need to consider a mass term with projectors added to it

seu Sovo( (5

)O‘le) (3.63)

which we rewrite as

ALy = % (/\T )‘cT> eC(:TVS) _eCT(Eﬁ> (:\C) (3.64)

2

Using (3.59) and (3.60) as expression for T’O for both the cases we obtain

0 —C'(vTV,C
O = <7“V <O) " ) (3.65)
"

This expression can be rearranged by using

CTH)TVLC =CT () OOt
O T CCT ()T CCT () TC =~y (00
4 nab 7 8 ) (,7 ) == o

!We don’t need a projector for the X part because the operator vV ,, always changes chirality and
the projector are of course idempotent.
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so we find

0 YV
O = (7“V ) “> (3.67)
o

as one could have expected from the analogous expression in flat space (3.52).
Now we need to calculate K, 67 and §O. The Weyl fermion transforms in the same
way as the Dirac ones does, so we use the transformation from (3.12) to (3.17). From

these transformations, when considering 7" where the only varying part is e, we obtain

ST — (260(:U)C 0 > (3.68)
0 —2eo(z)CT

or in the other case simply

260’(1’)C<ﬂ> 0

2

o= 0 —2eo(z)CT (#)

(3.69)

For the variation of O we remember the calculation (3.19) which is the same also for this

case, so the results are

0 VAV, 3AkH
50 = ( 1 \ 2070V T30 ”U) . (3.70)
—50"V + 0,0 0

This matrix anyway will not play any role in the calculation of the anomaly since does
not have any diagonal term and we are going to be interested in the trace. Next we will

like to calculate @2 and the results is

AV, 0
o= 7TV ] (3.71)
0 YV YV

This is the regulator in both the Dirac and the Weyl case. Next we need K that we can
simply read off from relations (3.16) and (3.17)

_3 0
K:( SU ) (3.72)
4
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the last matrix that we need to evaluate is ! that being in diagonal form can be easily

1 C 0
=T e ) (3.73)

e

show to be

We recall now that we are trying to get to
02

1 1 2
A=TrAenw? =Tr lim (K + =TT + —5(’)M‘1)e% (3.74)

and we have obtained

Ao ("o 0,1 0 20C 0,
0 -3¢/ 2\ 0 L)\ 0 2007

1 0 10"V, — 3410,0
o | s e Ly ) = (375)
—50V*V, + 10,0 0
— ( i0 707" Vi = 8iM7ua“0> :
—ﬁm“vu + %V#aua }10

Now since O? is in diagonal form, we recall the property

(o 5
N0 B _<€A 0) (3.76)

0 €8

wich leads to

(Hvu)? O vu)?
1 2 L g 3 Ak 3
A=Tr e ("N =g Guole (3.77)
L p 3 y M ("/HVQ‘L)Q . .
(a7 0"V + g touo)e v qoe M

At this point we have three different way of addressing the Trace. If we consider this
equation without any manipulation we could make the statement that the only difference
from the Dirac case will emerge when we will take the trace of the gamma matrices; this
trace will be half of the one in the Dirac space since the Weyl space has only two degree
of freedom instead of the four of the Dirac one. So we expect the result to be that the

anomaly for the Weyl case should be half of the Dirac one. The second possible approach
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is not to consider the trace over the Weyl space but to consider it over the Dirac one. To
do so we add the chiral projector keeping in mind that the upper diagonal term emerges
from A while the bottom diagonal term emerges from A.. This implies that we must use
different projector for each term. Furthermore we notice that the operator (v/V,)? does

not change chirality so we can write

5

1 6"vw? /144° 1 arvw? /1 —
A:Tr[—ae%< +7)+—ae%< 7)}:
4 2 2 (3.78)

4
1 *vw?
=1L (‘ i )
r 40’6 M

which is, as in the Majorana case, half of the Weyl anomaly for the Dirac case. The last
approach involves considering the projector from the lagrangian and carry out the whole
calculation from there as we have done in parallel so far. We stopped at the calculation
of T71, the reason being that the matrix that we can read in (3.64) is not invertible. In
these circumstances the right thing to do is to restrict the trace to the space in which
T is invertible. This T acts upon vectors with sixteen components, the vectors that

guarantee the existence of 7! are

PLX )X
(PRY) - Elf%y (379

where X and Y are spinors with four components. Now if we move the projectors from

the vector to matrix remembering their idempotency we obtain

3 c!
—20Py, 0 1 0 2ecC Py, 0
A=("1 +-1 ¢ - +
( 0 —goPR> 2 ( 0 -« 1) ( 0 —QeaCTPR)

L 0 PLyoy"Vy = 17"0u0 P _ (3.80)
2M \ —Pr3ov"V,, + 3449,0 P, 0
_ %O'PL PL%O")/“VM — %7“8MUPR
—PR%U’}/MV/,L + %’}/MauO'PL %LO-PR '

In this final formula we used P, and Pgr to have a less heavy notation. At this point

since the regulator is the same as the case we encountered before we see that the anomaly

47



reads

5

ry )2 5 wy )2 _
A—Tr[iaeﬁf\ju) <1—|—'y )_i_iae(v];u) <1 ol

L ey 2 (3.81)
:Tr<zae M2 >

which is the same result that we have obtained before. The explicit expression is of

course

1 4 7 W B S
~ 115207 2/d 2/90(2) (=5 Rurpg R — 4R RY + S R° + 6UR). (3.82)

And as a consequence the energy momentum tensor is

17 5
[ — v Ap wo_ P p2
T, 11520#2(2RWMR + 4R, R — SR 60R) (3.83)
111
T, (z) = (—FE, —9C?) . (3.84)

1152072 " 2

48



Conclusions

Is now time to sum up the results and achievements of this thesis. In the first chap-
ter we have given an introduction to Weyl and conformal transformations and we have
shown explicitly how they relate to one another. We have also presented explicit cal-
culations to show the invariance of the most common models. In the second and third
chapters we have given an introduction to the Fujikawa method for the calculation on
quantum anomalies and we have explicated its connection to the Pauli Villars regulariza-
tion method; again we have presented an explicit end extended calculation of the trace
anomaly for the scalar model, the vector model and for the Dirac one. Lastly we have
applied the same method to the trace anomaly of a Weyl fermion, a result which is not
as much well established. We have found that the trace anomaly for a Weyl fermion is

half the anomaly of a Dirac fermion.
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Appendix A

Conventions

A.1 Gamma matrices

The Dirac matrices with flat indices v satisfy the Clifford algebra
{77} = 29™ (A1)

where the Minkowski metric 7, is mostly plus. Thus +° is anti-hermitian and the 7%’s
are hermitian (we split the index a into time and space components as a = (0,)). These

hermiticity properties are expressed compactly by the relation

N (A2)

where 8 = i7°. The latter is used in the definition of the Dirac conjugate v of the spinor
1, defined by

b=ulp (A.3)

so that the product 11 is a Lorentz scalar. The chirality matrix

+? is defined by

Y = =i’y (A4)

and satisfies
(=0, (")P=1, =7 (A.5)
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It allows to introduce the left and right chiral projectors

P

L+ s I —s
= Pp = A6
T - (A6)

that split a Dirac spinor 1 into its left- and right-handed components (Weyl spinors)

1475
A=

Y=A+p, k
P:%iﬁ

(A7)

The latter transform irreducibly under the transformations of the Lorentz group con-
nected to the identity (the proper, orthochronous Lorentz group): A is a left-handed
Weyl spinor and p is a right-handed Weyl spinor.

A.2 Chiral representation of the gamma matrices

A useful representation of the gamma matrices is the chiral one, defined in terms of two

by two blocks by
0 1 , 0 o
0_— _4 ’ L , A8
v L0 v i 0 (A.8)

S (10 o, (o0
7_<0—1>’ 547_(10)' (49)

It is a convenient representation as the Lorentz generators M in the spinorial rep-

so that

resentation! as well as the chirality matrix +° take a block diagonal form. Indeed, the

spinorial representation of the Lorentz generators M = }Lh“, 7] = %7“” become

v (70 ) (o)
2\ 0 —o |’ 2 0 oF

!The related Lie algebra has the form [M®, M¢4] = pbc M4 + 3 terms.
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In this representation the Dirac field and its chiral parts take the form

) ) )

where [ and r are two dimensional spinors (Weyl spinors).

The charge conjugation matrix C' can be defined by

szﬁz%<zzj;> (A.11)

and has the property of relating the gamma matrices to their transposed ones
Cy*C™t = -, (A.12)
It is used to define the charge-conjugated field
1T
Ye=C"%9 (A.13)

in which particles and antiparticles are interchanged. Indeed, one may check that if a

Dirac spinor 1) satisfies the standard Dirac equation coupled to a U(1) gauge field
(V40 — ieAy) +m]tp =0 (A.14)

then 1), satisfies
V(00 +ieAs) +mlip. =0 . (A.15)

It is easy to check that in the chiral representation the charge conjugation matrix satisfies
C=-CT=—Cc'l=-Cl=C". (A.16)

Note that if the 1) is chiral, say v°1) = 1, then its charge conjugated field ¢, has the
opposite chirality 7%, = —1).. A Majorana spinor can be defined as a spinor that is

equal to its charged conjugated one
¢ = ¢c (Al?)

92



so that particles and antiparticles coincide. This constraint is incompatible with the
chiral constraints, so that Majorana-Weyl fermions do not exist in 4 dimensions. We
recall that for a Weyl spinor A the scalar A\ vanishes, so a Dirac mass term is not
allowed. On the other hand the term

MO\ (A.18)

is a Lorentz scalar, and since C' is antisymmetric it is non-vanishing if the spinor is taken

to be Grassman valued (anticommuting). Thus in flat spacetime a mass term of the form

MMN'CX + h.c. (A.19)

with M real (h.c. indicates the hermitian conjugate) is allowed: it is real, Lorentz in-
variant and non-vanishing. This is the so-called Majorana mass term. It violates the

fermion number symmetry generated by the group U(1) of phase transformations.

A.3 Metric and connections

We use a mostly plus metric g,,, and the Levi-Civita connection I'”,,,, (Christoffel symbols)

that makes the metric covariantly constant

Vo9 = G — L'pp9or — L' guo =0 (A.20)
and it follows that

p 1 po

r°, = 59 (Ougvo + 0v9uo — OsGu) - (A.21)

On vectors with upper indices the covariant derivative acts as
vV,Vli =0,V +1°,, V. (A.22)

We use the following conventions for the curvature tensors

V..V, JV°=R,°,V’, R,=R,’w, R=R", (A.23)
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so that the scalar curvature of a sphere is negative. The Riemann tensor R,7, is

manifestly antisymmetric in its first two indices. It also satisfies
Rivop = —Ruvpo (A.24)

as a consequence of using the Levi-Civita connection (it follows from [V, V,] g,, = 0).

We would also like to explicit here the variation of d R with respect to dg"”

SR = R 0g"™ + V,V,09" —06(In g) = Rudg" + V,V,0g"™ — g 00g™ .  (A.25)
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